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SEMIFREE SYMPLECTIC CIRCLE ACTIONS ON 4-ORBIFOLDS

L. GODINHO

Abstract. A theorem of Tolman and Weitsman states that all symplectic
semifree circle actions with isolated fixed points on compact symplectic man-
ifolds must be Hamiltonian and have the same equivariant cohomology and
Chern classes of (CP 1)n equipped with the standard diagonal circle action.
In this paper, we show that the situation is much different when we consider
compact symplectic orbifolds. Focusing on 4-orbifolds with isolated cone sin-
gularities, we show that such actions, besides being Hamiltonian, can now be
obtained from either S2 × S2 or a weighted projective space, or a quotient of
one of these spaces by a finite cyclic group, by a sequence of special weighted
blow-ups at fixed points. In particular, they can have any number of fixed

points.

1. Introduction

Tolman and Weitsman showed in [T-W] that any semifree circle action (that is,
free outside the fixed point set) with isolated fixed points on a compact symplectic
manifold must be Hamiltonian. Moreover, S2×S2 with the standard diagonal circle
action is, up to symplectomorphism, the only 4-dimensional symplectic manifold
with such an action. In higher dimensions, the only known example is still the prod-
uct of spheres with the standard diagonal circle action, and the classical manifolds
invariants (cohomology and Chern classes), as well as the equivariant cohomology
of these spaces, must agree with those of (CP 1)n (cf. [T-W] for details).

The situation is much different when we consider semifree circle actions on orb-
ifolds. In this paper, we focus on such actions on 4-dimensional symplectic orbifolds
with isolated cone singularities (that is, for which the orbifold structure groups of
their orbifold points are cyclic groups acting diagonally). Also, we prove that, be-
sides being Hamiltonian, they can now be obtained from either S2 × S2 with the
standard diagonal action, or the weighted projective space CP 2(a, b, a+ b) with the
S1-action defined by

eθi · [z1 : z2 : z3] = [eq θiz1 : ep θiz2 : e(p+q) θiz3],

where p and q are integers satisfying pa − qb = 1, or a quotient of one of these
S1-spaces by a cyclic group Zk acting as a subgroup of S1, by a sequence of special
weighted blow-ups at fixed points. We describe the two basic examples in Section 3,
the weighted blow-ups in Section 4, and, in Section 5, we obtain the following
results.
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4920 L. GODINHO

Theorem 1.1. A symplectic circle action on a compact symplectic 4-dimensional
orbifold is Hamiltonian iff it has a non-empty fixed-point set.

Theorem 1.2. Every semifree Hamiltonian circle action on a compact symplectic
4-dimensional orbifold with isolated cone singularities can be obtained by a sequence
of equivariant weighted blow-ups at fixed points from either:

1. a product of two spheres, S2 ×S2, with the standard diagonal circle action,
or

2. a weighted projective space CP 2(a, b, a + b) with the S1-action defined by
eθi · [z1 : z2 : z3] = [eq θiz1 : ep θiz2 : e(p+q) θiz3], where p and q are integers
satisfying p a − q b = 1, or

3. a quotient of one of the above S1-spaces by a cyclic group Zk acting as a
subgroup of S1, equipped with the induced S1 ∼= S1/Zk action,

with a symplectic form that comes from a Kähler form. Moreover, when the blown-
up point has index 2, the sum of the orders of the orbifold structure group of the
fixed points on the exceptional divisor is equal to the order of the orbifold structure
group of the blown-up point. If, on the other hand, the blown-up point is a fixed
point of index 0 or 4, then the absolute value of the difference between the orders of
the orbifold structure groups of the fixed points on the exceptional divisor is equal to
the order of the orbifold structure group of the blown-up point. In particular, these
orbifolds are toric.

Theorem 1.1 is proved using the Atiyah-Bott and Berline-Vergne ([A-B], [B-V])
localization formula for equivariant cohomology (generalized to orbifolds by Mein-
renken [M]).

If we do not assume that the orbifold singularities are isolated, more examples
can occur. The argument in Theorem 1.2 is generalized in Section 6 to show that
any such space can be obtained from an S1-orbifold with the same fixed-point data
(that is, number of fixed points, orders of their orbifold structure groups and their
isotropy weights) as

1. a product of two “footballs” (CP 1(a, b) × CP 1(c, d) with a, b, c, d pairwise
relatively prime) equipped with a diagonal circle action

eθi · ([z1 : z2], [w1 : w2]) =
(
[eq θiz1 : ep θiz2], [es θiw1 : er θiw2]

)
,

where p, q, r, s are integers satisfying pa − qb = 1 and rc − sd = 1, or
2. a weighted projective space CP 2(abc, bde, ad(c + e)) for which there exist

integers p, q, r satisfying p(de) − q(ac) = 1 and pd + qa = rb, equipped with the
circle action given by

eθi · [z1 : z2 : z3] = [ep θiz1 : eq θiz2 : er θiz3], or

3. a quotient of one of the above S1-spaces by a cyclic group Zk acting as a
subgroup of S1, equipped with the induced S1 ∼= S1/Zk action.

