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INTRINSIC ULTRACONTRACTIVITY
OF THE FEYNMAN-KAC SEMIGROUP
FOR RELATIVISTIC STABLE PROCESSES

TADEUSZ KULCZYCKI AND BARTLOMIEJ SIUDEJA

ABSTRACT. Let X be the relativistic a-stable process in R¢, o € (0,2), d > a,
with infinitesimal generator H(ga) = —((—A + m¥*)*/2 _ ). We study
intrinsic ultracontractivity (IU) for the Feynman-Kac semigroup T; for this

process with generator H(ga) —V,V >0, V locally bounded. We prove that
if lim)z| - o0 V(z) = oo, then for every ¢ > 0 the operator T} is compact. We
consider the class V of potentials V such that V' > 0, lim|;| o V(z) = co and
V' is comparable to the function which is radial, radially nondecreasing and
comparable on unit balls. For V in the class V we show that the semigroup
Ty is IU if and only if lim |4, V(@)/]z| = co. If this condition is satisfied we
also obtain sharp estimates of the first eigenfunction ¢ for T;. In particular,
when V(z) = |z|%, 8 > 0, then the semigroup T} is IU if and only if 8 > 1.
For 8 > 1 the first eigenfunction ¢1(x) is comparable to

exp(—m'/%||) (|z| + 1) 74727207 D/2,

1. INTRODUCTION

The purpose of this paper is to study the Feynman-Kac semigroup for the rel-
ativistic a-stable process X; on RY, a € (0,2). This process is a Markov process
with independent and homogeneous increments and characteristic function of the
form

E° (exp(i€ X)) = exp (—t((m?/ + ¢[2)°/* = m)) ,

where ¢ € R%, m > 0, ¢t > 0. In the entire paper we assume that d > «. As usual
E®, 2 € R, denotes the expected value for the process starting from = € R%.

The Feynman-Kac semigroup T3, t > 0, for X; and measurable, locally bounded
potential 0 < V(z) < oo is defined as follows:

(1.1)  Ty(f)(z) =E* <exp <— /Ot V(Xs)ds> f(Xt)> , € Ry feL?RY.

The generator of this semigroup is the Schrédinger operator H(®) = H(ga) -V,
where
HSY = —((—=A +m¥/ )% —m).
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5026 TADEUSZ KULCZYCKI AND BARTLOMIEJ SIUDEJA

In this paper we study the Feynman-Kac semigroup for the generator H(®) =
Héa) — V by using methods of stochastic processes. Although proofs are rather
complicated they are quite general and can be applied to many other operators
e.g. —(—A)*/2  which are generators of symmetric a-stable processes. It is worth
pointing out that Feynman-Kac semigroups for Markov processes (especially for
symmetric a-stable processes) have been widely studied ([Z], [BB1], [BB2], [CSI],
[CS2)).

The relativistic a-stable process has been introduced and studied in [R]. For
a = 1 this process has been studied in [CMS] (see also [CI], [Bal] and [Ba2]). For
a =1 the generator of this process has the form

Hy = ~(V=A+m2 —m)

and —Hél) is called relativistic Hamiltonian. As explained in [CMS] this operator
corresponds to the kinetic energy of a relativistic particle with mass m. If p is
the momentum of the particle, then its relativistic kinetic energy is given by E =
v/p? +m2. In the process of quantization the momentum p is replaced by the
differential operator —iV, and the quantum analog of the relativistic kinetic energy
is the free relativistic Hamiltonian —H(()l).

There are many problems in quantum mechanics which can be formulated in
terms of such generators. For example they were investigated by E. Lieb in difficult
problems concerning the stability of relativistic matter. There exists an important
literature on properties of relativistic Hamiltonians ([L], [H], [DL], [Db], [F], [FL],
LY)).

Now we come back to formulating results for the Feynman-Kac semigroup 7T} of
the relativistic a-stable process. Let us recall that we assume in this paper that the
potential V' which appears in the definition of the Feynman-Kac semigroup satisfies
0 < V(z) < oco. The Feynman-Kac semigroup 7} is given by the kernel u(t, z,y),
that is,

Ti5(0) = [ ult.) i)y, v € R, | IR

For each t > 0 the kernel u(t,x,y) is continuous and bounded on R¢ x R%. For
any t > 0, z, y € R the kernel is strictly positive. The proof of these properties is
standard. It is similar to proofs for the classical Feynman-Kac semigroup (see e.g.
[CZ]). For the convienience of the reader we write the short proof of properties of
u(t,z,y) in Lemma 311

Our first result gives an easy criterion for compactness of operators T;.

Theorem 1.1. If V(z) — oo as x| — oo, then for all t > 0 the operators T;
are compact. If there exists a set consisting of an infinite number of disjoint unit
balls such that V(x) is bounded on this set, then for all t > O the operators Ty are
not compact.

From now on we will assume that V(x) — oo as |x| — oo. The properties of
u(t, x,y) and general theory of semigroups for compact operators gives the following
standard results. There exists an orthonormal basis in L?(R?) of eigenfunctions
{¢, 12| with corresponding eigenvalues {e~*»!}%° | satisfying 0 < A\; < Ay < A3 <

- and lim,_ o A\, = oco. That is, Ty¢,, = e *t¢,. All ¢, are continuous and
bounded. The first eigenfunction ¢, is strictly positive.
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The most important result of this paper concerns intrinsic ultracontractivity (IU)
for the semigroup 7;. IU was introduced by E. B. Davies and B. Simon in [DS].
The semigroup T; is called intrinsically ultracontractive if and only if for any ¢t > 0
there exists a constant C; such that for all z,y € R¢

(1.2) u(t,z,y) < Crpr()d1(y).

This definition comes from [DS], Theorem 3.2(iv), which presents many equivalent
conditions for IU. It is well known that the upper bound inequality implies the lower
bound inequality (see [DS], Theorem 3.2, proof of (iv) = (v)). Therefore IU may
also be formulated in the following way. The semigroup T} is called intrinsically
ultracontractive if and only if for any ¢ > 0 there exist constants Ci,c; > 0 such
that for all z,y € R?

(1.3) cd1(x)d1(y) < ult, z,y) < G (2)d1(y).-

There are many other equivalent conditions for IU (see [DS], [BI).

Let us point out that in [DS] it is assumed that [5, u(t,z,z)dr < oo, and we
do not assume this apriori. Nevertheless we do not use this assumption anywhere,
and also the proof of (IL2) = (I3]) does not use this assumption.

In this paper we will check IU using the following conditions which may be
studied using probabilistic methods.

Condition 1.2. There exists an open, bounded and nonempty set D such that for
any t > 0 there is a constant ¢, p > 0 such that for any x € RY,

Tt(].Rd)(.’L') S Ct’DTt(lD)(.’If).

Condition 1.3. For any open, bounded and nonempty set D and for any t > 0
there is a constant ¢; p > 0 such that for any x € RY,

Ti(1p(1))(z) < c,pTi(1p)(2).

Condition implies TU. We will show this at the end of Section 3. The fact
that Condition implies IU is rather well known (see e.g. [BD], Lemma 1.4).
However we could not find in the literature the direct proof for the Feynman-Kac
semigroup. Therefore we decided to provide the brief proof.

Also at the end of Section 3 we will show that TU implies Condition [[L3 This
condition will be used to show that for some potential V' the semigroup is not IU.

IU has been introduced in [DS] for very general semigroups. Important examples
of such semigroups are the semigroups of elliptic operators Hy and the semigroups
for Schrédinger operators H = Hy — V both on RY, as well as on domains D (with
Dirichlet boundary conditions). IU for such semigroups has been widely studied
(see e.g. [B], [Dal] [D], [BD]). IU has also been studied for semigroups generated
by —(—A)%/2 (see e.g. [K], [CSI], [CS2]).

The classical result for Feynman-Kac semigroups 7; on R? generated by H =
A —V is the following fact (Corollary 4.5.5, Theorem 4.5.11 and Corollary 4.5.8 in
[D]). If V(z) = |x|? (dimension d > 1), then T is IU iff 3 > 2. Moreover for 3 > 2
we have

cf (@) < ¢u(x) < Cf(x), 2| > 1,

where ¢ and C' are positive constants, and

Fa) = ol P 2 enp (< a2
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5028 TADEUSZ KULCZYCKI AND BARTLOMIEJ SIUDEJA

There are of course many other results of similar type (see e.g. Theorems 6.1, 6.3,
6.4 in [DS]).

Now we will define the class V of potentials which we will investigate in this
paper. First we need the definition of the auxiliary class of functions L.

Definition 1.4. We say that a function L : [0,00) — [0, 00) belongs to the class
Lif

(1) L is nondecreasing,

(2) limy_, 00 L(t) = o0,

(3) there exists ¢ > 1 such that for all t >0

L(t+1) <EL(t) + &

Definition 1.5. We say that the potential V : R? — [0, 00) belongs to the class
V if there exists a function L € £ and a constant C' > 0 such that for any = € R¢
we have

L(lz]) < V(z) < CL(|z) + C.

Roughly speaking V' € V if V' > 0, lim|;| o V(2) = 0o and V' is comparable
to the function which is radial, radially nondecreasing and comparable on unit
balls. Typical examples of functions belonging to V are V(z) = |z|® for 8 > 0,
V(z) = |z|®In"(|z| +2) for 8> 0 and vy > 0, and V(x) = €’ for 8 > 0. On the
other hand V(z) = exp(|z|?), B > 1, does not belong to V because exp(|z|?) and
exp((|z| + 1)?) are not comparable.

The main result of this paper is the following theorem.

Theorem 1.6. Assume that the potential V' belongs to class V. Then the Feynman-
Kac semigroup Ty with such potential (defined by (1)) ) is intrinsically ultracontrac-
tive if and only if

Viz)
e
Moreover, if ([L4) holds, then there exist ¢ = ci(d,a,m,V) > 0 and ¢ =
ca(d,a,m, V) > 0 such that for any x € R% we have

(1.4)

c1 exp(—m!/|z|) ez exp(—m'/*|z|)
(| + 1)(d+etD/2(V(2) + 1) (2] + 1)tdtetD/2(V(z) + 1)
In particular for potentials V(z) = |z|?, the semigroup T} is IU if and only if

8> 1. When [ > 1 there exists ¢; = ¢1(a,d, m,3) > 0 and co = ca(a,d, m,3) >0
such that

(1.5)

< () <

o exp(—mY/|z])
(ol + D072

c1 exp(—mY/|z|)
(ol + DT 7507

This gives control on the growth of u(t, z,y) (cf. (T3)).

