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ON THE EIGENVALUE PROBLEM FOR PERTURBED
NONLINEAR MAXIMAL MONOTONE OPERATORS
IN REFLEXIVE BANACH SPACES

ATHANASSIOS G. KARTSATOS AND IGOR V. SKRYPNIK

ABSTRACT. Let X be a real reflexive Banach space with dual X* and G C X
open and bounded and such that 0 € G. Let T : X D D(T) — 2X be
maximal monotone with 0 € D(T') and 0 € T'(0), and C : X D D(C) — X*
with 0 € D(C) and C(0) # 0. A general and more unified eigenvalue theory
is developed for the pair of operators (T, C). Further conditions are given for
the existence of a pair (A, z) € (0,00) x (D(T + C) N OG) such that

(**) Tx+XCz > 0.

The “implicit” eigenvalue problem, with C (A, z) in place of ACz, is also con-
sidered. The existence of continuous branches of eigenvectors of infinite length
is investigated, and a Fredholm alternative in the spirit of Necas is given for a
pair of homogeneous operators T, C. No compactness assumptions have been
made in most of the results. The degree theories of Browder and Skrypnik
are used, as well as the degree theories of the authors involving densely de-
fined perturbations of maximal monotone operators. Applications to nonlinear
partial differential equations are included.

1. INTRODUCTION-PRELIMINARIES

Unless otherwise stated, the symbol X stands for a real reflexive Banach space
which has been renormed so that it and its dual X* are locally uniformly con-
vex. The symbol || - || stands for the norm of X, X* and J : X — X* is the
normalized duality mapping. In what follows, “continuous” means “strongly con-
tinuous” and the symbol “—” (“—”) means strong (weak) convergence.

The symbol R (R ) stands for the set (—o0, 00) ([0, 00)) and the symbols D, D
denote the strong boundary and closure of the set D, respectively. We denote by
B, (0) the open ball of X or X* with center at zero and radius r > 0.

For an operator T : X — 2% we denote by D(T) the effective domain of T,
ie. D(T) ={z € X : Tz # 0}. We denote by G(T) the graph of T, i..
G(T) = {(x,y) : = € D(T), y € Tx}. An operator T : X D D(T) — 2% is called
“monotone” if for every x, y € D(T) and every u € Tz, v € Ty we have

(u—wv,z—y)>0.

A monotone operator T' is “maximal monotone” if G(T) is maximal in X x X*,
when X x X* is partially ordered by inclusion. In our setting, a monotone operator
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T is maximal if and only if R(T + AJ) = X* for all A € (0,00). If T is maxi-
mal monotone, then the operator 7; = (T~! +tJ 1)~! : X — X* is bounded,
demicontinuous, maximal monotone and such that T,z — T{%z as t — 01 for
every & € D(T), where T{°z denotes the element y* € Tz of minimum norm, i.e.
|71 x| = inf{||ly*|| : y* € Tx}. In our setting, this infimum is always attained
and D(T{%) = D(T). Also, Tyx € TJ;x, where J, = I —tJ'T; : X — X and
satisfies lim; .o Jyz = « for all x € coD(T'), where coA denotes the convex hull
of the set A. In addition, x € D(T) and to > 0 imply lim;_,+, Tyx = Ty,z. The
operators Ty, J; were introduced by Brézis, Crandall and Pazy in [2]. For their
basic properties, we refer the reader to [2] as well as Pascali and Sburlan [I8|, pp.
128-130]. In our setting, the duality mapping J is single-valued and bicontinuous.

An operator T : X D D(T) — Y, with Y another real Banach space, is
“bounded” if it maps bounded subsets of D(T") onto bounded sets. It is “compact”
if it is continuous and maps bounded subsets of D(T') onto relatively compact sub-
sets of Y. It is “demicontinuous” (“completely continuous”) if it is strong-weak
(weak-strong) continuous on D(T).

Given an operator T : X D D(T) — 2%, we say that T has the property P

“locally” on G C X if for every z¢g € D(T')NG there exists a closed ball B, (zg) C G
such that T has the property P on D(T) N B,(xo). If G = X, then we simply say
that T has “locally” the property P.

We say that an operator T : X D D(T) — 2% satisfies condition “(S)” on

B c D(T) if {z,} C B, x, — x¢ and

(%) lim (wy,,z, — z9) =0,

for some u,, € Tx,, imply x,, — xo.

We say that an operator 7 : X D D(T) — 2% satisfies condition “(Sy)” on
B c D(T) if {z,} C B, x, — x0 and
(k) lim sup(up, x, — o) < 0,

n—oo
for some u,, € Tx,, imply x, — xo.

Let L be a dense subspace of X. An operator T : X D D(T) — X*, with
L C D(T), is said to satisfy condition (S4)z if {u,} C L, up — ug, Tu, — hf and

lim sup(T'up,, up, — up) <0
imply w, — ug, up € D(T) and Tug = hg.

An operator T : X D D(T) — X* with L € D(T) is said to satisfy condition

(S4) if {u,} € D(T), up — ug, Tun, — hi and
lim sup(T'up,, un — up) <0
imply w, — ug, up € D(T) and Tug = hg.

We say that the operator T : X D D(T) — 2% satisfies condition (S,) on a
set A C D(T) if for every sequence {z,} C A such that x, — zp € X and any
yr € Tay,, with y* — (some) y* € X*, we have x,, — x9. If A = D(T), then we
say that T satisfies (9,).

Obviously, if an operator is of type (S) on A C D(T), then it is also of type (Sy)
on A. The following lemma can be found in Zeidler [24], p. 915].
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Lemma A. Let T : X D D(T) — 2%~ be mazximal monotone. Then the following
are true:

(i) {zn} € D(T), xp — xo and Ty, 3 yr, — yo imply xo € D(T) and yo € T'xo.
(ii) {zn} C D(T), xyy — 29 and Txy, D Yy — yo tmply xg € D(T) and yo € Txp.

From Lemma A we see that either one of (i) or (ii) implies that the graph G(T')
of the operator T is closed, i.e. G(T) = {(u,z) ; = € D(T), u € Tx} is a closed
subset of X x X*.

Unless otherwise stated, the symbol d(T, G, p) denotes the Leray-Schauder degree
of the mapping T on the closed and bounded set G w.r.t. p € T(9G).

For facts involving monotone operators, and other related concepts, the reader is
referred to Barbu [1], Browder [3], Cioranescu [7], Pascali and Sburlan [I8], Simons
[21], Skrypnik [23], and Zeidler [24]. We cite the books of Browder [3], Lloyd [17],
Petryshyn [19], Rothe [20], Skrypnik [23] and the papers of Browder [4]-[6] and
Kartsatos and Skrypnik [I3] as references to degree theories.

For recent nonlinear eigenvalue results we refer the reader to Guan and Kart-
satos [9], Kartsatos [11], the authors [12], Li and Huang [16], and Skrypnik [23]
p. 124]. For a recent “invariance of domain” theory, we cite the paper of the au-
thors [14].

It is our main intention here to establish an eigenvalue theory for various classes
of operators T+ C, with T' maximal monotone, acting from the space X to its dual
X*. Guan and Kartsatos gave a series of results in [J] involving the existence of
eigenvalues and eigenvectors of inclusions of the type

(%) Te+XCz >0

containing maximal monotone or m-accretive operators 7' and perturbing operators
C. Roughly speaking, these results use or imply conditions of the type [|Cz| >
o, © € 0G, where G is an open and bounded subset of X. The reason for such
conditions is that when they hold they guarantee that the degree of a certain
mapping associated with problem (k) is zero (cf., e.g., Guan and Kartsatos [9]
Proof of Theorem A]). These considerations were substantially improved by the
authors in [I2]. In fact, we considered in [I2] implicit eigenvalue problems of the
type

(%) Tz + C(\x) =0,

for many combinations of operators T, C' with T" m-accretive, or maximal mono-
tone. Our results in [I2] were based on various compactness assumptions on the
operator C' or the resolvents of the operator 7. We also showed in [I2] that one can
even obtain normalized eigenvectors x for such problems, which are lying on the
boundaries of sets which may be unbounded in the norm of the underlying energy
space.

This paper can be considered to be a continuation of all the above mentioned
eigenvalue papers. In particular, we assume here that problems like

(s * ) Tr+XCzx+eJr>0

have no solutions in D(T') N G for some A > 0 and all small € > 0.
In Section 1 we give a result that guarantees the existence of eigenvalues for
problems of type (%)

Tx+ C(\x) 20,
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where T is maximal monotone and C'(\, z) is demicontinuous, bounded and of type
(5+).

In Section 2 we use Browder’s degree theory in [6] involving multi-valued maximal
monotone operators T and demicontinuous operators C' defined on the closures of
bounded open sets in X.

In Section 3 we first consider the problem

Tr+XCz =0

for single-valued densely defined operators T', C. Our approach here uses the degree
theory that was developed by the authors in [13].

Section 4 is devoted to the existence of eigenvalues for operators T, C, where T
is maximal monotone and C' is densely defined. Here, we use the new degree theory
developed by the authors in [15].

In Section 5 we give a Fredholm alternative result in the spirit of Necas [8]
p. 61] concerning the surjectivity of operators AT + C whenever A (> 1) is not
an eigenvalue for the pair (T, C). In this result both operators T, C are positively
homogeneous of degree v > 1.

Section 6 is devoted to continuous and bounded operators C' defined on D(T),
and maximal monotone operators 7" with compact resolvents.

In Section 7 we demonstrate the fact that our eigenvalue results can give rise to
the existence of continuous branches of eigenvectors of infinite length.

Applications to partial differential equations are given in Section 8.

2. DEMICONTINUOUS OPERATORS C OF TYPE (S4)

Our main purpose in this section is to prove Theorem 1 below about the implicit
eigenvalue problem

(1) Tx+ C(Ax)20.

