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h-PRINCIPLES FOR HYPERSURFACES WITH PRESCRIBED
PRINCIPLE CURVATURES AND DIRECTIONS

MOHAMMAD GHOMI AND MAREK KOSSOWSKI

ABSTRACT. We prove that any compact orientable hypersurface with bound-
ary immersed (resp. embedded) in Euclidean space is regularly homotopic
(resp. isotopic) to a hypersurface with principal directions which may have
any prescribed homotopy type, and principal curvatures each of which may
be prescribed to within an arbitrary small error of any constant. Further we
construct regular homotopies (resp. isotopies) which control the principal cur-
vatures and directions of hypersurfaces in a variety of ways. These results,
which we prove by holonomic approximation, establish some h-principles in
the sense of Gromov, and generalize theorems of Gluck and Pan on embedding
and knotting of positively curved surfaces in 3-space.

1. INTRODUCTION

In [7] Gluck and Pan used explicit constructions to prove that any compact ori-
entable surface with boundary in R3 is regularly homotopic to one with positive
Gaussian curvature. Here we generalize that result to hypersurfaces with prescribed
signs of principal curvatures in R™*!. Further we show that the principal directions
of these hypersurfaces may be prescribed up to homotopy as well. Our proofs are
based on holonomic approximation [2], which is one of the main tools for establish-
ing h-principles in the sense of Gromov [5 [9].

Throughout this paper, M is a smooth (C*) oriented compact connected n-
dimensional manifold with nonempty boundary. An immersion f: M — R"t!
is a C' mapping such that rank(df,) = n for all p € M, where df, denotes the
differential map of f at p. If, furthermore, f is one-to-one, we say that it is an
embedding. Two immersions fy, fi: M — R"! are regularly homotopic provided
there exists a continuous family of immersions f;: M — R"" ¢t € [0,1], such
that ¢ — d(f;), is also continuous, for all p € M. If f, is an embedding for all
t € [0, 1], then we say that fy and f; are isotopic. By a frame on M we mean a set
E :={E,...,E,} of independent vector fields F;: M — TM which is consistent
with the orientation of M. By Lemma below, if there exists an immersion
M — R™! then M admits a frame (i.e. it is parallelizable). Two frames E! and
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4380 MOHAMMAD GHOMI AND MAREK KOSSOWSKI

E? are said to be homotopic provided there exists a continuous family of frames
E', t €[0,1], joining E° and E*.

Theorem 1.1. Let f: M — R be an immersion. For any ¢ > 0, constants
AN €eR,i=1,....n, and frame E on M, there exists a reqular homotopy fi: M —
R, t €]0,1], such that fo = f, f1 is C°°, the principal directions of f1 define a
frame which is homotopic to E, and, for all p € M,

K (p) — i < e,

where k{l are the principal curvatures of f1. Furthermore, if f is an embedding,
then f; is an isotopy; in particular, f1 is embedded as well.

In particular, any homotopy class of frames on M occurs as the principal direc-
tions of an immersion M — R™*!, whose principal curvatures have prescribed signs.
Moreover, Theorem [[I] indicates that the homotopy classes of principal frames on
M are unrelated to the regular homotopy classes of immersions M — R™t!. Note
that, due to integrability conditions given by the Gauss and Codazzi-Mainardi
equations, it is not possible to arbitrarily prescribe the exact values of the princi-
pal curvatures. For instance, the only surfaces in 3-space with constant principal
curvatures are the sphere, cylinder, and the plane (in which case either one of the
principal curvatures is zero, or they are all equal). Thus the above inequality is the
best possible result in prescribing principal curvatures as arbitrary constants. On
the other hand, if we forgo embeddedness, it is not difficult to show that equality
can be achieved whenever the integrability conditions have a local solution.

Theorem 1.2. Let f: M — R"! be an immersion. For any embedded disk ¥ C
R there exists a regular homotopy fi: M — R" 1 t € [0,1], such that fo = f,
and fi(M) C 3. In particular, if X has constant principal curvatures \;, i =
1,...,n, then, for allp € M,

k() = A
Furthermore, for any constant C' € R, there exists f; such that, for allp € M,
Kh(p)=C,

where KT is the Gaussian curvature of f.

