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JOINTLY HYPONORMAL PAIRS
OF COMMUTING SUBNORMAL OPERATORS
NEED NOT BE JOINTLY SUBNORMAL

RAUL E. CURTO AND JASANG YOON

ABSTRACT. We construct three different families of commuting pairs of sub-
normal operators, jointly hyponormal but not admitting commuting normal
extensions. Each such family can be used to answer in the negative a 1988 con-
jecture of R. Curto, P. Muhly and J. Xia. We also obtain a sufficient condition
under which joint hyponormality does imply joint subnormality.

1. INTRODUCTION

Let H be a complex Hilbert space and let B(H) denote the algebra of bounded
linear operators on H. For S,T € B(H) let [S,T] := ST —TS. We say that an

n-tuple T = (T4, -+ ,T},) of operators on H is (jointly) hyponormal if the operator
matrix
(17, 1] (13,7 -~ [T;,T]
17,1 (15,12 - [T3, T3]
[T*,T] := . .
[Ty, T, [13.T.) -+ [T, T3]

is positive on the direct sum of n copies of H (cf. [Ath], [CMX]). The n-tuple T is
said to be normal if T is commuting and each T; is normal, and T is subnormal if
T is the restriction of a normal n-tuple to a common invariant subspace. Clearly,
normal = subnormal = hyponormal. The Bram-Halmos criterion states that
an operator T € B(H) is subnormal if and only if the k-tuple (7,72, ---,T%) is
hyponormal for all £ > 1.

For a = {a, }22, a bounded sequence of positive real numbers (called weights),
let W, : ¢2(Zy) — (*(Z,) be the associated unilateral weighted shift, defined by
Wyen := aneny1 (all n > 0), where {e,}32 is the canonical orthonormal basis in
(?(Z.y). The moments of a are given as

_a) = 1 if k=0,
Te=TRGETA 02e a2, ik > 0.

It is easy to see that W, is never normal, and that it is hyponormal if and only
if ap < a1 < ---. Similarly, consider double-indexed positive bounded sequences
ok, Bk € (°(Z%) , k = (ki, ko) € Z% := 7y x Zy, and let (*(Z2) be the Hilbert
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space of square-summable complex sequences indexed by Z3 . (Recall that (2(Z2 ) is
canonically isometrically isomorphic to ¢2(Z, ) ®¢?(Z,).) We define the 2-variable
weighted shift T = (T1,Ts) by

Tiex = akexie
Toex := PxCkte,s
where 1 := (1,0) and &3 := (0,1). Clearly,
(1.1) T\ Ty = ToTy <= ficse, o = iese,fic (all k).

In an entirely similar way one can define multivariable weighted shifts. Trivially, a
pair of unilateral weighted shifts W, and W gives rise to a 2-variable weighted shift
T = (11, Tz), if we let oy, py) := ar, and By, k,) := Br, (all ki, k2 € Z ). In this
case, T is subnormal (resp. hyponormal) if and only if so are T and T». In fact,
under the canonical identification of ¢*(Z3) and (*(Z4) @ (*(Z4.), Ty = I ® W, and
To =2 Wg® I, and T is also doubly commuting. For this reason, we do not focus
our attention on shifts of this type, but use them only when the above-mentioned
triviality is desirable or needed.

We now recall a well-known characterization of subnormality for single variable
weighted shifts, due to C. Berger (cf. [Conl I11.8.16]): W, is subnormal if and only
if there exists a probability measure ¢ supported in [0, ||Wa||2] (called the Berger
measure of W) such that y,(a) == a2 -...-a2_, = [tF dé(t) (k> 1). If W,
is subnormal, and if for h > 1 we let My, := \/{e,, : n > h} denote the invariant
subspace obtained by removing the first h vectors in the canonical orthonormal
basis of ¢*(Z ), then the Berger measure of W, |4, is Wihthdf(t).

An important class of subnormal weighted shifts is obtained by considering mea-
sures p with exactly two atoms ¢y and ¢;. These shifts arise naturally in the
Subnormal Completion Problem [CuFi3] and in the theory of truncated moment
problems (cf. [CuFil], [CuFid]). For to,t; € Ry with to < ¢1, and pg, p1 > 0 with
po + p1 = 1, the moments of the 2-atomic probability measure & := pyds, + p10¢,
(here ¢, denotes the point-mass probability measure with support the singleton {p})
satisfy the 2-step recursive relation v,12 = @ovn + @17¥n+1 (n > 0); at the weight
level, this can be written as a2, | = £% + ¢; (n > 0). More generally, any finitely
atomic Berger measure corresponds to a recursively generated weighted shift (i.e.,
one whose moments satisfy an r-step recursive relation); in fact, » = card supp
&. In the special case of r = 2, the theory of recursively generated weighted shifts
makes contact with the work of J. Stampfli in [Sta], in which he proved that given
three positive numbers ay < a1 < ag, it is always possible to find a subnormal
weighted shift, denoted W a1 as), Whose first three weights are ap, 1 and as.
In this case, the coefficients of recursion (cf. [CuFi2] Example 3.12], [CuFi3], Section
3], [Cudl Section 1, p. 81]) are given by

2 2(.2 2 20,2 2
agoi(az — o) oi(a; — of)
1.2 =012 TV and ¢ = ,
(12) 7 e
the atoms tg and t; are the roots of the equation
(1.3) t* — (o + p1t) =0,
and the densities py and p; uniquely solve the 2 x 2 system of equations
Lo + P1 = ]-7
1.4
(14) { poto +pit1 = ad.
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We also recall the notion of moment of order k for a pair («, 3) satisfying ().

