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ABSTRACT. We consider purely inseparable extensions H «— ?VH of unstable
Noetherian integral domains over the Steenrod algebra. It turns out that
there exists a finite group G < GL(V) and a vector space decomposition
V=Wo@&W1 & & W, such that H = (F[W,]  F[W1]? ® - - - @ F]W,]P")C
and "VH = F[V]C, where (—) denotes the integral closure. Moreover, H is
Cohen-Macaulay if and only if PVH is Cohen-Macaulay. Furthermore, H is
polynomial if and only if PVH is polynomial, and PVH = Flhi,...,hy] if and
only if

e

2
H:F[hlv"'7hn07h£0+l7"' hf, h£1+17"'7h£1,c]7

s oy

where ne =n and n; = dimp(Wo @ - - - @ W;).

1. INTRODUCTION AND OUTLINE

Let K < LL be an algebraic extension of graded fields. Assume that the smaller
field, K, carries an action of the Steenrod algebra P* of reduced powers. If the
extension K «— IL is separable, then the action of P* can be uniquely extended to
L. In other words, the separable closure of K as a field over the Steenrod algebra
coincides with the separable closure in the category of graded fields; see Proposition
2.2.2 in [3] and Proposition 2.2 in [7].

If the extension, however, is purely inseparable the situation is more delicate:
Let p(X) € K[X] be the minimal polynomial of [ € L. Since the extension is purely
inseparable, we have that

p(X) = XP" — &,

so that [?° = k for some k € K. Of course, since our fields are graded, we obtain
the following condition on the degrees:

(*) deg(l)p® = deg(k).
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4690 MARA D. NEUSEL

However, the crucial issue is the following. If there were an extension of the P*-
action to the larger field L, then

PRi(k)=0 Vi
because by equation (@) the element & is a pth power. Thus, we need to define
(%) (2" = 27 (k) € K.

The problem is that it does not follow that 27%(l) € L. Nevertheless, as equation
(®) shows, the inseparable closures of K as a graded field and as a field over the
Steenrod algebra coincide. We denote this object by "VK.

This leads to the following question: Under which conditions can we extend the
action of P* from K to L? Or equivalently, which intermediate fields K C L. C VK
are objects in the category of fields over the Steenrod algebra?

In this paper we study these questions in the more general framework of Noe-
therian integral domains H over the Steenrod algebra.

In Section 2] we recall the construction of inseparable closures over the Steenrod
algebra and its basic properties. To this list we add a few more that will be of use
later.

In Sections Bl and @ we start with the investigation of inseparable extensions
H < “VH, where “VH is either the symmetric algebra, F[V], on V* with V = F",
or its field of fractions, F(V). This has two reasons: for one, F(V) and F[V] are
universal, in the sense that they are algebraically closed in our category. On the
other hand, any unstable Noetherian integral domain H can be embedded into F[V]
such that the inclusion

H — F[V]

is finite; see the Embedding Theorem, Corollary 6.1.5 in [3]. Thus in Sections Bl
and [] we consider the diagram

H—— "VH=TF[V]

|

H—— "VH=TF(V),

where H = FF(H) is the field of fractions of H. In Section Bl we treat the case of
purely inseparable extensions of exponent one, in Section @ we look at extensions

with higher exponents e. Denote by (—) the integral closure. The results of these
parts show thatl

H=FW @ FW1]P @--- @ F[W,JP" and
H=FWo) @ F(W1)? @ - - @ F(W,)?"

for some vector space decomposition V = Wy ® W1 @ - - - & W,; see Theorem T3
and Corollary T4 This reproves results in [8], Theorem II, and [3], Theorem
7.2.2. However, the proof presented here has the advantage that it gives precise
information on the vector space dimensions of the W;’s.

LAll tensor products in this manuscript are tensor products over the ground field F.
2We denote by F[V]? the algebra F[z},...,zh] for F[V] = Flz1,...,zx].
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INSEPARABLE EXTENSIONS OF ALGEBRAS 4691

In Section Bl we come to the general case. By the Galois Embedding Theorem

(Theorem 7.1.1 in [3]), we know that "VH is a ring of invariants of some finite
group G < GL(V) acting linearly on F[V]. Thus

He— "VH=F[V]®

| 1

H—— "VH=F(V)C.
It turns out that there exists a vector space decomposition as above,
V=WeWi & oW,
such that G acts on the flags
Wodo W1 d---&W;
forall i =0,...,e. Moreover
H= (FWo] @ FW1]P @ --- @ FW]JF )¢  and
H= (F(Wo) @ F(W1)P @ --- @ F(W.)P");

see Theorem This extends results in [8], Theorem II, and [3], Theorem 7.2.2,
in the sense that we are able to determine the vector space dimensions of the W;’s
and, more importantly, are able to prove that the group G in question remains
unchanged. In particular this means that the group G must consist of flag matrices

Ao O ... 0
* )

. 0

* .

where A; is an m; X m;-matrix with m; = dim(W;). On the other hand, if V has
no basis such that G consists of flag matrices, then the only purely inseparable
extensions of exponent e are

(F[V]P)¢ C F[V]C.

In Section [6] we take a break from these constructive methods and look at homo-
logical properties of H and “vH. We show that H is Cohen-Macaulay if and only
if "VH is Cohen-Macaulay for any reduced Noetherian unstable algebra H.

This motivates Section [[] where we look at polynomial rings. It turns out that
VH is a polynomial algebra if and only if H is polynomial. Moreover, VH =
Flhi,...,hy] if and only if

H = Fh1, o, g, B0y i1y BE L BE. B2,
where n. = n and n; = dimp(Wo@- - -®W;). Recall that an unstable P*-inseparably
closed polynomial algebra over the Steenrod algebra is the ring of invariants F[V]¢
for some G < GL(n,F) by the Galois Embedding Theorem (Theorem 7.1.1 in
[3]). Combined with the results from Section [l this means that if G consists of flag
matrices, then H is polynomial if and only if “v/H is polynomial, and the generators
are just pth powers/roots of one another. However, if G does not cousist of flag
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4692 MARA D. NEUSEL

matrices, then there exists no unstable algebra H < F[V]% such that *vH = F[V]¢.
This solves a twenty-year-old conjecture due to Clarence Wilkerson; see Conjecture
5.1 in [§].

Part of this work was done during my stay at the National Australian University,
Canberra, in June 2003. I thank David Benson, Henning Krause, and Amnon
Neeman for the invitation and their hospitality. I also thank the referee for helpful
comments.

2. RECOLLECTIONS AND PRELIMINARIES

Let H be an unstable reduced algebra over the Steenrod algebra of reduced
powers P*. We denote the characteristic by p, and the order of the ground field F
by ¢. Recall that the Steenrod algebra contains an infinite sequence of derivations
iteratively defined as

P = P!
PR — phi— ng‘—l _ t@qiilng’ifl for i > 2.
We set
Gpho (h) = deg(h)h Vh € H.

Note that 2220 is not an element of the Steenrod algebra.
The algebra H is called P*-inseparably closed, if whenever h € H and

PRi(h) =0 Vi>0,
then there exists an element A’ € H such that
'y =

The P*-inseparable closure of H is a P*-inseparably closed algebra *VH contain-
ing H such that the following universal property holds: Whenever we have a P*-
inseparably closed algebra H' containing H there exists an embedding ¢: VH —
H.

The following method to construct the P*-inseparable closure of H is taken from
Section 4.1 in [3]. Denote by C C H the subalgebra consisting of the £2%-constants
for all ¢ > 0, i.e.,

C=CH)={heH| 2> (h)=0Vi>0}.

It turns out that the subalgebra of constants C is an unstable algebra over the
Steenrod algebra (Lemma 4.1.2 loc.cit.). Moreover, it is Noetherian whenever H is
(Lemma 4.1.1 loc.cit.). By construction we have integral extensions

H? — C — H,

where H? = {h? | h € H}. Denote by . a set of generators for C as a module over
H?. Define an algebra

Hi = H®r Flys | s € &])/Rad(n2 — s | s € &),

where Rad(—) denotes the radical of the ideal (—). Note that this construction
comes with a canonical inclusion

QD()Z H‘—>H1,

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



INSEPARABLE EXTENSIONS OF ALGEBRAS 4693

by part (5) of Lemma 4.1.3 in [3]. Since the new algebra H; is again an unstable
reduced algebra over the Steenrod algebra (see Lemma 4.1.4 loc.cit.), we can iterate
the construction and obtain a nested sequence

H=Hy—H  — .- -—>H, — - —

of unstable reduced algebras over the Steenrod algebra. The colimit of this sequence
is the P*-inseparable closure of H (Proposition 4.1.5 loc.cit.). We recall the basic
properties of “v/H and the intermediate algebras H;.