Let G C X be open and bounded, A > 0. An operator C' : [0,A] x G — X* is
“demicontinuous” if [0,A] X G 3 (t,,x,) — (to, 7o) implies C(t,,x,) — C(to, o).
A demicontinuous operator C(t,x) as above is continuous in ¢ “uniformly w.r.t.
r € G if [0,A] 3 t, — to implies C(t,,x) — C(to,x) uniformly w.r.t. = € G. A
demicontinuous operator C' as above is said to satisfy condition “(S;)” if for every
A € (0,A] and every sequence {z,} C G with z,, — z( and

limsup(C'(A, ), n — 20) < 0

n—oo

we have x,, — 2.

Theorem 1. Let G C X be open and bounded. Let T : X D D(T) —LZX* be
mazimal monotone with 0 € D(T) NG and 0 € T(0). Let C : [0,A] x G — X~
be demicontinuous, bounded, of type (S), and such that C(0,2) =0, x € G, and
C(t,x) is continuous in t uniformly w.r.t. v € G. Let e, g9 be positive num-
bers. Assume that

(P) there exists A € (0, A] such that the inclusion
(1) Tx+C(\z)+eJr >0
has no solution x € D(T) N G. Then

(i) there exists (Mo, xo) € (0,A] x (D(T)NOG) such that

(2) Txo + C(/\(),:L‘o) +eJxy > 0;
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(ii) if 0 € T(D(T)NOG), T satisfies condition (Sq) on G, and property (P) is
satisfied for every e € (0,eq], then there exists (Ao, zo) € (0, A]x (D(T)NIG)
such that Txg + C(Ao,xo) D 0.

Theorem 1 was proved by Li and Huang [I6] Theorem 3.1] under the assumption
that C(\,z) = A\Cz and C is a compact operator. We should note here that these
authors should have assumed that 0 € T(0). In fact, their proof is based on the
homotopy invariance of the Leray-Schauder degree for the homotopy function H =
I — (Ts +eJ)"1(=AC) on G. However, this function H is not generally homotopic
to the identity I for A = 0, a fact that was used in [15]. It is homotopic to I if we
assume that 0 € T'(0). Properties like (P) were assumed by Guan and Kartsatos in
9.

Proof of Theorem 1. (i) Assume that (2) is not true. Then for every A € (0, A] the
equation
Tx+C(\z)+eJr >0

has no solution = € D(T') N 0G. We note that this is also true for A = 0 because
(T 4+ &J)G > 0 and the operator T + ¢J is injective by the strict monotonicity of
the duality mapping. We set H(\, z) = Tz + C(\, x) + eJz and observe that

(3) HO\D(T)NdG) 40, Ae[0,A]

We are now going to show that there exist so > 0, Ag € (0, A] such that for every
s € (0,s0], A€ (0,\] we have 0 & Hy(s, A, 0G), where

(4) Hi(s,\z) =Tsx +C(\,z)+eJu.

Assume that this is not true. Then there exist s, | 0, A, | 0, z, € 0G with
Ty — x9, Jx, — j*, for some xyp € X and j* € X*, and such that
(5) Ts, Tn + C(An, zpn) + ez, = 0.
This implies
(T, Xpyy, — x0) = —(C(An, Tn)y Tn — o) — {(JTp, Ty, — X0)
S NCAns zn)llan — woll — e{Jan — Jxo, 20 — 20)
—e(Jxo, Ty — o)
(

(6)

<NC Ay zn)|||2n — zo|| — e{Jx0, T5, — T0)-

Thus,

(7)

lim sup(Ts, Tpn, T, —x0) < Um [||C(An, Zn)||||2n — zol|] — & lim (Jxo, 2, —z¢) = 0.
n—00 n—oo n—oo

Here, we have used the fact that |||[C(An, zn)|| — [|C(0, zn) ||| = ||C(An, zp)|| — 0 by

the continuity of C(¢,x) in ¢ which is uniform w.r.t. z € G. Also, (5) implies
Tsnxn - 78.7.*;
which in turn gives

(8) lim Sup<Tsn$n7 xn> < <_€j*a {E0>-
Now, fix € D(T), z* € Tx. Then, as in Browder [4, Proof of Theorem 12],
minf(Ts, Tp,z,) > Iminf(Ts z,,x) + (%, 20 — )
= (—ej*,x) + (¥, 29 — ).
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Combining (8) and (9) we get
(10) (—ej* —a*, 29 —x) >0,

which, by the maximal monotonicity of T, implies zy € D(T). Letting z = z in
(9) and using (8) we obtain

lim (T, xp, xn) = lim (Ts, xp,x0) = (—€j™, o).

This implies
(11) lim (Ts, ©p, xp — x0) = 0.

Using this with (5) we get
€<J$n, Tn — x0> = _<Tsnxn7 Tn — 1‘0> - <O()\7L7 xn)a Tn — x0>7

which gives
lim (Jzy,x, — zo) = 0.

n—oo
Since the duality mapping J is of type (S), we have x, — xo € 0G, Jx, —
Jxg = j*. Now, Js, x,, = @y — spJ T, x, — x9. Here, we have used the fact
that {Ts,z,} and J~! are bounded and s, | 0. Consequently, T, z, € TJs, Ty,
Jo, Tn — x0, Ts,xy — —ej* = —eJzp and the closedness of T' (see Lemma A)
imply that T'zg + eJzg > 0. However, g € D(T) N IG is a contradiction because
we already have 0 € (T' 4 ¢J)@G, and the operator T + &J is injective by the strict
monotonicity of the duality mapping. Thus, our assertion is true.
Now, we fix s € (0, sg], A € (0, \g] and consider the homotopy function

(12) Hy(t,x) =Tex + C(th, x) +eJa.

Using the fact that (Ts + €J)(0) = 0, we note that 0 ¢ H»(t,0G) for any ¢ €
[0,1]. Following Browder [4], Hz(t, ) is a homotopy of class (S ) if the following
condition holds: for any sequence {u;} C G with u; — uo and any sequence
{t;} € [0,1] with t; — ¢ for which we have

(13) limsup(Hs(t;,u;), uj — ug) <0,

j—o0
we also have u; — wg and Ha(t;,u;) — Ha(to,uo). We are going to show that

Hy(t,z) is actually a homotopy of class (S5 ). To this end, we let {¢;}, {u;} be as
above. Then

(14) limsup(Hg(tj,uj),uj —’LL()> = limsup(Tsuj +C(tj)\,u]') —|—EJ1Lj, Uj; — UQ> < 0.

Jj—o0 Jj—oo
We observe that
(Hy(t;,u;),u; — uo)
= (Tsuj, uj —uo) + (C(t;A,u5), uj — uo) + e(Juj, uj — uo)
= (Touj — Tsuo, uj — uo) + (Tsuo, uj — uo)
+ (Ot A u;), uj — uo)
+ e(Ju; — Jug, uj — uo) + e(Jug, uj — ug)
> (Tsug, uj — ug) + (C(t;A, uj), uj — uo) + e(Jug, uj — uo).
Using this in (14) we obtain
(16) limsup(C(t;\, u;), uj — up) < 0.

Jj—o0

(15)
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If to = 0, then C(¢;A,u;) — 0 and
hm <C(tj)\,u]'),u]‘ - ’LLO> =0.
J—00

Using this and the monotonicity of T in the first equality of (15) we obtain
(17) lim sup(Ju;, u; — ug) <O0.

j—oo
Since J is of type (S5), we have u; — ug, which implies Tyu; — Tug, C(t;\, u;) —
C(0,up) = 0 and Juj — Jug. This says that

Hy(tj,u;) — H2(0,u0) = Tsuo + Juo,

and the proof for the case ty = 0 is complete.
Now, let tg > 0. We have

(C(tiA uj),uj — ug) = (CtjA uj) — CltoA uj), uj — uo) + (C(toA, uj), uj — uo),
which implies

limsup(C(toA, uj), u; — uo) < limsup(C(t;A, uj), uj — ug)

Jj—o00 Jj—00

+ limsup{—(C(t;\, u;) — C(toA, uj), u; — uo)}.

Jj—00
By (16), this yields
lim sup{C(toA, u), uj — uo) < lim |C(t;A, u5) = CtoA, us)l[[uj — uol| = 0.

j—o0
By the (S )-property of C, we get u; — ug, Tsu; — Tsug, C(tjA uj) = C(toA, up)
and Ju; — Jug. Consequently, Ha(t;,u;) — Ha(to, uo). This finishes the proof of
the fact that Hy is a homotopy of class (S4). Thus,

5 ds(Hs(t,-),G,0) = ds(Ha(1, ), G,0)
(18) = ds(H>(0,-),G,0) = ds(T} +&J,G,0) = 1,

where dg denotes the Skrypnik degree (cf. [22]-[23]). The last equality in (18)
comes from [6] Theorem 3, (1V_)] In fact, the mapping T, + &J is demicontinuous,
injective and of type (S+) on G, and such that

(Tsx +eJx,x) >0, z€0G.
For Browder’s degree dp in [5] we have, in our setting,

(19)  dp(H().").G.0) =limds(Hy(s, ), ). G.0) = limds(Ho(1,),G.0) = 1

because Hi(s, A\, x) = Ha(1,z). Thus, by Browder’s degree theory,
(20) 0e (T+C\-)+ed)(D(T)NG),
which contradicts our assumed property (P). Therefore, (2) is true.
(ii) Let the sequences {x,} C D(T) N O0G, u), € Txy,, A, € (0,A] be such that
(21) uy + C(Any ) + (1/n)Jzy = 0.

