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TOPOLOGICAL OBSTRUCTIONS TO CERTAIN
LIE GROUP ACTIONS ON MANIFOLDS

PISHENG DING

ABSTRACT. Given a smooth closed S!-manifold M, this article studies the
extent to which certain numbers of the form (f* (z)- P -C)[M] are deter-
mined by the fixed-point set MSI, where f : M — K (m1 (M), 1) classifies
the universal cover of M, z € H* (m (M);Q), P is a polynomial in the Pon-
trjagin classes of M, and C is in the subalgebra of H* (M;Q) generated by
H? (M;Q). When MS" = @, various vanishing theorems follow, giving ob-
structions to certain fixed-point-free actions. For example, if a fixed-point-free
Sl-action extends to an action by some semisimple compact Lie group G,
then (f*(z)- P -C)[M] = 0. Similar vanishing results are obtained for spin
manifolds admitting certain S!-actions.

1. INTRODUCTION

Terminological convention. Throughout this article, unless indicated otherwise,
“Lie group” and “G” signify “positive-dimensional connected compact Lie group”,
“manifold” and “M” signify “oriented closed smooth manifold”, and, “action” sig-
nifies “smooth action”.

Given a manifold M, let m denote my (M) and let f: M — K (m, 1) classify the
universal covering space of M; let C be an element of the subalgebra of H* (M; Q)
generated by H? (M;Q), and let P be a rational polynomial in the Pontrjagin
classes of M.

Suppose M is an S'-manifold. Let o : S1 — M be the orbit of some basepoint
in M. As a standard fact, o, (7r1 (Sl)) is a central subgroup of w. Let ' =
/04 (m (Sl)), and let p : 7 — 7’ be the quotient map. Let z € H* (m;Q),
y € H*(7'; Q).

This article mainly studies the extent to which certain numbers of the form
(f*(z)- P-C)[M] are determined by the fixed-point set MS". When M5 = g,
various vanishing theorems follow, giving obstructions to certain fixed-point-free
actions. My investigation draws upon the Atiyah-Singer’s index theory (mainly the
G-signature theorem), some equivariant bundle theory of [8], and [3]’s work relating
an effective G-action on M to mp (M).
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3938 PISHENG DING

In this Introduction, a number of salient results of this work are described along
with a review of some related existing results. I first give an overview of several
vanishing statements, which form various parts of Theorem A. The proof of parts of
Theorem A relies in an essential way on some localization results stated in Theorem
C, the exposition of which forms a major portion of this article. I mention in
Theorem D two vanishing propositions about certain spin S'-manifolds of a similar
flavor. Theorem B provides a digression related to Theorem A(3’).

Using the then newly invented index theory, [2] obtains “residue formulae” for
the Pontrjagin numbers of M in terms of the submanifold M S <4 M and the
Sl-action on its normal bundle; this in particular implies that, when M*° - a,
all the Pontrjagin numbers of M vanish. Combining this result and [3]’s work, one
immediately obtains

Theorem A(1). Suppose MS' = @. Then, (f*p* (y) - P) [M] = 0; if, in addition,
Im (m (S1) = m (M)) is finite, then (f* (z) - P)[M] = 0.

Suppose M st = g Using differential-geometric method, [12] shows that, if
H' (M) = {0}, then C [M] = 0; using index theory and some equivariant bundle
theory of [8], [5] shows that, if 7y (M) is finite, then (¢* L (M))[M] = 0 where
c € H*(M;Q) and L (M) is the Hirzebruch L-class of M. Generalizing these two
propositions is

Theorem A(2). Suppose MS' = @. If H' (M) = {0}, then (f*p* (y) - P-C) [M]
= 0; if, in addition, Im (771 (SY) & m (M)) is finite, then (f* (z)- P-C)[M] = 0.

We show in the next result that, under some hypothesis different from that in
Theorem A(2), the same conclusion can be drawn.

Theorem A(3). Suppose MS =g, If the S'-action on M extends to an action
by a semisimple Lie group G, then (f* (z)- P -C)[M] = 0.

Thus, the nonvanishing of any number of the form (f*(z)-P-C)[M] is an
obstruction to extending any fixed-point-free S'-action to an action by a semisimple
Lie group G. Said differently, this yields

Theorem A(3’). If a semisimple Lie group G acts on M with some g € G acting
freely, then (f* (z)-P-C)[M]=0.

Note that, if f*(xz)[M™] = 0 for all x € H*(m;Q), then f.[M™] = 0 €
H,, (7;Q). Hence, Theorem A(3’) implies that a nonzero f, [M] is an obstruc-
tion to certain G-actions with G semisimple. In fact, a stronger statement holds,
showing that a nonzero f, [M] is an obstruction to any G-action with G semisimple.
I mention two earlier results along this direction.

[4] shows that, if M is aspherical, then the only Lie groups acting effectively
on M are tori with dimensions bounded above by rank Z (7) (“Z” signifying “the
center of”), and such effective torus-actions must be fixed-point-free and have only
finite isotropy subgroups. [12] shows that, if there exist wi, -+ ,w, € H' (M)
such that [[;w;[M™] # 0, then the only Lie groups acting effectively on M are
tori. Note that weaker than the hypotheses of both of these two statements is the
condition that f, [M] # 0; thus the following theorem generalizes them.
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Theorem B. Suppose M™ satisfies the condition that f. [M] # 0 € Hy, (m;Q).
(1) If G is semisimple, then any G-action on M is trivial.
(2) If G acts effectively on M, then G is a torus with dim G < rank Z (7) and
all isotropy subgroups are finite.
(3) If G acts nontrivially on M, then M = @ for some circle subgroup S C G;
hence, Theorems A(1) and A(2) apply.

The core of the proof of Theorems A(2) and A(3) is some “localization analysis”
which the next theorem deals with. Given an S'-manifold M, Theorem C treats
“localization” of (P - C)[M], i.e., determination of such numbers in terms of fixed-
point data. Let R = (c* - P)[M] where ¢ € Im (H? (M) — H? (M;Q)). It turns
out, as a matter of algebra, that to compute (P - C') [M], it suffices to only compute
R. Therefore, the next theorem is only stated for R.

Let £ (c¢) be the complex line bundle over M whose first Chern class is ¢. Call
the linear Sl-action on a fiber of the normal bundle over M5 an isotropy Sl-
representation.

Theorem C. Let M be a S'-manifold.

(1) If HY (M) = 0, or, if the St-action extends to a G-action with m (G) = {0},
then R can be determined in terms of: the submanifold M5 < M, the
isotropy S*-representations, and the restriction to L (c) |yst of any lifted
St-action on L (c).

(2) If, for some semisimple Lie group G, the S'-action extends to a G-action
with each component of MS' containing a point of M, then R can be
determined in terms of the submanifold MS" < M and the isotropy S*-
representations.

(3) Let Fy be the union of those components of M5S" with codimensions congru-
ent to 0 mod4. Then, under the same condition as in (2), (L (M) - C)[M]
can be determined in terms of the submanifold Fy — M (and is indepen-
dent of the isotropy S'-representations). In particular, if, in addition to
the stated condition, Fy = &, then (L(M)-C)[M] = 0.

(The condition on the extension of the S'-action to some G-action appearing in
Theorem C is discussed in the Remark below.)

Suppose M is a spin manifold admitting a nontrivial S*-action. [I] shows that
its A-genus vanishes; [3] proves that certain higher A-genera vanish. (A higher

A-genus is a number of the form (f*(x) . A(M)) [M].) T show

Theorem D. Let M be a spin manifold admitting a nontrivial S*-action which
extends to a G-action with G a semisimple Lie group.

(1) If each component of MS" contains a point of M€, then (A(M)C) [M]=0.
(2) If MS" = MS, then (f*(x)~A(M) : C) [M] = 0.

Remark. The condition that for some semisimple G the S'-action extends to a
G-action with each component of M containing a point of MC is essential for
the validity of parts of Theorems A, C and D. For example, realizing S? as the
homogeneous space SU (2) /S where S C SU (2) is a maximal torus (which is
a circle subgroup), one has a fixed-point-free SU (2)-action on S? but (52)S is
nonempty; now there indeed are nonvanishing cohomology classes in H? (S 2), which
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invalidates the conclusions of Theorems A(3’), C(3) and D. More generally, given a
semisimple Lie group G and a closed proper subgroup H containing a maximal torus
T of G, G/H is an even-dimensional manifold with a fixed-point-free G-action but
(G/H)" is certainly nonempty; often then, the characteristic numbers appearing
in Theorems A(3'), C(3) and D are nonzero.

Now we discuss how this condition might be realized. If M admits a semifree
SU (2)-action, then, for any circle subgroup S € SU (2), M*® = MSY(2): hence the
condition is met. (SU (2) happens to be the only semisimple Lie group that can
act semifreely on manifolds.)