Given k € Z2 , the moment of («, 3) of order k is

" = (e, B)
1 if k=0,
- (20 0) " 'O‘(Qk-l—l,()) if by > 1 and ks =0,
B ﬁ(oo e B ko) if k=0 and ko > 1,
04(20,0) .. (k1 1,0) ﬂ(’fl,O) e ﬂ(2k1,k2—1) if k1 > 1 and ko > 1.

We remark that, due to the commutativity condition (1), v, can be computed

using any nondecreasing path from (0,0) to (ki, k2).

Theorem 1.1 (Berger’s Theorem, 2-variable case) ([JeLul). A 2-variable weighted
shift T = (T1,T3) admits a commuting normal extension if and only if there is a

probability measure p defined on the 2-dimensional rectangle R = [0,a1] %
(a; := | T||*) such that ye = [z tRdu(t) == [, theke du(ty,t2) (allk €72).

Clearly, each component T; of a subnormal 2-variable weighted shift T =

must be subnormal. ~ For instance, 71 = @72, Wy, where az(»j

[07 a2}

(Tla TQ)
(i,5), SO

that W, has Berger measure dv;(t1) := ﬁ f[o as] t%d@tl (t2), where du(ty,ta) =

d®y, (t2)dn(ty1) is the canonical disintegration of i by horizontal slices. On the other
hand, if we only know that each of Tj, T3 is subnormal, and that they commute,

the following problem is natural.

Problem 1.2 (Lifting Problem for Commuting Subnormals). Find necessary and

sufficient conditions on 77 and 75 to guarantee the subnormality of T =

(Th, Ts).

It is well known that the above-mentioned necessary conditions do not suffice
(cf. [Cull). In terms of the marginal measures, the problem can be phrased
as a reconstruction-of-measure problem, that is, under what conditions on the
single variable measures {r;}32, and {w;};2, associated with 71 and T3, respec-
tively, does there exist a 2—Var1able measure p correctly interpolating all the powers

threke (k) ky > 0)?

To detect hyponormality for 2-variable weighted shifts, there is a simple criterion
involving a base point k in Zi and its five neighboring points in k + Zi at path

distance at most 2 (cf. Figure [I]).

Theorem 1.3 (Six-point Test) ([Cull). Let T = (11,T2) be a 2-variable weighted

shift, with weight sequences « and 3. Then
(T, T] 20 (1T}, Tietcse, s exere))2,1 > 0 (all k € Z2)

N ( 0412(+51 - ai ak+522ﬁk+a1 _QOékﬁk ) >0 (a” ke Z?i-)

Oktey Pkte; — OkPx Bicye, — P

Unlike the single variable case, in which there is a clear separation between
hyponormality and subnormality (cf. [CuFi3|, [Cud], [CuLe€]), much less is known
about the multivariable case. In this paper we will construct three conceptually

different families of counterexamples to the following conjecture.

Conjecture 1.4 ([CMX]). Let T = (T1,T%) be a pair of commuting subnormal

operators on H. Then T is subnormal if and only if T is hyponormal.
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(k1,k2+2) @

B ka+1

Okq,ka+1

(k1,k2 +1) (k1 +1,ko +1)

Bk, ko ky+1,ko
ALy, ko QAky+1,ko
@
(k1, k2) (k14 1,k2) (k14 2,k2)

FIGURE 1. Weight diagram used in the Six-point Test

We mention that M. Dritschel and S. McCullough, working independently, have
been able to obtain a separate example ([DrMcC]). We shall see in Section [ that
their example is a special case of a general construction that produces nonsubnormal
hyponormal pairs with 77 = T5.

We now formulate an improved version of a result due to R. Curto.

Proposition 1.5 (Subnormal backward extension of a 1-variable weighted shift)
(cf. [Cu2]). Let T be a weighted shift whose restriction Tag = T|pm to M :=
V{ei,ea, -} is subnormal, with Berger measure up. Then T is subnormal (with
associated measure 1) if and only if

(1) 7 €L (pm).

(i) o < (|31l 1 )

In this case, du(t) = ang,uM(t) + (1 — o ||%||L1(MM))d60(t), where &y denotes
Dirac measure at 0. In particular, T is never subnormal when pua({0}) > 0.