The rest of the paper is organized as follows. In Section 2, Preliminaries, we
set notation and present various facts which are needed in the sequel. In Section
3 we prove Theorem [LT] which gives criterion for compactness of T;. In Section 4
we prove estimates of transition density for the killed process. These estimates are
needed to prove the main result. Nevertheless it seems that these estimates were
not known before and are interesting in themselves. In Section 5 we prove the main
result of the paper, Theorem[I.6l Section 5 is the most important and difficult part
of this paper. We use probabilistic methods to prove intrinsic ultracontractivity.

< dr(x) <

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



INTRINSIC ULTRACONTRACTIVITY OF FEYNMAN-KAC SEMIGROUP 5029

One of the key steps in the proof of the main theorem is Lemma (5.9 The main
idea of the proof of this lemma is taken from [BK], Lemma 4.5.

2. PRELIMINARIES

Let N = {1,2,...} denote the set of natural numbers. Let d > 1. By |z| we
will denote the Euclidean norm of in R, and by |A| the d-dimensional Lebesgue
measure of set A. For any subset U € R? we will denote its complement by U®.
Furthermore for 2 € R?, » > 0, we put B(z,r) = {y € R : |z —y| < r}. For
any A, B C R t > 0, we denote dist(4,B) = inf{x € A,y € B : |z —y|},
tA ={tx:x € A}, da(x) = dist(x, 0A).

We will write ¢ = ¢(a, 3, ...,7) to indicate the dependence of a constant ¢ on
parameters, functions, etc. All constants in this paper depend on the process, and
(if applicable) on the potential, thus we will omit dependence on «, d, m, and V.
The constants may change their value from one use to the next, even on the same
line in the same formula. However, the set of parameters on which a constant may
depend will not change from one use to another. The constants will always be
assumed finite and strictly positive.

From now on let a € (0,2). We will follow terminology and notation from [R]
most of the time.

The density of the transition probability for X; is given by the formula

Pr(Xi € A) = [ plto)dy.
A
It is well known (Lemma 3 from [R]) that for all ¢ > 0 the density p(t, z,y) is

bounded. The density of the Levy measure for the relativistic a-stable process,
called v(z), is equal to (Lemma 2 from [R])

C 1/
(2.1) V(@) = pawae e el),
for x € R4, |x| > 0, where
= d+a—1
(22) PO = [ et o/ e, €20 p= 5
0

and ¢ = T((d + a)/2)/(7¥/2272/2|T (—a/2)|¢(0)).
By 7p we will denote the first exit time from the open set D, ie., 7p =
inf{t > 0: X; ¢ D}. The exit time has the following property: P*(7p =t) = 0 for

all t > 0.
By pp(t, z,y) we denote the density of the process killed on exiting the set D:
(23) pD(ta z, y) - p(ta z, y) - Ea:(TD < tap(t — 7D, X(TD), y))a

for x,y € D, and pp(t,x,y) = 0 everywhere else. For the open bounded set D
we will denote by Gp(z,y) the Green function for the set D equal to Gp(x,y) =
fooo pp(t,z,y)dt.

For an open set D C R? and z € R, the distribution P*(rp < 0o, X(7p) € )
will be called the relativistic a-harmonic measure for D. The following Ikeda-
Watanabe formula recovers the relativistic a-harmonic measure for the set D from
the Green function.
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Proposition 2.1 ([IW]). Assume that D is an open, nonempty, bounded subset of
RY, and A is a Borel set such that dist(D, A) > 0. Then

(2.4) P*(X(rp) € A,7p < x0) = /D GD(J:,y)/AI/(y — z)dzdy, x € D.

Now we prove some estimates for p(t, z,y) and v(x), which are crucial in further
considerations.

Lemma 2.2. For any z,y € R? and t > 0 there exist constants ¢; > 0 and cy > 0,
such that
t
tz,y) < cre™min{ ——— e~ lz—yl p=d/a
O

Proof. Let us recall our convention that all constants (in particular ¢;, cg) may
depend on «, d, m, V, and we omit this dependence in notation. Moreover, all con-
stants are strictly positive. The following inequality is the consequence of formula
(8) in the proof of Lemma 2 from [R]:

me [0 1 _m2/ey, —lo=yl?
(2.5) p(t,z,y) < cte —rags © e T du.
0o u 2
We have
|z—y] 1 2 [z—y| 2
2/a, —le—yl 1 —lz—yl
—m~/ “u —|z—yl|/8 —_—
/ T € e dn du < e Pl / ez e v du,
0 2 0 U 2
o 1 2 —lz—y|? o 1 —lz—y|?
_ /o |lz—y] _ 2/a| _ lz—yl|
- —m u m z—y| -
/ Tags € e w du<e / Tz e ¢ du
le—y| U 2 l[z—y|l w2
Thus
mt —ca|lz—y| > 1 —lo—y|?
p(t,x,y) < cte™'e —ifazz € % du.
0 u 2
Substituting v = |z — y|?/(8u), the last expression equals
)
00 d+a—2 mt
ctemtefcﬂx*y‘/ ey = _eute™ e—C2lz—yl
_ oyld+a _ yld+ta :
o lz—yl lz —yl

The second estimate (by t~%/%) is a consequence of Lemma 5 from [R] and well-
known estimates for transition density for classical a-stable processes. O

We obtained the following explicit formula for the asymptotic behavior of v(z).

Lemma 2.3. Let e > 0. There exist constants c. and C., such that for |z| > ¢ we
have

Ce —ml/% g Ce  —mlop
dtat1 © < I/(]Z) < dta+l .
2 2

2.6
20 || ||

Proof. To get the asymptotic behavior of v(z) we need to estimate ¢ from ([2.2)).
Assume & > em!/®. We divide ¢ into two parts,

£
L :/ e vP (& 4+ v/2)Pdv,
0

I, = /OO e P (€4 v/2)Pdv.
3
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I §/ e*”v”(%)pdv§2p/ e v?Pdu,
€ 0

so I is bounded. On the other hand,

‘We have

3 S
L < (2§)p/ e YoPdv < (2§)p/ e vPdv = cl¢]P,
0 0

13 emlt/«
L > e / eUoPdy > ¢ / e uPdy = cle]P. 0
0 0
Lemma 2.4. For any x € R? we have
c
v(z) < |z[d+a
Proof. The lemma is a consequence of formulas (2]) and (22]). O

Now we prove generalizations of the Ikeda-Watanabe formula (Proposition 2.).

Proposition 2.5. Assume that D is an open, nonempty, bounded subset of RY,
and A is a Borel set such that A C D¢\ 0D. Then

P*(X(tp) € Aty < 7p < t2)

(2.7) _ /D /:pD(s,x,y)ds /A vy - =)d=dy,

where x € D, 0 < t; <ty < o0.

Proof. 1t is sufficient to consider only the case when to = co. At first assume that
dist(A4, D) > 0. Using strong Markov property we have, for any ¢t > 0 and z € D,

P*(X(tp) € A,t < Tp < o0)
=E” (t < TD;PX‘(X(TD) cA1p< oo))

t<TD, GD(Xt, )/1/( z)dzdy)

(
_ g <t<TD,/ / o5, X0y ds/ u(y—z)dzdy>

Z// Ez(t<TD;pD(57Xt’y))d5/V(y—z)dZdy
pJo A

- / / / ot 2)po(s, 2, y)dzds / vy — 2)dzdy.
D JO R4 A

Now using the semigroup property for pp (Theorem 1 from |[R]) and changing the
limits in the second integral, this is equal to

/D /t"o po(s, xvy)ds/AV(y — 2)dzdy.

If dist(A, D) = 0 let us put Ac = {z € A : dist(z,D) > €}, ¢ > 0. Then (271
holds for A.. Letting € — 0 we get (2.7) for A. O

— E®

To prove the next generalization we need the following fact.
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Lemma 2.6. For any open nonempty set D, and Dgr = D N B(0, R),

pDR(thay) /pD(t,-T,:U)
as R — oo, for any x,y € D, t > 0.

Proof. We choose R large enough so that x,y € Dr. By the definition of pp [23),
pD(ta z, y) — PDgr (ta z, y) is equal to

(2.8) E*(tp, <t;p(t — pp, X (TDy ), y)) — E*(7p < t;p(t — 70, X (D), ¥)).
Note that 7p,, < 7p and

E*(tp < t,7p, = Tp;p(t — 70, X(7D),y))
= EI(TDR < t7TDR = TD7p(t - TDRvX(TDR)ay))'
Therefore (28] is equal to
E*(1p, < t,7p,, < T0;p(t — TDp, X (TDy ), Y))
—E*(tp, <7p < t;p(t —1p,X(7D),¥))
< E*(1p, <t, Tpy < TD;p(t — TR, X(TDR ), Y))
=E"(7p, <t,X(7py) € D;p(t — Tpr, X(TD5), Y))-

Note also that if X(7p,) € D, then X(rp,) € B°(0,R). Thus using Lemma
the last expression is bounded from the above by

cr(t = 7p)e™ PR X (- l)
E*|(7mp, <t,X(1p,) € D; e~ @IA\TDR)TY
( Dr ( DR) |X(TDR) — y|d+a

Cltemt

__ate™ e (R-ly)
T (R [yt '

The last expression tends to 0 as R — oo, thus the lemma is proved. (]

Proposition 2.7. Assume that D is open and nonempty (it may be unbounded)
and A is a Borel set such that A C D¢\ 0D. Also assume that 0 < t; < ty < 00.
Then (220) holds.