In general, given a G-action, one may ask when there will be a circle subgroup
S C G with MS = MY,

For T a maximal torus in G, there is a circle subgroup S C T with M° = M7}
thus, any condition relating A/ and M© can be reformulated as a condition relating
M7T and MY. Tt is shown in [6] that an even-codimensional component F of M
is also a component of M7 if and only if the equivariant Euler class of the normal
bundle of F' — M satisfies some “invertibility” condition, which I now describe.

Let I be a 2k-codimensional component of M% and N (F) — F the normal
bundle of F in M. The equivariant Euler class of N (F'), denoted by eq (N (F)), is
an element of

k
H** (EG x¢ F;Q) = H** (BG x F;Q) ~ (P H** ¥ (BG;Q) ® H¥ (F; Q).
j=0
So we may write
e (N (F)) =a2k(F)®1+Za®5,

where agy, (F) € H?* (BG;Q), a € H**=9) (BG;Q) and 8 € H¥ (F;Q) with j > 0.
[6] shows that F is also a connected component of M T if and only if caax (F) # 0.
Hence, if every component of M satisfies this condition and if M7 has no more
components than MY, then M¢ = MT.

2. PRELIMINARIES

The purpose of this section is three-fold: to review some existing results, to
deduce some immediate consequences of them relevant to our developments, and
in doing so, to establish notation and terminology.

2.1. Equivariant bundle theory. We review the problem of lifting a group action
on X to an action on the total space of a bundle over X. We will be primarily
interested in the case of an S'-bundle (or equivalently, a complex line bundle).

2.1.1. Lifting G-actions in fiber bundles. Let X be a G-space and F " Xa
principal H-bundle, G and H being Lie groups (not necessarily connected). Some
natural questions arising from this situation are whether, when, and how the G-
action on X can be lifted to a G-action on F commuting with the H-action on
E. (The commutativity of the G-action and H-action on E is equivalent to the
condition that G acts on E by (H-bundle)-isomorphisms, which is to be assumed
whenever we speak of a lifted G-action on the total space of a principal H-bundle.)
For example, when G acts isometrically on a Riemannian manifold M™, the prin-
cipal O (m)-bundle P associated with the Riemannian structure of M™ always
admits a natural lifting, the G-action on P being induced by that on M.
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For a G-space X having the homotopy type of a CW-complex, let B g, gy (X)
be the set of equivalence classes of G-(H-bundle)s over X, a G-(H-bundle) over X
being a principal H-bundle whose total space admits a lifted G-action, and, two
G-(H-bundle)s being equivalent if there is a G-equivariant (H-bundle)-equivalence
between them.

For a space Y having the homotopy type of a CW-complex, let By (V) be the
set of equivalence classes of principal H-bundles over Y.

Given a G-space X, there is an obvious map

¢:B.m) (X) — By (X)

which forgets the G-equivariant structure, yielding the underlining H-bundle of a
G-(H-bundle). Im ¢ is precisely the set of equivalence classes of H-bundles which
admit liftings of the G-action on X. Let X = EG Xg X. Choosing a basepoint
in EG gives rise to an inclusion i : X — X, which induces a restriction map:

Given a G-(H-bundle) E Py X, the Borel construction gives Eg Prg Xg, an H-
bundle over X. This produces a map
VB (X) — B (Xa).
Evidently, i* o ¢ = ¢.
The following proposition is shown in [8]:

Proposition 2.1 ([8]). When H is abelian, v is a bijection and hence Imi* = Im ¢.

2.1.2. Lifting connected group actions in S*-bundles. We now specialize the result
in Proposition 2.1 to the case in which H = S' and G is connected. Identifying an
S'-bundle with its first Chern class, we have
B (V) ~ [Y,BS'] ~H*(Y).
By Proposition 2.1, Im* = Im ¢. We may regard ¢* as the restriction
i H* (Xg) — H? (X)),
the image of which can readily be studied by the Leray-Serre spectral sequence

associated with the fiber bundle X <> Xg 5 BG. As 1 (BG) ~ 7 (G) = {0},
this bundle has a simple system of local coefficients on the base BG.

Corollary 2.2. Let G be a Lie group acting on a space X . Suppose H® (BG) = {0}
and H' (X) = {0}. Let E — X be an S'-bundle. Then E — X can be given a
G-equivariant structure, i.e., the G-action on X can be lifted to a G-action on FE.
Furthermore, the set of equivalence classes of the G-(S*-bundle)s resulting from all
possible liftings is in bijective correspondence with H* (BGQ).

Proof. In the fiber bundle X < X & BG, H' (BG) = {0} by simple connectivity
of BG (which is equivalent to the connectivity of G), and, H! (X) = {0} by hy-
pothesis; thus we have the following exact sequence, which is a portion of the Serre
exact sequence derived from the Serre spectral sequence:

{0} = H' (X) — H?(BG) 2> H? (Xo) - H?(X) — H*(BG) = {0};

see [I0]. By the exactness of this sequence, i* is surjective; hence so is ¢, proving
the first statement. Since i* o9 = ¢ and 1 is a bijection, the multitude of liftings
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(i.e., the multitude of ¢~'[FE]) is the same as that of keri* = Imp* ~ H? (BG), as
claimed. d

Corollary 2.3. Let G be a simply connected Lie group acting on a space X.
Then every S'-bundle over X admits a unique G-equivariant structure, i.e., ¢ :
B a5y (X) = Bgi (X) is an isomorphism.

Proof. If G is 1-connected, G is then also 2-connected as w3 (G) = {0} for any
compact Lie group. Thus, for 1 < j < 3, m; (BG) ~ m;_1 (G) = {0}, and by the
Hurewicz theorem, H’ (BG) = {0}. Under these conditions, we have the following
exact sequence, which is a portion of the Serre exact sequence:

{0} = H* (BG) > H? (X¢) - H*(X) — H® (BG) = {0},

implying that i* : H?(Xg) — H?(X) is an isomorphism. As i* o) = ¢, ¢ :
B(g,51) (X) = Bg1 (X) is an isomorphism, as claimed. O

Next, we make an observation regarding E¢, the fixed-point set of the total
space of a G-(S'-bundle). As above, let X be a G-space and Pr : E — X be an
Sl-principal bundle. As we see in the above discussion, liftings, if they exist, may
not be unique. In general, the lifted G-action on the fiber Pr~'[a] over a fixed
point a € X depends on the global lifting and may not always be the trivial one.
However, when G is semisimple, the next proposition shows that any lifted G-action
on Pr'[a] for a € X% is always the trivial action.

Proposition 2.4. Let G be a semisimple Lie group acting on a space X and let
Pr: E — X be a G-(S'-bundle). Then, B¢ = Pr—'[X].

Proof. Over each connected component XSG of X the G-action on Pr—'[XY]
produces a 1-dimensional complex representation p, : G — S!. It suffices to show
that there is no nontrivial Lie group homomorphism p : G — S, i.e., that G has
no connected abelian quotient, which follows immediately from the Lie-algebra-
theoretic definition of semisimplicity. O

Remark 2.5. A principal S'-bundle E over X is the “same” as a complex line
bundle £ — X, and, a lifted G-action on L is simply a homomorphism G —Iso(L)
with a prescribed G-action on the zero section of £. The results in this section can
then be restated in terms of complex line bundles.

2.2. The G-signature and G-spin theorems. We review those parts of the
index theory that are related to the present study. We first briefly describe the
construction of the twisted G-signature of a G-manifold, then state the Atiyah-
Singer’s G-signature formula, and finally include a description of the G-spinor-
index.

2.2.1. The G-signature. Let M>" be a Riemannian manifold and G be a Lie group

acting on M by orientation-preserving isometries. Let A*(T* ® C) be the bundle of

complex exterior algebras of the complexified cotangent bundle. There is a bundle

homomorphism 7 : A¥(T* @ C) — A2"~%(T* @ C) defined via the Hodge star * :
7(a) = iF*F=Dt 4 (a)  for a e AF(T* @ C).

Note that 72 is the identity. For E — M a G-equivariant complex vector bundle,
let Q% (M) be the space of complex differential forms with coefficients in E, i.e.,
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the space of smooth sections of A* (T* ® C)® E. 7 canonically induces an operator
i on Q5 (M). 7 is an involution. Let Q5 (M) be the +1-eigenspaces of 7. Let

D=d+d : Q" (M) — Q (M),

where d is the de Rham operator and d* its formal adjoint (with respect to the
inner product on Q* induced by the Riemannian metric). Upon equipping E with
a connection, D induces an operator Dg on Q% (M) and Dp anticommutes with
7. Let DY QE(M) — Qg (M) be the restriction of Dg to Qf(M). Then the
twisted G-signature, Signg(M; E), is defined to be the G-index of D, :

indg(D}) = [ker D}] — [coker D] € R(G).

This index invariant of DE is independent of the choice of connections on F, which
justifies our notational suppression of the chosen connection. Regarding elements
of R(G) as character functions G — C, we denote the value of Sign, (M; E) at
g € G by Signg (M; E) (g).

