TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 358, Number 9, September 2006, Pages 3751-3780
S 0002-9947(06)03933-X

Article electronically published on April 11, 2006

DIMENSION OF HYPERBOLIC MEASURES
OF RANDOM DIFFEOMORPHISMS

PEI-DONG LIU AND JIAN-SHENG XIE

ABSTRACT. We consider dynamics of compositions of stationary random C?
diffeomorphisms. We will prove that the sample measures of an ergodic hy-
perbolic invariant measure of the system are exact dimensional. This is an
extension to random diffeomorphisms of the main result of Barreira, Pesin and
Schmeling (1999), which proves the Eckmann-Ruelle dimension conjecture for
a deterministic diffeomorphism.

1. INTRODUCTION

Let M be a smooth compact Riemannian manifold without boundary. Let f be a
C'*e diffeomorphism on M, and p an ergodic f-invariant measure. An important
open problem in dimension theory of dynamical systems for about 15 years is the
existence for p-a.e. x of the limit

(1.1) du(z) =

when p is hyperbolic, i.e., all the Lyapunov exponents of f are nonzero at p almost
every point. This is often referred to as the Eckmann-Ruelle conjecture, and an
affirmative solution has been given in Barreira, Pesin and Schmeling [3], by ex-
ploiting previous substantial breakthroughs, especially Ledrappier and Young [8],
and also by establishing a new and nontrivial property, called asymptotically “al-
most” local product structure, of the hyperbolic ergodic measure p. d,(x) is called
the pointwise dimension of u at x when the limit exists. We refer the reader to [3]
for a nice overview of the subject.

Our purpose in this paper is to extend the main result of [3] to the setting of
random dynamical systems (RDS) generated by compositions of random diffeomor-
phisms (see Kifer [7], Arnold [I] or the survey Liu [9] for the background; an RDS
of this kind reduces to a deterministic diffeomorphism when the distribution of the
random diffeomorphisms is Dirac, i.e., is supported by a single point). In view of
the importance of the Eckmann-Ruelle conjecture, the authors of the present paper
think that such an extension deserves to be explicitly exposed, though the proof
uses essentially the same strategy as that of [3]. We remark that, for accessibility

o s u(B(z, p))
p—0 log p
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of the proofs both of the deterministic and the random case, considerable further
treatments are presented in this article.

This paper is organized in the following way. In Section 2 we introduce the setup
of compositions of stationary random diffeomorphisms, present related notions and
some preliminary results. We also give an extension to this setup of the generalized
entropy formula of Ledrappier and Young [8]. A detailed proof of such an exten-
sion was given in [I3] for the more restricted i.i.d. (independent and identically
distributed) random diffeomorphisms. The proof for the present setup is almost
the same; we will indicate the modifications needed and omit the proof. The main
result is stated in Section 3 and its proof is given in Sections 4-8.

2. NOTIONS AND PRELIMINARY RESULTS

In this paper M will always be a smooth and compact Riemannian manifold
without boundary. Let (Q, F, P) be a probability space and 0 : (Q,F,P) < an
invertible measure-preserving transformation. For the need to work with Lebesgue
spaces, we will assume further that (Q, F, P, 0) is a Polish system, by which we mean
that Q is a Polish space (i.e., a separable topological space with a complete metric)
and F is its Borel o-algebra. Let Diff? (M) be the space of C? diffeomorphisms of
M, endowed with the usual C? topology and the Borel o-algebra. Let

F:(Q,F,P) — Diff*(M), w— F(w)=:f.,
be a measurable map and define

f@”*lwo"'ofewofw if’I’L>O7
o= id if n =0,
(fG"w)il ©--+0 (f&‘zw)il ° (f@‘lw)il if n <0.
We are concerned with the dynamical behavior of f7}, n € Z, for P-a.e. w, and this
setup will be referred to as an RDS, still denoted by F, on M over (2, F, P,6).
Let F be as given above. Define

O:OxM-—->QxM, (wz)— (w,f,x)

and call it the skew product transformation associated with F. Denote by B the
Borel o-algebra of M. An invariant measure of F' is defined to be a probability
measure p on (Q x M, F x B) which has marginal P on Q and is invariant under
O, and furthermore, p is said to be ergodic if © : (2 x M, u) < is ergodic.

In the sequel p is always an F-invariant measure (such measures always exist;
see [1]). Since Q is a Polish space, (2 x M, u) with the py-completion of F x B
constitutes a Lebesgue space. According to Rokhlin [I4], one can speak of the
conditional measure p,, of pu on {w} x M (identified with M) for P-a.e. w. pi,
w € Q are P-mod 0 uniquely defined and are called the sample measures of u. They
clearly have the invariance property

fwﬂw = How, P-ae. w,

and they could be regarded as natural “invariant” measures associated with indi-
vidual realizations of the system (F, u).
For every finite measurable partition 7 of M, the limit

nlggog/H . < f’“)‘ln> dP(w)

h(F?’] ef
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HYPERBOLIC MEASURES OF RANDOM DIFFEOMORPHISMS 3753

always exists (see [4]), and the number
hy(F) := sup{h,(F,n) : n is a finite partition of M}
is called the (measure-theoretic) entropy of (F,u). It turns out that the entropy
h,,(F) coincides with the conditional entropy of © with respect to 7~ 1F, i.e.,
-1
hu(F) = hj, " 7(0),

where 7 : Q x M — Q is the projection on the first factor (see [7, Theorem II.1.4]
or [, Theorem 3.1]).
Throughout this paper, it is always assumed that the RDS F' is given such that

(2.1) /Q(log+ |fulce +log™ |(fu) e2) dP < +oo0,

where |g|c2 denotes the usual C? norm of g € C?(M, M) (see, e.g., Liu and Qian
[11] for the definition). The Oseledec multipicative ergodic theorem applied to
O : (Q x M, u) < tells us that for p-a.e. (w,x) there exist numbers

+00 > A (w, ) > Aa(w, ) > - > Ay 2) (W, ) > —00
and a splitting of T, M
(2.2) ToM = By (w,2) @ By (w,2) @ -+ @ By ) (w, )

(all measurable in (w,x)) such that
o1 oy
nglfoo - log [T, fhv] = Ai(w, x)

for all v € E;(w,z) \ {0}, 1 < i < r(w,z). The numbers \;(w,z), 1 < i <
are called the Lyapunov exponents of F' at (w,z), and m;(w,z) := dim F;(w, ) is
called the multiplicity of \;(w, x).

Let u(w, x) be the number of positive Lyapunov exponents at (w,z). Then for
pra.e. (w,z), if u(w,x) > 0, the set

, 1
Wit w,z) ={y e M: lim —logd(f, "z, f;"y) < —Ai(w,2)}

is a b1 immersed 3} _, my,(w, z)-dimensional submanifold of M for each 1 < i <
u(w,z), and it is called the i**-unstable manifold of F at (w,z). W) (y, )
coincides with

— 1
Whw,a) = {y € M: Tm_—logd(f;"e, f5"y) <0}

and is called the unstable manifold of F' at (w,z). Define W¥%(w,z) = {z} if
u(w,z) = 0.

Let 1 <4 < dim M and let 0’ be a measurable partition of the set A; := {(w, z) €
QO x M : W (w,x) is well defined}, subordinate to the W*%-manifolds of (F, )
(see [13] or [L1] for the definition), and so that n° > {{w} x M : w € Q}|,. Denote
by 4, . the conditional measure of yi|5, on 7' (w,x) =: {w} x n},(z) (identified with
nt,(z)). We remark that, by the transitivity of conditional measures, for P-ae. w
one has uéw’z) = (uw)zj; for py-a.e. © € Ay = {z: (w,z) € A;}, where (,uw)ZL is
the conditional measure of p,, on nf (x). Let d?jw)(-, -) be the metric on W™ (w, z)
induced by its inherited Riemannian structure and put for p > 0

B! w,x;p) = {y € W' (w,z) : d} , (z,y) < p}-

(w,2)
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Define
log pl . (B"“"(w,z; p
(2.3) 5;(w, x) = lim () (B )
p—0 log p

provided the limit exists (the definition is independent of the choice of 7;), and call
it the dimension of u on the W**-manifold at (w,z).

The following theorem extends the generalized entropy formula of Ledrappier
and Young [§] to (F, p).

Theorem 2.1. Let the RDS F be as given above so that (Z1I) holds. Let u be an F-
invariant measure. Then for p-a.e. (w,z) the limit Z3)) exists for 1 <i < u(w,x)
and the formula

(2.4) hu(F) = / Z Ai(w, )y (w, ) du

i (w,z)>0

holds true, where v;(w,x) := 6;(w,x) —0;—1(w, ) fori =1, - ju(w,z) and d(w, x)
= 0.