Proof. Without loss of generality we can assume that t; = 0. Consider the family
of sets Dr = DN B(0, R), R > 0. These sets are open, bounded and nonempty for
large enough R, so we may apply Proposition to those sets and t; =t > O:

(2.9) P*(X(tp,) € A,7p, <1) = /D /0 pDR(s,x,y)ds/Al/(y — 2)dzdy.

The proof will be completed if we show that

(2.10) P*(X(tpg) € A,7p, <t) — P¥(X(7p) € A,7p < t),
(211) pDR(S,Z,y) /pD(vaay),
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Lemma gives (ZII)). We need to show (ZI0). We may and do assume that
x € Dp. Note that if X(7p,) € A, then 7p, = 7p. Thus
P*(X(mp) € A,7p <t) — P*(X(1p,) € A, Tp, <)

=P*X(mp) € A, X (7p,,) € D,7p,, < 71p < t)
<P*X(tp,) € D\ B(0,R),7p,, <1t)
=P*(X(1py) € D\ B(0O,R),7p, <t,TB(0,r) <1)
< P*(to,r) <t).

For R > 2|z| this is bounded from above by

Pw(TB(m)R/z) <t)= PO(TB(O,R/z) <t)
=1-P%rpo,p2) >t)=1— / PB.r2)(80,)dy.
R
By Lemma 2.6 this decreases to 1 — [, p(t,0,y)dy = 0. O

The above proposition gives an explicit formula for the joint distribution of
X(tp) and 7p, thus as an easy consequence we have

Corollary 2.8. Assume that D is an open and nonempty set (it may be unbounded)
and A is a Borel set such that A C D¢\ 0D. Also assume that 0 <t < oo and B
is any Borel set. Then

Pz(X(TD) e A, mp <t,X(t) € B)

:/D/Otpp(s,x,y)/Au(y—z)PZ(X(t—s)GB)dzdsdy.

In the sequel we will need another generalization of the Ikeda-Watanabe formula.
Namely we need to change the assumption A C D¢\ 9D to the assumption A C D°.
It is possible to do so, but we have to make some additional regularity assumptions
on 0D.

We say that an open set D C R satisfies the outer cone property if there exist
constants 1 = n(D), Ry = Ry(D) and a cone C = {x = (z1,...,74) € R?: 0 <
xa, ||(z1, ..., xq-1)|| < nxq} such that for every Q € dD, there is a cone Cg with
vertex (), isometric with C' and satisfying Cg N B(Q, Ry) C D°.

For such sets we will be able to prove that P*(X(rp) € dD;7p < o0) = 0,
reD.

At first we need the following auxiliary lemma. We point out that this lemma
would be trivial for the symmetric stable process because of the scaling properties
of the process. For the relativistic process the proof requires more technical details.

(2.12)

Lemma 2.9. Let D be an open, nonempty, bounded set satisfying the outer cone
property. For x € D let r, = %dist(m,Dc) and B, = B(x,r;). There exists a
constant p = p(D) > 0 (not depending on x) such that for any x € D we have

P*(X(1p,) € D°) > p.
Proof. Let x € D. By Lemma 7 from [R] we have
E*(rp,) 2 (1+me|D|*/ )~ E(7p,),

where Tp, is the exit time for the symmetric a-stable process and c¢ a constant
depending only on d and a. It is well known (see e.g. [BK] (2.10)) that E*(7p,) =
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5034 TADEUSZ KULCZYCKI AND BARTLOMIEJ SIUDEJA

c'r2, where ¢ depends only on d and a. Therefore E*(1p,) > crg, where ¢ = ¢(D)
(recall that we omit the dependence on «, d, m in the notation). Let Q € 9D be
such that dist(z,0D) = |Q — z|. We have Cgo N B(Q, Ry) C D°. By Proposition
211 and formula (1)) we get

(2.13)
P(X(ra) € D) = [ GaGe) [ vly—2)dzy

x

—d—a —mY ¥ |y—z «
> / G, (2,7) / ey — 2|~ W (M ) dz dy.
B CqoNB(Q,Ro)

Note that for y € B, and z € Co N B(Q, Ry) we have |y — z| < diam(D) + Ry and
ly — 2] < |y — x|+ |z — 2| < 2|z — z|. We estimate the terms in the integral over
Co N B(Q, Ro) as |y — z|797% > ¢z — 2| 7472, e =2l > ¢ 0= ¢(D). By 22)
w(&) > ¢ for any £ > 0. fBz Gp,(z,y)dy = E*(1p,) > cr?, ¢ = ¢(D). Therefore
using (Z.I3)) we obtain

(2.14) P*(X(rp,) € D) > crg/ |t — 2|79 %dz, c¢=c(D).
CQﬂB(Q,Ro)

We will consider 2 cases, 1, > Ry/2 and r,, < Rp/2.
If r, > Rp/2, then the estimate is easy. Note that r& > (R/2)® and |z — 2|
diam (D) + Ry, so the right-hand side of (Z14)) is bounded from below by ¢(D).
If r, < Ro/2 put Cp, = Co N B(Q, Ro) N BY(Q,72) (2 € Cg if 2 € Cg and 1 <
|2—Q| < Ry). For z € Cgy we have [z—2| < [z—Q|+|Q—2| = 3r,+|Q—2| < 4]Q—2|.

Therefore
/.

IN

lo — 2|79 dz > c/ |Q — 2|7 dz = ¢(D)r;“.
@ Ca

O

Lemma 2.10. Let D be an open, nonempty set (it may be unbounded) satisfying
the outer cone property. Then for any x € D we have

P*(X(1p) € 0D;7mp < 00) = 0.

Proof. At first we note that |0D| = 0 (the Lebesgue measure). This follows from
the fact that almost every point of a measurable set is a density point. Since for
x € 0D there exists a cone belonging to D€, the point « is not a density point for
0D. Therefore |0D| = 0.

In the next step let us assume that D is bounded. Then we may repeat the proof
which is given in [Bo], Lemma 6, for symmetric a-stable processes. Some changes
in the proof are needed because we have to prove it for relativistic stable processes
which do not have nice scaling properties. Therefore we will repeat the main steps
from the proof of [Bo], Lemma 6.

By Theorems 3 and 2 from [R] we have E*(7p(,r)) < oo for any R > 0 and = €
B(0, R). Since D is bounded it follows that E*(rp) < 0o, hence P*(1p < o0) =1,
for any « € D. Therefore we will omit 7p < oo and write P*(X (7p) € 9D) instead
of P*(X(tp) € 0D;Tp < 00) whenever D is bounded.
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For # € D let r, = g dist(x, D) and B, = B(x,r,). By the strong Markov
property we have for x € D
P*(X(rmp) € 9D)
= P"(X(rp,) € OD) + E*(PX"s:)(X (rp) € OD); X(7,) € D).
We denote the two terms on the right-hand side of [ZIH) by po(z) and ro(z),
respectively. We observe that po(z) is the probability of the event that the pro-
cess X; jumps directly to D while leaving B,, and ro(z) is the probability of a

complimentary event that upon leaving B, it visits D before going to dD.
Using (ZT5]) we can prove inductively that for k = 0,1, ... we have

(2.16) P*(X(1p) € OD) = po(x) + p1(x) + ... + pp(x) + rp(x), 2z € D,

(2.15)

with
(2.17) prt1(z) = E*(pr(X(78,)); X(78,) € D)
and
(2.18) ri1(z) = E*(re(X(78,)); X(78,) € D).

Indeed, it is enough to verify that rp = pgyr1 + rk+1. We may think of py as the
probability of the event that the process X; goes to 0D after precisely k jumps
from one ball B, to another.

Recall that we assume that D is bounded so we can use Lemma 291 By this
lemma and ([2I]) we get

sup 741 (2) < (1 —p)sup rp(z) < (1 —p)Ft -0 as k — oco.
zeD zeD
By (216) we obtain P*(X(rp) € dD) =Y 72, pi(z).

Now note that for any = € D, dist(B,,dD) > 0, so we may apply Proposition
211 But [0D| = 0, so this proposition gives that po(z) = 0 for all z € D. By (211)
we obtain that pi(z) = 0 for all z € D and all k. Therefore P*(X (tp) € dD) = 0.

Next let us assume that D is unbounded. Let D, = DN B(0,n), n =1,2,....
For x € D,, we have

P*(X(p,) € OD) = P*(X(rp,) € D, N OD) + P*(X(rp,) € D \ OD,,).

The first term on the right-hand side is 0 because D,, satisfies the outer cone
property and is bounded. The second term is 0 by Proposition (for t; = 0,
to = 00) and the fact that |0D] = 0.

Now we will use a very general fact that for each fixed w € 2 and ¢ > 0, we have
SUPsefo, | Xs(w)| < oo. Therefore for any fixed w € € such that 7p(w) < oo, we
have sup,co, -, ()] Xs(w) < 0o. Hence for any fixed w € 2 such that 7p(w) < oo,
there exists n = n(w) such that 7p(w) = 7p, (w). It follows that

P*(X(rp) € 0D; Tp < ) = lim P*(X(rp,) € D) = 0.

n—oo

O

As an immediate conclusion of Corollary 28 and Lemma 210 we obtain the
following corollary.

Corollary 2.11. Assume that D is an open and nonempty set satisfying the outer
cone property (it may be unbounded) and A is a Borel set such that A C D¢. Also
assume that 0 <t < oo and B is any Borel set. Then (ZI2)) holds.
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3. COMPACTNESS OF THE FEYNMAN-KAC SEMIGROUP

At the beginning of this section we prove the existence and basic properties
of the kernel u(t,z,y). The proof is standard and is based on [CZ] (see Section
3.2). Let us denote P, f(z) = E*(f(X;)). Using estimates for p(¢,z,y) (see Lemma
[22) it is easy to show that P; : L}(RY) — L*(R%), P, : LY(R%) — L'(R%) and
P, : L®(R%) — L>°(R?) are bounded operators. By C’B(Rd) we denote the set of
all continuous and bounded functions on R4,

Lemma 3.1. (i) Ty(|f])(z) < P(|f])(z), t >0, z € R4, f: R? — R.

(ii) For anyt >0, Ty : L= — CB(RY).

