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RATIO LIMIT THEOREM
FOR PARABOLIC HORN-SHAPED DOMAINS

PIERRE COLLET, SERVET MARTINEZ, AND JAIME SAN MARTIN

ABSTRACT. We prove that for horn-shaped domains of parabolic type, the
ratio of the heat kernel at different fixed points has a limit when the time
tends to infinity. We also give an explicit formula for the limit in terms of the
harmonic functions.

1. INTRODUCTION

We consider the heat kernel in parabolic horn-shaped domains with Dirichlet
boundary conditions. More precisely, we consider D the domain in R? obtained by
revolving the parabolic region P = {(p,2) : 1 + 2% < p} about the z—axis. Thus,
more explicitly we have

o {18181 <o (VT

where a(t) = v/t — 1. Although we will give a detailed proof for the case of the
parabola, it is easy to verify that all our results can be extended to domains where
the function a satisfies the conditions of [§] together with oo > lim,_.o a(s)/s? > 0,
0 <~y < 1. It is also easy to extend our results to higher dimensions.

Throughout the paper p; will denote the heat kernel with Dirichlet boundary
conditions in D. The main goal of the present paper is to derive the (normalized)
limit of p; when t tends to infinity.

The case of horn-shaped domains is very different from our previous works [4] [5]
since the cone C of nonnegative harmonic functions vanishing at the boundary is a
continuum. More precisely, the Martin boundary at infinity is a circle (see [11], [8]
and [13]).

The techniques are also rather different. The main point is that the associated
stochastic process is at time ¢ at a distance about t2/3 away from the origin, very
different from the usual ¢'/? typical of diffusion and occurring for example in cones.
As we will see below (see Theorem [[4] and formula (), an important consequence
is that the integral appearing in a Feynman-Kac formula is convergent, ensuring
the anisotropy of the process even in the infinite time limit.

We will frequently use cylindrical coordinates defined by the axis of symmetry.
The altitude will be denoted by z, the polar radius (for the projection in the plane
z = 0) will be denoted by p and the angle (angles if we are in higher dimension) by
J.
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We will denote by R, the rotation by the angle ¢ around the z—axis. We fix
once and for all a reference point ¢y € D. For example one can take this point in
the plane z = 0 at angle zero, but any other point in the domain will do equally.

We now formulate our main result. Let v be the extremal of the cone C of
harmonic functions in D, vanishing at the boundary, with maximal growth in the
direction of z (see below for the details) and satisfying v(zg) = 1. Let vy, = voRy.
Then

Theorem 1.1. For any x and y in D

i Pe@y) __Jool@)vs(y)ds
t—o00 pt(xo,xo) f”0($0)1119($0)d19’

and the limit is uniform on compact subsets of D x D.

We first recall that using the same techniques as in [4] (see pages 1167-1168)
one can extract from any diverging sequence of positive real numbers a diverging
subsequence (t,,) such that for any fixed s € R and any z and y in D, the following
limit exists:

. Drors(®,y)

W uley) ”ILH;O P, (x0, o)
This limit may depend on the subsequence (t,,) (and the reference point o). We will
denote it by u(z,y), although u, ) 4, (z,y) would be a better notation. However,
since we will only consider one subsequence at a time, there will be no possible
confusion. This function is harmonic in x and y, nonzero, and tends to zero if one
of its arguments tends to the boundary of D (see [4], page 1168).

The following result is the main intermediate part of the proof.

Let ¢ be the kernel defined by

1 2
g5 (x,y) = o / pe(@, Ryy) di) .
T Jo
This kernel is of course invariant by rotations about the z—axis in x and y separately.
Theorem 1.2. For any ¢ # 0 (modulo 27 ) we have

m pt($7R’¢'x)

=0.
|z| =00, 23=0 t—o0 g (z, )

This result exhibits the main difference with the case of horn-shaped domains
where there is only one nonnegative harmonic function zero at the boundary (hence
rotation invariant) where the limit is nonzero and in fact constant.

We will use this result below in the form that the family of measures on ¢ € S!
with density p:(z, Ryz)/q?(x, z) converges weakly to the atomic measure &y/(27)
at the origin.

Due to the rotation invariance of the domain, it is natural to introduce the
Fourier coefficients of the heat kernel, namely for n > 0

(9., (,2) = 5= [ coslmlpa((p,.2),(,0,))
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Theorem will be a direct consequence of the following result.
Theorem 1.3. For any n we have

lim lim w =
p—00 t—00 qg((p, O)a (pa 0))

We consider the process Y; = (Y'1(t),Y?(t)), where Y'1(¢) is a Bessel process with
index 2 and Y?(t) is an independent one-dimensional Brownian motion. Let T be
the first hitting time of . We observe that ¢ can be regarded as the transition
density (with respect to the measure pdpdz) for the process Y in P killed at the
time 7.

Theorem 1.4. We have

t
. . ds
S i B0 ( /0 v

S

Ytz(p,O),T>t>:0.

This result can be interpreted as saying that for the three-dimensional Brownian
motion in D with absorption at the boundary, the angle in cylindrical coordinates
does not ergodize (see [16], Chapter V, page 186). This phenomenon was already
mentioned in [8]. We also mention here that the starting point (p,0) is taken for
simplification, but the result holds for general (p, z) € P.

The next result gives the logarithmic behavior for the kernel p; and the survival
probability P, (T > t).

Theorem 1.5. For the parabolic horn-shaped domain D we have
tlim t= 13 log (P, (T > t)) =272/3 tlim t= 3 og (pi(x, ) = —C\ 2,
where C4 5 is the constant appearing in formula (12) in [17].

The results of [I7] and the second equality of the last theorem state that the
asymptotic behavior for the kernel of a two-dimensional Brownian motion and the
Bessel-Brownian motion kernel in the parabola have the same logarithmic decaying
rate.

The rest of the paper is organized as follows. In section 2l we give a proof
of Theorem [[L4l This proof is based on estimates for the large-time behavior of
the process Y which are given in detail in the Appendix. In section [3] we use a
Fourier decomposition in the angle of the cylindrical coordinate and a Feynman-
Kac formula to prove Theorem using Theorem [[L4l We then prove Theorem
In section [ we use properties of the nonnegative harmonic functions in D, the
Martin representation and Theorem to finish the proof of Theorem L1l The
Appendix is devoted to the proofs of Lemma [2.1] and Theorem

We observe that the results in sections 2l [B] and E] use only the results about
the Martin boundary and the estimates of Lemma [ZIl The proof therefore goes
through for any domain in which these estimates can be established.

