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PARTIAL HYPERBOLICITY OR DENSE ELLIPTIC PERIODIC
POINTS FOR C!-GENERIC SYMPLECTIC DIFFEOMORPHISMS

RADU SAGHIN AND ZHIHONG XIA

ABSTRACT. We prove that if a symplectic diffeomorphism is not partially hy-
perbolic, then with an arbitrarily small C1 perturbation we can create a to-
tally elliptic periodic point inside any given open set. As a consequence, a
C1l-generic symplectic diffeomorphism is either partially hyperbolic or it has
dense elliptic periodic points. This extends the similar results of S. New-
house in dimension 2 and M.-C. Arnaud in dimension 4. Another interesting
consequence is that stably ergodic symplectic diffeomorphisms must be par-
tially hyperbolic, a converse to Shub-Pugh’s stable ergodicity conjecture for
the symplectic case.

1. INTRODUCTION AND STATEMENT OF RESULTS

We consider M to be a 2n-dimensional compact connected Riemannian manifold
and w a symplectic form on M, i.e. a non-degenerate closed 2-form. Taking n
times the wedge product of w with itself we obtain a volume form on M. A C"
diffeomorphism f of M, r > 1, is called symplectic if it preserves the symplectic
form, f*w = w. The set of C” symplectic diffeomorphisms of M will be denoted
Diff] (M), and we consider it to have uniform C” topology. In the 2-dimensional
case this is the same as the set of area-preserving C” diffeomorphisms. In higher
dimensions this is just a subset of the set of C" volume-preserving diffeomorphisms
(the volume form corresponding to w).

A point p € M is a periodic point of period k for f if f¥(p) = p. If all the
eigenvalues of D f*(p) have the norm different than 1, then we will say that p is
a hyperbolic periodic point. In this case we have well-defined stable and unstable
manifolds,

W*(p) = (o € M, lim d(£'(2), £'(p)) = 0} and
Wu(p) - {x € M, llilgo d(fil(x)vfil(p)) = 0}7

where d is the Riemannian metric on the manifold. In the case of symplectic maps
the eigenvalues come in pairs, and \ is an eigenvalue of D f*(p) if and only if A~! is
an eigenvalue, so the dimension of both the stable and unstable manifolds will be
n in our case. A point ¢ € W?*(p) N W*(p) \ {p} is called a homoclinic point of p.
A splitting of the tangent bundle TM = A & B is called invariant if A and B
are invariant under D f. An invariant splitting TM = A @® B is called dominated if
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there is an [ > 0 such that for any z € M and any two unit vectors u € A,,v € By,
we have |[Df!(w)| > 2||Df!(v)||. We will also say that A dominates B. If we want
to emphasize the importance of [, we say that A [-dominates B, or the splitting is
l-dominated.

A map f is called partially hyperbolic if there is an invariant splitting of the
tangent bundle of M, TM = A & B ¢ C, with at least two of them non-trivial,
such that

(i) A is uniformly expanding: there exist & > 1 and C > 0 such that

IDf* ()| > CaP||ull,Vu € Ak €N,
(ii) C is uniformly contracting: there exist § > 1 and D > 0 such that
IDF* @)l < DB |lvll, Yo € C, k €N,

(i) A dominates B, and B dominates C.

One can prove that a dominated splitting is continuous, so the angle between
the two subbundles is bounded away from 0, and a small C'-perturbation of a map
with a dominated splitting also has a dominated splitting. So the set of partially
hyperbolic maps is open in Diff ij (M). Also we make the remark that the property
of dominance is independent of the Riemannian structure on the manifold, but two
different structures can have different constants of dominance [. If B is trivial, then
f is called uniformly hyperbolic or Anosov. This definitions can be extended to an
invariant subset N of M.

A periodic point p of f of period k is called elliptic if all the eigenvalues of
Df%(p) are simple, non-real and of norm 1. Obviously the existence of an elliptic
periodic point is an obstruction for partial hyperbolicity. We prove here that the
converse is also true generically, i.e. if a C'-generic symplectic diffeomorphism is
not partially hyperbolic, then it has an elliptic periodic point (actually it has a
dense set of elliptic periodic points). Here we say that a property is C"-generic if
it is true for a residual subset of Diff] (M).

Hyperbolicity and ellipticity are responsible for completely different dynamics. A
hyperbolic map is on one hand chaotic—it is transitive, it has sensitive dependence
on the initial conditions—but on the other hand it has good statistical properties
(it is ergodic if it is smooth enough—C'+%) and it has a Markov partition, and thus
is similar to a subshift of finite type. The Anosov maps are structurally stable and
stably ergodic (again, if they are smooth enough). Shub-Pugh’s stable ergodicity
conjecture states that among the partially hyperbolic diffeomorphisms, the stable
ergodic ones form an open set in the C! topology, dense in the C? topology (see
[21]). Here we give an answer to the converse of this for symplectic diffeomorphisms;
we show that a form of stable ergodicity implies partial hyperbolicity. The dynamics
in a neighborhood of an elliptic periodic point are different. We know from KAM
theory that if the map is smooth enough, then close to the elliptic point we have
many invariant tori (possibly a positive measure set) on which the map is conjugated
to a strongly irrational rotation. Also the elliptic point is accumulated by other
quasi-elliptic and hyperbolic periodic points, as well as homoclinic points (see [26]).

If for a periodic point p of period k the tangent map D f*(p) has exactly 21 sim-
ple non-real eigenvalues of norm 1 and the other ones have norm different from 1,
then we say that p is an [-elliptic periodic point. Sometimes it is also called quasi-
elliptic. S. Newhouse proved that a C''-generic symplectic diffeomorphism is either
Anosov or it has dense 1-elliptic periodic points (see [17]). He concluded from this
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that a symplectic diffeomorphism is structurally stable if and only if it is uniformly
hyperbolic. In dimension 2 the 1-elliptic periodic points are actually elliptic. M.-C.
Arnaud proved (see [I], [2]) that a C! generic symplectic diffeomorphism in dimen-
sion 4 is either hyperbolic or partially hyperbolic, or it has an elliptic periodic point
(in our paper we consider hyperbolicity as a particular case of partial hyperbolicity
for simplicity). Our result generalizes this for any dimension.

Theorem 1. There exists an open dense subsetU of Diffi(M) such that any func-
tion in U is either partially hyperbolic or it has an elliptic periodic point. There
exists a residual subset R of Diffblu(M) such that any function in R is either par-
tially hyperbolic or the set of elliptic periodic points is dense on the manifold.

The proof is a direct consequence of the following theorem.

Theorem 2. Suppose f € Diﬁ‘}u (M) is not partially hyperbolic. Then for any open
subset U C M there exists an arbitrarily small perturbation g of f such that g has
an elliptic periodic point in U.

