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ON THE CAUCHY PROBLEM
OF DEGENERATE HYPERBOLIC EQUATIONS

QING HAN, JIA-XING HONG, AND CHANG-SHOU LIN

ABSTRACT. In this paper, we study a class of degenerate hyperbolic equations
and prove the existence of smooth solutions for Cauchy problems. The exis-
tence result is based on a priori estimates of Sobolev norms of solutions. Such
estimates illustrate a loss of derivatives because of the degeneracy.

1. INTRODUCTION

It is well known that the Cauchy problem is well posed for strictly hyperbolic
equations. The situation is complicated for degenerate hyperbolic equations. In [2],
Colombini and Spagnolo constructed a degenerate hyperbolic equation such that
the Cauchy problem is not well posed. The equation has a simple form

Opw — a(t)0z,w =0 in R x (0,7),

where a(t) is a nonnegative function in (0, 7). In fact, solutions do not exist for some
smooth Cauchy data even in the distribution sense. Such an example clearly shows
that certain conditions are needed for the well-posedness of the Cauchy problem for
degenerate hyperbolic equations. So far, the conditions are imposed on the finite
degree of the degeneracy. It is proved that the Cauchy problem is well posed for the
effectively hyperbolic equations. For details and references, see [I0]. Roughly speak-
ing, the effective hyperbolicity means the degeneracy occurs with degree two. In
[1], Colombini, Ishida and Orri studied degenerate hyperbolic equations with coeffi-
cients depending only on time. They showed that the Cauchy problem is well posed
for the finite degeneracy. When coefficients also depend on the space variables, it
is not known whether the finite degeneracy is sufficient for the well-posedness. In
[3], D’Ancona and Trebeschi studied degenerate hyperbolic equations with analytic
leading coefficients. In []], Ishida and Odai studied degenerate hyperbolic equations
with explicit expressions for the degeneracy and proved the well-posedness. For the
discussion on the infinite degeneracy, see [9]. Both of [8] and [9] are devoted to the
study in the Gevrey class.

In the present paper, we shall study the Cauchy problem for the following hy-
perbolic equation in R™ x (0,7T):

n n

(1.1) Opw — K(z,1t) Z a;j(z,t)0iw — Zbi(x, t)ow — c(z, t)w = f,

ij=1 i=1
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4022 QING HAN, JIA-XING HONG, AND CHANG-SHOU LIN

where (a;;) is positive definite and K > 0 in R™ x (0,7"). This is a degenerate
hyperbolic equation since K is allowed to vanish. We shall assume

(1.2) A < (a;;) <AI inR™ x [0, 7],
and fori=1,---,n
(1.3) Ib;] < CVEK, inR"x][0,T],

for some positive constants A\, A and C. The condition ([3]) is referred to as the
Levi condition.

We shall impose the following condition on K: The set R™ x (0,T) can be de-
composed into finitely many domains such that the boundaries of those domains
are uniformly space-like surfaces (in the sense we will describe) and that 0, K has
a fized sign in each domain. To be specific, we suppose R" x (0,7") has the finite
decomposition

(1.4) R"™ % (0,T) = |_Ju,
l

such that 0; K has a fixed sign in ; for each [, i.e.,
(1.5) K >0or <0in .

For each [, we assume (; is defined as a region bounded by two graphs over a
domain in R”, i.e.,

(1.6) Y ={(z,t); xe Dy, t; (x) <t < t;r(x)},

for some domain D; C R™ with a piecewise smooth boundary and for some piecewise
smooth functions ¢t = tli(:c) with

0<t (z) <t/ (z) <T forxz € Dy,
t; (v) =t (z) for x € OD;.

We let Zli be the two surfaces over D; defined by ¢t = tli(x) We also assume that
for some positive constants 79, 71 and 7, there hold for any [
(1.8) |Outi| <o on B,

and

(1.7)

1 n
1-— (K Z aijaiﬁtajt?:)%

ms ——
NAERRE ig=1
(1.9)
1 n
< —m 1+ (K Z a”(f?,tfajtli)% S 2 on E?:

B \/J1+ |8w1flj[|2 ij=1

Note that, with (L8], (LI) always holds if K is small. It is easy to see by (L9)
that 3 is space-like uniformly for (II). The finiteness in the decomposition ()
can be relaxed. See section 5 for the discussion.

We need to emphasize that we do not require K to vanish up to finite orders. In
other words, the equation (II]) may be infinitely degenerated.

Now we illustrate the decomposition ([4]) with (L6l)-(7) by some figures for
n = 1. In Figure 1, the decomposition clearly satisfies (L8)-(I1). In Figure 2, +
and — indicate the sign for 9; K. Clearly, the region {0; K < 0} does not satisfy
([CO)-([CT). However, by adding an extra ray parallel to the horizontal axis, the
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DEGENERATE HYPERBOLIC EQUATIONS 4023

new decomposition satisfies (L6)-([L7), as shown in Figure 3. As we can easily see,
the constant function for ¢ always satisfies (IL8) and (L9)). Hence the newly added
boundary in Figure 3 satisfies all the hypotheses imposed on the decomposition.
(We shall discuss more on the horizontal boundaries later.)

Q, Q, Q,

QS Q4 Qs

FIGURE 1. A decomposition that satisfies (I6))- (7).

FIGURE 2. A decomposition that does not satisty (L.0)-(L71).

Q

1

Q,

FIGURE 3. The new decomposition satisfies (IL6])-(L7).

The main result is the following. Here we denote by H°° the set of smooth
functions with bounded H®-norms for any positive integer s.

