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OPEN LOCI OF GRADED MODULES

CHRISTEL ROTTHAUS AND LIANA M. SEGA

ABSTRACT. Let A = @,y A: be an excellent homogeneous Noetherian graded
ring and let M = GBneZ My, be a finitely generated graded A-module. We
consider M as a module over Ag and show that the (Si)-loci of M are open in
Spec(Ag). In particular, the Cohen-Macaulay locus UZ,, = {p € Spec(Ao) |
M, is Cohen-Macaulay} is an open subset of Spec(Ap). We also show that
the (Sk)-loci on the homogeneous parts M, of M are eventually stable. As
an application we obtain that for a finitely generated Cohen-Macaulay module
M over an excellent ring A and for an ideal I C A which is not contained in
any minimal prime of M, the (Sk)-loci for the modules M/I™ M are eventually
stable.

INTRODUCTION

A well-known theorem of Grothendieck states that if M is a finitely generated
module over an excellent Noetherian ring A, then for all k¥ € N the (Sk)-locus of M

Us, (M) = {p € Spec(A) | M, satisfies (Si)}

is an open subset of Spec(A). As usual, (S;) denotes the Serre condition, that is,
M, satisfies (Sk) if for all q € Spec(A) with q C p it holds that

depth, (Mq) > min(k, dim(Mg)).
It also follows that for such modules M the Cohen-Macaulay locus
Ucm (M) = {p € Spec(A) | M, is Cohen-Macaulay }

is an open subset of Spec(A).

Let A = @,,~7 A, be a Noetherian graded excellent homogeneous ring and
M=@,c, M; a finitely generated graded A-module. Considered as a module over
the base ring Ay, M is a direct sum of finitely generated Ag-modules. Moreover,
if the base ring Aq is local, the standard notion of depth is meaningful for the
Ap-module M and we may consider its (Sj)-loci

U4, (M) = {p € Spec(Ag) | M, satisfies Sy},

where M, denotes the localization of M at the multiplicative set Ag ~ p. In this
paper we prove that under these assumptions the (Sk)-loci of the Ag-module M
are open subsets of Spec(Ap). In particular, the Cohen-Macaulay locus of M (as
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4960 C. ROTTHAUS AND L. M. SEGA

an Ag-module)
UL (M) = {p € Spec(Ay) | M, is Cohen-Macaulay}

is an open subset of Spec(Ay).

The proof follows the main ideas of Grothendieck’s proof. It is, however, not
merely a copy of the proof in EGA and requires a number of modifications. For the
benefit of the reader we have included complete proofs of the results. Our proof is
based on the following two observations: First, if A is a polynomial ring over the
base ring Ay, then every graded resolution of M by finitely generated graded free A-
modules provides a free resolution of the Ag-module M which is finitely generated
on the homogeneous parts. The second is a result by Hochster and Roberts which
states for the A-module M that there is an element a € Ag \ (0) so that M, is a
free (Ap)q-module provided that the ring Ag is a domain.

The paper is organized as follows:

The first section contains basic facts about graded rings and modules which are
relevant for the rest of the paper. As a main result we obtain that the Auslander-
Buchsbaum formula holds for the Ag-module M.

The second section shows that the codepth-loci of M are open in Spec(Ap). This
is the main step in proving the openness of the (Sk)-loci which we present in the
next section.

In Section 4 we consider the homogeneous parts of the graded module M. We
show that the codepth-loci and (S)-loci of the homogeneous parts of M are even-
tually stable. This is applied in the last section to the case of a finitely generated
module M over an excellent Noetherian ring A. If I C A is an ideal we recover a
well-known result by Kodiyalam [7], namely that for k > kg

depth(M/I*M) = depth(M/I* M).

We also show that if M is a Cohen-Macaulay module over A and if I C A is not
contained in a minimal prime of M, then the codepth- and (Sj)-loci of M/I™M
are eventually stable.

1. BASIC FACTS

In this paper we assume that A = €, A; is a Noetherian homogeneous graded
ring and that M = @, _, M; is a finitely generated A-module. As usual, we let A
denote the irrelevant ideal of A, that is, A, = @, Ai.

If p € Spec(4y) is a prime ideal of Ag, then M, denotes the localization S~'M
where S = Ap \ p. Note that M, is a graded module over the graded ring A,.

Our goal is to show that if A is excellent, then the codepth-loci and the (S)-loci
of M, considered as a module over the base ring A, are open subsets of Spec(Ay).

1.1. General remarks. We begin our investigation with some well-known facts
about graded modules. Since these results are frequently used throughout the
paper, we include them together with their (short) proofs in this introductory
section.

1.1.1. Lemma. There exists an integer t so that anna, (M) = anng, (My) for all
k>t
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Proof. For all k € Z set J, = anng, (M) . Since A is homogeneous and M is a
finitely generated A-module, there exists ty € Z such that

Ale = Mk+l for all k Z to.

We conclude Ji, C Ji41 for all & > 3. Since Ag is Noetherian, there then exists
t > tg so that J, = J; for all k > ¢. O

1.1.2. Lemma. The following two functions are well defined and surjective:

(1) The function : Supp, (M) — Supp,, (M) defined by @(P) = PN Ay.
(2) The function v: Assa(M) — Assa, (M) defined by (P) = PN Ap.

Proof. (1) If P € Supp,(M), then Mp # 0 and in particular M, # 0, where
p = PN Ag. This shows that ¢ is well defined. Let p € Supp,,(M). Then

My = ED(M;), # 0,

I€EL

and we may consider M, as a graded module over the graded ring A,. Note that
A, is a *local ring with unique graded maximal ideal m = p(Ag), ® (A4)p. Since
all minimal primes of Supp,, (M,) are graded, m € Supp,, (M,). Thus there is a
prime P € Supp (M) with PN Ag = p.

(2) If P € Asss(M), then there exists y € M so that anng(y) = P. Thus
anny, (y) = PNAg =pand p € Assg,(M). Conversely, let p € Ass,(M). Consider
again the graded Ay-module My. There exists z € M, so that ann4,), (2) = p(Ao)y,
and therefore

p(Ao)py C U Q.

QEASSAp (My)

Since M, is a finitely generated Ay-module, there exists @ € Assa, (M) with
p(Ao)p € Q. Since A, is *local with unique graded maximal ideal p(Ag), ® (A4 )y,
we obtain @ N (Ag), = p(Ao)p, and a preimage P € Spec(A) of @ is an associated
prime of the A-module M, with PN Ay = p. (I

Lemma [I.T.2] shows in particular that M as an Ap-module has a finite set of
associated primes.