Index theory gives a localization formula for Signs (M; E) (g), i.e., a formula
in terms of the topology of MY, the g-action on the normal bundle N of MY, the
bundle E|p and the g-action on E|pre. We now describe this formula in the special
case where g € G is a topological generator of a toral subgroup T' C G.

As g generates T, M9 = MT. Hence Signg (M; E) (g) depends only on the T-
action, i.e.,

Signg (M; E) (g9) = Signg (M; E) (g).

E enters the formula via a class ch (E|py0) (9) € H* (M9;C), which we now
describe. As MY is a trivial T-space, we can identify Ko (M9) with K (M9)®@ R(T)
and define ch () (g) : K7 (M9) — H* (M9;C) as the map

ch®@x (g) : K (M) ® R(T) — H* (M9;C) @ C ~ H* (M9;C).

Over each x € MY, the fiber N, of N is a real T-module, which can be decom-
posed into a sum of two-dimensional irreducible subrepresentations, each of which
is of the following type and hence has a canonical complex structure:

g ( cosf —sinf

i
sinf cosf )’ or g—e”, 0€(0,m).

For 6 € (0,7), let N;(0) be the sum of those irreducible subrepresentations given
by g — €. Then,
N.= P N.(0),
0€(0,m)

where each N, () has a canonical complex structure. (There are only finitely many
6 for which N,(#) is nontrivial.) Let M9 =, Mg, where Mg are the connected
components of M9, and let NN, denote the normal bundle of MJ. The fiberwise
decomposition leads to a bundle decomposition

N, = P N.(0).
0€(0,m)

The canonical orientation of N, induced by the complex structure gives an orien-
tation of Mg such that T (MJ) & N, = (T'M) |ps.
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For a manifold X™, the Hirzebruch L-class, denoted by L (X), is defined by

(=52

£ (x) — j/2
L(x) = 31;[1 tanh (z;/2)

where {+xj, —xj\l <j< [mTH]} are the formal Chern roots of either TX™ @ C
or (TX™ @ 1g) ® C according to whether m is even or odd respectively. We write
Ly, (X) for the 4k-dimensional component of L (X).

We are now ready to write the Atiyah-Singer’s G-signature formula for our case.

Theorem 2.6 (G-Signature Theorem; [2]). For g a generator of a torus in G,
Signg, (M*"; E) (g)

WO (0) 8
_ t, 3 v,j
=22 bl @b az) TT TLeom ™55 o
v ,T) J=

where t, = % dim MZ, d, (§) = dimg N, (0), and z,; (0), 1 < j < d, (0), are the
formal Chern roots of the complex bundle N, (0).

In this formula, the product over 6 € (0, ) is a finite product, as d, (8) # 0 for
only finitely many values of 6.
The G-index of Dg evaluated at e € G is just the ordinary index of DE :

ind (D};) = dimker D}; — dim coker D}
We denote ind (DE) by Sign (M; E). Index theory provides the following formula.
Theorem 2.7 ([2]).
Signg(M?"; E)(e) = Sign (M*"; E)
—on (ch (B)L (M)) [M].

2.2.2. The G-spinor-index. For M?" a spin G-manifold (i.e., a spin manifold en-
dowed with a G-action preserving the spin structure) and E a complex G-bundle
over M, [2] constructs an elliptic operator called the Dirac operator whose G-index
is called the G-spinor-index and is denoted by Spings (M; E). The value of the
G-spinor-index at e € G is just the ordinary index of the Dirac operator and is
denoted by Spin (M; E).

The G-spin theorem, similar to the G-signature theorem, gives a localization
formula for Sping (M; E) (g) in terms of the fixed-point data of the g-action. We
now describe this result.

For a manifold X™, the A-class, denoted by A (X), is defined by

[21]

Axy= I 52
(X) 11 sinh (z;/2)
where {+xj, —xj\l <j< [mT'H]} are the formal Chern roots of either TX™ @ C
or (TX™ @ 1g) ® C according to whether m is even or odd respectively. We write
Ay, (X) for the 4k-dimensional component of A (X).
Using the same notation and making the same assumptions as in the discussion
of the G-signature theorem, we state the G-spin theorem.
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Theorem 2.8 (G-Spin Theorem; [I], [2]). For g a generator of a torus in G,
Sping (M*"; E)(g)

b (0) (i, ;(0))

=> 3 oveE) @A) [T 11 e, @y ¢ 22

where for each v, o, equals either 1 or —1 and depends on the action of g on the
principal Spin (2n)-bundle associated with the spin-structure of M.

Theorem 2.9 ([2]).
Sping (M?*™; E)(e) = Spin (Mzn; E)
= on (ch (E)A (M)) (M)

3. LOCALIZATION THEOREMS ON CERTAIN (G-MANIFOLDS

In this section, we obtain some localization results for certain “characteristic
numbers” of some G-manifolds. Suppose M is an S'-manifold. Under certain

conditions, we study, in §3.1, the dependence of (i(M) 'C) [M] on M5S". Under

less restrictive conditions, we then study, in §3.2, more general numbers of the form

(P-C)[M].

3.1. (ﬂ(M) : C) [M]. We begin with a theorem; the condition on the fixed point

set appearing therein is remarked upon in §1.

Theorem 3.1. Let G be semisimple and M?" a G-manifold. Suppose there exists
a circle subgroup S C G such that every component of M° intersects MS. Let F,
be the union of those components of M° with codimensions congruent to 0 mod 4,

and let ig : Fy — M be the inclusion map. Then (I:(M) . C’) [M] is determined
by the submanifold ig : Fy — M (and is independent of the S-action around Fy.)

To be precise, this number can be computed in terms of ify(C), L(Fy) and [Fy] using
formulae (3.3) and (3.4) and Lemma 3.4. In particular, if, in addition to the stated

condition, Fy = &, then <f4(M) . C) [M] = 0.

Remark 3.2. To simplify the proof of this and some later results, we make several
observations:

(1) By compactness of G, a G-manifold M can always be endowed with a
Riemannian structure so that the G-action on M is isometric. The tool of
index theory is then readily applicable. B

(2) If G is a semisimple compact Lie group acting on M, then, G, the compact
universal cover of G, acts on M in a canonical way: G—G— Diff(M).
And there exists a circle subgroup S C G with MS = M. Therefore, for
the proof of Theorem 3.1, there is no loss of generality in assuming that G
is simply connected.

Proof of Theorem 3.1. By Remark 3.2, we assume that G is simply connected and
G acts isometrically on M. The G-action preserves the orientation of M, as G is
connected. To avoid triviality, we assume that the S-action on M is nontrivial.
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Let ¢ € Im (H?*(M) — H*(M;Q)). We first give a localization formula for ra-

tional numbers of the form
(L(ar) - ) (]
in terms of the submanifold Fj.

Let £ (c) — M be the complex line bundle whose first Chern class is ¢. As G is
now assumed to be simply connected, by Corollary 2.3, the G-action on M admits
a (unique) lifting to a G-action on L (¢), turning £ (c¢) into a G-equivariant complex
line bundle. Thus, Signg (M; L (¢)), the £ (¢)-twisted G-signature of M, is defined.
Using complex coordinates z (with |z| = 1) on the circle subgroup S, we first
develop a formula for Signg (M; L (c))(2) € C. As z € S, Signg (M; L (c)) (z) =
Signg (M; L (¢)) (2) when M is regarded as an S-manifold.

In the following, we use the notation established in §2.2.1. Let z = €*® topo-
logically generate S. Certainly, M* = M*. By choosing suitable orientations, the
irreducible subrepresentations of the real S-module N, (v € M*¥) are of the form

<coska —sin ko
Z

. , or zw— 2" with ke N.
sinka  coska

Let M® =J, M7, where M are the components of M, and let N,, denote the
normal bundle of M5 < M. As in §2.2.1, there is a complex bundle decomposition
determined by the irreducible S-modules appearing in (V,), with « € M-

Nl/ = @Nu(k)
keN
For k € N, let d,, (k) = dim¢ N, (k), t, = $dim M, and @, ; (k), j =1,--- ,d, (k),
be the formal Chern roots of the complex bundle N, (k).
According to the G-signature theorem,
Signg (M; L (¢)) (2)
= Signg (M; L (c)) (2)
dy ()

72 2% ch (£ (¢) [as) ()L (MS) T ] coth ™25, =2 vi { “ko‘ [M5].
keN j=1

Letting s, (z) denote the vth summand, we have
Signg (M; L (¢ Z Sy

We now seek to express 3,,(2) in terms of z instead of a.
For each component M7, there is an integer 1, buch that, for x € M?, z acts on
the fiber £ (c), via the complex representation z — z'v. Hence,

ch (£ (c)|us) (z) = 2 el
Next, observe that

o Bva (k) ke ea(ra@tika) 4 3wy () Fike)
co 2 T o @ (k) tika) _ o— 1 (e, (k) +ika)

Zk +e—xu,j(k)
ke (k)
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Hence,

Signg (M; L (c)) (2)

dy (k) 2k 4 oK)

*Z et e OL (M) [T\ 1] S o | ¢ )

keN \ j=1

So far, s,(z) is only defined for z a topological generator of S. If we extend s, (z)

to a meromorphic function on C, it then has poles at some roots of unity (certainly
ZFte” A

at 1), as can be seen by expanding r=m into a polynomial in @, ;(k) :
k —y,5 (k) ty k
2t e i 21 m
e 1T Zl 71)1%1 (@5 (k)™ -

However, Signg(M; L (c))(z) is a well-defined complex function for all z € S;
indeed, since Signg(M; L (c)) € R(S) ~ R(S'), Signg(M; L (c))(2) is a Laurent
polynomial in z and hence extends to an analytic function w (z) on C ~\ {0}. In
particular, w (z) has no poles on the unit circle. Consequently, in )_  s,(z), cancel-
lation of poles among the summands s, (z) must take place, implying the multitude
of components in M° if M° # @.