We may assume that A, — Ag € [0,A], , = 20, C(A\pn,2,) = ¢* and Jx,, — j*.
We consider two cases:

() Ao = 0;

(ji) Ao > 0.
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(j) Since for some u} € Tx, we have v} = —C(\y,z) — (1/n)J2,, — 0 and T
satisfies condition (5,), we have z,, — xo € 0G. The closedness of T' (see Lemma
A) now implies 0 € T'zg, which contradicts 0 ¢ T'(D(T") N 9G).

(jj) We are going to show first that

(22) lim sup(C’()\n, xn)a Tn — xO) <0.

n—oo

Assume the contrary. Then we may also choose {x,, }, or a subsequence of it denoted
again by {z,}, so that

(23) lim (C(An,xp), xn — o) > 0.

n—oo

‘We have
(U, Ty — x0) = —(C(An, @), Tn — x0) — ((1/n)J 20, 28 — 20),
which says

(24) lim sup(u),, x,, — xg) < 0.

n—oo

Since, by (21), u), = —c*, we also have
(Ups Tn) = (Up, Tn — To) + (Up, To)
and

(25) lim sup(u;,, x,) < (—=c*, z0).

Now, we fix (z,2*) € G(T') and examine
(uy, — 2y —x) > 0.
We obtain
<u:wxn> 2 <u;kw$> + <x*’$n - :L‘>,
which implies
liminf(u), x,) > (—c*, x) + (x*, 29 — ).
n—oo

Combining this and (25), we find that
(26) (—c" —x* 29 —x) > 0.
Since T is maximal monotone and (z,z*) € G(T) is arbitrary, we get xo € D(T)
and —c* € Txg. However, letting © = z¢ in (26) we get a contradiction. Thus, (22)
is true. We observe that

<C(>\n, xn), In — $O> = <C(>\n, xn) - C(>\07 xn)v Tn — 990> + <C(>\O; :L'n); Tn — :EO>~
Using again the fact that C(\,, z,) — C (Ao, ) — 0, we obtain

limsup<c(>‘07$n)v$n - x0> <0.
Since C' is of type (S4), we have z, — xy € G, C(A\p,x,) = C(Ao,z9) = c*
and u; — —C(Ag,zp). The demiclosedness of T' (see Lemma A) implies Tzy +
C(Xo, o) 20, and the proof of the theorem is complete. O
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Theorem 1 has the following important corollary.

Corollary 1. Let G C X be open and bounded. Let T : X D> D(T) — 2% be
mazimal monotone with 0 € D(T) NG and 0 € T(0). Let C : G — X* be demicon-
tinuous, bounded and of type (Sy). Let A, ¢ and gy be positive numbers. Assume
that

(P) there exists A € (0, A] such that the inclusion

Tr+XCzx+eJx >0
has no solution in D(T) N G. Then
(i) there exists (Ao, zo) € (0,A] X (D(T) N AG) such that
Txg+ ACxg +eJzg 3 0;
(i) if 0 € T(D(T) N OG), T satisfies condition (Sy) of OG, and property (P) is
satisfied for every e € (0,¢e¢], then there exists (Ao, zo) € (0,A] X (D(T)NIG) such
that Txg + AgCxg > 0.

Proof. It suffices to note that the operator C'(A,2) = ACz has all the properties
assumed for it in Theorem 1. (|

3. DENSELY DEFINED OPERATORS T, C

In this section we apply the authors’ degree theory from [13] for densely defined
operators T, C.

Let L be a subspace of X and let T': X D D(T) — X* be maximal monotone
and C': X D D(C) — X*. Let F(L) be the set of all finite-dimensional subspaces
of L. For the operator T we consider the following assumptions:

t1) T is monotone, i.e.

(27) (Tu —Tv,u—v) >0,
for every u, v € D(T). Moreover,
(28) LcD(T), L=X;
to) for every (ug, ho) € X x X* with
(29) (Tu — ho,u —ug) >0, foruel,

we have ug € D(T) and Tug = ho;
t3) for any ug € D(T) we have

(30) inf{(Tv — Tug,v —ug) : v & L} =0;
ty) for every F' € F(L), v € L the mapping t(F,v) : F — R, defined by
t(F,v)u = (Tu,v) is continuous.
For the operator C' we have the following assumptions:
c1)
(31) L c D(C)
and C' is quasi-bounded with respect to T, i.e. for every number S > 0
there exists a number K (S) > 0 such that from the inequalities
(32) (Tu+ Cu,u) <0, Ju||<S, welL,
we have ||Cul| < K(S);
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¢2) the operator C satisfies the following generalized (S.) condition with re-
spect to T for every sequence {u,} C L such that u, — ug, Cu, — hg
and
(33) lim sup(Cup, tn — ug) <0,  (Tup + Cup,uyn) <0,
for some ug € X, hy € X*, we have u,, — ug, ug € D(C) and Cug = ho;
cg) for every F € F(L), v € L the mapping ¢(F,v) : F' — R, defined by
¢(F,v)(u) = (Cu,v), is continuous.
Note that the conditions t5), t3) are satisfied for a maximal monotone operator T
whose domain D(T') = L.

Remark 1. We should note here that the degree theory developed in [I3] used
the number S in place of 0 in the first inequality of (32). A careful study on the
development in [I3] reveals that all we need is our present assumption. The same
remark applies to the homotopy assumption ail) in [I3 p. 432]: we can replace S
in the first inequality there by 0.

An operator C : X D D(C) — X* with L € D(C) is called “L-quasibounded” if
for every S > 0 there exists K(S) > 0 such that v € L with |lul| < S, (Cu,u) <0
implies ||Cul| < K(S).

Theorem 2. Let G C X be open and bounded with 0 € G. Assume that the operator
T is single-valued and mazimal monotone, D(T) = L, T(0) = 0 and T satisfies
t4), while the operator C : X D D(C) — X* is L-quasibounded and satisfies (Sy)p,

and c3). Let €, €y and A be positive numbers. Assume that
(P) there exists X € (0, A] such that the equation

(34) Tr+ Mz +eJr =0

has no solution in LN G. Then
(i) there exists (Ao, o) € (0,A] x (LN IG) such that
(35) T:Eo + )\chﬂo + EJCCO = O;

(i) if 0 € T(L N OG), T satisfies (Sq) on 0G, and property (P) is satisfied for
every € € (0,g0], then there exists (Ao, o) € (0,A] x (L N OG) such that Txg +
)\()C{EO =0.

Before we prove this theorem, we notice that both conditions ¢1), c2) are satis-
fied, because (T'u,u) > 0 for all uw € D(T).

Proof. Assume that (35) is not true. Then for every A € (0, A] the equation
(36) Tr+ Xz +eJx =0

has no solution z € L N JG. We consider the operators: T = T + (¢/2)J and
Cy = tAC + (¢/2)J, t € [0,1]. We need to show that T3 + C; is an admissible
homotopy in the sense of Definition 4.3 in [I3]. To this end, we show first the

uniform quasiboundedness property of Cy w.r.t. T;. This is the property agl) in [13]
with the first occurrence of S in (4.11) there replaced by 0 (see Remark 1 above).
Assume that for some S > 0 we have

(37) (Tyu+ Cyu,u) <0, |ul| <S5, forsomewe L, tel0,1].
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If t =0, then

(38) [Coull = (e/2)[|Jull < (/2)S.

If ¢t > 0, then

(39) ACu,u) < {(1/t)Tu + ACu,u) < —((1/t)eJu,u) <0

and the L-quasiboundedness of C' gives ||Cu|| < K(S). This implies

[Crull < K(S) + (¢/2)S.
Combining this with (37) we obtain an obvious uniform quasiboundedness constant
K (S) for the operator C.

We now show the uniform generalized condition (S;) of Cy w.r.t. T, which is
condition a,@ in [13]. To this end, assume that {¢,} C [0,1], {un} C L are such
that w, — ug, Ct, u, — h§, t, — to and
(40) lim sup(Ct,, tn, up — uo) < 0, (Ty, + C, un, up) < 0.

We rewrite (40) as follows:

(41) lim sup(t, ACu, 4 (€/2) Ty, un, — ug) < 0, (Tuy, + t, ACuy + ey, uy) < 0.
If t,, = 0 for all large n, then the first of (41) implies

(42) lim sup(Juy,, un — ug) < 0.

Since J is of type (S), this says that u, — ug and Ju, — Jug. Thus, uy €
D(Oo) =X and O()’LL() = (E/Q)JUO = hé

Let t,, = 0 for infinitely many n, but not all large n. Then ¢,, — 0. Denote by
{tn} again the subsequence of {t,} of positive terms. Then ¢, — 0 and, from the
second part of (41) (since t,, < 1),

(43) A(Cup,upn) < (1/tn)Tun + ACuy + (¢/ty) Jtn, un) < 0.

Since C' is L-quasibounded, there exists a constant K > 0 such that |Cu,| < K
for all n. It follows that, for the original sequence {t,}, we have

(44) lim t,ACu, = 0
n—oo
and
(45) w— lim Cp u, =w— lim [t,ACuy, + (¢/2)Ju,] = w— lim (e/2)Ju,, = hg,

where “w” denotes weak limit. Also, the first part of (41) implies (42), which
implies again u,, — ug and Ju, — Jug. Once again, we have
(46) ug € D(Cy) = X and Coug = (¢/2)Jug = hg.