Proof of Theorem 1. It is true that the set of partially hyperbolic diffeomorphisms
in Diff. (M), denoted by PH, is open, and the set of diffeomorphism with elliptic
periodic points, denoted &, is also open. Now if f is not in PH, then we apply
Theorem 2 and get that f must be in the closure of £. This proves that Y = PHUE
is open dense. For the second part, if we denote by £° the set of diffeomorphisms
with d-dense elliptic periodic points, applying Theorem 2 for a finite number of
open subsets one can prove that PH U £° is open dense in Diﬂ'ij (M), so taking R
as their intersection for § = %, k € N, we get the result. (I

A map f is called C* robustly transitive if there is a C! neighborhood of f such
that every map in this neighborhood is transitive. An example is any Anosov map.
It is known that the existence of an elliptic periodic point is an obstruction for C!
robust transitivity. So as a simple consequence we get the following corollary.

Corollary 3. If a function f € Diffi,(M) is C! robustly transitive, then it must
be partially hyperbolic.

A C? map f is called stable ergodic if there is a C'! neighborhood of f such that
every C? map in this neighborhood is ergodic. Again this is true for Anosov maps.
Using the fact that Diff>° (M) is dense in Diff. (M) in the C* topology (see [27]),
we can get the following similar result for stable ergodicity.

Corollary 4. If a function f € DiffL (M) has a C* neighborhood V in Diff} (M)
such that every C*° diffeomorphism in V is ergodic, then f must be partially hy-
perbolic.

We conclude by mentioning some related results. C. Bonatti, L. J. Diaz and
E. R. Pujals obtained similar results for the case of general and volume-preserving
diffeomorphisms (see [I1]). For general diffeomorphisms the elliptic points are sub-
stituted by sinks and sources, and the partial hyperbolicity by the existence of a
dominated splitting. Also the result is restricted to homoclinic classes of hyperbolic
periodic points, because transitivity is needed. For the case of volume-preserving
maps the elliptic points are not stable under perturbations, and an arbitrarily small
one can make them hyperbolic, so they get a weaker result without the genericity:
if a map does not have a dominated splitting, with an arbitrarily small perturbation
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one can create periodic points with all the eigenvalues equal to 1. We can get our
stronger result for symplectic diffeomorphisms because of three reasons: the elliptic
points are stable under perturbations if there are no multiple eigenvalues (which
is a generic property)—this is not true for volume-preserving maps, but is true
for sinks and sources for general diffeomorphisms; generically the symplectic maps
are transitive—this is true in the volume-preserving case but not in the general
one; and only in the symplectic case the existence of a dominated splitting implies
partial hyperbolicity.

Other related results, obtained by J. Bochi and M. Viana (some of them an-
nounced before by R. Mané), take into consideration the Lyapunov exponents of
almost all the points instead of looking at the types of the periodic points (see
[6], [7], [8], [I5]). They prove that for a generic volume-preserving diffeomorphism
for almost all the points either all the Lyapunov exponents are equal to 0 or their
Oseledets splitting along the orbit is dominated. Also, a generic symplectic diffeo-
morphism is either Anosov or almost all the points have 0 as a Lyapunov exponent
(with multiplicity at least 2).

We will give the proof of Theorem 2 in the last section. In Section 2 we give a
perturbation result from linear algebra. In Section 3 we present some generic prop-
erties of symplectic diffeomorphisms. Section 4 is dedicated to Lyapunov exponents
and Lyapunov filtrations for homoclinic points. In Section 5 we prove that domi-
nated splitting implies partial hyperbolicity in the symplectic case, and in Section 6
we give the main perturbation proposition which shows how to lower the Lyapunov
exponents in the absence of dominance.

2. A LEMMA FROM LINEAR ALGEBRA

We present here a result we need from linear algebra. We will first give the
motivation of the result.

We consider R?" with the canonical symplectic structure given by the 2-form
St dx; A dy;, where x;,y;,1 € {1,2,...,n}, are the coordinates on R**. The
norm of the vectors is the euclidean norm in R??, and the norm of matrices is the
norm of the corresponding linear operators on R??. There exist local coordinates
¢; :V; — R2",j € J finite, M = UjEJVj, such that w has the canonical form:
w = (¢;)«(> 1, dz; A dy;). These will be called symplectic coordinates. In these
coordinates the tangent map Df, : T, M — Ty, M can be seen as a symplectic
matrix. For each x € M we fix coordinates ¢; with j the smallest number such
that & € V; and write Df, using these coordinates at « and f(z). From now on
when we talk about [-dominance we use the euclidean norm in these coordinates.
We also use them when we talk about the distance between two functions, or the
size of a perturbation.

Now the question we ask is the following: suppose we have two unit vectors
u,v € T, M and Ru does not l-dominate Rv, ||DfL(u)|| < |[DfL(v)|. Obviously
we can perturb the tangent map along the first [ iterates of x moving u in the
direction of v. Now using Frank’s lemma (see [12]) we can realize these purely
algebraic perturbations as the tangent map of a perturbation f’ of f and get that
Df'Y(u) = e¢DfL(v) for some real constant c. This perturbation is supported in
an arbitrarily small neighborhood of the first [ iterates of x and leaves these iter-
ates unchanged, and the size of the perturbation is proportional to the size of the
algebraic perturbations of the tangent map. The question is, how small will this
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perturbation be? We prove that it depends only on [ and on the upper bound of the
norms of the derivatives K. If [ is arbitrarily large, then the perturbation needed
can be arbitrarily small.

For the 2-dimensional case or the non-symplectic case the result is known (see
[14], [15]).

Lemma 5. For any e > 0, K > 0, there exist an | € N such that if Ag, A1, ..., A
are (symplectic, with determinant 1) 2n-dimensional matrices with ||Ag|| < K,k €
{0,1,...,1}, and ||Ai—1 ... A1 Ap(u)|| < 2||A1—1 ... A1 Ao (V)| for some unit vectors
u,v € R?", then there exist (symplectic, with determinant 1) matrices Ay, Ay, ..., A}
with || A — AL || <€,k €{0,1,...,1}, such that

AJA) L ALA(u) = cAjA . AT Ag(v)
for some non-zero real number c.

Proof. We will define A;- as compositions of A; with symplectic matrices close to
the identity, which clearly will work in all the three cases. We give the proof for
n > 2; for the case n = 1 the result is known.

We will choose [ later in the proof. Denote AzAr_1...Ag = By for all k €

{0,1,...,1}. For every such k we will consider an orthonormal symplectic basis in
B B
R27 {ek ... ek fF ... fF} such that H#EBH = el and % = aprel + agzel +

b;ﬂf{“ for some a1, aro,bp1 € R, ail + a%2 + bzl = 1. We can also make this choice
such that ags and bx; have the same sign. By symplectic basis we mean that
ek, 1) = —w( 5, ek) = 1 and wlek, o) = w(fF, 1) = wiek, f5) = w(fF,ek) =0
foralli,j € {1,2,...,n},i # .

We divide the proof in two steps. In the first one we prove that if the angle
between the iterates of v and v is small at some point, then we can use a small
rotation moving one into another. In the second step, if the angles between the
iterates of u and v are bounded away from 0, then at the first step we make a
small rotation of u toward v, then we make small perturbations along the orbit
contracting u and expanding v, thus the new orbit of u will move toward v in long
enough time, and then we complete with another small rotation in the end to move
this new orbit of u to a multiple of B;(v).