The discussion of the two preceding paragraphs (in which the semisimplicity of G
plays no role) applies regardless of whether £ (¢) is present or not. We summarize
this discussion in a proposition about the fixed-point set of an even-dimensional
S1-manifold.

Proposition 3.3. Let S' act nontrivially on an even-dimensional manifold M.
Then,
(1) The number of components of M5 does not equal 1.
(2) Suppose that MS = {a,b}, a two-point set. Then TyM and TyM are
equivalent as S-representations, and Sign (M) = 0.
Proof. If MS" +# @&, the poles of Sv,(2) must be cancelled by those in -, s,(2)

and hence MS" has more than one component, proving (1).
For (2), let W, = {k € N|N, (k) # {0}} for v = a,b. Then the S!-signature of
M is

Signg: (M) (2)

-1 (z:f)d“(k) l+ I1 (jZ*i)db(k) ).

keW, keWy

For this to be analytic on S!, the two summands must have common poles and
hence W, = W,. Let k € W, = W,. At each kth roots of unity, the poles in the
above two terms are of order d, (k) and dj, (k) respectively. For the poles to cancel
each other out, it must be that d, (k) = dp (k) and one of the two points a and b
receives the negative orientation. Hence, Sign (M) = Signg: (M) (z) = 0. O

Continuation of proof of Theorem 3.1. We now study the Laurent polynomial w (z)
= Signg(M; L (c))(z) further.
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We claim that [, = 0 for all v. Fory € M%, L (c) , is a 1-dimensional complex G-
module. By Proposition 2.4, the semisimplicity of G implies that £ (c)y is a trivial
G-module. Therefore, S acts trivially on £ (c)y By hypothesis, each component

M? of M* contains some y € M%. Hence, by discreteness of representations, S

acts trivially on £ (c),, for every z € M7, ie., I, = 0.

Putting this into the formula for s, (z), we have

d, (k) 2k 4 e=zus(k)

s ()= 2 OL M) T ] | ¢ 2]
keN \ j=1

Regarded as a function on the extended complex plane C, each s, (z) is finite
at 0 and oo, as is clear by taking lims, (z). Then so is the Laurent polynomial
w(z) = Y, s (2). A Laurent polynomial which is finite at 0 and oo must be a
constant. We now examine this constant.

w(0) = lim 35, (2)
dy (k)

=0 | 2O () TT T (-0 | [0

kEN j=1

=0 (e (R OL () ) [M5].
while
w (00) = zlingo Z sy (2)
=37 (e OL () 0]

Equating w (0) and w (c0) yields
S (2R () [MF] =o.
(n—t,)=1mod 2

Hence,

w(z) = Z (2t"ei;(c)f4 (Mf)) [MVS} .

codim M5 =0mod 4
We conclude that
(3.1)  Signg(M;L(c))(e) = Signg(M; L (c))(1)

= 3 (2t e OL (MF) ) [M5] .

codim M$=0mod 4
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Applying Theorem 2.7 to our case leads to

(3-2) Signg (M; L (c))(e)
= Sign (M; L (¢)

)
—on (ch (£ (c) L (M)) [M]

To obtain a formula for (ﬂ(M) : cd) [M] from (3.1) and (3.2), we use a technique

of [5]. First we consider the case where n is odd; let n = 2r+1. Let A be an integer.
(3.1) and (3.2) yield

- 1 2j+1 7 Ar 42
;m@@ L (M) | [MYR
= 27" Sign (M*"; L (X))

—2n ¥ (2t OOL (M) ) [M5]

codim MS=0mod 4

By letting A = 1,2,--- ,r + 1, the above is a system of (r + 1) linear equations in

the (r + 1) variables ((2j<1+1)!c2j+1i’“j (M)) [M], 7 =0,1,--- ,7. The coefficient
matrix is

A— (az’j)T—H - (Z-Qj—l)H‘l

ig=1" ij=1"

and

g — e (1))
= det (i - (2)"7)
= [(r+ 1Dl det (%))

=+ [ (8-

1<a<pB<r+1

# 0.
Let A1 = (b”):jil . Solving the linear system gives

39 (S, 0n) e

2j +1)! 'S~ e
= (gjaTz) D b > (Qt"e AOIL (MVS)) [M]

A=1 codim M$=0mod 4
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The case where n is even is similarly handled. Let n = 2r. Let A be an integer.
(3.1) and (3.2) yield

~ 1 2 f r
Z:j Gy MO Loy (M) | [MY]
= 27" Sign (M?"; L (Ac))
—2m Y (20O (MF) ) [M5]

codim MS=0mod 4

By letting A = 1,2,--- ,r+1, the above is a system of (r + 1) linear equations in the
(r 4 1) variables (#02]'&»_]4 (M)) [M], j =0,1,---,7. The coefficient matrix is

@)
r—+1 9i_o\T+1
A= (aij); ;2 = (% Z)i,jzl ’
and
det A = det ((i2j72):;ri1)
= det ((2)Y)
= I -
1<a<pB<r+1
# 0.
Let A7t = (bij);';il . Solving the linear system gives
(3.4) (c%‘ﬁr,j (M)) (M)
Ny 71
OIS b otv 12O, (175Y) [ArS
T odr Z (G+1),A " Z € ( V) [ V}
A=1 codim M5 =0mod 4

For ¢ € Im (H*(M) — H*(M;Q)), (3.3) and (3.4) give localization formulae for
the rational number

(r:(M) -cd) [M]

in terms of the submanifold Fy C M consisting of those components of M*® with
codimensions congruent to 0 mod 4.

To finally conclude the proof, we need to allow product of various ¢; € H 2(M;Q)
to occur in the formula. Consider

A~ dJ
(B - TT, ) ().
Let > ;d; = d. By Lemma 3.4 (stated below and to be established in §3.3),
c?j =3, rixd for some x; € H*(M;Q) and r; € Q. Hence

(IZ(M) 1L cjf) [M]
=3 (I:(M) : x;f) [M].

J
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Since each <£(M) . xf) [M] is computable, using equations (3.3) and (3.4), in terms

of the submanifold Fy C M consisting of those components of M*° with codimen-
sions congruent to 0 mod 4, so is (ﬂ(M) 11, c;lj) [M].

This concludes the proof of Theorem 3.1. O

We now state the lemma we needed at the end of the proof of Theorem 3.1.

Lemma 3.4. Suppose A= @;°, A; is a graded k-algebra, k being a field of char-
acteristic 0. Let | be a given positive integer, let B = @fio B; C @fio A; be the
subalgebra of A generated by A;, and let Vg = Span{a®la € A;}, d € N. Then
By CVy.

We relegate the proof to §3.3.
Theorem 3.1 may be restated as follows:

Corollary 3.5. Let M?" be an S'-manifold. Suppose, for some semisimple Lie
group G, the S'-action extends to a G-action such that every component of MS'
intersects MC. Let Fy be the union of those components of MS" with codimen-
sions congruent to 0 mod4, and let ig : Fy — M be the inclusion map. Then
<I:(M) . C) [M] is determined by the submanifold ig : Fy — M (and is inde-
pendent of the S'-action around Fy.) In particular, if, in addition to the stated
condition, Fy = &, then (f;(M) . C) [M] = 0.

3.2. (P -C)[M]. We now consider rational numbers of the form (P - C) [M?"]. The
main results of this subsection are Theorems 3.6 and 3.11.

Theorem 3.6. Let G be semisimple and let M?" be a G-manifold. Suppose there
exists a circle subgroup S C G such that every component of M* intersects MS.
Then (P - C) [M] can be determined in terms of the submanifold i : M® — M and
the S-action on the normal bundle N of M® < M. To be precise, this number can
be computed in terms of i*(C), p (MS) (the total Pontrjagin class of M%), [MS],
and, the action of S on N.

The corresponding vanishing theorem is much simpler to state:

Corollary 3.7. Let G be semisimple and let M>" be a G-manifold. If, for some
g€ G, M9=g, then (P-C)[M]=0.