Remark. In the isolated case, we perform a sequence of weighted blow-ups to obtain
a manifold and use the classification of S1 actions on 4-manifolds to conclude that
any semifree action can be obtained (by a sequence of equivariant weighted blow-
ups at fixed points) from an orbifold equivariantly diffeomorphic to one of the above
examples with isolated singularities. In the general case, however, we may not be
able to obtain a manifold from this sequence of blow ups, so we can only conclude
that such actions can be obtained (by a sequence of weighted blow-ups) from a
space with the same fixed-point data as in examples 1, 2 or 3.
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2. Orbifolds and group actions

In this section we review some background material on orbifolds and group ac-
tions.

2.1. Orbifolds. An orbifold M is a singular manifold whose singularities are locally
isomorphic to quotient singularities of the form Rn/Γ, where Γ is a finite subgroup of
GL(n, R). An orbifold chart for M is a triple (U, V, Γ) consisting of an open subset
U of M , a finite group Γ ⊂ GL(n, R), an open subset V of R

n and a homeomorphism
U = V/Γ. An orbifold structure on the paracompact Hausdorff space M is then
a collection of orbifold charts covering M , subject to appropriate compatibility
conditions. These, in particular, ensure that, on each connected component, the
generic stabilizers of the Γi-actions are isomorphic. For each singularity p ∈ M ,
there is a finite subgroup Γp of GL(n, R), unique up to conjugation, such that open
neighborhoods of p in M are homeomorphic to neighborhoods of the origin in Rn/Γ.
A singular point is called an orbifold point and Γp its orbifold structure group.

The definitions of vector fields, differential forms, metrics, group actions, etc.
naturally extend to orbifolds. For instance, a symplectic orbifold is an orbifold
equipped with a closed non-degenerate 2-form ω. Given any orbifold M , fiber orbi-
bundles π : E → M are defined by Γ-equivariant fiber bundles Z → EV → V
in orbifold charts (U, Γ, V ), together with suitable compatibility conditions. The
fibers π−1(p) are not, in general, diffeomorphic to Z, but to some quotient of Z by
the action of the orbifold structure group Γp.

All orbifolds we will consider in this paper will have a presentation of the form
M = X/T , where X is a manifold and T is a torus acting in an effective, locally
free fashion on X. All orbifold points p will be assumed to be cone singularities,
that is, to have a cyclic group Zk as orbifold structure group, acting diagonally on
Rn. Moreover, all 4-orbifolds that we will consider will be generically manifolds.

Just as any line bundle over a sphere is isomorphic to some line bundle O(k) of
Chern class k ∈ Z defined by S3×C/ ∼, where (z1, z2, w) ∼ (λz1, λz2, λ

kw) for λ ∈
S1, any line orbi-bundle over an orbifold “sphere” CP 1(p, q) (with gcd (p, q) = 1))
is isomorphic to some Op,q(k/r) (where k and r are relatively prime and r > 0),
defined by S3 × C/ ∼, where (z1, z2, w) ∼ (λrpz1, λ

rqz2, λ
kw) for λ ∈ S1 (cf. [R]

for details). Note that, if k > 0, Op,q(k/r) is isomorphic to the normal orbi-bundle
of CP 1(rp, rq) ∼= CP 1(p, q) inside CP 2(rq, rp, k), so we will denote Op,q(k/r) by
Orp,rq(k).

2.2. Group actions. Let (M, ω) be a symplectic orbifold, and G a compact, con-
nected Lie group acting smoothly on M . Since G is connected, the components
of the fixed-point set MG are suborbifolds of M . Moreover, if G is abelian, the
normal orbi-bundle νF to each fixed-point component F is even dimensional, and
admits an invariant Hermitean structure. If M is oriented, any choice of such a
Hermitean structure defines an orientation in F . The definition of equivariant dif-
ferential forms, AG(M) (that is, polynomial G-equivariant mappings α from g to
the space of differential forms in M), also extends naturally to orbifolds equipped
with a group action, as well as the equivariant differential dG : AG(M) → AG(M)
defined as

dG(α)(ξ) = dα(ξ) − 2π iι(ξM )α(ξ),
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4922 L. GODINHO

where ξM is the fundamental vector field corresponding to ξ. An example of an
equivariantly closed form is the equivariant Euler class e(νF ) of the normal orbi-
bundle νF . Supposing G is abelian, and using the splitting principle if necessary,
we can assume, without loss of generality, that νF splits into a direct sum of line
orbi-bundles Li with first Chern classes c1(Li), and (rational) orbi-weights λi, and
we have

(2.1) e(νF ) =
∏

i

(c1(Li) + λi) .