A detailed proof of Theorem [ZT]is given in [I3] for i.i.d. random diffeomorphisms,
more precisely, for the case where 2 = Diff> (M)Z, 0 is the left shift operator on €,
P = vZ for some probability v on Diff>(M), F : w = (- ,w_1,wp, w1, ) — wo,
and p is a forward Markov F-invariant measure (i.e., u, depends only on the past
(+-+ ,w_9,w_1) for P-a.e. w; see Arnold [I, Theorems 1.7.2 and 2.1.8] or Liu [9,
Proposition 1.2] for properties of such measures). The proof of the present more
general theorem is the same except that two modifications are needed. One is
the arguments presented in Bahnmiiller and Liu [2 Section 3]. We remark that
DiffZ(M ) is separable, and thus we can apply Lusin’s theorem. The authors do not
know if Diff>(M) could be replaced with Diff'**(M) by a suitable trick, noting
that Diff'T™ (M) is in general not separable. The other is the treatment in [2)
Section 5], together with the following ergodic decomposition facts of (F, ). First
assume that (0, P) is ergodic. Then, by a combination of the ergodic decomposition
theorems of [I5] and [5], there exists a measurable partition ¢ of (2x M, u1) (with the
p-completion of F x B) such that, for yc-a.e. C € ¢, 071C =C, O|c: (C,uc) <«
is ergodic and pc has marginal P on 2, where p¢ is the conditional measure of p
on C. If (0, P) is not ergodic, one takes a measurable partition IT of (£2, P) (with
the P-completion of F) such that 67T =T, | : (T, Pr) < is ergodic for Pp-a.e.
I € II. Let pi,—11 be the conditional measure of g on 7~ 1T" (defined by considering
the partition 7711 of (2 x M, p)). Then, for Pg-a.e. I' € II, pu,—1p is O-invariant,
and it has marginal Pr on . To prove Theorem 2] it is enough to consider
O : (77T, pr-1p) < for Py-a.e. T € II and to use arguments similar to [2, Section
5].

By considering ©~! : (Q x M, ) «>, Theorem B can also be formulated by
means of the negative Lyapunov exponents. That is, letting (F, u) be as given in
Theorem 2] and letting 0 > Ay 2)(w, @) > --- > Ay 2)(w, @) > —o0 be all the
negative exponents of F' at (w,z) (if there are any), then one has

(2.5) )= [ 3 Ny du
7 A (w,x)<0

where v;(w, z) := 0j(w, ) =041 (w, z) for s(w,z) < j < r(w,z) with the convention
Or(wa)41(w, z) == 0, and §;(w, ) is the dimension of p on the W*I-manifold at

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



HYPERBOLIC MEASURES OF RANDOM DIFFEOMORPHISMS 3755

(w, ) defined analogously to the unstable manifolds case by replacing W™ (w, )
with the C1'! immersed submanifold

. — 1
Wél(w,z) :={ye M: lim —logd(flz, fly) < Aj(w,z)}.
n—+oo n
We remark that W*(@:)(w, ) coincides with
— 1
Ws(wam) = {y €eM: hl_{_l Elogd(fﬁxafgy) < O}a

which is called the stable manifold of F at (w,x). For u-a.e. (w,x), define W*(w, x)
= {z} if there are no negative exponents at (w,x).

Let n° (resp. n*) be a measurable partition of (Q x M, u) subordinate to the
W#-manifolds (resp. W*-manifolds) of (F,u) and finer than {{w} x M : w € Q}.
Let yu,, .y be the conditional measure of 1 on 7*(w,z) =: {w} x n3(z) (identified

g

with 7 (2)). Recall that for P-a.e. w one has u(, .y = (pw)z” for po-a.e. z € M,
where (uw)gi’ is the conditional measure of y, on nj(z). Let di, (-,-) be the

distance along W*(w, z) and for p > 0 put
B (w,z;p) = {y € W(w, ) : d, . (z,y) < p}.

Define ,u’(‘w 2) and B%(w, z; p) similarly. Then, as asserted above, the limits

log 11, ) (B*(w, @3 p))

(2.6) dy, (z) = ;IL% log
. _ogpfy, (B (w, w3 p))
(2.7) dy, (x) = gli% oz p

exist p almost everywhere. As functions of (w, z), they are ©-invariant and hence,
when p is ergodic, d;, (z) = d° and dj; (v) = d" p almost everywhere for some
constants d® and d“. These facts play a crucial role in the proof of the main result
stated in the next section.

3. MAIN THEOREM

An invariant measure p of F' is said to be hyperbolic if all the Lyapunov exponents
of F' are nonzero p almost everywhere. In the rest of the paper, n° will be a
measurable partition of (2 x M, ) subordinate to the W*-manifolds of (F, x) such
that ° > 0 = {{w} x M : w € Q}, On° > n®, ©"n® tends to the partition
into single points as n — 400, and H(©n®|n®) = h,(F); n* will be a measurable
partition of (2 x M, u) subordinate to the W*-manifolds of (F, i) such that n* > o,
O~ 1n* > n*, ©~"n* tends to the partition into single points, and H(©~1n%|n%) =
h,(F) (see [11l, Chapter VI] for their existence).

The main result of this paper is the following theorem.

Theorem 3.1. Let the RDS F' be as given above so that 2.1 holds. Let u be an
F-invariant measure. If u is hyperbolic and ergodic, then the following properties
hold:

(1) for everye > 0, there exists a set A C Qx M with pu(A) > 1—¢ and constants
k> 1,po > 0 such that for every (w,x) € A and every p € (0, po),

s s P U u p
0 By (B 0,3 D)) (B, £)) < (Bl )
(31) < pislu"(gw,m) (Bs(w? €T Hp))lu’?wm)(Bu(w? €T Hp)))
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(2) for P-a.e. w the limit
log 1, (B(z, p))

(3.2) dy, (z) = gli% Tog p
exists for p,-a.e. x € M and
(3.3) dy, () =d°+d", p-ae (w,z)e€QxM
When u is not ergodic, the limit B.2) still exists and
(3.4) d,, () = .., (z) + dy., (z)

for p-a.e. (w,x) € Qx M.

Let F' be an RDS generated by i.i.d. random diffeomorphisms introduced in the
paragraph after Theorem 211 It naturally induces a family of Markov processes
with transition probabilities Q(z, ), x € M, given by

Q(z,A) = P{w: for € A} =v{f: fx € A} for Borel A C M.

A probability p on M is called a stationary measure of F' if [ Q(z, A)dp (z) = p(A)
for all Borel A C M, or equivalently | fpdv(f) = p. Such measures are of particular
interest (see Kifer [7]), and they correspond in a one-to-one way to the forward
Markov invariant measures of F', with the correspondence being given by

p— p* with pf = liIJIrl fo-n,p, P-ae w

and
pr i p = /pZ,dP(W

(see, e.g., [9]). We remark that, even when d,(z) = d p-a.e. = and d,«(z) = d*
p*-a.e. (w,z) for some constants d and d*, one may have d # d*. This can be seen
from the following example. Let f € Diff! (M) and let zo be a sink of f. Let v be a
probability on Diff* (M) such that it is supported by a neighborhood U(f) of f in
Diff! (M) and that the transition probabilities Q(z,-), x € M, have a density with
respect to the Lebesgue measure on M (see [I1, Section IV.1] for the definition).
When U(f) is sufficiently small, there is £g > 0 such that for each w € U(f)?% there
is a unique x,, € M such that d(fz,,x0) < €o for all n € Z. In this case, by [10],
there is a unique stationary measure p of F', it is absolutely continuous with respect
to the Lebesgue measure on M, and p}, = é,, for P-a.e. w. Clearly d,(z) = dim M
p-a.e. x and dy: (z) =0 p*-a.e. (w,x).

4. RECONSTRUCTION OF A SPECIAL PARTITION

Let F be as given in Theorem Bl and let p be an F-invariant measure. For
a measurable partition & of (Q x M, u) and for all integers k,I > 0, we define
¢ = \/é-:_k O©77¢ and put €1 := £5° and €7 := €%, Also write o := 7~ LF.

We have the following lemma, which describes the exponential decay of the
distance of two initial points whenever their orbits stay close enough in a long time
interval [—n, +n].

Lemma 4.1. Suppose that |A\j(w,z)] > X >0, 1 < j <r(w,z), for p-a.e. (w,x)
and for a constant X\ > 0. Let {®(, )} be a system of (¢,)-charts introduced in
[13] (where 0 < e < ﬁ min{\, 1}) and let H, o = <I>_,1L( o flo®ua, n €L,

w,x)

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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be defined wherever they make sense. Then for any 0 < 6 < 1, the following holds
true for p-a.e. (w,x): if z = <I>(_w1z)y € R(l(w,z)"") satisfies
1H {22l < 560" (w,2)) ™" for all |k| < n,
then
2] < 6¢(w, )~ e A7)
and therefore
d(z,y) < 2Kde A3,

where K¢ is a universal constant introduced in [13, Prop. 3.1].

A proof of the lemma can be carried out by employing Lyapunov charts (see [13,
Proposition 3.1]) and then using arguments similar to the uniformly hyperbolic case
(see [10, Lemma 1.2]). The details are omitted here.

We will need a measurable partition « of (€ x M, u) so that it has finite condi-
tional entropy H,(a|o) < +oo and the diameter of [a], (z) decays exponentially
fast as n increases for p-a.e. (w,z). But the partition « constructed in [I3, Lemma
4.3] (generalizing the corresponding construction for a deterministic diffeomorphism
in Ledrappier and Young [§]) cannot be guaranteed to have these properties. In
what follows we reconstruct such a partition. The treatment depends heavily on
the previous work Qian et al. [I3], to which we refer the reader for related notions
and arguments.

In the rest of this section we assume that p is ergodic and hyperbolic. Let
Ar=min{|A;| : i =1,---,r}. Let {®(, )} be a system of (e, £)-charts introduced
in [13, Sect. 3] with 0 < & < 535 min{\, 1}. Let Iy > 0 be a number so that the set

A= {(w,x): lw,z) <lp}
has positive p-measure. Define n, n_, n* and n= : A — ZT by the following:

ny(w,z) = inf{n>1:0"(w,z) € A},

n_(w,z) = inf{n>1:0""(w,z) € A},
nt(w,x) = inf{n>0:0"w,z) € A},
n” (w,z) = inf{n>0:0""(w,z) € A}.