Proof. If M9 = @, then MT = &, where T is some maximal torus containing g. As
a standard fact about torus-actions, there always exists a circle subgroup S C T
such that M = MT. Using such an S and applying Theorem 3.6 yields the desired
result. (]

In Corollary 4.9, this result will be considerably strengthened.

We now prepare for the proof of Theorem 3.6.

As before, endow M?" with a Riemannian structure so that G acts isometrically.
Let h : M?" — BSO(2n) be the classifying map for the tangent bundle 7M. Define

b: RSO (2n) — K (BSO (2n))

by
b:V— ESO (277,) X 50(2n) V.
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b “bundlizes” a complex SO (2n)-module. On elements of K (M) associated with
the Riemannian structure, i.e., on elements in (h* o b) (RSO (2n)), the Chern char-
acter admits a universal interpretation as a ring homomorphism €h on the complex
SO (2n)-representations to the cohomology of BSO (2n) :

¢h : RSO (2n) - K (BSO (2n)) =% H* (BSO (2n): Q).

Let o4 be the elementary symmetric polynomial of degree d in n variables. Let
x1,-+- , &, be the basic characters of the maximal torus T of SO (2n), regarded as
cohomology classes in H? (BT;Q). As usual, we identify H* (BSO (2n);Q) with
H* (BT; (@)W, the subring of H* (BT'; Q) invariant under the Weyl group W.

Lemma 3.8 ([2]). There exists U,, € RSO (2n) such that

¢h (Uy,) = 0a (27, -+ ,22) + higher dimensional terms.

rn

Those higher dimensional terms do not involve the Euler class [, ;.
We now use this result to immediately deduce:

Lemma 3.9. Let Py(p1,--- ,pq) € H*? (MQ”) be a homogeneous 4d-dimensional

integral polynomial in the first d Pontrjagin classes py,--- ,pq of a G-manifold M>".
Then there exists E (Py) € Kg (M) with ch E (Py) = Py (p1,- - ,Pd)-

Proof. Let r = [%] We apply a finite induction on d.
First we consider the case where d = r. Let U,, = b(U,,) € K (BSO (2n)), and

let i
E(P,) = h* (P,. (Ual,--- ,UW)) €K (M).
Note that, because h classifies the principal SO (2n)-bundle, 7, associated with the
Riemannian structure of M, E(P,) = T Xgo@n) Pr (Us,, -+ ,Us, ). Hence, E(P,)
admits a G-action induced by the G-action on 7, i.e., E(P,) € K¢ (M). Then
ch E(P,) = chh* (Pr (Ugl,~ . ,Uar))

=h*chb (P Uy, - ,Us.))

= h‘*eb (P’! (U017 o 7U0r))

=h*P. (CHhUs,,, -+ ,CHU,.)

=h* (P, (o1, -+ ,0.) + higher dimensional terms)

= P. (h*o1,- -+ ,h"0,) + higher dimensional terms

= P, (p1,- - ,pr) + higher dimensional terms

= Iy (pl,' o apr)

where the “higher dimensional terms” are of dimension at least 4 (r + 1) > 2n and
hence are 0.
Next we examine the case where d =r — 1. Let

E'(Po_y) =h* (PH (Ugl,--- ,U(,T_l)) e K (M).
Then
chE'(P,_1) = P,_1 (p1,-+ ,pr—1) + higher dimensional terms
=P1(p1, 5 pr-1) + Qr (P15 5 1)
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where Q.. (p1,- -+ ,pr) is a homogeneous 4r-dimensional integral polynomial. Simply
let E(P.—1) = E'(P.—1) — E(Q,); then

ch E(P,_1) = ch (E'(P,1) — E(Q,))
= ch E'(P,_1) — ch E(Q,)
=P 1 (p1, - 5pro1)-

Continuing in this fashion until reaching the case where d = 0 proves the result. O

Since Signg (M; E) is additive in E, E can be allowed to be an element of
Kg (M).

Proof of Theorem 3.6. By Remark 3.2, we assume that G is simply connected and
G acts isometrically on M. The G-action preserves the orientation of M, as G is
connected.

By Lemma 3.4, it suffices to prove the result for {c"’Qd . Pd} [M?"] where
¢ € Im (H*(M) — H*(M;Q)) and P; € H* (M?";Q) is a homogeneous 4d-
dimensional polynomial in the Pontrjagin classes of M?".

Let £ (¢) — M be the complex line bundle whose first Chern class is ¢. Following
the same reasoning as in the proof of Theorem 3.1, the G-action on M admits a
(unique) lifting to a G-action on £ (c¢) and S acts trivially on £ (c), for every
r € M3

Construct E (Py) as in Lemma 3.9. We consider Sign. (M; L (¢) ® E (Py)) (%)
for z € S. We use the same notation as in the proof of Theorem 3.1. Let z be
(the complex S'-coordinate of) any topological generator of S. Then M? = M5,
Calculating just as in the proof of Theorem 3.1, we have

Signg (M; L (c) ® E(Fy)) (2)
= Signg (M; L (c) @ E (Py)) (2)

Zk + e_xu.j (k)

keN j=1
d,,(k}) k _xu.‘(k)
i*(c r + 7
=324 e e (B (P lus) (L (M5) TT T ﬁ [M5].
v keN j=1

The complex cohomology class
ch (E (Pg) |ms) (2)

by definition is determined by the submanifold M2 &% M and the S-action around
it. Hence the above formula shows that the complex number

Signg (M; L (c) ® E (Py))(2)
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is determined by the data of the submanifold i : M*° < M and the S-action on N.
By continuity of index as a character function on G, the integer

Sign(M; L (c) ® E (Pg)) = Signg(M; L (c) ® E (Fy))(e)
= lim Signg(M; £ (¢) © E (Pa))(2)
zZ—
is also determined by the data of the submanifold i : M < M and the S-action
on N. Let 2n = 4r or 4r + 2. An explicit formula for this limit when d = r is to be
given in Remark 3.10; when d < r, the limit can be calculated using an induction

shown below.
Using Theorem 2.7, we have

Sign(M; L (¢) ® E (Py))
=2 {eh(£(c) @ B(Py) - L(0)} [M]
_on {ec Py f,(M)} [M].
We apply a finite induction on d. First we examine the case where d = r. Then,
Sign(M; L (c) ® E (F))
=2 {e*- P oL (M) } [M?"]

[ 2P, [M47'] when 2n = 4r,
T 22t ¢ P} [M* 2]  when 2n = 4r + 2,

proving the result for d = r.
Next we examine the case where d = r — 1. Then

Sign(M; L () ® E (Pr—1))
L L.
o H (5] (San) o
i=0 J: i=0
j
92r {;_f P +P._- ﬁl} [M4T} when 2n = 4r,
92r+1 {3_3' Py +c-Po_q- ﬁl} [M* 2] when 2n = 4r + 2.

Note that P,._1 - ﬁl(M ) is a homogeneous 4r-dimensional polynomial in the Pontr-
jagin classes, and thus, by the proven case (in which d = r),

{P,«_1 .ﬁl(M‘”)} [M*]
and
{c-Pr,l ) ﬁl(M4T+2)} [M47‘+2]
can be calculated by localization. Hence, so can
{e P} [M7]
and
{Cd . P’r—l} I:M4T+2}
be calculated by localization.

Continuing in this fashion until reaching the case where d = 0 completes the
induction. O
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Remark 3.10. We now indicate how to calculate P, [M*"] or (c- P,) [M*" 2] using
fixed-point data, which is our first inductive step in the proof of Theorem 3.6.

Observe that when dim M = 4r, the localization result for P, [M] requires neither
the semisimplicity of G nor the relation between M*° " and MY because £ (c) does
not figure in the calculation. For this case, an explicit localization formula is given
in [2]. We first briefly describe this formula; we then indicate one for (c- P.) [M]
when dim M = 4r + 2.

In light of the splitting principle, P.(p1,---,p,) may be formally regarded as
a polynomial P! (x%, e ,x,%) symmetric in x%, S ,x% (where x1,---, 2, can be
regarded as the basic characters of the maximal torus T of SO (2n)). We will write
the formulae in terms of P..

First let dimM = 2n = 4r. S! acts on the normal bundle N, with weights
(counting multiplicity) w,; € Z, j = 1,--- ,n — t,; let y,; be the corresponding
Chern roots. (In detail, one constructs a “flag bundle” P, M;,gl such that
N, = P ;Mg €ach 7, ; being an Slinvariant complex line bundle on which
z € S' acts via multiplication by z#»; and v, ; = ¢1 (,.5).)

Using index theory, [2] shows that, formally,

Pr(pl, e apr) [M4T]

1

. 2 . 2
_ Z Py <I1 yr axg,; (ywl + wal) P (yl/,nftu + Zwv,n*tv) ) {Msl}
- —t, R v
p [ (g +iw )
where z2, -+, x> are the formal “Pontrjagin roots” of M5

Using a calculation identical to the one which leads [2] to the above formula, one
easily obtains, when dim M = 2n = 4r + 2, that

{C : P”‘(ph T vp’/‘)} [M4r+2]

_ 2i lim Signg: (M; £ (c) @ E (P,))(2)

c- P/ (551 ot xt,, (yu 1+ wy 1)2 ) (yl/,n_t'u + iw”v”_t“)2)

= zy: UG

j=1 (Yj +iwyj)

]

Using these formulae and the induction steps shown in the proof of Theorem 3.6,
one can then calculate {c" 2% Py(py,- -+ ,pq) } [M*"] by localization.

