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TRANSPLANTATION AND MULTIPLIER THEOREMS
FOR FOURIER-BESSEL EXPANSIONS

OSCAR CIAURRI AND KRZYSZTOF STEMPAK

ABSTRACT. Proved are weighted transplantation inequalities for Fourier-Bessel
expansions. These extend known results on this subject by considering the
largest possible range of parameters, allowing more weights and admitting a
shift. The results are then used to produce a fairly general multiplier theorem
with power weights for considered expansions. Also fractional integral results
and conjugate function norm inequalities for these expansions are proved.

1. INTRODUCTION AND STATEMENT OF RESULTS

Given v > —1,let A\, ,, n =1,2,..., denote the sequence of positive zeros of the
Bessel function J,(z). Then the functions

1,[};;($) = dn,u(An,Vx)l/ZJu()\n,ux)7 dn,v = \/§|/\711{3Ju+1()\n,1/)|_17

n=1,2,..., form a complete orthonormal system in L?((0,1),dx). In particular,
6V2(2) = Vacos(n(n —1/2)z),  6Y%(x) = V2sin(mna),

forn =1,2,.... Given a function f on (0, 1), we associate to it its Fourier—Bessel

series

fa)~ S e, df) = / Fa)t () de,
1 0

provided that the coefficients exist. A comprehensive study of Fourier—Bessel ex-
pansions is contained in Chapter XVII of Watson’s monograph [9].

The main goal of this paper is to prove a general transplantation theorem for
Fourier—Bessel expansions. Transplantation theorems for both discrete and contin-
uous orthogonal transforms were discussed by a number of authors. Muckenhoupt
[5, Theorem (1.6)] proved a transplantation result for the orthonormalized Jacobi
polynomials. His theorem included the full range of admissible parameters, greatly
enlarged the set of applicable weights, allowed a shift in the order parameter and,
finally, admitted moment conditions.

Our result is heavily inspired by that of Muckenhoupt: we follow his concept of a
“general transplantation theorem” (except the fact that we do not include moment
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4442 O. CIAURRI AND K. STEMPAK

conditions) and, proving the result, we use a similar procedure based on showing
appropriate bounds, or asymptotics, of the corresponding transplantation kernel.

Given 1 < p < oo and a real number a, by LP* = LP%(0,1) we denote the
weighted Lebesgue space of all (equivalence classes of) measurable functions g on
(0,1) for which the quantity

1 1/p
wm@=(4|mmmwM)

is finite. For a = 0 we simplify the notation writing ||g||, and L?(0,1).

Theorem 1.1. Let p,v > —1, 1 < p < oo, m be an integer, and

(1.1) —-p(r+1/2)—1<a<p(p+3/2)—1.

Then the series T, f(x) = Y oo r™ct(f YL, (x) converges for every x € (0,1),
feLPtand0<r<1, and

(1.2) 1T f(@)llp.a < Cllfllp,a:

with C independent of f € LP* and 0 < r < 1. Moreover, there exists a (unique)
bounded operator T on LP® such that for every f € LP®

(1.3) ITof —Tfllpa — 0, 1"
If, in addition,
(1.4) a<plrv+3/2) -1,
then
0 1<n<m
(1:5) n(Tf) = {cém(f), ma_x{l,_m —;— 1} <n < oo.
Here and later on we assume ¢ = 0 if & < 0. Note that the assumption

a < p(p+ 3/2) — 1 guarantees the existence of the coefficients ¢/(f) whenever
f € LP*, while the hypothesis —p(v 4+ 1/2) — 1 < a implies that 1}, belong
to LP® for all n = 1,2,...(Holder’s inequality and the estimate (2.8]) are used).
Therefore, (LI} should be seen as a natural (minimal) assumption. In the same
way, (L4 ensures the existence of the coefficients ¢ (T'f) for any f € LP®.

Corollary 1.2. Let u,v,p,m and a satisfy the assumptions of Theorem [L1] ex-
cept for the assumption (LAl). The operator T that appears in the conclusions of
Theorem [L1] is the unique bounded on LP* extension of the operator

Fe ) eh(Hhm (@),
n=1

initially defined on C2°(0,1). If, in addition, —p(p+ 1/2) — 1 < a, then T is also
the unique bounded on LP* extension of the operator
Y=y, n=12,...,
initially defined on the subspace spanned by {¢Y¥ :n=1,2,...}.
The choices of t = —1/2 and v = 1/2 as well as p = 1/2 and v = —1/2

in Corollary (together with taking m = 0) show that for 1 < p < oo and
—1<a<p—1we have

c Z ap sin(mnz)||p.q < || Z an cos(m(n —1/2)x)||p.a < C| Z an sin(mnz)||p.q,
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TRANSPLANTATION AND MULTIPLIER THEOREMS 4443

with C independent of sequences {a,}22; such that a, = 0 for all but a finite
number of n’s. This may be seen as a variation of M. Riesz’s conjugacy theorem.

Corollary specified to the case m = 0 gives the Fourier-Bessel transplantation
inequality

oo
IS D@ e < Cllfllpar € C2(0,1).
n=1
Therefore, by using [Il Theorem 2.4], the above produces the Hankel transform

transplantation inequality

[(Ho o Hu) fllpa < Cllfllpar  f € C(0,00),
with the range of a given by (ILl), where H,, is the Hankel transform of order v,

Hof(z) = /Ooo(ffy)l/QJu(:vy)f(y) dy, x>0,

for any appropriate function f on (0, 00). This approach seems to be, in our opinion,
the most straightforward for obtaining an optimal Hankel transform transplantation
inequality (with power weights) by means of a transference argument; cf. also [§].

Specified to the case of m = £1, Corollary also shows that the forward and
backward shift operators

(U Py, ¢Z+1;
uniquely extend to operators bounded on LP® provided that 1 < p < oo and

—p(r+1/2) =1 <a < p(v+3/2) — 1. These operators may by seen as conjugate
transforms in the setting of expansions with respect to the system {¢%}.

Theorem 1.3. Let p,v > —1, 1 <p< oo, 0<s<min{l/p,u+v+2}, m be an
integer, 1/g=1/p — s and

(1.6) —(v+1/2)-1/g<a<p+3/2—1/p.

Then the series T, f(x) = >0 r"n~*ct(f)v4 ., (x) converges for every x € (0,1),
felP® and0<r<l, and

(1.7) 177 fllg.aq < CIlS

with C independent of f € LP® and 0 < r < 1. Moreover, there exists a (unique)
bounded operator T from LP°P into LY such that for every f € LP*P

|p7ap7

(1.8) 1T f =Tflgaqg—0, 7 —1".
If, in addition,

(1.9) a<v+3/2—-1/q,

then

Oa 1 <n< m,
(n—m)=sck_ (f), max{l,m+1} <n < oo.