2. PROOF OF THEOREM [[4]

We now start the proof of Theorem [[4l This proof will rely on the following
result for the process Y in the parabola P defined above. We will prove below that
there is up to a positive multiplicative constant one and only one harmonic function
u? for this process which is positive and vanishes at the boundary of the parabola
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P. We denote by
1 1
Lo=3 <a§ +07 + ;ap>
the generator of Y. Therefore Lo u® = 0.

Lemma 2.1. For any fized x € D the following limits exist and we have

t
ds

limsup E /—
p (p,0) ( o 5/512

t—o0

t—M
ds
lim L E —
Jim limsup E, o) (/M

—X0 t—oo }/812

Y}:x,T>t><oo,

and

Y}:E,T>t)0.

This lemma is really about the position of the process Y; at time ¢, and roughly
speaking one has Y; ~ t2/3 which is very different from the standard diffusion where
we get t'/2 whose square is not integrable.

We refer to the Appendix for a proof, and we proceed with the proof of Theorem
[L4l Let M > 0 be fixed for the moment. We have for any ¢ > M

tds
E¢0) </0 vi?

S

M
ds
=Eq0 </0 12

}/t:(p70)aT>t>

S

t—M
ds
(2) T E0 ( /M vi2

Yt:(p70)aT>t>

S

t
ds
e[
(p,0) < M }/;12

We will now consider the first integral, the third one being handled in the same
way.

Yt=(p,0)7T>t>

}/t(pao)vT>t>~

Lemma 2.2. For any fized x and M, we have

M M
ds ds
}/t:(pao)vT>t> :E(p,O) (/ 12)7
0 Z

[ B0 < o y12

where Z is the limit process, namely the u®-process of Y where u® is the unique
harmonic function for Lo (up to a constant positive factor).

Proof. We have

M
ds
E¢0 (/O vz
= /M ds E (L
o (p,0) y12

S

}/t:(p70)aT>t>

Ytz(p,O),T>t>.

Since Y.! is bounded below away from zero, it is enough to prove that for any fixed
s

. 1
®) Am B <W

S

1
Y, = (p,O) , T'> t) = E(p,O) (P) ’
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and the result follows from Lebesgue’s dominated convergence theorem. However
for any t > s

1
E(0) (W Y: = (p,0), T > t)

! )/Pq?((p,o)w) # @ (y. (p,0)) py'dy .

~ 2 ((p,0), (p,0)

We now observe that ¢" satisfies a ratio limit theorem, namely for any x1,..., 24
belonging to P we have

. q?(ar1,x2) - ug(w1)ug(w2)
) tlggo qg($379€4) B ug(w3)ug(ry) .

We refer the reader to [4] for the proof. The main ingredients are a Gaussian
bound for ¢ which follows immediately from the definition and the Gaussian bound
for p; (see also Lemma [B.1)). We need Harnack’s inequality and the estimate

4 .((p,0),y)
2 ((p,0), (p,0))

where C is a constant larger than one. This inequality can be obtained using a
reflection argument for p;, with respect to a horizontal plane, to move away from
the boundary, and then apply Harnack’s inequality (see Lemma 2.6 in [4] for similar
computations).

We also need the uniqueness of the nonnegative harmonic function for ¢° (modulo
multiplication by a constant). This last point follows immediately from the fact
that any harmonic function for ¢ is a rotation invariant harmonic function for p;.
Using the Martin representation and Theorem 1 of [§] it follows that such a function
is unique (up to a constant factor). One can also give a direct argument using the
results of [12] on semismall perturbations.

Using this ratio limit theorem for ¢ one gets

< clvll

u’(y)

Y;(p,()),T>t)m/PQS((p,0)ay) Mk

. 1
Am B, o) (@

We now investigate the limit when M tends to infinity.

Lemma 2.3. For any fized x € P we have

M
i E, ( / d)oo
M—o0 0 71

and

Proof. The function of M,
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is obviously increasing and bounded above using the first part of Lemma 2] and
Lemma [2.2] This proves the first part. For the second part, observe that

= 0 0,14
w(x) = [ ds | q;(z,y)u(y)—T
0 P Y
is a (finite) potential.

From the well-known Fatou-Naim-Doob theorem (see [7] or [2] and references
therein) it follows that
w(z)

lim
|z]—o00 uf (.’ﬂ)
(even in the fine topology). O

=0

Theorem [[.4] now follows at once using Lemmas [2.1], and 23] in formula (2]).

3. PROOF OF THEOREMS AND [L3]

By rotation invariance around the z axis, we have for any x = (p,9,2), 2’ =
(¢, 9, ) and ¥

pt(xax/) = pt((pa 19 + d]a Z)7 (plaﬁl + wa ZI)) .

We now decompose in Fourier series (using also the symmetry 9 — —¢ and the fact
that p; is real), namely

pi((p,9,2), (0,0, 2)) = 40 ((p, 2), (0, 2) 42 a7 ((p, 2), (¢, ) cos (n(9 1)) .

n=1

It is easy to verify that for any n,

, 1 1 n2 "
8tq?((pa Z), (pl7z )) = 5 <a;2) + ;ap + ag - pg) q¢ ((pv 2)7 (plazl))
1 1 n?
3 (% S0+ 22— 1) (00,0 2))

Moreover, each ¢j* vanishes on the boundary of the parabola (defined in the variables
p, z) and tends to the Dirac measure divided by 27 when ¢ decreases to zero.

In other words, 2mq;* is the kernel of the semi-group with infinitesimal generator

1/, 1 , n?
£n§<8p+;8p+azﬁ )

with Dirichlet boundary conditions in the parabola and with respect to the measure
pdpdz.

Each of these semi-groups can be represented in terms of the process Y; associated
with the kernel ¢ using the Feynman-Kac formula, namely

a' ((p,2), (0, 2")) ~(?/2) 5 e
(5) 0 TN E pz) | € e
4 ((p,2), (0, %))

where Y; is the stochastic process associated to the kernel ¢¥, and T the exit time
from the parabola.