1.1.3. Lemma. Let A and M be as above and set I = anny, (M). For any p €
Spec(Ayg) the following hold:

(1) If M, = 0, then there is an element a € Ay ~\ p with M, = 0.
(2) annga,), (My) = I(Ag)y-

Proof. (1) This is a basic fact about Noetherian modules using that M is a finitely
generated module over A and Ag \ p is a multiplicative subset of A.

(2) Obviously, I(Ag)y C ann(a,), (Mp). Let x € anny4,), (M) with z = g, where
be Ay and s € Ap \ p. Assume that mq,...,m, is a system of generators of the
A-module M. Since x"ll =0 for all 1 <1 < r there is an element t € Ag . p with
tbm; = 0 for all 1 <4 < r. We have that tb € I and hence x = g € I(Ap)y. O
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1.2. The Auslander-Buchsbaum formula. Let A = ,., 4; be a graded Noe-
therian homogeneous ring with (Ag, mg) local and let M = @,, M; be a finitely
generated A-module. Since M is (in general) not finitely generated as an Ag-
module, we need to verify that the classical definition of Ap-depth works in the
case of a finitely generated graded module. First note that an element z € mq is
regular on M if and only if z is regular on M; for all i € Z with M; # 0. Let
Z1,...,%s € Mg and yq,...,y € My be two maximal regular M-sequences (as an
Ag-module). Then for all ¢ € Z with M; # 0 the two sequences are regular on the
Agp-module M;, and the sets

Assa,(M/ (21, ... x)M) = | JAssa,(M;/ (21, ..., 23) M),
=
ASSAO (M/(y17 s 7yt)M) = U ASSAD (Mi/(yla s 7yt)MZ)
icZ
are finite by Lemma [[.T.2 The maximality of the first sequences yields that there
isan ¢ € Z with M; # 0 and mg € Assa,(M;/(x1,...,2x5)M;). Since the second
sequence is also regular on M; we have that ¢ < s. A similar argument shows that
s < t, and we obtain that two maximal regular sequences on M have the same
length. Therefore the classical definition of depth is efficient and we put:

1.2.1. Definition. Let A and M be as above with (Ag, mg) local. We define the
depth of M as an Ap-module to be the number

depth 4 (M) :=sup{n € N | 3 an M-sequence of length n} .

In general, for a (not necessarily finitely generated) module M over a Noetherian
local ring A, the depth of M is defined by means of Koszul homology (see [2,
Definition 9.1.1]). In our setting, the definition above coincides with the one in [2].

The aim of this section is to prove the Auslander-Buchsbaum theorem for finitely
generated graded modules M over *local graded Noetherian rings A when M is
considered a module over the base ring Ag. There is a generalized version of the
Auslander-Buchsbaum theorem which applies to our case (see [3, (12.2)] or [G,
Theorem (2.1)]). For the convenience of the reader we include a proof of this
theorem in the graded case, which only makes use of the classical definition of
depth as given above.

1.2.2. Lemma. Let A and M be as above and assume that (Ag, mg) is local. Then:
(1) dimga, (M) = sup{dima,(M;) | i € Z},

(2) depth,, (M) = inf{depth 4 (M;) | i € Z with M; # 0},

(3) prOJdlon(M) = sup{projdim 4 (M;) | i € Z}.

Proof. (1) By Lemmall. T Tlthere is an integer s € Z so that ann 4, (My) =ann 4, (Ms)
for all k > s. In particular, for all k > s, dim 4, (M) = dim 4, (M;) and
dimy, (M) =dima,(M, @ M1 ® ... O Ms_1 & M),

where r € Z is the smallest integer j with M; # 0. The dimension of a finite direct
sum of Ag-modules is the maximum of the dimensions of its summands.

(2) If r,...,7s € Ap is a regular sequence on M, then r1,...,rs is a regular
sequence on M; for all 4 € Z with M; # 0. Thus depth, (M) < depth, (M;) for
all i € Z with M; # 0, and hence

depth (M) < inf{depth, (M;)|i € Z with M; # 0} .
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In order to show the other inequality we proceed by induction on ¢ = depth 4 (M).

Note that by Lemma [[L.T3] Assa, (M) is a finite set.

If t = 0, then my € Assg,(M) and there is an ¢ € Z so that mg € Assga, (M;).
Thus

inf{depth 4 (M;) | i € Z with M; # 0} = 0.
Now assume that ¢ = depth 4 (M) > 0. This implies that
U p#mg.
pEAssa, (M)

Consider an element

T Emy\ U p.

pEAssa, (M)
Since r is regular on M, and therefore is regular on M; for all i € Z with M; # 0,
we obtain
depth (M /rM) = depth, (M) — 1,
and for all 7 € Z with M; # 0,
depth 4 (M;/rM;) = depth 4 (M;) — 1.
By the induction hypothesis
depth 4 (M /rM) = inf{depth 4 (M;/rM;) |i € Z and M;/rM; # 0} .

The assertion follows. 4
(3) For all ¢ € Z let F{ be a finite free resolution of M;. Then

Fo=@PF
=
is a free resolution of the Ag-module M yielding
projdim 4 (M) < sup{projdim 4 (M;) |i € Z}.
In order to show the other inequality, assume that projdim 4 (M) = r and consider
for all ¢ € Z the rth syzygy Tr(i) of M; and the exact sequence
0—>Tr(i) —>FT(1)1 — ... —>F0(i) — M; — 0.
By taking direct sums we see that
(4)
B

is an rth syzygy of M and thus projective. Therefore every T,Ei) is a projective
)

finitely generated Ag-module. Since Ay is a local Noetherian ring, every Tﬁi is a

free Ag-module and thus for all i € Z
projdim 4 (M;) <r.
This shows (3). O

1.2.3. Proposition. Let A and M be as above with (Ag,mp) a local ring. Then
the Auslander-Buchsbaum formula holds for M as an Ag-module. That is, if
projdim 4 (M) is finite, then

depth 4, (M) + projdim 4 (M) = depth(Ay) .
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Proof. Let projdim, (M) = r < oo. Then by Lemma [L22(2) there is an i € Z
with projdim 4 (M) = projdim 4 (M;), and for all j € Z

projdim 4 (M;) <.
The Auslander-Buchsbaum formula holds for finitely generated Ag-modules
depth 4, (M;) 4 projdim 4 (M;) = depth 4 (Ag) forall j€Z,

and therefore
depth 4 (M;) > depth 4 (M;) forall j€Z.