It remains to consider the case t,, > 0 for all large n. We assume that ¢,, > 0
for all n. If ¢, — 0, we repeat the above argument to obtain (46). Let us assume
to > 0. Then

(tn ACup, up — ug) = (En ACup + (€/2) Ty, un, — ug) — (€/2)(Jtup, Upn — ug)

= (tnACup + (€/2) Jtn, upn, — uo) — (€/2)(Jtn, — Jug, Uy — up)
— (e/2){(Jug, uy — ug),

< (tn ACuUy, + (£/2) Jtp, uyn, — ug) — (£/2)(Jug, ty, — ug),

(47)
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which, in view of (41), implies
lim sup(t, ACup, uy — ug) < limsup(t, ACuy, + (£/2)Juy, un — up)

+ lim sup{—(e/2) (Juo, wn — uo)}

(48) ) n—oo
= limsup(t, ACuy, + (£/2) Jtp, tp, — ug)

+ lim {—(e/2)(Jug,un — ug)} <O0.
n—oo
If we assume that

(49) q = lim sup(Cuy, uy — ug) > 0,

n—oo

then there exists a subsequence {u,, } of {u,} such that

lim (Cuy,,, U, — ug) = q.

k—o0
Then
0 < tgAg = nh_}ngo tny, (ACp,, , Un, — ug) < lirrlrisolép<tnACun, Up — up) <0,
i.e. a contradiction. Consequently,
(50) lim sup{Cuy, u, — ug) < 0.

n—oo

Since (43) and the L-quasiboundedness property of C imply that {||Cu,|} is
bounded, we may assume that Cu,, — hi. Since from the second part of (41) we
obtain (43), we use the (§+)L—property of C' to obtain that w, — ug € D(C)
and Cug = hi. Thus, toACuy = h§ — (¢/2)Jug. Thus, we have actually shown
the following: every subsequence of {u,} contains a further subsequence, denoted
again by {u,}, such that u, — ug, ug € D(C},) and Cy,ug = hf. This implies that
the original sequence {u,} has this property. The rest of the required conditions
for the admissibility of our homotopy are trivially true. If follows that T; + C} is an
admissible homotopy for our degree d in [I3]. This implies

(51) d(Ty + C,G,0) = d(T + tAC + &J,G,0) = d(T + ¢J,G,0) = 1.
The last equality follows from the fact that

(52) dt(T+eJ)+ (1 —1t)eJ,G,0) =d(T +J,G,0) =d(eJ,G,0) = 1.
The first degree above is well defined because

(53) AT +e)+(1—=8)ed)(LNIG) = (T +eJ)(LNOG) F0

due to the fact that the mapping T 4 J is strictly and maximal monotone with
0 € (tT'+ J)(L N G). This degree is also constant. In fact, the homotopy H (¢, z) =
t(T + eJ) + (1 — t)eJ has already been used in [I0, Proof of Theorem 3.1]. The
operator B + (1/n)J — s there can be easily replaced by the operator B = (¢/2).J
plus the operator (¢/2)J. The last equality in (52) follows from Browder’s Theorem
3, (iv) in [6] because 0 € €J(G), and the mapping J is demicontinuous, bounded,
of type (S+), and such that (eJx,z) > 0, € IG. From our degree theory in [I3]
we obtain that equation (34) has a solution (A, z) in LNG for every A € (0, A]. This
contradicts (P) and proves (i).
(ii) We have

(54) Ty + A Cxy + (1/n)Jx, =0,
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where {z,} C LNIG, {\,} C (0,A]. We may assume that A, — Ao € [0,A], z,, —
xg and Jx, — 7*. We consider two cases:

(s) Ao =0;
(ss) Ao > 0.

We first note that we cannot have A, = 0 for any n. This is due to the fact that
0€G,0=(T+(1/n)J)(0) and the operator T'+(1/n)J is strictly monotone. Thus,
An > 0 for all n. Using this in (51) we obtain (Cz,,x,) < 0 and the boundedness
of {[|Cxn |}

(s) From (54) we also obtain
Tz, = -\,Cx, — (1/n)Jz, — 0.

Since T is of type (S;), we have x,, — x¢ € IG. Since T is closed (see Lemma A),
29 € D(T) = L and Txg = 0. Since xg € L N IG, we have a contradiction to our
assumption on 7. Thus, case (s) is impossible.

(ss) We may assume that Cx,, — ¢* € X*. We have T'z,, = —\oc*. We can now
establish (50) exactly as in the last part of the proof of Theorem 1. The (S.)-
property of C implies x,, — x9 € 0G, zo € D(C) and Cxz,, — Czy = c*. Since
Tz, — —XgCxg, the demiclosedness of T implies Txg + A\gCxzo = 0 with A\g > 0
and x € L N OG. This completes the proof. O

Actually, if A < 1 in Theorem 2, then that theorem holds under the assumptions
¢1) — c3) for the operator C. This is the content of Theorem 3 below.

Theorem 3. Let G C X be open and bounded with 0 € G. Assume that the operator
T is single-valued and mazimal monotone, D(T) = L, T(0) =0 and T satisfies t4),
while the operator C' satisfies ¢1) — c3). Let €, €y and A be positive numbers with
A € (0,1]. Assume that

(P) there exists A € (0, A] such that the equation

(55) Te+ ANz +eJxr =0

has no solution in LN G. Then
(i) there exists (Ao, o) € (0,A] x (LN AG) such that

(56) Txg+ NCxo + eJxg = 0]

(i) if 0 € T(LNOG), T satisfies (Sq) on OG, and property (P) is satisfied for
every € € (0,g¢], then there exists (Ao, o) € (0,A] x (L N OG) such that Txg +
)\OcIo =0.

Proof. We just mention here that when A € (0, 1] we may replace C by T+ C' in the
relevant inequalities in the proof of Theorem 2. For example, the inequality (39)
will now be replaced by

(57) (Tu+ Cu,uy < {[1/(tN)]|Tu+ Cu,u) < —([1/(tA)]eJu,u) <0,
while (43) will be changed to

(68) (Tup + Cup,un) < ([1/(EA)]Tupn + Cup, un) < —([1/(tA)]eJun, uy,) <0. O
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4. DENSELY DEFINED PERTURBATIONS C

Theorem 4 below uses a new degree that was introduced by the authors in [14]. In
particular, this degree applies to certain generalized pseudomonotone perturbations
of multivalued maximal monotone operators.

The following definitions are needed for the application of the new degree. We
recall that L is a fixed dense subspace of the space X.

An operator C : X D D(C) — X* is called “quasibounded” if for every S > 0
there exists K(S) > 0 such that uw € D(C) with |Jul]] < S, (Cu,u) < 0 implies
[Cull < K(S).

An operator C': X D D(C) — X* with L € D(C) is said to be “generalized
pseudomonotone” if {u,} C D(C), u, — ug, Cu, — h§ and
(59) lim sup(Cup, up, — ug) <0
imply ug € D(C), Cug = h{ and (Cuy, un) — (h, uo).

It is easy to see that if an operator C' satisfies (§+), then it is generalized pseu-
domonotone.

We denote by Jy, the duality mapping with gauge function . The function
¥ @ Ry — Ry is continuous, strictly increasing and such that ¢(0) = 0 and
¥ (r) — oo at r — oo. This mapping Jy, is continuous, bounded, surjective, strictly
and maximal monotone, and satisfies condition (Sy). Also,

(60) (Jypz, z) = Y([lz)llz] and [[Jyz| = o ([lz]), = € X.
For these facts we refer to Petryshyn [I8] pp. 32-33 and 132].

Theorem 4. Let G C X be open and bounded with 0 € G. Assume that the operator
T:X D D(T) — 2% is mazimal monotone with 0 € D(T) and 0 € T(0). Assume
that the operator C' : X D D(C) — X* is quasibounded, with L C D(C), and
satisfies (Sy) and c3). Let ¢, ey and A be positive numbers. Assume that

(P) there exists A € (0, A] such that the inclusion

(61) Tz +ACx +eJyz 50

has no solution in D(T' + C) N G. Then
(i) there exists (Ao, z0) € (0,A] x (D(T + C) N IG) such that

(62) Txo + XMCxo + eJyxo 2 0;

(i) if 0 € T(D(T) N OG), T satisfies (Sq) on OG, and property (P) is satisfied
for every € € (0,e¢], then there exists (Ao, zo) € (0,A] X (D(T + C)NOG) such that
Txo+ NgCxg > 0.

Before we prove this result, we should mention that conditions ¢;) —¢4) have now
been replaced by the condition that T is maximal monotone (possible multivalued),
L c D(T) and 0 € T(0). Also, the conditions on C are no longer involving the space
L or the operator T. The degree mapping to be applied here (see [15]) comes from

(63) d(T+C,G,0) = liﬁ)ld(Ts +C,G,0),
where the degree mapping on the right-hand side is our degree from [I3], which
is fixed for all small values of s > 0. Finally, the domain of the operator T is

not necessarily just the subspace L. The reader will have no trouble in extending
Theorems 2 and 3 to other situations suggested by Theorem 4.
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Proof of Theorem 4. (i) Assume that P is true and that the conclusion is false. Then
(61) has no solution (A, z) € (0,A] x (D(T + C) N OG). We consider the homotopy
inclusion

(64) H(t,z) =Tx +tACx+eJypx >0, te][0,1].

This inclusion has no solution x € D(H(t,-)) N OG for ¢t € (0,1]. This is also true
for ¢t = 0 because 0 is already in the set (T + eJy)(0) and the operator T + eJy, is
strictly monotone (and hence one-to-one). We are going to show that H(¢,x) is an
admissible homotopy for this degree. We do this because this homotopy was not
studied in [I5].

We set Tt = T and recall from the Introduction the properties of the operator
Tis =T = (Tﬁ1 + sJ’l)’1 : X — X*, s > 0. The operator T? here should
not be confused, for ¢t = 0, with the operator 71 in the Introduction. We also
set Jpg=Js=1—sJ s =1—-5sJ'Ts : X — X and C' = tAC + Jy.
We have D(H(0,-)) = D(T) and D(H(t,-)) = D(T + C), t € (0,1]. We also set
D! = D(tAC) = D(tC). We have D = X and D! = D(C) for t € (0,1]. Let G be
an open and bounded subset of X.