Theorem 1.1. Let (L2)-(L3) be assumed and let a;;,b;,c, K be H* in R" x [0, T].
Then for any H™ functions wo,wo in R™ and f in R™ x [0,T], there is an H™
solution w of equation (1)) with the condition

’LU(iU,O) :U}()(x), aﬂl)(f,o) :’li}o(f)
Moreover, there exists a positive constant N, depending only on the decomposition
in (4], such that the following estimate holds for any integer s > 1:

(1.10) lwlls < e (llwolls+ i1 + [[@ollsen + [ Flls+n)

where the positive constant cs depends only on s, X\, A, T, C**N -norms of aij, bi,
¢ and K, and the decomposition in (L4).
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4024 QING HAN, JIA-XING HONG, AND CHANG-SHOU LIN

By the property of the propagation at finite speed of solutions to hyperbolic
equations, Theorem [[T] implies that the Cauchy problem of (II]) always admits a
smooth solution provided that wg and wg are smooth.

As ([[CI0) shows, there is a loss of derivatives in the solution. This is due to the
degeneracy of the hyperbolic equation. The loss is related to how many times 0; K
changes its sign. The integer N will be specified in section 5. In both Figure 1 and
Figure 3, N = 2.

In the special case when K does not depend on the spatial variables, i.e., K =
K(t), (LA)-(T9) are reduced to the following requirement:

0K changes its sign finitely many times in (0,7).

Specifically, we require for some integer N
N

0, 7] = U[t;7tlJr]7
1=0
K >0o0r <0in [tl_,t?'] for each [,

where 0 = ty < th =ty , < - < ty < tg = T. This is because in the
decomposition (I.4]), we have instead of (L.0))

Q =R"x (t;,t]),

and hence its boundary is given by constant functions. Therefore, (I8) and (L9)
are automatically satisfied.

Corollary 1.2. Let (L2)-L3) be assumed, and let a;;,b;,c be H> in R™ x [0,T]
and K = K(t) be H* in [0,T]. Suppose O, K changes its sign N times in (0,T).
Then for any H* functions wy, Wy in R™ and f in R™ x (0,T), there is an H*
solution w of equation ([LI)) with the condition

w(z,0) = wo(z), Ow(x,0)=wo(x).
Moreover, there holds for any integer s > 1

[lwlls < s ([lwolls+n+1 + l|@olls+n + [[flls+5)

where the positive constant cs depends only on s, N, X\, A, T and C**" -norms of
aij, by ¢ and K.

Note the integer N has a simple characterization in Corollary

Now we describe the method of proof. An essential step is to transform the
hyperbolic equation to a special symmetric hyperbolic system. The symmetry is
important in the discussion in the differential system, as shown in [4] and [5]. In
fact, the method of transform is due to Friedrichs in [5]. The new differential system
has a special feature that the expression 0; K appears in a significant position. Such
a system allows us to treat the cases 9, K > 0 and 0; K < 0 separately and derive a
priori estimates when 0; K has a fixed sign. In the estimates, the loss of derivatives
occurs. With the estimates for the differential system, we can obtain estimates for
solutions of the hyperbolic equation in the region where 0; K has a fixed sign. Last,
we put all those regions together and get an estimate for the solution of the Cauchy
problem.

Our method is elementary in the sense that it is based on the standard energy
estimates. We avoid the micro local analysis, a standard technique in treating
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DEGENERATE HYPERBOLIC EQUATIONS 4025

degenerate hyperbolic equations. (See [7], [I0] and [II].) Our method can be
modified to treat the nonlinear equation

n

(111)  Opw — K(x,1) Y aij(@, 05w — b(a,t,w,dp,w) =0 in R" x (0, 7),

ij=1
where K and a;; are as before and b is a smooth function in its arguments satisfying
for any function w and any ¢ = 1,--- , n,
(1.12) |0, (-, -, w, Opw)| < c(Jw|cr1)VEK, inR™x (0,7).

To study (LII), we need more precise estimates for solutions of linear equations
and to keep track of the dependence on the coefficients. Since the loss of deriva-
tives occurs, we need to employ the Nash-Moser iteration to prove the existence of
solutions of (LTT]). In order to present the idea clearly, we shall focus on the linear
equation (LI]) and not pursue the solvability of the nonlinear equation (L.IT).

In [6], we used a similar idea to discuss the local isometric embedding of surfaces
with nonpositive Gauss curvature. There, we need to find a solution of a nonlinear
degenerate hyperbolic system in a neighborhood of the origin in (z,t) € R x R.

The paper is organized in the following way. In section 2, we shall change
the hyperbolic equation into a special symmetric hyperbolic system. Then in the
following section, we shall derive a priori estimates for solutions of this differential
system. In section 4, we shall derive a priori estimates for solutions of the hyperbolic
equation in the domain where 0; K has a fixed sign. Then in section 5, we shall put
those estimates together and derive an estimate for the Cauchy problem. With such
an estimate, we shall prove the existence of solutions of the degenerate hyperbolic
equation by the regularization.

2. DERIVATION OF AN EQUIVALENT DIFFERENTIAL SYSTEM

In this section, we shall change the hyperbolic equation to a differential system
which will play an important role in the later discussion.