Proof. =) We first observe that the moments of T and Ty are related by the

equation
T
Yie(Trt) Ea%...ai _ Mj)
Qg
so that
1
a_(g)/tk+1dﬂ(t) = /tkduM(t) (all & > 0),

that is, tdu(t) = addur(t). It follows at once that

2
dpu(t) = Addo(t) + “Ldpau(s),

where A > 0. Since [du =1, we must have } € L'(up) and o H%HLl(uM) <1

Finally, it is straightforward to verify that A = 1 — a3 || % H 71

(hm)”
<) Let
ag 2
d/l,(t) = TduM(t) + (1 — Qg || T )d&o(t)
LY (pm)
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By hypotheses, i is a positive Borel measure on [0, HTH2] Moreover,

1
/du=a3/;dum+(1—a3

and for k > 1,

1
)/d60 _1
Ell L ()

t

/tkdu(t) = a%/tk%duM(t) +(1—ad

) / thddo (t)

- / N dppn () = 021 (Tan) = 7 (T)-

L (pa)

Therefore, T' is subnormal, with Berger measure pu. (Il

Notation 1.6. The maximum possible value for ag in Proposition [[LI namely
([£[ 11 0y) ™" will be denoted by
Qegt = Qegt (NM)

Observe that shift(oeyt, a1, a2, -+ ) is subnormal, with Berger measure du(t) =

anguM (t). For example, if B, denotes the Bergman shift on ¢2(Z, ), then B |z
is subnormal, with Berger measure du(t) := 2tdt on [0,1]. Then due.:(t) = dt, so
in this case the extremal measure fi.,; is the Berger measure of B .

More generally, given a (1-variable) subnormal weighted shift W, with weight
sequence 171 < 72 < --- and Berger measure v, we let

0 it L ¢ L1(v),

Next = ) Lo )
(H?HLI(,,))_ if 3 € L' (v).

Observe that when the weight sequence 7 is strictly increasing and % € L'(v), we
must necessarily have

(15) Next < m,

by [Stal, Theorem 6]. On occasion, we will write shift(ag, a1, ) to denote
the weighted shift with weight sequence {ay}%2,. We also denote by Uy :=
shift(1,1,---) the (unweighted) unilateral shift, and for 0 < a < 1 we let S, :=
shift(a,1,1,---). Observe that the Berger measures of U, and S, are §; and
(1—a?)dp+a?d1, respectively, where &, denotes the point-mass probability measure
with support the singleton {p}. Finally, we let B denote the Bergman shift, whose
Berger measure is Lebesgue measure on the interval [0, 1]; the weights of B are

given by the formula «,, := Z—ié (n>0).

We conclude this section with a result that will be needed in Section [3l

Lemma 1.7 (cf. [CuFi3, Theorem 3.10]). For 0 < ag < a1 < g, let Wiag ay,a0)"
be the weighted shift described by (L2), (L3) and (L4). Now consider W, :=
shift(on, ag, -+ ), that is, W, is the restriction of Wiag ay,a)~ to M. Then ey =
Q.
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2. THE FIRST FAMILY OF COUNTEREXAMPLES

Recall that a unilateral weighted shift W, is subnormal if and only if there
exists a probability measure £ = ¢, supported in [0, HWaHQ] such that vx(a) =
at-..-ai_ = [th dé(t) (k> 1). For instance, when a = az = --- =1 (i.e,
Wy = shift(ag,1,1,--+)), we have &, = (1 — a2)dp + a2d;. The proof of the
following lemma is straightforward.

Lemma 2.1. Given two l-variable weight sequences a and 3, the 2-variable
weighted shift (I @ W, Wg ® I) is always subnormal, with Berger measure p :=
ga X gﬁ'

Definition 2.2. Let p and v be two positive measures on R;. We say that p < v
on X := Ry if u(E) < v(FE) for all Borel subset E C R ; equivalently, p1 < v if and
only if [ fdu < [ fdv for all f € C(X) such that f >0 on R..

Definition 2.3. Let i be a probability measure on X xY = R} xR, and assume
that § € L*(n). The extremal measure ficq; (Which is also a probability measure)
on X x Y is given by dpezt(s,t) := (1 — 50(t))Wdu(s,t).
ALESYO)

Definition 2.4. Given a measure p on X x Y, the marginal measure ¥ is given
by u~X = po 77)_(1, where mx : X XY — X is the canonical projection onto X.
Thus, X (E) = p(E x Y), for every E C X. Observe that if u is a probability
measure, then so is ™

Lemma 2.5. Let i be the Berger measure of a 2-variable weighted shift T, and let
v be the Berger measure of Shift(ozoo, a1, ). Thenv=p*X. Asa consequence,

[T £(s) dus(s.t) = | f(5) A (5) for all f € O(X).

Proof. Obberve that fs dy( ) =0 = [[s" du(s,t) for all i > 0. It follows that
J f(s)dv(s) = [[ f(s) du(s,t) for all f € C(X). Then, for any Borel set E C X,
we have

u(B) = [xwdv = [[ oy dn= (B x¥) = ¥ (8),

as desired. The second assertion follows immediately from what we have estab-
lished. (]

Corollary 2.6. Let p be the Berger measure of a 2-variable weighted shift T. For

Jj>1, letdp;(s,t) := %jtjdu(s, t). Then the Berger measure of shift(coj, a1, )

is vj = 3

Example 2.7. Let p:= & x 1 be a probability product measure on X x Y. Then
X

pr =g

Lemma 2.8. Let p and w be two measures on X XY, and assume that p < w.
Then MX < wX
Proof. Straightforward from Definition 2.4] O