Proposition 2.1. Consider the chain of unstable reduced algebras
H=Hy—H — - —H — - — VH
Then the following statements hold.

(1) If one of the algebras in this chain is an integral domain, then so are the
others.
(2) H— *VH is an integral extension, and both algebras have the same Krull
dimension.
(3) If H is integrally closed, then so is "VH.
(4) The following statements are equivalent.
- H s Noetherian.
- H; is Noetherian.
- "VH is Noetherian.
- There exists an r such that

H =H.4 == VL
Proof. For (1)—(3) see Proposition 4.2.1 in [3]. For (4) see part (2) of Lemma 4.1.3,
Lemma 4.2.2, Proposition 4.2.4, and Theorem 6.3.1 loc.cit. O

Lemma 2.2. Let H be an integral domain. If H is integrally closed, then the
algebras H; are also integrally closed for all i.

Proof. Tt is shown in part (5) of Proposition 4.2.1 in [3] that vH is integrally
closed whenever H is integrally closed. The same argument presented there can be
used to show that also the algebras H; are also integrally closed. ([

In the same way the P*-inseparable closure of a field K over the Steenrod algebra
can be constructed. So we obtain a chain of fields over the Steenrod algebra

K=Ky—K;—- =K, — - — T:/K

by adjoining successively pth roots. Again the pth powers are detected by the
vanishing of the derivations 222¢; see Section 2.3 in [3].

Let H be an unstable integral domain over the Steenrod algebra. Denote by H
its field of fractions. We have seen in Proposition 4.2.6 in [3] that

FF('VH) = "VH,

where F'F(—) denotes the field of fraction functor.
Our first goal is to refine this statement. For this we need the following result.

Proposition 2.3. Let H be an unstable integral domain. Then

C(H) = FF(C(H)).
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4694 MARA D. NEUSEL

Proof. Let % € C(H), fi1,f2 € H. Then there exists an element Z—; e "WH =
FF(’VH), hihy € "vH, such that

k
weoon

A
for some k € Ny. Furthermore, since hi,hs € “vH we can choose k such that
k k k k

Ry hY € H. By construction, kY ,hh are in the subalgebra of constants, C(H).

Thus
k
hon
f2 h’z’k

€ FF(C(H))

which shows that
C(H) C FF(C(H)).
Conversely, let 4 € FF(C(H)) with f1, fo € C(H). Then

Acn

f2

is a constant because

PR <fl> _ PR f1) f2 — 122 (f2)
f2 f3

for all 7 € Ny. O

=0

Proposition 2.4. Let H be an unstable integral domain over the Steenrod algebra.
Denote by H its field of fractions. Then for all i € Ny we have

FF(H;) = H.

Proof. By induction it is enough to show the statement for ¢ = 1. If Z—; € FF(H),
for hy, ho € Hy, then ’,1— € FF(Ho) = Ho = H. Thus %2 € Hy, since H, is obtained
from Hy by adjoining all pth roots. Thus FF(H;) C Hj.

We prove the reverse inclusion. Let h € Hy. Then h? € H = FF(H). Thus by
Proposition

hP € C(H) = FF(C(H)).

Thus there exist elements hi, he € C(H) such that

=
ho
Moreover, since the elements hi, hy are constants they have pth roots, say fi, fa,
in Hy. Thus
h = ﬁ € FF(Hy)
f2
and we are done. (I
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INSEPARABLE EXTENSIONS OF ALGEBRAS 4695

Hence we obtain chains

H= HO( Hl( ...C H.C ...C ’J’\*/ﬁ

| | |

FFMHy)—— FF(H;)—— - C—— FF(H;)—— - - —— FF( "V/H)

..C ..C

Let H be an unstable Noetherian integral domain over the Steenrod algebra. Then
there exists an r € Ny such that H, = "VH; see Theorem 6.1.3 and Proposition
4.2.4 in [3]. Also, there exists an s € Ny such that Hy = "VH, loc.cit. Without
loss of generality we assume that r and s are minimal with respect to this property.
Then by Proposition 4.2.4 in [3] we have that r > s. Thus for Noetherian unstable
algebras we obtain finite chains

H jHO( Iil( ..C Ts( H,1+1( BN G H, = T\*/ﬁ
FF(Hy)“— FF(Hy)— ---C FF(H,) = FF(H,y,) = - -- == FF(H,)
..C HS+1 :HT:’P\*/H

Corollary 2.5. Let H be an unstable Noetherian integral domain. Let H be inte-
grally closed. Then with the preceding notation, r = s.

Proof. By Proposition 24 FF(H;) = H;. Moreover, H; is integrally closed for all
i by Lemma [Z2] Thus for all ¢ the unstable part of FF(H;) is

Un(FF(H;)) = Hy;
see Theorem 2.4 in [4]. Thus
Hy = Un(FF(Hy)) =Un(FF(H,)) = H,
as desired. (]

3. INSEPARABLE EXTENSIONS OF EXPONENT 1

Let H be an unstable Noetherian reduced algebra over the Steenrod algebra.
Define the H-module
Dery = spany{Z2 | i € Ng}.
Then Dery is free as a module over H; see Proposition 1.1.7 and Theorem 1.2.1 in

[SJE Moreover it is a restricted Lie algebra of derivations acting on H; cf. Section
2.4 in [3]. We denote by

Cpery (H) = {h € H| Z21(h) =0 Vi} CH

the subalgebra of constants with respect to the derivations in Dery.

3The module Dery is the module A(H) in this reference.
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4696 MARA D. NEUSEL

Remark. In Section 2 we called the subalgebra of constants just C = C(H). For
what follows however, we need to keep track of the module of derivations that is

used.
Clearly,
H? g CDerH
as P2 (hP) =0 for all h € H and i € Ny. Since the extension
H? CH

is purely inseparable of exponent one, so is the extension
H? C Cpery (H).
Thus

VHP = *\/Cpery (H) = "VH.

Proposition 3.1. Let H be an unstable reduced algebra over the Steenrod algebra.
Then H is P*-inseparably closed if and only if

Cpery (H) = HP.

Proof. Assume that H is P*-inseparably closed. By what we have done so far we
know that HP C Cperyy (H). To prove the reverse inclusion, let h € Cpery (H). Then
PRi(h) =0 for all i € Ny. Thus there exists an element

f S TP*\/ CDerH (H) = ’P\*/ﬁ =H

such that fpk = h. Since fpk € H? for all f € H, we have h = fpk € H?, and hence
H? = Cpery (H). Conversely, assume that

HP = Cper, (H) CH C “VH.

Let h € *VH. Thus there exists a k € Ny such that h?* € H. Since Dery vanishes
on pth powers we find that

h?" € Cper, (H) = H”.
Thus h?" " € H. Iteratively we find that h € H, i.e., H is P*-inseparably closed. [
Corollary 3.2. We have
Chergpy, (F[V]) = F[V]P =F,...,22].

Proof. Since F[V] is P*-inseparably closed (see Corollary 4.2.8 in [3]), this result is
an immediate corollary of Proposition [3.1] O

We recall some facts about Dery and its action on H. First the Lie algebra
structure is particularly simple, namely

0 ifi,j >0,
(1) (PR, PR = @A ifi#£0and j=0,
— 2% ifi=0and j#0
(see the remark on page 12 of [3]), and
() (2% =0
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INSEPARABLE EXTENSIONS OF ALGEBRAS 4697

(see Section 2.4 in [3]). The A-length of H is defined to be the smallest integerf] Ay
such that the derivation

ho PRi0 4 .« 4 hy PDix

vanishes on H for some hg,...,hy € H and i, ..., i\ € Ny (see Section 1.2 in [3])@
In this case, any A+ 1 derivations are linearly dependent over H (Proposition 1.1.7
in [3]). The A-length Ay is at most the Krull dimension of H over F (cf. Corollary
1.2.2 in [3]). Moreover, the coefficients can be chosen to be

hi = (—1)'dy;

(up to a sign) the Dickson classes in dimension A (see Theorems 5.1.9 and 5.2.1 in
[3]). Note that by convention dy » = 1. Then the normalized equation

(dro 220 — -+ (-1 2 2*)(h) =0 VheH
is called the A-relation of H. By abuse of notation, we also call the element
dH = d)\’oe@Ao — 4 (—:I.)>‘C|)\7)\32AA S DerH

the A-relation for H Finally we note that the A-length of H is equal to its Krull
dimension if H is P*-inseparably closed (cf. Theorem 8.1.5 in [3]). The converse is
not quite true as the following example taken from Section 7.4 in [3] shows.