Observe that it follows easily from (Bl) that for any n, for any (p,z) € P and
(r',2')eP

(6) Q?((P, z), (p/vzl))

m=w¢»T>Q,
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Proof of Theorem [[3l Using Jensen’s inequality in formula (&), we have

@ ((0,0), (p,0)) B (f(f w7 | im0 T>t)

a?((p,0), (p,0)) ~
and Theorem [[3] follows at once from Theorem [[.4] and the upper bound (@). O

Proof of Theorem [[L2 For any fixed x € D with 23 = 0, it follows easily that for
any 0 <’ < <7 and for any ¢ > 0

pi(z, Ryx) < p(z, Ryrx)

This can be proved using the maximum principle or the reflection principle for
Brownian Motion with respect to a vertical plane of polar angle ¢ + (¢ + ¢')/2,
where ¢ is the polar angle of x. O

If ¢ denotes an even function on the unit circle which is twice differentiable and
whose support does not contain the origin, it follows at once from Theorem and
inequality (6) that

lim lim pit(x’ Ryz)
|| — o0 t—o0 @ (x,x)

o()dp = 0.

Now consider ¢ €]0, 7] and let ¢ be a nonnegative twice differentiable even func-
tion with support in [¢/3,2¢/3] U [—1/3, —2¢/3]. We have from the monotonicity

0< P [otuyan < [ PR pwa
q?(z,x) Q) (z,x)
and Theorem [I.2] follows.

4. PROOF OoF THEOREM [[.1]

All the extremals of the cone C of nonnegative harmonic functions vanishing on
the boundary of D can be obtained from one of them by rotation (see [I1], [8] and
[13]). Namely if v denotes an extremal with maximal increase in the xo direction,
we get a set of extremals (vy) by

v9g =voRy,
and up to a positive constant factor these are all the extremals of C.
Lemma 4.1. For any fized p and z, the function
¥ — v(p, ¥, 2)
is nonincreasing on [0, 7] and nondecreasing on [m,2n]. We also have
v(p, ¥, z) =v(p, =1, 2) =v(p, 2 — 9, 2) .

Proof. By the symmetry ¢ — —1, it is enough to prove the first part of the state-
ment.

For any fixed x € D, it follows easily that for any 0 < ¢’ < ¢ < 7 using the
maximum principle or the reflection principle for Brownian Motion with respect to
a vertical plane of polar angle ¢ + (¢ + ¢')/2 where ¢ is the polar angle of z, one
gets for any s > 0

pi(sz, Ryx) < pe(sz, Ryx) .
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Therefore the same inequality holds for the Green’s function and hence also for any
point of the Martin boundary corresponding to the direction of x by letting s tend
to infinity. O

Now consider one of the limiting functions u(x,y) in (). This function is har-
monic in both variables x and y and vanishes at the boundary. Therefore we have
by the Martin representation theorem [6]

ula,y) = / 0o () (1) dpa(9, ),

where 1 is a positive measure on S! x S'. This also follows from a result in [I] for
the Martin boundary of the tensor product of two operators.

We now use the rotation symmetry around the z axis to derive information about
the measure p1. Since for any z, y and ¢ we have u(Ryz, Ryy) = u(z,y), it follows
from the uniqueness of the Martin representation [6] that

du(0, ) = du(9 + P, 0 + ) .

It follows easily that there is a positive measure v on S* such that

) = [ [ vosala)vasyau)dn dvia).

We now prove a simple lemma which will be useful later on for the identification
of the limit.

Lemma 4.2. Let (f,) be a sequence of nonnegative functions on S', nonincreasing
on [0,7], nondecreasing on [r,2n] and satisfying [ fn(p)de = 2m. Let g be a
nonnegative continuous function such that

lim [ g fndep=0.

Then ¢g(0) = 0.

Proof. If g(0) # 0, by continuity for any ¢ > 0 with ¢ < 1 there is a closed
neighborhood K, of 0 such that for any ¢ € K. we have g(¢) > €g(0). By the
monotonicity property of f,, and its normalization we have

/ Fulip) do > |K
K.

therefore
/fn gdp > / fn g de > €|K|g(0),
K.
and the result follows. O

Recall that v is our specially chosen and normalized extremal of C.

Lemma 4.3. For any fized polar radius p the function

7(p) :/0 ﬂv(p,19+so/270)v(p,19— ©/2,0)dV

is even, periodic of period 21 and nonincreasing on [0, 7).
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Proof. We have using the relation v(p,d,0) = v(p, 2 — ¥¢,0)

7’(90) = /0 v(p, 197 O)I [U(p, v — 2 0) - U(p, v+ 2 0)]d"9 .
Observe now that for 0 < ¢ <7 and 0 < ¥ < 7 we have
v(p, ¥ = ¢,0) > v(p, ¥+ ,0)
and since in that range of ¢ we have v(p,d,0)’ < 0, we conclude that v is nonin-
creasing on [0, 71]. The lemma follows using the symmetry of v(p,¥,0) in 9 =0. O

The proof of Theorem [[T] is a direct consequence of the following proposition.

Proposition 4.4. Assume that the family of measures on ¢ € S with density
pe(z, Ryx)/q?(x, x) converges weakly when t — oo and then |z| — oo to the Dirac
measure at the origin. Then the measure v is proportional to the Dirac measure at
the origin.

Proof. Let g be a nonnegative continuous function on S' whose support does not
contain the origin. We have for any fixed s large enough

i 49 Pe (520, sRyo) di)
n— o0 qgn (s.%'o, SLC())

S ulslaol, 9 + ©/2,0)v(s|z], 9 — ©/2,0)ddde [ dv(€)g(e — &)
27 ([ w(s|aol, 9,0)d0)” [ du(€)

Since the function
o [ar(©go-o)

is continuous, if the support of the function g does not contain the origin, we get,
using Lemma [£2], Lemma [£.3] and Theorem [I.2]

/ dv(€)g(—€) =0,

and the result follows. O

5. APPENDIX

5.1. Proof of Lemma [2.Il As mentioned earlier in the Introduction, although
we will only give detailed proofs for the case of the parabola, it is easy to verify
that all our results can be extended to domains of the form {(z',2? 2%)||2?| <
a(y/(z1)? + (#%)2)} with the function a satisfying the conditions of [§] together
with oo > lims o a(s)/s” > 0, 0 < v < 1. In some of the key results below, we
will make a remark on the v dependence of the estimates. The results can also be
extended to higher dimensions.
We will denote by r(x,y) the kernel in P given by

27
ri(x,y) = yl/ pt((xl cos 0, zt sin @, 22), (yl,O,yZ))dG )
0

It is easy to verify that this is the transition kernel for the polar radius and height
in cylindrical coordinates for the process defined by p;. In particular, r; defines
a strongly continuous semi-group. Observe that this is the transition density ker-
nel (with respect to Lebesgue measure) for the two-dimensional process (Y;',Y;?),
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where Y;! is a Bessel process with index 2, Y;? is a Brownian motion, and they are
conditioned to 1 + (5/;2)2 < Y,!. This can also be defined using the stopping time

T=inf{s>0[V} =1+ (v2)"}.