Then let ¢ : 2 x M — R be given by

w( x) { 2[(6013 6—2()\04-5) max{n+(w,x),n_(w,m)}7 if (w,x) c A’
w, - 4

TR otherwise
(where 0 < § < 1), which is a modification of the corresponding definition in [I3]
Sect. 4] by replacing §u with A and by doubling the exponent of the exponential
term in the expression of ¥ (such a modification will accelerate the decay of the
diameter of [a?], (z) in n for the partition « constructed below).

Let Uy := {(w,2) : e ¥t < ¢(w,2) < e *}, k € Z*. For each k we choose a
maximal %e_k_l—separated subset Ej of M and define a partition 3, of M such

that B (x) C int(Bk(x)) and

int(ﬂk(x)) = {y sd(z,y) < d(z,y) for any z € Ei \ {x}}
for all x € Ej, where int(A) denotes the interior of a set A C M. We then define a
countable measurable partition o of Q x M by

alw,z) :=Up N[Q X Br(x)], if (w,z) € Uy for some k > 0.
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Since, due to Kac’s lemma, —log¢(w,z) € L'(u), by [11, Lemma VL5.2], the
partition « has finite conditional entropy H,(o|o) < +oco and satisfies for p-a.e.
(w, z)
o (z) C B(z,¢(w,x)).
Besides those described in [I3, Lemmas 4.3 and 5.2], the partition « has the
following additional properties given in Lemmas and @3] where H Fww) is as
introduced in Lemma [ET and v, : Q x M — Z7 is defined by

[ et i) e a,
¢+(w,x) = 1 th *
m, otherwise.

Lemma 4.2. Let (w,z) € A.
(1) Ifz € R(f(w,x)fl) satisfies ||z|| < 0loty (w, x), then

—1

HH(kwx)zH < 54(@k(w,x)) , k=01, ny(w,x).
(2) Ify € [af]w(x) for some n >0, then
1HE, 2] < 60(0%(w,2) ", k=0,1,---,n,
where z = @@1’w)y.
Lemma 4.3. For p-a.e. (w,z), if y € [al],(x) for some n > n*(w,x), then
HE, 2] < 60(0F(w,2) ", k=0,1,---n,
where z = @@iwy.

The proofs of Lemmas and [4.3] follow the main lines of those of Claims 1-3
in [I3, Sect. 4] (see also [8, Lemmas 9.3.2 and 9.3.3]). We present them below
for completeness. For simplicity of notation, we will write ny = ny(w,z) and
nT =nT(w,z) in the rest of this section.

Proof of Lemma B2 (1) From our assumption on z and [I3] Prop. 3.5 (1)], it
follows that H? _ z € R({(©’ (w,x))_l) and (note that Ag > A1 + 2¢)

(w,z)

1H], 2]l < lIzlle? for j >0,

(w,m)

provided that ||z[e** < 5[(@’6((4},%‘))7167)‘1735 for all 0 < k < j. This is guar-
anteed for 0 < j < ny. Hence the desired conclusion follows from [I3| Prop. 3.5

()]-
(2) First observe that, if y € oy, (), then by [I3, Prop. 3.1]

z= fI’(_wl’x)y € R(0lo4 (w, x))

since £(w,z) < lp and Y (w,z) < Y4 (w,x). Therefore we have the desired conclu-
sion for 0 < j < ny. Furthermore, if n > ny and y € [af],(z), then

oty € agny o (ft o),

and we can apply (1), with (w,z) and z being replaced by ©"+(w,z) and
<I>(:)711, . (w,m)( foty), respectively. An inductive argument completes the proof of
(2). O
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Proof of Lemma L3l Counsider a point (w, z) with the property that ©"(w,z) € A
infinitely often as n — 4oo. The collection of such points is of full y-measure.
Let y € [08'].(z). We claim that fiy e Poi (v, R(60(O7 (w,z))71) for j =
0,1,---,n". To prove the lemma, it suffices to prove this claim, since, if y €
(], () for some n > n't, we can apply LemmaE3(2) to £ y (note that ©"+ (w, z)
€ A), and this yields that

fly e @@j(w’z)R((%(@j(w,x))*l) for j=nt,--- ,n.

To prove this claim, let us assume that (w, z) € A and write k = —n_ (0" (w, z))
+nt <0, ie., kis the largest negative integer such that ©F(w,z) € A. Note that
a9n+w(fﬁ+ x) lies well inside the chart at f:}+x since O (w,z) € A. Hence, by our

choice of 1, we can prove inductively that f_7 +"+y lies inside the chart at f;j+n+ T
for j =1,2,--- ,nT — k. Therefore

”q)éi(w’m)ffy” = ||H(511+k(w’x)(p(:)ll+k(w’z)fi+ky||
< et ||‘I’é}+k(w,x)fi+ky” < e
(nt—k)A -1 nt
S € D‘|¢®n+(w7m)fw y”
< TN (w,x))
< Gl (08 (w, 2)),

the last inequality being guaranteed by
2max{n (0" (w,x)),n_(0"" (w,2))} — (n* — k) > ny (6 (w,2)),

where n, (0F(w,z)) = n_(0"" (w,z)) = nt — k since (w,z) ¢ A. Then, ap-
plying Lemma E2(1) to fFy yields the desired conclusion, since we now have
ny (OF(w,z)) +k =nt. O

We can also apply the above arguments to the system ©7! : (Q x M, pu) <,
assuring that the partition « has the following additional properties. For u-a.e.
(w,z), if y € [a0]., () for some n > n~(w, ), one has

IH 2l < 0007 (w,2)) ™ for 0<k <mn,

where z = <I>(; VY- Then, by Lemma 3] and the above equation, for p-a.e. (w,x)

1
we have ’ .
||H(kwx)z|| < ol(0F(w,x)) for [k| <n
provided @, )z € [a]o,(x) for some n > max{n*(w,z),n" (w,z)}. Hence, by
Lemma [£T] for p-a.e. (w,z) we have

[a"].(z) C B, 2Kode~ " =39))

when n is sufficiently large.
From the above arguments together with [I3] Lemma 3.6], it is also clear that
for pa.e. (w,x)

al(z) C ‘I’(W’I)W(i}’w))[;(w> C B*(w, z;2K9)

and
oy, (2) C @)W 2).6(2) C B*(w, 23:2K06).

Summing up the above results, we have proved the following.
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Lemma 4.4. Suppose that |A\j| > A >0,1<j <r and fir 0 < § <1 arbitrarily.
Then there is a measurable partition o of Qx M with [ Hy,(c,)dP(w) < 00 such
that, for some measurable function ng : @ x M — ZT, one has for p-a.e. (w,x)
and all n > ng(w, x)

[a)w(z) C B(x,2Kode""?)

n
and

M Vad] (z) CB*(w,a;n,8), [°Vvall (z) CB*(w,a; 2K0567"A/2),

" Vag],(z) CB“w,z;n,8), [n*Va§],(z) CB*(w,w; 2K0667"/\/2),
where

B*(w,x;n,d) =={y € W*(w,z) : d%_k(w7w)(f;kx,f;ky) <6 for0 <k <n}
and B*(w,x;n,d) is defined analogously. Moreover, for p-a.e. (w,z) one has

al(r) € B%(w,x;2K06) and o, (x) C B*(w,x;2K,0).

Below we present some further properties of the partition a given above which
will play an important role in our proof of Theorem B}

Lemma 4.5. Let a be the partition (depending particularly on 0 < § < 1) given
above. Then one has for p-a.e. (w,x)

(4.1) t tim —dog o (3lu(e)) = hu(F),
(4.2) i tim = log o (%0(@)) = hulF),
(4.3) t lim— ol (oflo(@)) = hulF),
(4.4) l tim— log o (0flo(@)) = hu(P),
(4.5) i tim_— log o (oflo(@)) = hulF),
(46) im—ogpl, o (l0flu(@) = 0,

(47) Jim —loguf,  (10u() = 0,

* —
where the limits “ lim ”in ([2)-@38) are understood as both “ lim ” and “ lim ”.
n—-+oo n—-4oo n—-+oo
We remark here that (6] and (@7 in fact hold true for any measurable partition
«a of finite conditional entropy H,(alo) < +oo. These facts would be crucial in
Section 8.

In order to prove the above lemma, we first give another lemma which is similar
to [8, Lemma 9.3.1].