Example 3.3. Consider the field F = Fy with two elements, and take a polynomial
algebra in two linear generators z,y, F[x, y]. The Dickson algebra in this case is

D(2) = Flz?y + xy?, 2? + y? + 2y] — Flz, y].
Define an intermediate algebra H by
H=Fl2® + 9,2y, zy(e + )]/ ((2° + y°) (2y) + (zy(z +y))?).
Then H is an unstable integral domain, but it is not P*-inseparably closed because
PR +9y?)=0 Vi>0, but z +y & H.
However, its A-relation
dy = do g P20 — dy, PR+ P42

has length 2, which is equal to its Krull dimension. Note that the field of fractions
of H,

FFH)=F(z +y,zy),
is inseparably closed. Therefore the algebra H is not integrally closed because
x+y & H (cf. Corollary 2.3]).

Proposition 3.4. Let H be an unstable Noetherian integral domain. If the A-length
An s equal to the Krull dimension n of H, then

VHCH,
where (—) denotes the integral closure.

41f there is no possible confusion we will omit the subscript and just write A = Ag.

5If Ay € N exists, then H is called A-finite. This is a weaker condition than Noetherianess.
For example the polynomial algebra F[z¥, 2%, ...] in infinitely many generators has A-length zero,
but it is not Noetherian.

6We will suppress the subscript, and write d for dy if no confusion is possible.
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Proof. Since the A-length of H is equal to its Krull dimension, we have integral
extensions
D(n) — H— VH < F[V]

by the Little Imbedding Theorem (Theorem 7.4.4 in [3]) and the Embedding Theo-
rem (Corollary 6.1.5 loc.cit.). The corresponding extensions of the field of fractions
are Galois extensions, so in particular separable. Since FF(H) C FF( "VH) is also
purely inseparable, we have FF( "VH) = FF(H) = FF(H). Thus FF(H) = F(V)%
for some group G < GL(V). Therefore, H = F[V]¢ is inseparably closed. Hence
VH — H by the universal property of the inseparable closure. O

Remark. Note that it follows from the preceding result that if H is integrally closed
and the A-length is equal to its Krull dimension, then

VH=H=H.

We want to investigate purely inseparable extensions H < F[V] of exponent one,
i.e., we have

F[V]P — H — F[V].
For this we turn our attention to the corresponding extensions of fields of fractions

F(V)? — H — F(V).
Let Derg be the vector space over H generated by the elements 222 for i € Ny.
Since the relations () and (f) are intrinsic of the Steenrod algebra, the vector

space Dery is also a restricted Lie algebra. Thus any vector subspace of Dery is a
restricted Lie subalgebra and vice versa.

Proposition 3.5. Let H be an unstable integral domain and H its field of fractions.
The vector space Dery satisfies the following properties.
(1) The elements P are derivations on H.
(2) The A-relation H is well defined, and coincides with the A-relation on H.
In particular, the A-lengths are equal.

Proof. AD(1): The action of #%¢ on H is given by the formula

PO <fl> _ PRi(f1)fa — 122 (f2)
P! 13
for any f1, fo € H. Thus they are derivations on the field of fractions also.
AD(2): The set Dery is a vector space by construction. Let Ay be its dimension.
Then any Ag + 1 elements are linearly independent. Thus the A-length is Ay with
A-relation

d= foP™ 4+ LPEN,
Without loss of generality we can assume that the coefficients f; € H for all 1.
Thus Ay is at least equal to the A-length, Ag, of H. On the other hand, if dy is a
A-relation for H, then by

d (fl) _du(f)fe— Adu(fe) _
H e - 2 -
fa I3
dy vanishes also on H. Thus Ag < Ag. Therefore A\g = A\g and dyg = dy. O

Corollary 3.6. Let H be an unstable integral domain and H its integral closure.
Then
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Proof. By Proposition B0 part (2), A-lengths, as well as the A-relations of H and
its field of fractions, coincide. Since H and H have the same field of fractions we
are done. O

Lemma 3.7. Let H' C H be unstable reduced Noetherian algebras over the Steenrod
algebra. Denote by Am/, resp. Mu, the A-length of H', resp. H. Then Ag < Aq.

Proof. By Corollary the A-length and A-relation of an unstable algebra H and
its integral closure H are equal. Thus without loss of generality we assume that H’
and H are integrally closed.

Denote by D(I) the Dickson algebra of dimension . By Theorem 5.1.9 in [3]

D) — H
is a maximal Dickson algebra in H. Applying the same theorem for H' gives
D(Aw) — H' — H.

Since D(Ag) is the maximal Dickson algebra in H, we find that A\gr < Ay as
desired. O

Lemma 3.8. Let U and W be finite dimensional vector spaces over F. We note
that the A-length X of FlU] @ FIW?", t > 0, is equal to the vector space dimension
of U with A-relation

d=dy 2% — . (~1) dy 2™,
where F[UJS* ) = F[dy o, ...,dx 1]

Proof. The element d is a A-relation for F[U] by Theorem 1.2.3 in [3]. Since &4
vanishes on pth powers for all i € Ny, the element d vanishes on F[U] @ F[W]?". So,

A < dimg (V).
On the other hand, F[U] — F[U]@F[W]?". Therefore by Lemma[B.Z the A-length
is at least dimp(U), and we are done. O

Corollary 3.9. The A-length A of F(U) ® ]F(W)pt is equal to the wvector space
dimension of U, fort > 1. The subfield of constants is

Chersysecuy (F(U) @ F(W)P') = F(U)? @ F(W)P".
Moreover, the A-relation is
d=dy 02 + -+ (=), P

Proof. This is immediate from part (2) of Proposition B35, Lemma B8] and Corol-
lary O

Since the A-relation of F(V') has length n = dimg(V'), we have dimg(y(Derg(y))
=n and
Derg(y) = spanF(V){,@Ao, o, PAn1Y,
Moreover, the index over the subfield of constants is
[F(V) : F(V)*] = p".
Thus we can apply the structure theorem for purely inseparable extensions of ex-
ponent one (see, e.g., Chapter IV, Section 8 in [I]). It tells us that

H C F(V)
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is a purely inseparable extension of exponent one if and only if there exists a re-
stricted Lie subalgebra D C Derp(yy such that

H = Cp (F(V).
So, take a subspace D C Derg(y). We recall from Corollary 3.9 that
F(V)=Cp(F(V)) for D=0
and
F(V)? =Cp(F(V)) for D = Derg(y .
Thus we are left to characterize those D C Derg(yy such that H = Cp(F(V)) carries

a P*-module structure.

Proposition 3.10. Let K < F(V) be a field over the Steenrod algebra. Let d be
the A-relation of K with A-length A. Then the vector space of derivations vanishing
on K,

Dx = spang{d € Derg(y |d|x = 0},

has dimension n — X\, where n = dimp(V').
Proof. The A-relation of K is

d=dy (P20 4 4 (=) dy 2 P2
By Proposition 1.1.7 in [3] any A+ 1 derivations in Derg(y) are linearly dependent.
Moreover by Lemma 1.1.8 loc.cit. we find that in particular the n — A elements

= d PR g (DAY PP
for i = 0,...,n — A — 1 vanish on K. Since the d;’s are linearly independent in
Derg(yy we have that

dim(Dg) > n — A
On the other hand, if d € Dk, then
d= foPR0 4. 4 f,_1 PPn1,

Then there are ko, ..., k,_1_» such that

n—1—A\
(*) d— Y kidi = [P0 4t [l P
i=0
for some f§,. .., fA_; € K. Thus if d were linearly independent of the d;’s, then the
expression () is not zero. This in turn means that there is a relation on K shorter
than the A-relation. This is a contradiction. Therefore dim(Dg) =n — A. (]

Theorem 3.11. The extension H C F(V) is a purely inseparable extension of
exponent one of fields over the Steenrod algebra if and only if