In the case of n = 2 and zero Gauss curvature, the above theorem has been proved
by Peter Rpgen [16]. Indeed, he showed that any compact embedded surface with
boundary in R? is isotopic to a flat surface. It is reasonable to conjecture that,
in the case of Gaussian curvature in the above theorem, if f is an embedding,
then there exists f; which is actually an isotopy. Further, we should mention that
using Monge-Ampere equations, Guan and Spruck [I1], as well as Trudinger and
Wang [17], have shown that if a closed submanifold bounds a positively curved
hypersurface, then it also bounds a hypersurface with constant curvature.

Using direct methods, Gluck and Pan also showed that any pair of compact
surfaces with boundary and positive Gaussian curvature immersed in R3, which
are regularly homotopic, are homotopic through a family of positively curved sur-
faces. Using the parametric version of the holonomic approximation theorem, we
generalize their result as follows.

Theorem 1.3. Let fy, fi: M — R"™! be C? immersions, and suppose that there
exists a reqular homotopy fy: M — R ¢ € [0,1].
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(i) If the principal curvatures of fo and fi are all positive (or all negative), then
there exists a reqular homotopy f,: M — R with fo = fo, f1 = f1, and
principal curvatures which are all positive (or all negative).

(ii) If fo and fi have constant Gaussian curvatures Cy and Cy, respectively,
then, for any continuous function Cy, and € > 0, there exists f, with

KT (p) — Gy < ¢,

forallp e M, and t € [0, 1].

(i) If fo and f1 have positive (resp. negative) Gaussian curvature, then there
exists Tt with positive (resp. negative) Gaussian curvature.

(iv) If the principal curvatures of fo and f1 are constant, and their correspond-
ing principal directions define homotopic frames, then for any ¢ > 0 and
continuous functions \t: M — R with \? = k:lf“ and \} = szl, there ezists
£, such that

6] (p) = Al| <,
forallp € M and t € [0,1].
(v) If the principal curvatures k‘l-fo and szl have the same sign, and their corre-

sponding principal directions define homotopic frames, then there exists f,
which preserves the sign of each principal curvature.

In all the above cases, whenever f; is an isotopy, then f, is an isotopy as well.

Papers of Gluck and Pan, Guan and Spruck, and Trundinger and Wang, which
we mentioned above, are parts of a recent wave of interest in studying locally convex
hypersurfaces with boundary in Euclidean space. For other recent results in this
area see [T}, [6] [0} (111, 12, [16]. The study of regular homotopy subject to curvature
constraints goes back to E. Feldman [3], [4] who studied regular homotopy classes of
submanifolds with nonvanishing mean curvature. See also the papers of J. Little
[13, 14l [15] for other results on space curves.

The above theorems will be proved in Section 3, after we establish some basic
lemmas and review the prerequisites concerning jet bundles and holonomy.

2. PRELIMINARIES

As mentioned in the Introduction, throughout this paper M is a smooth oriented
compact connected n-dimensional manifold with nonempty boundary. By a family
of mappings we mean a continuous family. The parameters are often denoted by ¢
or s, which, unless stated otherwise, range from 0 to 1. By a retraction we mean a
family of smooth embeddings r;: M — M, such that ro = idyy, i.e., ro(p) = p for
all p e M. A subpolyhedron P C M is a subcomplex of a triangulation of M. We
say that P is proper, provided that no simplex of P has dimension n. The following
is a well-known topological fact [2, p. 40] which we use often.

Lemma 2.1 (Existence of a core). There exists a proper subpolyhedron P C M
such that for any open neighborhood U of P, there exists a retraction ry: M — M
with ri(M) C U.

The subpolyhedron whose existence is given by the above lemma is known as a
core of M. The following observation, which has an elementary proof, will also be
used throughout the paper.
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Lemma 2.2 (Existence of a frame). If there exists an immersion f: M — R,
then M is parallelizable.

Proof. Tt is enough to show that there exists a continuous and fiberwise nonsingular
linear map from the tangent bundle TM to R™. The pullback of this map, applied
to the standard basis eq,...,e, of R", will then yield a frame on M. To obtain
this map, consider the differential map of f at p,

dfp: T,M — Ty, R" ~ R

For each p € M we will define a proper rotation p, € SO,,11 which maps df,(T,M)
to R™ x {0} ¢ R"*! as follows.