The kernel r; is not symmetrical but satisfies

27
(7) I (;1’ ) _ (51’ z) = / pe((z' cos, 2! sin 0, 2%), (y*,0,97))db,
0
and in particular the kernel (21)Y/2r;(z,y)(y")~'/? is symmetrical. This follows at
once from the definition.
The kernel (x,y) satisfies the following parabolic equation:

xllax1> ri(z,y) = % <Ay — y—llé)yl + (gﬁ)Q> ri(x,y) ,
with Dirichlet boundary conditions in P. This will allow us to apply Harnack’s
inequality (see for example [10]). Note that all the terms in the differential operators
have the same dimension in the space variable, hence the equations are invariant
by simultaneously scaling space by a factor A > 0 and time by a factor \2.

We formulate some other useful elementary facts about the kernel r;.

1
Oyre(x,y) = 5 (Am +

Lemma 5.1. We have the Gaussian bounds
@ (z,y) < O(1)t=3/2elz=vl*/(2)
r(o,y) < Oyt~ /2 lev /@0
For fized x, the function of time t — ry(x,x) is decreasing.

Proof. The first fact follows using the Gaussian bound for the heat kernel p;. In-
deed, using formula ([7) we have

1 2 242 2m 1 1y2 12 . 2
0 < (2?—y?) /(2t)/ —[(@" cos v—y")2 4212 sin 9] /(20)
Qt ('/I:ay) — (27T)5/2(t)3/26 o €

1 2 2\2 1 1,2 2m 1,1
= (&t =y)t/(2Y) (T =y )T/ (20) —2z7y (1=cos 9)/(2t) g9
(Qw)s/z(t)3/2e € /o e )

and the result follows since 2! and %' are positive. The bound on r; follows imme-
diately. The second fact follows from the spectral representation of the symmetric
kernel (z1)'/2r(x,y)(y')~'/? which coincides with r¢(z,y) on the diagonal (see
[4]). O

We will often use the sequence of boxes (Bp) defined for p > 1 by
B,={(z",2*)eP: p* <a' < (p+1)°}.

It is also convenient to introduce the sequence of rectangles (Cp) defined for p > 1
by
Cp,={(z",2°) € B,: —p/9<a®<p/9}

and the sequence of times

3 2
. p p
Tp:z‘]2:§+§+

(2NN
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Also for p > 1 we consider rectangles R, CC P such that Cp,—1 UC, UCpiq1 CC
R,,, which for p > 5 are given by

R, = {(p* —3p) <a' < (»* +3p), —2p/3 < a® <2p/3}.

All the estimates below will be proved for a fixed z and constants which may
depend on z, although we will not mention this dependence explicitly. It is easy to
check that these constants are uniformly bounded on compact sets.

Now, we derive an estimate on the heat kernel which is used several times later.
From now on we fix a point € P, which for the sake of simplicity of the following
estimates we will assume 2% = 0 and x € C,,, with py > 2. A reflection argument
on the second coordinate of z = (2!, 22) shows that 7, (z, (2, 22)) is decreasing on
22 (for 22 > 0). Thus we obtain for any p > 1 and for all 7 > 0

(8)  sup rr(z,2) < sup rr(z,z) and /
B

rr(z,2)dz < K/ rr(z,2)dz
2€By z€Cyp Cyp

P

where K is a bound for the ratio of the areas of B, and C).
For the case p = 1, we will often use the following estimates:

(9)  sup r.(x,2) <49 sup r(z,z) and rr(z,2) <49K | r.(x,2).
zE€B; zE€DB2 B, Cy

This can be proved as follows. For fixed = consider the function of ¢ > 0 and
(y*,y?) € By given by
Tt (.’L‘, y)

V'

ot y'y?) =
It is easy to verify that this function satisfies
1 v
ov==|Av+—=| .
T { o 4(y1)2]
The function
w(t,y' y?) = 490(t, 8 —y',y”) —v(t.y',y°)
satisfies in By the inequality
1 w 49 1
dw==|A — — t,8 —y'y?
=g [sv+ i+ (s — s 8=
1 w
> - |A — .
> 3 [sv+ )
Since it is nonnegative at ¢t = 0 and at the boundary, we get from the maximum
principle w > 0, and the result follows.

Lemma 5.2. There is a constant C > 1 such that for anyp > 2, > 2 and 7 >0
we have

14 |p—g|+max{0, 2V r o
sup r-(x,z) < C Ip=al 0" =7H/7 inf Tmax{,p?} +|7p—7g|+1y_qp? (T: Y) -
z€Cy yeCy

Moreover there are two constants a > 0 and 3 > 0 such that for any t > 0

ri(x,x) > ae B
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Remarks. 1t is easy to verify that the constants of the previous lemma can be
chosen uniformly on x in compact subsets of P. Moreover we can always as-
sume that o = 1. For the general v € (0,1) one gets a lower bound r(z,z) >
O(1) exp(—O(1)t1=1/(+7)),

For the case of the Dirichlet heat kernel inside the parabola, a more precise result
than the second part of Lemma has been proved in [I7]. For the asymptotic
tail of the survival probability, see [9] and [3].

Proof. We first consider the case 7 > p?. We can apply Harnack’s inequality in R,
to conclude that there is a constant C' independent of p such that

sup r-(z,2) < C inf r 4 2(x,2) .

zeC) ZERp
Hence the inequality holds for this case when ¢ = p. If ¢ > p, we use this inequality
to go from C) to Cpy1, and if ¢ < p we go from C) to Cp_1. After a finite number
of steps, we reach Cy and the result follows in that case.

We now consider the case 7 < p?. We first apply many times Harnack’s inequality

in a fixed rectangle of size 1/7/4 centered in z. We obtain

rr(z,2) < C’(p%T)/Trpz (z,2) .