Step 1. If the angle between Bj(u) and Bj(v) is small enough for some j €
{0,1,...,1}, then we can construct a perturbation moving B;(u) to the direction
of Bj(v) only at the j'th step: if a;; > 0 let A} = RA;, where R is a symplectic
linear map such that

R(e1) = ajieq + ajoey + bjn fi,

R(e3) = aj_1le%
R(f{) = aj_llfljv
R(f3) = ajif; — aj2fi,

and R leaves the other vectors of the basis unchanged. This map moves B;(u) to a
multiple of Bj(v). If aj; < 0 we can just replace B;(v) by —B;(v). Clearly ||R—1Id||
tends to 0 as aj; tends to 1, so we can find o € (0,1) depending on € and K such
that if |a;1| > «a, then [|[R — Id|| < & so [|A} — Aj|| < ||R — Id||||Aj]| < e. Taking
Al =A; for all i € {0,1,...,1}\ {j} we get the desired sequence of perturbation.
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Step 2. Now we can suppose that |ag;| < « for any k. Then we get that
alg;fffJ < %5 and |a‘j%’;fg%1| < %5 for all k. For a 0 > 1 we can consider the
symplectic linear map T} such that

1
T k i k:7
k(er) 0_61

1, akmaks & 1, apibrr i
Ti(ek) = (¢ — =)Lz — D) f
k(e2) ( U)aiz"_bilel +062+(0 U)aiz"_bilb
1, apibp & 1, apiare
Ti(ff)=(0— =) 53—l +off — (0 — =) 5—5 13,
' o ai2+b%1 ! ' o G%Z—’_bZl 2

Te(f) =~ f}

and all the other vectors of the basis are unchanged. This map has the property

that Ty By, (u) = 1 By(u) and Ty By(v) = 0By(v). Also || T}, — Id|| tends to 0 as o

tends to 1 uniformly with respect to -%:1%:2- and ar1be1  op compact sets, so there
agy+byy agp+biy

exist a 0g > 1 depending on € and K such that if 1 < ¢ < 09, then || T} — Id| < &

as long as |a‘%’;§‘:§§1 | < %7 and |a‘%’;{:’§2:1 | < %=. From now on we fix 0 = 0g. Let
A, = TpAg k€ {1,2,...,1 —1}. For § = 1 — « the angle between v and u + Jv
is small enough so we can find a symplectic map R such that R(u) = u + dv and
|R — Id|| < % (see the first step of the proof of the lemma). Let Ay = AgR.

From the construction of the perturbations we have that
LAY Ag(u) = o VA LA A (u),
LA A () = 0T A L A Ag(v),

and consequently
L ALAN () = oY A A Ag(u) + 60 T A L A Ag(v),

or A] ... AjAL(u) = o~ VB_ (u) + §0'"1B;_i(v). If we choose [ such that
o'~ > 2 and we use the hypothesis of non-dominance, ||Bj—1(u)|| < 2||Bi—1(v)],
we get that the angle between B;_i(v) and A] ;... A Aj(u) is small enough so
there exist a symplectic map R’ such that R'A; ;... AJA{(u) = ¢Bj_1(v) for some
real number ¢ and ||[R’ — Id|| < . Now if we let A} = A;R’, then we get the
conclusion of the lemma. O

Remark. The lemma is also true for the odd-dimensional case (not for symplectic
matrices). The proof is easier; the perturbations required are restricted to a two-
dimensional subspace.

Definition. For a fixed K > 0 we define a decreasing function e : N — R
as follows: given an [ € N, we define e(l) to be the smallest positive number
such that for any sequence of 2n-dimensional symplectic matrices Ay, As, ..., 4;
with ||Agx|] < K,k € {1,2,...,1}, and any two unit vectors u,v € R?" such
that ||Aj—1... AsA 1 (u)|| < 2||Aj—1...A3A;1(v)||, there exist symplectic matrices
AL AL, LAY with (A — ALl <e(l),k e {1,2,...,1}, such that

A;A;fl N AIQAII (u) = CAlAl,1 .. .AgAl(U)

for some non-zero real number ¢. The lemma says that lim;_, o, e(l) = 0.
In the same way for a given symplectic manifold M with fixed symplectic charts
and for a fixed K > 0 we define a decreasing function £ : N — R as follows: for
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any | € N we define E(l) to be the smallest positive number such that for any

f € Diff} (M) with |Df,|| < K,¥x € M, in the given charts and any two unit

vectors u,v € T, M for some x € M such that ||DfL(u)|| < ||DfL(v)]|| there exists a
E()

perturbation f’ of f of size == supported on an arbitrarily small neighborhood of

{x, f(x),..., f(x)} such that f’k(x) = fk(x),1 <k <1, and Df’i(u) = cDfl(v)
for some real number c¢. Because of Frank’s lemma mentioned above we also have
that lim;_,., E(I) = 0.

3. SOME GENERIC PROPERTIES OF SYMPLECTIC DIFFEOMORPHISMS

Here we state some of the known C' generic properties of symplectic diffeomor-
phisms. There exists a residual subset R of Diff. (M) such that for any f € R we
have:

1. The periodic points of f are dense in M.

2. Every periodic point of f is either quasi-elliptic or hyperbolic.

3. The hyperbolic periodic points of f are dense in M.

4. The stable and unstable manifolds of hyperbolic periodic points of f intersect
transversally.

5. Every hyperbolic periodic point of f has homoclinic orbits.

6. The homoclinic points of f are dense in M.

7. The homoclinic points of a hyperbolic periodic point of f are dense in both
the stable and unstable manifolds of the periodic point.

8. The map f is transitive.

Property 1 is a direct consequence of the C'! closing lemma of Pugh and Robinson
(see [20]). Properties 2 and 4 were proved by Robinson (see [22]). Property 3 is a
direct consequence of property 1, because we cane make a periodic point hyperbolic
with a small perturbation if the period is large enough. An alternate proof can use
properties 1 and 2 and the fact that a quasi-elliptic periodic point is generically
accumulated by hyperbolic ones from KAM theory (see [I7]). Property 5 was
proved by Takens (see [23]), which is also a consequence of Hayashi’s connecting
lemma and the fact that the C" generically stable (unstable) manifolds accumulate
on themselves, so also on the unstable (stable) manifolds - this proof gives also
property 7 (see [24], [25]). Property 6 is a consequence of properties 3 and 5.
Property 8 is another application of Hayashi’s connecting lemma, and it was proved
by Bonatti and Crovisier (see [3]).

The next lemma presents another generic property of symplectic (or volume-
preserving) diffeomorphisms. The main consequence we use from it is the fact that
there is an arbitrarily small C! perturbation of f such that the set of homoclinic
points of (the continuation of) a hyperbolic periodic point z is dense in M.

Lemma 6. There exist a residual R € DiffL (M) (or in the set of volume-preserving
diffeomorphisms) such that for any f € R and any hyperbolic periodic point x of f
the set of corresponding homoclinic points is dense in M.