Lemma 4.6. Let o be a partition of Q@ x M with H,(a|o) < +00. Then

lim —% log 11, ) ([(n* VvV a)Mw(x)) = hy(F)  for p-a.e. (w,z).

n—-+o0o
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Proof. Put

Lu(lo)(w,x) = —logpu(Eu(r)),
L&V o)(w,z) = —log(pw)i (§u(x))
for any two measurable partitions &, 7 of 2 x M.
Clearly —log pifg, .., ([ va)w(@)) = L(In“Valz|n*) (w, ) since n* > o. Also,
we can write =1, ([n® Vv a]mn“)(w,x) as
(" v gl )+ (v el v alf) (),

whose first term, by [I3, Lemma 4.2], tends to H,(n"|On") = H,(0~'n*|n*) =
hy,(F) for p-a.e. (w,z). Hence it suffices to prove
1
(4.8) lim —1,([n" v ala|[" v alg) (@, ) = 0
for p-a.e. (w,x). Clearly

n—1
L([n" v oy | [ v o) (w,2) = Y L (O] [n* vV a5 ™) (©7* (w, 2)).
k=0
Put I,(w,z) := I,(0a|[n* V a]f) (w, ) and I*(w,z) := sup,,>; In(w,z). One can
prove that [I*(w,z)dp < Hy(alo) + 1 and that {I,,B(0a V [n* V a]f)} is a
supermartingale. Since B(©~"n*) /' B(€2 x M), one then knows that

I, -0 pae andin L'

Therefore ({L8) follows by a slight variant of Birkhoff ergodic theorem. O
Proof of Lemma 3. We first claim that
(4.9) hi(©,a) = H, (0 'ala™ Vo),
(4.10) h(© ' a) = Hu(Oalat Vo).
In fact, by the definition of conditional entropy we have (noting that ©%lc = o
and Ou = p)
hi(©,a) = nEIJPoo %Hu(afﬂa)
1 n—1
= ngrfoo E[HM(O‘|U) + ’;HM(@_la‘ag Vo)

= H,(© 'ala” Vo)
= H,(©0'a |a” Vo).
Hence (49) holds true. (@0 can be proved in a similar way.

Now we turn to the proof of the lemma. Let us first prove [@d). It is easy to
see that

Hence, by [13, Lemma 4.2], we have

lim ——log i, o) ([05]w (7)) < Hu(n"|O7") = hyu(F).

n—-+4oo
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On the other hand, by Lemma [£4] one has

. . 1 . . 1
tim L~ dogpf(0f)e(e) 2> lim Hm —log s (B*(w,xin.)

= limh,(w,z;9)
510
= hN(F>7

where the last two equalities follow from [I3| Prop. 4.1]. Hence (£4) holds true.
The proof of ([@2)) is similar.

Combining Lemmas [£.4] and [I3] Prop. 4.1], one can easily prove ([@3]) and
(3 in a similar way.

We now turn to the proof of (£I]). Obviously

Li(a}|o)(w,z) = L(af|o) (w, x) + L, (ag oy V o) (w, @)

By a random version of Shannon-McMillan-Breiman theorem (see [4]) we have for
p-a.e. (w, )

ngrfoo a[ (ad]o)(w,z) = hZ(@*l,a) =h5(0,a)
(the second equality is a standard fact). Write

n—1
I.(af|op Vo) (w,z) = H(@_la‘aQLJrk Vo) (0F(w,z)).
=0

=

Similar to the proof of Lemma [£.6] we have
I,(07'ala) Vo) (w,2) = 1,(0 'ala™ Vo) (w, )

p-a.e. and in L' as n — oo. Hence a slight variant of Birkhoff ergodic theorem

gives
li 1[ mal v = 1 L 1I @ Vo) (eF
Jm Shoglalvo)w) = lim 316 ajad v o)(©4 o)

/Iu (0 ala™ Vo) (w,z)du
= HH(@_la‘a_ Vo) =hy(0,a)
for p-a.e. (w,z). (@I is then proved since diam «a,, — 0 as § — 0, and hence
151%1 h7(©,a) = h,(F).

Finally we prove [.Z). In fact we can write —1 log i 2) ([a]w () as

1 k, u 1 k 1 k
nI( n \/0 ZI |@ nvVver )(@ (w,x)),

an|n"

where a; ' := {Q x M}. Similarly we have
Li(alo™p*ve oy ") (w,2) >0 p-ae andin L'
as n — +o00, and then we have (£1). (£6) can be proved similarly. O
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Let 0 < € < 1 be given sufficiently small and let o be the partition introduced
above for a fixed sufficiently small 6 = d, > 0. The system of Lyapunov charts
employed in the construction of the special partition o will be referred to (in Sec-
tion 8) as a system of (e, {,)-Lyapunov charts (0 < &, < 555 min{\, 1}) with the
corresponding universal constant K (given by [I3, Prop. 3.1]) denoted by K. By
23), 7)) and Lemmas B4 and 5] one can find a set I' C Q x M of measure
w(T) > 1—¢/2 together with an integer ng = ng(e) > 1 and a number C = C(g) > 1
such that, for every (w,z) € T' and any integer n > ng, the following statements
hold:

a) for all integers k > 1 we have

(4.11) O~ temklhte) < po([aflu(z)) < Ceklh=e)
(4.12) cle ) <y ([0]w(z)) < Ce ke,
(4.13) C e Mt < ps L ([0flu(@) < CemHh),
(4.14) c e < g, (eflu(@) <1,
(4.15) O~ temkhte) < ul(‘w’z)([a’g]w(x)) < Cekh=e),
(4.16) Cle™™ <l ([0flu(z) <1,
where h = h,(F);

b) for all integers k > 1 we have
(4.17) Clem2k(h+e) < po ([0f]u(z) < Ce2k(h=e),
(4.18) Ctemklhte) < ufwvx)([a’lz]w(x)) < Ceklh=e)
(4.19) Ctemklhte) < u?w’w)([a’,j]w(x)) < Ceklh=e),

c)
(420) e <y (B wae ™) < e,

(4.21) e~ mdHe) < o ) (B¥(w,z5e7™)) < e 4779,

d)
(4.22) [agnl () € B(z,e™), TynB(z,e™™) Cau(x),
(4.23) [7° V ag,),(2) € B (w,z;e") C ng (),
(4.24) [V ag"l,(x) C B (w,z;e7") C ng(x),

where a is the integral part of 2(1+A71). [@22)-(@24) are clearly guaran-
teed by Lemma [£.4]

Since the induced metrics on W#(w, z) and W*(w, x) are locally (i.e., in a neigh-
borhood of z) equivalent to the metric on M, by increasing ng if necessary, we may
also assume the following:

e) for each (w,z) € T and any z, 2’ € B%(w,x;e ™)

4.25 d(z,2") < d? 2,2 < 2d(z,7),
(w,z)

4.26 d(z,2') <d¥, (z,2) < 2d(z72');
(w,)
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f) for every (w,z) € T' and n > ng

(21) B S)num@c Blwme™) CBlre ™) nu),

—n

(428) Bz, ) Nni(@) € BU(w,aie™) € Bla,e™) Ni(a).

We will need the following slight variant of Borel density lemma [6].

Proposition 4.7. Let A C Q x M be a measurable set with u(A) > 0. Then for
p-almost every (w,z) € A

w B bl ALL)
(4.29) lim PP 0 As)
p=0 p(B(z,p))
Furthermore, for each 6 > 0 there is a set A C A with u(A) > u(A) — 6 and a
number p* such that for all (w,z) € A and 0 < p < p* one has

(B, p) 11 A) > Lyua(B(w, ).

Proof. Let A’ be the measurable set consisting of those points in A satisfying (£.29).
By Borel density lemma (see [3, Proposition 3]), p(A!,) = pe(Ay) for each w € Q
and hence p(A4) = [ py(Ay)dP(w) = [ pw(AL)dP(w) = p(A4'). O

Using arguments similar to the proof of Proposition 7, one can choose an
integer n; > ng and a set I' C T" with u(T') > 1 — € such that, for every n > ny and

(w,z) €T,
1

(4.30) po(B(z,e”")NT,) > §uw(B(x, e ™)),

s s -n 1 s s —n
(4.31) [{,2) (B*(w, ;e ™) NTy,) > §u(w’w)(B (w,xz;e™™)),

u u -n 1 u u -n
(4.32) (il z) (B (w,ze7")NTy) > 5#@,@(3 (w,z;¢7™)).
Furthermore we can require that for every n > ny and (w,z) € T
(4.33) I ,2) ([af")w(z) N B*(w,z3e ") NT,) > e~™d +e)
(4.34) o) ([0, ]u(z) N B*(w,z;e ") NTy) > e @ +e),

The requirements (£33) and ([@34]) seem easy to be satisfied but actually their
proofs are very much involved with the techniques presented in [I3] and are somehow
lengthy. We will postpone the proofs to Section 8.

5. PREPARATORY LEMMAS

To be more accessible, we use arguments slightly different from the corresponding
ones of [3]. Fix (w,x) € T and an integer n > ng. We consider the following classes

R, Fy and F of elements, respectively, of the partitions [agn] . [agn]w and [og"]
(we call their elements “rectangles”):

Rn = {lain),(y) Caul@): [agn], (y) Ty # 0},

Foo= A{le)ow) C au(@) : [al,],(y) NTy # 0},

Froo= A", () Caulz): [of"],(y) NT, #0}.
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The rectangles in R, carry all the pu,-measures of the set ay,(x) N Ty, i.e.,
Z tw(RNTL) = po(ay(x) NT,).
RER,

It is clear that the rectangles in R,, belong to F:VF¥ := {R*NR": R* € F5, R* €
Fi R*N R # 0}. But, besides these elements, there are in general other ones in
FiVv . That is, the sample measure p,, conditioned on «, (z) NI, has a deviation
from the “direct product structure” at the “level” n.

Following [3], we will compare the numbers of rectangles in R,, F: and F*
intersecting a given set. This will allow us to evaluate the deviation of the sample
measure (i, from the “direct product structure” at the level n. For each A C «,(z),
we define a series of subsets of R,,, F;, or F by the following:

) = {ReR.:RNA#0},
N*(n,y,A) = N(n,n;(y) NTuNA),
) = N(nni(y) Ty, NA),
) = {ReF;:RNA#0},
N'(n,A) = {ReF':RNA#0}.

One should bear in mind that, though we omit writing «,,(z)’s in the notations, all
the sets defined above depend on ay,(z). From here on we always denote by #A
the cardinality of a countable set A.