We can now proceed as before, and the first result follows.

To prove the second inequality, using the monotonicity on time of r (z,x), we
can assume t = 27, + (n + 1) for some integer n > 1 .

Using the Markov property iteratively, we get

re(z,x) =
2n
/Tl (xa yl) cr T2 (yn—la yn)r(n+1)2 (yna y'rL—i-l)Tn? (yn+1a yn+2) | (y2na LC) H dyj .
j=1

To get a lower bound, we restrict the integration over y; to C; if 1 < j < n and to
Con—j+1 for n+1 < j < 2n. We get (from the positivity of the heat kernel)

n+1 2n
Tt(xa Z) > H Tj2 (yj—lv y]) H 7"(Qn—i-l—j)2 (yja yj—i—l)dyl e dyZna
C(n) j=1 j=n+l

where C(n) :=Cy X Co -+ Cp, X Cpgq X Cp -+ - x Oy x C1 and yg = yan+1 = .
We now observe that for 1 < p < n we have for y € Cp, and z € Cp,_1 UC,UCpiq

R
Tt(y,z) 2 Ty p(yaz)v

where rf ?(y, z) denotes the kernel of the semi-group with the same generator as
r¢ but with Dirichlet boundary conditions in R,. We also observe that by scaling
there is a constant o > 0 independent of p such that

inf{ / r;”(z,y)dy 1 2€Cp 1 UCHU C’p+1} > 0.
CP

We eventually choose o smaller such that also min{ri(z,z) : z € C1} > o, from
which the result follows. O

Remark. This argument is reminiscent of the so-called super-stability arguments of
D. Ruelle [15] with the difference that the present setting is not extensive.
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Lemma 5.3. There are constants a > 0, b > 0 and ¢ > 0 such that for any t > 0
and for any 0 < s < t/2 we have

P, <Y51 >as?P | T>t, X, = x) < ce "

Proof. Assume that z € C,,. Let r = [a'/?25'/3] — 1 for some a > 0 large enough
but independent of s and ¢, such that if p > r we have 7, — 7, > s. Also consider
sp > 1 large enough such that r < \/t — s for all s > sg, and ¢t > 2s. By choosing
¢ large enough, it suffices to prove the result for s > so (and ¢t > 2sg). We first
estimate for an integer p the conditional probability

Px<YseBp T>t,Xt::c> .

Using the Markov property, we have

1

P.(Y,eB -
< 5 re(z, 2)

T>t, X, = x> = / rs(z, 2)ri—s(z,2)dz .
z€B

P

Our goal now is to bound the numerator in terms of the denominator. Using Lemma
B (for s > 1) and formula (§)), we have for p > 1

/rs(x,z)rt_s(z,x)dz < O(l)p4e*p4/(35) sup r—s(z, )
z€B)
BP

< 0(1)p46_”4/(3s) sup 1t—s(z,x) .
2€C)p

In the case p = 1 we get similar estimates using ().
We can now use Lemma [5.2] and the monotonicity of r (z, ) to conclude that

sup ri—s(z,2) < O(1) sup ri—s(z, 2)
z€C)p zelCy
< O(1>C|p_m‘+maX{O’p2_t+8}/(t_s)rmax{tfs,pQ}Jr\Tpfno\(xax) .

If p? < t — s and since Tp — Try > S We get, again using the monotonicity of r (z, ),

/rs(x, 2)ri—s(z,x)dz < O(l)p4e*p4/(35)0|p*’“°‘rt(:c,x).

BP
If p2 >t — s we get
/rs(x,z)rt,s(z,x)dz < O(l)p4e_p4/3sC‘p_”°‘+(”2_t+s)/(t—s)ﬁ(x,x) .
BP

We now use the decomposition

/ rs(z, 2)ri—s(z, x)dz = Z/rs(@z)m,s(z,x)dz
zt>r2 p=rp

[ t*S] o0

_ Z /rs(a:,z)rt—s(z,ﬂf)dz+ Z /

rs(x, 2)ri—s(z,2)dz .
p=lvE=s]+1° Pr

p=r
BP
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Using the two above bounds we have

[VE=s]
Z / rs(z, 2)ri_s(2, x)dz

p=r B,
il 4 1/3
<0(1) Z ple P /Gl (1 2) < O1)e™ Ty () ).
p=r

For the second sum, we observe that

o0

Z / rs(z, 2)ri—s(z, x)dz
p=lvi=s+1°" %

<0(1) Z ple P /35 gIp=rolt®® —t+) /(t=9)p (3 7Y |
p=[Vit=s]+1

Since t — s > s, we have
e P /s op? /(=) < =0 /6scP®/s < O(1) |

and we can estimate the sum as before. O

Lemma 5.4. For any x € P, there are constants E > 0 and D > 0 such that for
any t > 2 and for any 0 < s < t/2 we have

ri—s(z,x) < DeESt_2/3rt(x,:E) .

Remarks. Consider the function f defined for ¢ > 0 by

1/3

fe)y=e"",
where a is a positive constant. If s < ¢ we have
f(t _ S) _ e—at1/3(1—s/t)1/3 ~ f(t) east’2/3/3
and this is in essence what the lemma says.

Note also that a similar estimate follows from Harnack’s inequality, but with
much worse constants.
For the general v € (0, 1) one gets an upper bound by

ri_s(z,7) < (’)(l)eo(l)“_%/(lwrt(x,x) }

Proof. The function ¢t — ry(x, x) is log-convex (see []), therefore for any 0 < s <
t/2 we have (since t > 2)

ri—s(z,x) < ri(z, m)s/(t_l)rt(a:,x)(t_s_l)/(t_l)

=T (1’, x)s/(til)rt(xa x)is/(til)rt(xa 1')7

and the result follows immediately using s/(t — 1) < 2 and the second part of
Lemma [5.21 0
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Lemma 5.5. There are constants a > 1 and A > 1 such that for any t/2 > s’ >
s+1>2, for any p*> < as?*/3, and for any ¢* < as’®’® with lp —q| > 2, we have

Px<YseBp,Ys/qu

T>t,Xt:ZII>

< Agt e 0" =0/ (18(s'=9)) Alp—a| JA(s ~ )t/

Proof. Observe first that if p> < y!' < (p+ 1)? and ¢® < 2! < (¢ + 1)?, then for
lg — p| > 2 we have

(¢® —p*)?
1 .
For y € B, and z € B, we have from Lemma [5.]