First note that, since M is orientable by assumption, there exists a continuous
mapping (the Gauss map) N/ : M — S™ such that N/ (p) is orthogonal to df,, (T, M)
for all p € M. Let P C M be a core (Lemma [2ZT]). After a convolution of f, we
may assume that f is smooth. In particular, N7 will be C'. Now recall that, by
definition, P has (n-dimensional Lebesgue) measure zero in M. Thus it follows
that N7 (P) also has measure zero in S" [2, 2.3.1]. In particular, N/(P) does not
cover S™. So, after a rotation, and composing f with a retraction of M into a
neighborhood of P, we may assume that, for all p € M,

NY(p) # —eni1 :=—(0,...,0,1).

If N'(p) = eny1, then df,(T,M) coincides with R"® x {0} € R"*!, and we
define p, to be the identity element in SO, ;. Otherwise, there exists a unique
2-dimensional plane II,,, spanned by N f(p) and e"!. We may then define pp as the
element in SO,,+1 which fixes the orthogonal complement of I, in R"*! rotates
IT, by an angle which is less than 7, and maps NY(p) to eny1. It is clear that
when N7 (p) is close to e, 41, pp is close to the identity. Thus p — p,, is continuous.
Therefore, we obtain a family of mappings

ppodfy: T,M — R" x {0} ~R".

Since this is a nonsingular linear map, it follows that the vectors

-1
Eip) = (ppodfy) (e,
i=1,...,n, are linearly independent for all p € M. So {E;} is a frame on M. O

Without loss of generality we may henceforth assume that our manifolds are
parallelizable, since they all admit an immersion into R”*!. This leads to a trivi-
alization of the corresponding jet bundles, as we describe below.

Let E be a frame on M, let g be a Riemannian metric, and let exp9: TM — M
be the corresponding exponential map. For every p € M, we may define a mapping

9, E

o
R" S (a1, 0n) o0 xp? (21B1(p) + -+ 20 Bulp) ) € M.

Note that ¢9¥(0) = p, where o := (0,...,0) is the origin of R™. By the inverse
function theorem, QSZQ)’E is a local diffeomorphism at o. Thus qﬁg’E, when restricted
to a small neighborhood of the origin, is a local chart for M centered at p, which
are called its normal coordinates with respect to g and FE.

Now, for every p € M, we may define (the matrix representations of) the first
and second derivatives of f: M — R™! with respect to (the normal coordinates
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determined by) g and E, as

df o 99" (o)
‘DQ,Ef(p) = (# € M%l+1)><n )
¢ 1<i<n
O fopg¥ (o) n+1
D2 = D R
g,Ef(p) ( 00z, I<ij<n € SMyin

respectively, where M% H1)xn 18 the space of (n+ 1) X n matrices with real entries,

i.e., the vector space of linear maps R" — R"*! and SMS:ZI is the space of
symmetric n x n matrices with entries in R"*1, i. e the vector space of symmetric
bilinear maps R" xR™ — R™! (a matrix in SMEX
(A1,..., A1) of matrices in SME

nxn ay be viewed as a collection

then any pair X, Y € R" yields a vector in

TLX’n,’
R via (XTA,Y,...,XTA, 1Y)).
Note that
Dy.f () = (dh(E)) __ = Dif(p).

i.e., Dy pf does not depend on g, and hence may be simply denoted by Dgf. In
contrast, D f depends on g as well as E.

The jet bundle J*(M,R"*!) is the space of k-tangency classes lef(f) of C*
functions f: M — R"™! at p € M. Two functions f;, fo: M — R are “k-
tangent” at p € M, if their derivatives at p, with respect to some and hence any
local chart, are equal up to order k [8]. More formally,

Jk( Rn+1 _{Jk |p€M feck( ,Rn+1) }7
where, for k = 1, 2, the tangency classes are defined as

Jg(f):{%@eck( Rn+1)|DgE<p() gEf()T:057k}
The following observation is immediate.