H="F(xy,...,2%,3 q,...,20) =F{U) @ F(V/U)?
for some k € {1,...,n} and dim(U) = k. Furthermore, in this case
H = Cp(F(V))

where D has vector space dimension n — k. If k < n, then D is generated by the
A-relation of H,
dg = dj, 0 P20 + - 4 (=1)*dj, P2
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and its translates
d; = dZ;O‘@Ai 4+ (71)kdz7k<@Ak+i
fori=1,... n—k—1.
Proof. If
H = F(xl,...,mk,xiJrl,...,mﬁ),
then it is clearly a field over the Steenrod algebra. Moreover,
F(z1,... 28, 2) ..., 2h) = Cp(F(V))

for D generated by the A-relation of H and its translates d; of length Ag = k (see
Corollary 3.9 and Proposition B.10).
We prove the converse. Set A = Ay. Let d be the A-relation of H. Then

d=d) o P2 + - + (1) dr\ \ P

vanishes on H. Let U < V be a vector subspace of dimension A. We also note
that the field F(U) ® F(V/U)P has A-relation d and A-length A by Corollary
Certainly,

F(V)? - FU)FV/U)P — F(V)

is a purely inseparable extension of exponent one. We show that F(U)®F(V/U)?P —
H. Since H — F(V) is purely inseparable of exponent one, we have

F(V/U)? — H.
Since the coefficients of the A-relation are the Dickson classes, we know that
FF(D()\)) — H. Thus
FF(D(\) @ F(V/U)? — H.
Since H — F(V) is purely inseparable, we find that the separable closure of
FF(D(\) @ F[V/UJ? is in H. This in turn is just
F(U)@F(V/U)P — H.

Obviously |[F(V): F(U) ® F(V/U)P| = p"~*. By Theorem 19 on page 186 of [1] we
have that also

[F(V): H| =p"
because Dy has dimension n — A (Proposition 3.10). Hence H = F(U) @ F(V/U)?P
as desired. 0

Corollary 3.12. Let H C F[V] be a purely inseparable extension of exponent one.
Let H be integrally closed. Then H is an unstable algebra over the Steenrod algebra
if and only if H = Flxq,.. .,xA,xf\H, ..., 2P], where A = Ay is the A-length of H.

Proof. If H is an unstable algebra over the Steenrod algebra, then H is a field
over the Steenrod algebra. Moreover, since H < F[V] has exponent one, so has the
extension H < F(V'). Thus H = F(U)®F(V/U)P for dimp(U) = A by Theorem 3111
Hence by Theorem 2.4 in [4]

H=H = Un(H) = F[U] @ F[V/U]*.

Conversely, the algebra F[U] ® F[V/UJP is certainly an unstable algebra over the
Steenrod algebra. O
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Remark. For any unstable integral domain H its integral closure H also carries an
unstable P*-module structure because H = Un(H) (see Theorem 2.4 in [4]). The
converse is not true as we illustrate with the next example.

Example 3.13. Let F be the prime field of characteristic 2 and let A be the sub-
algebra of F[z, y] generated by z,xy,y>. Then A — F[z,y] is an integral extension.
Moreover, FF(A) = F(z,y). Therefore A = F[z,y] is an unstable algebra over the
Steenrod algebra. However A does not carry a P*-module structure because

P (xy) = 2%y +ay® € A,

as the only elements of degree 3 in A are z2, 22, y3.

Thus the assumption H = H cannot be dropped in the preceding result.
Corollary 3.14. Let U < V. Denote m = dimp(U) < n = dimp(V'). Then
FU|@F[V/U]P — F[V]
is the largest unstable subalgebra with A-length equal to m.
Proof. Certainly, F[U] ® F[V/U]? has A-length m. Let
(*) F[U] x F[V/UJ? — H — F[V]

be an intermediate unstable algebra with Ay = m. Since the extension (@) is purely
inseparable of exponent one, we have that

H=FU") @ FWV/U)?
for some U’ > U. But
dimp(U) = m = g = dimp(U")
and therefore U = U’. Hence
F[U] @ F[V/U]P C H C Un(H) = H = F[U] @ F[V/U?

gives the desired result. O

4. PURELY INSEPARABLE EXTENSIONS OF ARBITRARY EXPONENT

In this section we proceed with the investigation of the purely inseparable ex-
tension

H — F[V].

We consider the general case of exponent e > 1. Thus we need to detect p°th
powers for s =1,...,e. We introduce the following operators for s € N:

P20 = - deg(-)id (),

PR — t@ps,

Phoi = r'd T pheict _ gpReicigpr"d T for > 2,
Remark. Note that for all s € Ny we have 222+ € P* whenever i # 0.

Remark. Note also that the degree of 2%+ is equal to ¢'p® — p°, for all 4, s € Ny.
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Proposition 4.1. The operators %= satisfy the following properties:
(1) For alli € N we have 2% (hP) = (Ps=1i(h))P for h € H and s > 1.
(2) Fori>1 and k,s > 0 we have

[@psk’ PRai] = Ghein P k=pd"
ort,7>1 and s > 0 we have
3) Fori,57 > 1 and 0 h
(PR PAed] = 0,
e pth iteration si =0 forallt>1 and s > 0.
4) The pth PH P8 0 for alli>1 and 0

Proof. AD(1): For any 4,5 > 0 and any linear form [ we have
PV = (Z) jia+i—i
as it can be easily seen by induction. Thus for all ¢ > 0 we have
iy = () v
Since (”Z ) =0 (p) precisely when i ¢ {p°,0}, we have

2°(l)p*  fori=0,
PP = 2P for i = p°,

0 otherwise.
Therefore .
hP for i = 0,
PURPY = PR for i = kp®,
0 otherwise,

for any h € H (cf. page 261 of [6]). Thus
PEe () = PV () = (PP ()P = (PX ()P
Thus by induction on i we find
PR (hP) = P PRei-1 (WP) — PReio ypsqi’l(hp>
= PP (PR ) — PR (27T ()

— (@p' q ’@As—l,i—l(h) — gpAs—1i-1 gpp* T (h))P
= (@A),

qifl

s

as claimed.
AD(2) and (3): The result follows, because it is true for any linear form.
AD(4): From the Adem relations it follows that

PP PP =0,

Thus the result follows by induction on ¢ with the help of the commutation rules
of (2) (cf. Lemma A.1.1 in [3]). O

Define the H? -module

Dery = spang,: { P2

xS NQ}
By definition it follows that Dery o = Dery.
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Proposition 4.2. The module Dery s has the following properties:

(1) Dern,s acts in HP" as derivations.
(2) For s,k > 0 we obtain

[:@psk’ @As,o] = kpkp",
(3) If s > 0, then
A ifi#£0 and j =0,
[PRei, PRei] = { — By ifi=0 and j %0,

0 otherwise.

(4) The pth iteration gives R0 .. PRs0(pP") = FPRs0(RP") for all s > 0 and
he H. '
(5) Let s > 0. Then 2%+ (hP") = 0 Vi if and only if h is a p**'st power.

Proof. AD(1): Let h?°" € H?". By Proposition Bl Derys ¢ acts on HP” according to
the following formulae:

GpDs0 (hps) — deg(h)hps — gpho (h)ps
PR (W) = (P )P = (2 (W),
PR (W) = (21 Pt PRt () = (P2 ()

Since taking pth powers is additive in characteristic p, this establishes the statement.
AD(2): Let h?" € H” . We have

[gzpsk’@As,oth )= PP k(@Aéo(hP ) —
= deg(h) 2" " (h"") —
= deg(h) 2" " (h?") -
= (deg(h) — deg(h)

kPR (.

As,0 gpp k(hp )
D0 (DM ()P
deg(2* (h)) 2" *(h?")
+ k — kq) PP F(hP)
AD(3): Let h?° € HP". If i,j > 1, then
[PBe0, PRI =0
by part (3) of Proposition Il Otherwise we have
[PR0, PRI (W) = PRe0 PR (WP7) — PR0d R0 (RP7)
= (deg(h) +¢" = 1) 2%+ (W) — deg(h) 25 (")
= — PR (RP).
The relation for j = 0 can be established in the same way.
AD(4): Let h?° € H?". Since 2% (h?") = deg(h)h?" and deg(h)?" = deg(h)
the result followss. .
Ad(5): Let h?" = HP and i > 1. Then
P = (P2 ()
and
PR (W) = deg(h)h?" = P20 (h)P
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are simultaneously zero for all 7 if and only if
PRi(h) =0

for all i > 0, i.e., if and only if A is a pth power; hence precisely when h?" is a
p*tlst power. O

Thus Dery s is a restricted Lie algebra of derivations acting on H” vanishing
precisely on the p*t!st powers. We need to have a look at the relation between
Dery,s and Dery.