Proof. Tt is known that for a C! generic symplectic (or more general volume-
preserving) diffeomorphism for any hyperbolic periodic point y the set of homo-
clinic points of y is dense in both W*(y) and W*(y) (from property 7 above). We
need to prove that C! generical W*(y) and W¥(y) are dense in M for all hyper-
bolic periodic points y, and we are done. We will use the fact that a C! generic
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symplectic (or volume preserving) diffeomorphism is transitive (property 8) and is
the C'! connection lemma.

Let f be transitive, U C M an open set, y a hyperbolic periodic point, p € W*(y)
and By, the ball of radius 27% centered at p. Because f is transitive there is an
iterate of U intersecting By: f*1(U) N By # (. Let U; be an open set such that
Uy, C cl(Uy) c UNf~ (By). Now there is an iterate f¥2(U;) of U; which intersects
By, so we can choose an open set Us such that Uy C cl(Uy) € Uy N f~%2(By), and
so on. Then cl(Uy) is a decreasing sequence of compact sets inside U, so there is
a point yy in their intersection and its orbit accumulates on p. Because p is not
periodic, we can use the connection lemma to find an arbitrarily small perturbation
of f such that p is a positive iterate of yy and the positive orbit of p is unchanged,
so yu € W#(y). So the stable manifold of y intersects U, and obviously this is also
true for small perturbations (replacing y by its continuation).

Now let us denote by R(k,U) the set of diffcomorphisms with the property
that the stable manifold of any hyperbolic periodic point with period less than
k intersects U. From what we proved before and from the fact that for an open
dense set of diffeomorphisms there are finitely many periodic points of period less
than k, we get that R(k,U) is an open dense subset of Diff. (M) (or the volume
preserving diffeomorphisms). But there is a countable base of the topology, so
taking the intersection over k € N and U in the countable basis we get the residual
we are looking for. For W*(y) the proof is similar. O

4. LYAPUNOV FILTRATIONS FOR THE INVARIANT MANIFOLDS
OF HYPERBOLIC PERIODIC POINTS

For a measure-preserving diffeomorphism almost all the points of the manifold
have well-defined Lyapunov exponents and a corresponding Oseledets splitting that
give the exponential rate of expansion of the vectors in the tangent bundle under
the tangent map. More specific, if f € Diﬁ'l(M ) preserves a measure p, then
for p-almost every point z € M there exist real numbers A;(z) < Ag(z) < --- <
Xk(x)(:v) and an invariant splitting T,M = E'(z) ® E*(z) ® --- ® E*®)(z) with
dim E'(z) + dim E?(z) + - - - + dim E*®)(2) = dim M such that

l
1o Tog D))

|l]—o0 l

= \i(z),Vu € E'(z),ie {1,2,..., k(z)},
and for any two disjoint subsets I and J of {1,2,...,k(x)} we have

Jim 5 log Z(ED Ejie) €D Ejiia) = 0.
ltl—o0 i€l ieJ

Such a point x is called Lyapunov regular, the real numbers Nii € {1,2,...,k(z)},
are called the Lyapunov exponents of z and E%,i € {1,2,...,k(x)}, are called
Lyapunov subspaces. The splitting is also called the Oseledets splitting. The
dimension of each Ei, m;(z), is called the multiplicity of \;(z).

The Lyapunov regular points x € M also have invariant forward and back-
ward Lyapunov filtrations: {0} = B2 ¢ BL ¢ B2 C --- C Bi™ = T,M and

{0} = AZWH - A];(x) - Alé(x)_l C --- C AL = T, M such that for every
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i€{1,2,...,k(z)} we have
log | Df; ' (w)]

i SRR 5 v c s g
1 D l N . .
Jim gl lfx(U)H = Xi(z), Yo € By \ B
— 00

In this case B, = @)_, £] and A} = @fg) EJ. Forward and/or backward Lya-
punov filtrations may exist for other points on the manifold which are not Lyapunov
regular.

Every periodic point is Lyapunov regular. For example, if = is a periodic point
of period p then the Lyapunov exponents are of the form A\ = log v
an eigenvalue of D fP and the Lyapunov subspaces of the Oseledets splitting are
given by the direct sum of the corresponding (generalized) eigenspaces. If we have
different eigenvalues of the same norm (as is the case of complex eigenvalues), then
the number of exponents is smaller than the number of eigenvalues.

We consider Aj(x) < Ag(z) < -+ < Agim m(z) to be the Lyapunov exponents
Ai(z) of a regular point # repeated with multiplicity m;(z). Also define A;(z) =
Ai(@) + Aig1(z) 4+ -+ + Adimar(2) and the corresponding A;(z) = m;(z)\(z) +
Mig1 (2)Aigr () + -+ mk(m)(x)j\k(r)(x). Ai(x) (or Ay(z)) is actually the maximal
exponential growth of the n — i+ 1-dimensional (or m;(z) +m;y1(z) +- - -+ mg(z)-
dimensional) volume under D f.

In the symplectic case the Lyapunov exponents come in pairs. If A is an exponent
with multiplicity m, then —X\ is also an exponent with the same multiplicity m. If
the dimension of the manifold M is 2n, then when we count the eigenvalue with
their multiplicity we will denote them A_, < A_, 11 <--- <A1 <0< A <A <
-+ < Ay, and we have A_; = =\;,Vi € {1,2,...,n}.

The following lemma proves that the points on the stable manifold of a hyperbolic
periodic point have a forward Lyapunov filtration and the points on the unstable
manifold have a backward Lyapunov filtration, with the same exponents as the
ones of the periodic point. As a consequence the homoclinic points will have both
forward and backward Lyapunov filtrations.

, where ~ is

Lemma 7. Given a hyperbolic periodic point x for the diffeomorphism f of the

compact manifold M with Lyapunov exponents A1 < Ay < -+ < A\, and corre-

sponding Lyapunov subspaces EY, E?, ... E¥*, then for any point p on the unstable

manifold of © we have a filtration of the tangent space {0} = A’;H - A’; C A’;fl C

- C Azl7 = T,M (all the inclusions here are strict) which is invariant under D f
and satisfies the following:
: J

lli,nolo Affl(P)

—log |[|Df;  (u
L —log|[Df, ()]

l—o0 l

=EeEle. . aE =Al

=\, Yue AL\ AJTL
and for any j € {1,2,...,k} and any basis {uy,uz, ..., uq;} of Ag; we have

*IOgH/\d(j) fol(ul /\UQ/\"'/\Ud(j))H 7 [\
-

lim

l—o00 l
(the d(j)-dimensional volume of Ag, decreases under backward iterates with an ex-

ponential rate of AJ)
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Similarly for any point q on the stable manifold of x we have a filtration {0} =
Bg - B}I - Bg c---C Bk =T,M, again invariant and satisfying

lim B

l—o0 fip

log ||Df (v)]]

)_El@EQ@...@EJ':Bgm

lim

l—o0

=\, Yo e B\ B!,
and for any j € {1,2,...,k} and any basis {v1,v2,...,va @)} ofB% we have

; log | AYY Dfl(vy Ava A -+ Avar)ll
1m

l—o0 l

== Ak - Aj+1.