Lemma 2.3 (Trivialization of jet bundles). Let f: M — R"! be a mapping.
FEach choice of a Riemannian metric g and frame E on M induces the following
mappings:
o Oy,
Ty ()5 (5, F0), DIe®) and (1) 25 (. f(0), Def (), DL S (),
which result in the trivializations of the corresponding jet bundles
Jl(M,R7L+1) ~ M X Rn-‘rl X M(n+1 X

J2(M,R"H1) M xR MR ox SMI

1

respectively. O

A section F': M — J*(M,R"*!) is called holonomic provided that there exists
a function f: M — R™"! such that F(p) = Jg(f) for all p € M. Thus, for any
choice of metric g and frame F on M, F is holonomic, for £k =1, 2, if and only if

GE(F(p)) = (p,f(p%DEf(p))wr
00.6(F(®)) = (p.f(0), Duf (), D2 £f (D)),

respectively, for some function f: M — R"t1,
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The following are the holonomic approximation theorems [2] which we require.
Since J*(M,R"*!) is a manifold, it admits a Riemannian metric, which we denote
by “dist”, and fix for the remainder of the paper. By an isotopy v: M — M, we
mean a family of diffeomorphisms such that g = idy,.

Lemma 2.4 (Holonomic Approximation Theorem). Let F: M — JF(M,R"+1)
be a section. For any proper subpolyhedron P C M, and € > 0, there exists an
isotopy ¥r: M — M, an open neighborhood U of Y1 (P), and a holonomic section
F: U — J*(M,R™Y) such that dist(F(p), F(p)) < e for allp € U.

One may also assume that the isotopy ; in the above lemma is “J-small”, that
is, ¥y (p) is within a d-distance of p in M for all p in M and t € [0,1]. However, this
feature of the holonomic approximation theorem will not be needed for our results.
The next lemma is the parametric version of the previous one.

Lemma 2.5 (Parametric Holonomic Approximation Theorem). Let F;: M —
JF(M,R™1Y) be a family of sections. Suppose that Fy and Fy are holonomic. For
any proper subpolyhedron P C M, and € > 0, there exists a family of isotopies
Yt M — M, an open neighborhood Uy of ¥ (P), and a family of holonomic sec-
tions Fy: Uy — J*(M,R™1) such that Fy = Fy, Fy = Fy and dist(Fy(p), Fy(p)) < ¢
for allp € Uy.

Note that each trivialization of the jet bundles has a natural metric given by
the product of the Riemannian metric g on M and the Euclidean distance on the
remaining factors in the trivialization. With respect to this metric and the “dist”
metric on J¥(M,R"*1), the mapping Og4,r is a homeomorphism. In other words,
two jets are close, if, and only if, their images in a trivialization are close:

) = T = €,5(T5(R) = 005 (T (1)),

Since isotopy of a core is a core, it follows by Lemma 2] that if P is a core of
M, then there is a family of retractions rt: M — M such that

ré =idy and ri(M) C Uy,

for all t. In particular, if we have a family of mappings f;: Uy — R™T!, then
frort: M — R""! will again be a family (i.e., t — f; o ! will be continuous).

Let f be an immersion, i.e., for all p € M, rank(Dg f(p)) = n. For every p € M,
the matrix representation of the first fundamental form of f: M — R™!, with
respect to g and FE, is given by

o) = Dpf ()" - D) = ((dfp(B). o (B))

where (-,-) denotes the standard Euclidean inner product. Note that IJ; does not
depend on g. However, if g/ is the metric which is induced on M by f, i.e.,

M o (Bw) B 0) 1= (dfy (B0, dfy (B))).

and we assume that E(p) is orthonormal with respect to gf, then Ié(p) is the
identity matrix, for all p € M.

The Gauss map N : M — S™ C R"*! is defined as the point N/ (p) € S™, which
is orthogonal to the columns of Dgf(p), and such that the augmented matrix
(DEf(p),Nf(p)) has positive determinant. Note that N7/ depends only on the
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orientation of E. Thus, N7/ is uniquely determined, because, by assumption, all
frames E have the same orientation determined by M.