Lemma 5.1. For each (w,z) € I' and integer n > ng + 1, we have
#N (.2, B(z,e7")) < py (B (@, 4e77) - Ce0F9),
#N“(n, 2, Bz, e™™)) < py (B (w,z;4e™")) - Ceonthte),

Proof. Let R € N°(n,x, B(x,e™™)) and let z € RNnd (z) N B(z,e ™) NT,. Then
R = [ag!] (z). By [I8) we have

o a) (R) = iy o ([aln],(2) = O Temenre),
By ([@23) one has RN ns(z) C B*(w,z;e~ ™). But, by (£21), we have
2 € 15(2) N Blz,e™) C B*(w,z;e"H).
Therefore
RNni(x) C B*(w,z;e” " + 6_”+1) C B*(w,z;4e™™)
and hence

M?w,a:) (BS (w’ T; 467”)) 2 Z M?w,a:) (R)
ReNs(n,z,B(z,e~™))

This implies
ufw’z)(BS(w,x;éle*")) > #N°%(n,x,B(z,e ™)) - C~teman(hte),

The proof of the second inequality is similar. (I

Lemma 5.2. For each (w,x) € T and n > nq, we have

fo(B(z,e™)) < #N(n, B(z,e™) NT,,) - 2Ce~20n(h=2),
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Proof. In view of [@30]) we have

1 —-n —n
5/%)(3(1'76 ) < bw(B(z,e”")NTy,) < Z H (R)
ReN(n,B(xz,e~")NIy,)

< #N(n,B(z,e ") NTy,) -max{p,(R): R€ N(n,B(z,e”")NT,)}.
Let R € N(n,B(z,e ")NTy,). Since R = [a7] () for a point z € RN B(z,e™™)N
T, the inequality in the lemma follows from (EI7]). O

We now estimate the numbers of rectangles in the classes R,, ,F,; and F». Clearly
we have the following lemma.

Lemma 5.3. For each (w,x) € T’ and each n > ny,
#N(n, B(z,e ™) NTy) < #N%(n, B(z,e ") NTy,) - #N%(n, B(z,e ™) NTy).

Our next goal is to compare the growth rate in n of the number of rectangles
in N*(n,B(x,e ™) NT,) (resp. N¥%(n,B(x,e ™) NT,)) with that of the number
of rectangles in N*(n,x, B(x,e™™)) (resp. N*(n,x,B(xz,e"™))). We start with the
following auxiliary result.

Lemma 5.4. For each (w,x) € ' and integer n > ng, we have
#N(n, au(x)) < Cen(H),
#N"(n,0,(z)) < Cemmre),

0

9 ] (2), we have

Proof. Since a,(z) is the union of a collection of rectangles R = [«
1> po(aw(z)) =2 Z po (R).
RENS(n,a,(z))

Hence, by [#I12), we have

~ 1
N? < <C an(tha).
#N(n, 0w () < min{p, ([a0,]u(2)) : z €Ty Nay(z)} — ©
The second inequality in the lemma can be proved in a similar way. O

The following two lemmas show that the cardinalities of N*(n, B(z,e™") NTy,)
and N*(n,x, B(xz,e™ ™)) (resp. N*(n, B(z,e ™) NTy) and N*(n,x, B(xz,e"™))) are
of almost the same growth rate in n up to a small exponent.

Lemma 5.5. For each (w,z) €T, y € a,(z) and n > ng, we have
#N°(n,B(y,e ™) NT,) > #N°(n,y,Bly,e ™)) C 2e 207
#N"(n,B(y,e ™) )NT,) > #N%n,y,By,e ™)) C 22

Proof. Obviously Ns(n, 5, (y) N Bly,e ™) NT,) C N‘S(n, B(y,e ™) NT,), hence

#N*(n,03(y) N Bly, e ") NTL) < #N°(n, Bly,e ") NTL).

On the other hand, for each rectangle R® € ]\Afs(n,r]j(y) N B(y,e ™)NT,) we
can find a point z in ¢ (y) N B(y,e ™) NT,, such that R* = [af,] (z). For such 2,
R = [ag] (2) is a rectangle in N*(n,y, B(y,e~")). For any fixed

R* € N*(n,115(y) N B(y,e"™) N L),
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there are at most A, distinct rectangles R in N®(n,y, B(y,e™™)) with such a cor-
respondence, where by ([£13) and ({IS)

Nf%y)(RS)
min{,ufw’y)(R) :R e N%(n,y,B(y,e ™)), R C R%}
o ([00,]u(2))
min{pg,, ) ((0ghle(2) : 27 €2 (y) N Bly,e ") VRN Tw}
< Cefan(hfe)/[Cflefan(the)] — 02620/!7,6.

An <

Therefore
#N*(n,n5(y) N Bly,e ") NTy) > #N°(n,y, B(y,e™")) - O~ 272,

This implies the first inequality in the lemma. The other one can be proved analo-
gously. (Il

Lemma 5.6. For u,-a.e. y € o, ()N fw, we have

m #Ns(naB(yae_n) OFUJ)
n—too #N*(n,y, B(y,e™))
m #Nu (n, B(ya 6_n) N Fw) e—5ans = 0.

n—+too  #NU(n,y, B(y,e "))

—Sane  _ 0
- )

Proof. Except for applying our Lemma [5.4] instead of [3, Lemma 4], the proof is
the same as that of [3, Lemma 5]. We present it here for completeness. By ({21
and (@3], for each y € T, and n > ny, we have

s —-n s s -n 1 s s —n
ﬂ(%y) (B(yv e ) N Fw) > :Ll’(u)7y) (B (w’ y;e ) n Fw) > iﬂ(w’y) (B (wa y;e ))
and

:U’fw,y) (B(yv ein) n Fw) S Z Mfw y) (R)
RENS (n,y,B(y,e*"))

Then, by @I13), (£18), (@20) and noting a > 1, one has

#N°*(n,y, B(y,e™™))
,ufw’y) (B(y7 e~™nN Fw)

(5.1) > .
max{uf,  ([edn],(2)) : 2 € n3(y) Naw (@) NTL}
o1 {4 (B (W, y5€7™))
~ 2 max{uf, ([aan], (2) : 2 € 3 (y) Naw(z) NTu}
1 e nld™+e) 1 .
92 > > _— —n(d —ah+2as)'
(5.2) = 20 e—anlh—9) = oC°

For any integer k > 1, we consider the set

= T #Ns(naB(yaein) mrw) -5 1
. ={yca,(z)nl,: lim e oM > 1,
e =1 (@) n—toc #N*(n,y, B(y,e")) J

Bl
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For each y € Fj take an increasing sequence {m; = m;(y) > n1}32; of positive
integers such that for n =m;, j =1,2,---,

R 1
#N*(n, Bly,e ") NTw) > o #N*(n,y, By, e "))e’ e

]. S
) > —n(d®—ah—3ac)
(5.3) e Tl

We wish to show that p,(F)) = 0. Assume on the contrary that u,(Fy) > 0.
Let F} C Fj be the set of points z € Fj, for which there exists the limit
log pf,, . (B*(w, 25 p
(5.4) lim 28l (B )
p—0 log 14
Clearly g, (F}) = ptw(F) > 0. Then we can find a point y € F], such that

1wy (Fr N5 (Y) = 1.4 (FR) = 11,4 (Fi) > 0.
Since pi(, .y = K, for each z € F/nng(y), it follows from Frostman’s lemma (see
[12, pp. 43]) that

(5.5) dimp (Fj, NS (y)) = d°.
Let us consider the collection of balls
D= {B(z,efmj(z)) czeFpnni(y),j=1,2,--- }

By the Besicovitch covering lemma (see, for example, [6] or [II]), one can find a
countable subcover D’ C D of F} NnZ(y) of arbitrarily small diameter and finite
multiplicity p (p depends only on the dimension of M). This means that for any
L > ny one can choose a sequence of points {z; € F|, N7 (y)}2, and a sequence
of integers {t;}{2,, where t; € {m;(2;)}32; and t; > L for each i, such that the
collection of balls

=d°.

D' ={B(z,e "):i=1,2,---}
comprises a cover of Fy N n?(y) whose multiplicity does not exceed p. We write
B; = B(z;,e™%). The Hausdorff sum corresponding to this cover is

BeD
By ([£3), noting that a > 1, we obtain

et < ST RN (4, BiNT,) - 4k Cetih )
i=1

i=1

4k C Z 67al(h+26) Z #]/\\fs(ti,Bi ﬁFw)

l=n1 ity =l

IN

Since the multi/}\)licity of the subcover D’ is at most p, each set B; appears in the
sum Zmi:l #N*(t;, B; N T,) at most p times. Furthermore, since t; > n; and
zi € a(x) NT,, by [@22) we have

B;NT, = B(z;,e ") NI, C au(z) = au().
Hence

ST #N(t:, BiNTy) < p- #N°(1, 0w ().

it =l
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From Lemma [5.4] it follows that

402772 N ey AN (1, (@)

l:n1

4kp C22d575 Z efal(h+2€)+al(h+a)

l:n1

S

IN

IN

= dkpC?o¥—e Z e U < 4oo.

l=n
Since L can be chosen arbitrarily large (and so can the numbers ¢;), it follows that
dimpy (F,Nn’(y)) < d® —e < d®.