Proof. First we observe that it is enough to define this filtration on small local stable
and unstable manifolds of x and extend them later by invariance. So we suppose
p and ¢ are on W (x), respectively W2(x), for some small € and inside a chart
around z. If the map is linear or C! conjugated to a linear map in a neighborhood
of  the proof is trivial. In general we denote AJ = EF@ EF 1@ ... 0 B/ C T, M,
and for any y close to z we denote A (y) the translation of AJ to T,,M using the
given chart. We define AJ = limy_ o Df},z(p)Ai(f’l(p)). Now one can prove that
this is well defined and verifies the required properties using some cone fields in a
neighborhood of z.
So let us define the cones

Ci =R{a+ebaec Al be B [all = [b] = 1,¢ < ¢}
={a+b,a€ Al beBL bl <elal}.

All these cones are positively strictly invariant, i.e. cl(Df(C%¢)) C C%€. For € = 0,
6 > 0 fixed, by eventually replacing f by a power of f we have that any vector in CJ: 9
expands under D f by a factor between X% and e*n 9 and the d(j)-dimensional
volume of the d(j)-dimensional subspaces in C%:? (which in this case is only C7:0)

Aj—s Aj+6

expands under A"V 40 p f by a factor between e and e . Then we can find

€ > 0 such that

Aj — 6 <log |D”f(|)” < An 46, Yu € GO,

IA™ Df (s Aus A=+ Auagp) |
Hul/\uQ/\ /\ud ||

Aj—5<log <]\j+5,
Vup,ug, ..., uqg; linearly independent, span{uy, us, . .., uq(;)} C Cie.

Because f is C', we can construct a strictly invariant continuous cone field
Cy ¢ for y on a small neighborhood of z extending €€ and having the properties

mentioned above. For [ large enough AJ(f~!(p)) C C’j’el( )» and because the cones
are contractmg in a neighborhood of x we get that AJ is well defined and obviously
lim;_ o A i) = =AJ. Also Df~ lAJ = A i(p C C’j’ for all large enough [ so

Df— ~ .
— 3 < lim ngnw,vae%
A 1 WDy Aug A+ Augi)
Ay =6 < lim sl A DI (ull = ) 4 4s
for any basis w1, ug, ..., uqg(;) of AJ.
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Taking the limit for 6 — 0 we get the desired equality for the d(j)-dimensional
volume and

“ log | Df~*(u . -

5 < tim 2BIPI@I 5 e ad

l—o0 -1 p
We can see from the definition that AJt! C AJ, so for any vector u = ug;) €
Af, \ A;‘H we can choose vectors uy, ua, ..., uggjy—1 suchlthat {ur,ug, ... ugg4y}
is a basis for A%H and {ug,uz, ..., uq)} is a basis for AJ. Now using the fact that

the exponential volume growth on AJ and AJ*! under Df " is — A, respectively
—Aj+1, we get that the exponential volume growth under Df~! on the subspace
spanned by {ug(j+1)41,- - -, Ud(;)} must be at least —Aj + Aj+1 = —mjj\j. But we
know that the exponential growth of the vectors ug(j41)41,-- -, uq(;) under Df~!
is at most —5\j and m; = d(j) — d(j + 1). From this we can conclude the required
relation from the lemma.

For the subspaces Bg for ¢ on the stable manifold of x, the proof is similar. [

Remark. This result can be extended for the partially hyperbolic periodic points—
we can allow some 0 Lyapunov exponents and consider the points on the strong
stable and strong unstable manifolds.

5. DOMINATED SPLITTINGS FOR SYMPLECTIC DIFFEOMORPHISMS

In this section we prove that for a symplectic diffeomorphism the existence of a
dominated splitting implies partial hyperbolicity.

Suppose we have a symplectic structure on a 2n-dimensional vector space V, i.e.
there is a non-degenerate skew symmetric bilinear functional on V' x V' denoted w.
Two subspaces A and B of V' are called skew orthogonal if w(a,b) =0,Va € A,b €
B. A subspace A is called symplectic if w restricted to A is non-degenerate. The
skew orthogonal complement of a subspace A is A¥ = {v € V : w(a,v) = 0,Va € A}.
We have that (4¥)¥ = A, and if the dimension of A is d, then the dimension of A“
is 2n — d. A subspace is symplectic if and only if AN AY = (. If A = A%, then we
say that A is a Lagrangian subspace. The Lagrangian subspaces are the maximal
subspaces such that w restricted to them is trivial (or they are a subset of their
skew orthogonal complement).

Lemma 8. If f € Diﬂ'ij(M) has a dominated splitting, then it is partially hyper-
bolic. More precisely, say that A®B is an invariant splitting of TM, dim A =i <n
and A l-dominates B for some l. Then there is a splitting C ® D of B such that
dimD = ¢, dimC = 2n — 2i, C and A & D are symplectic and skew orthogonal,
A is uniformly expanding, D is uniformly contracting, and A l'-dominates C, C
I'-dominates D for some ' > 1. In particular if i = n, then C = 0 and f is
hyperbolic.

Proof. We define C = AN B, D =C¥NB. We remark that A and B must be
continuous because of the dominance, so C and D must also be continuous. There
exist M > 0 such that for any € M and any two vectors u,v € T, M we have
lw(u, v)| < M|ul|||v||. We divide the proof into two cases.

First case: i < n. For any € M there are vectors by, by € B, with w(by,bs) #
0. Using the continuity of B and the compactness of M we can find an m > 0
such that for any x € M there are two vectors bf,b3 € T, M such that w(bf,b%)
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> m]|b7]||63||. Then if we take b7 and b3 to be unit vectors and any other unit
vector a® € A, we get

m < w(bf,b5) = w(DfH(67), DF (b5)) < MIIDF 0F)[1[| Df (55)

M - . 22km, -
< s IDFH @) or [ DY (a")l| >/ =57~ Vo € M,a” € A,

Here we used the dominance hypothesis. Now if we take k large enough so that
k

Zsz > 1 we get that A must be uniformly expanding.
For any x € M and ay,as € A, we have

w(ay,az) = kli_}n;ow(fok(al),fok(ag)) =0

because A is expanding, so w restricted to A is trivial. Then A C A% and the
dimension of C = A“NB must be 2n—2i. Now A C (A®C)* and the dimension of
(ApC)¥isi,s0 A =(A®C)¥, and consequently CNC¥ = (), so C is symplectic.
Also we know that A C C¥ and the dimension of C¥ is 2i, so the dimension of
D = C¥ N B must be ¢. From construction we have that C and A & D are skew
orthogonal. Also the fact that C is symplectic also implies that A @D is symplectic
and w restricted to D is trivial.

What is now left to prove is that D is uniformly contracting and C dominates
D. As we remarked before A, C and D are continuous, M is compact and C,
A @D are symplectic, omega restricted to A and D is trivial, so there exists m > 0
such that for any any x € M,u € A, (or D,, C,) there exists v € D, (or A,
respectively C,) such that w(u,v) > mlul|||v]].