The matrix representations of the second fundamental form and the shape oper-
ator of f at p, with respect to g and E, are given by

() = (D2 o/ (). N (0)) = = ({df,(E), ANJ (E;)) )

sh) =150) - (b))

respectively. Thus neither II’; nor Sf; depends on g. The eigenvalues and de-

b
1<i,j<n

terminant of Sé define the principal curvatures and the Gaussian curvature of f,
respectively. Note that every frame F induces an isomorphism

T,M>X :=x1E:1(p)+ - + 2, E,(p) — (z1,...,2,) = Xp € R™.
We say that a (nonzero) vector X € T, M is a principal direction of f at p, provided
that X g is an eigenvector of Sé(p). In particular, when Sé(p) is a diagonal matrix,

the principal directions of M at p are spanned by E;(p). Finally note that II}; (p)
defines a bilinear form

f
T,M x T,M > (X,Y) == XL 114,(p) Y € R,

which is independent of E. We say that IIé (p) is positive (resp. negative) definite,
provided that the corresponding bilinear form is positive (resp. negative) definite.
This holds precisely when the principal curvatures of f at p are all positive (resp.
negative).

3. PROOFS

Following the general philosophy of the h-principle, the central idea of the fol-
lowing arguments is to construct appropriate sections of the jet bundles

JHM,R™) or JA(M,R™),

and then approximate them by holonomic sections on a neighborhood of a core of
M. Since our manifolds are open, they retract into a neighborhood of the core
(Lemma [ZT]). In particular, after composing these approximations with a retrac-
tion, or a family of retractions, we obtain the desired mappings. Thus the main
step of each proof consists of constructing jet bundle sections which satisfy the
prescribed conditions in a formal sense. This is facilitated by the parallelizability
of our manifolds (Lemma [22]), which in turn leads to the trivialization of the jet
bundles (Lemma [23)), as described in the previous section.

Proof of Theorem [l Let g/ be the metric which is induced on M by the immer-
sion f: M — R"! as defined by (). After a homotopy of E, via a Gram-Schmidt
process, we may assume that F is orthonormal with respect to gf. The matrix rep-
resentation of the first fundamental form is then the identity

for all p € M.
Now, using the trivialization ©,¢ g induced by g/ and E on the space of 2-jets
(Lemma 23)), we may define a section F: M — J?(M,R"*!) by

F(p) = 0,/ (p. f(0). D (), AN (p)),
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where A is a diagonal matrix whose nonzero entries are the prescribed values for
principal curvatures,
A 0

A= ,
0 An

and thus AN/ (p) denotes the diagonal matrix whose nonzero entries are \; N/ (p).
In particular, A N¥(p) € S./\/lffx; So F is well defined.

Let P be a core of M as in Lemma[Z] and apply the Holonomic Approximation
Theorem (Lemma 2.4) to get the holonomic section F:U — R where U is a
neighborhood of the perturbed core 41 (P). By definition, F(p) = J? (f) for some
function f: UC M — R"! and all p € U. Thus, again using the trivialization of
the jet bundle, we have

@gf,E(F(p)) = (ny( ), DEf( ), D gf Ef( ))

Since, by Lemma 24 F ~ F|y, it follows that Dpf ~ Dgflu. So, since by
assumption Dgf is nonsingular on the closure of U, which is compact, it follows
that Dg f(p) is nonsingular, for all p € U. In particular, f is an immersion. Further,

for each p € U,
St = (D2 oo N W) ()

-1
~ (AN (). N (p) ()
= A,
where the first equality holds by definition, the middle approximation is due to
the fact that F ~ F |u, and the last equality follows because it =(p) is the identity
matrix. .
Thus, for each p € U, the eigenvalues of sf (p), i.e., the principal curvatures of
f, are close to eigenvalues of A which are \; by construction. Let r;: M — M be
the retraction into U whose existence is given by Lemma 21l Note that, after a

perturbation, we may assume that fis C®°. Then the immersion f;: M — R"*!
defined by _
fi(p) = f(Tl(P))
yields a C*° hypersurface whose principal curvatures are as close to A; as desired.
Now we show that f is regularly homotopic to fi. This will be done in two
stages. First, set

fe(p) = f(ra(p), 1<t<<.