(1.10) c(Tf) = {

Corollary 1.4. Let pu,v,p,q,m,s and a satisfy the assumptions of Theorem
except for the assumption [LI). The operator T that appears in the conclusions of
that theorem is the unique bounded from LP°P into LL%? extension of the operator

fro Y () sm (@),
n=1
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4444 O. CIAURRI AND K. STEMPAK

initially defined on C2°(0,1). If, in addition, —(pu+1/2) —1/p < a, then T is also
the unique bounded from LP*P into LT extension of the operator

wrlf'_)w;+mv TL:].,Q,...,
initially defined on the subspace spanned by {¢Y¥ :n=1,2,...}.

Of particular interest is the case of m = 0 and g = v. Then Corollary [[.4] says
that the fractional integral operator

If(x) = n= ch(fvh(x),
n=1

initially defined on C2°(0,1), extends to a bounded operator from L?°? into L?%,
provided the relevant assumptions are satisfied.

For a multiplier theorem we now state that we use the same classes of multiplier
sequences, M (t, \), as those in [5], p.51] (apart from the fact that our sequences are
indexed by the positive integers). For a positive integer A and 1 < ¢ < oo they are
the sequences {m,}22; satisfying the Hormander-type condition

2k+1

1/t
B(m,t,\) = ||my]|co + sup Qk(’\_l/t)< Z |A’\mn|t) < 00,
k

n=2k

where A* = A(A*1) and A = A denotes the forward difference operator, Am,, =
Myp41 — My. For the definition of M (¢, A) with an arbitrary positive A and more
information on these class of multipliers, we refer the reader to [5].

Theorem 1.5. Letv > —1,1<p<oo,1<t<oo, A>max{1/t,|1/p—1/2|} or
A=t=1,me M(t,A), a] < p\ and

(1.11)  max{—1,—1—p(r+1/2), -1 +p(-A+1/2)} < a
<min{2p—1,-1+p(r+3/2),-1+pA+1/2),-1+pA+1—-1/t)}.

Then

p,a»

(1.12) [ Z Mudnthy ||p,a < CB(m,t, A)|| Z Ay
n=1 n=1

with C independent of m and d, and any sequence {d,}2, such that d, = 0 for
all but a finite number of n’s. Moreover, the operator initially defined on the span
of {yr :n=1,2,...} by Y¥ — m,% uniquely extends to a bounded operator on
Lre,

A transplantation theorem for Fourier-Bessel expansions is contained in Theo-
rem A of Gilbert’s paper [2]. This theorem states a general result of transplantation
type for operators with kernels satisfying a number of “natural” conditions. The
Fourier-Bessel expansions fit into that frame, and, moreover, a proper modifica-
tion of Gilbert’s argument leads to a more general weighted result with A, weights
involved; cf. [3].
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TRANSPLANTATION AND MULTIPLIER THEOREMS 4445

2. PRELIMINARIES
We recall some known facts related to the Fourier-Bessel system (see [1]):
1) dpy =721+ Gnw)y,  dnw =00,
.2) Ay =7+ Dy, +cpny), Cny =O0(n 1),

D, = (2v — 1)/4. In fact, the precise asymptotics of the sequence A, , is known
(see [9, p. 506]):

> Ru,k
Ay~ 7 <n+Du+Zm> :
k=0 v

which means that there is a sequence of coefficients {R, 1 }72, such that for any
given positive integer p,

p—1
Ru,k —(2p+1
(2.3) )\n,u:W<n+Du+Zm> +0(n (2p )).
k=0
It is therefore clear that given a nonnegative integer ¢ one has
s
(2.4) Any = kzl T:;f +0om .

We will use the well-known estimates for the Bessel functions: for v > —1
(2.5) Ju(2) = O(2"), z—0F,

and, given a nonnegative integer M,

M
A, B,
(2.6) Vzd,(2) = Z ( Zj’] sin z + Z—J] cos z) + Hy(2), z — 00,

J=0

where |Hpr(2)] < Cz=MFY (see [4, p. 122], for example). A straightforward
calculation shows that using (Z4]) and (28] produces

4
ka —0—1

for any given nonnegative integer ¢.
On the other hand it follows from ([2.5), (2.6) and 21 that

(nx)*t1/2 0<xz<nt,
1, nl<zr<l

(2.8) Y (@) < C{

Lemma 2.1. Let a < p(u+3/2) — 1. Then, for any f € LP*,

(2.9) ch(f) =0(n’), n=12,...,
fora’p:p(faﬂapaa)' Iffp(y+1/2)71<a7 then
(2.10) lrllp.a = O(n7), n=12 ...,

foraT=7(v,p,a).
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4446 O. CIAURRI AND K. STEMPAK

Proof. We write

1/n 1
len (Pl <C (n”+1/2/ |f (@) /2 d:c+/ |f(ﬂf)|dﬂf>
0 1/n

1/p’ 1/p
1/ L
< Cllfllp,a it </ nl'(“+1/2ia/p)p/ dx) + </ P /P da:)
0 1/n

and (29) follows. The assumption on a was used to ensure the convergence of the
integral over (0,1/n). A similar calculation shows (210). O

Lemma 2.2. For any positive integer k and h € C2°(0,1),

(2.11) c”(h)] < Cppn™", n=12....
Proof. The functions %, n =1,2,..., are eigenfunctions of the differential operator
(symmetric in L2(0,1))

d? 1/4 —v?

[ it

dx? x?
More precisely, L,y (x) = =X oy (x). Thus (h,¢4) = —A 2 (L,h,¢y), and
repeating this procedure and using Schwarz’s inequality produces @I1d). (|

Lemma 2.3. Let 1 < p < oo and —p(v+1/2) —1 < a. Then the subspace spanned
by {vr :n=1,2,...} is dense in LP*.

Proof. Tt is sufficient to approximate functions from Cg°(0,1) by linear combina-
tions of ¢¥’s. Fix f € C°(0,1). We will show that a subsequence of the partial
sums,

N
Snf=> e
n=1

approaches f in L»®. Indeed, f = limy_.o, Sy f in the L?(0, 1) sense. Therefore, we
can find a subsequence N(1) < N(2) < ... such that f(z) = limmy, oo Sn(m)f(2),
a.e. in (0,1). Using (211 now gives

ISvf@)<C Y nFg(a)

1<n<N
and then, for 1 < p < oo, Holder’s inequality produces

sxr@r <o(Xn)"" S .
n=1

n=1

Therefore, for 1 < p < 0o, choosing in Lemma k large enough shows that the

sequence of functions |Sy f(x)|P, N = 1,2,...,is majorized, up to a constant factor,
by the function Y, n %1% (z)|P which is in L. Therefore, using the dominated
convergence theorem, Sy () f — f in LP%. ]

We will frequently use, without further mention, the fact that

an B (NPHL), for p > —1,
= logN) for p = —1,
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TRANSPLANTATION AND MULTIPLIER THEOREMS 4447

and

Swowr, et
n=N
Also, we will use the summation by parts formula

i anAb, = —anby — i bni1Aay,

n=N n=N

where Aa,, = ap4+1 — an. By f* g we will denote the convolution,
guhio) = [ gwhlz -y dy

of two 2m-periodic functions g and h on (—m, 7).
Finally, we recall the following two forms of Hardy’s inequality: if a < —1 and
1 <p < o0, then

1 T 1
(2.12) /0 /0 f(t)dt px“ dz < C/O |f (z)[P2*FP dx;

ifa>—1and 1 <p < oo, then

1) 1 1
(2.13) /0 / f(t)dt pxa dx < C/O |f(z)[P2*tP dx .