We know that the equation

(65) T'z+C'z30
has no solution « € D(H(t,-)) N OG for any t € [0, 1]. We consider the equation
(66) Tox +tACr +eJy =0,
and show that there exists s; > 0 such that
(67) 0¢& (Ts +tAC +eJy) (D' NOG), (s,t) € (0,s1] x [0,1].
Assume that this is not true, and let {s,} C (0,00), {t,} C [0,1], {zn} C OG
be such that s, | 0, t, — to and z,, — x, where ty € [0,1] and z¢ € X, and
(68) T, xn + t,ACxy, + eJyzy, = 0.

Obviously, we cannot have ¢, = 0 for any n, because (Ts, + Jy)(0) = 0 and the
operator T, + Jy is strictly monotone (hence one-to-one). Thus, t,, > 0 for all n.
From (68) we see that

(Czp,xn) = —(1/[tnh A))(Ts, xn, + €Jpxn, xn) < 0.

This and the quasiboundedness of C' imply that {Cxz,} is bounded. We may thus
assume that C'z,, — h{.
If tg = 0, then from

e([|znl)lznll = <5J¢xmxn> <t MCrp,20) — 0

we obtain z,, — 0 € JG, which is a contradiction to 0 € G. It follows that tq >
0. Since {Ts,xn}, {Jypxn} are bounded, we may assume that T, x,, — hj and
Jypxn — hi with toAh§ = —hi — eh’.
We now claim that

(69) lim sup(t, ACxy, + eJypp, Tn, — xo) < 0.

n—oo
If this is not true, then there is a subsequence of {t,}, denoted again by {¢,}, such
that

lim (¢, ACx,, + eJyy,xn — xg) > 0.

n—oo
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This implies
lim (T, xp, x, — xo) <O.

This and T, x, — h] imply
(70) lim (T, xp,zn) < (h],20).

We can now repeat the relevant part of the proof of Theorem 3, (ii) in [15] in order
to obtain a contradiction. In fact, as in [I5], we arrive at

(71) (hy —y,x0 —x) >0, foreveryze D(T), yeTx.

Since T' is maximal monotone, we have o € D(T) and hi = —toAhl — ch} €
Tzo. However, this is a contradiction because (71) does not hold for x = zy, y =
hi. Thus, (69) is true.

From (69) we easily obtain that there is a subsequence of {n}, denoted again by
{n}, such that one of the following is true:
(72) limsup(t, ACp s, x,, — z9) <0, limsup(eJyan,zn — o) < 0.
Assume that the first one is true. Then, by the (§+)—property of C, x, — xq, o €
D(C) and Cxg = h§. Then since

lim (t,ACx, + eJyTp, Ty — o) =0,
n—oo

we also get
lim (Ts, ©p, xp — x0) =0,

which implies (70), but with an equality sign. Working again as in the argument
following (70) (see [I5], proof of Theorem 3, (ii)), we see that (71) holds now
but for the “ > 7 sign. It follows that o € D(T) and Txg > —toAhl — ehl =
—toACzg — eJyxo. This is a contradiction again because, by x,, — xp, we have
xg € OG. We have shown the validity of (67). An analogous proof holds when the
second part of (72) is true.

We have shown that H (¢, ) is an admissible homotopy for our degree. We can
now work as in Theorem 3 of [I5] in order to show that d(H(,-), G,0) =const. In
fact, our case here is easier because the operator T; s in [I5] is now independent of
t. Thus,

d(H(t,-),G,0) =d(Ts +eJy,G,0) = 1.
The last equality above follows from Theorem 3, (i) of [15]. Consequently, the
inclusion H (¢, 2) > 0 has a solution in G for each ¢ € [0,1]. In particular, this says
that Tz + A\Cxz + eJyz > 0 has a solution in G for every A € (0,A]. This is a
contradiction to (P) and finishes the proof of (i).
(i) Let A, € (0,A], z, € D(C)NIG be such that, for some u’ € Ty,

(73) uy + X Cxp + (1/n)Jypxy, 3 0.

Again, we cannot have A\, = 0 for any n. Since A\, > 0, we have (Cz,,x,) < 0,
which implies the boundedness of {Cz,}. We may assume that A\, — o, z, —
xo, Cxy — h{. Then u} — —Aoh{. If Ag =0, then (73) implies

lim uy, = lim [-A,Cz, — (1/n)Jyz,] = 0.

n—oo

Since T satisfies (S;), this says that =, — x9 € JG. Now, we can invoke the
demiclosedness of T (see Lemma A) to obtain g € D(T) and 0 € Tzp. This
however contradicts 0 € T'(D(T') N 0G). Consequently, Ag > 0.
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At this point we can repeat the method of proof of part (i) in order to get the
inequality
lim sup(Czp, x,, — 20) < 0.
n—oo
Since C satisfies (§+), this implies z, — xg, 2o € D(C) and Cxzy = h{. Using the
demiclosedness of T' (see Lemma A), we obtain 29 € D(T)NIG and Txg+AgCxo >
0. The proof is complete. O

5. A FREDHOLM ALTERNATIVE

The function jy below is the duality mapping of X with gauge function ¢(r) =
r7, where v > 0. We have

(Jyw,z) = "™, [Tyl = .

Let us assume that 7 : X D D(T) — X*, C : X D D(T) — X* are such that
0 € D(T)N D(C) and T(0) = C(0) = 0. Then a number A € R is called an
“eigenvalue” of the pair (7', C) if the equation ATz + Cz = 0 has a nonzero solution
in D(T) N D(C). We denote by A(T, C) the set of all eigenvalues of (T, C).

Our purpose in this section is to give a Fredholm alternative result in the sense
of Necas (cf. [8 p. 61]). The operators T, C are now homogeneous of degree
~v > 1. This result has an analogue for linear operators C' and T = I mapping
a Hilbert space X into itself. In that setting our result implies that if A is not
an eigenvalue of C' (i.e. A\ does not belong to the point spectrum of C'), then the
resolvent operator exists on all of X and is bounded.

Theorem 5. Assume that L is a dense subspace of X. Assume thatT : L — X* is
mazimal monotone and satisfies ty). Assume that C : X D D(C) — X*, L C D(C)
and C satisfies c1)—cs), but o) is satisfied with O in the second part of (33) replaced
by any, but fized, number S > 0. Assume that T(0) = 0, C(0) = 0, and that for
every x € L and every r > 0 we have T(rz) = v"Tx and C(rz) = r"Cx, where
v > 1 is fixed. Assume that A > 1 and that the equation

(E) Mz +Cx + ,uj:yx =0

has only the zero solution for any p > 0. Then if X & A(T, C), the operator XT + C
18 surjective.

Proof. We first show that there exists a constant v > 0 and €y > 0 such that
(74) INTx + Ca + eJyx|| > v|z|], forallze L, e (0,e).
If this is not true, there exist sequences {x,} C L and {e,} | 0 such that

Ty ~ Tn
red <_>H 0.
(lenll) "\l

1 ~
lim ———|[ATzy, + Cxp + enJyzy||

n—oo ||y |7
= lim HAT( n >+c
n—o0 [[n |

Letting w, = x,/||zx||, we have ||u,| =1 and
(75) lim ||ATu, + Cu, + snj,yunH =0.

Since u,, is bounded, we may assume that u,, — ug. We have

(76) v = XNTuy, + Cuy, — 0.
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Also, the boundedness of {u,}, the inequality
(Tun + Cup, un) < (ATun + Ctn, up) = (vn, tn) < [vgllllunll = [log |l

and the quasiboundedness of C' w.r.t. T imply the boundedness of the operator
C. Thus, we may assume that Cu,, — ¢* € X*. We now claim that

(77) lim sup{Cuy, u, — ug) < 0.

If this is not true, then there exists a subsequence of {u,}, denoted by {u,} again
such that

(78) lim (Cup, upn — ug) > 0.

This and (76) imply

AMim sup(Tuy,, uy, — ug) = limsup[(v},, un, — ug) — (Cup, un, — ug)] < 0.
Once again, at this point we invoke our argument starting at (22) in the proof of
Theorem 1 in order to obtain a contradiction to (78) and the validity of (77). Now,
in view of (77) and the inequality following (76), we invoke the generalized (S.)-
property of C' w.r.t. T in order to obtain uw, — ug € D(C), Cuy = c¢*. Since
ATu, — —Cug, the demiclosedness of AT implies AT'ug + Cug = 0. However, since
|luo|| = 1, we obtain a contradiction to our assumption A & A(T, C). It follows that
(74) is true.
We now fix p* € X* and look at the homotopy equation

(79) H(t,x) =t(\Tz + Cx + Eix -p)+(1- t)ejvx =0.

All the solutions of (79) are bounded for ¢ = 1. In fact, let {z,} C L, ||z,|| — o
and

X'z, + Cxp + Ej,xn —p*=0.

We may assume that ||x,| > 0. Dividing by ||x,||” we obtain
ATluy, + Cuy, + sj,yun =p*/||zn|| = v — 0.

Repeating the argument above about (76), we obtain again that u, — uo € L and
ATug + Cug + ejvuo = 0. Since |lug|]| = 1, this is a contradiction to (74). We also
note that the only solution of (79) for ¢ = 0 is « = 0. We show first that all solutions
x = x; of equation (79) are bounded independently of ¢ € [0,1]. By what we have
just showed, we may assume that ¢ € (0,1).

Assume that our assertion is not true. Then there exist sequences {¢,} C (0, 1),
{zn} C L such that ||z,|| — oo, t, — to € [0,1] and

(80) to,(\T'z,, + Cxy, + sj,yxn -p)+(1- tn)ej,yxn =0.
We distinguish two cases:

(i) to = 0;

(ij) to > 0.