Proposition 2.9 (Subnormal backward extension of a 2-variable weighted shift).
Consider the following 2-variable weighted shift (see Figure ), and let M be the
subspace associated to indices k with ko > 1. Assume that T := T|M 18 sub-
normal with Berger measure pa and that Wy := shift(coo, 1o, -+ ) s subnormal
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/807”4»1 :
Q0 ,n+41 Q1 n+41 Q2 n41 On, n+41
(0,n+1)
,nt1 Y2, nt1 Yn,n+1
0.n Vo i Vo r2n V. o mon
Q0 n Q1 n Q2 n Cc Qn,n
(0,n)
Ty
1.3 2.3 Yn.3
/80"2 71,2 2,2 Yn,2
Q0,2 12 22 n 2
(07 2)
71,2 2.2 Tn,2
50«,1 1,1 72,1 Tn,1
0,1 1,1 2,1 Qp,1
(0,1)
/30 0 71,1 72,1 In,1
’ 71,0 72,0 Yn,0
0,0 1,0 Q2.0 Qn .0 Qn+1,0
(0,0) (1,0) (2,0) (n,0) (n+1,0)
Ty

FIGURE 2. Weight diagram of the 2-variable weighted shift in
Proposition

with Berger measure v. Then T is subnormal if and only if
(i) e L' (um);
() 3 < (1] 11(u)) "
(iil) 3, H%HLl(MM) (hr)on < v.
Moreover, if 33, H%HLl(

) = b then (pam)X, = v. In the case when T is subnor-
mal, the Berger measure p of T is given by
1

t

d,U,(S, t) = /630

d(pm) ezt (s,1)
1
t

L (k)

+ (dv(s) — B

(1) 251 (5))dSo(t).
L (an)
(2.1)

Proof. (=) First, observe that the moments of T and T rq are related as follows

Ytea (T) = Fom(Tan) (all k € Z3),
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so under the assumption that T is subnormal we must have

[ sttdnsn = [[ s tauts. o = acm)

= B2 (Tad) = 2o / / S0 dyupa(s.).

Thus tdu(s,t) = B3,dpa(s,t) and pap(E x {0}) =0 for all E C X. It follows at

once that
= dum(s,t) = // —td,ust
//(t>0 500 (t>0) t

/ % dpp(s,t)
Loy < L

00 00

which establishes parts (i) and (ii). As for part (iii), let E C X and F' C Y be two
arbitrary Borel sets. Then

ﬁgo 7 (r)eat (B x F)
Ll(HM)
= ﬂ 5 dp (Sat)
(22) 0 Ll(uM) /*/EXF 0 HlHLl(;LM) ™
-/ / 2 Bhadiaa(s,0) = (E x (F\ {0})
Ex(F\ {0})
< u(E x F),

and by Lemmas 2.8 and 25 32, || L ||L1 MM) (urm)X, < pX = v. Finally, observe
that when (2, H . || L1 () = 1, the inequality in (22]) becomes an equality, and

therefore ()X, = v.
(<) Assume that (i), (ii) and (iii) hold, and let

(r)Eet] X Do
L ()

(BM)ext + [V — ﬂgo
LY ()

32 ||= l
e ﬂoot n

Of course, if 33, H%HLl(uM) = 1, then u := (pta1)ext, since the total mass of the

second summand is zero. We now compute the moments of p and verify that they
agree with the moments of T. If j > 0, then

// s'thdu(s,t) = o % B uM)//Sitj d(pim)ext (s, t)

1
= ﬂoo //5 t( 1 dpm(s,t)
L (k) H HLl(uM)

- / / S dpag(s, ) = Boveg—1 (Tar) = i) (T,
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as desired. When j = 0, we have

. 1 :
// s* du(S,t) = ﬁgo ? ( )// st d(,U/M)ewt(57t)
LY (pm
7 2 1 X
R IR ea10
1 )
= B~ 5" d(pa) 2 (5)
e Ll(um/ et
. 1 .
+ [ st dv(s) — B2 ||= 5" d(pp) i ()
/ it Ll(uM)/ et

(using Lemma 2] for the first term)

= /sl dv(s) = v3i,0)(T),

as desired. It follows that T is subnormal, with Berger measure p. (]

We are now ready to exhibit our first family of counterexamples to Conjecture
[C4 Consider the 2-variable weighted shift given by Figure[3] where max{z,y} < 1
and a < z.

Proposition 2.10. The 2-variable weighted shift T given by Figure[Blis hyponormal
. . 1—22
if and only if y < 2\ ) m—gmarar

Proof. By the Six-point Test (Theorem [[3]), to show the joint hyponormality of T
it is enough to check that

I
H=( 27" = ¥ )
= oTyr o 1-y
Since = < 1, the positivity of H is equivalent to det H > 0, i.e.,

(1-a’)(1-9?) 2 (= = yo)’,

which in turn is equivalent to y < x4/ % (observe that 22 — 24?22 +a* =
22(1 — 22) + (22 — a?)? > 0). O

Proposition 2.11. The 2-variable weighted shift T given by Figure Bl is subnormal
if and only if y < |/ 1=%

1—a2"