As usual, p’ will denote the conjugate value to p, 1 < p < 0o, and [ ] will mean the
greatest integer function; C2°(0,1) will mean the space of C'*°-functions on (0, 1)
with compact support. Constants with subscripts will indicate a dependence on
these subscripts.

3. PREPARATORY LEMMAS

In this section we state and prove three technical lemmas. Lemma [3.]] together
with Lemma [B.2 serve in proving Lemma [3.3] which is one of key ingredients in the
proofs of our main estimates, Proposition [£.3] and Proposition 5.1

Let

I = . 1— 72
z) = 2 + Zr cos(nz) = 2(1 — 2rcosx + r?)

be the usual Poisson kernel and
rsinx

r” sin(nx)

M

~1_2rcosz + 72
n=1

be the conjugate Poisson kernel. The following identities are obvious:

koQ . d2k+1Q N
(—1)* dx;’“ Z r*n?k sin(nx), (—1)F—=22—2 dx2k+1 Z "2 cos(na),
) 2" Py () g1 2P (2)

(-1) dm% Zr" 2k cos(nx), (—1) dm2k+1 Zr" 2L gin(na)

(to be precise in the third identity we assume k > 1; otherwise, for & = 0, we must
include the summand 1/2 on the right).
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4448 O. CIAURRI AND K. STEMPAK

Lemma 3.1. Forn=0,1,...,0<r <1 and 0 < |z| < 37/2, we have
d"P,(x) < Cn|.’II|_(n+l)7 d"Q.(x) < Cn|$‘_(n+1).
dx™ dx™
Proof. For either P, or @, the nth derivative has the form
Sn(r, )
((1 —1r)2 + 4rsin® Z)nt1’
where
Spt1(r,z) = ((1 —7)2 + 4rsin? f) dSn(r,z) _ (n+ 1)4rsin T osE Sp(r,x)

2 dx 2 2

and So(r,z) = (1 —r?) in the case of P, or Sy(r,x) = rsinz in the case of Q.

It follows inductively that S, (r, z) can be written as the sum of terms of the form
f(r,z)(1 —r)7 sin® £, where f(r,z) is a bounded function and j + & > n + 1. From

this |S,(r,x)| < C’((l — )t 4 |sin%‘n+1). The result follows immediately by
separately considering 1 —r < |z| < 37/2 and 0 < |z| <1 —7. O

Lemma 3.2. Let 0 < 8 < 1 and f be a 2w-periodic function such that |f(x)| <
Clz|=P for 0 < |z| < w. Then, the estimate

P+ f(z)] < Cla| 7
holds, with C' = Cg independent of 0 <r <1 and 0 < |z| < 37/2.

Proof. Tt is sufficient to check that |P,. x f(x)| < C|z|=” for 0 < |z| < 7/2 and
|P, % f(x)| < C for 7/2 < |z| < 3m/2 with constants independent of 7 and x. Since
the periodicity of f allows the hypothesized estimate |f(z)| < C|z|~” to hold for
0 < |z| < 37/2, the proof of the first bound reduces to showing that

(3.1) / P.(y)|z +y| P dy < Cax™P, 0<z<m/2
0

To show ([B.I]) we split the integration region (0, ) into two parts, A = (0,2/2)U
(2z,7) and B = (2/2,2z). The fact that [*_P.(t)dt =  easily gives

/ P.(y)|z +y|Pdy < Cx™P.
A

On the other hand, by Lemma 31l P,.(t) < Ct~! for 0 < t < 7, hence,

2x
/ P.(y)|lz+y|Pdy < Cx_l/ |z +y|Pdy < CxP.
B x/2
The proof of the second bound reduces to showing that
/ y PP.(y+a)dy <C, w/2 <z <3m/2.
0

The estimate follows since

/ y PP (y+x)dy < Ai/
0 0

where

/4 T

yBdy + (m/4) / [ PleEnd
/4

A_ = sup sup  P.(t), Ay = sup sup  P.(t).
0<r<17/4<t<3m/2 0<r<1n/2<t<Tm/4
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Lemma 3.3. Given v > 0 the estimates

[ee] .
Z pripy—1 S (nx)
‘ cos
n—=

hold with a constant C., independent of 0 < r <1 and 0 < |z| < 37/2.

(3.2) < O |z

Proof. For v = m, m = 1,2,..., the result is contained in Lemma B.Jl To prove
[B2) for other values of v we proceed by induction. The following estimate is stated
in [I0, (13), p. 70, Vol. I]: for any 0 <y < 1 and 0 < |z| < 37/2

S {inf o

n=1

This, together with Lemma B.2] shows [3.2) for 0 < v < 1.
Suppose now that m < v < m + 1 with m > 1. To simplify the notation write

< Gyl

Sy (z) = Sy(r,z) = Z r"n " tsin(nx), C,(z) = Cy(r,z) = Z r"n? "t cos(nx).
n=1 n=1

We will show that

m m

(3.3) Sy(@) = Sm(z) + Z Z Gs,py (SS('/I")C’Y*P('/I") + Cs(x)Sw,p(x))

s=1p=s
+ i (S4(@) A (1) + Co(@) Boy (1,2)),

where a;, are constants and A;.(r,z), Bs 4(r,z) are bounded functions. An
analogous formula holds for C,, (to be precise, on the right of B3)), Sm, Ss, Cs
and the second plus sign have to be replaced by Cp,, Cs, S and the minus sign),
and the proof of it proceeds analogously to that of ([B:3]) by using the identity for
cos(a + b) in place of a similar one for sin(a + b). These two identities, together
with the induction hypothesis and the estimates ([3.2]) known to hold for positive
integer values of v, show B2) for m <~y <m + 1.

Applying the summation by parts formula to the series defining S, (z) with
an=n"""and b, = — > po r*k™ !sin(kz) gives

Sy (2) = Smla) + 3 ((n 1) nv—m) S R sin(ka).

k=n+1
The last sum, after renumeration and using the formula for sin(a + b), equals
nm m—1 m—s nm m—1 m—s .
r Z <8_1>n cos(nx)Ss(x) +r Z (s— 1)n sin(nx)Cs(x),

s=1 s=1
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4450 O. CIAURRI AND K. STEMPAK

For each s, s =1,...,m,

m—s—+1
— _ —s _ _~—s y—m\ 1
<(n + 1)7 m_ ’I’L’Y m)nm = ’I’L’Y s kg_l ( K )m +pm

where p,, = py(s,7) and |p,| < Cs ,n? ™72, Therefore,

5, (@) = ii (20 () SuCopta) + @),y
+§(Ss(x)<rg_l>2r P cos(nz) + Cy(z < )Zr P Sin m:)

and ([B3) follows. O

It is, perhaps, interesting to note that for v = 0 Lemma 3.3 remains valid for
the sine series but fails for the cosine series. This is because, in the sine case,

(oo} 1 o
z:fsin(n:v):7r x, 0<z<2m,
—n 2

and the required bound follows by applying Lemma 3.2 with § = 0, while, in the
cosine case,

=1 T
Z— cos(n) —111(251115)7 0<zx<2m.
n

4. ESTIMATES OF THE TRANSPLANTATION KERNEL
FOR NONCOMPARABLE VALUES OF & AND ¥y

In this section we obtain estimates of the transplantation kernel
(4.1) Lym(r,z,y) Zr WY (@) ),

outside the diagonal x = y for noncomparable values of x and y. Before proceeding
to the main result of this section, Proposition .3, we first prove some technical
results.