(j) Since t,, > 0, we have

1 -~
(81) X'z, +Cx, — p* + t—sJ,Y:En =0.
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Assuming, without loss of generality, that ||z,| > 1, we have

ATz, + Cxp — p*) +

[

Ty Ty p* 1 - Ln
= AT o) -2+ =) (2 )=0
<|scn|>+ (mn) ||xn||v+tn“<|xn|>

Letting u, = z,/||zn| and ¢, = 1/t, in (82), we obtain ¢, > 0, ¢, — 400 and
(83) AT, + Ctigy — (p/|2al?) + gndyn = 0.

(82)

Since T'(0) = 0, we have (Tu,,u,) > 0. We also have (jvun,u,) = [lun |7t = 1.
Thus,
(54) (Tup + Cup,tn) < (ATuy + Ctig, up,)
84 ~
= (p"/Nznll"s un) — gn(Jytin, un) < [[p"||lun = [Ip"|-
Since C' is quasibounded, ||u,| = 1 and (84) imply that {Cu,} and (Cuy,u,) are
bounded. Using this in (84) we obtain
0 S <Tunaun> S _<Cunaun> + ||p*H — 4n — —OQ.

This contradiction covers the case (j).

(jj) We are again working with (83) with u, — ug, Cu, — ¢*. We now have
Gn — qo = 1/tg > 1. Once again, we claim that
(85) lim sup(Cup, u, — ug) < 0.
If this is not true, then (83) implies

lim sup(Tuy,, up, — ug) < 0.

Following the argument about (22) in the proof of Theorem 1, we get ug € L,
which, along with (83), implies (85), i.e. a contradiction. Since C satisfies the
generalized condition (S4) wrt. T, we have un — ug and Cup, — Cug. We also
have J. Uy — J. o and )\Tun — —Cug — qoeJ ug. By the demiclosedness of AT,

we get ATug + Cug + qoeJyuo = 0. Since uy € dB1(0), we have a contradiction to
our assumption about (E). It follows that all possible solutions of the homotopy
equation (79) are bounded independently of ¢ € [0,1]. Assume that they all lie
inside the ball Bg(0), for some K > 0. We remark that H(¢,x) is an admissible
homotopy for our degree in [13]. Because of this,

d(H(t,-), B (0),0) = d(H(1,-), Bk (0),0)
= d(H(0,-), Bk(0),0) = d(jWBK(O)vO) =1L

The last equality above follows from the fact that jv is demicontinuous, bounded,

satisfies (Sy), is one-to-one on Bk (0) and such that <ij,m> > 0 for every z €
0Bk (0). Here, we quote Browder [0, Theorem 3, (iv)]. It follows that the equation

(86) ATJ:—i—C’x—i—(l/n)ixzp

is solvable for all large n. We may assume that this is true for all n > 1. Let
{zn} C L solve (86). Then

(87) Mz, + Cxy, + (1/n)j.yxn =p".
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If we assume that {z,}, or a subsequence of it denoted again by {x,}, is such that
|zn|| — oo, we can divide (87) by ||z, || and arrive at (76) with

(88) v = Nlup + Cuy, = —(1/0) Tyt + p* /||| — 0,

where w, = z,/||7,|. Assuming that u, — wug, we use (88) to arrive again at
Uy, — ug with ATug + Cug = 0, which is a contradiction to A ¢ A(T, C).
It follows that {z,} in (87) is bounded. Since

(T + Can, ) < ATy + Oy n) < —(1/m)|lan ]+ [[p* [l

the quasiboundedness of C' w.r.t. T implies that {Cx, } is bounded. We may assume
that z,, — xg and Cz,, — ¢*. Again repeating the argument about (22) as in the
proof of Theorem 1, we obtain (85). With (85), we use the generalized (S )-property
of C w.rt. T in order to obtain z, — x¢, zo € D(C) and Cx,, — Cxo. Again
using the demiclosedness of AT, we obtain zy € L and ATxg + Czy = p*, and the
proof is finished. ([l

It should be noted that the assumption that (E) has only the zero solution for any
1 > 0 cannot be omitted, in its entirety, in Theorem 5. In fact, let Tz = ax™, Cz =
blz|™, A\ =2, vy =m, b > 2a > 0. Here, m is an odd positive integer. The equation

ATz + Ca + pdpa = 2az™ + bla|™ + pa™ = (2a + p)z™ + blz|™ = 0

has every negative number z as a solution for 4 = b — 2a or 2a + p = b. Also, the
operator ATx + Cx = blz|™ + 2az™ > 2a(|z|™ + ™) > 0 is not surjective. We
note that A € A(T, C) because ATz + Cx = 0 implies z = 0. Here, we have used

Jmz = grad |z|™ 1 /(m + 1) = |z|™ grad |z| = |z|™sgnz = 2™, for all z # 0.

6. OPERATORS C' DEFINED ON D(T)

In this section we are not assuming everywhere that, for the Banach space X,
X, X* are locally uniformly convex. The following result was given by Guan and
Kartsatos in [9].

Theorem A. Assume that T : X D D — X is accretive, bounded and C : D — X
is compact, where D is an open, bounded subset of X with 0 € D. Assume that there
exists a constant ¢ > 0 such that the equation Tx — Cx + cx = 0 has no solution
x € D and let one of the following conditions be satisfied:

(1) X* is uniformly convex and T is demicontinuous.
(il) T is continuous.

Then there exists (Ao,x0) € (0,1) X D such that Txzg — M\Cxo + cxo = 0. If,
moreover, 0 & T(0D), T is ¢-expansive on dD and Tx — Cx + cx = 0 has no
solution x* € D for all small ¢ > 0, there exists (Mg, o) € (0,1) x D such that
Tl’() - )\Ociﬂo =0.

Li and Huang gave two eigenvalue results in [16] extending Theorem A, where
T is maximal monotone and C' is compact or completely continuous. As was men-
tioned by Guan and Kartsatos in [9], as well as other authors before, a considerable
amount of eigenvalue existence theory is based on a result which is a simple but
fundamental consequence of the Leray-Schauder theory in combination with sit-
uations like theorem A above. According to this result, if the compact operator

C : G — X has no fixed points in G, then there exists (A, z0) € (0,1) x G
such that (I — A\gC)zp = 0. It is easy to see that in this particular case we have
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d(I-C,G,0) = 0. Such considerations, with substantial extensions and refinements,
were used by the authors in [12].

This section provides an eigenvalue result along these lines for operators T, C,
where T is maximal monotone with compact resolvents and C is defined on D(T)
and is continuous and bounded there. This result complements the two results of
Li and Huang in [16].

The resolvents (T + J)~! of the maximal monotone operator T are strongly
continuous mappings for all € > 0. Also, if one of them is compact, then they all
are (cf., e.g., Kartsatos [11]).

Theorem 6. Let T : X D D(T) — 2% be mazimal monotone with compact
resolvents. Assume that C : X D D(T) — X* is continuous and bounded. Let
G C X be open and bounded and such that 0 € D(T) NG and 0 € T(0). Let
g, €0, A be given positive numbers. Assume that

(P) there exists A € (0, A] such that the inclusion
(89) Tr+XCzx+eJx >0

has no solution in D(T) N G. Then
(i) there exists (Ao, zo) € (0,A] x (D(T) N OG) such that

(90) Txo + XNCxo +cJxg 3 0;

(i) if 0 ¢ T(D(T) N OG) and property (P) is satisfied for every € € (0,eo], then
there exists (Ao, o) € (0,A] x (D(T) NIG) such that Txog+ AoCxo > 0.

Proof. (i) We now consider the homotopy equation

(91) HM\u) =u+ \C(T +eJ) tlu=0,
for A € (0,A], ue€ D= (T+¢eJ)(D(T)NG) C X*. We notice that when u € D we
have

C(T+eJ)'ueC(D(T)NG),
where the set on the right is bounded. Consequently, every solution v € D of (91)
satisfies

(92) |lul| < AK, where K= sup {||Cz|}.

zeD(T)NG
We fix s > AK and let Q = T +¢J. We note that @ is injective and surjective with
a continuous inverse @~! : X* — X. This implies that Q(D(T) N G) is open and
Q(D(T)NG) is closed in X*. In addition,

QD(T)NG) = QD(T)NG)UQ(D(T) NIG)

and
QID(T)NG) =QRD(T)NG)UIQD(T)NG)
imply
(93) Q(D(T)NG) > Q(D(T)NG)
and
(94) Q(D(T)NOG) 2 0Q(D(T) N G).

It follows that in order to solve (91) in (T'4¢J)(D(T)NG), via Leray-Schauder de-
gree theory, it suffices to consider it only for u € U N B(0), where U =
(T +eJ)(D(T)NG).

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3872 ATHANASSIOS G. KARTSATOS AND IGOR V. SKRYPNIK

We note that the set U N B,(0) is open and bounded. We also note that the set
C(T+¢eJ)~YU N B4(0)) is compact by the compactness of the resolvent (7 +¢J) ™!
and the continuity of C. Thus, the Leray-Schauder degree d(H (), -),U,0) will be
well defined for all A € [0, A] if

(95) 0¢& (I+AF)(0(U N Bs(0))),

where ' = C(T +&J)~! : UNB(0) — X*. Note that 0 € U N B,(0). Since
O(U N Bs(0)) € OU UOB,(0), we know that (95) is true for A = 0. We assume that
A > 0 and that (90) is not true. Then a) for every A € (0, A] equation (89) has no
solution x € D(T) N 0G.
Let us assume that b) there is A € (0, A] such that (I + AF)u = 0 has a solution

u € (U N Bs(0)). We know that |jul| < AK < s, so that u ¢ 9B;(0). Actu-
ally, u & OU either. In fact, if u € 9U, then (94) implies u € Q(D(T) N IG) =
(T+&J)(D(T)NIG). Letting u = y* + eJx, with x € D(T)NIG and y* € Tx, we
see from (91) that

Yy +eJr+ACx =0
or

Tx+ACx+eJz 3 0.