(iii) There exists a density u(t,x,y) for Ty, i.e. Tif(x) = [u(t,z,y)f(y)dy,
t>0,zcRY feLP(RY (1 <p< o). Foreach fived t > 0, u(t,z,y) is
continuous and bounded on R% x R?.

(iv) u(t,z,y) = u(t,y,z), t >0, z,y € R™.

(v) u(t,z,y) < p(t,z,y), t >0, z,y € R%.

(vi) u(t,z,y) >0,t >0, z,y € R%.

Proof. (i) This is clear from (TI) and our assumption that V' > 0.
(ii) Put u(z,y) fo (s,z,y)ds, z,y € R% By J we denote the Kato class for

the relativistic a-stable process. We say that ¢ : R? — R belongs to J if and only
if
(3.1) timfsup [ (e la)|dy) = o

10 zeRd Jy—z|<r

This definition is motivated by [Z], Theorem 1 (C1). The condition Bl implies

(3.2) lim[ sup E* </ lg(X |ds) ]=0.
tl0 LecRrd

This follows from Lemma 2 in [Z] and proof of Theorem 1, steps 4 and 2 in [Z].

Put ey(t) = exp fo X;)ds). By a standard argument based on the Khasminskii
lemma (see Lemma 3.7 and Proposition 3.8 in [CZ]) (32) implies
(3.3) lim[ sup E¥(ejq(t))] = 1.

t|0 reR4

Now for any R > 0, # € R? put Vg(z) = 15(0,r) (z)V(x). Recall our assumption
that d > « and V is locally bounded. Estimates of u(z,y) from Lemma 4 in [R]
give that Vg € J for any R > 0. Set T3 pf(z) = E®(e—v, (1) f(Xt)), t >0, R > 0,
r € R%. Formula (7) from [R] implies that for each fixed ¢ > 0 the kernel p(t, z, )
is bounded and continuous on R? x R%. Tt follows that P; : L>°(RY) — CB(R?).
Using this, formula (B3] and the same arguments as in the proofs of Propositions
3.11 and 3.12 from [CZ], we obtain that T} g : L>°(R?) — CB(R%). We also have

Tif(z) = Tomf(2)| = [E*((e~v (t) — e~y (1)) f(Xe))] < [[flloo P (TB(0,R) < 1)-

For each fixed t > 0, P*(7p(0,r) < t) tends to 0 as R tends to co. This implies (ii).

(iii)~(v) By (i) and properties of P, we obtain T; : L'(R?) — L*(R%) and
T, : LY(R?) — L'(R?) are bounded operators. It follows from this and a theorem
due to Dunford and Pettis (see [S], Theorem A.1.1, Corollary A.1.2) (cf. also [CZ],
page 77) that for each t > 0 there exists a measurable (on R%xR%) density u(t, z, y),
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z,y € R? for T}, i.e.

B4 D@ = [uteni@dn LR, 150, seRE

In fact, by (i) and properties of P; it is not difficult to show that this formula holds
forall f € L? (1 < p < 0).

(i) and (L) imply that for each fixed ¢ > 0 and x € R? we have 0 < u(t,z,y) <
p(t, z,y) for almost all y € R?. We may and do assume that these two inequalities
hold for all y € R%. In particular this gives (v).

By standard arguments (see [CZ], pages 75-76) T} is symmetric, so for each fixed
t > 0 (iv) holds for almost all (x, y) according to the Lebesgue measure on R% x R9.

Put f;.(y) = u(t,z,y). Fix t > 0, 29,90 € R%, r > 0. Using (iv) (for almost all
(z,y) € R? x RY) and the semigroup property we get

/ u(t, xo,y) dy =/ Ty 2 ft)2,20 (y) dy.
B(yo,r) B(yo,r)

Jt/2,20 € L>®(R%), so (ii) implies that Tijoft/2,20 € CB(R?%). Therefore we may
and do assume that for each fixed ¢ > 0 and 2 € R?, u(t,z,y) is continuous as a
function of y.

Fixed ¢t > 0. For any z,y € R% we have

u(t,a:,y)://u(t/?),x,z)u(t/3,z,w)u(t/3,w,y) dwdz.

For any z,w € R, u(t/3, z,7) — u(t/3, z, 2¢) and u(t/3,w, y) — u(t/3,w,ys) when
x — xg and y — yo. Using the bounded convergence theorem we get (iii). It follows
that (iv) holds for all t > 0, z,y € R%.

(vi) By () and the fact that V is locally bounded, we obtain that for each
fixed t > 0, z € R, u(t,z,y) > 0 for almost all y € R? according to the Lebesgue
measure. We also have u(t,z,y) = [u(t/2,z, 2)u(t/2, z,y) dz, so (vi) holds for all
t>0, z,y € RL O

Now we will prove Theorem [LTI We define an auxiliary operator.

Definition 3.2. Fix ¢t > 0. For any bounded Borel A C R? let
Sa(D@) = [ ulte s, f e PR,

Lemma 3.3. For any fived t > 0 and any bounded Borel A C R?, the operator S,
18 compact.

Proof. 1t is sufficient to show that this operator is the Hilbert-Schmidt operator.
K(z,y) = 1a(y)u(t,z,y) is the integral kernel of S4. Using the previous lemma
and boundedness of p(t,z,y) (Lemma 22) we get

/ KQ(mydxdy—// txydydx<// (t,z,y)dydx
RiJRE
<af [ pttopdyds = ald < .
AJRd

Thus A is the Hilbert-Schmidt operator, so it is compact. (Il
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Lemma 3.4. Assume that lim |, V(x) = co. Fizt > 0. Then we have

lim  sup Ti(lga)(y)=0.
R—=c0yepe(0.R)

Proof. Let M = inf,cpe,r—1) V(). Obviously M — oo as R — oo. Let

T = TB(y,l)-
min{t,7}
sup  Ti(lge)(y) < sup EY [exp f/ V(X)ds
yEB<(0,R) y€B<(0,R) 0
t
= sup EY (T > t;exp <—/ V(Xs)ds>)
y€B<(0,R) 0
t T
+EY (— < T < tjexp (/ V(Xs)ds>)
vM 0
t T
+EY (T < —=;exp (—/ V(Xs)ds)>
VM 0
t
<67Mt+efmt—|—P0 <7’ < —) .
< B(0,1) Navi
The lemma follows because the last expression tends to 0 as R — oo. (]

Definition 3.5. The e-net, ¢ > 0, for the operator 7' : L*(R?%) — L2?(RY) is
a finite set N of a function from L2(R), such that for any f € L?(R?) with
[|f]l2 <1 there exists g € N, such that

IT(f) = gll2 <&

It is easy to see that operator is compact iff for every € > 0, there exists the
e-net for this operator.

Proof of Theorem [[Il Recall that V' > 0. Assume that V(z) — oo as |z| — oo,
and fix t > 0 and € > 0. We will show that there exists the e-net for T;. Choose
R > 0 such that sup,¢ ge(o,r) Tt (1re)(y) < (e/2)2. Tt is possible due to Lemma 3.4l
Put A = B°(0, R). The operator S4c is compact, so there exists the (£/2)-net for
this operator. Let us denote this net by N./;. We will show that N,/ is the e-net
for T;. Fix arbitrary f € L2(R?), ||f|l2 < 1. Put f; = 14f and fo = Lacf. By the
Cauchy-Schwartz inequality we have

= [ ([ tennwa) a

</ (/ U(taxyy)dy) (AU(t,x7y)f12(y)dy> da

Rd A
/ u(t, z,y) f2(y)ddy < / ()T, (1) (9)dy
A A

Rd

<
< sup Tt(lm)(y)/ fL)dy < (/2| f1ll5 < (/2).
yeA A
On the other hand we have

1) = [ uttn iy = [ attan s = Sa(ia)

c
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Since N,/ is the (¢/2)-net for Sae, there exists g € N, /o such that |[Sae(f) —gll2 <
£/2. Now it is sufficient to show that ||T;(f) — g||2 < . Indeed

T (f) = gll2 = [ITe(fr + f2) = gll2 < [[Sa () = gll2 + IT(f)]]2 < e.

Thus operator T; is compact.

Now fix ¢ > 0 and assume that there exists N > 0 and a sequence of disjoint
unit balls B,, = B(z,,1), such that V(z) < N for any « € B,, n € N. We may
and do assume there exists M > 2 such that dist(B,,, B,,) > M for any n, m € N,
n # m. Note that M > 2 may be chosen arbitrarily. We will choose appropriate
M > 2 later in the proof. Now consider the sequence f, = 1z, /(2|B,|)"/?. All
those functions have norms equal to 1/2, and

1 ¢
. 2 _ T L= S V(Xe)ds
ITlh) = Tl = 5y [ B (X € Buen V)

+ 2

N T [Ex <Xt € Bpje Jo V(Xs)ds>
2[B1| JB(a,.1/2)

. 2
— E* (Xt € B,,;e” Jo V(XS)dS)} dx.

To show that the operator T; is not compact, it is sufficient to prove that for
n % m this norm is greater than a positive constant not depending on n and m.
To do this we need to estimate both expected values in the last expression. For
x € B(xy,1/2) we have

E*(X; €Bp;e” I V(Xs)ds) > EI(TB(a;J/Q) > tie” N V(Xs)ds)
2 eiNtPO(TB(0,1/2) >t) = Cy(t)e M.

By Lemma 22 for « € B(z,,1/2) and n # m we have
E*(X; €Bpie” b VX)ds) < Po(X, € B,,)

= / p(t,z,y)dy < Cote™! | M — 2|74,
B"Tl

Now let us choose M large enough so that 1Cy(t)e™N* > Cote™!| M —2|~4~*. Then
we have
1 1

5> 55 (Ci(t))%e Vda.
> 2By Blan,1/2) 4

HTt(fn) - Tt(fm)
Thus the points of the sequence Ti(f,) are separated, so the operator T} is not
compact. 0

Now we will show that Condition implies IU. Assume that for some open,
bounded, nonempty set D and all ¢ > 0 Condition is satisfied. Recall that ¢
is continuous and strictly positive. Therefore there exists ¢p > 0 such that for all
x € D we have ¢;(z) > cp. Hence for any s > 0 and z € R? we have Ti(1p)(z) <
Ty(61/cp)(x) = cple %61 (z). By Lemma BTl u(s, 2,) < p(s,2,9) < co, 5 > 0,
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x,y € R®. Using the semigroup property we get
uteag) = [t/ 2)ule/3 2 w)u(e/30.) d=dy
R4 JR4

(3.5) < cr/3 /Rd u(t/3,z, 2) dZ/Rd u(t/3,w,y)dy = cry3Ty/35(1ra)(2) Ty /3(1ra) (y)

< c/3¢ts3.pTe/3(10) (@) Tyy3(1p) (y) < copsciss pepie 31 (2)da(y).
This gives (I2)), so the semigroup 7} is IU.