Proof. From Figure B] it is obvious that Ty & (I ® S,, Uy ® I) (recall that S, :=
shift(a,1,1,---) and Uy is the (unweighted) unilateral shift). By Lemma[2T] T 4
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a 1 1 1
(0,n+ 1)
1 1 i i 1
a 1 1 1
(0,n)
To
1 1 1 1 1
a 1 1 1
(0,2)
1 1 i i 1
a 1 1 1
©.1)
ay ay ay ay
v = - U
T 1 1 1
(0,0) (1,0) (2, 0) (n70) (n+ 1,0)
_—
Ty

FiGURE 3. Weight diagram of the 2-variable weighted shift in
Propositions 2.10] and 2.17]

is subnormal, with Berger measure p := [(1 — a?)dp + a?d1] x 6;. By Proposition

23

T is subnormal & 33,

1
7 (MM)ggct <v
LY (pam)

y2[(1 — a2)6o + a261] < (1 — 22)do + 226,

i3

e y*(1-d)<1-22anday <z
x [1—a?
& y<min{>,/——
y_mm{a 17a2}
— 2
& y< e (since max{z,y} <1 and a < x).
—a

We summarize the results in Propositions .10 and 2.11] as follows.
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— 1—x
Y Y=/ 1=a .
Yy=a
0 L ¢
( ’ 17a2) F~~o
\\\\
N
(0,1) /,/\ 8 T is hyponormal but not subnormal
- in this region
0 ’ . . . .
(0,) s T is subnormal in this region

U
’ _ 1—x2
/ / y==x \/ z24at—2a222

@
0,0 (@,0)  (1,0) *

FIGURE 4. Regions of hyponormality and subnormality for the 2-
variable weighted shift in Theorem 2.12]

Theorem 2.12. The 2-variable weighted shift T given by Figure [3 is hyponormal
and not subnormal if and only if 4/ %:2; <y<z % (see Figure H).

Remark 2.13. As exemplified in Figure Ml observe that for z > a, 1:12 <

a
1—x2 . .
T\ mrarsaE < o for, if a < x we have

at < d*r?= a2t +at —2d%2% < (1-ad?)a?
1— 22 22(1 — 2?)
1—a? = 22+ a*—2a%22
and
a’(1—ad*) < 2*(1—d*) = a®>+ a2 <2 +a’
= a*(1 —2%) <2 +a* - 2d%2?
2%(1 — 2?%) x?
as desired.

3. THE SECOND FAMILY OF COUNTEREXAMPLES

Construction of the family. Let 0 < a,b < 1 and let {4}, and {nx}22, be
two strictly increasing weight sequences. Consider the 2-variable weighted shift
T = (T1,T») on (*(Z2) given by the double-indexed weight sequences

L .
Mm:{&lﬁh_lmb_L

(3.1) a if by =0and ks =0

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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o &1 1) &n
(0,n+1)
o &1 1) &n
(0,n)
To
112 12 12 172 12
£o &1 1) &n
0,2)
1 1 1 1 1
o &1 ) En
0,1)
b 0 0 0 0
a & &2 én
(0,0) (1,0) (2, 0) (n70) (n+1,0)
T
FIGURE 5.
and
) ok, ik >1orky>1,
(32) ﬁ(k) T { b if k‘1 =0 and k‘g = 0,

where W¢ and W), are two single-variable subnormal weighted shifts with Berger
measures v and w, resp., and

(3.3) ano = b&o

(to guarantee the commutativity of 77 and Th; cf. (LIJ)). T can be represented
by the following weight diagram (Figure [Bl). It is then clear that 77 and T5 are
subnormal provided a < &ept(vamg) and b < nege(waq), where, as usual, M :=
V{e1, ez, - -+ }; in particular, a < & and b < .

Proposition 3.1. The 2-variable weighted shift T defined by B1) and B2) is
£3¢n?

subnormal only if a < s, where s := | =% —>—.
yifass, G
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Proof. Suppose that T above is subnormal, and let u be its Berger measure. Then
the following partial moment matrix M, corresponding to the moments of p asso-
ciated with the monomials 1, s,t and ts, must be positive semi-definite:

1 a? b? a’n?
[ L B
o atng o bai o atn;

a’ng  a’npéd aPngnt  a’niéing
Now, using Mathematica we obtain
det(M) > 0
6,472 g2\ 2 2
& a®ng(&F — &) (i —ng)(@*EGng —a 51770 — a5} + &) >
& g — a’Eing — aPE3nt + 56T >

e < 05177% — s
=\ &g+ &nt — &3
0

Proposition 3.2. The 2-variable weighted shift T defined by (B1) and B2) is
&4t —&mp
£3n7+ETn5 —268m5

Proof. From the definition of T and the Six-point Test (Theorem [[3]), it is clear
that all we need is for the following matrix to be positive semi-definite:

LI:( 5%-&2 50770—ab>.

hyponormal if and only if a < h, where h := &,

Como —ab  n7 —b?
Observe that
det L > 0 &nf— ﬁﬁ—ﬁﬁ—fﬁ+%wm20

g — &g — a®nt +2a°ng >0 (using b&y = ano; of. B3))
0

2 50(51771 50770) 12
T 8n g - 28

(observe that €2n? +&3n2 — 26202 = €2(n? —n2) + (2 —€2)n2 > 0, because the weight
sequences are strictly increasing by hypothesis). Thus, a < h is clearly a necessary
condition for the hyponormality of T. Now, a straightforward calculation shows
that h < &; for,