I,

< O(l)q%*(q2*p2)2/(9(5'75))/ dz < (9(1)q4e*(q2*p2)2/(18(5'75)).
Bq

(y' =21 >

ry—s(y, z)dz < 0(1)q2/ e (W' =214 7=/ (5" =9)) g5
B‘l

Using the Markov property and this Gaussian bound we get the following upper
bound:

P.YseB,, Yo e€B, T>t Y,=12x)

< O(l)q4ef(p27q2)2/(18(3’7s))/ rs(x,y)dy su]g) ths/(z,ﬁ)
By, 2€B4

< O(1)gte™ @ ~a")*/(8(" =) / re(z, y)dy sup 1oy (2, )
By z€Cy

< 0(1)q4e‘(”2‘q2)2/(18(5"S”/ rs(z,y)dy sup 14—y (2,7) .
C

» z€Cy

We now move z to y using Harnack’s inequality if p > 1 and ¢ > 1. We get from
Lemma [5.2] (note that ¢? < O(1)(t — s))

1+|p—q| :
sup g (z,2) < C Ip=al inf Tmax(t—s',q?)+|rg—7p| (2, T) -
zeC, z€Cy

We now observe that

/C Ts($7y)dy zieanp rmax(tfs’,q2)+\rq77p|(zvx)

P
< / rs(x7y)rmax(t—s’,qZ)—Q—\‘rq—‘rp\(y7x)dy
Cp

< Tmax(tfs’,qQ)Jr\quTp\Jrs(xa LIJ) < Tt+|'rq77'p\+sfs/($7 l‘)

by monotonicity on time of r (x,x). If |7, — 7,| > s’ — s this is smaller than r;(z, )
by monotonicity on time.

Finally, using Lemma[5.4] the result follows since in the cases p = 1 and/or ¢ = 1
we can first use the estimates (@) to come back to the previous cases. O
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Lemma 5.6. There are constants A’ > 0, C' > 0 and hg > 0 such that for any
0 < s <t/2 we have for any h > hg

T>t,Xt:.’II>

s—82/3<7<s

P, ( sup ‘YTl — Y81| > hst/?

< 018267‘4/}7?52/9 + O/efA'sl/g

Proof. As in the previous proofs, we may assume s > sg, with sg large enough. We
also take s’ = s + s%/3. We can write

P, < sup }YTI - Y;1| > hst/?

5—52/3<71<s

T>t,Xt:$>

:ZPx< sup |V} =Y} >hs'?, Y, 2s€B,, Y,€B,

5—52/3<1<s

T>t,Xt:]3>.

p,q

Using Lemma [5.3] it is enough to consider in the above infinite sum only the terms
with p? < as®/? and ¢> < as?*/3. This gives an error corresponding to the second
term in the estimate.

If [p? — ¢?| > hs?/?/3, a bit of algebra shows that given A from Lemma B3 if &
is large enough, then

(p° - ¢°)%/(185%/%) — Alp — q|
= (1* = *)?/(365°°) + (0 — 4*)*/(365°°)
— Alp— o = 1% /324 + [p — gl (Ip* — ¢*[*/2/(365*%) — A)
> h2s2/9 /324,

The last inequality follows since |p? — ¢%|*/2/(365%/%) > (h/3)3/2 /36, and this quan-
tity can be assumed to be larger than A. Since (s’ — s)t2/3 = s2/3t72/3 < 1 we
get from Lemma the following upper bound:

P, ( sup |V} =Y} >hs"? Y, en€B,, Y, €B,

s—82/3<7<s

T> t, Xt = .’L')
< Aa254/3e—h252/9/324
In the other case, that is, if [p? — ¢%| < hs?/?/3, we estimate

(10) Pz< sup |V} —Y}!| > hs')Y, 2 €B,,Y,€B,, T>t,Y, :x>

TE[s—52/3 5]

using the Markov property. For that purpose consider y € By, z € B;. Assume
p < q. Then, since g < \/531/3, we get,

' =2 <@+ 1) —p'=>—p"+2¢+1
< hs?/3 4 2/as'/® +1 < hs?/?)2

if h is large enough. The case ¢ < p is similar.
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We use a Gaussian bound for

Py( sup ‘YTI — zl‘ > h54/9, Yoiu=2T> 82/3>

T§52/3

< Py< sup ‘YTl —yl‘ > hs4/9/27 Y@=z T> 32/3>,

r<s2/3

S Pyl( sup |Y7—1 _y1| > h84/9/2> S 6_6h282/97

T<52/3

where § > 0 is independent of h, s and y*.
The last inequality follows using the relation between the Bessel process with
index 2 and the two-dimensional Brownian motion W. Namely

Pyl( sup ‘YTl —y1| > hs4/9/2> < P( sup ‘WT —WQ‘ > hs'/?/2 ‘ |[Wol zyl)

T<s52/3 T<s2/3

:P0< sup ‘WT‘>h34/9/2).

T<52/3

The estimate now follows from well-known properties of the maximum of the two-
dimensional Brownian motion.

Therefore, using the Markov property twice and the estimate (§) we obtain the
following upper bound for (I0):

h2g2/9

O1)e"*"°|C, | sup r1_y(2,7) / o goss (2, y)dy

z€Cy Cyp
Now we use the symmetry relation () twice, Lemma and the fact that ¢ <
(t — s) to obtain (for p > 1 and ¢ > 1) the bound
—ql —5h2s?
O(l)pQBA‘p ql ,—0h*s* 97“t_32/3+|~rp—7q|+1q:pp2 (z,x).

From the monotonicity of r; on the diagonal and Lemma [5.4] the last quantity is
bounded by

(9(1)52/36A|p—q|e—éhzsz/grt($7x).
We notice that [p — q| < [p? — ¢?|*/? < (h/3)Y/25%/°, and therefore for large h we
finally get the bound for (0]

0(1)82/3676%282/97} (z,x).

The cases p = 1 and/or g = 1 first use estimate [@). The result follows by summing
over p and ¢ which produces an extra factor s2/2. (I

Remark. We will use this result only for h = s'/9.