Suppose we have x € M,d € D,. As we saw before we can find a € A, such
that w(a,d) > mlla||||d||. Then

mlla||[|d]| < w(a,d) =w(Df*(a), Df*(b)) < M|Df*(a)|[[|Df*(d)]-
So [|[Df~F(d)| > %%Hd”, and because A is uniformly expanding, if we
take k large enough we get that D must be uniformly contracting.

We know that A [-dominates C because C C B. So let us take x € M,d €
D,,c € C., ||l = ||d|| = 1. As before we pick a € A, |la|| = 1,w(a,d) >
m/|al|||d|| = m. Then

m < w(a,d) = w(Df (), Df () < M||Df M (@)|[|Df(d)]-
There exist ¢ € Cg, ||¢’|| = 1 such that
w(Df " (e), DFM()) = mlIDF () IDFH ().

From the fact that A [-dominates C we get that ||Df~*(a)| < 27%|Df=*()].
Combining these two inequalities we get

_ 2k _ Kl
D7) € (DS (€. DI )
2k , 2k W 27FM
= w9 = miprrp Ml = Cin R

and furthermore

|DF M@ 24m?

D) = M7
which proves that C also dominates D if we again take k large enough, and we are
done.
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Second case: ¢ = n. In this case we only have to prove that A is uniformly
expanding and B is uniformly contracting. For any x € M we have that either w
restricted to B, is trivial or w restricted to B, is not trivial, and as in the proof
of the first case we get that A, is expanded, so w restricted to A, must be trivial.
If we take any x € M and a € A,, because w restricted to A, or to B, is trivial,
we can find an b € B, such that w(a,b) # 0 and vice-versa. These observations,
together with the continuity of A and B and the compactness of M, show that there
must be again an m > 0 such that for any x € M and for any a € A, (b € B,)
there exist b € B, (a € A;) such that w(a,b) > mlal|||b]]. Now let us suppose that
A is not uniformly expanding, so for any large k there exist x € M and a € A,
such that ||Df*(a)| < 2. From the dominance condition we get that B, must be
contracting, |Df* (v)| < 2'7%, Vv € B,. We know that we can find b € B, such
that w(a,b) > mla||||b|]|. Then we get

ml|all[|bl| < w(a,b) = w(Df*(a), DM (b)) <MD (@)|[| DM (B)]
<27 M|IDfM (a)],

and from here we find that ||Df*(a)|| > 2*~122. But we can take k arbitrarily
large so 2’“_1% becomes larger than 2, and we get a contradiction. The proof that
B is uniformly contracting is similar. In particular in this case we get that A and
B must be Lagrangian. O

6. THE MAIN PERTURBATION RESULT

We say that a splitting TM = A @ B has index k if the dimension of A is k.

Proposition 9. Suppose f € Diﬁ'}d (M), x € M is a hyperbolic periodic point for f
and Ni1(f,2) = XN(f,x) > 6 > 0. Also suppose that f does not have an l-dominated
decomposition of index n — i. Then there is a perturbation of f of size less than
E(1), say g, and y € M a hyperbolic periodic point for g arbitrarily close to x such

that Ai+1(g7y) < Ai+1(f7x) - % and )‘n(gvy) < )‘n(fvx)

Proof. First we remark that if f does not have an I-dominated decomposition of
index n — 4, then the same must be true for any other function in a small C! neigh-
borhood of f. Indeed, if this is not true, we can find a sequence of diffeomorphisms
fn converging to f with [-dominated splittings of index n — ¢. For a subsequence
the corresponding subbundles will converge to invariant subbundles for f, and by
taking the limit we get that this must also be an I-dominated splitting, which is a
contradiction.

The strategy is the following: first we make an arbitrarily small perturbation f;
of f in order to create dense homoclinic points for (the continuation of) x using
Lemma 6. We can choose the perturbation small enough so that the continuation of
x and its new Lyapunov exponents are arbitrarily close to the old ones and there is
no [-dominated splitting of index n —i. Let H(x) be the set of homoclinic points of
2 which is dense in M. Then we use Lemma 7 to define the invariant subbundles A
and B for the points in H (z) corresponding to the Lyapunov exponents greater than
or equal to A;y1(f1, ) (using the backward iterates), respectively smaller or equal
to Ai(f1,2) (using the forward iterates). If A I-dominates B, then we can extend
these subbundles by continuity to the whole manifold M and get an [-dominated
splitting, which is a contradiction.
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So we can suppose that A does not [-dominate B, which means that there exist
a homoclinic point p of z and unit vectors u € A,, v € B, such that || D fip(u)| <
2||Dflp(v)||. Now we can use Lemma 5 to create a perturbation fo of fi of size
less than @ moving the vector u to a multiple of Dfip(v). The perturbation is
supported on an arbitrarily small neighborhood of the first [ iterates of p, and it
does not change the orbit of p, so we can suppose that the orbit and the Lyapunov
exponents of x are unchanged and p is still an homoclinic point of z. Also A
is unchanged for the backward iterates of p and B is unchanged for the forward
iterates of f{(p) = f(p), so we have the vector u € A, N B, for fo. Without loss
of generality we will denote fo = f.

In order to finish the proof, we want to close the orbit of p with another arbitrarily
small perturbation supported on a small neighborhood of = and thus get the desired
hyperbolic periodic orbit with smaller A;;;. In the end we have a perturbation of
size @ and finitely many arbitrarily small perturbations, so the total the size of
the perturbation will be smaller than E(I).

The next lemma shows how to close the orbit of the homoclinic point p of x.

Lemma 10. For any p a homoclinic point for the periodic hyperbolic point x of
f € Diff" (M) (or Diff[,(M), where w is either a symplectic or a volume form),
there exist an arbitrarily small C" perturbation of f in Diff" (M) (or Diff,(M))
supported in an arbitrarily small neighborhood of x such that p becomes a periodic
point.

Proof. Let V be a neighborhood of f in Diff" (M) (or Diff],(M)). We know that
there is a small neighborhood U of =, where f* is C%-conjugated to the linear map
Df%(x) on a neighborhood of the origin, where k is the period of z. By eventually
shrinking the neighborhood we can suppose that the orbit of p intersected with
U is inside the e-stable and e-unstable manifolds of x for some small € > 0. Let
y = f5(p),z= f~t(p),s,t > 0, be a forward and a backward iterate of p contained in
U. Using the perturbation lemma we can find small neighborhoods U, C Uy cU
of y such that Uu N f(Uy) = 0, and for any y' € U, there exist f' € V with
f'(y) = f(¥) and f' = f outside Uy In the same way we can find neighborhoods
U,cU, cUofz using f~!. Now because of the conjugacy to the linear map
there is a point ' € U, such that a forward iterate of 3/, say f®(y’), is in U,. Now
let g € V be a function such that g(y) = f(v'),9(f* (') = z and g = f outside
Uy U f_l(f]z) as before. Then p is a periodic point for g. Obviously U can be taken
arbitrarily small. O