<~ 51771 51

< a

2 2 778(5% - 53 )?
34 R =
It follows that a < h implies a < &1, and therefore L > 0 by the Nested Determinant
Test [Atk]. Thus, the condition a < h is also sufficient for the hyponormality of
T, and the proof is complete. (I

It follows from Propositions B.] and that to ascertain the existence of a
nonsubnormal, hyponormal 2-variable weighted shift T (with 77 and T3 subnormal),
it suffices to show that for appropriate choices of &y, &1, 19 and 7, it is possible to
obtain s < h, while keeping a < &..+(vaq) and b = agz)o < Negt(war). Now,

B2 _ 2 — 50770(51 53)(77% - 773)

= 0.
(5377% + 51770 - 250778)(5%77% + 58771 50770) ~
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Therefore, it suffices to prove the existence of strictly increasing weight sequences
{&} and {n;} such that
(i) a < h (hyponormality of T),
(ii) a > s (nonsubnormality of T),
(iil) a < &eat(Vaq) (subnormality of T7),
(iv) a < s9:= g—gnext (waq) (subnormality of T5).

We now seek to determine the relative positions of h, s, sa, &0, eat(VA1) and &;
in the positive real axis.

Claim 1: & < &ept(vaq). This follows from the fact that shift(&o, &1, ) is
subnormal.

Claim 2: £, < s. For,

&g &&in e (& &)t —m) _
0 — 0o — .
ing + &ni — &ng ing + &ont — &5ng
Claim 3: h < &. This was established in the proof of Proposition B2} cf. ([3.4).
Claim 4: h < sy whenever

o < e STOR =) 26502 = /(i —n2)(EX0nf — ) + AEGn2(EY ~ &5)).

269

2 p? €8{€8mo — (€2 (nF — m?) + 2€8n2Imd + &3nini}
16 (657 + £ing — 2€5n3)
it follows that h < sg if and only if the quadratic form

)

q(t)= At* + Bt + C
=&t — [ (nf — n2) + 28821t + Eonini

is nonnegative. Since A and C' are positive, and B is negative, we need to study
the discriminant, A := B2 —4AC. Now,

A = (& —n?)+28m2)% — A&mn;
= (nf —m)&n; —n2(265 — €))7,

s0 A >0 & &lnf —n2(265 — €1)? > 0. Since &7 — 02 (265 — €1 = &1(n7 —n?)
+ 4€8n2(&2 — €2), we see that A is always positive. ~We conclude that ¢ > 0
on the interval [0,¢;], where ¢; := = ;A\/E is the leftmost zero of ¢q. Finally, a
straightforward calculation shows that ¢; = .

We now summarize what we have so far. For 1y < u we have

£0<S<h’§52,
h <&,

fewt(l//\/l) < 51 (by (m))

Thus, if we can ensure that h < &..1(vaq), the construction of the example will
be complete by taking a such that s < a < h. Now, since h < so, an easy way
to accomplish this is to build shift(&o, &1, ) in such a way that ..:(vaq) = sa.
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To do this, we appeal to Lemma [[L7] that is, we first build a 2-step recursively
generated weighted shift whose first three weights are ss, & and &, and we then
consider the shift We (¢, ¢, ¢,)°, Where &3 is given by &3 1= ‘g—g + 1 obtained from
the equation 4 = poy2 + ¢173. Observe that the extremal value of Wi¢, ¢, ¢,)
is s2, and that o < s2, so the subnormality of We (¢, ¢,.¢,)~ is guaranteed. This
completes the construction of the example.

Theorem 3.3. Let T = (T1,T3) be the 2-variable weighted shift defined by ([B.1)
and B2), and let

._ E3n3 —€3m3
=& E3ni+Eing —283n3°

5051771
EIng+&ani —&3mg

V)

Sg 1= f]—gne, where Ne = Neat (W),
P 50776771
= 51("71 779)+§o7727 and
p i L) +26002 — /(=) (€l (nF —n2) +4€8m2 (63 —€3))

263

Assume further that, as above, sa = Eezt(Var) and nog < min{u,v}. Finally, choose
a such that s < a < h. Then

1) TvTy = ToTh;
ii) Ty is subnormal;
iii) Ty is subnormal
) T is hyponormal; and
) T is not subnormal.