Using Lemma [L2Z2(1), we conclude depth 4 (M) = depth 4 (M;). The Auslander-
Buchsbaum formula for M; then gives the desired formula. O

2. OPENNESS OF THE CODEPTH LOCUS

Throughout this section we assume that A = P,y A: is a graded Noetherian
homogeneous ring and that M = ,., M; is a finitely generated A-module. Our
aim is to generalize and/or modify existing theorems for finitely generated modules
over Noetherian rings to the graded case where the module M is considered a
module over the base ring Ayg. We begin with a result on the flat locus of the
Ag-module M.

2.1. The flat locus of M. Our first result is a modification of [8, Theorem 24.3].
The proof follows the proof in Matsumura’s book. A key observation is that for a
finitely generated graded module M the localizations M, are I-adically separated
for every ideal I C (Ag)y.

Proposition. Let A and M be as above. The flat locus of M as an Ag-module
U°(M) = {p € Spec(Ag) | My is flat over Ay}
is open in Spec(Ap).

Proof. According to Nagata’s criterion on the openness of loci [8, Theorem 24.2]

we have to show:

(a) If p,q € Spec(Ap) with p € U°(M) and q C p, then q € U%(M).

(b) If p € UY(M), then U°(M) contains a nonempty open subset of VO(p) = {n €
Spec(Ao) | p C n}.

(a) is trivial. Let p € U°(M), that is, assume that M, is flat over Ap. Set
Ay = Ao/p. By [8, Theorem 22.3] for every q € V°(p) the module M, is flat over Ay
if and only if (M /pM), is flat over Ay and Tor{® (Mg, Ag) = 0. A similar argument
as in the proof of [8, Theorem 23.2] shows that Tor{'® (M, Ag) is a finitely generated
module over A. Therefore there is an element a € Ay~ p so that (TorfO(M, Ao))a =
0. By applying [8, Theorem 24.1] to the Ag-module M /pM we obtain an element b €
Ag~p so that (M/pM)y is a free (Ag)p-module. Set D%, = {q € Spec(4y) | ab ¢ q}.
Then for all g € VO(p) N DY, we have that Tor{® (M, Ag) = 0 and that (M/pM),
is flat over (Ag)q. Thus by [8, Theorem 22.3] the module M, is flat over (Ag)q and
M, is flat over Ay. O
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2.2. A proposition by Auslander. As before, let A be a Noetherian graded
homogeneous ring and let M be a finitely generated A-module. The following
Proposition is an extension of a proposition in EGA [4, (6.11.1) and (6.11.2)] to the
(not finitely generated) Ap-module M.

Proposition. The function v : Spec(4g) — N defined by

~v(p) = projdim(AO)p(Mp) for all p € Spec(Ay)
is upper semicontinuous. That is, for all n € N the set

Un(M) = {p € Spec(Ao) | projdim 4, (M) < n}
is open in Spec(Ap).

Proof. Note that the ring A is the homomorphic image of the polynomial ring B =
Ap[z1, ..., x4, and that, with the standard grading on the polynomial ring B, the
graded B-module M is finitely generated. We may replace A by B and assume that
A is a graded polynomial ring over Ag. Let p € Spec(4g) with projdim 4 ). (M) <
n.

Consider a graded finitely generated free resolution of the A-module M:

J AN R S N AN AN /Ny
where the F; are finitely generated graded free A-modules and the ¢; are homoge-
neous A-linear maps. Let T be the nth syzygy of M, yielding an exact sequence of
graded A-modules:

Pn—1
R

(%) 0—T -2 F,y LRSS M 0.

Since all the homogeneous parts of F; are free Ag-modules and since T is a graded

A-module, we obtain for all k € Z an exact sequence of Ap-modules

0 N Tk- (6)k (anl)k (‘Pn—l)k‘ L (Wl)k (Fl)k (‘Po)k Mk N 0

with (F}), a finitely generated free Ap-module. Therefore by considering () as an
exact sequence of Ag-modules we obtain that every module F; is free over Ay and
T is an nth syzygy of the Ap-module M. Localization at p yields exact sequences:

O N Tp 6_}3) (anl)p (‘Pnfl))ﬂ L (S"l)P (Fl)p (S"D)P Mp N 0

Since projdim 4, (M) < n, it follows that 7} is a projective (Ag)y-module. There-
fore T, is a free (Ag)p-module. Since T is a finitely generated graded A-module, it
follows from Proposition [Z.1] that the set

U(T) = {q € Spec(Ag) | T, is aflat over (Ag)q}
is an open subset of Spec(Ay). Since T is a finitely generated graded A-module,
r-@r,
i€z

we have for q € Spec(Ap)
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If Ty is flat over (Ag)q, then, by [I, chapter 1, §2.3, Proposition 2|, for all i € Z,
(T3)q is flat over (Ag)q. Since every (T;)q is a finitely generated (Ap)q-module, each
(T3)q is a free (Ag)q-module and

U(T) = {q € Spec(Ay) | Ty is a free over (Ag)q}-
This shows that p € U%(T) and
U%T) C {q € Spec(Ay) | projdim 4. (Mg) < n}.
The set {q € Spec(Ao) | projdim ), (Mg) < n} is thus open in Spec(Ao). O
2.3. A dimension formula.

Proposition. Let A and M be as above. Assume that Agy is catenary and let p
be a prime ideal in Ay with p € Supp,,(M). Then there is an open subset U in
Spec(Ag) such that p € U, and for all ¢ € UNVO(p) we have

dim(My) = dim(M,) + dim((Ao/p)gq) -
Proof. Set S = Ag/anny, (M) and choose an element a € S~ p so that the following
equality on the set of minimal primes holds:
Min(S,) = Min(S,) .
Assume that dim(M,) = ht(pS) =t and choose elements y1,y2,...,y: € S so that
y1 not in a minimal prime of 95,

y2 not in a minimal prime of y15;,

Y+ not in a minimal prime of (y1,...,y¢—1)Sp.
Then there is an element b € S \ p so that

y1 not in a minimal prime of Sy,

y2 not in a minimal prime of y1.5,

y¢ 1ot in a minimal prime of (y1,...,¥:—1)Ss -

Let a, b also denote preimages of a and b in Ay and put U = Dy, = {q € Spec(4y) |
ab ¢ q}. Then for every g € UNV?(p) the elements y, . .., y; extend to a system of
parameters of Sq. Since S, and S, have the same set of minimal primes and since
S is catenary, we obtain that

dim(Sy) = dim(Sy) + dim((S/p)4) -
This is the same as
dim(Mg) = dim(M,) + dim((Ao/p)q) - O
2.4. The special case of Ay regular. Let (R, m) be a local Noetherian ring and
M an R-module. Then we define
codepthp (M) := dimp(M) — depthy (M) .