Proposition 4.3. Let H be an unstable reduced Noetherian algebra over the Steen-
rod algebra. The action of Dery s on HP  has the following properties:
(1) For any ds € Dery s there exists a d € Dery such that

s

ds(h?") = d(h)?" VheH.

(2) If there are m derivations in Dery s that are linearly dependent, then so are
any m derivations.

Proof. AD(1): For any
dy = ) PPeio 4. 4 B PPt € Derp,,
we find that
ds = (d)"" = (hgP 0 + -+ + PR )

by part (1) of Proposition Il By construction d € Dery.
AD(2): Let ds1,...,dsm € Dery s be linearly dependent. By part (1) we find
di,...,dy € Derg such that (d;(h))?" = ds;(h?") for all h € H. Thus the ele-

ments dy, ...,d,, € Derg are linearly dependent. Therefore any m elements, say
dy,...,d,,, of Dery are linearly dependent with a relation

hyd) -+ hpd,, = 0.
Thus
WY,y 4+ hEd, =0

m “s,m

is a relation in Dery ;. O

Thus the minimal [, such that [5 + 1 elements of Dery s are linearly dependent
is uniquely defined. We call [; the As-length of HP", denoted by Am,s or if no
confusion can arise by A;. If A\, € Ny, we call the algebra H? ’ As-finite. Note that
by construction H is A-finite if and only if HP" is A,-finite.

Proposition 4.4. Let H be an unstable reduced A-finite algebra over the Steenrod
algebra. Let X be its A-length and s the Ag-length of H?". Then

(1) As = A

(2) We have a relation of the form

dy=df (P20 +. 4 df | PR
on H?.
Proof. AD(1): Let
d=dyo P + -+ (—1)*d\ P = Dery
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be the A-relation of H. Then the element d,(h?") = (d(h))?" of Dery , vanishes on
H?". Thus A\, < \. Conversely, if

dy = hf) PRe0 4o f By PAere € Derp,
is a Ag-relation of Hps, then the element
d= hQ@AO + -+ }l)\sng>‘S S DerH
vanishes on H, by part (1) of Proposition 23l Thus, also, A < A,.
AD(2): By (1) As is the A-length of H. Therefore
d=d) 0P + - +dy 1\, P
is the A-relation on H. Thus the result follows by part (1) of Proposition O

We call the relation ds of part (2) of this result the As-relation of H.

Let H? < F[V]?" with A,-length A,. Then H = HZ" < F[V], since H? arises
from H? by adjoining all p°th roots. Let H have A-length A. Thus A = A; < n by
Proposition 4] part (1).

Proposition 4.5. For s > 0 we have

(CDerH (H))ps = CDerH,s (Hps) c CDerH (H)

Proof. If h?" € H? is a Dery s-constant, then h is a p*Tlst power by part (5) of
Proposition 2] Thus there exists an element k € H’l’s = H”"" such that k? = h¥".
Hence h?" = kP € Hﬁ’s C H is a pth power, i.e., a Derg-constant.

In order to prove the equality, let h € H be a Derg-constant, i.e., d(h) = 0 for all
d € Dery. For any ds € Dery s there is an element d € Dery such that ds(hps) =

s

(d(h))?" = 0 by part (1) of Proposition B3l Thus (Cpery (H))”" C Cpery,, (H”).
Conversely, if h?" € CDerH’s(Hpé), then h € Cpery, (H), by what we have proven so
far. Thus h?" € (Cpery, (H))P" as desired. O

Remark. We note that the preceding results imply that
dim(Dergy),s) = dim(Dergpy)) = dimp(V) = n.

Remark. In Section Bl we defined Dery for H = FF(H) for integral domains H. In
the same way we define

Dery , = spang,:{ 2% | i € No}.

We obtain analogously to Proposition [3.3] that dim(Dery ) = dim(Dery ;). Hence,
Am,s = AH,s and dp s = dy 5. Therefore Dery s and Dery s have basis {QZA&O, ceey
:@AS*’\S}, where A\s = Aprs = >\H,s-

Corollary 4.6. The A,-length of F[V]P", resp. F(V)P", is equal to the dimension
of V.. Moreover, for Dy =0

FV]P" = Cp, (F[V]?"), resp. F(V)P" = Cp_(F(V)P").
Finally, the As-length of IF[V]”SH, Tesp. F(V)psﬂ, s zero, and
FIVI™" = Cooryyy,., (FIVIP),  resp. F(V)"™ = Coeryy,, (F(V)).

Proof. The first statement follows from Lemma[3.8land Proposition .5l The second
statement follows from Corollaries and and Proposition O
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We need a generalization of Lemma 377

Lemma 4.7. Let KP - H”" be unstable reduced Noetherian algebras over the
Steenrod algebra. Denote by Ak s, mesp. Aus, the Ag-length of KP | resp. HP .
Then )\K,s < /\H,s-

Proof. The proof works just as the one of Lemma [3.7 O
Proposition 4.8. Let t > s and W < V. The A,-length of FIW]P" @ F[V/W1P" as
well as of F(W)P" @ F(V/W)P', is equal to Ay = dimp(W). Moreover, let HP" <
F[V]?". Then the As-length of H?" is at most | if and only if

HY" C FW)”" @ F[V/W]"',
where dimp(W) =1 and t > s.

Proof. The first statement follows from Proposition 4] Lemma [B.8 and Corol-
lary If H?" C F[W]P" @ F[V/W]?", then by Lemma BT its A,-length is at most
the A,-length of F[W]*" @ F[V/W]?", which is | by what we proved so far.

Conversely, let the Ag-length of H?" be A, < I. Then H has A-length A = \; by
Proposition [£4l Thus its A-relation is

d= d,\,(y@AD + - 'Cl)\’,\,@AA
and therefore the Dickson algebra of dimension A is contained in H.
D(A) — H— F[U] @ F[V/U]

for some U <V with dim(U) = A. But F[U]® F[V/U]P is the largest subalgebra of
F[V] with A-length X by Corollary B14l Thus

H < FU]®F[V/U)” — FIW] @ F[V/W]?
and the result follows. O

Lemma 4.9. We have

FF(CDerH,s (Hpé )) = CDerﬁl,s (Hps)-
Proof. This follows from Propositions and O

In order to be able to treat the general case, we need another preliminary result.

Proposition 4.10. Let V. = Wy @ --- ® W, be a vector space decomposition.
Consider the purely inseparable extension HP' — F[Wo]P° @ --- @ FIW.]P™. Let
S0 < -+ < Se. Let H”" be an integrally closed unstable algebra over the Steenrod
algebra. Then the Ay -length of HP s Aso if and only if

F[Uo)P" — HP™ — F[U — 07" @ F[Wo/Up)?"" @ FIW1P" @ -+ @ F[W,]P"
for dimp(Up) = Asy, Ug < Wy and Uy mazimal with respect to this property.

Proof. Let the Ag,-length of HP*0 be Ay . Note that A;, < dimp(Wy) by Lemmald7
The A-length of H is also A, by part (1) of Proposition @4l Moreover

se—sQ

H < F[Wo] @ FIW P @ -+ @ F]W,]P
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Let d be the A-relation of H. Then d is also the A-relation of its field of fractions,
H. Thus by construction we find for D = Dy C Dery

H — Cp(F(Wo) @ F(W)P" ™ @ @ F(We)?™ )
=F(Up) @ F(Wo/Up)? @ F(W1)P" " @ -+ @ F(W,)”

for some Uy < Wy of dimension Ay, by Corollary 39 Let U be maximal with this
property. The extension

se—sQ

F(Ug) NH — ]F(U())

is purely inseparable, since
H — F(Up) @ F(Wo/Up)? @ F(W1)P" " @@ F(W)P" ™°

is purely inseparable and all elements in F(Up) @ F(Wo/Up)? @ F(W)P" @+ @
F(W,)P"" "™ that are algebraic over F(Up) are inseparable. By maximality of A,
all elements in F(Uy) are separable over H. Thus

F(Up) NH — F(Uy)
is also separable. Hence
F(Uo) = F(Up) NH — H.
Therefore

F[Up]?™ — HP™ — F[Up]P™ @ F[Wo/Up]

pootl s

®...®F[We]l’e

as desired.
To prove the converse, assume that there exists a vector space Uy < Wy of
dimp(Up) = As, such that

psott

F[Uo]P™ — HP™ < F[U,J"" @ F[Wy /U] ®--- @F[WP™ .