In what follows the notation

{5} o {52} o

will mean that all four possible combinations are allowed but, in any given series,
the same combination must occur for all n.

Lemma 4.1. Let p,v > —1 and m be an integer. Then each of the functions

sin
{COS} (A, ) c08(Anuy), n=12,...,

can be written as the sum of four terms of the form

{on oo {0 G,
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where
4
(42) Wn($7y) = Zgiui(x)vi(y)Ui(nv x)‘/z(n7y)? 0< T,y < 1)
=1

g; equals either 1 or —1, u;(x) equals either sin(m(m + Dy, )x) or cos(m(m+ D, )x),
v;(y) equals either sin(wD,y) or cos(mD,y), U;(n,x) equals either sin(mcmyn @)
o1 €o8(TCm4n,px), and Vi(n,y) equals either sin(mcy, ,y) or cos(men, 1Y) (Cmin, and

Cn,u are defined by (22)).

Proof. To prove the lemma with the sine factor, sin(A,4+m ) (for the cosine factor,
c0S(Aptm, ), the procedure is similar), we apply the identity
sin(a + b + d) cos(a + 5 + 9)
= sin a sin a(— cos bsin 3 cos d cos &
+ sinbsin Bsind cos § — cos bcos B cosdsin § + sin b cos (3 sin d sin §)
+ sin a cos a(cos b cos 8 cos d cos §
— cosbsin B cosdsind + sinbsin fsindsin § — sin b cos S sind cos d)
+ cosasina(—sinbsin B cos d cos d
— cosbsin Bsind cosd — sinbcos §cosdsind — cosbcos (sin dsin §)
+ cos a cos a(sin b cos 3 cos d cos &
+ cosbcos fsindcosd — sinbsin fcosdsin d — cosbsin 3 sin dsin 6),

with a = mnz, a = mny, b= ©(m+D, )z, B = 1D,Y, d = TCpim,,@ and § = 7c,, Y.
Then (2) follows. 0

Lemma 4.2. Let pu,v > —1, let m be an integer, let U(n,z) equal either
SIN(TCmqn,p®) O COS(TCmqn, ), and let V(n,y) equal either sin(mcy ,y) or
cos(men,uy). Given nonnegative integers j, £ and a real number v, forn =1,2,...,

we have
(43)  dupmdnp Al AU (0, 2)V(n,y) = n VB, (0,2, y),
where
¢
Ak x,y
Ej,’%f(na m7y) = Z % + Qn(xa 9)7

k=0
Ap(z,y), k=0,1,...,¢, is a polynomial of the two variables x and y of degree k,
and qn(z,y), for 0 < x,y < 1, satisfies |qn(z,y)| < Cn=*"! (qn, as well as the
coefficients of Ak, k =0,1,...,¢, depend on p,v,m,j,v and £).
Proof. 1t is clear that in the same way as (2.3) gives (2.4)), (23)) also produces

¢
o Sl/,m,k —0—1
(44) )\'n,—‘,-m,z/ = Z n—k + O(n )
k=—1
On the other hand, in the analogous way as ([24) and (Z0]) give 27), 24) and
238) also furnish

L
Qmm,k —0—1
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Thus, applying (1 +¢)° =1+ ()t +---+ ()t + O(t**1), t — 0, with § = —j and
0 = v and combining 24)), [@4), (Z1) and (@3] shows that

L
. s Ty g
(46) dn+m7Vdn7H)\nim,V)"r’Yz,u =n anl E ﬁ + O(?’L ¢ 1)7
k=0

where the coefficients T}, as well as the constant involved in the remainder depend
on w,v,m,j,y and £.

Now, using Taylor’s expansion of degree ¢ and the fact that by (22)), 24) and
@4, cntm, and ¢, , can be written as Zi=1 Sen=* plus an O(n~!~1) remainder,
one can check that (a note that S, 1 = Sym,—1 =7, Suo =7D, and Sy .m0 =
m(m + D,) may be helpful)

14
(4.7) Un,z)V(n,y) = w + (2, y),

k=0

where By (z,y) are polynomials in x and y, and |r,(z,y)| < Cn~=¢~1. Combining
(@8) and [@7) produces (@3). O

Proposition 4.3. Let p,v > —1, m be an integer and let s < p+ v + 2. Then,
Lo (1,2, y)| < Cas™#=3Ryrtl2 00 <y < /2,

and
|L57m(7', Z,y)‘ § Cy571/73/2xu+1/2’ 2.% < y < ]-,

with a constant C independent of 0 <r <1,0<x <1l and0<y<1.

Proof. The second estimate is the dual form of the first one, hence we concentrate

on proving the first estimate for the region 0 < y < x/2. It is enough to show that
given an integer m, for 0 <r <1,0<z<1,0<y<z/2and s < p+v+2,

(4.8)

n+m

Zr”nfs v (x)dn#)\ﬁil/g cos(An,puy) < CgsH=3/2,
n=1

and the analogous estimate with the exponents 1+ 1/2 and s — u— 3/2 replaced by
(L+2)+1/2 and s — (p+ 2) — 3/2, respectively. Indeed, using ([A8]) and Poisson’s
integral formula

1
Ju(z) = Cuz“/ (1 — 212 cos(2t) dt, p>—1/2,
0

gives, for p > —1/2,

|Ls,m(7ﬂaxa y)|
e} 1
=Cy Z Tnnis‘/’z+m(gf)dn,u()‘n,uy)wrlp/ (1- tz)ﬂil/Z cos(An,uyt) dt
n=1 0

dt

1
< Cy,qul/Z/ (1 7752)“71/2
0

o0
Z r'n=° ,’;+m(:c)dn7#)\ﬁf/2 cos( Ay, yt)
n=1

< C$57M73/2yﬂ+1/2.

In the case —1 < p < —1/2, applying the identity

2(p+1)

Ju(2) = =Jura(z) + Jut1(2)
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gives

Lsm r,x y ZTH _Swner )dmu()‘n7uy)l/2JM+2()‘n,uy)

+ 2(,“ + 1) Z Tnnist-',-m (x)dn,u()‘n,uy)il/z‘]u+l(/\n,uy)-
n=1

Now, using Poisson’s formula in both summands and applying (£8)) we obtain the
result. (In the first sum, after applying Poisson’s formula, we need an analogue of
(48) with the exponent in A, , changed by p+ 2+ 1/2. This fact produces the
estimate 2°~ (#+2)=3/2yn+2+1/2 for the first sum. Finally, the assumption y < /2
gives the required inequality.)