Let us now assume that M is compact, connected and oriented, and consider the
integration mapping

∫
: AG(M) → AG(M) and ιF : F → M , the embeddings of

the fixed-point orbifolds. The Atiyah-Bott and Berline-Vergne localization formula
([A-B], [B-V]) was generalized to orbifolds by Meinrenken [M]:

Proposition 2.1 (Localization formula for orbifolds). Suppose G is abelian, and
let α ∈ AG(M) be dG-closed. Then,

1
dM

∫
M

α =
∑
F

1
dF

∫
F

ι∗F α

e(νF )
,

where, for a connected orbifold X, dX is the order of the orbifold structure group
of a generic point of X, and the sum is over the fixed-point orbifolds.

2.3. Circle actions. Let us now consider the case where G = S1 acts in a Hamil-
tonian fashion on an orbifold M with cone singularities. Most of the basic defini-
tions of Morse theory on orbifolds are analogous to their manifold counterparts (cf.
[L-T]). In particular, given a fixed point F ∈ M , there is a stable (or unstable)
orbifold formed by the points which converge to F under the flow of −gradH (or
gradH), where gradH is the gradient of the Hamiltonian function with respect to
a compatible Riemannian metric. Given the local form of H and of its gradient near
F , the closures of the stable and unstable orbifolds of F have a cone singularity
at F . If M is 4-dimensional and F is a fixed point of index 2, the closure of the
stable (or unstable) orbifold is a sphere having a cone singularity at F but which,
in theory, could have other types of singularity at the other pole. However, if this
other pole is another fixed point F ′ of index 2, this sphere also has a cone singular-
ity at F ′ since it is then the unstable (or stable) orbifold of F ′. If, in addition, the
components where H takes its maximum (or minimum) are isolated points, then
the stable (or unstable) orbifolds of fixed points of index 2 having these points as
poles also have cone singularities at these poles (see [A-H] for a detailed explanation
of the manifold case). We conclude that, if all fixed points are isolated, they are
poles of gradient orbifold spheres which are either teardrops or footballs (that is,
weighted projective spaces or their quotients by a finite cyclic group).

Let us now assume that we have a semifree circle action on an orbifold with cone
singularities and let F be an isolated fixed point. A neighborhood of F is modeled
by the quotient C

2/ZN for an action of ZN given by

ξN · (z, w) = (ξm1
N z, ξm2

N w),

with |m1|, |m2| ≤ N and (m1, m2) = 1. The circle action on this neighborhood will
be given by

eiθ · (z, w) = (eipθ/Nz, eiqθ/Nw),
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for some integers p and q and, since we are assuming that it is semifree, p must
divide (m1, N), and q must divide (m2, N). Hence, in order to have a well-defined
semifree action on this neighborhood, we must be able to choose m1 and m2 dividing
N and then p = ±m1 and q = ±m2. Consequently, the weights of the isotropy
representation of S1 on TF M are ±m1/N and ±m2/N , and |m1|, |m2|, when
different from 1, are the orders of the orbifold structure group of a generic point in
two gradient “spheres” having F as a pole. Note that, as we are assuming that our
4-orbifolds are generically manifolds, |m1| �= |m2| unless they are both equal to 1,
in which case F is an isolated orbifold point (and the weights are ±1/N). In this
case, the action of ZN implies that, on C2/ZN ,

(z, w) ∼ (ξNz, ξ±1
N w) ∼ (ξk

Nz, ξ±k
N w),

for any integer k, 1 ≤ k ≤ N , relatively prime with N , and ξN a primitive N -th
root of unity.

3. Basic examples

1. When M is a 4-manifold, the only possible semifree circle action is the
standard diagonal action on the product of two spheres S2×S2 (cf. [T-W], [A] and
[K]). The circle acts by rotating each sphere while fixing the poles. There are four
fixed points, (n, n), (n, s), (s, n) and (s, s), where n and s are the north and south
poles of the sphere.

2. We will now consider a weighted projective space CP 2(a, b, a+b) where a and
b are positive integers. This space is defined as the complex quotient (C3\{0})/C∗

for an action of C
∗ = C\{0} given by

(z1, z2, z3) ∼ (λaz1, λ
bz2, λ

a+bz3), λ ∈ C
∗,

and can also be obtained by symplectic reduction. If a, b and a + b are pairwise
relatively prime, this compact symplectic orbifold has three isolated orbifold singu-
larities with orbifold structure groups isomorphic to Za, Zb and Za+b. Let us now
consider integers p, q (given by the extended Euclidean algorithm) for which

pa − qb = 1,

and the circle action on CP 2(a, b, a + b) given by

eθi · [z1 : z2 : z3] = [eq θiz1 : ep θiz2 : e(p+q) θiz3].

This action has three isolated fixed points F1 = [1 : 0 : 0], F2 = [0 : 1 : 0] and
F3 = [0 : 0 : 1]. A coordinate system centered at F1 is given by

(z, w) ∈ C
2 �−→ [1 : z : w].

In this coordinate system (z, w) ∼ (ξa z, ξa w), where ξa is a primitive a-th root of
unity. The action of S1 on this coordinate system is given by

eθi · [1 : z : w] = [eq iθ : ep iθz : e(p+q) θiw]

= [1 : ei(pa−qb)/a)θz : ei(((p+q)a−q(a+b))/a) θw] = [1 : ei/a θz : ei/a θw],

implying that the weights of the isotropy representation of S1 on TF1M are both
1/a. Similarly, we can conclude that the weights on TF2M are both −1/b and on
TF3M are ±1/(a + b).