We consider the equation

n n
(2.1) Oryw — k* (1) Z a;j(z,t)0;w — Z bi(z,t) 0w — c(z, t)w = f,
i,j=1 i=1

where (a;;) is positive definite and k is positive in R" x [0, T'|. Here we assume (a;;),
b;, ¢ and k? are smooth and k is Lipschitz, with

(2.2) M < (a;;) <A inR" x [0,T]
and
(2.3) 0<k<ky inR"x][0,T]
for some positive constants A < A and kg. For convenience, we write
A = (aij).
For later reference, we denote fori =1,---,n
a; = (a1, , Gin)
and
b= (b1, - ,byn).
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4026 QING HAN, JIA-XING HONG, AND CHANG-SHOU LIN

We also assume

(2.4) [b| <Ck inR" x[0,T]
for some positive constant C'.
Set
U_1 w
Uug orw
(2.5) v=|m | =|%w
Uy, Opw

This is an (n + 2)-vector. We write equation (1) as

Ou_y1 = uo,

Oyug = k2 Z aij&»uj + szul +cu_1+ f,
(2.6) i,j=1 i=1

n n
E k:Qaijﬁtuj = E k:Qaij8ju0, 1= 1, e, N,
j=1 j=1

Then we put (Z6]) into the matrix form

(2.7) AU =Y A;0,U + BU + F,
i=1
where
~ I
(28) AO = < 22 k’2A> )
3 0 0 0
(2.9) Ai=kK*l0 0 a |, i=1,---,n,
0 aiT Onxn
R 0 1 0
(2.10) B=|c O b ,
0 0 Opxn
and
F'=0© f 0 - 0).
Consider the transformation
(2.11) U=MV,
where the (n +2) x (n + 2) matrix M is given by
(2.12) M = (12X2 1 ).
Linxn

Obviously M is invertible and

— —1 _ -[2><2
(2.13) V_MU—< i ) U
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DEGENERATE HYPERBOLIC EQUATIONS 4027

Now we derive the system for V. First, we have by (Z1) and (211

MAMO,V = MAMO,V — MAy0,MV
(2.14) =t
+Y MA;0,MV + MBMV + MF.

i=1

We put the system ([Z.I4) into the form

(2.15) AV =k A0V + d;InkByV + BV + F,
1=1

where
Ay = MAgM,

kA; = MAM, i=1,---,n,
Oy InkBy = —M Ayd, M,

(2.16) .
B=> MA;0;M + MBM,
=1
F=MF.

In the coefficient matrix for V', we single out the term corresponding to d; In k since
it is not controlled. The matrix B can further be written as

(2.17) B =Y 0;kB; + Dy,
i=1

where

zn: 9;kB; = zn: MA;0; M,
=1 =1
Dy = MBM.

By a straightforward calculation, we obtain

I, 0
(2.18) Ao (0 A),
0 0 0
(2.19) A=[o o & |, i=1,--,n,
0 aiT 0n><n
_ (02
(2.20) By = ( A> :
0 0 0
B,=—10 0 a|, ¢1=1,---,n,
O (nt2)
0 1 0
DO =|c 0 %b y
0n><(n+2)
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and
(2.21) F'=(0 f 0 -+ 0).

Note that the matrices Ag, A1, -+, A,, Bo, By, -+, B, depend only on the matrix
(ai;), independent of k, and the matrix Dy depends only on b;, ¢ and k.
For future reference, we derive the differential system for

v

(2.22) W=

A direct calculation yields

AW =k > A0;W — 9, Ink(Ag — Bo)W

(2.23) = .
- (;aimi +B> W
Next we state some properties of the coefficient matrices for (ZI5) and (Z23]).
Lemma 2.1. The matrices Ag, A1, -+, A, are symmetric in R™ x [0,T].
Proof. This is obvious by ([2I8) and 2I9). O
Lemma 2.2. The matrices By and Ag — By are semi-positive definite.
Proof. This is obvious by 2I8)) and 220). O

Lemma 2.3. If k is Lipschitz, then there holds

(224) |B|Loo <C <]. + \aij|Loo + ‘C|Loo + ’—

i)
LW?

k

where C' is a positive constant depending only on the Lipschitz norms of k. More-
over, for any (n + 2)-vector Z with ZT = (21, 29,0, -+ ,0), there holds

(2.25) BZ = (z3,¢2,0,---,0).

Proof. By (2I7) and the expressions for By,--- , B, and Dy, [224) follows easily.
For ([2228]), we note that the first two columns in the matrices By, - - -, B, are zero.
Hence we have BZ = Dy Z, which yields (2.25]). O

We also need the following relation between V' and (w, dw).
Lemma 2.4. There holds
(2.26) V|2 = Jw|? + |0sw]? + k2|0,w]?.
Proof. This follows easily by (2I3]). d

Next, we prove a result concerning the matrices Ag, Ay, -+, Ay.
Lemma 2.5. For any n1,--- ,nn € R, if

1—k( Z aijr]mj)% > 0,
ij=1

then the (n + 2) x (n + 2) matriz

(2'27) AO - kznzAz
i=1

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



DEGENERATE HYPERBOLIC EQUATIONS 4029

is positive definite. Moreover, there holds
1 1
1L =k(Y " agmm;)?) sz < Ao — kY midi < ca(L+ k(Y agnim;)?) nsa,
i,j=1 i=1 ij=1
where ¢1 and co are two positive constants depending only on A and A.

Proof. Tt is not difficult to calculate the characteristic polynomial of the matrix
in (Z2Z17). However, it is difficult to analyze the roots of this polynomial, even if
A = (ai;) is diagonal. So we shall change the matrix in (Z27)) to one which is easy
to analyze. Consider a positive definite square root v/ Ay of the matrix Ay and set

P1
(VAy) ™ = :
Pn
Then we write
Ag— kY midi =4 <I — kY mi(VAo) T Ay A0)1> V Ao.
i=1 i=1

Since the eigenvalues of /Ay are between min{1, v/A} and max{1,/A}, it suffices
to calculate the eigenvalues of the matrix

(2.28) T=kY (v Ao) ™ Ailv/Ao) ™

A straightforward calculation shows

0 0 0 0
0 0 apr -+ aPn
(VAg) rAi(Ag) Tt = |V aP1 . di=1,--,n.