As usual the depth of the zero module is defined to be oo, and the dimension of
the zero module is —oo, implying that the codepth of the zero module is —occ.

The following proposition extends a result by Auslander [4, (6.11.2)] to the
graded case.
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Proposition. Let A and M be as above and assume that Ay is a homomorphic
image of a regular ring. The function ¢: Spec(Ag) — N defined by
¢(p) = codepth 4 ) (My) for all p € Spec(Ao)
is upper semicontinuous, that is, for all n € N, the set
U, (M) = {p € Spec(Ag) | codepthy 4, (M,) < n}
is open in Spec(Ap).

Proof. If Ay is a homomorphic image of a regular ring Ry, then the dimension and
the depth of the Rp-module M are identical to the dimension and depth of M
considered as an Rg-module. If we show that the set

ﬁgn(M) = {q € Spec(Ry) | codepth g ). (Mg) < n}

is open in Spec(Ry) (where M is considered an Ry-module), then the corresponding
set for the Ag-module M is given by

UL (M) =02, (M)nV(J),

where Ag = Ro/J. Thus we may assume that Ag is a regular ring. We may also
assume that A is a polynomial ring over A equipped with the standard grading.

Let p € Spec(Ap). By Proposition [[2Z3] the Auslander-Buchsbaum formula
holds:

depth 4, (Mp) = depth((Ao)y) — projdim 4 (M) .
Let I = anna,(M). By Lemma [LT.3] I, = ann4,), (M,), and we have that
dim4,), (M) = dim((Ag)p) — ht(1(Ag)p) -
Suppose that p € Spec(Ay) is such that
codepth ) (My) < n.
If M, =0, then p 2 I. Take an element a € I N (A \ p). Then for all
q€ D, ={r € Spec(Ap) | a ¢ w}
we have that Mg = 0 and codepth4) (Mq) = —00 < n.

If M, # 0 pick an element a; € Ag \ p so that (Ap), and (Ag),, have the same
minimal primes and put U; = D,, = {w € Spec(4g) | a1 ¢ w}. Then for all
qgelU;n VO(I),

ht(I(Ao)a) = ht(I(Ag)y).
Let projdim ), (Mp) =t. Then by Proposition there is an open subset U; in
Spec(Ayp) so that
projdim, ) (Mq) <t forall qeU,.
Using the Auslander-Buchsbaum formula and the fact that Ay is regular, we
obtain for all g € Uy N U; N VO(I):
codepth ) (Mq) = dima,), (Mq) — depth 4. (Mq)
= dim((Ao)q) — ht(I(Ao)q) — dim((Ao)q) + projdim(AD)q (Mg)
= projdim(AO)q (Mq) —ht(I(Ao)q)-
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This implies that for all g € U = Uy N Us,
codepth ) (My) < codepth,, (M),
and it follows that U2 (M) is an open subset of Spec(Ap). O

2.5. A local formula. Using the fact that a complete local Noetherian ring is
the homomorphic image of a regular local ring, we obtain a result similar to [4]
(6.11.5)]:

Lemma. Let A be a Noetherian graded homogeneous ring and let M be a finitely
generated graded A-module. Then for all prime ideals p,q € Spec(Ag) with p C q
we have that

codepth 4.y (Mg) > codepth ) (My).

Proof. By replacing Ay by (Ag)q (and A by Ay) we may assume that (Ag, mp) is a
local ring. Then we have to show

codepth 4 (M) > codepth ) (Mp).
Let p € Spec(Ag) be a minimal prime ideal over pAy. Then pN Ay = p and (go)ﬁ

is flat over (Ag), with trivial special fiber. Moreover,

o~

My ®(ag), (Ao)s = (Byca(Mi)p) ©(ay), (Ao)s
= Bicz((Mi)y ®(ay), (Ao)p)
= @iEZ(Mi)ﬁv

where ]\2, = M; ®a, ﬁo. We have that
depth 4 (M) = inf{depthAO(Mi) | M; # 0},
dim 4, (M) = sup{dima,(M;) | i € Z}.
By [8, Theorem 23.3], for all i € Z,

depth 5, ((Mi)s) = depthya,), (M;)p) + depth((Ao)s/p(Ao)g)
= depthy,, (Mi)p),
and by [8, Theorem 15.1],
dim 5, (M.)g) = dim(ay), (Ms)p) + dim((Ao)5/p(Ao)5)
= dim(Ag)p((Mi)p)-

Let
M= @MZ =M ®a, 121\0,
=
and note that M is a finitely generated graded module over the Noetherian homo-
geneous graded ring
g =A X4, A\O .
The computation above shows that

codepth(gg)ﬁ (M3) = codepth oy, (Mp) =:n.

Since A  is a homomorphic image of a regular local ring, by Proposition the
set UQ (M) is open in Spec(Ag). This implies that

codepthz (M) > codepth(go)ﬁ (M) .
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The same argument as above shows that
codepth 5 (M) = codepth 4 (M),
which proves the claim
codepth 4 (M) > codepth 4, (Mp). O

2.6. Formulas for depth and codepth. In this section we make the same as-
sumption as at the beginning, namely, A is a positively graded Noetherian ho-
mogeneous ring and M is a finitely generated graded A-module. The following
proposition is the graded version of [4] (6.10.6)]:

2.6.1. Proposition. Let A and M be as above and assume that A is excellent.
Then for every p € Spec(Ag) there is an open subset U° C Spec(Ag) with p € U°
so that for all € U°NV(p),

depthy), (Mq) = depth 4, (My) + depth((Ao)q/p(Ao)q) -
Proof. Let p € Spec(Ap). Then by Lemma 2.5l for all g € V9(p),
codepth ) (My) > codepth ), (M),
or equivalently,
(+)  dimga,), (My) — depth ), (My) = dim(a,), (M) — depth g,y (Mp) .