Assume furthermore that Uy is maximal with this property. Then the A, -length of
F[U]P™ is As.o by Corollary 8l Equally, the A, -length of F[Ug|P™ @F[Wo,/Up]? ™"
®---@F[W,]P™ is A, by Proposition 8 Therefore the A, -length of HP™ is A,
by Lemma (7 O

Remark. Note that any element in H? " that is algebraic over F[Uo]pso is separable
over F[Up]P™.

Theorem 4.11. Let V = Wy @ --- B W, be a vector space decomposition. Consider
the purely inseparable extension H — F[Wy] @ F[W1]P @ --- @ F[W,]P* of exponent
one. Let H be integrally closed. Then H is an unstable algebra over the Steenrod
algebra if and only if

H=FU] @F[U1)f @ @ F[Ueyr)”"
for some vector space decomposition
V=Uy® - ®Uct1
with
U@ U, <Wyd---dW,
and diim(Up @ --- ® U;) is the A-length of H;, i =10,...,e+ 1.
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Proof. The “if” part of the statement is clear by Proposition We need to
prove the “only if” part.

Let d € Derg be the A-relation on H of length A\g. Then F[Up] — H for
some vector space Uy of dimension Ag by Proposition [0l Hence Ay < dim (W),
Uy < Wy, and we have

F[Up] — H — F[Wy] @ F[W1]P @ - - - @ F[W,]*".
We consider the chain
F[Us): — Hy — (F[Wo] @ FIW1 P © - - - @ FW P,
=F[Wo & Wi @F[Ws]P ® - - - @ F[W.]*"
By Proposition .10l the A-length of H; is at most the dimension of Wy & W7 and

-1

F[Uo] ® F[Ul] — H1

for a suitable Uy ®U; < Wy @ W;. Since F[Up] < Hj, and Uy is the maximal vector
subspace with this property, we have

F[Up]) @ F[U1)? — H.

Proceeding inductively gives an extension

e+1

FlUo] @ FU1)" © - - @ F[Uea]”  — H,

which is separable, because it is algebraic (cf. the remark after Proposition [AI0]).
This extension is also purely inseparable because

e+1

FlUo] @ FULP @ -+ - @ F[Up 1] = FWo] @ FW1 P @ - - - @ F[W, 4]
is purely inseparable. Thus
e+1

H = F[Up] @ FlUAP ® -+ @ FU,p 4]
as desired. 0

Corollary 4.12. Let V = Wy & --- & W, be a vector space decomposition. Let
H — F(Wy) @ F(W1)P ®---@F(W,)P" be a purely inseparable extension of exponent
one. Then H is a field over the Steenrod algebra if and only if

H=F(Uo) 9 F(U1) ® - @ F(Uerr)”"
for some vector space decomposition
V=Uy® - ®Uct1
with
U U, <Wy---dW,
and dim(Up @ - - - ® U;) is the A-length of H;, i =0,...,e+ 1.

Proof. Since
Un(H) — F[U] @ FU1 )P @ - -- @ F[UJ*
is integrally closed and FF(Un(H)) = H, the result follows from Theorem 11l O
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Theorem 4.13. H — F(V) is a purely inseparable extension of exponent e of fields
over the Steenrod algebra if and only if
H=F(W,) @ F(W1)? ® - - - @ F(W,)?
for some vector space decomposition
V=Wy® - - oW,
where dim(Wy @ - -- @ W;) is the A-length of H;, i = 0,. .. e.
Proof. The “if” part is clear by Corollary We show the “only if” part.
We proceed by induction on e. The case e = 1 has been treated in Theorem .11l
Thus assume that e > 1.
We have a chain of purely inseparable extensions of exponent one
H=Hy— H; — - — H, =F(V)

which is obtained by adjoining successively pth roots. Note that all H;’s are fields
over the Steenrod algebra.
By the induction hypothesis we can assume that

e

e—1

H—H =FW) QFW1)? Q- @ F(W,_1)?
for a vector space decomposition
V=Wo® - @& We_1.
By Corollary we are done. O

At the level of algebras we obtain the following result as an obvious corollary.

Corollary 4.14. Let H be integrally closed. Let H — F[V] be a purely inseparable
extension of exponent e. Then H is an algebra over the Steenrod algebra if and only

i
! H=F[W,| @ FW1]P @ - -- @ F[WP"]
for some vector space decomposition
V=W oW,
where dim(Wo @ - -- @ W;) is the A-length of H;, 1 =0,...,e. O
Remark. Note that Corollary .14l has been proven in Theorem 7.2.2 of [3] as well

as in [7], Theorem II, without, however, the precise statement on the dimension of
Wo® @ Wi

5. PURELY INSEPARABLE EXTENSIONS, THE GENERAL CASE

Let H be an unstable Noetherian integral domain over the Steenrod algebra.
Assume that the canonical inclusion

H— "VH
is purely inseparable of exponent e.
If H is integrally closed, then so is “v/H by part (3) of Proposition 21l Then
"VH — F[V]

is a Galois extension with Galois group G < GL(n,F), where n is the Krull dimen-
sion of H (see the Galois Embedding Theorem, Theorem 7.1.1 in [3]). Thus

VH =F[V]°.
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On the other hand we can take the separable closure first: The separable closure of
H — F[V] denoted by H is again an unstable algebra over the Steenrod algebra by
the Separable Extension Lemma (Proposition 2.2.2 in [3]), since H™ = Un(H"").
Thus we obtain a purely inseparable extension of exponent e

B < F[V].
Therefore, by Corollary 14
ﬁsep _ ]F[WO] ® . ® ]F[We]pE7

for some vector space decomposition V =Wy ® --- @ W,.
We need a technical lemma.

Lemma 5.1. Let H be an unstable Noetherian integral domain over the Steenrod

algebra. Then for all i € Ny we have
(H™); = (H)

sep

Proof. By induction on i, we need to prove the statement only for ¢ = 1. By
assumption we have the diagram

T . =)™
Esep C (ESEP)L
If h € Hy, then h? € HC H™™. Thus h € (H*),. Thus

H1 — (ﬁsep)l.
We note that H ™ = F[Wy] @ - - - @ F[W,]?" by Corollary EET4l Therefore
() = F[Wo © Wi] @ FWoP & - @ W]

Hence (Hsep)l is separably closed, and thus
msep o (Hsep)I.

Moreover, this extension is by the universal property of the separable closure purely
inseparable. Next we show that this extension has exponent at most one. To this
end, take h € (ﬁsep)l. Then h? € H™? is separable over H, hence over Hy. Therefore
hp e msep

Denote the inseparable closure of H; inside (ﬁsep)l by K. Then H; — K has
exponent at most one, and since H” — (Hsep)l has exponent one, the extension
H — K also has exponent at most one. Since H; is the largest algebra such that
H — K has exponent one, we have that Hy = K and H; — (ﬁsep)l is separable.

Therefore, msep — (H™?); is also separable. Since we already saw that this
extension is purely inseparable, this means that

(H)*?); = (Hy)

as claimed. 0

sep

So, in what follows we can write H; ~ for (H;) = (H"

p)l without ambiguity.
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Theorem 5.2. Let H be an integrally closed unstable Noetherian integral domain
over the Steenrod algebra of Krull dimension n. Set dimp(V) = n. Let V =
Wo@ - ®W,, and let

HY =FWy|® - @ F[W,.]F".
Then there exists a group G < GL(V) acting on the flags Wo @ --- @ W; for i =
0,...,e such that "VH =F[V]¢ and

H= (FWo] @ @ FW.]”")°.
Furthermore, dimp(Wo & - - - @ W;) is the A-length of H;.