P Onxn
0 ai'Pn

Setting

(229) d] :kznlalpb ,7: 17 3 Ty

i=1

then the matrix in ([Z.28) can be expressed as

1 0 0 . 0
0 1 —d; —d,
0 —d;

: Tuxn
0 —d,

Its characteristic polynomial is given by

A =D"((A =17 =>4 ).
j=1
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and hence its eigenvalues are given by

1= 1d1)7, 1,1 (n times), 14 () 1d;[*)7.
j=1

j=1

By ([229), we can verify
n n
MoldiP =k aimin.
j=1 ij=1
This finishes the proof. O

In the rest of the section, we shall consider the equations of the z-derivatives of
w. Fix an integer s > 1. For any multi-index v € Z7} with |y| = s, apply 07 = 0]
to both sides of 21 to get

0 w—k> Z a;;0;;0"w — Z bi(x,1)0;07w — cd"w

ij=1 i=1

(2:30) 2D DD DR Ll

Li=1n+n'=y, [n|=1,2

—Zn: oo oo = f,

=1 ntn'=y, |n|=1

where
=0 Y0 M(KPay)d et
(2.31) n+n'=y, [n|>3 , /
+ ) o et Y 970w
n+n'=y, In|>2 n+n'=y, In|>1
Here f, is the linear combination of 8" f, w, d,w, - - - , 03~ 1w with coefficients given

by 1, kgaij, b;, c and their derivatives up to order s. Note that the fifth and sixth
terms in the left side of (Z30) consist of z-derivatives of w of the order s and s+ 1
and may not be written as a linear combination of 97w and 9;0"w, i = 1,--- ,n,
for the fixed 7. Hence we need to consider all v with |y| = s.

Let Wy be the column vector with entries given by all z-derivatives of w of the
order s, i.e.,

Wl = (05w 0§ '0w -+ 0O3w).

This is a vector of m components for some positive integer m = m(s). Now we
form a huge differential system by putting together the equations corresponding to
all v with |y| = s in (230). We can write this system in the form

(2.32) OWe — k> Y a;j05;Ws = BoidiW, — CW, = F,
ij=1 i=1

where By, -+, Bsp, Cs are m X m matrices satisfying

(2.33) |Bsi| < Ck,

and F; is an m-vector given by

(2.34) Fl = (fs00)  Js=1,1,00-.0) “*+ J(0, 0,5)) -
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DEGENERATE HYPERBOLIC EQUATIONS 4031

Now introduce

Uty W,

U W,
(2.35) ve = |07 | = [ AW

U 0n W,

This is an m(n + 2)-vector. Then U(®) satisfies
atUisl) _ UéS),

o =1 3" a0 U + 3 Bl 4 C.U 4 F
4,j=1 i=1
Zk2aijatU](S) = Zk2a”ajUés)7 1 = 1’ , 1.
j=1 j=1
This is a system of m(n + 2) equations. Compare (236) with (ZG). The matrix

form of ([2.30)) is

(2.36)

n

(2.37) APoUS =3 AP, + By U + F,
i=1
where /L(-S), 1=0,---,n, and B(S) are some m(n + 2) x m(n+ 2) matrices and F(S)
is an m(n + 2)-vector given by
0
- F;
Fio) =
0

The matrix fil(s), 1=0,1,---,n, in (Z37) is obtained as follows. In A; = (al;) in
23) and 29), we replace each scalar entry a}; by al; I xm to get an m(n + 2) x
m(n + 2) matrix Al(s). We should do the same thing for M in 2I2), 4; in [2I1])
and (ZI9) and By in Z20) to get M) and AES), i=20,1,---,n, and Bés). Now
we introduce

(2.38) U = pMEve,

Then by a similar calculation, we find that V() satisfies

(239)  APaVE) =k AP0V + 0, mkBPIVE) + By VE) 4+ FE),

i=1
where B, is some m(n + 2) x m(n + 2) matrix and

0
Fy

(2.40) FO =0
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Note that AS) A1 ... A% are symmetric and that B(* and AY) — B{* are
semi-positive definite. Hence A((JS), A:(ls), o, AY) and B((JS) satisfy Lemma 211 and
Lemma 2.2l Moreover, the matrix By, satisfies the obviously-modified Lemma 2.3l
Appropriate forms of Lemma [2.4] and also hold in the present setting.

3. A PRIORI ESTIMATES FOR THE DIFFERENTIAL SYSTEM
IN A SPECIAL DOMAIN

In this section, we shall establish a priori estimates for solutions of the differential
system derived in the previous section.
We consider the differential system for an m-vector V in R™ x (0,7")

(3.1) AgdV — kY A0V = 0, InkByV + BV + F,
i=1
where k is a Lipschitz function with 0 < k < ko in R" x (0,7") and Ag, A1, -+, An,
By, B are m x m function-valued matrices in R" x (0,7) with A; € Lip, i =
0,1,--- ,n, and By, B € L*. Moreover, we assume
(3.2) Ag, Ay, -+, A, are symmetric
and
(3.3) By and Ay — By are semi-positive definite in R™ x (0, 7).

Let D C R” be a domain with a piecewise smooth boundary. Here D may be
unbounded. Let ¥4 be two surfaces over D defined by piecewise smooth functions
t = tu(z) with

0<t_(z)<ti(z)<TforxeD,
(34) t_(x) =ty (z) for x € OD,
and
(3.5) |0t+(x)| <o for z € D,
for some positive constant 7. Set
(3.6) Q={(z,t); €D, t_(z) <t <ty(x)}

Throughout the section, we always assume X4 is space-like, i.e.,
n
Ag—k Z O;t+A; s positive definite on Y.

=1
Moreover, we assume

1 n
3.7 1< ———— | Ay — k& 81t Az < I on % s
(3.7) mi> T \Vti|2 ( 0 ; + > 2 +

for some positive constants 7, and 7.
In the following two results, we always assume V is identically zero for large |z|
if D is unbounded.