We will see in Section 5 that all examples of semifree circle actions on orbifolds
with isolated cone singularities can be obtained by a sequence of weighted blow-ups
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4924 L. GODINHO

either from the above two examples or from a quotient of one of these spaces by
a finite cyclic group. There are, however, more examples with non-isolated cone
singularities, as can be seen in Section 6.

4. Weighted blow-up

In this section we will consider two special cases of weighted blow-up:
I. Let F be an isolated cone singularity of orbifold structure group ZN . Let us

assume that a neighborhood of F is modeled by the quotient C2/ZN for an action
of ZN on C2 given by

ξN · (z, w) = (ξk
Nz, ξ−k

N w),
where ξN is a primitive N -th root of unity and k is an integer 1 ≤ k < N relatively
prime with N . Moreover, consider the Hamiltonian circle action on C2 given by

eiθ · (z, w) = (eiaθz, ei(N−a)θw)

with Hamiltonian function given by H̃ = 1
4 (a|z|2 + (N − a)|w|2) for some integer

1 ≤ a < N . This action descends to a circle action on the quotient C2/ZN having
only one critical point (of index 0) at the origin. We can remove a neighborhood
of this point of the form H−1([0, ε)), where H is the Hamiltonian function of this
new action, and collapse the boundary of the resulting orbifold along the orbits of
the circle action. The exceptional divisor of this weighted blow-up is a weighted
projective space CP 1(a, N − a).

If we have a circle action on M , it will descend to the weighted blow-up. In
particular, the semifree action given, on a neighborhood of F , by

eiθ · (z, w) = (eiθ/Nz, e−iθ/Nw)

will descend to a new semifree action on the the blown-up orbifold. Indeed, the
exceptional divisor CP 1(a, N − a) will be an invariant orbifold S2 where the circle
action can be written in homogeneous coordinates as

[eiθ/Nz : e−iθ/Nw] = [z : e−iθ(1/N+(N−a)/(Na))w] = [z : e−iθ/aw]

= [eiθ(1/N+a/(N(N−a)))z : w] = [eiθ/(N−a)z : w],

and so the isotropy weights at the new fixed points are −1/a and 1/(N − a).
II. Let F again be an isolated cone singularity with orbifold structure group ZN

but let us assume now that a neighborhood of F is modeled by C
2/ZN for an action

of ZN on C2 given by

ξN · (z, w) = (ξk
Nz, ξk

Nw), 1 ≤ k < N,

where k is an integer 1 < k ≤ N , relatively prime with N , and ξN is a primitive
N -th root of unity. Let us consider the Hamiltonian circle action on C2 given by

eiθ · (z, w) = (eiaθz, ei(N+a)θw)

for some integer a ≥ 1. This action descends to the quotient C2/ZN , and we can
again remove a neighborhood of F of the form H−1([0, ε)), where H is the Hamil-
tonian function of the induced action on the quotient, and collapse the boundary of
the resulting orbifold along the orbits of the circle action. The exceptional divisor
obtained will now be a weighted projective space CP 1(a, N + a).

The semifree circle actions on M given, on a neighborhood of F , by

eiθ · (z, w) = (e±iθ/Nz, e±θ/Nw),
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will also descend to semifree circle actions on the blown-up orbifold. Indeed, the
actions on the exceptional divisor can now be written in homogeneous coordinates
as

[e±iθ/Nz : e±iθ/Nw] = [z : e±iθ(1/N−(N+a)/(Na))w] = [z : e∓iθ/aw]

= [e±iθ(1/N−a/(N(N+a)))z : w] = [e±iθ/(N+a)z : w],

and so the isotropy weights at the new fixed points are ∓1/a and ±1/(N + a),
respectively.

5. Proof of the main theorems

We begin this section with the proof of Theorem 1.1

Theorem 1.1. A symplectic circle action on a compact symplectic 4-dimensional
orbifold is Hamiltonian iff it has a non-empty fixed-point set.

Proof. Let us assume that MS1 �= ∅. To show that any such action must be
Hamiltonian, we first deform the symplectic form to a rational invariant symplectic
form and we choose a compatible invariant almost complex structure. Even though
this a.c.s. is not unique, the weights at every fixed point are well defined. For
dimensional reasons, every fixed point of index 2 must be isolated, implying that
none of the weights on their normal orbi-bundles can be zero. Since we now have
an invariant rational symplectic form, the circle action will have a circle-valued
moment map (the argument follows the one for the manifold case described in
[MD]). If this map had no local minima or maxima, then, applying the equivariant
integration formula of Proposition 2.1 to α = 1, yields

(5.1) 0 =
1
d

∫
M

1 =
∑

F∈MS1

1
dF

1
e(νF )

,

where dF denotes the order of the orbifold structure group of the fixed point F ,
e(νF ) is the equivariant Euler class of the tangent bundle at F , and the sum is
over all fixed points F . Since we are assuming that all fixed points have index 2,
applying (2.1) we get

e(νF ) = −kF

(
u
dF

)2

for some positive integers kF and so, by (5.1),
∑

F∈MS1 k−1
F dF = 0, which is im-

possible. We conclude that the circle-valued moment map has a local minimum,
and so it must lift to a real-valued moment map, implying that any symplectic
circle action on M must be Hamiltonian. Moreover, the real-valued moment map
is a Morse function with only even-index critical points, so our orbifold is simply
connected (for Morse theory on orbifolds see e.g. [L-T]).