In (the proofs of) Theorem 3.1 and 3.6, the determination of certain “character-
istic numbers” involving c is seen to require no knowledge of the lifted G-action on
L (¢); this relies on the fact that the G-action on L (¢) | s is trivial, a consequence
of the semisimplicity of G’ and the condition on the relation between M* and M©.

In general, when M® = &, to deduce the vanishing of the numbers in question,
we only need to know the existence of a lifting of the G-action to an action on
L (¢) without having to know how to produce one; Corollaries 2.2 and 2.3 give some
sufficient conditions for the existence of a lifting. When M*® # @, a “localization”
result on the numbers in question will require the knowledge of a lifting. We
summarize this discussion in the following theorem.
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Theorem 3.11. Given a G-manifold M, let ¢; € Im (H? (M) — H? (M;Q)) and

R= (P 1, cj) [M].

If either m, (G) = {0} or H' (M) = {0}, then, given any circle subgroup S C G,
R can be determined in terms of: the submanifold M*° < M, the S-action around
M?, and the restriction to L (c;) |ars of any lifted S-action on each L (cj).

If G is semisimple, then by regarding M as a G-manifold where G is the universal
cover of G, R can be similarly localized as in the previous case.
In either case, if M9 = & for some g € G, then R = 0.

This is clear from the calculations we have done and Corollary 2.2.

We now use the last result to make an observation. [7] shows that if X is a T-
space (T being a torus) with vanishing even-dimensional rational homotopy groups,
then X7 is either empty or connected. Proposition 3.3 shows that if M is an even-
dimensional manifold admitting a nontrivial T-action, then M7 is either empty or
disconnected. Hence,

Corollary 3.12. Let M be an even-dimensional manifold satisfying H* (M) = {0}
and o, (M) ® Q = {0} for all k € N. If, for some classes ¢c; € H*(M;Q) and
some rational polynomial P in the Pontrjagin classes of M, (P 11, cj) [M] # 0,
then M admits no nontrivial torus-action.

Proof. Suppose M admits a T-action, T’ being some torus. As H! (M) = {0} and
(P 11, cj) [M] # 0, MT # & by Theorem 3.11. As 79y, (M) ® Q = {0}, M7 must

be connected by the result of [7] quoted above; as dim M is even, M7 must be
disconnected by Proposition 3.3. This contradiction proves the result. (]

This implies a result of [I2], which shows that, when M is as above, the nonva-
nishing of (H j cj) [M] is an obstruction to S'-actions on M. An example is yet to

be seen in which Corollary 3.12 is genuinely stronger.

3.3. Proof of Lemma 3.4. We now prove Lemma 3.4.

Lemma 3.13. Suppose A = @;-,A; is a graded k-algebra, k being a field of
characteristic 0. Let | be a given positive integer, let B = @?io B; C EBZ.OiO Ay be
the subalgebra of A generated by A;, and let Vy = Span{a®la € A;}, d € N. Then
By CVy.

Proof. What needs to be shown is the fact that an element in By of the form
m m
(3.5) [Ic/. with¢; € Ay, d; >0, and Y d; =d

J=1 Jj=1

can be written as a linear combination of elements of the form a? with a € A;.

We apply induction on the number m of distinct A;-factors in (3.5). The case
of m =1 is automatic. Assuming the result for all m < N, it is then to be shown
that it holds for m = N.

In what follows, we adopt the multi-index notation: £ = ({1, - ,{n) where {; are
nonnegative integers, |£| = Z;V:I &j,c=(c1, -+ ,cn) where ¢ € Ay, c& = H§V=1 cﬁj,

M are the multinomial coefficients.
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Let S(c) = (c1 + -+~ + cn)?. Consider the multinomial expansion of S(c) :
S(c) = So(c) + T(c),
where
So(c) = Z Mg-c®
|£|=d, and £;=0 for some j
and
T(c) = Z M-c.
|¢|=d, and &;>0 for all j

Our task is to show that each summand in 7'(c) can be written as a linear
combination of elements of the form a® with a € A;.

In Sp(c), each summand contains fewer than N distinct A;-factors; thus, by the
induction hypothesis, So(c) € Vy. Since T'(c) = (3. ¢;)¢ — So(c), T(c) € Vy. We
now examine 7'(c) more closely:

d—(N—1) N
&;
Te)= Y & > Me [Ty
&1=1 ot HEn=d—§&1 Jj=2
£;>0
d—(N-1) d—(N—-2)—-¢& N
&.
S o R S R SR (131
&1=1 §2=1 &34 +HEn=d—(E14E2) Jj=3
£;>0

For each ¢ € {1,--- , (N — 1)}, let

N
T(c;ér, -, &) = > M [T -

Sitr1t-+én=d—(&1++&i) J=itl
>0

We then can rewrite the above as:

d—(N-1)

(3.6) T = Y (7))
£1=1
d—(N-1) d—(N-2)—¢&,
= Z o' - Z <C§2T(C;§17§2))
&1=1 §a=1
Let c(;4) = (c1,--- ,tci,--- ,cn) be the N-tuple obtained from ¢ by replacing

the ith entry ¢; with tc;. Consider the system of linear equations in (C?T(c; 51)),
1<&G <d—(N-1):

d—(N—-1)

St (7)) =T (ean), t=1-d—(N-1).

&1=1
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The coefficients of this linear system form a Vandermonde matrix, hence this system
is invertible. As T (c(u)) € V; for each ¢, we deduce that

(3.7) (cﬁlT(c;gl)) €Vy forl<é& <d—(N-—1).
By (3.6), for each &,
d-(N-2)-&
ST = Y (FTa8)
£2=1
d—(N=2)—&,
= Y (dETE4.0).
&2=1

Given &, consider the following linear system in cllc§2T (c;€1,8)
d—(N-2)—£&
Z 52657 3T (61, &) = ' Tlcyi 1), t =1, ,d— (N —2) — &.
£a2=1
The coefficients of this linear system form a Vandermonde matrix, hence this system
is invertible. By (3.7), c%lT(c(Zt); &1) € Vg for each ¢, from which we deduce that
ST (¢;61,6) € Vy, for 1 <& <d—(N—1)and 1 <& <d— (N —2)—&.

Continuing this argument, we would arrive finally at
N—1
II ij T (cér, - €nv—1) € Va.
j=1

By definition,

N
T(C;Elv"' angl): Z M§ Hc;é_j
En=d—(&1++EN—1) Jj=N
£;>0

_ MEC?V7(€1+-"+EN—1)'

Hence, for |£] = d,

as desired. O

4. OBSTRUCTIONS FROM THE FUNDAMENTAL GROUP

In this section, we study obstructions, stemming from 7; (M), to the existence
of certain group actions on M. The results produced here are “higher” versions of
those in §3 in the following sense.

Given a manifold M, an element 2 € H* (m; Q) determines a rational character-

istic number (f* (x) - I:(M)) [M], which S. P. Novikov calls “a higher signature of

M”. [3] calls the number (f* (z) - A(M)) [M] “a higher A-genus of M”.
In this section, we consider, for certain x € H* (7;Q), numbers of the form
(f*(z)- P-C)[M]. For example, we show, in Theorem 4.8, that if M admits an
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action by a semisimple Lie group such that some group element acts without fixed
point, then (f*(z)-P-C)[M]=0.
We first review, in §4.1, techniques developed by [3], of which we note some im-

mediate consequences. We then state and prove some “higher” vanishing theorems
in §4.2.

4.1. G-actions and the fundamental group. In §4.1.1, we introduce [3]’s work
relating the fundamental group of a G-manifold to the study of the G-action and
we derive some direct consequences of it. In §4.1.2, we note an application.

4.1.1. Relations among H* (M), H* (M/G), and m (M). Suppose G acts effec-
tively on M. Let I be a (discrete) group and s : M — K (', 1) a continuous map
inducing a surjective homomorphism s, : # — I'. Let ¢ : M — M /G be the canoni-
cal quotient map and o : G — M the orbit of some basepoint of M. It is a standard
fact that o, (71 (G)) C Z (m) (the center of 7); from this and the surjectivity of s.,
it follows that s.o4 (71 (G)) C Z (). Let Ty = I'/s40. (71 (G)) and let p : T — Ty
be the quotient map.

Lemma 4.1 ([3]). Let G, M, T", Ty, s, p, and q be as above. There exists a map
¢:H" (Lo; Q) — H™ (M/G;Q)
making the following diagram commute:
H*(T0:Q) = H*(M/G;Q)
Lp L
H*(1;Q) —  H*(M;Q)
@ is not necessarily induced by a map between spaces. Taking duals of the maps
yields a similar commutative diagram of homology groups.