Lemma 5.7. There exists 1 > d > 0 such that for any t > 2 and for any 1 < s <
t/2 we have

1/9

PQ: (Ysl < 85/9

T>t, Xy = x> <d le
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Remark. For the general v € (0,1) one gets for any 1/2 < 8 < 1/(1 + ) the upper
bound

(5-2)

P, (szl < Sﬁ ‘ T > t, X, = LL‘) < 0(1)6—0(1)320

Proof. By choosing the constant d small, it is enough to prove the result for ¢ > 4
and s > 2. Using Lemma [5.6] it is enough to give a bound on

s—s2/3<1<s

Pz< sup YT1<255/9 T>t,Xt:v) .

We again use the Markov property and observe that if Y,! < 25°/9 we have V2] <
2v/55/9 — 1, namely the process is inside the strip of width 2v/s5/9 — 1. Using that
Y? is a Brownian motion and introducing the boxes in which the process is at times
s — s2/3 and s, we have for a universal constant 0 < ¢ < 1

Pw( sup Y81<255/9,T>t,Y}:x)
s—52/3<7<s
2%/9
< O(1)ees” / ro_g2/3(T,y)dy sup ri_s(z,
any <O > 2/2(9)dy SUp 1 (7,)

2 42—
p?,q°=1 yEB,

045/9
_ /
< 0(1)6 cst? Z (p+ 1>2 Sup 7s_s2/3 (J?,y) sup ’I“t_s(Z,ﬂf) 5
p2,q2=2 yeCy, zeCy

where we have used estimates () and (@). In order to control this quantity Lemma
is insufficient, and we will use symmetry arguments for the process with kernel

Pt
For ¢ > p > 0, we define a sub-domain D,, 4 of D by

Dpo=Dn{(p*—¢*)/2<z" <((p+9)?+¢°)/2} n{|2®] < Vg* —p?/2} .

Let S,:_, be the symmetry with respect to the plane z = ¢. Using the maximum
principle, it follows easily that for any y € D), 4, we have for any 7 > 1
pr(@,y) < pPre(2,y) + pr (2, Sar—2—q2) 2(1)) + Pr (2, So1 = (pr1)2442) /2 (1))
+pr (2, Sx2=\/m/2(y)) +pr(a, szz_\/@p(y)) ,
where pTD”“Z (x,y) denotes the heat kernel in D,, , with Dirichlet boundary conditions
extended by zero outside.

Using D, 4 C {|2®] < 2¢ + 1} we get by comparison of the heat kernels and for
any t > 1

pPra(a,y) < ¢ temer/ (@D
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where 0 < ¢ < 1 is a constant independent of z and y. We conclude that for any
y € Cp we have

TT(x’ y)

27
< c*lqge*“/(q“)2 +y1/ dop, ((z' cos 0, 2? sinG,a:S),Swlz(pz,QZ)/g((yl,O,yg)))
0
21
+y1/ deT((xlcos@,x2sin97x3),511:((p+1)2+q2)/2((y1,0,y2)))
0
27
1 1 2 3 1 2
+y /0 dQPr((w COSQ,LL‘ sm@,x )aSw2:\/ﬂ/2((y 0,y )))

27
1 1 2 3 1 2
+y /0 deT((x cosf,z"sinb, ),512:7 /7q47p4/2((y ,0,y ))) .

By a simple geometric argument, it follows from the choice of the symmetries (and
hence of D, ;) that if y € Cp, then all the four points
Szlz((P+1)2+q2)/2((y17 0, 92))7 Szlz(qupz)/2((yla 0, y2)>7

and

Swzzi\/ﬂ/z((yla O,yQ))

have in cylindrical coordinates a polar radius between ¢> and (¢ + 1)2, i.e. each of
them is of the form (pcos ¢,psin¢,y2) for some ¢ < p < (¢g+1)? and 0 < ¢ < 27.
Therefore by the rotation invariance of the kernel p, we conclude that for any 7 > 1
and any g > p

sup (2, y) < 4 sup ro(z,y) + ¢ Lge /@D

yely yely

Therefore, if ¢ > p we have

sup 7’5_52/3(.%'7y) sup rtfs(yw%.)
yelp yeCy

S 4 sup 7"8752/3(.’15,:[» sup rtfs(yax) + C_1q26_05/2(q+1)2 sup ths(yvx) .

yeCy yely yeCy

Using Harnack’s inequality and averaging over a disk of radius one, the first term
is bounded by

0(1)7}732/3+q2 (33, l‘) 5

and we can use Lemma [54] to show that this is smaller than O(1)r(x, ). For the
remainder term, we use Harnack’s inequality ¢ + O(1) times to get

sup r—s(y,2) < O(1)Cy_gpg3(z,2) < O(l)qut(x,x)eESt_2/3 ,
yely

where the last inequality follows using Lemma [5.4l Therefore, if ¢ > p we get

sup r_e/s(2,y) sup re_s(y, x)
yelyp yeCyq

< O()ry(w, x) + Cle e/ 2@ vy (2 2)e P57 < O(1)ry(, )

since ¢2 < O(1)s%/?,
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If ¢ < p we have

sup r_e/s(2,y) sup re_s(y,x)
yelyp yeCyq

2
<dsup vy (w,y) sup reg(y,x) + ¢ pPe UV P up 1 a(a,y)
yeCyp yeCyp yeCyp

Using Harnack’s inequality, and averaging over a disk of radius one, the first term
is bounded by

OM)ry_g2r3yp2(x,2)
and we can use Lemma [5.4] to show that this is smaller than O(1)r;(x, ). For the
remainder term, we have since p? < 2s%/9

p2efc(t75)/(1)+1)2 < 52/3670t/(455/9) < t2/3€7ct4/9/4 < O(l)rt(x,x),

where the last inequality follows from the second part of Lemma Therefore in
this case we also get

Sup Tg_g2/3 (il?,y) sSup 'rtfs(xvy) < O(l)rt(;mx) :
yeCp yeCy

The proof is completed by using (I]). d
The proof of Lemma 2] will be completed with the following result.
Lemma 5.8. We have for any M >0

t—M
ds
limsup E
PR </M (V)2

t—M dS
lim limsupE, —
M—+oo H+oop /M (Y{)?