Proof. By assumption we have a diagram

HC—— "VH=TF[V]¢

|

B ———F[V]

where the horizontal extensions are purely inseparable and the vertical are separa-
ble. Recall that

ﬁsep _ F[WO] ® . ® ]F[We]pe
where dimg(Wy & --- @& W;) is the A-length of H;"” by Corollary E14l Consider
the corresponding diagram of the respective field of fractions

H——F(V)“

|

B s F(V).
Recall from the Imbedding Theorem (Theorem 8.1.5 in [3]) that H, and hence H,
contains a fractal of the Dickson algebra in dimension n = dimy(V'). Thus
D(n)? — H— H — F(V)
for some s € Ng. Therefore, the polynomial
AX) = [T (X -7 =dZ X —d?, X ..o (~1)"d7, x0T
lev=*

has coefficients in H (cf. Section 5.1 in [3]). Its roots are by construction the linear
forms in F[V]. Thus F(V) is the splitting field of A(X). Hence, the field extension
H— F(V) is normal ] Since H*? — F(V) is purely inseparable, it follows from the
structure theorem for finite dimensional normal field extensions that the extension

H PN ESEP
is Galois with some Galois group G'. We have

&/ = [ H| = [F(V): F(V)| = [G].

Since

——sep

H=H")% =H

sep

NF[V]¢

"Note that this means that F(V) is algebraically closed in the category of fields over the
Steenrod algebra; cf. Section 3.2 in [3].
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it follows that G’ > G. Thus G’ = G. Finally we show that the A-length of
an unstable algebra H coincides with the A-length of its separable closure (ﬁsep).
Together with Lemma [5.1] this gives the result.

To this end, let I; = dimp(W;). Since G acts on ﬁsep, the group G consists of
matrices of the form

Ag O 0
* A1 0 0
(+) *
- . 0
* ook Ae
where A; is an n; X n;-matrix with n; = dim(W;). Denote by G the subgroup of

GL(n,F) consisting of all matrices of the form (). Denote by z1,...,z, a basis
for Wo @ --- ® W,. Then

(F[Wo] © - - @ F[W,JP" )¢

= D(10) @ Fletop (4, 1), -+ rop(eh, ), cuop (@l 1), cuop(al)),
where cyop(—) denotes the top orbit Chern class of the element — (cf. Section 4.1
in [6]). By construction, the top orbit Chern classes of pth powers are pth powers.
Thus the A-length of the ring of invariants G is equal to ng. Therefore we have

e

(F[Wo] ® - @ FW.]P)C < H = (F[Wo] @ - - - @ F[W,]P*)C
SHT =F[Wy|@---FW,]P".

The smallest algebra, as well as the largest algebra in this chain, has A-length ng.
Thus by Lemma [B.7] we are done. O

Remark. Since G acts on H | the group G consists of matrices of the form given
in (). So, if there exists no basis such that G consists of flag matrices like above,
then the only unstable algebras H — "vH = F[V]¢ are the p°th powers

H = (F[V]9)"",
i.e., we have the trivial vector space decomposition V = W..

Remark. Note carefully that the proof shows that the A-length of H and the A-
length of any separable extension H — K coincide.

Remark. In Theorem 7.2.2 in [3] as well as in Theorem IT in [§] it has been proven
that

H= (FW] ® - @ F[W]7")¢,
However, the precise statement on the dimensions of Wy @& - - - @ W; is missing. Also
the connection between the two Galois groups of H < F[Wy] @ - - - @ F[W,]P", resp.
’VH < F[V], is not made.

We conclude this section with an example.

Example 5.3. Consider the regular representation of the cyclic group of order 2,
Z/2, over a field of characteristic 2 afforded by the matrix

il
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Set F[V] = F[z, y]. Its ring of invariants is
Flz,y*/? = Fla,y* - yal.

Then Z/2 acts on Flx,y?] with invariant ring

Flo,y)"/? = Flz, (y* - ya)?].
On the other hand, Z/2 does not act on F[x?,y]. Indeed

Fle,y** NFa?,y] = Fla®, (y* — y2)?] = Fla?, y*]*/.

Furthermore we could consider the purely inseparable field extension

F(a?,y? = yz) = F(z,5° + ay)
of degree 2. Note that
(*) Py +ay) = 2y +ay® ¢ F(2?,y* — ya)

since our field contains only elements of even degree. Thus F(z2,y? — yx) is not a
field over the Steenrod algebra. Its separable closure

xT
F($2, y2a yZE) =F <§’ y2)

is a Galois extension with the same Galois group Z/2. However, the same calcu-
lation as above shows that it is also not closed under the action of the Steenrod
algebra, as predicted in the previous result. Indeed, F(z,y) is the smallest overfield
of F(z2,y?,yz), say K, closed under the action of the Steenrod algebra as we see
next:

Play)=2*y+ 2y’ =aylz +y) e K=z +yc K

Since K must have the form F(W) @ F(V/W)? for some W < V we find that
spangp{x + y} € W. The minimal polynomial of x + y € K over F(2?%, 42, zy),

p(X) = X? + (2 +y?),
is inseparable of degree 2. Therefore
2= |F(z,y): F(z?,y°,2y| = [F(z,y): K|[K: F(z?,y°,2y)| = 2|F(z,y): K],

and hence F(z,y) = K as claimed.

On the other hand, the largest subfield, call in L, of F(x2, 32, xy) that is closed
under the Steenrod algebra is F(z2, 32): by Equation (@) the field L. does not contain
xy. Since xy is the root of

p(X) = X2+ (2y)® € F(2?,¢*)[X]
we find that
2= |F(x2,y2,xy): F(xQ,y2)| = |]F(x2,y2,xy): L||L: F(xg,y2)| =2|L: ]F(xQ,y2)\

and hence L = F(z2, 5?).
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6. PROJECTIVE DIMENSION

The goal of this section is to prove that a Noetherian reduced unstable algebra
H is Cohen-Macaulay if and only if its inseparable closure "v/H is Cohen-Macaulay.

Let H be an unstable algebra over the Steenrod algebra P*. An ideal I C H is
called P*-invariant if it is closed under the action of the Steenrod algebra.

Lemma 6.1. Let H be an unstable algebra over the Steenrod algebra. For any
s € Ny, the canonical inclusion
v H — H
induces a bijection
" Projp. (H) — Projp. (HP )
between the spaces of homogeneous P*-invariant prime ideals.

Proof. Since 1 is an integral extension, the Lying-Over Theorem holds. Thus ¢*
is surjective.
To prove injectivity take two homogeneous P*-invariant prime ideals py,po C H,
such that
P1 ﬂHpS :pgﬂHpS.

Thus for any h € p; it follows that

R € py NHY =p, NHP .
Therefore .

W € (p(pa NH)) C po.
Since po is prime, we find that h € py. Interchanging the roles of p; and po gives
the result. O

This result could have been proven also by observing that the sth iteration of
the Frobenius map
F*:H — H”
hands us an isomorphism of unstable algebras of degree p® if H is reduced. This in
turn also implies the following result.

Lemma 6.2. Let H be an unstable reduced algebra over the Steenrod algebra. For
any s € Ng we find that
depth(H) = depth(H? ).
O

We observe that H is Noetherian of Krull dimension n if and only if H? is. We
find the following lemma.

Lemma 6.3. Let H be Noetherian and reduced of Krull dimension n. Let S =
F[RY ,..., k2] be a system of parameters in H? . Then

proj — dimg(H) = proj — dimg(H?") < co.
Proof. Since HP " C His a finite integral extension, S is also a system of parameters

for H. Thus both projective dimensions are finite. Moreover, by the Auslander-
Buchsbaum formula we have

proj — dimg(HP") = dim(H?")—depth(H?") = dim(H)—depth(H) = proj — dimg (H)
by Lemma |
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We come to the desired result about a Noetherian unstable algebra H and its
P*-inseparable closure "vH.

Proposition 6.4. Let H be Noetherian and reduced of Krull dimension n. Then
H is Cohen-Macaulay if and only if *VH is Cohen-Macaulay.

Proof. Since H is Noetherian, its P*-inseparable closure is also Noetherian by The-
orem 6.1.3 in [3]. Therefore “vH = H, for some s € Ny. Thus

("VH? — H— "VH=H,
is a finite integral extension. By Lemma we have a bijection
Projp. ( "VH)?" — Projp. ( "VH).
By Theorem 4.3.1 in [3] and Lemma [6.1]
Projp. ( "VH)?" — Projp. (H) — Projp. ( “VH)

is also bijective. Moreover, by Lemma [6.2] the left and the right algebra have
the same depth. Thus by Theorem 2.1 in [5] the results follows (cf. Corollary 2.2
loc.cit.). O

7. POLYNOMIAL RINGS

Let H be an integrally closed unstable Noetherian integral domain over the Steen-
rod algebra. By Theorem we have

H= (ﬁseP)G N J’\*/ﬁ _ F[V]G,
where .