According to Proposition 23] there is an open subset U; C Spec(Ay) with p € Uy
so that for all g € U; N VO(p),

dim(Ao)q (Mq) = dim(AO)p (Mp) + dlm((Ao/p)q) .

Since Ay is excellent, there is an open subset Us C Spec(A4y) so that p € Us, and
for all g € Uy NVO(p) the local ring

(Ao/p)q is Cohen-Macaulay.

There is also an open subset Us C Spec(Ap) so that p € Us, and for all q €
Us N VO(p) we have equality on the set of minimal primes:

Min(Ao)q (I(AO)CI) = Min(Ao)p (I(AO)P)7

where I := anng,(M) denotes the Ap-annihilator of M. In particular, for all
qe U3 N VO (p)7
ht(I(Ao)q) = ht(I(Ao)p) .

Put U; = U; N Uy N Us; then for all g € U; NV (p),
dima,), (My) = dim((Ao/I)q) and dima,), (M) = dim((Ao/I)p)-
Since A is excellent, the ring A is universally catenary, and for all q € U, NV (p),
dim((Ao/T)q) — dim((Ao/T)p) = dim((Ao/p)q) = depth((Ao/p)q) -
From () we obtain

depth 4, (Mg) — depth 4, (Mp) < depth((Ao/p)q)

for all g € Uy NVO(p).
In order to prove the other inequality,

depth 4, (Mq) — depth 4, (M) > depth((Ao/p)q),
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assume that depth ,,) (Mp) =t and let fi,..., f; € p be such that fi,..., f; is
a regular sequence on M,. A prime avoidance argument shows that there is an
element a € Ag \ p so that f1,..., f; is a regular sequence on M,. (The argument

again makes use of the fact that the sets Assa, (M) and Assa, (M/(f1,..., fi)M)
for all 1 <i <t are finite.)

Put

M := M/(f17 '7ft)M7
and consider the associated graded module
gry (M) = @ pzM/pl+lM~
ieN

The module M is finitely generated over A, and gry (M) is a finitely generated
gr,(A)-module. Also note that gr,(A) is a finitely generated algebra over A/pA
and that A/pA is a finitely generated algebra over Ag/p. Thus gr,(A) is a finitely

generated Ag/p-algebra. By [8, Theorem 24.1] there is an element b € Ay \ p so
that the (Ag/p)p-module

gr, (M), = @ (p' M /p" ' M),
ieN
is free. Set Uy = Dy = {q € Spec(Ag) | b ¢ q} and fix a prime ideal q € Uy N VO (p).
Assume that
depth((Ao/p))q = s,
and let g1,...,gs € q be such that gi,...,gs is a regular sequence on (Ag/p)g.

Claim 1. g is a regular element on M q-
Claim 2. Set Ny := Mq/g1Mq; then gr, (Ny) = gr,(Mg)/g1 gr,(Mg).

Assuming the claims, we finish the proof. From the second claim it follows
that gr,(N1) is a free (Ao/(g1,p)Ao)q-module. Since g is a regular element on
(Ao/(g1,p)A0)q, we may apply Claims 1 and 2 to N;. Note that Ny is also a
finitely generated graded A,-module. This yields that g» is a regular element on
Nl and that with N2 = Nl/ggNl,

gry,(N2) = gr,(N1)/g2 gr, (V1) -
An induction argument yields that gi,...,gs is a regular sequence on M q, and we

have that
depth(AO)q (Mg) > depth 4y, (M) + depth((Ao/p)q -

This inequality holds for all q € Us N VO (p). Assuming the claims the proposition
is now proved with U° = U; N Us.
In order to prove the claims, set g = g; and N = V;.

Proof of Claim 1. Let z € M with gz = 0. Consider the image z of z in My /pM,.
Since My /pM, is a free module over (Ag/p)q and since g is regular on (Ag/p),, we

obtain that z = 0 and z € qu. Now consider the image of z in qu/pqu and
repeat the argument. This yields

z € ﬁ pI M, .
j=0
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Note that
My =0T, with (M)q = (M)g/(fr.- .. f)(My)q.

In particular,

ijq = @pj(ﬂi)qv
i€EZ

and every (M;)q is a finitely generated (Ag)q-module. This shows that z = 0.

Proof of Claim 2. By assumption, we have that gr,(Mg) is a free (Ao/p)4- module
and p/ M, /p? T M is a direct summand of gr, (M,). Thus p/Mq/p?™ M, is a free
(Ao/p)q-module and g is regular on (Ay/p)q. Therefore

(%) pjﬂqﬁgﬂq:gpjﬂq
and thus o o _ L —
pPMg/gp? Mg = pIMg/(p? Mg 0 gMg)
= p/(Mg/gM,).
From the commutative diagram
0— p/ N —— pIN —— p/N/pITIN —0

|| II ”
0—>p N (Mg/gMq) —>p? (Mq/gMq) —>p? (Mq/gMq) /07 (M /gMg) —> 0
0—=p T My/gp? T My —p My /gp' Mg —> p' My /(gp’ Mg + p7+' M) 0

we obtain that

grp(N) = @jeijN/PjJrlN
= @jeijMq/(gijq +p/ M)
= @jeﬁ(Pqu/Pj_—HMq)/Q(Pjﬂq/PjHMq)
= gy (Mg)/g(gr(M,).
This proves the claim, and finishes the proof. (Il

Similar to [4, (6.11.8.1)] we have in the graded case:

2.6.2. Corollary. Let A and M be as above and assume that A is excellent. Then
for every p € Spec(Ag) there is an open subset U C Spec(Ag) with p € U, so that
for allq e U°NVO(p),

codepth 4. (My) = codepth 4, (M) + codepth((Ao)q/p(Ao)q) -

Proof. Let p € Spec(4p) and let U} be as in Proposition Z.6.1] so that p € U?, and
for all g € UY NVO(p),

depth ), (Mq) = depth 4, (My) + depth((Ao)q/p(Ao)q) -

By Proposition 23 there is an open subset US in Spec(Ay), so that p € UY, and
for all g € U9 NVO(p),

dim(Ao)q (Mq) = dim(Ao)p (Mp) + dim((Ao/p)q) .
Thus with U° = UY N UY we have that p € U, and for all ¢ € U° N V(p),
codepth ), (Mgy) = codepth ) (My) + codepth((Ao)q/p(Ao)q) - O
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We are now ready to prove the graded version of [4 (6.11.2)(a)].