This contradicts (5.5). Hence pg,(F)x) = 0 for any k£ > 1. This implies the first
identity in the lemma. The other one can be proved in a similar way. O

By Lemmal[5.8, for pr-a.c. (w,z) € T there exists an integer no(w, z) (measurable
in (w,x)) such that for n > na(w, ) we have
(5.6) #N°(n, B(z,e ") NTy) < #N°(n,z, Bz, e ™))ed",
(5.7) #N"(n, B(z,e ™) NT,) < #N%n,z,B(z,e™))ed".
Moreover, by Lusin’s theorem, there exists a subset I'® C T' of measure p(I'¥) >
u(T) —e > 1 — 2e such that

ne :=sup{ny + 2,na(w, z) : (w,z) €T} < oo,

and the inequalities (B.0]) and (B.7) hold for every n > n. and (w,z) € I'*. Further-
more, we can require that (L30)-E32) hold true for any (w,z) € I'® and n > n.,
with I',, being replaced by T"

6. PROOF oF THEOREM [3.1]

Since Theorem B.I(2) follows directly from Theorem BI(1) and (2.6), we will
just prove Theorem BIJ(1). We will divide it into the following two lemmas.

Lemma 6.1. For each (w,z) € I'® and n > n.,

Wi a) (B (w,5€7)) - i, oy (B (w,z567")) < pio (B(x,3e7™)) - 2C%€T.
Lemma 6.2. For each (w,z) € I'® and n > n.,

po(B(z,e™™)) < pify 0 (B (w, z34e™"™)) ity o) (B (w, 23 4€7")) - 203 tane,

(w,z)
Proof of Lemma [61l Fix a point (w,z) € T'® and an integer n > n..
First we observe that
B(z,e™™) C B(xz,3¢™™), Vze€ B(z,2e™").

Consider rectangles in R,, which intersect B(x,2e~™) NT,, and let R be such a
rectangle. Then there is a point z € B(x,2e ™) N T, C «,(x) such that R =
[agn]. (2). By @22) we have R C B(z,e™") and hence R C B(x,3e™"). Therefore

He (B(:m 36771)) 2 Z pho (R)
ReN (n,B(z,2e~")NT.,)
(6.1) > #N(n,B(z,2¢"™")NTy,) - Ot 2an(hte)
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Then we observe that
(6.2) B(z,e™") C B(z,2¢e™"), Vze€ B(xz,e™").

Now let R® = [a0] (z) be a rectangle in 7 which intersects B(z,e™™) N T,. We
can assume z € B(x,e”"™)NT,,. Then, for each rectangle

R € N*(n,z, (28], ()N B(z,e™)),

an

R intersects B(z,e™™) N T, and hence also intersects B(z,2¢~™) N T, by (62).
This means that R is in fact a rectangle in N(n, B(z,2e~™) NTy). For distinct
rectangles [al,] (z) and [a2,] (/) in N® (n,B(z,e"") NTy), since [al,] () N
[a8,],,(2") = 0, there is no common rectangle in both N*(n, z,[a9,]  (2)NB(z,e™"))
and N*(n,2',[ad,] (2') N B(z,e~™")). Thus

#N (n, B(z,2¢7")NT,)

> Z #Nu(nvz’ [O‘gn]w(z) OB(Zaein))

(00,1, ()EN* (n,B(z,e=m)NT, )

> #ﬁs (n, B(z,e ™) N fw)

(6.3) Anf{#N"(n,z,[ad,], (2) N B(z,e™ ™)) : 2 € B(z,e”™) N T}
We now estimate #N*(n, z,[al,],(z) N B(z,e™")) for each z € .. By @X)
we have

15(2) N g, (2) N B (w, z:e7™) Cis(2) N gy, (2) N Bz, e™™).
Therefore by ([34]) and noting a > 2, one has
#N"(n, 2, [ag,),(2) N B(z,e7"))
H{o, ) ([22,],(z) N B*(w, z;e7™) NTy,)
~ max{uf, (R): ReN¥ (n,z[al,],(2) N B(z,e ™))}

w,z)

> efn(d“Jra) . Cflean(hfa)
(6.4) > C’flea”(hfgs)u?w@)(B“(w,:c; e ™).
Following the same line as in the proof of Lemma [5.5] we can prove that

(6.5) #N* (n,B(z,e” ") N fw) > #N*(n,z,B(z,e” ™) N fw) .72 2ane,

Furthermore,
#N° (n, x, B(z,e”™)N fw)
- ufw)x) (B(:v, e ™) N fw) _
- max{ufw)w)(R) :Re Ns (n, x,B(x,e”™) N I‘w)}
> wa,x) (Bs(w, x;e ") N fw) .0 tean(h—e)
(6.6) > e i o (B, ),
Putting (G1)-([66) together, we obtain the inequality in the lemma. O

Proof of Lemma [6.2l. This lemma is a consequence of Lemmas (.11 B.2] (5.3l and
inequalities (5.6) and (&.7)). O
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7. THE CASE OF NONERGODIC MEASURES

We show how to modify our arguments in the case when the measure p is not
ergodic. By an easy variant of Lemma L5 for nonergodic measures, there exists a ©-
invariant (g-mod 0) function h,(-) : @ x M — R such that h,(F) = [ hy,(w,z)dp
and (@I)-@I) hold with h,(F) being replaced by h,(w,z). Then, by Lusin’s
theorem, given &’ > 0, there is a set IV C Q x M with p(I") > 1 — &’ such that
hu(w, ), d, (v), d; (z), the smallest positive exponent \*(w,z) 1= Ay(u,e) (W, T)
and the largest negative exponent \*(w, ) := As(u,0) (W, ) are all continuous on I'.
Let us fix 0 < § < 1 and consider the sets

Mw,z) = {(W,2")eQxM:|h,(w,x)—h,(,z")] <,
|, (@) —dj,_, (@) < 6,1dy, (x) —dj; , (2")] <6,
|/\u(w’$)—1 - /\u(wl7x/)—1| < 5a
N (w,2) 7" = A (w2 < )
which are clearly ©-invariant (u-mod 0). These sets, restricted to I, form an open
cover of IV by our requirement. Since € x M is a Polish space, it is Lindelof, and
hence so is its subset I'V. Therefore there exists a countable sub-collection of sets
{I':=T(w' z") }i>1 (with u(I'") > 0 for each ) which still covers I". Let u’ be the
conditional measure of 1 on I'Y, and it is obviously ©-invariant. Since u satisfies

@), so does pu'. Therefore the results presented in Section 2 can be applied to
1’ yielding the existence of the local stable and unstable dimension, dfﬂ» (z) and

s, (x), of pt. Since for p-a.e. (w,z) € I'

(7.1) hyi(w,x) = hy(w,x), d;(x)= dzw (x), d¥% (z)= d:ﬁw (z),

}J‘U) IJ’W
the following inequalities hold for p-a.e. (w,z) € I':
(7.2) |hyi(w, @) = hil <6, |d; (x) = di| <0, |dg: () —df| <,
where h; := hy,(w',2"), di :==d;, (') and d} := d} (¢"). Then we can apply the

arguments in the proof of Theorem [l to the measure p’, showing that for u-a.e.
(w,x) € I'* the following inequalities hold true:

(73) dyo (@) > & (2)+d (@) - cid,
(7.4) dyi(z) < dy: (x) + djj; (%) + ¢ 6,

where d,,; (x) and E% (x) are the lower and upper pointwise dimension of p, and
¢; is a constant which is independent of (w, z) or §. In fact, one can take ¢; = 12 a;,
where a; is the integral part of 4 + 2 max{\*(w?, z*)~1, |\*(w?, 2%)|~'}. To see this,
one needs to go through slight modifications of the arguments in Section 4 and
the proofs of Lemmas [5.IH5.6, and 6.2 made by replacing u, a, h, d* and d*
respectively with 4, a;, h;, di and d¥ and taking 4 into account due to (Z.Z). For
example, the first inequality of Lemma [5.1] now reads

#N®(n,x, Bz, &™) < (1)}, ) (B (w,m;4e77)) - Cetimitote),

(w,x)

to modify Lemma [5:6] replace (4] with the inequality

. log(1');, .y (B*(w, 23 p))
p—0 log p

= (2) > df — 6
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and apply the nonuniform mass distribution principle (see [12, pp. 43]) instead of
Frostman’s lemma, yielding

dimp (Ff. NS (y)) = df =6
which takes the place of (B.5]). Then the limits in Lemma [5.6] can be modified to

T #ﬁs(n,B(y,e’”) ﬂI‘w)

1m

n—+oo #N*(n,y, B(y,e™™))
m #Nu (na B(ya ein) N FW) e—ain(5s+45) = 0.

n—+oo #Nu(n,y, B(y,e™™))

—a;in(5e+46) _ 0
- )

From these it can be seen that one may take ¢; = 12 a;.
It follows from Proposition 7] that for p-a.e. (w,x) € I

dyi (v) =d, (z), dy (@) =dy,(2).
Noting that for p-a.e. (w,z) € It
(2 < N ) L N )] < N )]
by (1), (Z3) and (7)), we have the following inequalities for p-a.e. (w,x) € I'?
and each 7 > 1:
(7.5) d, (x) > d, (v)+d, (z)—cf,
(7.6) du,(x) < d, (v)+d; (z)+cd,

where ¢ = ¢(w, z) := 24 max{|\*(w, z)| 71 +3, |[\*(w, z)| 7! +3}. Since {I'*};>1 covers
IV, [C3) and (Z8) hold true for p-a.e. (w,z) € I''. Letting 6 — 0, we know that for
prae. (w,z) €T’

(7.7) d, ()= Eﬂw (z) = d;w (z) + dzw (z).

e

Since &’ > 0 is arbitrary and u(I) > 1 — &', (Z1) holds for p-a.e. (w,z) € Q x M.
This proves the last statement of Theorem Bl

8. PrRoOFs oF (33]) AND (434)

In this section we give proofs of requirements [@33]) and [{34]). We will inherit
many notations introduced in [I3] without announcing beforehand. In fact we will
prove

Proposition 8.1. Let p be ergodic and let a,n®,n* and I be as introduced in
Section 4. Then for p-a.e. (w,z) € T one has

. 1 s an S —-n S
(8.1) ngl}rloo - log i, ([0 "]w(2) N B (w, x5 ") NT) = &,
. 1 w u —n u
(8.2) ngrfoo - log ,u(w’x)([agn]w(x) NB*(w,z;e”™)NT,) = d“

We will only prove equation ([82)) since the other one can be obtained by applying
the same arguments to the system ©~! : Q x M «>. The proof goes essentially
along the same line as that of [13].
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8.1. Pseudo-pointwise dimensions and pseudo-local entropies. Let
a:=aV{l,Qx M\T}

Clearly we have H,(d|o) < H,(a|o) +1log2 < +oo. In view of [@Z) and [20) it is
an easy exercise to check that ([82) follows directly from the proposition below.