B =F[Wy] ®-- @ F[W,.]P
for some vector space decomposition V = Wy @ --- @ W,. By Proposition we
know that H is Cohen-Macaulay if and only if “v/H is polynomial. Moreover, the
algebra generators of H are just suitable p°th powers of the algebra generators of
VH (for a minimal generating set).

Let Gacton V =Wy &---& W, such that

for all w; € W;, i.e., G consists of flag matrices of the form

Ay O ... 0
. .
0
* R e
where A; is an m; x m;-matrix with m; = dim(W;). For every ¢ = 0,. .., e we have
a group epimorphism
Ay 0 .0 Ay 0 .0
pr;: G — G, x . = * :
0 e 0
* * Ac * * A’L
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Lemma 7.1. With the preceding notation we have
FWo@--- e W% =F[V]°NFWy & --- & Wi] CF[V]°.

Proof. The kernel of the projection pr;, ker(pr;), consists of matrices of the form

Iy, 0 el 0
0 0
I, 0 0

where the I;’s are identity matrices. Thus F[V]kr®r:) D F[W, @ --- @ W;], and
hence

F[V]¢ = (FV] P S D FWo @ - & Wi,

Since F[Wy @ --- @ W;]% CF[Wy @ --- @ W;] we find

FWo®---®@ W% CFVINFWy @ --- @& W;] C F[V]°.
Conversely, since F[V]ker(Pr) D F[W, @ - - - @ W;], we have

FV]r ) AR Wy @ - @ W] = F[Wo @ - - @ Wi).

Thus

FWo @ --- @ Wi]% = (FIV]*®) nF[Wo & - - - @ W;]) .
Finally, note that

FIVI NF[Wo @ --- @ W;] C (F[V]* ™) N F[Wy & - -- @ W;])Fe.

To see this, take an element f € F[V]NF[Wy@---@W;]. Then f € F[Wo®---dW;]
is invariant under the group G. Thus f is also invariant under ker(pr;). Therefore,

feFVI P NFW, & - @ Wi
But f is also G-invariant, i.e.,
fe (]F[V]kcr(pri) NFWo @ - @ W)Y C (]F[V]kcr(pri) NEWo @ - - @ w;]) %
as desired. 0

Let hy,...,h, € FIV]Y be a minimal generating set. Without loss of generality
we assume that they are sorted such that

h17~-~7hno S F[W()L
hn0+1, .. .,hnl S F[WO D Wl],

g 141y -shn, = hm € FWo @ --- @ W]
We assume that ng, ..., n. are maximal with this property. Thus by construction

forallt=0,...,e.
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Proposition 7.2. If n, = dimp(V), i.e., if the ring of invariants
FWo @ --- ® W,
is polynomial, then n; = dimp(Wo ® --- @ W;).
Proof. Consider the integral extension
FWo @ @ Wi]% - FWo @ --- & W;).

The maximal ideal m; of F[Wy @ --- @ W;] lies over the maximal ideal in F[Wy @
-+ @ W;]%. Furthermore, m; extends to a prime ideal p; C F[Wy @ --- @ W,]. By
construction p; is generated by all linear forms in F[Wy @ --- @ W;]. Thus p; is
regular and prime of height equal to dimp(Wy @ --- @ W;). Hence, its contraction
to the ring of invariants

P =p; NFWo @ --- @ W,]C

is also prime of height equal to dimp(Wy @ - - - & W;). Furthermore, p§ contains by
construction

(h1y... hn,) Cps.
Thus the quotient
F[WO D---D WE]G/pC = F[EniJrly cee 7ﬁn] — F[WiJrl ©---® We]

is integral, and
n —n; = dimp(Wip @ --- ©We)
foralli=0,...,e—1. O
Theorem 7.3. With the above notation, if
(FWo] @ - -- @ FW.JP )Y = Flhy, ..., hy]
is polynomial, then for suitable s1,...,s, € Ny

(F[Uo] ® --- @ FIUAP )G = F[RE™ ... hE ]
is polynomial for any subflag
UDh@--oU; <Wod---dW;
that admits an action of G.
Proof. To simplify notation we assume that the extension
F[Up) ® - - @ FlUf P — F[Wo| @ - - @ F[W,JP"

is purely inseparable of exponent one. The general case follows then inductively.
Since G acts on the flag Wy @ --- & W, the algebra generator for the ring of
invariants can be sorted such that

hl,...,hniEF[WQ@"'@Wi}

with n; — n;—1 = dim(W;), ng = dimy(Wp), by Proposition
Since G acts also on the subflag Uy @ - - - @ Uy the algebra generator for the ring
of invariants can be sorted such that

hl,...,hmiEF[Uo@"'@Ui]
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with m; — m;_1 = dim(U;), mo = dimg(Up), and my = n. = n. Thus n; > m,.
Consider the algebra
A =Ty, s hmgs Moy 1s -2 B Png 1, - -
hml,hﬁhﬂ,...JLle,...7hmc,hﬁle+1,...7hﬁw]
§
— FUy| ® - @F[UfP .
Since A consists of invariant polynomials it is contained in the ring of invariants
£
(FUo] ® --- @ FlU;]” )€,
The diagram

AC———— (F[Up] ® - -- @ FIUf]?" )¢ “——F[Up] @ - -- @ F[U]’

|

Flhi,..., hy] € FWy] @ - - @ F[W,]P"

has by construction purely inseparable vertical extensions of degree p2-i(mi=mi),
Since the degree of

e

Flhi, .., hp] = FWo] @ - - - @ F[W,]P
is the group order |G|, the degree of
A FUy) ® -+ @ FlU P
is also the group order. Thus A is the desired ring of invariants as claimed. O

The following result settles a twenty-year-old conjecture due to Clarence W.
Wilkerson (see Conjecture 5.1 in [§]).

Theorem 7.4. Let H be an integrally closed Noetherian unstable integral domain
over the Steenrod algebra. Then H is polynomial if and only if *v/H is polynomial.
Furthermore,

VH =Flhy, ..., hn)
if and only if there are s1,...,s, € Ny such that

H=F", ... h"].
Proof. By Theorem there exist a group G and a flag V. =Wy @ --- & W, such
that

H = (FWo]® - @ FIW.J"" )¢ — "VH = F[V]°.

If "VH is polynomial, then so is H by Theorem Note that the same result also
gives the precise statement on the respective algebra generators.

e

On the other hand, ("vH)?" = (F[V]**)¢ < H is the ring of invariants on the
subflag V. < Wy @ --- @ W, for some large enough e. Therefore if H is polyno-
mial, then (vH)?* — H is polynomial by the same Theorem [73 Thus "VH is
polynomial since it is isomorphic as an algebra to ("v/H)P". O

Thus we have the following corollary.

Corollary 7.5. Let H be an unstable polynomial algebra over the Steenrod algebra.
SetH = Flh1,...,hy]. Then H is P*-inseparably closed if and only if the polynomial
generators hy, ..., hy, are no pth powers. (I
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The example given at the end of Section [ illustrates these results. We want to
close with an example that shows that a simple generalization of Theorem [.4] to
nonpolynomial invariants is not true.

Example 7.6. Let p be odd and let F be the prime field of characteristic p. Con-
sider the four-dimensional modular representation Z/p — GL(4,F) afforded by the

matrix
1 1 0 0
01 0 0
0 0 1 1
0 0 0 1

Its ring of invariants turns out to be a hypersurface

F[»’ﬂl,yl,fﬂmyz]z/p =Fle1,y1,c2,¥2,4]/(r),
p

where ¢; = z; — xiyipfl are the top orbit Chern classes of x;, i = 1,2, and ¢ =
T1Y2 — x1yp is an invariant quadratic form. The relation is given by
r=q" —cyb + e +al s
(see Theorem 2.1 in [2]). Certainly, Z/p also acts on Flzy,y1] ® F[z5, y5] and we
find that
A =Fler,y1,ch, 95, ¢%) — (Flar, 1] @ Flad, y5])*/?.
However, the new ring of invariants contains an invariant that is not in the algebra
A, namely
q' = z1y5 — vhy1.
Indeed, with the methods presented in Theorem 2.1 of [2] it is not hard to see that

(F[ﬂjl, yl] & IF[:E12)7 y2p])Z/p = F[Clv Y1, cgv yga q/]/(’l"/)7
where 7' = (¢')P — c1y§2 + Ayl — q'yfﬁlyg(p_l). Interesting enough though, it
transpires that this ring is again a hypersurface.
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