Conversely, if the action is Hamiltonian, it must have fixed points (the critical
points of the corresponding Hamiltonian function). �

Before proving our main result we need the following lemmas.

Lemma 1. Let S1 act on a weighted projective space CP 1(p, q) by rotation, while
fixing the north and south poles (orbifold singularities). Suppose that the action
lifts to a complex line orbi-bundle Orp,rq(k), where k and r are relatively prime and
r > 0. Then S1 acts linearly on the fibers over the north and south poles and,
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denoting by m+ and m− the weights for these actions, m+ − m− = n
(

k
pqr

)
for

some integer n. Moreover, if the action is semifree, n = −1.

Proof. Let S1 act on the weighted projective space CP 1(p, q) by rotation

eiθ · [z0 : z1] = [eiaθz0 : eibθz1], a, b ∈ Z\{0},

having [1 : 0] and [0 : 1] as fixed points. For k ∈ Z and p, q, r ∈ Z+ with (k, r) = 1,
the line orbi-bundle Orp,rq(k) over CP 1(p, q) is defined as

Op,q(k) =
(
S3 × C

)
/ ∼,

where (z0, z1, w) ∼ (λrpz0, λ
rqz1, λ

kw), for λ ∈ S1. Let [z0 : z1 : w] denote the
equivalence class of (z0, z1, w). Then, any lifted S1-action over Orp,rq(k) is of the
form

eiθ · [z0 : z1 : w] = [eiaθz0 : eibθz1 : eicθw]

for some integer c. On the fiber over [1 : 0], we have

eiθ · [1 : 0 : w] = [eiaθ : 0 : eicθw] = [1 : 0 : ei(c−(ak)/(rp))θw]

and, over [0 : 1], we have

eiθ · [0 : 1 : w] = [0 : eibθ : eicθw] = [0 : 1 : ei(c−(bk)/(rq))θw],

implying that m+ = c − (bk)/(rq) and m− = c − (ak)/(rp), and so m+ − m− =
(aq − bp)k/(pqr). Moreover, if the action on CP 1(p, q) ∼= CP 1(rp, rq) is semifree,
then a− (bp)/q = −1/q and b− (aq)/p = 1/p, implying that aq− bp = −1, and the
result follows. �

Lemma 2. Let S2
(np,nq) be the orbifold “sphere” CP 1(p, q)/Zn, for a Zn-action

given by

ξn · [z0 : z1] = [ξa
nz0 : ξb

nz1],

where a, b are integers satisfying bp−aq = 1 and ξn is a primitive n-th root of unity.
Let the circle act by rotation on S2

(np,nq), while fixing the north and south poles. If
the action lifts to a semifree S1-action on a complex line orbi-bundle over S2

(np,nq)

with isolated orbifold points, then this orbi-bundle is of the form Op,q(k)/Zn with
|k| = |q ± p|, for Zn-actions given by

ξn · [z0 : z1 : w] = [ξa
nz0 : ξb

nz1 : ξ−(b±a)
n w],

when k = −(q ± p), and

ξn · [z0 : z1 : w] = [ξa
nz0 : ξb

nz1 : ξb±a
n w],

when k = q ± p. Moreover, the weights m+ and m− of the circle action over the
north and south poles satisfy m+ − m− = −k/(pq).

Proof. A complex line orbi-bundle over S2
(np,nq) with isolated orbifold points is given

by
D2+ × C

Znp
∪α

D2− × C

Znq
,
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where D2+ and D2− are two (positively and negatively oriented) disks, Znp and
Znq act on D2± × C respectively by

ξnp · (z, w) = (ξnpz, ξk1
npw) and ξnq · (z, w) = (ξnqz, ξk2

nqw),

where ξnp and ξnq are primitive np- and nq-th roots of unity, and the gluing map
α :

(
∂D2 × C

)
/Znp →

(
∂D2 × C

)
/Znq is given by

α(eθ i, w) = (e−
p
q θ i, e−

k1q+k2p
q θ iw).

Since this orbi-bundle admits a semifree S1-action, k1, k2 = ±1. Let us assume
that k1 = −1 and k2 = ∓1 (the case k1 = 1 is similar), implying that α(eθ i, w) =
(e−

p
q θ i, e

q±p
q θ iw).