Then fo = f and fi,2(M) C f(U). Note that, since f and ]?are C' close on U,

fl/g = fory is C'-close to for; = f; on M. Thus fl/g and f1 are regularly
homotopic, via a linear interpolation:

fe(p) == (2= 2t) f1)2(p) + (2t = 1) f1(p),

So f is a regular homotopy, joining f and f;.
Next suppose that f is an embedding. Then it is clear that f; is an embedding as
well for all ¢ € [0,1/2]. Furthermore, f will be an embedding, since, by construction,

<t<1
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it is C! close to f and M is compact. So f; is an embedding, which in turn yields
that f; is an embedding for ¢ € [1/2,1], because f1/, and f; are C! close. Thus we
conclude that whenever f is an embedding, f; is an embedding as well for all ¢.

It remains to show that a set of principal directions of f1,

pho={pf Pl Y,

forms a frame on M which is homotopic to the prescribed frame E := {F}, ..., E,}.
First recall that a homotopy of two frames is a family of frames joining them.
Second, note that after a perturbation of A\; we may assume that no two of them
are equal, and repeat the above argument. Now choosing ¢ sufficiently small, we can
assume that no two of the principal curvatures of f; are equal. Then the principal
directions of f; are independent at each point. So they may be used to define a
frame Pt on M.

To show that P/t ~ E, i.e., P* is homotopic to E, we use the following termi-
nology. For any frame F on M, let F|, (a5 denote the frame on M given by the
inverse of the differential map d(r;) applied to the restriction of F on (M), i.e.,
for all p e M,

f’rt(M) (p) := <d(rt)p) o (F(rt(p))).

Note that F|,,(a) gives a homotopy between F and F|, (as). So we may write

.7:|T1(M) ~ F.

In other words, any frame on M is homotopic to the pullback of its restriction to a
neighborhood of any core.
So, to prove that E ~ P we need only to check that El )y ~ Pfl\rl(M).

Since, for all p € U, the eigenvectors of S‘]’;(p) are close to those of A, and A
is diagonal, it follows that, for i = 1,...,n, we may choose a principal direction
’Pif (p) arbitrarily close to Ej(p). Then a linear interpolation yields that |, (s ~
Pf|r1(M). So it remains to show that ’P<’?|T1(M) ~ PI .

To see the latter claim, note that we may assume without loss of generality that
r1(p) = p for all p in U’ C U, where U’ is a neighborhood of the core. Then

Pf|r1(M) and P/ |r, (ary coincide on U’. Therefore, as we had argued above, since

M retracts into U’, it follows that 73f~|rl(M) ~ ph |, (ar)- Thus we conclude that
E ~ph, U

The next proof uses the hyperplane rotation technique of Lemma and both
versions of the holonomic approximation theorem.

Proof of Theorem [L2l Fix a Riemannian metric g and frame E on M. As in the
proof of Lemmal[2.2] after retracting M into a neighborhood of a core and a rotation,
we may assume that

Nf(p) # —€nt1

for all p € M. If, furthermore, N/ (p) # e, 1, let I, € R™*! be as in the proof of
Lemma 23] i.e., the plane determined by N/ (p) and e, .

Since N7 (p) # —eny1, there is a unique geodesic in S™ which connects these two
points. Note that this geodesic lies in IT,,. Let 7,: [0,1] — S™ be a constant speed
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parametrization of this geodesic such that 7,(0) = N/ (p) and 7,(1) = €,,41. Now,
for each p € M, we may define a continuous curve

[0,1] 3+ pl € SOpnqa,

by requiring that p; be the (unique) element which fixes the orthogonal complement
of IT, in R"*, rotates I, by less than 7, and maps N7 (p) to v, (t). If N¥(p) = e,11,
we define p; to be the identity element in SO,,1 for all t. Thus we obtain a family
of curves p]tg defined on all of M.

Define a section F': M — J'(M,R"*!) by

F(p) == 05 (». f(0). 0} (DS 7)) ).
Apply Lemma 24 to obtain the holonomic section F': U — J'(M,R™). Then
0 (F()) = (. F0). DEJ ).
Since Dg f(p) ~ pp(Df(p)), it follows that Nf(p) ~ pp (N7 (p)) = €nt1, for all p in

a neighborhood U of a core of M. In particular, the tangent hyperplanes to f(U)
are not “vertical”. So if, for t € [0,1], we define 7;: R*"*1 — R"*! by

(T, ooy Tpg1) == (xl, cey Ty, (1= t)xn+1),

then m; o fis a regular homotopy, which sends f(U ) to R™ x {0}. So, since U has
compact closure (because M is compact) and ¥ is locally a graph over R" (e.g.,
via the inverse of a projection into a tangent space), it follows that there exists a
regular homotopy f;: U — R with fy = f and fl(U) c .