Example 3.4. For a concrete numerical example, let dwaq(t) := 2dt on [1,1],
so that ||%HL1(WM) = 2In2. It follows that 7. = Nepe(wrm) = \/W and n; =

Y3 Now take & := % and & := 1. Then u = Emry = 0647 and v =

1 61n2-2-v3/@1n2-2)y/(61n2-1) >~ (.523, so we can take 7o := +. With this choice

In2 2
of 79 we obtain s = % =0.707, h = %1/% =~ (0.742 and 53 = 1, = —= = = 0.849.
We can then take a € (s, h], for instance a := 0.72. To build the weighted shift

We we start with sz, £ and & := v/2 to obtain ¢y = 7 and ¢; = =422

I—2m2"

This gives & = 1/12611;122 15 2 1.985. The 2-atomic measure vaq for Wig, ¢, e,)-
has atoms tg = 0.659 and t; = 3.93, and densities po = 0.981 and p; = 0. 019.
= 2 1.494; observe that & = = S

Cext(VMm) = /W =~ (0.818. By Proposmon [LH] the measure associated to
t Ll(,,M)
shift(€0, &1, €0, +) s du(t) = & (poddy, (1) + prddy, (£) + (1= L | 2] 1, ) )d00(8).
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4. THE THIRD FAMILY OF COUNTEREXAMPLES

Construction of the family. Let us consider the following 2-variable weighted
shift (see Figure[d), where

() 0<&<&< <& L

(il) We := shift(&,&2,---) is subnormal with Berger measure v;
(iii) % € L'(v) (this implies that 2 € L'(v), by Jensen’s inequality);
1) d @) = b 1= (] L(s)) V2

(v) @< L(f Bdv(s) V2

(vi) b < &2 (this implies the condition b < &.); and

PN R i 4
(vii) a® < —5==.

(Recall that &, is the maximum possible value for £y in Proposition [[H])
Observe that T7 = T and that 77T, = T57;. We claim that T} (and therefore
T5) is subnormal. For, the choice of £, immediately implies that shift(&, &1,&a, - )

is subnormal, with Berger measure dv.(s) := Eédu(s) (cf. Proposition [[L5)). An-
other application of Proposition shows that shift(a,&., &1, ) is subnormal if
and only if 1 € L (v.) (i.e., 5 € L' (v), which is true by @) (iii)) and a?&2 [ Ldv(s)
< 1, which holds by @I))(v)). This implies that the restriction of 71 to \/{e( o) :
i > 0} is subnormal.  Moreover, the subnormality of 77 when restricted to
VA{eq,j) : 1> 0} (j > 0) requires that b < &, which holds by @.I))(vi).

For a concrete numerical example, consider the probability measure dv(s) :=
3s2ds on the interval [0,1]. The measure v corresponds to a subnormal weighted
shift with weights £ = \/g, &H = \/%, & = \/g, --+. Indeed, in this case W¢ is
the restriction of the Bergman shift B to the invariant subspace My obtained by
removing the first two basis vectors in the canonical orthonormal basis of £2(Z.).
Clearly 5 € L'(v) and [ Ldv(s) = 3; moreover, [ 1dv(s) = 3, so in this case

€ = \/g Choosing a = \/g and b = \/g we see that all conditions in (1) are

satisfied (cf. Corollary [£4).
Proposition 4.1. The 2-variable weighted shift T given by Figure [ is hyponormal.

Proof. Since the restriction of T to \/{e(; ;) : i,j > 1} is clearly subnormal (being
unitarily equivalent to (I ® W, We ® I), and since the weight diagram of T is
symmetric with respect to the diagonal j = 4, it suffices to apply the Six-point Test
(Theorem [L3) to k = (4,0), with ¢ > 0.

Case 1: k= (0,0). Here we have

<§§—a2 b2—a2 > > 0@(53_02)22(()2_0/2)2

b2_a2 Eg_a2

& 537a22‘b27a2|.
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§n—1b
ge &1 &2 e én
(0,n+1)
571,71 fn fn gn 571
(0,n)
&2b
Ty Ee &1 &2 e En
1 K2 3 2 P
££lch 51 {2 e 577,
(0,2)
e 1 €1 1 K1
b & & - &n
(0,1)
$1b 19 En—1b
3 e -
a 66’ El c 571,71
(0,0) (1,0) (2,0) e (n,0) (n+1,0)
T,

FIGURE 6. Weight diagram of the 2-variable weighted shift in Ex-
ample 19

When b < a, the last condition is equivalent to 2a? < b% + ¢2, which holds by
(@I (vii). When b > a, the condition is equivalent to { > b, which is guaranteed

by @) (vi).
Case 2: k= (1,0). Here

§ib

62_53 @_bge
(%}’bﬁe G_p ) 2 0o E-QE -2 )
& 5?—522(55—53)2—Z®bgge,

which again is guaranteed by (&II)(vi).
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Case 3: k=(n+1,0) (n>1). Here

&b &b
gn +1 E

%ﬁ—? g4 ) 7
o (@ -z (Sl by
NCHEL I RGN
(4.2) o b< 51_1 (all n > 1).

Since the sequence {&,} increases to 1, the last inequality in ([42]) is equivalent to
b < €€, which holds by @I)(vi).
The proof is now complete. (]

Proposition 4.2. The 2-variable weighted shift T given by Figure [6l is not sub-
normal if p < 0, where p := £2£1 + 4a?b?€3 — b2E} — a?b%€2 — a?b* — 2a3%¢1.