We observe that the perturbation we made consists basically of two translations
on small neighborhoods of a positive and a negative iterate of p. Also the new
orbit of p spends an arbitrarily long time in the neighborhood of x because we can
take as many iterates of p (positive and negative) as we want before making the
required translations. So the period of p for the perturbation gy will be 2N + k,
where & is the number of iterates away from z (which is fixed) and 2N is the
number of iterates close to  (which can be arbitrarily large). By changing the
notation we can suppose that gf\, (p),—N < j < N —1, are the iterates of p close
to z. Furthermore for some s,¢ < N we have that g% (p), g (0), .-, g2 T* (p)
is a segment of the orbit of the homoclinic point for f. We remark that p actually
depends on N, but g% (p) and g;[N (p) do not. Because g} (p), —t < j < s, are in an
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arbitrarily small neighborhood and f is C!, using another small perturbation we
can suppose that Dgn (gy (p)) = Df(f7~* (93 (p))),0 < j < s, and Dgn (g5’ (p)) =
Df(f7(g5'(p))), 1 < j <t (using the coordinate chart around z). In other words,
for N positive iterates of p under gy the derivative is the same as for N iterates
of the homoclinic point under f situated on a local unstable manifold of = and
similarly for the negative iterates. Because of this we can define Ag?\z (n) 0<j<s,
as the pulled back of Ag?’v(P) and Bg 0 < j < t, as the pushed forward of
B

~ ()

) under Dgy, and we have the relations
log [| Dg " s (0)]
_An(fv ZC) < ngnoo ]/\;]N(p) < _>‘i+1(fa m),VU € Ag%(p)a
_log|[Dgy o~ (W]
~An(f, ) Sngnoo N gAi(f,x),VUeBg;N(p).
Also if vy, V-1, ...,0;41 is an orthonormal basis for Ag% (») We have

log [ A" DQJQZ%@) (Un A - Avg) |

Jim N = A1 (f,2).
Now we will estimate A;11(gn,p). We know that
N _ log | A" Dadty™ |
i+1(gn,p) < SN Tk
We want to choose a convenient basis {e_y,e_p41,...,€_1,€1,...,e,} of T,M such

that e; expands on the first N iterates of Dgy with an exponential rate close to
Aj(f,x), and consequently ej, Aej, A---Aej, . expands on the first iterates of Dgn
with an exponential rate not much bigger than \j, (f, )+, (f, z)+---+X;,_,(f, z)
(the reason we get an estimation only from above for the volume growth is because
the angles between vectors may decrease, but that is all that we actually need).
For simplicity from now on we denote A\; = \;(z, f).

We start by supposing that the Lyapunov subspaces at x are orthogonal (this
can be done by a change of coordinates; a change of basis does not change the
eigenvalues or the Lyapunov exponents). Then we choose an orthonormal basis
{elpelpqns--ve—r,e,... ent of Tyn ) M such that it agrees with the backward
Lyapunov filtration for f:

_log|[Df~!(eh)]
m —o) &N

lli»oo ;i = )\; and
log | A" Df e, Nely | A NéE
g DN DI G N
if Aj+1 > A; (this can be done using Lemma 7). Also if e}, ..., e} are the vectors

corresponding to a (possible multiple) exponent, then the pullback under Df of
the subspace generated by this vector will converge to the corresponding Lyapunov
subspace at . Now if a Lyapunov exponent A; is simple, then we take e; =
Dgy" (¢})
IDgn™ ()"
be an orthonormal basis of DgR,N(spam{e;-7 ...,€.}). Then this basis of T,M is
‘almost’ orthonormal, (e;, ey) is small for large N, and satisfies our requirements.

If /\j_1 < /\j = = )\k < >\k+17 then we take {8j,6j+1,...,6k} to
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Now {ej, Aej, A---Nej, ;0 —n < j1 < jo<--- < jup_; <n}isa basis for
A""" T, M which is again ‘almost’ orthonormal (for the dot product induced by the
one on T, M), so it is enough to estimate | A"~* Dg2N " (ej, Aejy A--- Aej, |-
Suppose now that we have € > 0 fixed.

First case: ej, Aej, A---Nej, . # €ir1Nejpa A+~ ANey. Then for any e, for large
enough N we have

n—u

log || /\ Dan(ej, Aejy A---Aej, )

So

|<N()‘j1+"'+>‘jn—i+6) SN(AiJrl_(S‘i‘G).

n—u

log | N\ Dgn (e Aejy AveNej, ) < N(Aiga —d+6) + K,

where K is a constant which does not depend on V.
In order to evaluate the last N iterates we consider an orthonormal basis
{€n,€nt1y---,€-1,E1,...,6n} of Tg;{N(p)M which agrees with the forward Lya-

lig:
punov filtration for f: lim;_, . w = ); (this can be done again using

Lemma 7). Then we get that
1 [kl Y - NN
i BN DI A ne D

l—o0 l -

<Ay
So for large enough N we have | A" " DgN(ej, A+ NEj, )|l < eN@i+1+9) for any
N < <jJo< o< juoi <n. But{g; A AE, i —n < <ja< <
Jn—i < n} is again an orthonormal basis of Ty (M which has dimension (.,
so | A" DgN|p N, )H < (7_;)eNWi+1+9) | Taking the log and combining with the
an (p
inequality for the first IV + k iterates we get
n—i

0
1Og H /\ DQZQVN+k(ej1 A €ja TARRRNA ejnfi)” < QN(AZ'-H - 5 + 6) + K’

for all large enough N, where again K’ does not depend on N. Dividing by 2N + k
and taking N sufficiently large we get

log | A" ™" Dgx" *(ejy Nejs A= Nej )
2N + k
ifejl /\€j2/\"'/\€jn_i #eﬁ_l /\ei+2/\"'/\€n-

Second case: the estimation for e; 11 Ae;10 A+ Aey. Asin the first case we get
for large enough N that

]
<AZ‘+1—§+E

n—1i

log || /\ Dg]]:,”k(e,qu ANeiza A+ Nep)l| < N(Ajj1 +€) + K.

We know that there is a unit vector u € span{e;;1,€iy2,...,€,} = AL such that
DgNTH(u) € B~ (p) =span{é_n,é_pt1,---,6}.

This implies that DgX ™(e;s1 A eipa A --- A e,) is inside the subspace of

A Ty~ (p)M generated by all €;, Aej, A---Aegj,_, different from €11 A €2 A

-+ A é,. In the same way as for the first case we get that the norm of /\n_i Dg¥
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restricted to this subspace is bounded from above by (7_,)elV(Ait1=9+€) for large
N. Again combining and taking N sufficiently large we get

log || /\n_i DQZQVN+k(ei+1 Neiga N Ney)ll
2N + k

To conclude, we have the inequality for all the elements of the basis, which is
‘almost’ orthonormal, so by taking N big enough we get the inequality for any unit
vector (in A" T,M):

log || A"~ Dga t*
IN + k

which implies that A;11(gn,p) < Air1(f,x)— g +2¢. Now we can do the same thing
for a slightly larger ¢ and arbitrarily small €, so eventually we get A;11(gn,p) <
Aiy1(f @) — $.