Let us now see that this orbi-bundle is the quotient Op,q(−(q ± p))/Zn for the
above Zn-action. A coordinate system centered at [1 : 0 : 0] on Op,q(−(q ± p))/Zn

is given by [z, w] ∈ C2/Znp → [1 : z : w], where

(z, w) ∼ (ξb
n ξ−aq/p

n z, ξ−(b±a)
n ξa(q±p)/p

n w) ∼ (ξnp z, ξ−1
np w),

for ξnp a primitive np-th root of unity. Similarly, a coordinate system centered at
[0 : 1 : 0] is given by [z, w] ∈ C2/Znq → [z : 1 : w], where

(z, w) ∼ (ξa
n ξ−bp/q

n z, ξ−(b±a)
n ξb(q±p)/q

n ) ∼ (ξnq z, ξ∓1
nq w),

for ξnq a primitive nq-th root of unity, and the result follows (note that m+ =
−k1/(np) and m− = k2/(nq)). �

Using these lemmas we have:

Theorem 1.2. Every semifree Hamiltonian circle action on a compact symplectic
4-dimensional orbifold with isolated cone singularities can be obtained by a sequence
of equivariant weighted blow-ups at fixed points from either:

1. a product of two spheres, S2 ×S2, with the standard diagonal circle action,
or

2. a weighted projective space CP 2(a, b, a + b) with the S1-action defined by
eθi · [z1 : z2 : z3] = [eq θiz1 : ep θiz2 : e(p+q) θiz3], where p and q are integers
satisfying p a − q b = 1, or

3. a quotient of one of the above S1-spaces by a cyclic group Zk acting as a
subgroup of S1, equipped with the induced S1 ∼= S1/Zk action,

with a symplectic form that comes from a Kähler form. Moreover, when the blown-
up point has index 2, the sum of the orders of the orbifold structure group of the
fixed points on the exceptional divisor is equal to the order of the orbifold structure
group of the blown-up point. If, on the other hand, the blown-up point is a fixed
point of index 0 or 4, then the absolute value of the difference between the orders of
the orbifold structure groups of the fixed points on the exceptional divisor is equal to
the order of the orbifold structure group of the blown-up point. In particular, these
orbifolds are toric.

Proof. Knowing that the action is Hamiltonian (implying that we have a maximum
and a minimum), Proposition 2.1 applied again to α = 1, yields

(5.2) d0 + d4 =
∑
F

dF ,
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where d0 and d4 are the orders of the orbifold structure groups of the fixed points
of index 0 and 4 respectively, and the sum is taken over all fixed points of index 2.
Here we used the fact that, since the action is semifree and the orbifold singularities
are isolated, the isotropy weights on the normal orbi-bundle of a fixed point with
orbifold structure group Zd are ±1/d.

We will now see that we can blow down every gradient orbifold sphere passing
through two index-2 fixed points. Indeed, if dN and dS are the orders of the orbifold
structure groups of the north and south poles of one of these “spheres”, we have
that m+ and m−, the isotropy weights over the north and south poles, are 1/dN and
−1/dS , respectively. Hence, m+−m− = (dS +dN )/(dSdN ) and so, if (dS , dN ) = 1,
by Lemma 1, a neighborhood of this “sphere” can be modeled by a neighborhood of
the zero section on the orbi-bundle OdS ,dN

(−(dS +dN )), implying that we can blow
it down by the opposite process of the one described in Section 4.I. Indeed, we can
remove an equivariant neighborhood of the exceptional “sphere” and replace it by
a “ball” of the form D2/ZdS+dN

of an appropriate radius, getting a new symplectic
orbifold with a new semifree circle action. Here the action of ZdS+dN

on D2 is given
by

ξdS+dN
· (z, w) = (ξdS

dS+dN
z, ξdN

dS+dN
w) = (ξdS

dS+dN
z, ξ−dS

dS+dN
w).

If, on the other hand, (dS , dN ) = k �= 1, by Lemma 2, a neighborhood of this
“sphere” can be modeled by a neighborhood of the zero section on the orbi-bundle
OdS/k,dN /k(−(dS + dN )/k)/Zk, implying that we can remove an equivariant neigh-
borhood of the gradient “sphere” and replace it by a “ball” of the form D2/ZdS+dN

of an appropriate radius where the action of ZdS+dN
on D2 is given by

ξdS+dN
· (z, w) = (ξdS+dN

z, ξ−1
dS+dN

w).

This “ball” can be identified with a neighborhood of the orbifold point of order
dS + dN inside the quotient CP 2(dS/k, dN/k, (dS + dN )/k)/Zk, for the Zk-action
on the weighted projective space given by

ξk · [z0 : z1 : z2] = [ξa
k z0 : ξb

k z1 : ξa+b
k z2],

where a and b are integers satisfying bdS − adN = k. This weighted blow-down is
then the quotient by the action of Zk of the opposite process of the one described
in Section 4.I, and it is easy to verify that we still get a semifree circle action on
the blown-down orbifold.

