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SIGN-CHANGING CRITICAL POINTS
FROM LINKING TYPE THEOREMS

M. SCHECHTER AND W. ZOU

ABSTRACT. In this paper, the relationships between sign-changing critical
point theorems and the linking type theorems of M. Schechter and the saddle
point theorems of P. Rabinowitz are established. The abstract results are ap-
plied to the study of the existence of sign-changing solutions for the nonlinear
Schrédinger equation —Au+V(z)u = f(x,u),u € H' (RYN), where f(z,u) is a
Carathéodory function. Problems of jumping or oscillating nonlinearities and
of double resonance are considered.

1. INTRODUCTION

We first describe a general method of obtaining critical points of functionals. We
do this because the solutions of problems in partial differential equations can often
be found as critical points of functionals. Let F be a Hilbert space endowed with
norm || - || and inner product (-,-). Define a class of contractions of E as follows:

d = {F(-,-) € C([0,1] x E,E) : T'(0,-) = id; for each t € [0,1),T'(¢,-) is a
homeomorphism of E onto itself and T'!(-, -) is continuous on [0, 1) x E;
there exists an xg € E such that I'(1, z) = z( for each z € FE and that

['(t,z) — xo as t — 1 uniformly on bounded subsets of E}

Obviously, I'(t,u) = (1—t)u € ®. A subset A of E links a subset B of F if ANB =0
and, for every I' € ®, there is a ¢t € [0,1] such that I'(¢, A) N B # ). Particularly,
if A and B are closed and bounded, and E\A is path connected, then A linking
B implies that B links A, that is, in this case linking is symmetric (cf. [27] [33]).
The following theorem can be found in [27, 33]. We refer the readers to [25] [34] for
previous work concerning linking.

Theorem A. Let G € CY(E,R) and let A, B be subsets of E such that A links B
and
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5294 M. SCHECHTER AND W. ZOU

Assume that
a:=inf sup G([(s,u
Pe® scl0,1],ucA (T(s,w)

is finite. Then there is a sequence {ux} C E such that G(uy) — a, G (uy) — 0.

Such a sequence is called a Palais-Smale (PS) sequence. The existence of such a
sequence does not guarantee the existence of a critical point. However, if it has a
convergent subsequence, then existence is guaranteed. If a = by, then dist(ug, B) —
0. By this theorem, one can obtain a critical point if the functional satisfies the usual
Palais-Smale condition, i.e., if every PS sequence has a convergent subsequence.

An open problem is: when will the critical point be sign-changing, i.e., when
will it take on both positive and negative values? This is a very delicate question,
much more difficult than finding mere solutions. Many researchers have studied
this problem, but very little progress has been obtained.

We approach the problem in the following way. We designate a positive (nega-
tive) cone P (—P) of E. Members of the positive or negative cone are the functions
that do not change sign. Thus, we are looking for solutions to our problems that
are not contained in these cones.

In the present paper, we are going to answer this question. Although some
technical conditions are needed and will be given in the next section, we would like
to state the following theorems loosely. They will be proved in Section 2.

Theorem B. Assume that a compact subset A of E links a closed subset B which
includes only sign-changing elements of E, G’ =id — Kq, where Kg: E — E is a
compact operator, and G satisfies a weak (PS) condition (to be explained). If

ag :=supG < by :=inf G,
A B

then there is a sign-changing critical point of G with critical value in
[bo —e, sup  G((1—t)u) + €] for all € small.
(t,u)€l0,1]x A
As a consequence, we present a variation of the Saddle Point Theorems of Ra-
binowitz [25] and Schechter [27], which leads to the existence of a sign-changing
critical point.

Theorem C. Assume that E= N @& M,1 < dim N < oo, G € C*(E,R), satisfies
the (PS) condition and G' =id — K¢, where K¢ : E — E is a compact operator.
Suppose:

(1) G(v) <6 for allv € N; where § > 0 is a constant.

(2) G(w) > 6 for all w € M with |w| = p; where p > 0 is a constant.

(3) G(swog+v) < Cy for all s > 0,v € N; wy € M\{0} is a fizred element, Cy

18 a constant.

Then there exists a sequence {u,} C E\(—P U P) such that

G/(Un) — 0, G/(un) = %un; G(un) — C,

where {Cy} is a bounded sequence and ¢ € [0/2, 2Cp].

The novelty in Theorem C is only the sign-changing property of the (PS) se-
quence (and of the eventual critical point). We are able to accomplish this because
of the special form of G’. Without this restriction, the existence of a (PS) sequence
without the sign-changing property can be proved even under weaker assumptions
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than (3) (cf. [27, Theorem 2.7.3, p. 44]). However, it should be noted that in the
original form of the saddle point theorem [25], it is required that

(1.1) G(swo+v) <0 forall s >0,v€N,|swy+v||=R
holds for some R > p. In practice, one has to show that

limsup{G(swg +v) : s > 0,v € N, ||swg +v|| =R} <0
R—o0

in order to get (1.1). This is much more demanding than (3) of Theorem C or the
hypotheses of the theorems of [27, 29, [32] (which are weaker than (3)). For our
special case, we are able to obtain a sign-changing sequence even when only (3)
holds.

As applications, we consider sign-changing solutions to problems concerning the
following stationary Schrodinger equation:

{ —Au+ V(@) = f(z,u),

(1.2) u€ HYRYN),

where f(x,t) : RY x R — R is a Carathéodory function and the potential V (x)
satisfies a certain geometrical condition. We will consider the following problems.

e Jumping nonlinearities:

lim —f(:c,t) = by (x);

t——+oo t t——o00

= b_(z).