Lemma 3.1. Let (32)-B) be assumed and let V € C1(Q) be a solution of [B.1).
If 0k < 0 in Q, then there holds for any pu > o
e MV |2 +/ e_”tFZ} ,
Q

(3.8) / e_”t\V\2+/e_“t|V|2 <CO{/
s, Q s
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where po and ¢y are positive constants depending only on m, n2, |B|pee, |k|Lip and
‘Ai|LiP’ 1= 07 ]-a e, N

Proof. Taking the inner product of 2 #*V and both sides of ([B1]) for u > 0 and
integrating by parts over the domain €2, we get

1 n
e MVT [ Ay —k Oty A; |V
s VIFIVEE ( 2 )

—|—u/ ef“t|V|2—/ e "9, InkVT ByV
Q Q

1 n
= YT [ Ay —k Oit_A; |V
/2_ VIFIVE_P < ’ ; >
+/ oty T (23 + 04 Ay — Z&(kAi)> vV + 2/ ety TR
Q Q

i=1
In view of the hypothesis 9;k < 0, the third term in the left-hand side of (B9 is
nonnegative. Moreover, the second term in the right-hand side of ([3.9)) is controlled

by
C/ e MV 2.
Q

By noting the definition of n; and 72 in 1), we obtain

m [ e e [ R s [ ey
oy Q b

(3.9)

+06/e’”t|V|2+/e*“t\F\2,
Q Q

where ¢ is a positive constant independent of p. Thus ([B.8]) is proved by choosing
w sufficiently large. O

Lemma 3.2. Let B2)-B1) be assumed and let V € C1(Q) be a solution of BI).
If 0tk > 0 in Q, then there holds for any p > g

\%4 \%4 \% F
(3.10 / e_“t|—2+/e_“t—2§co / e_“t—z—l—/e_“t|—|2 ,
) . | A =] . =] A .

where o and co are positive constants depending only on m, n2, |B|pe~, |k|Lip and
‘Ai|L7ﬁp7 1= 07 1a s, N

Proof. By Bl), W = V/k satisfies the differential system

n n F
(3.11) AW =k A0;W — 8 Ink(Ag — Bo)W + | > 0ikA; + B | W + —.

i=1 i=1 &
Then we may proceed as in the proof of Lemma Bl to get (BI0). We omit the
details. (]

Remark. For later application, we shall take a fixed g > pg. In the present paper,
we only treat the case in which T is finite. In this case, it is not necessary to have
e~# present in the integrals later on. We only need to require that ¢y depends on
T additionally. However, if T is infinite, it is essential to have e ! present in all
the integrals.
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4. A PRIORI ESTIMATES FOR THE HYPERBOLIC EQUATION
IN A SPECIAL DOMAIN

In this section, we shall derive estimates for solutions of ([ZI)) in a special domain
introduced in section 3.

Throughout the section, we assume D C R™ and Q C R™ x (0,T) are given in
BA4)-B8). We consider the equation

n

(4.1)  Opw — k?(x, 1) Z a;j(z,t)0iw — Z bi(z,t)0w — c(x,t)w = f in .
ij=1

i=1

We also assume a;;, b;,c and k satisfy (2.2), 23) and (24). Furthermore, we

assume
me< LK) aydtiopte)’
1> ————— - ig Uil U0+
\/1+|8xti‘2 i1 ’ !
(4.2)

1 n
1 —+ k( Z aijaitiajti)% S 2 on Eli,

< -
14+ |0t+]? =1

for some positive constants 7; and 7.
We always assume the solution w is zero for large |z| if D is unbounded.
For any function w, we set
a:cw = (8111)7 e ,8n’UJ),
ow = (8tw, 81w, e ,8nw),

and similar expressions for higher order derivatives. We also set for s > 1

wlf =Y 107w,

[vI<s

[wlto. = D 103wl

[vI<s

We adopt similar notations for vector-valued functions.

Now we derive an estimate of solutions to (£Il). The discussion in the previous
sections plays an important role. Recall that V introduced in (2.11]) satisfies (2.15).
Since the coefficient matrices in (2.10) satisfy Lemmas 211 22] and 28] then
B2), B3) and B3) hold. In particular, (371) holds by Lemma 2] (B3H) and ([@2).

We first consider a region where 0:k > 0. We compare our solutions with the
solution to a simple differential system. The difference satisfies the system studied
in the previous section.

Lemma 4.1. Let w be a C%(Q) solution to {@d). Suppose 8;k*> > 0 in Q. Then

there holds
/ wf? + / wﬁs@{ / wl + / f|%o,1>},
o Q s_ Q

where ¢q is a positive constant depending only on T, \, no, 1,2, the Lipschitz norm
of k and C*-norms of a;;,b;, c and k*.
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Proof. Consider the initial value problem
(4.3) Oiz1 —29=0, Opzo —cz1 = f in €,

Z1=w, Zg =w; ONn X_.
First we have

(4.4) /E+<|zl| + 22| >+/Q<\z1| + |2a) )sd){/z Iw\1+/Q|f\ }

for some constant ¢, depending only on the L*-norm of ¢. We obtain (£4) by
multiplying 2e7#'z; and 2e™#tz, to two equations in ([@3)) respectively for some
sufficiently large ;1 > 0 and integrating over 2 as in the proof of Lemma 3.1 We
omit the details since it is similar and easier. Now we differentiate ([£3]) with respect
to xx, Kk =1,--- ,n, and consider the system satisfied by Jpz1 and Jpzs. Similarly
we get

(4.5) /Q(|5‘m212+(9mzz|2)§cg{/z |w|§+/ﬂ(|f|2+|8xf|2)}.