2.6.3. Theorem. Let A = P
let M =P
set

sen Ai be an excellent graded homogeneous ring and
M; be a finitely generated graded A-module. Then for all n € N the

i€z
Ugn (M) = {p € Spec(Ap) | codepth(AO)p (M) <n}
is open in Spec(Ap).
Proof. According to Nagata’s criterion on openness of loci (see [8, Theorem 24.2])
we need to show:
(a) If p,q € Spec(Ag) with g C p and p € US (M), then q € U (M).
(b) If p € UG, (M), then U (M) contains a nonempty open subset of V(p).
(a) Let p,q € Spec(Ap) with g C p. By Lemma 20
codepth ) (M) > codepth 4 (Mg),
and thus p € U@ (M) implies that g € Ug, (M).
(b) Let p € U (M). By Corollary 262 there is an open subset U} in Spec(4y),
so that p € U, and for all q € UY N V9(p),

codepth 4, (My) = codepth o, (M}) + codepth((Ao)q/p(Ao)q) -

Since A and Ay are excellent, there is an open subset U in Spec(Ap), so that
p € U?, and for all g € U NVO(p), the ring (Ay/p)q is Cohen-Macaulay. Therefore
with U? = UY N UY we have that p € U°, and for all g € U° N VO(p),

codepth ) (Mq) = codepth 4, (M,).
This implies that U° N V°(p) C U (M), and the theorem is proved. O
2.6.4. Corollary. Let A and M be as in Theorem 2.6.3 Then the Cohen-Macaulay
locus of the Ag-module M,
USy (M) = Ugo(M) = {p € Spec(Ap) | M, is a CM module over (Ag)y},
is open in Spec(Ap). O

3. OPENNESS OF THE (S,)-LOCUS

Throughout this section we assume that R = A is the base ring of a graded
Noetherian homogeneous ring A = @,., A; and M is a finitely generated graded A-
module. This includes the case of a finitely generated module M over a Noetherian
ring R. For those modules we prove that the openness of the C),-loci of M implies
the openness of the (Sg)-loci of M. The argument is due to Grothendieck [4, (5.7.2)
and (6.11.2)(b)], but we include it here for the convenience of the reader. The proof
also shows that the (Sk)-loci of M only depend on the C,-loci of M and on the
annihilator of M, so that two R-modules M and N with the same annihilators and
Cp-loci have identical (Sk)-loci.

Let M be an R-module and suppose that for all n € Ny, the set

Uc, (M) = {p € Spec(R) | codepthp_ (M) < n}
is open in Spec(R). Define
Zy = V(b,) = Spec(R) \ Ug, (M),
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where b, C R is a reduced ideal. Obviously, for all n € N|
Ue, (M) C Uc,., (M),
and therefore
Zpy1 < Z, and b, Cb,yq.
Since R is Noetherian, there is an m € N so that for all ¢t € N,
by =bm+t and Z,, =24y
3.1. Lemma. Let m € N be as above. Then Z,, = (.
Proof. If p € Z,,, then p € Z,,4, for all t € N. By definition of Z,, 14,
codepthp) (My) >m+t forall teN.

But codepthp (M) < dim((R),) < oo, and therefore Z,, = 0. O

Recall that the R-module M satisfies Serre’s condition (Sy) if for all p € Spec(R),
(%) depthp (M) > min(dim(M,), k).
From now on let m denote the minimal m € N with Z,,, = 0.

3.2. Lemma. With the assumptions as above put R = R/ anng(M) and let k € N.
Then the R-module M satisfies (Sk) if and only if for all0 < n < m,

ht(b,R) >n+k.
Proof. Suppose that M satisfies (Si), and fix an integer n with 0 < n < m. Let
p € Spec(R) with b,, C p. Then p € Z,,, and therefore
codepthy (M) > n,
or equivalently,
dimpg, (My) — depthp (M) >n.
Since M satisfies (Si), we obtain that whenever
dimp, (My) — depthy (M) # 0,
then
depthp (M) > k.
Thus, if p € Z,,, then
dimp, (M) > n +k,

which implies that ht(b, R) > n + k.

Conversely, fix an integer k and assume that for all 0 < n < m,

ht(b,R) >n+k.

Let p € Spec(R).

If M, = 0, then depthp (M) = oo, and condition (x) is satisfied.

Now assume M, # 0. If M, is a Cohen-Macaulay R-module, then condition (x)
is satisfied. Now assume that

codepthp (M) >0,
and let n € Ny with
codepthp (M) =n+1.
Thus p € Z,, and b,, C p. By assumption,
ht(b,R) >n+k = ht(b,Rp) >n+k = dim(R,) >n+k.
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This implies that

codepthp (M) = n+1
= dim(R,) — depthp, (My)
> n+1+k—depthp (M),

and therefore
depthp (M) > k.

Thus M, satisfies condition (*), and the R-module M satisfies Serre’s condition
(Sk)- 0

For all 0 < n < m consider the closed subset of Spec(R),
Y, ={q€V(b,) | ht(b,Rq) <n+k},

and its complement
Vpk = Spec(R) — Y, i

an open subset of Spec(R). By Lemma [3.2]

Us,(M) =[] Vak

0<n<m
is an open subset of Spec(R). We have shown:

3.3. Theorem. Let M be an R-module as above. If for all n € Ny the C,,-locus
Uc, (M) is open in Spec(R), then for all k € N, the (S)-locus

Us, (M) = {p € Spec(R) | M, satisfies (Sk)}
is open in Spec(R).
In the graded case the theorem states:

3.4. Corollary. Let A= @, A; be an excellent graded homogeneous ring and let
M = @,.;, M; be a finitely generated graded A-module. Then for all k € N, the set

Ug, (M) = {p € Spec(Ag) | the (Ao)p-module M, satisfies (Si)}
is open in Spec(Ap).
The proof of the theorem also yields the following corollary:

3.5. Corollary. Suppose that M and N are R-modules as above. Assume that
annp(M) = anng(N) and that for all n € Ny, the sets Ug, (M) = Ug, (N) are
open in Spec(R). Then for all k € N,