Now we will show that IU implies Condition Let t > 0 and D be an open,
bounded, nonempty set. By (3] we have

T(10)@) = [ ult.z.p)dy= corla) [ orto) dy
D D
Recall that ¢; is bounded. Also by (L3]) we have

Ty (1) (@) < e (2) / 61(y) dy < c1l|n 1ol B0, D)1 ().

B(z,1)
This shows that the inequality (I3)) implies Condition

4. ESTIMATES OF TRANSITION PROBABILITY OF THE KILLED PROCESS

In this section we prove some estimates of transition probability of the killed
process. These estimates will be used in the next section to estimate the probability
of “short jumps”. On the other hand it seems that these estimates have not been
known before and that they are interesting in themselves. The most general result
of such type are Theorem and Corollaries [£.4] and

Lemma 4.1. Let R = B(0,3/2)\ B(0,1) and 1 < |z| <5/4. Then
(4.1) E*(75) < o3/ (x),
(4.2) P*(X (i) € B(0,3/2)) < c6%/%(x).

Here we recall our notation dr(z) = dist(z, OR).

Proof. By Theorem 3 in [R] (cf. also [CS3]) we get
(Ga(@)in)*?  53() }

Gr(z,y) < cmin {

|z —ylt 7|z —yldmes?
Therefore
6a/2
E*(tr) = | Gr(z,y)dy <c Ri(x)dy < 0y * (x).
R Rz —yld/?

Let A = B¢(0,3/2). By Corollary ZTT] and Lemma [Z4] we get

P* (X (r) € A) — /R Grl.y) /A vy — 2)dzdy

1
[ Gatew) | S
/R Be(y.daly) Y — 2T

oo pd-l 1
=c | Gg(z,y / ——drdy = c/ GRr(r,y) 5~ dy.
/R ~l@:v) Saly) T R =l )5A(y)

a(y)

IN
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Now we divide the last integral into two parts, over sets Ry = B(0,5/4) \ B(0,1)

and Ry = B(0,3/2) \ B(0,5/4). For y € Ry we have §4(y) > 1/4, so

/ Gr(x y)Ldy<c/ ﬂ4ady<c5a/2(x)
re e T Ryl =yt - '

For y € Ry we have |z —y| > 1/4. Hence

| (Gr()or()™2 1
RQGR(x’y)mdy“/RQ P

a/2
< c/ 65/2(x)8ddy
R2 514 (y)

3/2 d—1
— %/%(x) /

r

a/2
o Gz =

The proof of the next theorem contains the main idea of this section.

Theorem 4.2. Let D = (B(0,1))¢ and T > 0. There exist constants cr and ¢ such
that for any 0 <t < T, |z| > 2 and 1 < |y| < 5/4 we have

po(t,z,y) < ere 91592 ().

Proof. To show this inequality we will estimate the integral of pp(t,y,z) over a
small ball B(z, s). Then we will take the limit when s tends to 0.

Let R = B(0,3/2)\ B(0,1) and s > 0 such that B(x,s) C B%(0,3/2). We have

/B pp(t,y,z)dz =PY(X(t) € B(z,s),7p > t)
. <PYrr<t,X(tr) € D\ R,X(t) € B(z,s)),
and by the strong Markov property the last expression is equal to
(4.3) EY(tp <t,X(tr) € D\ R;PXR)(X(t —r) € B(x,5))|rery).

Now we divide the set D \ R into two subsets, A = B(z, |z — y|/16) and F =
D\ (AU R). We have dist(F, B(z, s)) > |z — y|/32 for small enough s. Note also
that dist(A, R) = || — 3/2 — |z — y|/16 > |x — y|/16. The last inequality holds
because |z| > |z|/8 + |y|/8 + 3/2 > |x — y|/8 + 3/2. Now we are going to estimate
the part of (£3) for the set F'. At first note that

EY(r < 1, X () € F; PXCO(X(t — 1) € B(2,5))lr—rs)

4.4
(44) = EY (TR <t,X(rgr) € F;/ p(t — TR,X(TR),z)dz> .
B(z,s)
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Note also that X (7g) € F, so for z € B(x,s) we have |X(1g) — z| > |z — y|/32 >
1/64. By Lemma this is bounded from above by

EY (TR<t,X(TR)€F;/

ctemte_c,lz_X(TR)dz)
Blz,s)
<EY (TR < t,X(7r) € F;|B(x, s)\cTemTe_c/lx_y‘)
< cr|B(a,s)|e" 1" VIPY(X () € D\ R).
By the previous lemma we finally obtain

EY(rr <t,X(1R) € F;PX(TR)(X(t —r) € B(x,9))|r=rn)

< er|B(x,s)e= 1650 | (v).

(4.5)

For the set A by the generalized Tkeda-Watanabe formula (Corollary ZTT]) we
get
BY (i < £, X(75) € A PXOO(X(t = 1) € B(2,5)rory)
=EY(tr < t,X(g) € A; X(t) € B(z,s))

/ / pr(r, Y, 2 / v(z —w)PY(X(t —r) € B(x, s))dwdrdz.

Now we will estimate
/ v(z—w)PY(X(t—r) € B(x,s))dw,
A

for z € R and r € (0,t). To do this, we need to divide the set A into two subsets
Ay = B(z,max{2s,¢'/*/(64T*/*)}), where ¢ = t —r, and 4y = A\ 4;. To
make expressions simpler we set a = max{2s,¢"/*/(64T"/*)} and b = |z — y|/16.
Note that ¢'/*/(64T"/*) < 1/64 < |z — y|/16, and we may and do assume that
2s < |x — y|/16. Hence a < b. Recall that dist(A, R) > |« — y|/16. For z € R and
w € A we have |z—w| > |z —y|/16 > 1/64. By Lemma23 v(z —w) < ce~ 12wl <
ce—¢lz—ul,

(4.6)

For the set Ay we have

/A v(z —w)P¥(X(q) € B(z,s))dw

Sc/ e_cllx_yl/ (g, w, uw)dudw.
Ag B(x,s)

By Lemma this is bounded from above by

, mq mT B
c/ e ¢ ‘””_y|/ S o dudw < c/ —cle—y|2¢ 12T, 9] (H‘d (@ S)|dw
Az B(z,s) |w - u‘ As 6 (’LU)

B(z,s)
-1
<CTq€ elz— y||B .T S ‘/ 7d+ad

Note that a > 2s, so this is bounded from above by

, S , q
—c'|z—y| —c'|lz—yl 2
cpge” <Y |B(3375)|/a Tra S clemy |B(:c,s)|aa.
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By the definition of a we have a > ¢'/®/(64T'/%), hence

(4.7) /A v(z —w)P(X(q) € B(z,s))dw < cre=1*=¥|B(z, 5)|.

5043

We have A; = B(z,a). Recall that for z € R and w € A; C A we have v(z —w) <
ce=< 7=l Now we will consider two cases. If a = 2s, then |A;| = ¢|B(z, s)|. Hence

/ v(z —w)P¥(X(¢q) € B(z,s)) dw S/ v(z —w)dw
Ay

Aq
< ce “*¥|B(z, 5)|.

(4.8)

If a = ¢'/*/(647"/*), then by Lemma 2 we get

/A v(z—w)P¥(X(q) € B(z, s))dw

c/ efcl‘w*yl/ p(q, w, u)dudw
Ay B(z,s)

/ emq
< c/ e ¢ ‘zfy||B(a:,s)|7dw
Ay qere

IN

/ A
< ce™Te=? 1"V B(x, s)| |d 1 .
g/
But the Lebesgue measure of A; is equal to erg®®, so
(4.9) / v(z —w)P¥(X(q) € B(x,s))dw < cre~1*¥|B(z, 5)|.
Aq

Substituting (@7), (£]) and [@9) into (@6l we have
EY(tg <t,X(mr) € A;PXUR)(X(t —7) € B(x,5))|r=rg)

<ere B [ [ patry.2)ards
RJO

= ere " V| Bz, 5) / Grly, 2)dz
R

= cre 1"V B(z, 8)|EY (R).

By Lemma 1] it follows that

EY(1p < t,X(1r) € APYU(X(t — 1) € B(w,5))|r=rs)
< ¢r|B(z, 5)|6_c/‘z_y|5a/2 (y).

B(0,1)
From ([{3), (@A) and @I0) we finally obtain

1 —e— /2
m e S)pD(tvyaZ>dZ <cre ! yl(sB(071)(y>'

Letting s — 0 we get the assertion of the theorem.

(4.10)

d

Corollaries [4.3H4.6] below are simple generalizations and conclusions of Theorem
It seems that estimates of pp(t,z,y) presented in these corollaries have not

been known before, and they may find some interesting applications.

Almost the same proof as the proof of Theorem leads to a slightly more

general fact.
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Corollary 4.3. Let D = (B(0,¢))° and T > 0. There ezist constants cp. and ce
such that for any 0 <t < T, |x| > 2¢ and € < |y| < 5e/4 we have

po(t,z,y) < erce e lTI§%2 ().