Proposition 8.2. Let n* and & be as introduced above. Then for u-a.e. (w,x)

u\,~0
i g 5 (5 i) =

The limit in the above proposition looks very much like the pointwise dimension
of p on the W*-manifold at (w,x) defined in Section 2 and, for the sake of language,
in this section we name it as the pseudo-pointwise dimension of u on the WH-
manifold at (w,x). The proposition states that the pseudo-pointwise dimension
coincides with the usual pointwise dimension.

We will prove the existence of pseudo-pointwise dimension on W*“-manifolds
and its coincidence with d“ through quantities named pseudo-pointwise dimensions
on Wimanifolds and pseudo-local entropies along Wi-manifolds (i = 1,2,--- ,u),
which we will introduce below.

We begin with the following notations. Let n* > n? > --- > n“ be a sequence
of increasing measurable partitions of { x M with each 7’ being subordinate to
the corresponding W'-manifolds. Let n : (0,1) — Z* and b : Z+ — Z™T be two
monotonic functions such that

0<lim—w<+oo, 0< lim M<+oo
plo  logp n—+oo N
(such functions will be called well-rated functions in this section; in the subsequent
arguments one may take n(p) = [—alog p] and b(n) = [bn] for some positive numbers
a and b, where [t] denotes the integral part of a real number t). Put

ivgo .
(83) é;(w,x) = hir%logu?w\;)n(p) (Bz(w,:v;p))/log P
p—
< o ‘vay, i
(8.4) Silw,z) = Tim log f1g,, " (B*(w, x5 p)) / log p,
1 i\, ~0 )
(8.5) hi(w,@5p) = m - log i, " (B! (w, zm. p)),
— — 1 VaY ., i
(8:6) Filw,aip) = Tm_—=logu(, )" (B'(w,a5n,p)).
(5.7 Kw,r) = lmbl(w,7:p)
(8.8) Bi(w,2) = lmTi(w,;p),
where BY(w,r;p) and B*(w,x;n, p) are as defined in [13], i.e.,
Bi(w,z;p) = {yeW'wa):d,,(x,y) <p},
B (w,z;n,p) = {yecWiw,z): dgk(w7z)(ffx,ffy) < pfor0<k<n}.

We call ¢, (w, z) and 3; (w, ), respectively, the lower and the upper pseudo-pointwise
dimension of 1 on the Wi-manifold at (w,z), and hj(w, ), h;(w,z) the lower and
the upper pseudo-local entropy along Wi-manifolds at (w, ).
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Sometimes we write 0 (w, ;&) := &:(w, ) to indicate the dependence of this
quantity on the partition a. Other similar notations have analogous meanings.

Remark 8.3. By (&) and from [I3] one can easily check
Bilw,z) > Giw,x) > b,
hi(w, ;) 2 Wi(w, i) > hifw,73p)

and hence
Ty(w, ) > hi(w,z) > h;

for p-a.e. (w,x) and each i < u, where d;, h; and h; are introduced in [I3].

It would be clear later that the quantities &, 32, b, and E; are in fact independent
of the choices of the well-rated functions n(-) and b(-).

We point out that for p-a.e. (w,z) andi=1,2,--- ,u
(8.9) "V af.(z) C BY(w,x;n,8,), Yn > no(w,)

and, for each y € [n° V o], (z) with n > ng(w, z), fXy stays well inside the (e, £4)-
chart at ©%(w,z) for k = 0,1,--- ,n. For i = u, this has already been stated
in Lemma [£.4t for a general ¢, the conclusion can be proved analogously, and the
reader is referred to [13] for details. These facts will be our starting point of many
other basic estimates.

8.2. Coincidence of pseudo and usual local entropies. Let a be the (fized)
partition introduced in the last subsection. For each sufficiently small € > 0, in
particular, € < €,, we choose a system of (g, ¢)-Lyapunov charts {®(,, ,)} given by

[13, Prop. 3.1].
First observe that ¢, (w,z) < ¢(w,x) and hence
(8.10) 0.(0"(w,z)) < Uw,z)e™e vn e Z,

for p-a.e. (w,z). This can be deduced directly from the explicit formula of ¢(w, x)
(see, for example, [I1, pp. 142-145]). The above observation helps us switching
from one system of Lyapunov charts with a fixed parameter ¢, to another system
of Lyapunov charts with an arbitrarily smaller parameter ¢.

Then we will prove that E; (w,z) < h; for any ¢ < u, and hence the pseudo-local
entropies coincide with the usual local entropies. Before doing this, we first prove
the following fact.

Lemma 8.4. Let A := min{|N\;| : 4« = 1,2,--- ,r} and let p € (0,1) be given. Let
B:=ay for some m € ZT. Then for p-a.e. (w,x) we have

(8.11) [V 61w (@) C B (w, 3 [npl, e ™)) Wi > njy(w, ),
where njy : Q@ x M — ZT is a Borel function independent of m.
Proof. In fact, in the proof of [13, Prop. 5.1] we have already proved
i@,@(w@) (fFe, fry) < 2K.6.0. (@k(w,x))e*("*k)()‘i*&g*), k=0,1,---,n,
for any y € [n° V a]w(z) with n > ng(w, x) and for p-a.e. (w,x). Let
l-p

€0 1= min{%, T()\ —3e4)}s
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and take a system of (g, £o)-Lyapunov charts (where ¢ (w, z) := ¢(w, x) is a function
introduced in [I3, Prop. 3.1] corresponding to the parameter € = gp). Then, by
®IQ), for k=0,1,--- ,n we have
(8.12) ok () ([E2, [hy) < 2K.6.00(w, w)e (MR imdee)theo,

Fix an integer m > 0. In view of the facts & > a, (1 — p)(N\; — 3e.) > 3¢ and
®12), for any y € [n° V ay "]w(x) with n > ng(w, ) we have

@k (w,2) (f z, fPy) < 2K.0.00(w, x)e ™A 3e) =m0 - — 0 1. [np).
This implies
(' vV apt™ C BY(w,z; [np], 2K 0. Lo (w, x)e ™ i =38 ~2ne0)
for p-a.e. (w,x) and any n > ng(w, x). The conclusion (8II]) then becomes obvious

with n{(w, x) being defined by

ny(w, z) :== max{ng(w,x),1 + [% log(2K,0.y(w, x))]}.

Lemma 8.5. Ifﬁ =af for some m € ZT, then

lim — 10g e zf("’ ([(n" v B)5lw(x)) = Hu(n'|On" v 0) = hy

n—-+oo

holds for p-a.e. (w,x), where b: Z — Z7T is a well-rated function.

Proof. Since 8 = ag’, for any n large enough we can write

—log u(w ;;b(") (" v B)glw())
= L([n" vV BI§n* V Gy V o) (w,2)
= 1 (6’771 \/ag(n) \/U) (w 1‘)

+ZI (BVn'len' vesy v eray,, vo)(eF(w,z))
k=1

= I, (ﬂ|ni Vv &g(n) Vv 0) (w, )

+D LBV OV Od,,) Vo) (08 (w, 7))
k=1

+ Z 1, (ﬁ Vv ni‘@ni \Y G)ﬁl?(n)Jrkf1 vV 0') (@k(w7 x)).
k=1
Clearly we have
In(w,z) :==L,(BV 7' |00 VOB Vo) (w, ) = Iu(w,x)

in L' and p-a.e. as n tends to +oo with Io(w,z) := I, (8V7'|On' VOB~ Vo) (w, z).
Note also that

H,(B|o) < (m+1)Hy(a|o) < 400
and

/Ioo(w,x)d,u =H,(8Vn'On' veps~ Va)=H,(n'0n Vo) =h,
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which can be proved following the idea of [IT, Lemma VI.5.4]. Then a slight variant
of the Birkhoff ergodic theorem gives

1 WVE L
S =2 g, (0 B 1u@) = [ Llios)de = by
for p-a.e. (w,x). O

By means of the above lemmas, we can now prove the following proposition which
tells the coincidence of the pseudo-local entropies with the usual local entropies.

Proposition 8.6. h/(w,z) = h;(w,z) = H,(n'|On V o) = h; for p-a.e. (w,z) and
1 < i < u, where h; is the local entropy along W*-manifolds defined in [13], Sect.
4].