After we blow down all these “spheres”, every fixed point of index 2 will be
directly connected to both the fixed point of index 0 and the fixed point of index
4 by gradient “spheres”. Let d denote the orbifold structure group of one of these
index-2 fixed points, and d0 and d4 denote the orders of the orbifold structure groups
of the fixed points of index 0 and 4, respectively. Then, the difference between the
weights at the north and south poles for the two orbifold spheres that go through
this fixed point of index 2 are

(5.3)
1
d
− 1

d0
=

d0 − d

dd0
and − 1

d4
−

(
−1

d

)
=

d4 − d

dd4
.

Consequently, by Lemmas 1 and 2 above, for each fixed point of index 2 for which
d0−d > 0 or d4−d > 0, we can still blow down one of the above “spheres” and have
a semifree action on the resulting orbifold. Indeed, we can use the opposite process
of the one described in Section 4.II or its quotient by the action of Zk given by
Lemma 2, where now k = (d, d0) or (d, d4), removing an equivariant neighborhood
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of the exceptional “sphere” and replacing it by a “ball” of the form D2/Zd0−d or
of the form D2/Zd4−d, for actions of Zd0−d and Zd4−d on C2 given respectively by

ξd0−d · (z, w) = (ξd0−dz, ξd0−dw) and ξd4−d · (z, w) = (ξd4−dz, ξd4−dw),

where ξd0−d and ξd4−d are primitive (d0 − d)- and (d4 − d)-th roots of unity.
Note that there is at least one fixed point of index 2 for which d ≥ d0 and d ≥ d4

since, if that were not the case, we would obtain (by blowing down) an orbifold
with only two fixed points (of index 0 and 4), which is impossible by (5.2). Hence,
we just have to consider the case where all index-2 fixed points satisfy d ≥ d0 and
d ≥ d4. If there were three or more of these points, then the sum of the orders of the
corresponding orbifold structure groups would be greater than d0 + d4, violating
(5.2). If there were two of these points, then d0 = d4, and the orders of their
orbifold structure groups would have to be equal to d0 (that is di = d0 = d4). If
d0 = 1, we are in the manifold case, implying that M is equivariantly diffeomorphic
to S2×S2 equipped with the standard diagonal action. Otherwise, M has the same
fixed-point data (that is, number of fixed points, orders of their orbifold structure
groups and their isotropy weights) as the quotient (S2 × S2)/Zd0 , for the standard
diagonal action of Zd0 , equipped with the S1 ∼= S1/Zd0 action induced by the
standard diagonal circle action on the product of two spheres.

Finally, if we only have one fixed point of index 2, then its orbifold structure
group has order equal to d0 +d4. If (d0, d4) = 1, then we have the same fixed-point
data as in example 2 of Section 3 with a = d0 and b = dN . If, on the other hand,
(d0, d4) = k �= 1, we have the same fixed-point data as the quotient of one of those
spaces, CP 2(d0/k, d4/k, (d0 + d4)/k), by the action of Zk given by

ξk · [z0 : z1 : z2] = [ξq
k z0 : ξp

k z1 : ξp+q
k z2],

where p and q are integers satisfying pd0 − qd4 = k, equipped with the S1 ∼=
S1/Zk action induced by the corresponding semifree circle action on the weighted
projective space.

Consequently, after we blow down all possible gradient “spheres”, we obtain one
of the cases depicted in Figure 1, where the fixed points are represented by dots,
labeled by the orders of their orbifold structure groups (a and b are now arbitrary
positive integers).

Figure 1.

Hence, to finish our proof, we just have to show that an orbifold M equipped
with a semifree circle action with the same fixed-point data as one of the above
examples is, in fact, equivariantly diffeomorphic to that space. Let us first consider
an orbifold M with the fixed-point data of Figure 1(B) and let M ′ be either the
weighted projective space M ′ = CP 2(a, b, a + b) (when (a, b) = 1), or the quotient
M ′ = CP 2(a/k, b/k, (a + b)/k)/Zk (when (a, b) = k �= 1). Then we perform, on
both M and the corresponding space, M ′, a sequence of weighted blow-ups (like
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Figure 2. Blowing up fixed points of index 2

the ones described in Section 4), blowing up fixed points until we obtain a circle
action on a smooth manifold. Then, we use the results of Audin and Karshon in
[A] and [K] to show that these manifolds are equivariantly diffeomorphic, implying
that M and M ′ are also equivariantly diffeomorphic. Indeed, we first blow up the
fixed point of index 2 on both of these spaces (which has orbifold structure group
Za+b) using a weighted blow up of the type described in Section 4.I, corresponding
to the circle action on C

2 given by

eiθ · (z, w) = (eiθz, ei(a+b−1)θw).