Corollary 4.4. Let T > 0 and let D C R% be an open set satysfying the outer ball
condition in point z € 0D, that is, there exists a ball B(w,e) C D¢, ¢ > 0, such
that 0D NOB(w,e) = {z}. Then there exist constants ¢y and c. such that for any
0<t<T,z, y€D and|r—w| > 2 we have

CT e —c.|z—
tx,y) < —————e eyl ye/2,
po(t,z,y) < 7= g |z =yl
Proof. We will consider two cases. First let |z — y| > ¢/4. Then the assertion
follows from Lemma Now assume that |z — y| < €/4. Then |y — w| < 5¢/4.
B(w, ) is a subset of D¢, thus pp(t,z,y) < P(Blwe): (t,z,y) for any z,y € RY, and
any t > 0. By the previous corollary

—cole— a/2
Pty (b:0,9) < eree”“PTIGHE (),

for any = ¢ B(w,2¢). Besides dp(w)(y) < [z —y| and |z —y| > 3¢/4, thus

Ccr, —ce|z—
po(t,2,y) < pEm)-(try) < We celz=vl| — y|2/2,

O

Corollary 4.5. Let T > 0 and let D be a set with a uniform outer ball condition,
i.e. there exists € > 0, such that for any z € 0D there exists B(w,e) C D¢, such
that 0B(w,e)NOD = {z}. Then there exist constants cr . and cc such that for any
x,y€ D, dp(x) > and 0 <t < T we have

Corollary 4.6. Let R>1, D = (B(0,R))¢ and 0 < T < oo. There exist constants
cr and ¢ such that for any 0 <t <T, || > R+ 1 and R < |y| < R+ 1/4 we have

pp(t,z,y) < cTe_C‘“_y‘5%/2(y)-

As an application of the above corollary we prove the following proposition,
which will be very important in the proof of the main theorem.

Proposition 4.7. Let R > 1, D = (B(0,R))° and 0 < T < oo. There exists a
constant cp such that for any 0 <ty <ty <T and |z| > R+ 1 we have

Pm(tl <7Tp < tg) < CT(tQ — tl).
Let us emphasize that ¢y does not depend on R.

Proof. By the generalized Tkeda-Watanabe formula (Corollary 2Z.TTI)

ta
Pl <mo<t)= [ [Tonlsnnis [ vty - sy
D Jtq <

Now we divide the set D into two parts, A = B°(0,R+1/4) and B = D\ A. If
y € Aand z € D, then |z — y| > 1/4. Hence by Lemma 23l v(y — z) < ce~lv=21,
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It follows that

ta
// pD(S,x,y)dS/ v(y — z)dzdy
A Jt, c
to ,
SC// pD(S,aay)ds/ el dzdy.
AJty Dec

We have [, e ¢1v=2ldz < [, e ¢¥=*ldz < co. Therefore (II) is bounded from
above by

(4.11)

to (2
c/ / pp (s, x,y)dyds = c/ P®(tp > s)ds < c(ta — t1).
t1 A

t1

Let 6(y) = 0p(o,r)(y). By Lemma 24 we have

to
|| ootseis [ vty 2)dedy
B Jty <
" po(s,2.) :
< c/ / pp(s,z,y ds/ ————dzdy
BJt Be(yo(y) [y — 2T
to oo rd*l
=c pp(s,x,y ds/ ———drdy
L] et mas [

to 1
=c s, x,y)ds——dy,
/B/tl pp(s,,y) 5oy Y

and by Corollary this is bounded from above by
dy
ty —t —cle—yl .
CT( 2 1)/36 5a/2(y)

It is sufficient to show that this integral is bounded by a constant not depending
on R. We will prove this for d > 3. For the dimension d = 1 the proof is very easy
and for d = 2 the proof is similar to the proof for d > 3.

We may and do assume that x = (0,...,0,R + 1). We introduce spherical
coordinates in R? (7,01, p2,...,04-1), 7 € [0,00), ©1, ..., @a—2 € [0,7], pa_1 €
[0,27), with center in 0 and principal axis Oz.

We divide the set B into 2 parts:

By = {(7"’<P1;802,-~-,80d—1) i TE (R’R+ 1/4)a Y1 € [Ovl/R]}v
By = {(’I’,(pl,(pg,...,(pdfl) Lre (R,R+ 1/4), Y1 € (1/R,7T]}
We have

o dy VR (R1/4 d-1 s
e “rTY < c/ / ————sin“" drd
/Bl 0or2(y) =)y Ju  GoRpERTT P

/R r1/4 4
< cRd_l/O /0 73 @?72drdg01

rOt
<cR¥71(1/R) 1 =c

Now we estimate the integral over Bs. Let y € By and put yo = yR/|y| and
xo = xR/|z| = (0,0,..., R). Note that |x—y| > |xo—y| and |xq—y| > |zo—yo|—1/4.
Let y = (r,¢1,...,94—1) in spherical coordinates. Since y € By we have ¢1 > 1/R.
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It follows that |xg—yo| > 2Rsin(1/2R) > 2/7 > 1/2. Hence |zo—y| > |To—yo|/2-
This gives

|z —y| > |xo — yo|/2 = Rsin(¢1/2) > Rp1/m = CReps.

We also have e~ l*=¥ < ¢/|z — y|~?. Therefore e=¢1*~¥l < ¢(CRyp;)~?. It follows

that
©  rR+1/4 d—1 . d—2
/ efc|w7y| 722/ < c/// / r > Sin (51 dT’dQD]
B> 6%/2(y) 1/RJR (r—R)*/% (Rgn)

< Rd—l /1/4 1 d /ﬂ. (‘011*2 d
C T
N o 1% JiRr (Rp1)? 1

=cR™! / <p1_2d<p1 =c.
1/R

5. INTRINSIC ULTRACONTRACTIVITY

In this section we prove the main result of this paper, Theorem In this
section we fix the potential V € V.

To prove that the semigroup 7} is IU we will use Condition [[2 for D = B(0,1).
To show that the semigroup 7} is not IU we will use Condition [[L3l At first we
prove two auxiliary lemmas, which will be used to estimate T;(1p)(x).

Lemma 5.1. Let 0 < t; < ty <t < 00, z € R%, |z > 3, D = B(0,1) and
B = B(xz,1). Then

Ct(tg — tl) _ml/alx‘
|d+<2x+1 :

Px(X(TB) GD/Q,tl <T7TB <t2) > ‘
X

Proof. By Proposition 25 we have
PI(X(TB> S D/Q,tl <71 < t2>

ta
:// PB(S,iﬂ,y)dS/ v(y — z)dzdy.
B Jt; D/2

By Lemma 23] this is bounded from below by

ta
C 1/
// p5(s,2,y)ds|D /2| ————re ™ (=T gy
BJu (2] + 1) 5"

C —ml/o‘|x\ 2
> wﬁe BPB(&JU,y)dde
X 2 t1
t

2
= %e‘ml/ Ir\/ P¥(tp > s)ds
= "
to —t «
§ vafi ﬁg—Jrll)e_ml/ P (7 > 1)

and P?(tp > t) = ¢;. Here we recall our convention that constants ¢ may change
their value from one use to the next. ]
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Lemma 5.2. For any r > 0 we have

77“/1’7, efl
nZ::l nn+1) ~ r+1
Proof. We have
e e—r/n > e~ 1 e~ 1 e~ 1
;n(n—kl) n_{;ﬂn(n—l— ) [r]+1 7 r+1

O

Now we will show some lemmas needed to estimate T;(1g«)(x) from above. This
is the most difficult part of the paper. Roughly speaking, the main idea is to divide
R? into appropriate rings, and estimate the probability of jumps between these
rings. To shorten notation, from now on we will assume that n, k, [, N € N. We
will use the following notation:

e 2 < ng € N will be chosen later,

e R, =DB(0,n)\ B(0,n—1) for any n > ng + 2,

o Rno = B(O,?’Lo), Rn0+1 = B(O, no + ].),
o A, =(B(0,n—2))° for any n > ng + 2,
[ ]
[ ]
o

Ang = Rd7 Ano+1 = Rd7
Th =74, =inf{t > 0: X; € A, }, n > ny,
on=0g, =inf{t >0: X; € R,}, n > nyg.
Let us point out that for n > ng + 2 sets R, are “rings” in R? and R,,,, R, 11 are
balls. Note also that 7,, = 0o, Tp,+1 = 0.
First we need to estimate a volume of the intersection of two balls.

Lemma 5.3. Let 0 <[ < n, k> 0. Consider two balls B(x,n) and B(y,k +1)
with |z —y| = n+k. The volume of the intersection of these balls (denoted by I) is

less than %" (min{2k + 1, 2”})%

Proof. Let d > 1. Let z be any point belonging to the intersection of spheres with
centers at x and y, and radius n and k +[. Let w be the orthogonal projection of
z on the line containing = and y. Then k < |w — y| < k + I. Therefore

lz—wf* = (k+1)?—|w—y|> < (k+1)*—k* =2kl +1* =12k +1).
Analogical argument can be applied to n, thus we have
|z —w|? <n?®—(n—1)*=2nl —1* < 2nl.
Therefore we get
1| < cl|lz —w]?! < cl%(min{Zk + Z,Qn})%

Let d = 1. In this case the lemma obviously holds, because the intersection of
two balls (intervals) has measure equal to [. O

Now we estimate an integral of the Levy measure.

Lemma 5.4. Let |z| > N >n+1 and n > ng. Then we have

d—1

c(min{N —n,n}) 2 _ 1o pn_p,
/ vz — y)dy < mi) e TN,
R, (N—n) =

n
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Proof. By Lemma 2.3

C o1 ey
/ V(x—y)dyﬁ/ ——— e Yy
Rn R" |I_y‘ 2
C @
Sl/i e vl =
B(Om) [z —y| =

Let us point out that the last inequality holds both when n > ng + 2 (and R,, are
“rings”) and when n = ng or n =ng + 1 (and R,, are balls).

It is sufficient to consider only the case z = (0,0,...,0,N). Let N —n = k.
Consider a sequence of balls B(z,k +1) for 1 <1 <n. Then

B(0,n) = (B(0,n) \ B(z, k + n))
=A

U (J {BO,n)NB( k+1)\ Bz, k+1-1)}.
0<i<n

=A;

In addition we denote E; = B(0,n) N B(z,k +1). We will divide an integral J
into integrals over sets A and A;. At first we estimate an integral over A:

/ C e_ml/alr_y‘ dy < C|A| e_ml/a(k_,’_n)
- dtail = d¥at1
Alr—y|l 2 (k+n) =
d
cn a1/ C —_ml/
< e " lktn) < e ok
k== k==

In the last inequality we use the fact that there exists ¢ (depending on m, a and d)
such that for any n € N we have nde—m'/"n < c. In the sequel we will use similar
inequalities without further comments. For A; we have

c —m1/°‘|a:—y\ C|Al| —m O (k41-1)
T d3aii © dy < ——— €
/A, \ar:—y|d+24rl (k+1- 1)d+2+1
C|El| e—ml/"‘(k‘+l).