Proof. Using (), it follows easily that for v > 0 and s > 0 we have

and

rs(T, Y)ra(y, ) = ru(@,y)rs (Y, 7) -
Therefore, it is enough to consider the integral from M to t/2 (and ¢ > 2M).
We split the expectation into two parts. From Lemma [(.7] we have

1 1 5/9
E. (g Y <o

S Pr <Y;1 S 55/9

T>t,Yt:x>

1/9

T>t, X, = x) <d le
On the other hand

Y>>t Y = x> < O(1)s 109,

Finally, we obtain

and the lemma follows. O

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



RATIO LIMIT THEOREM FOR PARABOLIC HORN-SHAPED DOMAINS 5079

5.2. Proof of Theorem[I.5l We start by showing the first equality in the theorem.
We point out that from the asymptotic ratio behavior for ¢¥ (see @) we obtain
the corresponding behavior for ry,

(12) li "t® ) _ uo(@)uo(y)y

1

t—oo r¢(x0,%0)  uo(wo)uo(yo)ys

Consider z, with 22 = 0, and define

B(t) = Sup re(z,y) -

By reflection with respect to the second coordinate of y it follows that the max-
imum is located at a point (or several) of the form y; = (y;,0). On the other hand,
from ([I2)), @) and the fact that ug vanishes in the boundary of D, it follows that
d(y:,0D) is bounded away from 0. The Gaussian bound given in Lemma 5] and
the lower bound on 7(z, z) from Lemma imply that y; < Ct?/? for some con-
stant C' > 0. For any C' > C, we have again from the Gaussian bound of Lemma

51
P, (T >t)= / re(z,y)dy + / re(z,y)dy
ylgét2/3 ylzétQ/:j
< C3/2B(t) + O(1)e=C7t° /4

Therefore, from the lower bound on 3(¢t) (> r(z,x)) coming from Lemma [5.2] we
can choose C large enough such that the first term of this last inequality dominates
the second one, and we obtain

(13) P.(T > t) < O(B(t) .

On the other hand, using Harnack’s inequality in a ball B(y;—1,2R) around y;—1
(with R small enough such that the ball is inside D), we have

(14) B-1<0W) [ nfeg)dy < OWPLT > ).

B(yt—1,R)

Using the lower bound on r4(x,y) from Lemma[52] and the Gaussian bound we get
ri(x,x) = /Tt/g(l', 2)re/o(2, x)dz

< / res2(x, 2)re)2(2, 2)dz + o(1)r(x, ) .
21<O(1)82/3

Now, from the symmetry property (@) verified by r; we get
ri(w, 2) < O()EH(/2)"

Again Harnack’s inequality and the symmetry properties of r give

a(t/2- 11 < 0) [ (e, 2)%dz

B(y¢/2-1,R)

< 0(1)t2/3/ rey2(, 2)1p2(2, 2)dz = 0(1)t2/3rt(x,x) ,
B(yt/z—hR)

and we have proved

O 25(t/2 — 1) < ry(w, ) < O(1) 1 B(t/2)*

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



5080 PIERRE COLLET, SERVET MARTINEZ, AND JAIME SAN MARTIN

Note also that by the Gaussian bound for any 7 > 2

rr(z,y) = /rT,l(x,z)rl(z,y)dz <OoMp(r-1)
and hence 3(t/2) < O(1)8(t/2 — 1), which implies
OMt2BB(t/2 —1)? < ri(w,x) < O(1)tB(t/2 — 1)2.
It also follows immediately from (I3]) and (I4) that
O()B(t—1) < Po(T > 1) < O(1)EB(E— 1)
Combining all the bounds we get

1/2
lim /3 1og (2T 7Y g
00 NP (T >0

For a fixed x = (xl, 0, x3) € D, we denote by C(x) the circle obtained by rotating x
around the vertical axis. We can cover this circle by a finite number of balls whose
radius is smaller than one fourth of their distance to the boundary of D. Applying
Harnack’s inequality in balls twice as big, we obtain that there is a constant C' > 0
(which may depend on ) such that for any ¢ > 2 and any y € C we have

C'pe-i(z,y) < pe(w,2) < Cpega(,y) -
Integrating along C we get
(15) Clri_y(z,2) < 2nalps(z,x) < Crogq(z,x) .
Since (see [4]) for any fixed T

lim _pile,m)
t=00 pryr (T, )

1/2
lim +~1/31 pat(, @) -0
100 C\ P (T > 1) ’

and the first equality in Theorem is proved.
Now we establish the second equality of the theorem. Let q; be the heat kernel
of a two-dimensional Brownian motion in P. The Feynmann-Kac formula gives

:1’

we get

1 _3(t_1_g
Qt(l‘,y) = ’I“t(,’I,‘,y) .'I}_le (e 8 .fo ? S
)

Yi=y,T> t) )
and the Jensen inequality implies

qi(x, ) 3 /t 1
16 1> BT _°E, —ds| Y=, T>t)).
(16) ~ re(z, 2) _exp( 8 (0 Y2 =t

Let @ be a nontrivial A-harmonic function in the parabola with Dirichlet bound-
ary conditions. The Martin boundary at infinity for the Laplacian in the parabola
has dimension one. This follows from the fact that the conformal mapping of the
interior of the parabola to the upper half plane is a bijection at the boundary includ-
ing the points at infinity (see for example [I4] for the explicit formula). Therefore
the Martin boundary at infinity of the parabola is the same as the Martin boundary
at infinity of the upper half plane which has dimension one (see [6]).
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From the asymptotic ratio behavior for r;, the bounds in ([I6) and the results
in [4], we deduce that for any sequence (,) there exists a subsequence (t,) and a
positive constant A > 0 (which may depend on the subsequence) such that

7l ’ x’ u u
e (©,9) _ 4 5@)u(y) - forallz,yeP.
tn =00 Tt , (z,y) uo(w)uo(y)y

Theorem [[L4] and ([I6) show that the following limit exists:

Since the Martin boundary at infinity for the Laplacian in the parabola has
dimension one, we can choose % in order that
lim _ulp.0)
p—o0 ug(p, 0)\/p
With this normalization we obtain
¢, (x.y)  alz)u(y)
twr—oo 1y, (2,y)  uo(x)uo(y)y'”
Since the limit does not depend on the subsequence we conclude that
@(z,y) _ u(@)u(y)
t=o0 my(z,y)  uo(x)uo(y)y
On the other hand we also deduce that
log(:(x,y))
t—oc log(re(z, y))
and from [I7] we deduce that

Jim 7 log(ry(z,)) = ~22°C s,

1

=1

)

where Cy/, is the constant appearing in formula (12) of [15]. From Harnack’s
inequality (see ([I3))) the same asymptotic follows for p;.
This ends the proof of Theorem
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