To prove (@8] (the proof of the estimate similar to ([8]) with the aforementioned
replacements follows analogously) we split the sum into two relevant parts. Taking
N = [1], let

A= Z TSy (e )dn,u)\‘,ijfﬂ cos(An,uY)
and

B = Z r"n_s1pz+m(x)dn7uAﬁ‘lL1/2 cos(Ap,uy)-
n=N

Using (210, 22)) and (Z3]) produces

N-1 N—-1
|A] < Cxt/? Z n75+u+1|<]u(>\n+m,ux)| < Cgv /2 Z nostRAYEL < Ogs—r—3/2,

n=1 n=1

Estimating B we use (2.6]), choosing the value of M in a moment. It is then

clear that
(4.9) |B] <02x (€| +1851) + G
where
{8} = 3 ottt M52 (S O s ).

7=0,1,..., M, and

o0
Gu = Z N dptm,udn,py

n=N
If M is such that M > —s + p + 1/2, then Gj; is well controlled. Indeed, using
@I) and @22) we have

Gy < g~ (M+D Z p—(stM+1/2)4p

n=N
< Cx_(M+1)N_(S+M+1/2)+‘u+1

(Anmw) N 12,

< Cas =32,
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Taking into account ([£9), to finish the proof of (48] it remains to check that both
|S;| and |C;| are bounded by Cx*+7=#=3/2_1f it happens that —s + pu + 1/2 < —1,
then we choose M = 0, and the required bound for |S;| and |C;| with j = 0
immediately follows. Hence, from now on we assume —s+ pu+1/2 > —1 and choose
a (uniquely determined) nonnegative integer M such that M—1 < —s+pu+1/2 < M.
It follows from Lemmas [4.1] and that for given j = 0,1,...,M, S; and C; are
linear combinations, with bounded functions as coefficients, of the (sixteen) series
of the form

o0 . .
n, —s—j+pu+l/2 ;. i sin sSin
(4.10) Z rn Ej j172.m-5(n, @, y) {cos (mna) cos (mny),
n=N
where Ej ,11/2 0—j(n,2,y) is as in Lemma It is therefore clear that our
task is reduced to estimating the absolute value of each of the series in (@I0) by

Cx®ti=1=3/2 Given j = 0,..., M, we use the expression for Ej jv12,m—5(n, 7, y)
from Lemma to show that the absolute value of

0o X .
J— n,_—s—j—k+u+1/2 ) S sin
(4.11) Rj = g Nr n {cos} (Tnx) {cos} (mny)

is, for k =0,...,M — j, bounded by Cz*+t7=#=3/2 and

> n, —s—jtut1/2 sin sin
3 inte9) { S na) {3 L )

n=N
For the term involving q,(z,y), using the fact that —(s+ M +1/2) + p < —1 gives

= n, —s—jtut1/2 sin sin
> oo inta9) { S b v {3 L )
n=

< CatiTn32,

o
<C Z n7(3+M+1/2)+M
n=N
M—p—1/2
< QM1

which is enough for our purpose.

The hypothesis made on M shows that —s—j—k+p+1/2 > —1forj=0,...,M
and £k = 0,...,M —j when M —1 < —s+ pu+ 1/2, and the same is true for
j=0,....Mand k=0,...,.M —j—1when M — 1= —s+ u+ 1/2. Hence, in
these cases,

N-1 . .
n, —s—j—k4+u+1/2 Sin Sin
Z r™n {cos (mnx) cos (mny)

n=1

N
<C Z nS—i—k+pt1/2
n=1

< Opstithk—n—=3/2
< CxsHimn302,

As a consequence, in (1)) we can extend the sum to start from n = 1 and then
use Lemma to estimate the complete sum. Thus,

oo . .

n, —s—j—k+pt+1/2 Sin sin
Zl r"n {cos} (mnx) {cos} (mny)
n=

< CgtiTn32,

Rk

This completes the estimate of R;, k =0,..., M — j, except the cases of R; pr—;
when M —1=—s+pu+1/2 for j = 0,...,M. In this exceptional case we have
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to show that |R;a— ;| < Cad=M; in fact we will prove that |R; p—;| < C. Since,
with the assumption M — 1 = —s+ p+ 1/2,

>\ 7" [sin sin
Rjm—j = Z n {cos} (wna) {cos} (mny),

n=N

(5} o {2} o

is a linear combination of terms of the form sin(mn(x £ y)) and cos(mn(z £ y)) and
that N = [%] ~ {#} ~ [%], it is enough to prove that
Y lz—yl

> Lk ) <

for 0 < |t| < 37/2, where N = [ﬁ} The summation by parts formula used with

using the fact that

(4.12)

an = 1" /n and

by = D (t) = nf {22} (kt)

k=0
(the modified or the conjugate modified Dirichlet kernel) produces

™ [sin ‘DN(t)‘ "
Zw{}( o)< 00| T Beat
+ gmbnﬂ(t) .

Applying the bound |D,,(t)] < Cn and summing the geometric series shows that
the first and second summands above are O(1). For the third summand we use the
estimate | D, (t)] < C/Jt|, 0 < |t| < 37/2 to majorize this summand by

clel™t Y n<c

n=N+1

This completes the proof of ([AI12]) and hence finishes estimating Sy; and Cp; when
M — 1= —s+ p+1/2. The proof of Proposition is completed. O
5. ASYMPTOTICS OF THE KERNEL FOR COMPARABLE VALUES OF & AND Yy

This section contains the proof of an asymptotic estimate of the transplantation
kernel for comparable values of x and y along the diagonal x = y.

Proposition 5.1. Let u,v > —1, m be an integer, 0 < s < pu+v+2,0<r <1,
O<zyy<landz/2<y<22x. Ifs=0, then

(5-1)  |Lom(r, @,y) — um(z,y)Qr(7(x — y))|

<C (% log (wz_xy') + Pr(m(z —y)) + m) ;
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where uy, (x,y) is a bounded function. If s > 0, then

|z —y|* 1, for0<s <1,
(52) ‘Ls,m(lrvxay” S C log <‘12;"L’y|) 9 fOT s = 17
1, for s > 1.

In both cases C is independent of r, x and y.

Proof. We start with considerations that apply to both (5.1) and (52]). Using (2.6])
with M =1 to expand ¥%,,(z) and 9% (y), and taking N = [1] ~ [ﬂ, we write

n+m

Ls,m(raxay) Z T y l ]l x y)+J1(ﬂC y)+J2(ZL' y)+G(QE y)
7,0=0

where
Zr” Ny ()05 ().

Also, for the remainder sum that starts from n = N, the O;,; terms capture the
part that comes from the main parts of the aforementioned expansions and are the
sums of four terms of the form

s j _; |sin sin
Dj, ZNr (DR ST P N P {COS} (Antm ) {COS} (Anuy)

(Dj, is a product of A, j or B, ; and A, ; or B,,; depending on the choice of the sine
or cosine), Ji gathers the part that comes from the main parts of the first expansion
and the remainder of the second one. Hence its absolute value is bounded by

2 o] .
Sin
SN M g a y Hy (A ) {COS} (Anuy)

1 n=N

|[Ji(z,y)| < C

+Cy!