Proof. Due to Remark B3] one needs only to prove
E:-(w,x) < h;.
Given § > 0 arbitrarily, let m > 1 be an integer so that e~™(*A=3:) < §. Put
B := af'. Then, for any p € (0,1), by Lemma [84 we have for p-a.e. (w,z)
(" v B)5lo (@) C B'(w,z;[np],8)  for any n > ng(w,z).
Since p € (0,1), we have {[np] : n € ZT} = Z™ and hence
—

— 1
hi(w,z;0) = lim ——logu

n—-+o0o n

i\, ~0
771 vab(n)

(Bi(o.), T;n, 5))

(w,z)
— 1 NG () (i
— Lo (55 ol )
(8.13) < . Hm —=logul S (0 v B)glu(a))
T p nodoo n (w,) 0w ’

where b(-) is a well-rated function. Clearly b'(n) := b([np]) is still well-rated for any
fixed p € (0,1). Thus, by Lemma [83] the limit in (8I3)) is h; for any fixed p > 0.
Hence we have proved

By (w, 238) < hi/p
for any 6 > 0 and any p € (0,1). This proves h,(w, z) < h;. O

As needed in the next subsection, we deduce another property of the partition
Q.

Lemma 8.7. Let m > 1, § := & and € € (0,e.) be given. Then there ezists a
Borel function nf : Q@ x M — Z™" (independent of m) such that for p-a.e. (w,z)

[V 8w (z) C B (w, ;e " Xi7%))  vn > nll(w, x).
Furthermore, for any well-rated function b(:) and p-a.e. (w,x) we have
Proof. From the proof of Lemma [B4] we have
0k o) (52, JEY) < 20,0 (OF (w, m)) e (mHm =R (imae)

for any y € [n°V B3]w(z) and k = 0,1, -+ ,n +m with n > ng(w, z). By (B10) one
has

1 iy, ~0
lim —=logp "5

n—-+4oo n (w,z)

ok () (FEm, [5y) < 2K.6.0(w, w)e (mHm= R Qimse. ke
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for k = 0,1,-~- ,n + m since € < €,. Then, noting that A\; > 200e,, we have
pi=1- 525 €(0,1). Hence, for any

n > n'(w,z) == max{ng(w,x),4 + [% 1og(2K0K*5*€(w,;g)3)}}

(where K is a universal constant given by [I3 Prop. 3.1]), we have

iyt o) (FE, fhy) < K U0(OF (w,2)) 7%, k=01, [np] +1,
for any y € ['V 3], (z). This means that ffy, k =0,1,--- , [np]+1, stay well inside
the (e, £)-charts. Therefore we can employ (g, ¢)-charts for these points instead of
(€4, £ )-charts, yielding that (noting p = 1 — x—=25— and ; > 200z.)

détd,a;)(xﬁy) < QK()(S e(W,.’II) ([np]4+1)(N; —3¢)
< QK()(S E(W,.’I}) —np(X;—3¢)
< 28 M, )e DO R
< Kb l{w, m)e - e N—02)

for any y € [n° V B1]w(z) with n > n/(w,z). Then one obtains the first conclusion
with n{(w, ) being defined by

1
ng(w, z) == max{n'(w,z),1 + [g log (2Ko0.4(w, z))]}.
By Lemma [85] we clearly have

Tim 1 va
lim —g log M?w’w)b( )([ﬁg}w(l’)) S hz

n—-+oo

On the other hand, by Lemma [84] and Proposition we have for each p € (0,1)

: ‘vay n . 1 va? n —ndm
lim f—log,un " ([B)w(@)) = lim —=log Z’M)’“ ([@nt ™ ()
n—-—+00 n—+oo N
; : 1 NNVt (k—1)m ~n+km
- ﬂ%ﬂ%{ml‘)g%m“ (@ @)
> lim lim —— log :U'? vo;b(n+(k 1)m) (Bz( z; [np], efkm(Aiffie*)))

k—-+oo n—-+00

= p- lim ﬁ;(w,x;e_km(ki_?’s*)) =p-h;.
k—+4o00
Letting p — 1, we obtain the second conclusion. O

8.3. Coincidence of pseudo and usual pointwise dimensions. Based on
Proposition B.0] we will prove inductively that for p-a.e. (w,x)

é;(%x):gi(w,x):éz, Z:1’2’ , U,

following the same line of [I3, Sect. 5|, where the constant §; for each i is the
pointwise dimension of y on W-manifolds defined in [13].

Let v; = 6; — §;_1 be the transverse dimension of g on W*/W®=! introduced in
[13, Sect. 2] for ¢ =1,2,--- ,u with the convention dy := 0. First we have

Proposition 8.8. §)(w,z) = gll(w,x) =0 = for p-a.e. (w,x).
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Proof. We have already known that
0 (w,x) > 61 =1,
For 8 = & with m > 1, by Lemmas BT and it is clear that
hy = h} > /\13/17
ie., 0y < hi/A =61 O

Based on Proposition B8, we will then prove the coincidence of §; and 3; with
6; for i = 2,--- Ju by induction. Let 2 < i < u and assume that we have already
—
proved the coincidence of 8 ; and §;, ; with &;_1, i.e., for p-a.e. (w,z)

éli—1(w»93) = 311'71(%95) =di_1.
In view of the facts
Si(w, ) > 6
and
Yi =0 — 0i—1 = (hi — hi—1) /N,

the coincidence of & (w,z) and gz(w,x) with 0; can be deduced directly from the
following proposition.

Proposition 8.9. 3; —3;_1 < (hi —hi—1)/Ni  for p-a.e. (w,x).

In order to prove Proposition[8.9] we present some basic estimates in the following
lemma, which follows readily from the last subsection and Lemma B and hence
whose proof is omitted here.

Lemma 8.10. Lete € (0,e,) be given. Let 5 = af* for some integer m > 1. There
exists a Borel function 1 : Q x M — Z7T such that the following hold for p-a.e.
(w,x):
~1log unl—lvagm) ([B0]w(®)) = hiz1 —e  for any n > ni(w,z);
n (w,z) 0w = -1 yn = s )
niva‘;(”)

)
)
3) —Llog M) ([68]w(2)) < hi+e for any n > n(w,x);
)

i—1 a() —
) llog g, )" (L)) /[=n(Xi = 9)] <5,y +2 for any n > flw,2);

INET ) _
) [log u?w\)/w)b(") (Bi(w, z; 2 "i=99)))] /[=n(\; — 9¢)] > 6; — ¢ for infinitely

many n > n(w, x).

Proof of Proposition [89l The proof follows the main line of that of [I3, Prop. 5.3]
with some slight modifications. We present it here for completeness.
Let

A" = {(w,2):n(w,z) <nand (w,x) satisfies

the requirements (1)—(6) of Lemma RI0}.

Clearly p(A™) 11 as n — +o00. Hence for any &’ € (0, 1) there is an integer N7 such
that A’ := AM has p-measure not less than 1 —¢’/2. Then we can assume that, for
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prae. (w,x), 8 (w,z;&) = gifl(w,x;&) =0;_1 where a:=aV {A,Qx M\ A},
ie.,
/e,

. IOgN(w@) (Biil(wv@p))
pli% log p

—/
= 62;1 = 52'717

where 3;_1 = §;_1 is constant and n(p) is any a well-rated function n : (0,1) — Z*.
Hence for any well-rated function b : Z+ — Z™T one has
' TIVE Gy

(w,)

1 ) -
lim ——logpu (B (w, z;e "X 9 A ALY = (A — 9e) - 5;_1
n

n—-+oo
for p-a.e. (w,z) € A’. There is thus another integer No > N; and a subset AcC N
of p-measure not less than 1 — &’ such that, for any (w,z) € A and any n > Ny,

G

Hw,z) (LN A:U) > e~ (Xi=92)(8;_; +¢)

with L = B Yw,z;e ™*~9%)) Now we arbitrarily fix a point (w,z) € A. By
Lemma [8.10] one has

n' " V) n' T Ve

F(w,z) ([ﬂg]w(y)) = Huy) ([56’]w(y)) < e nhi-1=e)
for any y € LNA, N [&g(n)]w(m‘) C [t \/&g(n)]w(x) and n > N,. Hence, by Lemma
BIO(5),
#6810 (v) : y € LN AL N [@w(2)}
i—lva() " _ ) _

Bloay O (LOAL) femmtime

> exp{nlhi_1 —e — (A — 9¢) (6,4 + )]}
On the other hand, according to Lemma [BI0(1), we have

[V B5)u(y) C B (w,y;"N79), ¥n > N,

for any (w,y) € A’ and hence also for any y € LN A/,. Clearly d’éw,z) (z,y) <

\

d’@lw) (z,y) for any y € L. Therefore
'V BMw(y) C Bi(w,x;2e " Ni=%)) vy e LN A/, and n > Ny.
Thus, noting that L C n%,!(x) C n%(z), we have

ﬁiV&g(m

10g 'u(w,x) (Bi(w,,]j;Qe_n()\i—9s)))

> log #{1 V Alu() 1y € LNAL N a0l (@)}
+logmin a0 (1 5l (v)
> log #{)() 1y € LNAL N a0 (@)}

. Vap,
+log min TR (I M)

> —nlhi — hi_1 + 2+ (A — 92)(3,_, + )]
Then by Lemma BI0(6) we obtain for any (w,z) € A
(A — 9e)(3;, — 8,1 — 2€) < hy — hi_1 + 2,
which implies Proposition [89] by letting ¢ — 0 and then & — 0. O
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