Now recall that, by Lemma 2] there exists a retraction r;: M — M with
ro = idpr and ri (M) C U. Note that for;: M — R" ! is a regular homotopy
between f and fory. Thus to prove that f admits a regular homotopy into X,
it suffices to show that f or; is regularly homotopic to f or;. Composing this
homotopy with f; o r; would then yield the desired homotopy of f into a mapping
whose image lies in 3. N

To see that f or; is regularly homotopic to f o ry, it is convenient to adopt the
following convention for the rest of the proof. We identify r1 (M) with M, and write
f and finstead of fory and fo r1 respectively . Let Maﬂ)xn be the space of

(n+ 1) x n matrices of full rank n, and define A;: M — ﬂgﬂ)xn, by

Ai(p) := {Pﬁt(DEf(p)% B if0<t <y,

(2—2t)pL(Dpf(p)) + (2t —1)Dpf(p), if 3§ <t<1.

Note that A; is well defined, i.e., A¢(p) has full rank for all p € M, because D f and

Df both have full rank and are arbitrarily close on U.
Now define a family of sections of J!(M, R"*1) by

Fy(p) = 03" (p. (1 = ) (p) + t7(0), Ax(p)).

Then, Fy and Fy are holonomic. So, applying Lemma 23 we obtain a family of
holonomic sections F'y: Uy — J L(M,R™*1). This in turn yields a family of functions
fi: U — R given by

Op (Ft (p)) = (Pa 7157 DE?t (P)) :
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Then f, gives a homotopy between f and f, after appropriate compositions with
retractions which map M into Us.

More explicitly, recall that, as we mentioned in Section 2, there exists a family
of retractions rf: M — M with r{ = idys, and i (M) C U;. These yield a 3-part
homotopy f;: M — R"™*! given by

fordy, if0<t<i,
fo= a0 g <t <},
ol e 2
for(igtJrg)7 1f§§t§1.
Thus f; connects f to fas desired. O

The proof of the first part of Theorem rests on the following fact, which
makes it possible to apply the holonomic approximation theorems. Recall that,
as we mentioned in Section 2, a matrix A € SME, is positive (resp. negative)
definite, provided that the associated bilinear form R™ x R™ — R is positive
(resp. negative) definite; that is, X7 AX > 0 (resp. < 0) for all nonzero vectors
X € R™. Thus if A and B are positive (resp. negative) definite matrices, then so

is (1 —t)A+tB for all t € [0, 1]. Hence we record:

Lemma 3.1. In the space of symmetric matrices SMnRXn, the subset of positive

definite matrices and negative definite matrices are each convez. O

In particular, the space of positive definite and negative definite matrices is each
path connected.

Proof of Theorem [L3l Each of the five enumerated parts of the theorem will be
proved in the corresponding section below. The main distinguishing feature among
them is in the construction of a section of J?(M,R"*1), which satisfies the given
conditions in a formal sense. This will become more involved in parts (iv) and
(v), where we will impose a family of metrics and frames on M. In the first three
parts, however, we assume that M is endowed with a fixed Riemannian metric g
and frame E.
(i) Define A;: M — SM,PL{:: by

Ap) = (D2sfi®) + (L DT () + 111 () ) N7 (),
where (D;Eft (p))—r is the tangential component of D;Eft(p), ie.,
T
(D2efip)) == D2ehi(p) — (D2pfule), N (3) )N ()

= D, pfilp) - E ()N (p).

Let the sections Fy: M — J*(M,R""!) be given by

Fy(p) = 0, 1 (p. £:(p). Disfo(p). A:lp) ).

Note that, for s =0, 1,

.
Aup) = (D2efop) +115(p) = D2 £ ().
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Thus Fy and F; are holonomic. Now let P be a core of M as in Lemma 2.1} and
apply Lemma to get the holonomic sections

0. (Fip)) = (1 Jolp) Do), D2 £ i) ).

Since F; ~ F; on a neighborhood U; of the perturbed core 4% (P), it follows that,
for all p € Uy,

i) = (D2ufie), N ()

<At(p), N7 (p)>
= (1=t (p) + ¢ 11 (p).