"o —s— sin
Z Z r'n /\nyhdner,l,dn,qu()\n+m,l,x){ }(Awy)

COSs
1 n=N

(the sign Zf indicates that we add two series, one for the choice of the sine another
for the cosine), Jy acts as J; but with the position of the both expansions switched,
its absolute value is controlled by

2 o] .
n —s sin
Z Z rn dn+m,udn7u {COS} ()\n+m,1/x)H1(>\n,uy)

1 n=N

|J2l‘y|<C

Ca? Z S A nmdi {sm} At ®) Hy (An )

COs
1 n=N

and, eventually, G' captures the part that comes from the remainders,

o0
G(z,y) = Z "N Ay, @,y H1 (Anpm @) Hy (A, 0 y)-
n=N
We will now separately analyze each of the eight summands in the above decom-
position of L ,,, and bound them, with the exception of the Oy in the s = 0 case,
by one of the terms on the right of (BI)) or (52). In the exceptional case, using
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Lemma [L1] and Lemma [L2] we will write each of the terms included in Og in a
more regular form and then majorize them, whenever possible, by the first or third
term on the right of (5IJ). Such a reduction will finally lead, after extending the
summation in the appropriate sums to the set of all positive integers, to the sum
of the form

um($7 y)Q7(7T($ - y)) + U'ﬂl(x7 y)P7(7T(£C - y))a
with bounded functions u,, and v,,.

For F(z,y), using (Z1)), 22) and (23] and taking into account that —s + v +
@+ 1> —1, we have

N—-1
\F(x,y)| < Cxl/+1/2yu+1/2 Z n—s+y+u+1 < ny+u+1N—s+1/+u+2 < Cl's_l,

n=1

and this is always controlled by the right sides of (B.1]) or (5.2]).
For Ji(z,y) (the same reasoning works for Ja(z,y)), using Hi(z) = O(z72),
x > 1, and again (Z1]) and (22)), shows that

|J1(z,y)| < Cx™ (Z n= (42 4y~ Z S+3))

=N
< Cx™ ( —(s+1) + —1N (S+2 ) < O$S_1,

which is good for our bounds. In a similar way we show that

|G(z,y)| < C(xy)~ Z n~ Gt < Ozy) AN~ < oL
n=N

The remainder of the proof is concerned with a more delicate analysis of the O,
terms. We start with the O; ; term. It is clear that, for s > 0,

oo
2™y O ()| < Ca2 Ym0 < Ca PN < O
n=N

Exactly the same bound is obtained for |z7'01 o(z,y)| and |y~ Og 1 (x,y)| if s > 0,
which is appropriate for (5:2)). In the case s = 0, using Lemma [£1] and Lemma
with j =1 and v = £ = 0, the estimate for 7101 o(z,y) follows once we show that

= sin sin 2z
E <
— n El,O,O(naxa y) {COS} (71'71%) {COS} (ﬂny) = ClOg <.’II — y|> )

where Eq 00(n,z,y) is as in (@3). The form of E; oo reduces this task to showing

the estimates
" (sin sin 2z
2w oo o) s ) < €08 (257

oo

>~ (e { S o) {0

n=N

(5.3)

and

<C,

where |g,(x,y)| < Cn~!

follows. To show (B3], we start by denoting N; = [x—ﬂ/] and Ny = [‘I y‘} Then

. The last series is absolutely convergent, and the bound
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the left side of (B3] is bounded by C(Jy + |J1| + |J2|), where Jy = Z]N\,f L and Jy
and Jy are of the form

. " (sin . 7" (sin
n= 3 St a= 3 S {S e
n=Ny n=~Nz
It is easy to check that

Na
Z 1§Clog<x+y>§Clog<2x>.
n |z =yl |

n=N; z _y‘
Using ([@I2) (recall that |z —y| < 1) we get |J2| < C. To estimate |J1| note that
if0<z,y<landz/2 <y <2z, then 0 < z,y < 3/4 or 3/8 < z,y < 1. In the
first case z + y < 3/2 and we can use (£I2) to get |J1| < C. In the second case

we apply the change of variables x = 1 — u and y = 1 — v. Then, it is clear that
0 <u,v<5/8and u+v <3/2, and we can apply ([@I2]) to obtain

> i enesn| -] S 5 i}

n=N; n=N;

<C.

For |y~'Op 1(z,y)| we argue in the same way. Moreover, taking into account that
x ~ vy, we end up with the same estimate for this term. Summarizing, for s = 0,

o Ovae )]+l Oua el < Sog (2.
x lz =y
which is appropriate for (&.1I).

It remains to analyze the Og o(x, y) term. If s > 1 there is no problem because the
four series included in Og o (z,y) are absolutely convergent, hence |Og o(z,y)| < C
follows which is the correct bound for (B.2]) in this case. If s = 1, following the steps
given for O1 o(z,y) with s = 0 (using Eyo,(n,z,y) instead of Eq o 0(n,z,y)), we

obtain |Ogo(z,y)| < Clog (‘zz_xm) which is the bound for Lj y,(r, z,y). Consider
the case 0 < s < 1. Again using Lemma 1] and Lemma with j = v = 0 and

¢ =1 shows that O o(z,y) is the sum of four terms of the form

Dogu(@)o(y) 3 #n="Boo(n.z.1) {iin} () {22} (),

08
n=N

or, after applying trigonometric identities and expanding Ey o 1(n, z,y), the sum of

four terms of the form

oo
PN " —s Az, y) sin
M ) {nd trnta ).
Here Ay is a constant, A;(x,y) is a polynomial in « and y of degree 1, and
lgn(z,y)] < Cn=2 for 0 < x,y < 1. We will now analyze each of the three ex-
pressions resulting from (5.4). The estimate for the remainder term is immediate
since, for 0 < s < 1, using |g,(z,y)| < Cn=2 gives

gvrnnsw, o {im} a2 )

oo
<C) nP<C
n=1
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which is enough for our purpose. The same bound occurs for the term resulting from
considering A;(z,y)n~! when 0 < s < 1. Keeping for a moment the assumption
0 < s < 1 note that since
N—-1

3 e A {ig;} (mn(z % 1))

n=1

N-1
<C Z n= < Cx* L,
n=1

in the term involving Ay we can extend the summation to n = 1. Therefore, the
conclusion of the estimate for Ogo(x,y) (with 0 < s < 1) reduces to checking that

irnn—s {2}2} (7n(z £ 1))

Since |z — y| < 1, the minus sign case follows from Lemma B3] For the sum with
the plus sign consider the cases 0 < z,y < 3/4 and 3/8 < z,y < 1. In the first case
we use Lemma and the obvious inequality |z — y| < |z + y|. The second case
is again treated by using the change of variables t = 1 —uw and y = 1 — v. Then
Lemma [3.3] gives

i” {fjj;} (wn(e + y>>| - i P {j;g;} (n(u + v))

<Clu+v ' <Clu—v]* ' =Clz -yt

< Clo -y

This concludes the proof of the estimate |Ogo(x,y)| < Clz — y|*~! in the case
0 < s < 1, hence the proof of (5.2).