USk(M) = USA(N)7

and the (Sk)-loci are open subsets of Spec(R).
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4. STABILITY ON THE HOMOGENEOUS PARTS

Let A = D,y Ai be an excellent graded homogeneous Noetherian ring and let
M = @,cy, M; be a finitely generated graded A-module. In this section we prove
that there is a k € N, so that for all n € N and all i > k,

Ug, (M;) = Ug, (My) and U (M;) = Ug, (M),

that is, the codepth and (S,,)-loci of the homogeneous parts of M are eventually
stable (considered as an Ag-module). As before we define for all t € Z

Ny = P M;,
i>t

and observe the following simple facts: Let k; € N be an integer so that for all
t > k1, anny,(M;) = anng, (Mg, ). Then for all ¢ > kq,

Ug, (Ne) 2 U¢, (Ni,) and  Ug (Ne) 2 Ug, (Ni,)-
Since Ag is Noetherian, there is an integer ko € Z, so that ko > ky and
Ug, (Ni) = U¢, (Ni,) and  Ug (Ni) =Ug, (Ni,).
We may also assume for large enough ko that
Ni, = AMy,,
which implies that for all ¢ > ko,
N; = AM;.

4.1. Lemma. With the assumptions as above assume additionally that (Ag, mg) is
a local ring. Then there is a ks € Z, so that for allt > ks,

depth 4, (M;) = depth 4 (M},) = depth 4 (Ng,) -

Proof. Let k1 and ko be as above and take an integer k with k& > ky. Then
codepth 4 (Ny) = n for some n € N, and therefore

mo €U (Ny) and mg ¢ US  (Ny).
Since k > ko, we have for all t > k
codepth 4 (Ny) = n = codepth 4 (N¢) .
For all ¢t > k; we also have that anng,(N;) = anna,(Ny), and therefore for all
t>k,
depth 4 (N;) = s = depth 4 (Ng) .
Let r1,...,rs be a maximal regular sequence on N and put
Ny = Ni/(r1,...,7s)Nx with homogeneous parts M; = M;/(rq,...,7s)M;

for i > k. Note that the torsion submodule I'4, (Ny) is a finitely generated A-
submodule of Nj. This implies that there is an integer k3 > k so that I'4 N (]V k)N
Ny, =0 =T4, (Ng,). Thus for k3 large enough the A-module Ny, is A -torsion-
free. Since by assumption depth, (Ni) = s = depth, (N,), there is an integer
i > ks and an element € M; so that z # 0 and mpz = 0. Since Ny, is A, -torsion-
free, we obtain

(A)!'z#0 forall I€N.
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Thus for k4 = i > ks we have that depth  (My,+;) = 0 for all I € Ny, and therefore
for all t > ky,

depth 4 (M;) = depth 4 (My,) = s. O

Choose an integer kg € Z so that the following conditions are satisfied:

(a) Ng, = AMjy,, that is, Ny, is generated in the lowest nonvanishing degree.
(b) For all t > ko, ann(My,) = ann(M,).
(c) For all n € Ng and all ¢ > ko,

Ug, (Nt) = Ug, (Ni,) and  Ug (Ny) = Ug, (Nk,)-

As before put
Z,, = Spec(Ag) N U (Ny,) =V (by),

where b, C Ag is a reduced ideal. Then b,, C b, 11, yielding an increasing sequence
of ideals

bp Cb1 C...Cby 1 C....

We have seen before that the sequence stops with some b, = Ay, and let m
be minimal with this property, that is, let b,, = Ag and b,,_1 # Ag. For all
0 < j <m —1 we consider the set of minimal prime divisors of b;:

Mln(AO/bJ> = {pj17 e 7pj7‘j} .

By Lemmal[L]] for all 0 < j <m—1and all r; > h > 1, there is an integer kj, € N
with kjn, > ko, so that for all i > kjp,

depth(AO)pJ_h ((Mi)p,,) = depth(AO)th ((My;),)p,,) = constant .
Let k = max{k;, |0<j<m—1;1 <h <r;}. Then for all i > k,
deptha,),  ((Mi)p;,) = depthia,),  ((My)p,,,) = depthiay),  ((Ni)p,,) -
By assumption on the annihilators we also have for all i > k
dimay), , (Mi)p,,) = dima,),  ((Mg)p,,) = dimgag),  ((Nk)p,,),
which implies that for all ¢ > k and all primes p;p,
codepth(Ao)pjh (Mi)p,,) = codepth(AO)pjh (My)p,,) = codepth(Ao)pjh ((Ni)pn) -
We are now ready to prove:
4.2. Theorem. Let k be as above. Then for all i > k and all p € Spec(A4y),
codepth ) ((M;)p) = codepth ) ((My)y) -

Proof. Let p € Spec(Ay). If by  p, then (Ny), is a Cohen-Macaulay module over
(Ao)p. It follows that (M;), is Cohen-Macaulay for all ¢ > k.

Assume that by C p and let g be minimal so that b, C p and by Z p. In
this case codepth 4,y ((Nk)p) = g + 1, and there is an integer 1 < j < r; so that
pg; Cp. By [4, (6.11.5)], the nongraded version of Lemma [2.5] for all ¢ > k,

codepth 4y, ((M;)p) > codepth(AO)pgj ((M;)p,,) = codepth(Ao)ngj ((Ni)p,;) >g-
In order to verify the other inequality consider

codepth 4, ((Nk)p) = g+ 1 = dim((Nk)p) — depthi 4.y, (Nk)p),
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and assume that depth, ) ((Nk)p) = s. Let z1,..., x5 be a regular sequence on
(Ni)p- Then zq,...,xz, is a regular sequence on (M;), for all 4 > k. Since N and
M; have the same annihilators, we obtain that

codepth4.) ((Nk)p) = g + 1 > codepth o,y ((Mi)y)
for all 4 > k. This shows that for all 7 > k,
codepth(AO)p (M;)p) =9g+1.

4.3. Corollary. There is an integer k € N so that for alli > k and all n € N,

Ug, (M;) = Ug, (My) = U, (N) . O
4.4. Corollary. There is an integer k € N so that for alli > k and all n € N,

Us, (M;) = U, (My) = Ug, (Ni).
Proof. The second corollary follows from the first by using Corollary (]

5. APPLICATIONS

Let A be an excellent ring, let M be a finitely generated A-module, and let
I C A be an ideal of A. By applying the results of the previous section to the
Rees algebra/module and to the associated graded ring/module, respectively, we
see that there is an integer k € N, so that for all ¢ > k and all n € N,

Uo,(I'M) =Uq, (I*"M)  and  Ue, (I'M/T*'M) = Uq, (I*M/ T M),
Us,(I'M)=Us, (I"M)  and  Us, (I'M/I""*M) = Us, (I"M/I* ' M).