Q

Now recall that, as mentioned at the end of Section 2, since the principal curvatures
of fo and fi are all positive (resp. negative) by assumption, it follows that Héo (p)
and Hg (p) are positive (resp. negative) definite matrices. But the space of positive
(resp. negative) definite matrices is convex (Lemma[1]). So the above computation
shows that, for all ¢, IIé‘ (p) is positive (resp. negative) definite. This in turn yields
that ﬁ has positive (resp. negative) principal curvatures on Uy for all .

Finally, similar to the end of the proof of Theorem[[.2, we recall that there exists
a family of retractions r’: M — M with r§ = idy, and r{(M) C U;. Using these
retractions, we define our desired homotopy f,: M — R"*! in three parts:

foord, ifo0<t<s,

(2) Fo=X farord it Ll <t <2
1 e 2

f OT(_st43) 1f§§t§1

Recall that Fy = F, on Uy, and F,=F onU;. In particular foly, = JF"0|U0 and
J?1\U1 = filv,- Thus f, is well defined. Also note that if f; is an isotopy, then we
may assume that ﬁ is an isotopy as well, because, for every ¢ € [0,1], f; and ﬁ are
C'-close by construction, embeddings are open with respect to the C'-norm in the
space of immersions, and [0, 1] is compact. Thus whenever f; is an isotopy, we can

make sure that f, is an isotopy as well, by choosing f; sufficiently C'-close to f;.
(ii) Let

det (Ig (p))
det ((1 — ) TI (p) + ¢TI (p)) ’

a(t) = C

and repeat part (i) with

Ap) = (D2pe®)) + /alD (L~ 1) I () + 11 () N ().

Note that, for s =0, 1,

=1.

(5)=C det (Iés (p)) B C,
= Sdet (HE (p)) B det (st (p))
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Thus, as in part (i), Fy and F; are holonomic. Further, similar to part (i), we have
i) = (D2filp), N ()
(Au(p), NP (p) )
= Va0 -Hufe) +fm).
In particular, for all p € Uy,

~ det ( I (p))

%

K't(p) = m
det ((1 — t) 110 (p) + ¢ 1192 (p))
o) det (Ig (p))
= (i,

as desired.
(iii) Repeat part (ii) with

Ci(p) = (1 = )KP(p) + tK (p).

(iv) Let E° and E! be frames defined by the principal directions of fy and f;
respectively, and let E* be a homotopy joining them. Let g* := ¢t be the metric
induced on M by f!. After a Gram-Schmidt process, we may assume that E? is
orthonormal with respect to ¢g*. In particular,

Igt (p) = Idnxn;

for all p € M and all £. Define A,: M — SM®. " by

nxn

.
Ai(p) == (Dgf,Etft(p)) + AN (p),
where
A 0
At = ..
0 AL

Since for s = 0, 1, E* is the frame of principal directions of f,, and Iéi. (p) is the
identity matrix

-1
() = k) (1) =8k(0) = A"
Consequently, for s =0, 1,

As(p) = D e fo(p) = UG PN (0) + AN (p) = D fgr o2 (0).
So, if we define the sections Fy: M — J?(M,R"*!) by

Fu(p) = 0, (p. fi(0), D fi): A:p) ).
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then Fy and F; are holonomic. Now let P be a core of M as in Lemma [2.1], and
apply Lemma to get the holonomic sections

Ot (Fip)) = (p. fi0), Dir Fip), D2 o fi0))

Since F, ~ F, on a neighborhood Uy of the perturbed core P (P), it follows that,
for all p € Uy,

N N N . -1

S = (D2 s fuo). N ) (1 ()
-1

<At(p)7 N7 (p)> (I{;ft (p))

where, in the last equality, we use the fact that Igt (p) is the identity matrix. So

Q

)

the eigenvalues of Sg,, (p) are close to A for all p € U;. Thus, as in part (i), letting
rt: M — M be the family of retractions into U;, we obtain our desired homotopy
via f,, as defined by ().

(v) Repeat part (iv) with

(1— )k (p) + Lk (p) 0
A(p) = . O
0 (1—t)kfo (p) + t K (p)
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