We are therefore left with the case s = 0 and the terms resulting from the main
terms in (54). For the term involving A;(z,y)n~! note that a(x)d(y)A;(x,y) is
a bounded function on 0 < z,y < 1, hence our task reduces to already proved
estimate (53)). Finally, consider the term involving Ag. It is possible to extend the
summation of the series involving Ay in (54) from n =1 since

N-1 sin N—1
n -1
Zl r {cos} (mn(z+y))| < C Z:l 1<Caz .

Now, the series with the plus sign and summation starting from n = 1 are easily
treated. Indeed, assuming 0 < z,y < 3/4, we apply Lemma [B:3] to obtain

o

S {(fg;} (e + 1))

n=1

<Clz+y) <oz

Assuming 3/8 < z,y < 1, writex =1 —wu, y =1 —v. Then 0 < u+ v < 3/2, hence

grn {igé} (mn(z + y))’ = gr" {Z:)I;} (mn(u +v))

<Clu+v)t=Cc2-z—-y)

We now conclude by stating that what is left from Lg (7, x,y) (and has not
already been estimated by one of the terms on the right of (B1I)) is the expression

Ao, 1t (z)01(y) Z rsin(mn(z — y)) + Ao 2u2(z)02(y) Z " cos(mn(z — y)).
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Estimating the absolute value of the second term results in bringing CP,.(7(x —y))
on the right of (&.I)). Consideration of the first term results in choosing u, (z,y) =
Ap, 101 ()01 (y). This finishes the analysis of the Og ¢ term in the case s = 0, hence
concludes the proof of Proposition 5.1l O

6. PROOF OF THEOREM [[L1]

We start by noting that 7T, f(z) is well defined for every = € (0,1): this is a

simple consequence of (28] and ([239]).
The dominated convergence theorem together with ([Z9) and (2.8) show that for

given x and r

1
T,50) = [ Lo () /() do
0
Take f € LP*. For the proof of ([2)) it is sufficient to verify that the quantity

(6.1) /01 /01 Lom(r,z,y)f(y) dy

is bounded by C| f||? ,. To check this, split the inner integration onto the intervals
(0,2/2), (x/2, min{3z/2,1}) and (min{3x/2,1},1), and consider each of the result-
ing integrals separately. For the first and third integrals the result immediately
follows by using the estimates of Proposition [£.3 with s = 0, Hardy’s inequalities
@I2) and [2I3), and the assumption (II). For the second integral we apply the
estimate of Proposition 5] and then an argument similar to that of [5], pp. 38 —
39. Thus we need to bound the quantities

1 min{3xz/2,1} |f(y)| 2 p
6.2 / / log ( ) dy | x%dzx,
(6.2) 0 ( z/2 T lz -yl

1 min{3z/2,1} p
(6.3) / ( / ) Pr(ﬂ(x—y))lf(y)ldy> 2 de,

1 min{3z/2,1} p
(6.4 / ( / %dy) o,
0 z/2 r—=y

and
min{3z/2,1}
/ um (2, y)Qr(m(z — y)) f(y) dy

(6.5) /O 1 .

by C||f[|5 , with C' independent of 0 < 7 < 1 and f. For (6.2), (63) and ([E.35) we
copy the argument of [5], p. 39]. The checking the required bound for (6.4)) reduces
to showing the inequality

1 min{3z/2,1} p 1
/ / _hw) dy | dr < C/ h(y)? dy,
0 z/2 2—z—y 0

where h is any nonnegative function on (0, 1). This in order, by enlarging the region
of the inner integration to (0,1) and changing the variables, u =1 —x, v =1 —y,
reduces to verifying that

/o1 </o1 5(:)7) d”>p du < C/Olg(v)”dm

p
% dx

P
% dx,
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([ ([ 22a) )
([ ([ w) w)”
([ () o)
o[ wra)”

For the last inequality, Hardy’s inequalities (2.12]) and (213 were used (with a =
—p and a = 0 correspondingly). This finishes the proof of estimating (GI) by
C| f1% . and thus ([L2).

To prove the existence of a function T'f € LP® such that (L3]) is satisfied, it
is sufficient to show that for ¢ > 0 there is an 0 < r, < 1 such that for r, <
r<t<1 ||T.f —Tifllpe < Ce with C independent of e. Given ¢ > 0 and a
function f € LP®, take h € C2°(0,1) such that || f — h|lp« < €. Then, by using
@2), | f — Trhllpe < Ce. Using 2I0), II) with k sufficiently large and
Minkowski’s inequality shows that there exists an r, such that | T.h — Tih|pe < €
for r, < r,t < 1. This, together with the triangle inequality, completes the proof
of the estimate ||, f — T} f]|p,e < Ce and thus the existence of T'f satisfying (L3).
Clearly enough, the bound ||T'f|lp.e < C|/fllp,e is & consequence of (L2) and (L3).

Finally we prove ([A). It follows by (L4), (ZI0) and Hélder’s inequality that
for any fixed n, n = 1,2,..., the mapping g — ¢%(g) is a bounded functional on
LP@, Therefore, by using (L3)),

e, (Tf) = lim (T, f),

r—1-

(/01 (/ul uggf)v dv)p du)l/p
([ () ) ) "

+
+

which gives ([LH) once we note that ¥ (7). f) equals 0 for 1 <n < m and r"ch_, (f)

n—m

for max{1,m + 1} < n < co. The last statement is a consequence of the fact that
1,00
| (1@ o] de < o
j=1

which follows by [28) and (29), and then the dominated convergence theorem
shows that

1
| @ @y a = {0; 1<n<m,

Cn—m(f)a maX{17m+1} <n < oo.

This finishes the proof of (I3 hence Theorem [T
7. PROOF OF THEOREM [[3]

The fact that the series defining 7. f(x) converges is again a consequence of (28]

and (2.9).
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The checking of (7)) is accomplished once we show that each of the quantities

() ([ ([ 1@t ia) e aa) ™,

1 min{3z/2,1} q 1/q
(7.2) (f( @) Lom(r,2,9)ldy) 2ot dz)
0 z/2

(7.3) (/01 (/mlin{?)w/2 1} @) Lain (2. ) dy)qxaq dx) 1/‘1’

is bounded by
1 1/
c(/ F@)Paordz) .
0

Considering (1)) we use the estimate of Ly ,, from Proposition [£3] to conclude
that (1) is bounded by

</1 (/%/2 | (y)ly" /2 dy) 1 (ats—pu—3/2)q d$)1/q.
0 0

Thus our task reduces to showing the inequality

([ ([ wave) ) <of [ sevepa)”

with U(z) = 2057 #73/2 and V(z) = 2% #~ /2. We apply a general form of Hardy’s
inequality; cf. for instance [5, Theorem (9.17)]. The condition to be verified there
is