Note that Za+b acts on a neighborhood of this point by

ξa+b · (z, w) = (ξa+bz, ξ−1
a+bw),

where ξa+b is a primitive (a + b)-th root of unity. The exceptional divisor will
then be a weighted projective space CP 2(1, a + b− 1), implying that the blown-up
orbifolds M̃ and M̃ ′ will have a singularity of order a+b−1. Note that now Za+b−1

acts on a neighborhood of this point by

ξa+b−1 · (z, w) = (ξa+b−1z, ξ
−(a+b)
a+b−1 w) = (ξa+b−1z, ξ−1

a+b−1w),

where ξa+b−1 is a primitive (a+ b− 1)-th root of unity. Blowing up this singularity
in the same way, we obtain a singularity of order a + b − 2. Continuing to blow
up these singularities in this way, we decrease the orders of their orbifold structure
groups at each step, until we get two orbifolds equipped with a Hamiltonian S1-
action having a minimum at an orbifold singularity of order a, a maximum at an
orbifold singularity of order b, and a + b regular index-2 fixed points (cf. Figure 2).
If a = b = 1, then we are done. If not, we blow up the orbifold singularities of index
0 and 4, using the standard diagonal circle action on C

2 given by

eiθ · (z, w) = (eiθz, eiθw).

The exceptional divisors will now be two smooth spheres which will be fixed by
the resulting circle action (cf. Figure 3). This S1-action extends to a Hamiltonian
action of a 2-torus (cf. [A] and [K]), implying that both M and M ′ can be obtained
from a toric manifold by a sequence of weighted blow-downs (and so they are toric
orbifolds). As they both have three (isolated) fixed points and the orders of their
orbifold structure groups are the same, we conclude that they are equivariantly
diffeomorphic (cf. [L-T]). Repeating this argument for spaces with the fixed-point
data of Figure 1(A) (cf. Figure 4), the result follows. �
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Figure 3. Blowing up fixed points of index 0 and 4

Figure 4. Blowing up fixed points

6. Some comments about non-isolated orbifold singularities

In the previous sections we restricted ourselves, for simplicity, to orbifolds with
isolated cone singularities. However, for general cone singularities, we can still blow
down gradient “spheres” between index-2 fixed points (using the opposite process
of a weighted blow-up similar to the one described in Section 4.I) and obtain an
orbifold where all such fixed points are directly connected to both the fixed point
of index 0 and the fixed point of index 4 by gradient “spheres”. As in the isolated
case, we can also blow down some of these spheres ( using the opposite process of a
weighted blow-up similar to the one described in Section 4.II), obtaining orbifolds
with one or two index-2 fixed points. In the case where there are two of these
points, we are in the situation depicted in Figure 5(A) and then, Proposition 2.1
applied to α = 1, yields

(6.1)
d0

m0,1m0,2
+

d4

m4,1m4,2
=

d1

m0,1m4,1
+

d2

m0,2m4,2
.

Moreover, since we are assuming that we cannot blow down any other gradient
“sphere”, (6.1) implies that

d0 = km0,1m0,2, d1 = km4,1m0,1, d2 = km4,2m0,2, d4 = km4,1m4,2,

for some positive integer k. Hence, we have the same fixed-point data (that is,
number of fixed points, orders of their orbifold structure groups and their isotropy
weights) as in the quotient of the product of two orbifold spheres (teardrops or
footballs), (

CP 1(m0,1, m4,2) × CP 1(m0,2, m4,1)
)
/Zk,
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Figure 5.

by the action of Zk as a subgroup of the circle, acting on the product of the two
“spheres” by

eθi · ([z1 : z2], [w1 : w2]) =
(
[eq θiz1 : ep θiz2], [es θiw1 : er θiw2]

)
,

where p, q, r, s are integers satisfying

pm0,1 − qm4,2 = 1 and rm0,2 − sm4,1 = 1,

equipped with the semifree S1 ∼= S1/Zk action induced by that circle action.
In the case where there is only one index-2 fixed point, we are in the situation

depicted in Figure 5(B) and, Proposition 2.1 applied to α = 1, yields

(6.2) d0m4,1 + d4m0,1 = d1m0,4,

implying that we have the same fixed-point data as in the quotient of a weighted
projective space,

CP 2(d0/k, d4/k, d1/k)/Zk,

with k = (d0, d4)/m0,4 and d1 = (d0m4,1 + d4m0,1)/m0,4, for an action of Zk as a
subgroup of the circle, acting (on the weighted projective space) as

eθi · [z1 : z2 : z3] = [ep θiz1 : eq θiz2 : er θiz3],

for integers p, q, r satisfying

q(d0/(km0,4)) − p(d4/(km0,4)) = 1 and pm4,1 + qm0,1 = rm0,4,

equipped with the semifree S1 ∼= S1/Zk action induced by that circle action. These
integers must exist in all spaces with this fixed-point data in order to have a well-
defined semifree circle action on the neighborhood of the gradient sphere connecting
the fixed points of index 0 and 4.

Note that, if we do not assume the orbifold singularities to be isolated, we may
not be able to perform a sequence of blow-ups to obtain a manifold as we did in
the isolated case. Consequently, we cannot use the classification of S1 actions on
4-manifolds, and we can only conclude that any semifree circle action on an orbifold
with cone singularities can be obtained by a sequence of weighted blow-ups from a
space with the same fixed-point data as one of the above two examples.
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