Proof. Assume that T is subnormal, and consider the moment matrix associated
to the monomials 1, z, y and yz (cf. [CuFid], [CuFi5]), that is,

1 a? a? a’b?
Mo a2 CL2€§ a2b2 a262§f
T a2 a262 a2£3 aszf%

a2b2 a2b2§% a2b2§% a2b2€il
In the presence of a representing measure, it is well known that M must be positive

semi-definite, so in particular det M > 0. Now, a straightforward calculation shows
that

det M = afb? (&2 — %) (£2¢6] — €20V — 2a%&T — V& + 4a®b°E] — b'a?)
= a®? (&~ %) p

It follows that p > 0. Therefore, T is not subnormal whenever p < 0, as desired. O

Theorem 4.3. Leta>0 besuchthat\/ <a<\/5e H anda < ¢ f Ldu(s))~1/2,

and define b := \/2a% — 2. Then the 2-variable weighted shift T = (T, Tg) satis—
fies @I (1)-(vii), is hyponormal, and is not subnormal.

2
well defined) and that the condition a < 4/ H +£e is equivalent to 2a? — £2 < ¢2

(so b satisfies @I)(vi)). Moreover, a? = % trivially, so (@Il (vii) also holds.
It follows that T is hyponormal, by Proposition LIl To break subnormality, by
Proposition it suffices to show that p is negative. Since b* = 2a? — &2, we have

p = 52&%52 ?(2a% — €2) f2a2£i* — (2a® — £2)¢!
+4a?(2a® — €2)€7 — (2a° — £2)%a®
= 72(§1fa) (2a ffe)<0,

as desired. The proof is now complete. (I

Proof. Observe that the condition 4/ € < g guarantees that 2a? > &2 (so b is
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Corollary 4.4 ([DrMcC]). Let dv(s) := 3s?ds on [0,1] and choose a = \/g and

b= \/g Then the 2-variable weighted shift T given by Figure [ is commuting,
has subnormal components, is hyponormal, but is not subnormal.

Proof. By Theorem [£.3] and the comments preceding Proposition [£1] it suffices to

verify that 4/ % <a< % Since &, = \/g and a = %, the result follows by
a straightforward calculation. O

5. AN INSTANCE WHEN HYPONORMALITY SUFFICES

In this section we will prove that under a suitable condition hyponormality does
imply subnormality for commuting pairs of subnormal operators. We begin with
an elementary result of independent interest.

Lemma 5.1. Let v be a probability measure on [0,1], and let v, = Yo(v) =
J s™dv(s) (n > 0) be the moments of v. The sequence {v,}52 is bounded below if
and only if v has an atom at {1}.

Proof. (<) Let p:=v({1}) > 0 and write v = (1—p)n+pd1, where 7 is a probability
measure on [0,1] with n({1}) = 0. It follows that v, (v) > p [ s™ dé1(s) = p (all
n > 0), so {7, } is bounded below by p.

(=) Suppose v({1}) = 0, let f,(s) :== s" (0 < s < 1, n > 0), and consider
the sequence of nonnegative functions {f,}n>0. Clearly f,, "\, x{1} pointwise,
and [f,] <1 (all n > 0). By the Lebesgue Dominated Convergence Theorem,
limy oo Yo = limp oo [ s™"dv(s) = [ xq13dv(s) = v({1}) = 0. Therefore, {v,} is
not bounded below. O

We now consider the 2-variable weighted shift T given by Figure[7, where W, :=
shift(&o, &1, - +) is a subnormal contraction with associated measure v, and y < 1.

It is clear that 7175 = T5T7, and that 7; is subnormal (being the orthogonal
direct sum of W and copies of U;). To ensure the subnormality of 75, we must
impose the condition \/% <1 (all n > 0), ie., y> < v, (all n > 0), where
Yn = Yn(v). Note that this condition also guarantees the boundedness of T.

Theorem 5.2. Let T be the 2-variable weighted shift given by Figure[d, and assume
that T is hyponormal. Then T is subnormal.

Proof. We apply the Six-point Test (Theorem [[3]) to an arbitrary lattice point of
the form (n,0). Since T is hyponormal by hypothesis, we must have

2
Yy Yy Y&n \2
-1 -2)> (——— - =),
( n+1 n)( 77L) ( T ’}/n)
: 2 2 2 y2 (1 2 2 &6
or equivalently (§5,, — &)(1 — 2-) > 2=(z- — &u)7, that is, y* < (W)%
.- &,,-¢ g-e

Since EEL—FE% —2 > 0and 5 it follows that

Gt =2 -G+t g - Grtez =2
<1,500<y? <, (all n >0). Thus, {v,} is bounded below, and by Lemma [E.1]
we can write v = (1 — p)n + pdy1, with p :=v({1}) and n({1}) = 0. It follows that
y? < p. Thus, y?6; < v. By Proposition 2.9, T is subnormal. [l
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1 1 1 1
(0,n+1)
1 1 1 1
1 1 1 1
(0,n)
To
1 1 1 1
1 1 1 1
(0,2)
1 1 1 1
1 1 1 1
0, 1)
ly Yy y y
&o &oé1 Nat
o 1 [P én
(0,0) (1,0) (2,0) (n,0) (n+1,0)
T,

FIGURE 7. Weight diagram of the 2-variable weighted shift in The-
orem [5.2)

Remark 5.3. Theorem (and its proof) reveals that for the 2-variable weighted
shift given by Figure[7 the subnormality of T5 is equivalent to the subnormality of
T, which in turn is equivalent to the hyponormality of T.
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