(7.4) ( /t 1 U(x)qu) l/q( /O tV(x)‘p/ dx)l/p/ < A,

with a constant A independent of 0 < ¢ < 1. This is achieved by considering three
cases depending on the sign of (¢ + s — p — 3/2)g + 1, writing down the values
of involved integrals, and observing that the resulting function of ¢ is bounded on
0 < t < 1. Clearly, to assure the convergence of the second integral in (.4 the
condition —(a — p — 1/2)p" > —1 is necessary, but this is just the right side of our

assumption (6.
For ((C2)) we first apply Proposition to bound ([T2)) by

(7.5 ([(/ Zn{w’l} P~y dyat) az)

and then use [5, Lemma (9.6)] with the weight w(z) = 2% The assumption (9.7)
of that lemma is satisfied by any power weight, and the conclusion says that (Z.5))
is bounded by C’(fo1 | f(x)|P2o? da) /P

Considering (73) we again use the estimate of Ly ,, from Proposition [43] con-
cluding this time that ([Z3)) is bounded by

1 1 1/
(/ (/ |f(y)‘ysfu73/2 dy)qx(a+u+1/2)q dZIJ) a
0 in{3z/2,1}

m

and then reducing the problem to showing the inequality

</01 (/lin{gx/Q " lg(y)| dy U(x))qu>1/q < C(/O1 lg(2)V ()| dm)l/p’

m
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with U(z) = z®t"*+Y/2 and V(z) = z—*t¥+3/2+e. We now apply [5, Theorem
(9.18)], where the condition to be verified is

(7.6) (/t U(x)de)l/q(/lwx)—P’ dx)l/p/ <A, 0<t<l
0 t

Again we consider three cases that depend on the sign of —(—s+v+3/2+a)p’ +1,
we write down the values of involved integrals, and we observe that the resulting
function of ¢ is bounded on 0 < ¢t < 1. To assure the convergence of the first integral
in (6l the condition (a + v 4+ 1/2)g > —1 is necessary, and this is the left side of
(L6). This finishes estimating (73)), hence the proof of ([L1).

The argument for existence of an operator T satisfying (L8]) is completely similar
to that of the proof of the analogous statement in Theorem [T} ¢f. Section 6. Hence
we will not repeat it.

For the proof of (II0)) note that for any fixed n, n = 1,2,..., by (L3), (ZI0) and
Holder’s inequality it follows that the mapping g — ¢%(g) is a bounded functional
on L%%. Therefore, by using (L8],

CLTS) = T (T, ).

It is now sufficient to observe that ¢’ (T, f) is equal to 0 for 1 < n < m and
r(n—m)~5ch_, (f) for max{1,m + 1} < n < co. The last statement is justified

n—m

by the fact that
1,00
| (P 1 en@)) i) do < o
j=1
which follows by (28) and (29), and then the dominated convergence theorem
shows that
0, 1<n<m,

(n—m)=sch_(f), max{l,m+1} <n < oo.

n—m

1
| et sy = {
0
This finishes the proof of (II0), hence Theorem 3

8. PROOF OF THEOREM

We will use the following multiplier theorem for the sine expansions, which is a
consequence of [0, Theorem (9.17)] (cf. also [5, Theorem (13.1)]).

Theorem 8.1. Let1 < p < oo, 1 <t <o0, A>max{l/t,|1/p—1/2|} orA=t=1,
m € M(t,\), la| < pA, (a+1)/p not an integer and

max{—1,—1+p(—A+1/2)} <a <min{-1+pA+1/2),-1+p(A+1-1/t)}.

Then, for f(z) = z]oil djsin(mjz), where d; =0 for all but a finite number of j’s

and d; =0 for j=1,2,...[(a+1)/p] -1,
I Z M dy, sin(mnz)||p.o < CB(m,t, )| Z dy, sin(mnz)||p.q,

n=1 n=1

with C' independent of m, t, A\ and f.
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This theorem is obtained from Theorem (9.17) of [6] by taking a1 = a, as = 0,
extending the sequence {m;}52, to the sequence {mj}32__ by setting m* ; =m;
for j < 0 and mg = 0 (so that m* € M*(¢, \) in the notation of [6]), restricting the
class S, +1,—1 that appears in [0, Theorem (9.17)] to the class of odd polynomials
from Si,41,-1, f(z) = ZIJ‘ISN dje"® d_; = d;, changing the variable, (—m, ) €
r — x/7, and, finally, replacing the weight W (z) = |1 — e~%|% by 2% (which is
comparable with W (z/m) on (0, 1)).

Proving Theorem [[L5] we first note that the assumption —1 < a < 2p — 1, a part
of (LII)), implies 0 < (a+1)/p < 2. Hence, in what follows we use Theorem Rl for
sequences d; without the restriction on vanishing of the first [(a +1)/p] — 1 terms.
To prove ([[I2) we apply Theorem [T with 1/2 and v as p and v to obtain

o0 o0
1/2
130 m5dit e < CIDmydity lpa
j=1 J=1
as a limit case of ([2)) since we have only a finite number of summands. The
required assumption () is included in (III). In the same way we apply Theo-
rem [T with v and 1/2 as u and v to obtain

1" d*lpa < CIY dit¥ lpa
j=1 j=1

as a limit case of (L2); in this case the required assumption (L)) is also included
in (LII). Finally, the concluding inequality

o0 o0
I mjd; sin(mja) [pa < CB(m.t,\)] Y d;sin(mjz)|p.a
j=1 j=1
follows from Theorem [R] since the conditions imposed on a in this theorem are
weaker than conditions on a assumed in Theorem This concludes the proof of
Theorem

9. PrROOF OF COROLLARIES AND [T4]

Since the proofs of both corollaries are completely analogous, we furnish the
proof of Corollary only.
Let f € C°(0,1). The pointwise convergence of the series Y, ci(f)vy ., (x)

follows from (2.8) and (ZII) taken with & sufficiently large. This shows that we
deal with a well-defined operator. Further, since T,.f — T'f in LP>®, we can choose

a sequence 0 < ry < ry < ..., r; — 17, such that lim; .o 75, f(z) = T'f(x) for
almost every x € (0,1). On the other hand, for every = € (0,1),
lim T, =1 Tkt v
Ti}r{l— f(.’ﬂ) Tigl— ; r Cn(f) n+m(x)
= AU (@)
n=1

The last equation is justified by the fact that the last series is absolutely convergent,
which is implied by (211 and (2.8). Thus we checked that for f € C2°(0, 1),

Tf(x) = ch(f)ram(z),  z-ae.

n=1
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Since C2°(0,1) is dense in LP%, it follows that T is the unique bounded on LP:*
extension of the considered operator.

Let f be a linear combination of t’s, say f = Ziv apt (the assumption
—p(+1/2) — 1 < a ensures that the linear span of {¢# :n =1,2,...} is indeed
a subspace of LP*). It is now clear that lim,_,,- T, f(z) = 22[:1 anty, o (x) for
every « € (0,1). On the other hand, for a sequence 0 < r; <rg <...,7; = 17, we
have lim; ., Tr, f(z) = T f(x) for almost every = € (0,1). Thus

N
Tf(z)= Z APy (), x-a.e.,
n=1

and the density argument of Lemma [2.3] shows that T is the unique bounded on
LP® extension of the considered operator.
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