We remark that, by (@1]) and ([@3]), 0z; and 9zz on X_ can be expressed by a linear
combination of w and its derivatives up to order 2 restricted on X_.
Recall that V introduced in 211)) satisfies (ZI5]). Introduce

ZT = (217'22707"' 70)

Then by (ZI5), we have

Ao (V = Z) =k > Ai0y(V — Z) + 0y InkBo(V — Z) + B(V — Z)
i=1

- (Aoatz - kZAiaiZ — 0, InkByZ — BZ — F> .

i=1

Note BoZ = 0 by (220). We also have Ay0;Z = BZ + F by ([@3), Z2I)) and
228). Hence V — Z satisfies

(46)  H(V-2)=kY_ Aidi(V—2Z)+0mkBy(V — Z)+ B(V — Z) + F,
i=1
with

F=k zn: A;0,Z.
i=1

By ([Z3), 2I3) and [{3)), V — Z satisfies on X_

0
(4.7) V-Z=k| 0
Ozw

An application of Lemma 3.2 to (L8)-(£7) in 2, with a fixed p > o, yields

V-7 V-7
/ | L |2+/ | L |2 < ¢ {/ (9Iw|2+/(|3IZ1|2—|—|(91;22|2)}.
=, Q s Q
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By Lemma 2] we have
‘V—Z‘Q_ |w—zl|2 |3tw—22
k N k k
>C (\w — 212 + |Opw — z)* + |3xw|2) .

[ ok | |w|%<c{ [ el + [z +1aaP)
oy Q s o

+/ (|21|2 + |22‘2 + ‘({9121|2 + |(9122|2) } .
Q

We finish the proof by substituting (£4) and (£5) in [@.F]). O

[ + |0w|?

This implies

(4.8)

Now we study the case when 0;k < 0. For dw, the d,w component is good and
there is a degeneracy in the 0,w component. In order to get an estimate on Jd,w,
we need information on d;w and its x derivative.

Lemma 4.2. Let w be a C3(Q) solution to {@d). Suppose 0;k*> < 0 in Q. Then

there holds
[ ok | w|%<c1{ [ owke | flﬁo,n},
oy Q 5_ Q

where ¢y s a positive constant depending only on T, \, ng, 1,12, the Lipschitz norm
of k and C*-norms of a;;,b;, ¢ and k*.

Proof. Recall that V' introduced in (217 satisfies (2.15]). By Lemma[3] for a fixed
i > po and Lemma 24 it follows that

/ (|w|2+\8tw|2+lk8xw\2)+/ (lwl* + |8yw* + [kdw[?)

{ [

This implies

wo | (i 0wP) + [ (P + 10 < o { [k [ |f|2}.

In order to get an estimate on d,w without the weight k, we have to return to the
original equation (1)) and consider its z-derivative. To this end, consider

Wi = 0w - 0Oyw)=0,w.
This is a vector of n components. Then by (Z32));, W satisfies

(lw]? + [Oew* + |kdpw|?) + /Q |f2} :

(410) attwl - k2 Z aijaijwl - ZBM@WI - 01W1 = Fl,
ij=1 i=1
where Biy,- -, By, C1 are n X n matrices satisfying
|B1;| < Ck,
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and F} is the n-vector given by

O1f + Orcw
= :
Onf + Opcw

A similar result as (@9) holds for d,w. Hence, we have

/ (|0w]? + O w]® + [kDppw]?) +/ (10w]? + |Opw|® + [kDpw]?)
Q

2y

<co {/ (|81w|2 + |ata;w|2 + |kaa:ww‘2) +/ |awf‘2 +/ |w2} :
p Q Q

We only need the estimate on d,w, i.e.,

(4.11) / |wa\2+/ |8xw2<co{/ |waﬁ+/ |8xf\2+/ |w|2}.
oy Q i Q Q

Summation of ([@II]) and the (¢o + 1)-multiple of (£9)) yields

L it + /le§<0{ [k [ (|f|2+|8xf|2)}.

This finishes the proof. (I

Remark. The results in Lemma [.]] and Lemma have similar forms. However,
they are established by totally different methods. LemmalZ.1lis proved by a straight-
forward application of Lemma For Lemma [£2] we need to apply Lemma [B.]
to the system for (w,0w) and the system for the z-derivatives of (w,dw) in order
to get the estimate on Jw itself.

Now we discuss higher-order derivatives of w. In the next result, we write |f|_; =
0.

Lemma 4.3. Let s > 1 be an integer and let w be a C*T2(Q) solution to (@I]).
Suppose 0:k* >0 or < 0 in Q. Then there holds

@ [ ks f w|§<cs{ [k [ 1R+ [ |f|§},
Sy Q > i Q

where cg s a positive constant depending only on s, T, A, ny,n1,n2, the Lipschitz
norm of k and C*-norms of a;;,b;, ¢ and k*.

Proof. We shall prove (£12) by induction. (£I12); is just LemmaIlor Lemmald.2]
Assume ([@I2); is true for all j < s and s > 1. We shall prove [@I12)s+1. As shown
in section 2, the vector d;w consisting of all the s-order x-derivatives of w satisfies
the differential system (232]). It has the same structure as ([@Il). An application of
Lemma [£T] or Lemma to (232)) in Q yields

(4.13) / 5wf? + / @t < C / o+ Y / 2, b
=y Q s Q

ly|=s
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where f, is given in (Z31)). Note that (Z31)) implies for |y| = s

[ty = 1517+ 10uf5 2 < 105£1 + (057 F12 + C D |0w]

(4.14) i=0

< |f|%0,s+1) + C|w‘?0,s)7

where C' is a positive constant depending only on C**!-norms of a;j, b;, c and k?.