—  dtatl
|

Now we will consider two cases. At first assume that & > n. Using the previous
lemma we obtain

di1 d—1
c o 1/a "z (min{2k +1,2n})" = _ 1/a
J e m k+ Z e~ ™ (k+1)

d+a+1
2

k= 1<i<n k

. d-1
€ mVok c(min{3k,3n}) = _ 1/ap [ /e
>~ kd+a+1 kd+a+1 € €

2 2 1<I<n
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In the second case (k < n) we have

. = 2%k +1,2 N
JS %e_ml/ k+ Z CclL 2 (mln{d+a;|—l Tl}) _ml/ (k+1)
k2 1<i<n k=
d+1
€ o—m'k Z 2" (min{3k, 3n}) =" Mm% (ot )
dtatl dEotl
k=2 1<I<k k=
d+1 d—1
'z 3l) ml/e c(min{k,n}) =z _, 1/a
+ TRE W) <« ——— g —e k.
k<i<n k=

O

Lemma 5.5. For N—1<|z|< N, ng<n<N-2and0 <t <ty <T < oo we
have

PY(X(7n) € Ry, t1 < TN < t2)
(min{N — n,n})% —m'/*(N—n)

dtatl € .
(N—n) =

Proof. Recall that 7z = 74,. For n = N — 2 we have

Px(X(TN) c Rn,tl < TN < tg) < Pz(tl < TN < tz) < CT(tQ — tl),

by Proposition 71
Let n < N — 2. By Proposition 2.7 (the generalization of the Ikeda-Watanabe
formula) we have

Px(X(TN) S Rn,tl <TN < tg)

(51) to
:/ / pan (s, y)ds/ v(y — z)dzdy.
AN Jt R,

Note that for y € Ay we have |y| > N — 2. By Lemma B4 for y € Ay we have

< Cr(ta —t1)

d—1
cmin{N —2—-n,n} 2 _ 1/en_9_pn
/ v(y —z)dz { d+a+}1 e (N=2-n)
Ry, (N—2—-n) =
Therefore (B1)) is bounded from the above by

. da—1 t

c(min{N —n,n}) = _ 1/en_pn 2

(min{ d+a+}1) e v >/ / pay (8, 2,y)dyds.
(N — Tl) 2 An

We have fAN Pay (8, 2,y)dy = P* (74, > s) < 1, and the lemma follows. O

IN

Lemma 5.6. For any r > 0 we have

Proof. We have

Note that 1/(2e™/2) < 1/r. We also have

o

7n+1 0 s 0 g 4 r/4 4
Z / eid5§2/ eQdS:f/ e “du < —. O
n(n+1) 5 (s—1)s 5 82 r Jo T
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Lemma 5.7. For N—1<|z| < N,ng<k<N-2,t>0 and a > 0 we have
E*(ty <t,X(7n) € Rg;e ™%
(5.2) (minN —k.k})F eyl

<
>~ Cl (t) (N _ k‘) d+(21+1 a

Proof. Using last two lemmas we obtain

Ex(TN < t,X(’TN) S Rk;e_TNa)

> t t
= E® < <-,X € Ry;e” ™9
; (z‘+1TN 7 X(7w) € Riie >

>0 fta T t t
§Z€1+1P (’i—i—l <7y < ;,X(TN) GRk>

&S] . d—1
ettt QN BN e

P i(i+1) (N —k)*s™
. d=1
< Cl (t) (mln{N - ka k}) 2 e—ml/“(N—k)l
= v — k) @
Of course the constant C(t) also depends on «, d and m. (]

Now we define events, sequences of jumps, which will help to estimate T3 (1ga).
This notation is very essential in the sequel. Roughly speaking the main idea of the
paper is to estimate T;(1ga) by estimating the appropriate jumps of the process
between rings. This idea comes from the paper [BK].

For k > ng, n > k+ 2 and t > 0 we define

o S(n,k,1,t) ={X(r,) € Ry, 01 < t},
o S(nk,1,t)=U"p 5 S(n.p,l—1,t) N S(p,k,1,t) for any [ > 2,
e R(n,k,l,t) = S(n,k,1,t)N{m > t}.

Whenn > k+2,n—2 < k+2 and [ > 2, one should understand that S(n, k,[,t) =
0 and R(n,k,l,t) = 0. Note also that for fixed n and k the events S(n,k,[,t) are
empty for large enough [.

S(n, k,1,t) is the event that the process while leaving A,, jumps directly to Ry
and oy = inf{t > 0: X; € Ry}, the entry time to Ry, is smaller than ¢. Note that
if X(7,) € Ry, then o, = 7,.

S(n,p,1,t) N S(p,k,1,t) for n —2 > p > k + 2 is the event that the process
while leaving A,, jumps directly to R, and then while leaving A, jumps directly
to Ry and o < t, 0p < t. S(n,k,2,t) forn —2 > k+2 (I = 2) is the sum of
S(n,p,1,t)NS(p, k,1,t) for all p between k + 2 and n — 2. Roughly one may think
of S(n,k,2,t) as the event that the process goes from A,, to Ry in 2 “appropriate
jumps” (and oy, < t).

Similarly, by induction we define S(n, k,1,t). One may think of S(n, k,1,t) as the
event that the process goes from A, to Ry in | “appropriate jumps” (and oy < t).

R(n, k,1,t) is the event that the process goes from A, to Ry in [ “appropriate
jumps”, o < t, and that the process remains in Ay from oy, to t.

Note that “jumps” are defined so that when the process jumps to R, = B(0,p) \

B(0,p—1), then the next jump is from A, = (B(0, p — 2))¢ (not from (B(0,p — 1))°).
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This is done for technical reasons. It would be difficult to estimate the probability
of jumps from R, to (B(0,p —1))°. The same method was used in [BK].

Let t > 0, n > 2no+4 and x € R,,. We take n > 2n +4 so that [n/2] > ng + 2.
Note also that n — [n/2] > 2. For such ¢, n and = we have

T:(1ga)(z) = E%(e” Is V(Xs)dS) < EI(T[n/2] ot j'(f V(Xs)dS)
[n/2] oo )
+ Z ZEE(R(n,k,Lt);e—jO V(Xs)ds)
k=no+2 1=1
n0+1 [’}

+ 30 ST EN (R, k1) e Jo VX,

k=ng =1

The terms under the sum ZECZT%,]() 12 >-i=, correspond to events that the process
will make [ “appropriate jumps” from A,, to Ry and then remain in A up to time
t. The terms under the sum Z:‘;‘Li > 2, correspond to events that the process
will make [ “appropriate jumps” from A, to Ry and here we do not control the
behaviour of the process after oy (7,, = 00, Tho+1 = o). Roughly speaking these
terms for k = ng and & = ng + 1 appear separately because we can control the
expression of the type E*(S(n, k,1,t),e~2Jo“ V(X)ds) only when k is big enough
(see Lemmal[5.9). We have 2 parameters k = ng and k = ng+1 for technical reasons
(because of our definition of jumps).

Now we focus on estimating the single terms from the above sums. For z € R,,,

k>ng+2,n>k+2,1>1andt >0 we have
E® (R(n, k1, t);e o V(Xs)ds)
=E (R(n’ kL) e o VXdse = fo V(Xs)ds)

(5.4) o t
<E”" (S(Tl,k,l,t),’]’k >tie 2o V(Xs)dsefgL(kfz))

< e sL-2E? (S(n,k:,l,t); ez lo" V(XS)dS) .
By similar arguments we get for k = ng and k =ng + 1
E” (R(n, ko, t);eho V<Xs>d8) <E" (S(n, kol t);e 2" V(Xs>d8) .
Now we need the following auxiliary fact.

Lemma 5.8. Letn >k >1>0. We have

min{n — k, k} min{k — 1,1} <c min{n — 1,1}
n—k k-1 — 7 a-1

Proof. One can easily see that the following inequality holds:

W =

(5.5) (n—k)(k—-1)> %(nfl) min{n — k, k — 1}
Thus
min{n — k, k} min{k — 1,1} 1
min{n — k, k — 1} (n—1)
Hence it is sufficient to show that
min{n — k, k} min{k — 1,1}
min{n — k, k — 1}

W <2

Y = < cmin{n —1,1}.
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Now we have three cases:
en—k<k-—lI
Y = min{k — [,1} < min{n — 1,1},
en—k>k—land k—1 <1,
Y = min{n — k, k} <min{n — 1,2} <2min{n — 1,1},
en—k>k—land k—1>1,
min{n — k, k} kl
Y{k—l}Sk/ZQZ

and
min{n — k,k}l _ (n—k)(k—1)
= < —n—k<n-—L
Y - < - n—k<n-—1

O

The following lemma is crucial in our considerations. Roughly speaking we
estimate e~ Jo V(Xs)ds depending on the number of “appropriate jumps” the process
made. The idea of the proof of this lemma is taken from [BK], Lemma 4.5.

In this lemma we will not use our convention that constants may change their
value from line to line. All constants which appear in the formulation and the proof
of the lemma will not change their value. This is because in the induction proof we
need to know that constants do not depend on the parameter [.

Lemma 5.9. Fizt > 0. Let C3(t) = 16¢2C(t), where ¢ is a constant from Defini-
tion [L4 and C1(t) is a constant from Lemma 51l Let ng € N (ng depends on t) be
large enough so that

Cg(t) da—1 = 1
(5.6) L(ng) >1 and L(no)sc2 2 ZplT% <1,

p=1
where Co is a constant from Lemma B8l
Then forx € R,, k >ng,n>k+2,1>1 we have
Ca(t) /o (nsy (min{n — k. k})">"
2 (n— B Ln)
Recall that (Definition[[4)) the function L(n) is nondecreasing and tending to oo,
so for large enough ng (5.6) holds. We also point out that in the proof of Theorem
there will be some additional conditions on ng.