We note some consequences of this lemma.
If G is semisimple, or 7 has finite center, or M“ # @, then s,o0, (71 (G)) is finite,
in which case

p*: H* (T'o;Q) — H* (IQ)
is an isomorphism.
Another sufficient condition for the finiteness of s.o0, (71 (G)) is that the isotropy

subgroup G, <& G be connected and (@) /4«71 (Gg) be finite. To see this, first
note that the orbit map o factors as follows:

G LN M
\ /!
G/G,

Note also that, for any connected subgroup H <= G, m (G/H) ~m (G) /j.m1 (H),
which is easily seen via the long exact sequence of homotopy groups for the bundle
H — G — G/H. Thus, under the stated condition, o, (71 (G)) is finite.

‘We summarize this discussion in

Corollary 4.2. Let G, M, T, o, s, and q be as in Lemma 4.1 except that 7 = T
need not be a surjection. Suppose o, (11 (Q)) is finite, which is satisfied if any one
of the following four conditions holds:

(1) G is semisimple;
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(2) Z(m) is finite;

(3) M€ £ &;

(4) there exists a € M such that its isotropy subgroup G, < G is connected
and 71 (G) /j«m1 (Ga) is finite.

Then there exists a map
¢:H*(IQ) — H™ (M/G;Q)
making the following diagram commute:

H* (T;Q) £ H*(M/G;Q)
BN /q
H* (M;Q)

Proof. When © 25 T is a surjection, this result follows from Lemma 4.1 once
H* (T;Q) and H* (Tp; Q) are identified via the isomorphism p*.

When 7 25 T' is not a surjection, s, can be canonically factored into 2 Ims, <5
I, a surjection followed by an inclusion. As s is a surjection, we may apply the

above result to obtain a map ¢’ making the following diagram commute:

B (Ims,;Q) 2 HY(M/G;Q)
(s")"\ 'y
H* (M;Q)

We can then forge another commutative diagram:

Q) 25 HY(M/GQ)
i | ) g
H* (Im s*; Q) (S—)> H* (M;Q)

Letting ¢ = ¢'i*, we have ¢*p = (s')"i* = (is’)" = s*, as desired. O

We also mention that if M £ K (m,1) factors through M/G, then certainly a
three-term diagram like the one in Corollary 4.2 (with I' = 7 and s = f) commutes.
See [I1] for a discussion of conditions that guarantee this.

Lemma 4.1 is stated under the assumption that the G-action on M is effective.
However, we can allow the action G — Diff (M) to have a nontrivial but finite
kernel. Such an action is said to be almost effective.

Corollary 4.3. If the G-action is almost effective, then the conclusion of Lemma
4.1 still holds.

Proof. For convenience, let N = ker (G — Diff (M)) and G’ = G/N. Then N —

G % @' is a covering space of finite degree and hence m; (G”) /p.m1 (G) is finite.
As we now have two actions on M, one being the almost effective G-action, and,
the other the effective G’-action, we let 'y (G) and Ty (G’) denote respectively
T'/s.0. (m1 (G)) and T'/s.0, (71 (G")), where o/ : G' — M is the G’-orbit. Let
p T — Ty (G) be the quotient map, and let h and h’ abbreviate respectively s,o0.
and s.0,. Note that o = o'p; hence, h = h/p,.
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Since G’ acts effectively on M and M/G = M/G’, there is a map ¢ making the
following diagram commute:

H (T (@);Q) -5+ H* (M/G;Q)
L") la

Q) —  HY(M;Q)
For our result, it suffices to prove that

H* (T (G);Q) = H* (T (G¢); Q).
We show this by showing that Ty (G’) is a quotient of Ty (G) by a finite subgroup.

We first note that

N I (G)
- W (m (@) /h(m (G))
This is simply a consequence of the definitions of the groups involved and the
relevant isomorphism theorem in group theory. We next note that, since p,m (G)
has finite index in m (G'), h/ps (m1 (G)) (which equals h (7 (G))) also has finite
index in &’ (71 (G")), and hence, b’ (71 (G")) /h (71 (G)) is a finite (central) subgroup
of Ty (G), as desired. O

Iy (G")

Remark 4.4. Suppose G is semisimple and G — Diff (M) is a nontrivial G-action.
Then, for some semisimple Lie group G’, M admits an effective G’-action
canonically induced by the given G-action: simply let G’ = G/N, where N =
ker (G — Diff (M)). As G has no nontrivial connected abelian normal subgroups,
neither does G’ and hence G’ is semisimple.

Suppose S C G is a circle subgroup acting nontrivially on M. S N N must be
finite; hence, S’, the image of S in G’, is also a circle subgroup, and MS = MS.

We will need this observation in some later results.

4.1.2. G-actions on aspherical manifolds and “the like”. Suppose M™ is such that
f« [M™] #0 € Hy, (7;Q). In light of the above discussion, we can gain insight into
what Lie group actions M can admit. We first mention two earlier results.

[4] shows that, if M is aspherical, then the only Lie groups acting effectively
on M are tori with dimensions bounded above by rank Z (7) (“Z” signifying “the
center of”), and such effective torus-actions must be fixed-point-free and have only
finite isotropy subgroups. [12] shows that, if there exist wq, -+ ,w,, € H' (M) such
that J[;w;[M™] # 0, then the only Lie groups acting effectively on M are tori.

Note that weaker than the hypotheses of both of the above results is the condition
that f. [M] # 0; thus, generalizing them is the next theorem, part (1) of which is
observed by [3] and implies the other parts in a way similar to the development of
[].

Theorem 4.5. Let M™ be a manifold satisfying f. [M] # 0 € Hp, (m;Q).

(1) If S* acts nontrivially on M and o : S* — M is the orbit of the basepoint
mn M, then o, : m (Sl) — T 1S an injection.

(2) If G is semisimple, then G cannot act nontrivially on M.

(3) If G acts effectively on M, then G is a torus whose dimension is no greater

than the rank of Z(w). Hence, if ™ has finite center, then all compact
subgroups of Diff (M) are finite.
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(4) If G acts nontrivially on M, then, for some g € G, M9 = & and hence
X (M) and all Pontrjagin numbers of M vanish. If, in addition, H' (M) =
{0} then (P-C)[M]=0.

(5) If a torus T acts effectively on M, then all isotropy subgroups are finite.

Proof. Suppose S* 2 Diff (M) is a nontrivial action. Then kery C S* is finite, and
Corollary 4.3 applies. If o, (71'1 (S 1)) were finite, then Corollary 4.2 would give the
following commutative diagram:

H™ (7:Q) = H™ (M/S";Q)
I N 7 q
H™(M™;Q)
As the action is nontrivial, dim M/S* = m — 1; hence, H™ (M/S*; Q) = {0}. But
by hypothesis,
0#f :H™ (m;Q) — H™ (M;Q).

This contradiction shows that o, (7r1 (Sl)) must be infinite; as m (Sl) ~ 7, o0, i8
injective. This proves (1).

Notation. In the remainder of the proof, whenever G acts nontrivially on M, let
S C G be some circle subgroup of G that also acts nontrivially on M.
For (2), suppose the contrary. Let o : S — M be the S-orbit of the basepoint

in M. Then o factors into S — G % M, o being the G-orbit map. As m (G) is
finite, o, (71 (S)) must also be finite, contradicting (1).
(3) follows from (2) and the structure of a compact connected Lie group G:

N
G~ (T < I H) /C
i=1
where T is a torus, H; are simple Lie groups, and C is a finite central subgroup of
the product. Suppose G 2, Diff (M) is an effective action. If G is not toral, then,
each H; would act nontrivially on M via

Hj — (TXHHZ) . ¢ . Diff (M),

contradicting (2). Hence, G = T™. To see that n < rank Z (7), we let 0 : T — M
be the T"-orbit and show that o, : m (T™) — = is injective, which will yield
the desired inequality. We simply note that a nontrivial element in ker o, can be
realized as a nontrivial Lie group homomorphism S* % T™, which gives rise to a

nontrivial S'-action on M via S % T 2L Diff (M). o« is then the S'-orbit. But

(oc), [Idg1] = 0. [@] = 0 by the choice of a.. Hence, m; (S') ©®); + is then trivial,

contradicting (1).

For (4), let g € S be a topological generator of S. Then, M® = M9. If M® # @,
by picking a fixed point as the basepoint, the orbit map S — M is constant,
contradicting (1). The vanishing of the Euler characteristic and Pontrjagin numbers
follows readily. With the condition that H! (M) = {0}, Theorem 3.11 implies the
vanishing of (P - C) [M].

(5) also follows from (1). For a € M, let T, be the isotropy subgroup of a. If
T, were infinite, then its identity component would contain a circle group acting
effectively on M fixing a, contradicting (1). O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



OBSTRUCTIONS TO CERTAIN LIE GROUP ACTIONS 3963
A similar argument would show

Proposition 4.6. Suppose M is a manifold with an effective G-action having only
finite isotropy groups. Let

d = max {j|0 # f*: H (m;Q) — H’ (M;Q)}.
If either G is semisimple or Z () is finite, then dim G < dim M — d.