Since z € D(T') N 0G, we have a contradiction to our assumption a).
It follows that

d(H(),),U,0) = d(H(0,-),U,0) = 1.

Consequently, the equation H(A,u) = (I + AF)u = 0 is solvable with u €
(T+eJ)(D(T)NG))N Bs(0) for every A € (0, A]. This implies that equation (89) is
solvable in D(T) NG for every A € (0, A], i.e. a contradiction to (P). Consequently,
(90) holds and (i) is true.

(il) We may assume that there exists a sequence { (A, zn)} C (0, A]x (D(T)NIG)
such that

(96) Tz, + A Cxp+ (1/n)J2, 30, n=12,....

Then
Tp = (T+J) [~ ACxp + (1 — (1/n))J2,)].

Since {x,,} and {\,Cx,} are bounded, the compactness of (T + J)~! implies that
{z,} lies in a compact set. Thus, we may assume that =, — x9 € D(T) N IG.
We may also assume that A, — Ag € [0,A]. If Ay = 0, then the closedness of T
implies g € D(T') and 0 € T'z. This however is a contradiction to our assumption
0 ¢ T(D(T) N 0G). Consequently, Ay > 0 and, again by the closedness of T,
xo € D(T) and Tzg + A\gCxo > 0. The proof is finished. O

If the operator C' in Theorem 6 is assumed to be defined just on the open and
bounded set G, then it can be extended to an operator C on all of X by Dugundji’s
theorem. The operator C is continuous and its range lies in the convex hull of
the range of C. It is thus bounded. The proof of Theorem 6 goes through in this
case, with C replaced by 5’, without any further modifications. Other versions of
Theorem 6 include the case where the resolvents of T are completely continuous
and C' is bounded and demicontinuous.
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7. CONTINUOUS BRANCHES OF EIGENVECTORS

It is easy to see that condition (P) does not allow C(A,0) = 0 in Theorem 1 , or
C(0) = 0 in Theorems 2-4, where X is as in condition (P). As it was easily shown
in [9, Lemma 4.2] for accretive operators T and Jy, = J, if T : X D D(T) — 2X7,
C: X D D(C) — X* are such that |(T+AC)z| > a > 0 for x € D(T+C)NG, then
there exists g > 0 such that the inclusion Tz + ACx + eJyx > 0 has no solution x
in D(T+ C)NG for any € € (0,e0). Here, X is a fixed positive number, and for a
set A, |A] = inf{||z] ; © € A}. In fact, if the constant « is as above,

M = sup{y(|lz]]) : =€ G},
g0 € (0,a/M), € € (0,e0), x € D(T+ C)NG and y* € Tx, then
ly* + ACx + eJyz| > |Tz 4+ A\Cx| —eop(||z]]) > o —eoM > —a=0.

Thus, the assumption (P) in several theorems above may be replaced by an as-
sumption like

(P1) there exists A € (0,A] and « > 0 such that
|Tx + ACz| > o, € DT +C)NG.

Condition (P;) implies that C'(0) # 0. The conclusion in this case is obvious.
Analogous remarks are valid for the implicit case C' = C (), x).
We are now going to show that the results of this paper allow for the existence
of continuous branches of eigenvectors. We need the following definition.

Definition 1. Let T: X D D(T) — 2%, C: R x X D> D(C) — X*, be given and
consider the problem

(97) Tz + C(\2x)20.

An “eigenvector” x is a solution of (97) for some “eigenvalue” \ with € D(T)
and (A, z) € D(C). We say that the nonzero eigenvectors of the problem (97) form
a “continuous branch of infinite length” if there exists ro > 0 such that, for every
r > 719, the sphere 0B, (0) contains at least one nonzero eigenvector of (97).

We give below a result according to which the problem
(98) Tz +XCz >0

has nonzero eigenvectors forming a continuous branch of infinite length. This is
done in the setting of Theorem 4. Analogous results hold for the other eigenvalue
problems studied above.

Theorem 7. Assume that the operator T : X D D(T) — 2% is mazimal monotone
with 0 € D(T) and 0 € T(0). Assume that the operator C' : X D D(C) — X* is
quasibounded, with L C D(C), and satisfies (S+) and cs). Let A be a positive
number. Assume that Tx > 0 implies x = 0, T satisfies (S,) and

(Py1) there exist oo > 0 and X € (0, A] such that
(99) Tz +AXCz| >a, z€DT+C).

Then the nonzero eigenvectors of the problem (98) form a continuous branch of
infinite length with corresponding eigenvalues A € (0, A].
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Proof. Let rog > 0 be given. Let €9 > 0 be so small that egrg < a. Then
[Tz +ANCx+eJz| > a—c¢lz|| > a—ero >0, ze€D(T+C),

implies that the inclusion

(100) Tr+XCzx+eJxr>0

has no solution z € D(T + C) N B,,(0) for any e € (0,g0]. Since 0 € T'(9B,,(0))
and T is of type (S;), Theorem 4 implies the existence of a solution xy,
€ D(T + C)N9B,,(0), for some Ay € (0,A]. The same argument can be repeated
for any number r > rg instead of rg itself. The proof is complete. O

In the following result we assume that the operator T is defined and bounded
on all of X. We do this in order to demonstrate the fact that the assumption
|Tx + Cz| > a may be replaced in this case by the assumption ||Cz| > « on
D(C). An operator T : X D D(T) — 2% is called “bounded” if for every bounded
set M C X the set | J{Tx : = € D(T)N M} is bounded.

Theorem 8. Assume that the operator T : D(T) = X — 2% is mazimal monotone
and bounded with 0 € T(0). Assume that the operator C : X D D(C) — X* is

quasibounded, with L C D(C), and satisfies (Sy) and c3). Assume that Tz > 0
implies x = 0, T satisfies (Sq) and there exists o > 0 such that
(101) |Cz| > a, zeD(C).

Then the nonzero eigenvectors of the problem (98) form a continuous branch of
infinite length.

Proof. We show that the problem (98) possesses eigenvectors on the set 9B,.(0) for

every r > 0. To this end, we fix r > 0, € > 0 and show first that there exists A>0
such that

(103) d(T + \C + &J, B,(0),0) = 0.
If this is not true, then there exists a sequence {\,} C (0,00) such that A\, — oo
and one of the following holds:
(i) the degree d(T + A\,C + &J, B,.(0),0) is not well defined;
(ii) d(T + N\, C +¢eJ, B-(0),0) # 0.
In case (i) there exist eigenvectors x,, € 9B, (0) such that
(104) Tz, + X\,Cz, +cJx, 0.

In case (ii) there exist eigenvectors z, € B,(0) such that (104) holds. Thus, in
either case, there exists a sequence {x,} C B,(0) such that (104) holds. However,
this leads to a contradiction because |\, Czy, + €J|| > a\, —er — oo, while the
sets T'zy, lie in a fixed bounded set. Thus, (103) is true for some X>0.

We consider the homotopy

(105) H(t,z) =Tz +tA\Cz +eJz, tel0,1], z € D(H(t,)).
Either there exist ¢g € [0,1] and zy, € 0B,(0) such that

(106) Ty, + tOXCxtO +eday, 20,

or

(107) d(H(t,")=d(H(1,)=0=d(H(0,-) =1, te]0,1],
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i.e. a contradiction. The last equality in (107) follows from Theorem 3, (i), in
[15]. It follows that (106) is true. Naturally, we must have to # 0 in (106) because
otherwise 0 € (T + €J)(0B,(0)). This cannot happen because we already have
0€ (T +¢eJ)(0) and T + &J is one-to-one.

From (106) we obtain sequences A,, € (0,00), {z,} C B,(0) such that

(108) Tz, + A Cxp + (1/n)J2, 5 0.

We may assume that z,, — x¢. Again, {\,} cannot contain a subsequence {\,, }
such that A\,, — oo as k — oo because the sequence {Tx,, + (1/ng)Jx,, } lies in
a bounded set and Ay, ||Czy, || — oo as k — oo.

From the quasiboundedness of C' and

(Capyxn) = —(1/ ) (yh + (1/n)Jxp, z,) <0,

we obtain that {Cz,} is bounded. Thus, we may assume that Cz, — ¢* € X*.
Since the sequence {\,} is bounded, we may assume that A, — X\g. Again, A\g # 0
otherwise A\,,Cx,, + (1/n)Jx, — 0 and the (S,)-property of T would imply that
Ty, — xg € 0G. Since T is demiclosed, Lemma A would imply Tzy > 0. This is a
contradiction to our assumption that Tx > 0 implies = 0. It follows that A\g > 0
and we may also assume that A\, > 0 for all n.

It is now easy to see that

lim sup(Czy,, x,, — o) < 0.

Arguments like this were used in the proofs of Theorems 3 and 4. From the (§+)—
property of C' we conclude that x,, — zg, o € D(C) and Czy = ¢*. Thus, since
yr = =XgCxo, x, — 2o and T is demiclosed (see Lemma A), we obtain zy €
D(C) N 0B,(0) and Tzo + AoCxo > 0.

Since r > 0 is arbitrary, the nonzero eigenvectors of problem (98) form a contin-
uous branch of infinite length. (I

The following result is a variant of Theorem 8.

Theorem 9. Assume that the operator T : D(T) = X — 2% is mazimal monotone
and bounded. Assume that the operator C : X D D(C) — X* is bounded, with
L C D(C), and satisfies (S4) and c3). Assume that Tx > 0 implies v = 0, T
satisfies (Sq) and there exists ro > 0 such that

(109) inf{||Cz| : z€ D(C)\ B,,(0)} =a>0

and, for each r > rg,

Cx
(110) {m : xED(C)ﬁaBT(O)} =+ 0B1(0).

Then the nonzero eigenvectors of the problem (98) form a continuous branch of
infinite length.