The proof of the second inequality of the proposition is similar, but we do not
have to use two separate cases. It is enough to remark that the exponential rate of
growth of any vector is bounded from above by A,, around z, so it is enough to take
N large, and we get A\, (gn,p) < An(f, ) +¢e. But again € can be chosen arbitrarily
small, so with another small perturbation we get A, (gn,p) < A (f, x).

As a last remark, because the period of p is arbitrarily large we can easily make
sure that the point p is actually hyperbolic, so it does not have 0 Lyapunov expo-
nents. O

)
<Ai+1—§+6.

6
H <Ai+1—§+26

Corollary 11. Suppose f € Diffi(M) does not have a dominated decomposition
of index n —i. Then there is an arbitrarily small C* perturbation g of f such that
g has a periodic point x with A\; = X\j41.

Proof. We denote by Per(g) the set of hyperbolic periodic points of g. Suppose that
the result is not true, so there exist a C! neighborhood V of f and a § > 0 such
that for any function g € V and any x € Per(g) we have \;y1(g,2) — \i(g,x) > 6.
We also let A;11(g) = inf;cePer(g)AiJrl(g’ x), A =liminfy ¢ A;1(g). This implies
that there exist g, — f, ,, € Per(g,) such that A;y1(gn,2,) — A. We can suppose
that g, € V for all n > 0.

We will denote d to be the C* distance on Diff. (M) using the fixed symplectic
charts. Now for any [ € N there exist n; > [ such that g,, does not have an [-
dominated splitting of index n — i (otherwise we can pass the decomposition to the
limit and get one for f). We also know that A;11(gn,, Tn,) — Ai(gn,, Tn,) > J, SO we
can apply the proposition to find h; € DiFI'}J(M)7 d(hi, gn,) < E(l), yi € Per(hy)
such that Aji1(h, %) < Aip1(gngs Tn,) — 3. Because E(I) — 0 as | — oo we get
that h; — f. Also

. . . 0 )
llilglo Aipi(hy) < llgilo Aig1(hi, ) < llilglo ANiv1(9ny» Tn,) — 5= A— >
which is a contradiction. O

Remark. One case in which A; = A;;1 is when the corresponding eigenvalues are
complex conjugate. Periodic points of this type are used in [11] to construct sinks
or sources in the case of general diffeomorphisms or periodic points with all the
eigenvalues of modulus 1 for volume-preserving diffeomorphisms in the absence of
dominance.
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7. PROOF OF THEOREM 2

Now we will give the proof of Theorem 2.

Proof of Theorem 2. We will use the proposition to prove that for any open set U
in M we can find an arbitrarily small perturbation of f with an elliptic periodic
point in U.

So let us fix an open set U in M. Lemma 8 shows that for symplectic diffeomor-
phisms the existence of a dominated splitting is equivalent to partial hyperbolicity,
so we know that there are no dominated splittings for f. We define the decreasing
function L : Ry — N as follows: for any € > 0 we let L(e) be the largest integer such
that all the perturbations of f of size at most ¢ do not have a L(¢)-dominated de-
composition. Because for any [ > 0 there are no sequences of diffeomorphisms with
[-dominated splittings converging to f, there is a neighborhood V; of f such that
no function in V; has an I-dominated splitting. This proves that lim._q L(€) = oo.

For any g € DiffL (M) we define \,(g) = inf, perynuAn(g;#) and A =
liminf, ¢\, (g). Because of the C' closing lemma A must be finite. If A\ = 0
we are done. An arbitrarily small perturbation will make all the Lyapunov expo-
nents of a periodic point zero, and consequently we get an elliptic periodic point
(making sure there are no multiple eigenvalues). So we can suppose that A > 0.

There exist f, — f (in the C! topology), zx € Per(fi) N U, such that \F :=
An(fe,2x) — A. Our goal is to use the proposition several times to construct a
sequence of perturbations g, still converging to f, and having some periodic points
Yy € Per(gr) NU with limg_ o0 An(9x, yx) < (1 — )\, which is a contradiction. We
will choose o > 0 later.

Suppose that d(f, fr) = ex for e, > 0 small. This means that f does not have
any L(ej)-dominated splitting. We denote fr = fr1,2r = k1. There exists an
i1 € {—1,1,2,...,n — 1} such that

)\k
i1 (fr1s Zr1) — Aiy (fr1, 7r1) < 7" = d1.

Applying the proposition we can construct fro € DiffL (M), d(frz, fr1) < EL(ex),
with xpa € Per(fr2) N U such that

1)
Ai1+1(fk27xk2) < Ai1+1(fklaxk1) — 517
An(fr2s Tr2) < A
Also

d(fr2, [) < d(fr2, fr1) + d(fi, ) < ex + EL(e,).

We will denote ¢(e) = ¢ + EL(¢e) and then we can rewrite this as d(fxe, f) < ¢(ex).
If An(fr2, Tho) < (1 — @)AE, then we stop and take gp = fro and yp = Tpo.
Otherwise there is jo € {i; + 1,41 +2,...,n — 1} such that

d )
Ny (Frzs Tra) < Ajy (Fers Tr1) — i < NF ﬁ
So
o
b > A frzs Ti2) > (L= o)Ak > AF — ﬁ > Ajy (faos k2)
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k
A n
n

if @ < 517 (remember that &; =

1,...,n — 1} such that

). This implies that there exists is € {jo, jo +

01 a kB )k
i1 (fr2, Zr2) — iy (fr2, Tr2) > DY — = DY R = 0.

Because d(fr2, f) < ¢(er) we get that fro has no L(¢(e))-dominance. Again
applying the proposition we get that there is an fi3 € Diﬁ'i,(M), with a3 €

Per(fx3) NU such that
1)
Niyi1 (frz, r3) < Aiyt1(fr2, Tr2) — 527

Mo (frzs T3) < An(frzs Th2) < AF
and d(fxs, fr2) < EL(¢p(ex)). We observe again that

d(fus: f) < d(frs, frz) + d(faz, ) < @) + EL(9(er)) = &% (ex)-

Again if A\, (frs, 7r3) < (1 — a)AE, then we let g = frs and y; = 3, and we stop.
Otherwise, again under the condition that « is sufficiently small, there will be a

k
gap of size at least 63 = 22 — 2o

52 - between )\i3+1(fk3,$k3) and >‘i3 (fkg,l‘kg) for
some i3 > iz, and we again apply the proposition to lower A;, 1 by at least 573 for a
perturbation fr4 and a hyperbolic periodic point x4 in U. The distance from fi4
to f will be less than ¢3(e;). We can repeat this argument, and in the end « can
be chosen sufficiently small (depends only on n) such that after a finite number of
such perturbations (at most n) we actually lower \,, by aAE. So we can indeed find
gr. € DiffL (M), d(gr, f) < ¢™(ex) where e, = d(fx, f) — 0, and y;, € Per(g;) NU
such that A, (gx, yx) < (1 — a)AE. Then

klim An(gks yk) < klim (1—a)Ak =(1—-a)

We also know that lim. g L(e) = o0,lim;_o E(I) = 0 so lim.o¢(e) = 0 and
furthermore lim,_,o ¢™(¢) = 0 which shows that g; converges to f in Diff. (M),
and we are done because we reached a contradiction. O
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