In the following we want to apply these results to the (.S, )- and codepth-loci of
the modules M/I* M. We want to show that these loci are again eventually stable,
provided that M is a Cohen-Macaulay module over A.

5.1. Lemma. Let A be any Noetherian ring, I C A an ideal, and M a finitely
generated A-module. Then for all k € N,

Supp(M/I¥M) = Supp(M/IM).
Proof. It suffices to show that for all k£ € N,
Supp(M/I* M) = Supp(M/T* M) .

Since M/I¥M is a homomorphic image of M/I**1 M, we have Supp(M/I*M) C
Supp(M/I*+1M). Consider the exact sequence:

0— I"M/T"'M — M/T"'M — M/I*M — 0,
and let p € Spec(A) with I C p. The sequence stays exact after localization:
0 — (I*M/I*IM), — (M/T*TI M), — (M/T*M), — 0.
If (M/I*M), = 0 with (M/I**1M), # 0, then
(IF M), = (M5 M),
which implies by Nakayama that (M/I¥T1M), = 0, a contradiction. O

A more general version of the next result was proved, using different methods,
by Kodiyalam [7, Corollary 9].
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5.2. Theorem. Suppose that (A,m) is a local Noetherian ring, let I C A be an
ideal of A, and let M be a finitely generated A-module. Then there is a k € N, so
that for all i > k,

depth 4 (M/I'M) = depth ,(M/I*M) .

Proof. Let A be the m-adic completion of A. Then for any finitely generated A-
module T,

depth 4 (T) = depth ; (T ®4 A),

and we may replace A by Aand M by M ®4 ﬁ, and assume that A is excellent.
By Lemma [£.1] there is a k; € N, so that for all ¢t > &y,

depth 4 (I*M/I" M) = depth o (I™ M /T M) = g.
For all t > ky consider the exact sequence

0— I'M/T"" M — M/T"™™'M — M/I'M — 0,

which leads to an exact sequence on the cohomology modules:

o= HL(M/TYM) — HL(MJTTM) — 0 — -+ — 0

— = HITY MM — HEY(M/TTM) — HE(IPM /T M)
— H(M/T'M) — HG(M/I'M) — - |

where ¢ is minimal with HS(I'M/T*T1M) # 0.

Case 1: There is an i < g — 1 and a tg > kq, so that H. (M /I M) # 0. Then
for all t > to, Hi (M/I'M) # 0. Let h < g — 1 be the minimal i with this property.
Then

depth ,(M/I'M) =h forall t>tg.
Case 2: For allt < g—1 and all t > kq,
HL(M/T'M)=0.
This implies that depth 4 (M/I*M) > g — 1 for all ¢ > ky.
Case 2.1: There are infinitely many ¢ > kq, so that
HI"Y(M/T"M) #0.

From the long exact sequence we observe that H& '(M/I*M) # 0 implies that
Hgfl(M/ItflM) # 0 whenever t — 1 > ky. Thus in this case there is a t; > ky, so
that for all £ > t1,
HE (M/TTM) £ 0,
and therefore for all ¢ > ¢y, depth ,(M/I*M) =g — 1.
Case 2.2: There is a to > k1, so that for all t > to, Hﬁfl(M/ItM) = 0. Then
for all t > t,,

depth ,(M/I'M) = g. O

5.3. Theorem. Let A be an excellent ring and M a finitely generated Cohen-
Macaulay A-module. Let I C A be an ideal of A which is not contained in any
minimal prime ideal of M. Then there is an integer k € N, so that for all t > k
and all n € Ny:

(1) Ue, (M/I'M) = Uc, (M/I*M).

(2) Us,(M/I'M) = Us, (M/I* M).
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Proof. (1) Fix n € N and let k € N, so that for all ¢ > &,
Ue,(I'M) = Uc, (I"M) .
We claim that for all ¢ > k and all p € V(I),
depth y ((M/I'M)y) = depth, (M/I*M)y).

Obviously, for all i > k, dim((I*M),) = dim((I*M),), and thus because of the
stability of the codepth-loci, we have for all p € V(I) and all ¢ > k that

depthy ((I'M),) = depth, ((I*M)y).
Fix an integer ¢ > k and a prime ideal p € V(I), and consider the exact sequence
0— (I'M), — M, — (M/I'M), — 0.

With d = dima, (My) = depth (M) we obtain a long exact sequence of the local
cohomology modules

= 0= HN(M/TM)y) — H(I'M)y) = 0 =+ =0
— HIZN(M/T'M),) — HE(IIM)y) — HE(M,) — 0 = HA(M/I'M),),
where HE((M/I'M),) = 0, since dim, ((M/I'M),) < d — 1. This shows that
depth s, (M/T'M),) = depth,y (I'M)y) — 1 = depthy, (I*M),) 1,
and the claim is proven. For all ¢ > k and all p € V(I) we have
depth,y ((M/I'M),) = depth, ((M/I*M),),
dim((M/I'M),) = dim((M/I*M),) .
The last equation is obtained from Lemma [EIl This yields that for all n € N and

for all i > k,
Uec,(M/I'M) = Ug, (M/T*M) .
The second assumption follows with Corollary d

5.4. Corollary. Let A, M, and I be as in the theorem, and assume that IM # M.
Then there is an element a € A, so that for all k € N,

(1) (M/I*M), 0.

(2) (M/I*M), is a Cohen-Macaulay module. O

5.5. Corollary. Let A be an excellent ring and M a finitely generated A-module.
Suppose that the ideal I C A satisfies the following conditions:

(i) I is not contained in a minimal prime of M.
(ii) If a C A is the defining ideal of the non-Cohen-Macaulay locus of M, then

a ¢ \/(TM : M).
Then there is an element a € A, so that for all k € N,
(1) (M/I*M)q #0.
(2) (M/I¥M), is a Cohen-Macaulay module.

Proof. Choose an element b € a ~ /(IM : M). In order to prove the assertion
apply the previous corollary to the Cohen-Macaulay Ap-module M,,. (]
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