(5.7)  E*(S(n,k,1,t);e"2J0 " V(Xa)dsy <

Proof. First let [ = 1. This is the case when the process makes only one appropriate
“jump”. Recall that S(n,k,1,t) = {X(7,,) € Ry, o < t} and for X(1,,) € Ry, we
have 7, = 0. Note that for s € [0,7,) we have X, € 4, = (B(0,n — 2))¢, so by
Definition [[8 V(X,) > L(n — 2). Using Lemma [5.7] we obtain

E*(S(n, k, 1,t);67%f00k V(Xs)dS) < E"(X(7n) € Rppy Tn < t;efrnL(n72)/2)
—mt/e (k) (min{n — &, kN 2
o REE I

Recall that n > k42 > ng+2, so L(n—1), L(n—2) are no smaller than L(ng) > 1.
By Definition[L4(3) L(n) < éL(n—1)+¢ < 2¢L(n—1). Similarly L(n) < 4¢2L(n—2).

S Cl (t)e
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Therefore for C3(t) = 16¢°Cy(¢) (51 holds for [ = 1. We will show that for such
Cs(t) (520 also holds for all I > 1. We will prove (5.7)) by induction on I. Recall
once again that in this proof we will not use our convention that the constants may
change their value from one use to the next.

Let I > 2. Suppose we have proved (51) for 1,...,l—1and all k > ng, n > k+2.
We will show (E7) for . By Definition of S(n, k,[,t) we have

E“(S(n k1, t); e 2 Jo " V(Xa)ds)

S B (SOl 1), S(p. k. Lt e} 57 VK s 15 VO
Mt T/
n—2 o

< Z E*(A,S(p,k,1,t+0p);e “3 0T V(Xods 3 T VX ')ds).
p=k+2

By the strong Markov property the last expression is equal to

n—2
Z E“(A; e~ 3lo” VX)dsEX(©@0) (S(p, kb, 1,1); ez 0" V(Xo)dsy),
p=k+2

Now by our induction hypothesis this is bounded from above by

nif Cs(t) o—m1/(np) (min{n—p,p})% 1
— d+a+1
oz 27 (n—p)=5" L(”)
o Cs(t) omm/ (o) (min{p — k, k)= 1
d+0¢+1 :
2 (p—k) L(p)

The function L(n) is nondecreasing, so this is bounded from above by

Cs(t) e ™" (0 Cy(t) = (min{n —p,p})* (min{p — k,k})
(5.8) 9l L(n) L(ng) p:zk;r2 (n—p)% (p— k)d+ot+1

By Lemma 5.8 and (B3) the last sum is smaller than

Z s (min{n — k k}) o1 +a/2
2 (B mn{n—pp— BN
a—1 (min{n — k, k})ﬁ = < 1 1 )
<4Cy at1 = + @
(n— k)5 p_z,;w (n—p)'*ts  (p—k)'*3

<80, —1 (min{n — k, k}) Z 1

(n . k) dbatl ot p1+% ’

Eventually, by (5.8) and (5.6) we obtain

: d—1
E® (S(’I’L k,l,t) LITF V(X )ds) < C3(t) e—ml/"‘(n—k) (mln{n — k’ k}) 2

2 (n—k)“5 L(n)

Now we can prove the main result of this paper.
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Proof of Theorem [LGl To prove intrinsic ultracontractivity of T; we will use Con-
dition[[2] that is, for all ¢ > 0 there exists ¢; such that for all x € R¢, Ty(1ga)(z) <
Ty (1p)(x), where D = B(0, 1).

First we estimate T;(1gae)(x). Fix t > 0. We assume that ng satisfies condtion
B0) from LemmaB9l Let n > 2ng +4 and « € R,,. Applying the last lemma and

B4 to the equality (53), we have

Tiy(1ra)(x) < E*(T[n/2) > ; e Jo V(Xe)ds)

[n/2] oo da—1
Cs(t) 1 _/otnon) —tL(k—2 k=
+ § § e m/ % (n—k) ,— 3 L( )W
k=no+2 I=1 L(n) 2 (n—k) =
no+1 oo d—1
Cg(t) 1 Ve (n_k) k=
E E —em = =T+ II+III
+ . — L(n) 2le (n B k) d+c2x+1 + +
=ng l=

‘We have
1< e~ tL([n/2]1-2)

Note that the function L is comparable on unit intervals (see Definition [[4]).
Therefore there exists a constant A > 0 such that L(n) < e4”. We also have
L(n)/n — oo. Let us recall that ¢ > 0 is fixed. Thus we can choose ny (depending
on t) large enough so that for n > ng we have tL([n/2] — 2) > m'/*n + (A + 1)n.
For such ng we have
—tL([n/2]—2 —mY%n_—(A+1)n c —ml/%n 1
[Set([/] )Se e(+)§me W

By similar arguments we can choose ng large enough so that for k > ng we have
tL(k — 2)/2 — m'/*k > k. Note also that k < [n/2], so we have n — k > n/2. For
such ng we have

—ml/en /2]
Ct € m n Z —kkdEI < C¢ _mt/ ey 1

T € e — 0T

L n d+a+1 — L n d+a+1

) o 2 w°

11 <

For I11 we get similar estimates. It follows that for ng chosen as above, z € R,
and n > 2ng + 4 we have
Ct  _pt/e, 1

e T dtatl -

L(n) nE

Recall that by (B.6) we have L(ng) > 1. By Definition [l for |z] > ng we get
that V(z) < CL(|z|) + C < 2CL(|z|), so L(]z|) and V(x) are comparable. Since
n> |zl >n—1(x € R,) we get

T,(1ga)(x) < T+ IT + ITT <

Ct 7m1/a\z| ].

(5.9) Ti(1gra)(z) < We W,

for |z| > 2ng + 4.
Now we estimate T3(1p)(z). Fix t > 0. Recall that D = B(0,1) and let |z| >
no+ 1, B = B(x,1) (recall that ng > 2 so |z| > 3). We have

T,(1p)(x) = B*(X; € Dy~ Jo VX))
T _ [tHT
> E*(X(m5) € D/2,75 < t,Yaclrp t4ry) Xs € DyeJo 7 VXe)ds =™ V(Xo)dsy

> cE*(X(tg) € D/2,75 < t,Vselrp t4rp] Xs € Die” Jo® V(Xs)ds).
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By the strong Markov property this is equal to
B (X(15) € D/2,75 < t;e Jo 7 V(Xo)ds pX(T5) (1) 5 1))
> B (X (15) € D/2,7p < tye Jo 7 V(Xe)ds),

For y € B we have |y| < || + 1, so for s € [0,75) we get |X4| < || + 1. Since
|z] > ng + 1 we have L(Jx| + 1) > 1. Hence for s € [0,75) we have V(X;) <
CL(Jz|+ 1)+ C <2CL(Jz| + 1) < ¢ L(|z]). Tt follows that

e} t t - V(X,)d
Tt(lD)(x)ZCt;Ex (X(TB)ED/z’H——l<TB<E7e fo s
I Ti4+1 i
By Lemmas 5.1l and 5.2 we get
1

—ml/“|x\

T(1p)(x) > ¢ Y et Hlel/i— —— ¢
— i(i+1) o] 7o

1/a 1
(5.10 > L —mY |+
) NP t/L(|z]) +1
Ct 7177/1/0“11'
> - e .
(I + )75 (V) +1)
This and (59) gives Condition [[2 for |x| > 2ng + 4. For small « this condition
is obvious, because both sides are bounded, continuous and bounded away from O.
Therefore the semigroup T} is TU.
When T; is IU we can also show asymptotic behavior of the first eigenfunction

¢1(z):

91(x) = e Ti(61)(x) < e (sup 61 (@) Ti(ra) () = OT1 (o) ().

because ¢1(x) is bounded.
On the other hand for D = B(0,1) we have

¢1(x) = e MT1($1)(x) > e M Ti(1pgr) ()
>e M (ggg ¢1(2))T1(1p)(x) = cT1(1p)(z),

because ¢4 (z) is strictly positive, and continuous. Now (5.9) and (G.10) give (L)
for large x (|z| > 2ng +4). For small x (LA is trivial because ¢, is continuous and
strictly positive.

Finally we will show that if V' € V and condition lim ;. V(z)/|z| = oo is not
satisfied, then the semigroup 7T} is not intrinsically ultracontractive. Since V € V
we have lim|,|_ V(2) = co. So there exists 79 > 1 such that for [z| > ry we
have V(x) > 1. For such z we get L(|z|) < V(z) < 2CL(Jz|). L is comparable on
unit intervals, so V is comparable on unit balls. Therefore we may assume that
there exists a constant M < oo and a sequence of balls B,, = B(xy, 1), |x,| — oo,
|Tn| > ro + 1, |zn| > 3, n > 1, such that V(z) > 1, V(z)/|z] < M for any
z e, By

Now we will show that Condition [[.3] does not hold. This implies that the
semigroup 71} is not IU.
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Let D = B(0,1) and z € |J;—, B,. We have
Ty(1p)(z) = B* (X, € D;e~ Jo VIXa)dsy < po(X, € D) = / p(t, x,y)dy.
D

Since |x,,| > 3 we have |z| > 2 and |z — y| > 1 for y € D. By Lemma [22] we get
Ty(1p)(x) < erte™ | D|e~c2(zI=1),

To estimate T3 (1ra)(x) we will again use the fact that V' is comparable on unit
balls. That is, there exists a constant ¢z such that for z € |J,., B, we have
SUPyep(z,1) V(Y) < e3V (). It follows that

T(1p@n)(@) 2 B (T > tie o V(X))
> Px(TB(I’l) > t)e—t03V(x) > PO(TB(OJ) > t)e_tCSM‘xl
_ Cteft53M|:L’\ )

If we choose t small enough to have ¢y > tc3M, then Condition will not be

satisfied for large enough x. This implies that the semigroup 7T is not IU. O
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