Combining (£I3) and [@I4]), we have

(4.15) / 50l + / |a;w|%§c{ / 5wf? + / FBon + / |w|%o,s)}.
N Q bl Q Q

It remains to evaluate the L2-integral of 6g8;+1_jw for 2 < j < s+ 1. From
&1), it follows that

81528;71?1) = 8271 (k2aij8ijw + bzazw + CU)) + a;ilf.
In general, 858§*j+1w, j=2,---,s4+ 1, is a linear combination of
(4.16) O w, 0pw, - -+, 05w, Dyw, 0,0, w, - - -, 0, 05w,

with coefficients given by 1, kzaij, b;, c and their derivatives up to order s — 1. The
t-derivative of w in (£I8) is present for j > 3. Hence we obtain for j = 2,--- ,s+1,

01077 wl® < C (11321 + wl2 + 03wl?)

where C' is a positive constant depending only on C*~!-norms of a;j, b;, ¢ and k?.
Note that the last two terms in the right side have common terms. Then we have

s+1 s+1

S [ ool 4 3 [ otor
j=272+ j=27%

(4.17) so{ / Il / f|§1}+0{ / el / |w|§}
+o{/2+ |a;w|%+/9|a;w|%}.

Combining (£TH) and ([@IT), we get

s+1 s+1

DN LTS Y RC Ll
j=0"2+ j=07%

(4.18) <c{ / ke / e / (£ ye0) + |f|§1>}
JrC{/E |w§+/g|w§}

s+1
w2y, =Y 107057 T w]? + w2
j=0

Note that
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It follows that

/ w2, + / w2, SC{ / w25 + / T / f|§+l}
oy Q o Ty Q

We finish the proof of (AI2) 1) by the hypothesis on induction. O

(4.19)

Remark. If ¥_ C {t = 0}, then in ([IIZ) the term

/ w2,
>

can be replaced by

/2 (0 s i0) + 10002, ).

It follows by checking the proof of Lemmas E.T] and 3l This fact will be used
in the next section.

5. A PRIORI ESTIMATES FOR THE CAUCHY PROBLEM

In this section, we proceed to study a Cauchy problem, defined in (z,t) € R™ x

(0,7),

(5.1) Opw — k* (1) Z ai;(z,t)0iw — Z bi(z,t)0w — c(z, t)w = f,
ij=1 i=1

with

(5.2) w(x,0) = wo(z), dw(x,0) = we(x).

We shall derive estimates of solutions independent of inf k. We assume all solutions
have compact support in x.
We first assume that R™ x (0,7) has the following finite decomposition:

(5.3) R"™ % (0,7) = |_Ju,
l

where €); is defined as
(5.4) Y ={(z,t); x € Dy, t] (z) <t <t (z)},

for some domain D; C R™ with a piecewise smooth boundary and for some piecewise
smooth functions ¢ = ¢ (z) with

0<t (z) <tf(z)<T forxz € Dy,

5.5

(5:5) t; (z) =t (z) for x € ODy,
and

(5.6) |0t ()| < np for z € Dy,
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for some positive constant n9. We let Eli be two surfaces over D; defined by
t= tli (z). We also assume for any [

1 - )
1-— k/’( Z aijaitliajtli)?

m < ———
W14 |(9w1flj[|2 ig=1
(5.7)
1 n
< — 1+ k?( Z alj(’?ztliﬁjtli)% S 2 on 2?:,

1+ ERFE ig=1

for some positive constants 1; and ;. Last, we assume 9;k? has a fixed sign in €
for any [, i.e.,
(5.8) Otk* > or <0in Q.

Now, we rearrange {2; in the following way. Note by (5.4]) that the boundary of
each € consists of two parts E;r and ¥, , which we call the upper boundary and
the lower boundary of €2;. First, consider those €2; whose upper boundary E;r is
contained in {t =T}, i.e.,

SfC{i=T},
and label those as §29,1,€0,2,---. Set

wo =|_J 0y
!

and
+ +
oy = U Zo,z-
l
Next, for the remaining €;, consider those £2; whose upper boundary E;r is contained
in the union of {¢t = T'} and the lower boundaries of € 1,02, -, i.e.,
Sfc{t=T}uoy,
and label those as £21,1,€12,---. Set
wy = U Q0
l
and
+ +
o] = U 2171'
l
Then, consider the remaining 2; whose upper boundary Eer is contained in the
union of {¢t = T'} and the lower boundaries of Qg 1,02, -+ and Q1.1,Q12,-- -, Le,,

SFc{t=T}uo, Uoy,

and continue this process. The finiteness assumption implies that after finitely
many steps, say at the N-th step, the whole collection of {{;} will be exhausted.
In other words, we have

C =

(5.9) R x (0,T) = | Jw.

=0
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It is easy to see that

N
oo c |JofUlt=0y 1=01,--- ,N-1,
J=I+1

oy C{t=0}.

(5.10)

Note that the finiteness assumption in the decomposition (B3]) can be relaxed.
However, the finiteness in the decomposition (5.9) is essential.
In Figure 1, we have

wo = 1,
w1 = Qo U Q3 UQy,
w2 :Q5UQ6.

This implies N = 2. In Figure 3, we have
wi:Qi+17 Z:O,1,2

We also have N = 2.
In the special case when K = K(t), independent of z, and ;K changes its sign
N times in (0,7T), we then have

N
R" % (0,7) = | ),
=0

where €); is defined as
O ={(z,t); z e R", t; <t <t}

for some constants 0 =ty < t§ =ty_, < <ty <tl =T. Obviously we take
wp = Ql.
Now we go back to the general case. For any integer s > 0, define

N
w2 =3 [ Tk,
j=0"ws

We use || - ||s to denote the usual Sobolev H*-norm in R™ x (0, 7). There holds for
any s > 0
lwlls < lwllls < flwlls4n-

Lemma 5.1. For some integer s > 1, let w be a CNT+2 solution to (B.1) in
R™ x (0,T). Suppose (B3)-(B]) are satisfied. Then there holds
(5.11)

Mholl2 < o ([ (1lrin oy + 1008y + Bosv—s) do+ IIAIE )

where Cs is a positive constant independent of w and f and depending only on s,
A\, A, T, the decomposition (5.3), the Lipschitz norm of k and C**N-norms of aij,
bi, ¢ and k? in R™ x (0,T).