Proof. When G acts on M with finite isotropy groups, M /G is a rational homology
manifold with dim M/G = dim M — dim G. As either G is semisimple or Z (7) is
finite, Corollary 4.2 applies. If dim G > dim M — d, then H? (M/G;Q) = {0} and
hence 0 = f* : H? (m;Q) — H% (M;Q), which is contrary to the hypothesis. O

4.2. Higher vanishing theorems. We now turn to the main results of the present
section.

First we introduce a lemma implicit in [3].

A G-submanifold K in a G-manifold M is said to be transverse if K meets M
transversally for every closed subgroup H C G.

Lemma 4.7 ([3]). Let M be a G-manifold. For each nonzero
y € Im (H' (M/G) — H' (M/G;Q)),

there exists an l-codimensional framed transverse G-submanifold ¢ : K, — M such
that ¢* (y) ~ [M] = v« [Ky] where ¢ : M — M/G is the quotient map.

We are now ready to state the main results.

Theorem 4.8. Suppose M™ admits a nontrivial action by a semisimple Lie group
G such that there exists a circle subgroup S C G with M° = MSY. Let x €
H™2"(1;Q) be a nonzero class such that

¢ (z) € Im (H™™*" (M/G) — H™*" (M/G;Q))
where
o H" M (mQ) — H™ " (M/G; Q)
is as in Corollary 4.2. Then, (f*(z)-P-C)[M] can be determined in terms of
KS

e(x) g
K,y ts as in Lemma 4.7.

< K () and the S-action on the normal bundle of Kg(z) — Ky (z), where

Proof. By Remark 4.4, we may assume that the action is effective; by Remark 3.2
and Corollary 4.3, we may assume that G is simply connected.

Ifn=0,1ie.,ifz € H™(m;Q), then, by Theorem 4.5(2), f*(z)[M] = = (f. [M]) =
0. So assume n > 0.

Since K ;) < M is a submanifold with trivial normal bundle, we identify +* (p;)
with p; (Kw(x)). With this in mind and using Corollary 4.2 and Lemma 4.7, we
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compute:
(4.1) fr(@) - P(prs- -+ Pimyay) - C) [M]
= (¢"¢(z) - P-C)[M]
(P-C)(q"¢ (z) ~ [M])
= (P O)tu [Kp(w)]

= (P (" (p1) s " (Ppmyay)) - (O)) [Kow)]
= (P (01 (Ko@) Pimya) (Ko@) -0 (O)) [Kpa)] -

Since Ky (y) is a G-submanifold of M and M?® = M%, we have K°

= KG
()
Applying Theorem 3.6 to K ;) yields the desired result.

p(z)
O

Corollary 4.9. If M™ admits an action by a semisimple Lie group G such that,
for some g € G, M9 = @, then (f* (z)- P-C)[M]=0.

Proof. Just as in the proof of Corollary 3.7, we may assume, without any loss, that
g generates a circle subgroup S C G. Hence, M = @ = M%. Applying Theorem
4.8 yields the desired conclusion. O

In the following, for an S'-manifold M, let o : S' — M be the orbit of the
basepoint and o, : 71 (Sl) — 71 (M) the induced map.

Theorem 4.10. Let M™ be a fized-point-free S*-manifold and x € H*(7; Q).
(1) Suppose Imo, is finite. Then (f*(x)- P)[M] = 0; if, in addition, H* (M)
= {0}, then (f*(z)-P-C)[M]=0.
(2) Suppose, for some semisimple Lie group G, the S'-action extends to a G-
action, then (f*(z)-P-C)[M]=0.

Proof. As noted earlier, under the hypotheses of both parts of the theorem, for
x € H™(m;Q), f*(x)[M] = z(f.[M]) = 0 by Theorem 4.5(2). So assume x €
H™2"(1; Q) with n > 0; also assume without loss of generality that x satisfies the
condition in Theorem 4.8.

A nontrivial action S — Diff (M) always has a finite kernel, making Corollary
4.3 applicable; finiteness of Im o, makes Corollary 4.2 applicable. A computation
similar to that in (4.1) yields

{f*(x)- P (p1,-- ,pimya) } [M]
={ge(@) P (pr.  ppmya) } [M]
=P (pr (Ko@) s+ s Pimsa) (Ko@) [K (]
where ¢ : H™2"(7; Q) — H™2"(M/S5";Q) is as in Corollary 4.2 and K, S M

is as in Lemma 4.7. As Kg(lx) = K () ﬂMSl, Kg(lz) = J; hence Remark 3.10 shows

P(p1 (Ko@) sPim/a) (Ko)) Ko@) =0,

proving the first statement of (1).
For the second statement of (1), we note, as in (4.1),

(f*(x)- P(p1,- - s pimyay) - C) [M]
= (P (01 (Ko@) Py (Ko@) -0 (0)) [Kpa)] -
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The condition H! (M) = {0} makes Corollary 2.2 applicable. Hence, for C = [] G
where ¢; € Im (H?*(M) — H*(M;Q)), the S'-action on M admits a lifting to an
action on each complex line bundle £ (¢;), from which the bundle ¢*£ (¢;) inherits
an S'-equivariant structure. Applying the proof of Theorem 3.6 to the S'-manifold
K (s yields the result.

©
(2) is immediate from Corollary 4.9. O

When Im o, is infinite, we may resort to the next theorem, which can be shown
using Lemma 4.1 and following the proof of the last theorem.

Theorem 4.11. Suppose M is a fized-point-free S*-manifold. Let 7' = 7/Imo,,
let p: m — @' be the quotient map, and lety € H*(7';Q). Then, (f*p*(y) - P) [M] =
0; if, in addition, H' (M) = {0}, then, (f*p* (y)- P-C)[M] =

5. VANISHING THEOREMS ON SPIN (G-MANIFOLDS

We study obstructions to certain G-actions on spin manifolds.

If M is a spin manifold admitting a nontrivial S*-action, then [I] shows that its
A—genus vanishes; [3] proves the vanishing of certain “higher A—genera”. If M is
a spin manifold admitting a spin-structure-preserving action by a semisimple Lie
group G, then, as a consequence of [3]’s result, all “higher A—genera” vanish; similar
vanishing theorems hold for finer invariants with values in K-theory, such as A and
G-A; see [9] and [11] for details.

In this section, we show some similar results.

As before, let m = m (M), let f: M — K (m, 1) classify the universal cover of
M, let x € H* (m;Q), and let C be an element of the subalgebra of H* (M;Q)
generated by H? (M;Q).

Theorem 5.1. Let G be a semisimple Lie group acting on a spin manifold M>".
Suppose there exists a circle subgroup S C G acting nontrivially on M with every

component of M* containing a point of M. Then (A(M) . C) [M] = 0.

Proof. By Remark 3.2, we assume, without loss of generality, that G is simply
connected, and G acts isometrically on M. As G is now assumed to be simply
connected, the G-action necessarily preserves the spin structure on M.
In the following, we adopt the same notation as in the proof of Theorem 3.1.
Let ¢ € Im (H? (M) — H?(M;Q)). By the G-spin Theorem 2.8, for z a topo-
logical generator of S,

Sping (M; £ (0)) (2)
= Sping (M; £ (¢)) (=)

_ MO S Zhem o (®) 5
Z opztve A (M] ,};[le_[ll—ze_x”(k) [M7],

Sping (M; L (¢)) (z) € R(S); it is thus a Laurent polynomial w (z). As explained
in the proof of Theorem 3.1, [, = 0. Therefore, by the above formula, w (0) =0 =
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w (00). Hence, w(z) =0 for all z € C. By Theorem 2.9,
0=w(l)
=2 (ch (£ () A (M) [M]
—on (ec A (M)) [M].

It follows then, just as in the proof of Theorem 3.1, that (A(M) . cd> [M] = 0.
Using Lemma 3.4 yields the desired result. U

Using techniques of §4, this result can be modified to produce an obstruction
from the fundamental group.

Theorem 5.2. Let G be a semisimple Lie group acting on a spin manifold M™.
Suppose there exists a circle subgroup S C G acting nontrivially on M with M =

ME. Then, (f*(m)-A(M)-C) [M] = 0.

Proof. Let x € H™ 2"(m;Q). If n = 0, then, by Theorem 4.5(2), f*(z)[M] =
x (fx [M]) = 0. So assume n > 0. Also assume, without loss of generality, that x
satisfies the condition in Theorem 4.8. As in (4.1),

= (AKo) - (O)) [Kpiw]
Since K ;) has trivial normal bundle in a spin manifold M, K, is also a spin
manifold; as K ;) is a transverse G-submanifold, the S-action on it is nontrivial.
Hence, Theorem 5.1, applied to K (), yields the result. (I
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