Proof. Fix r > rg. Then, by (110), there exists y§ € 0B1(0) such that

(110,) v & {”g—; cxeDC)N 8B,»(O)}.

We fix ¢ > 0 and show that there exists A > 0 such that
(111) (T+XC+ed)z Fnys, (n,z) € (0,00) x (D(T 4 C) N IB,(0)).
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Assume that this is not true. Then there exist sequences {\,} C (0,00), B, C
(0,00), {zn} C D(T'+ C)NIB,(0), y;; € Tx,, such that A\, — oo and

(112) Y + M Cxy, + eJxm = npy5-

Dividing above by A, and taking into consideration that {y} + eJx,} is bounded,
we obtain

(113) lim <an - Zf‘y()) =0.

By (109), ||Czy|| > «. Thus, (113) implies that the sequence {n,/A,} is bounded.
We may assume that 7, /A, — p € (0,00). Obviously, this implies 1, — co. Con-
sequently, from (112) we obtain

An .
FIIC%II — llgoll = 1.

This, along with

A
_ncmn - yga
n
says that
Cz, .
- yOv
[Czy |

which contradicts (110,). It follows that (111) is true.

Now assume that (T'+AC'+eJ)x # 0, x € D(T+C)NIB,-(0). Then (111) holds
for every n > 0. We claim that the degree d(T + AC + ¢J, B,-(0),0), which is well
defined by (111), equals 0. In fact, assume that the contrary holds and consider the
homotopy function

Hyn(t,z) = (T +XC +ed)z —ntys, (t,z) € [0,1] x (D(T + C) N B,(0)).
We note that this is an admissible homotopy for our degree in [I5] (see [15, Theorem
3, (iv)]). Because of this, we have

d(Hy,(1,-),B,(0),0) = d(H,(0,-), B+(0),0) = d(T + A\C + &J, B;-(0),0) # 0.

Consequently, for every n, the inclusion

Tz, + XC’xn +eJx, 3 ny;

is solvable with solution z;, € B,-(0). This, however, is a contradiction to the bound-
edness of the operator T+ AC +¢J. It follows that d(T'+AC+eJ, B,.(0),0) = 0. Since

d(T + ¢J, B,(0),0) = 1,

by Theorem 3, (i), of [15], there must exist A > 0 such that (T'+ A.C +&eJ)z. 20
for some z. € 9B,(0).
Let x,, € 0B,(0) solve

Tz, + \Cxy + (1/n)Jz, 2 0.

Then, since T' and J are bounded and C' is bounded below, we cannot have a
subsequence of {\,} converging to oo as n — oo. Thus, we may assume that
An — Ao € [0,00). We may also assume that x,, — z¢ € B,(0) and Cx,, — h*. If
Ao = 0, then the (S,)-property of T implies that x,, — z¢ € 9B,(0), while its
demiclosedness says that xg € D(T) N 9B,-(0) and Tz = 0, i.e. a contradiction. It
follows that Ao > 0.
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We can now work as in the proof of Theorem 8 to show that

lim sup(Czp,, x,, — x0) < 0.
This implies that z,, — x9 € D(C) and Czy = h*. Again, the demiclosedness of
T says that xg € D(T) and Txo + MCxo > 0. Since r > r¢ is arbitrary, we have
that the nonzero eigenvectors of problem (98) form a continuous branch of infinite
length. O

8. APPLICATIONS

Application 1. This application is connected with Theorem 3. We shall study
the existence of eigenvectors of second order nonlinear elliptic equations normalized
by their norms in L?(2).

We assume that €2 is a bounded open set in R™ with boundary 92 belonging to
C?, for some a > 0.

Assume that the functions a;(z,u), i =0,1,...,n, are defined for x € Q, u € R,
measurable w.r.t. x for all u, and continuous w.r.t. u for almost all x. We also
assume the inequalities

la;(z,u)| <vq, i=1,...,n,

(114) |ao(z, w)| < mlu| + a(x)

with a positive constant vy and a € L?(1).
We consider the eigenvalue problem

" ou
115 Au+ X i, u) o — ; =0, Q,
(115) -t {;a@“)axﬁ%(“)} ve
(116) u(z) =0, z€dQ,

with normalized condition

(117) |ullL2() = 1.

We also consider the auxiliary equation

ou
ox i

(118) Aququr)\E{Zai(x,u) +a0(:c,u)} =0, ze.
i=1

We study the solvability of the eigenvalue problem (115)-(117) in W?22(Q2) N
Wy (9).

Theorem 10. Assume that the above conditions on Q and a;(xz,u), i =0,1,...,n,
are satisfied. Assume that for some positive number g and arbitrary e € (0,eq) there
exists a number Ae € (0, 1] such that the problem ((118), (116)) has no solution u(x)
satisfying the conditions

(119) u € WH(Q) N W, 2(Q), [ull L2 < 1.

Then there exists a solution (Ao, uo) of the problem (115)-(117) such that Ao € (0, 1].

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



3878 ATHANASSIOS G. KARTSATOS AND IGOR V. SKRYPNIK

Proof. We shall apply Theorem 3 with X = L?(£2). We define the operators T, C
as follows:

Tu=Au, D(T)=W22(Q)nWl2(9Q),

C’u—{Zazx

The solvability of the equation

(120)

(z, u)} D(C) = WH3(Q).

Au+ Tu = f(x)

in W22(Q) N Wy?(Q) is well known with boundary condition (117), 7 > 0 and
f € L*(Q). Consequently, the operator T" is maximal monotone.

Now, we verify conditions ¢;), ¢2) for the operator C. To see that condition c;)
is satisfied, let w € D(T) and let the inequalities
(121) (Tu+ Cu,uy <0, Jul| <S8

hold, where || - || is the norm in L?(Q2). The first inequality in (121) implies

(122) /{Z Zal x,u) —I—ao(x u)] u} dx <0.
Q

P
Using the inequalities (114) and the second inequality in (121), we obtain immedi-
ately from (122) the estimate

(123) lullwrao) < Ki(S).

From (123) we have ||Cul| < K2(S) with some number K5(S) depending only on
known parameters and S. Therefore the quasiboundedness of C' with respect to T'
is established.

To check condition ¢g), let {u,} C D(T) be such that u,, — ug, Cu,, — hp and
(124) lim sup(Cup, un, — ug) <0, (Tup + Cp, up) < 0.

n—oo

ox;

As in the case of (123), we have from (124)
HunHWW(Q) < K3,

which guarantees that w,, — ug, ug € D(C). Using the weak convergence of % in

L?(Q) and the strong convergence of u,(z) in L?(2), we obtain Cug = hy.
It is easy to show that all the other conditions of Theorem 3 are satisfied. This
completes the proof. O

Application 2. Consider the elliptic problem

- 0 M—28u () m—1 f() m—2
— (1
<+u>;8xi[w o]+ St AL
"9
_—ga—%hi(x), x €,

(126) u(z) =0, x €I,
where > 0,A > 1,0 < r— "% < g < n, by € L»-1(Q), ¢, f € L™(Q),

mn—n+m

fl@)>1, 1<m<n, v>0.

(125)
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We shall consider solutions u(z) of the problem ((125), (126)) such that

o I,m 1

(127) u(z) e W (Q), Ju(a)[™ " € LY(Q),

EE
and equation (125) is satisfied in the sense of distributions.

Remark 2. We shall study the problem ((125), (126)) using a variant of Theorem
5. Namely, we assume conditions t1) —t4) for the operator T without the restriction
L = D(T). The proof of such a variant remains the same.

Theorem 11. Assume that 0 € Q and let \ be such that the homogeneous problem
((125), (126)) (with h;(x) = 0) has only the zero solution for any p < 0. Then the
problem ((125), (126)), for = 0, has a solution for any functions h; € Lm—1(Q),
1=1,...,n

Proof. We shall apply Theorem 5 with X = W™ (Q) and operators T, C, Jm
defined as follows:

<Tu,90>=/J|ci$)IUIm2u<pdx,

‘ q

m—2 ou 890 ( ) m—1
1) (Cue)= | {§j|v " o e
Q

" 8uc’9
(ot ) Z/IV\ 2 0u 09

=1 Q
We let D(T) be the set of all functions u(z) satisfying conditions (127) and the
inequality
(129) f |u|m 2updz| < C1l@]| o
‘q ® 1® Wlm )

for all p € C§°(Q2), with some constant Cy depending on wu.
We let D(C) be the set of all functions u(z) € W™ (Q) satisfying the inequality

m—2
(130) /‘ Pl upds) < Callelg, g

for ¢ € C§°(Q2) with Cy depending on wu.

The proof of the needed properties of the operator 1" was established in the paper
[14]. It is therefore omitted.

We shall check the properties ¢;1), c¢2) of the operator C.

To show ¢1), let us assume that u € D(T') N D(C)

(Tu+ Cu,u) <0, Ju| <S.

Then we have, immediately,

w1
(131) /{w + ol }d:ngg.
Q
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The estimate for the norm ||Cul| follows from the inequality

mn—n+m
mn

ol . 1 . Py Ty

/‘3|u\ Yolde| < Cy /( ) ) da el
] ]

)Q Q

n—m

(132

(m—1-mg) "o

1 ' o
<oy [ lmdng S [l el
Q Q

||

and shows that the operator C' is quasibounded.
For the proof of ¢3), let us consider a sequence {u,} C D(T) N D(C') such that
Uy — ug, Cu, — hg and

(133) lim sup(Cup, uy, — ug) <0, (Tuy 4+ Cup,up) < S.

n—oo

Working as in (132), we obtain

n—00

lim / Tﬂ(ﬁ) | ™ (1, — ug)da = 0,
Q

and the first inequality of (133) implies w,, — wug. It is easy to show that uy €
D(C), CUO = h.

The assertion of Theorem 11 follows now from Theorem 5 and Remark 2. O
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