Proof. We fix the integer s > 1. We first claim that for j = 0,1, , NV there holds

(5.12) /Jr ‘w|§+j + |w‘§+j < s {/ |w‘§+j+1 + /+ |f‘§+j72 +/ f|§+;}7
O'j qu O'j O'j qu
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where ¢; > 1 is a positive constant independent of w and f and depending only
on s, A\, A, T, the decomposition (5.3)), the Lipschitz norm of k¥ and C**"-norms
of a;j, b, ¢ and k* in R™ x (0,7). Here we denote |f|_; = 0. In fact, for each

7=0,1,--- | N, we have
wi = J
1

and 0;k? has a fixed sign in each ;;. We simply apply Lemma L3 with s replaced
by s+ j in ©;; and then sum over [ to get (B.12).
Our goal is to take an appropriate linear combination of (5.12)),, = 0,1, --- , N,

to get rid of
/ |w|§+j+1
o; \{t=0}

J

in the right side of (512));. Note that (5.I0) implies for each j =0,1,--- ,N —1

N
/ |w\§+j+1§ Z / \w|§+j+1+/ |w|§+j+1
a; o’]-_ﬁoj' o; N{t=0}

i=j+1
(5.13) !
< [ ke[ b
i=j+1 a;ﬂa;r U;ﬁ{t:O}
Multiplying (512)o, (G12)1, -+, (I2) N respectively by 1, cs, ¢2, --+, ¢V and
summing them together, we obtain with (5.13)
(5.14)
N N N
§+j <C w2, nys + ‘f|§+j—2 + ‘f|§+j )
o )
j=0"wj {t=0} j=070; j=0"wi

for some constant C'. By the remark at the end of the previous section, we may
replace the integrand |w[2, \,; in the integral over {t = 0} by

‘w|%o,s+N+1) + |8tw|%0,s+N)'

Hence, we obtain

N

Z/ ‘w|§+j < C{ /t70(|w‘%o,s+1v+1) + |3tw|%0,s+1v))
N N

D9 NICNEES ) RTMS
j=0"7; j=0"wi

For integrals of f over J;f, we consider

t
[fl2yja(@t) < IfI24, 2(2,0) +2/0 [flsts—1(, 7)|flstj—2(z, 7)dr,
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which implies

N
/+ Fi S/ O|f|§+j72d$+2§ / | flsai—1lflssi—2
o t— — J
J i=j

7

(5.16)

N
<c / NUESTEDS / P
t=

i=j v Wi
for some constant C' > 2. By substituting (B.I0]) in (.15]), we finish the proof. O

Next we state Lemma [51]in terms of the usual Sobolev norms. In the following
result, we use ||w||s to denote the H® norm of w in R™ x (0,T") and ||w(0)||s the
H? norm of w(-,0) in ¢t = 0.

Theorem 5.2. Suppose [B.3)-B1) are satisfied. Let s > 1 be an integer and let
w be a CNT5+2 solution to (BI)-BE2) in Q, with wy € HTN* and w € H5V.
Then, there holds

(5.17) lwlls < Cs ([lw(O)[s4 41 + 0w (0) s n + (| lls+n)

where Cy is a positive constant independent of f and w and depending only on s,
A\, A, T, the decomposition ([£3), the Lipschitz norm of k and C**N-norms of a;;,
bi, ¢ and k? in R™ x (0,T).

Proof. For s > 1, we obtain by using the usual Sobolev norm in (E17])

ol < o ([ (10Bniiin + 100l + 1 ox o) do+ 171 ).
By applying the trace theorem to f, we obtain (517]). |

As (BI7) shows, there is a loss of derivatives in the solution. This is due to
the degeneracy of the hyperbolic equation. The loss is related to how many times
Ok changes its sign. The importance of Theorem 52 is that Cy in (G.I7) does not
depend on the lower bound of k.

Remark. In Lemma [BI] and Theorem [£.2] the constant Cs depends on, among
others, C**tN-norms of aij, b;, c and k? in R™ x (0,7T). In fact, we can prove that
it only depends on H**¥-norms of a;;, b;, c and k? in R™ x (0, 7)) if s is sufficiently
large, say s > n + 4. To do this, we need to employ interpolation inequalities in
the course of the proof. The improved dependence of Cy on the H**-norms of
coefficients is important in the discussion of nonlinear hyperbolic equations (LIT]).
This is because we need uniform estimates in the Sobolev norms in the iteration
process.

Now we can finish the proof of Theorem [I1]

Proof of Theorem [Tl We assume f has a compact support in x. The general case
follows easily by an approximation. We have assumed that a;;, b;, ¢ and K have
bounded H*®-norms in R™ x (0,7 for any positive integer s.

For any small € > 0, we consider the regularized equation in R™ x (0,7)

(5.18)  Opw — (K(z,t) +¢) Z a;j(z,t)0;w — Z bi(x,t)0w — ez, t)w = f,
ij=1 i=1
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with the condition
(5.19) w(x,0) = wo(x), dw(x,0)=w(x).

The equation (BI8) is a strictly hyperbolic equation with smooth coefficients, and
hence always admits a smooth solution w. satisfying (5I9). Note that f is of
compact support in z. Hence, by the property of the propagation at finite speed,
the solution w, is also of compact support in . Moreover, by Theorem .2 there
holds for any integer s > 1

(5.20) llwells < Cs (llwolls+v+1 + [[@olls+n + [ flls+n5)

where C is independent of . By a standard argument, there exists a sequence
€; — 0 and a function w such that for any integer s > 1

we, —w in H*(R™ x (0,T)).

Then w is the desired solution. O
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