Our results permit the jump to cross arbitrarily many eigenvalues and do not involve
the classical Fuéik spectrum. In fact, the Fuéik spectrum corresponding to the
Schrodinger equation (1.2) has not been studied.

lim —f(:c, Y,
t

e Jumping and oscillating linearities:

t t
lim inf fz.t) = fi(z); limsup fz) = gy ().
t—Foo t t—+too t
e Double resonance:
t t
A < L(z) := l‘irlninf @ < limsup @ = K(z) < Mgy,
t|—oo

|t]—o0

where {A,} are the eigenvalues of —A + V(z).

We will strengthen the existence results due to Cac [11], Berestycki-de Figueiredo
[3], Lazer-Mckenna [21], Schechter [27], etc. by showing there are solutions that are
indeed sign-changing.

2. A LINKING THEOREM

We consider the following type of functional G € C!(E,R). Its gradient G’ is
of the form G'(u) = i(u)u — Kgu, where i(u) : E — [1/2,1] is a locally Lipschitz
continuous function; K¢ : F — FE is a compact operator. Let K := {u € F :
G'(u) =0} and E := E\K.

A locally Lipschitz continuous map V : E — E is called a pseudo-gradient vector
field for G if

o (G'(u),V(u) = |G (w)||? for all u € E.
o [V(u)| <2|G(u)]| for all u € E.
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5296 M. SCHECHTER AND W. ZOU

It is well known that the initial value problem
do(t,u)

dt
has a unique solution (called flow or trajectory) o : [0,T(u)) x E — E, where

T(u) € (0,00] is the maximum time of the existence of the flow with initial value
u.

=-V(o(t,u)), o(0,u)=u

Let P (—P) denote the closed convex positive (negative) cone of E. For po > 0,
define

+Dy :={u € E : dist(u,=P) < po}, D:=DyU(=Dy), S=E\D,
+D; = {u € E : dist(u, £P) < po/2}.
Then Dy and D, are open convex, D is open, £P C +Dy C £Dg, S is closed. We

make the following assumption.

(al) Kg(ﬂ:Do) C +D;s.
Lemma 2.1. Assume (ay). Then there exists a locally Lipschitz continuous map
By : E — E such that Bo(£Do N E) C £D; and that V(u) := i(u)u — Bo(u) is a
pseudo-gradient vector field of G.

This lemma improves the lemmas in [38] and [22]. But in [38], D itself is a convex
set. In [22}, Kg(apo) C Dy, G =id — Kg.

Proof. For any w € E, |G’ (w)]|| # 0. We define
~ 1 1
Uw) = {u € E: | Keu = Kgul| < |G (w)[l, |G (w)l| > S1G"(w)]]}-

Then {U(w) : w € E} is an open covering of E in the topology of E, and we can
find a locally finite refinement open covering {U(\) : A € A} of E, where A is the
index set. For any A € A, only one of the following cases occurs:

(1) UM NDy =0, UM N(~Do) = 0;

(2) UM NDo #0, TN N (=Do) = b;

(3) UM NDy =0, UK N(=Do) # b;

(4) U(A)mDOrw(—Dozyé(Z); )

(5) UAN)NDy # 0, UN)N(=Dg) # 0, but UN) N Dy N (—=Dy) = 0.

If the last case happens, we remove U()\) from the covering and replace it with
U(M\Dg and U(X)\(=Dy). In this way, we arrange that the covering has only the
properties (1)-(4). For each A € A, define

_on(u) >

u € FE;
TS e

AEA

ax(u) == dist(u, E\Uy),

then 0 < ¢x(u) < 1 and ¢, : E — E is locally Lipschitz continuous. For each
A € A, choose ay € U(/\) such that ay is arbitrary in case (1); ay € U(X) N Dy
in case (2); ax € U(XN) N (=Dy) in case (3); ax € U(N) N Dy N (=Dy) in case (4).
Define Bo(u) = D ycp oa(u)Kgay, u € E. Then By : E — E is locally Lipschitz
coninuous. Let V(u) := i(

u)u — Bou. We shall prove that By and V are what we
want.
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For any u € E, there are only finitely many numbers A1, --- ,A\; € A such that
w e UA)N---NTU(\). Moreover, there are wy,--- ,w, € E such that U()\;) C
U(w;) for i = 1,--- ;5. Then By(u) = 3.°_, éx, (u)Kgay,, where ay, € U();) for
i=1,---,s. Note that

[Kou— Kgay,|| < [[Kgu— Kowi|| + [|[Kgw; — Kgay,||
1
< ZHG'(wz‘)H
< LWl
- 2

fori=1,---,s, and

|[Kcu — Boul| = |[Keu — Z¢A JKcay,||

=1

= HZ% J(Kau — Kgay, )| < —HG’( s

hence
[V (u)]| = [[i(w)u — Bo(w)]|
< [li(w)u — Kgul| + [ Kgu — Bo(u)]
< |G (u ||+||Z¢A Kau—Zm VKcay, |
(21) < 26wl

and [(G'(u), Kgu — Bou)| < 3||G/(u)||?. It follows that
(22) ('), V() =G (W) + (G (u), Kgu — Bou) > %HG'(U)HQ-

Inequalities (2.1) and (2.2) imply that V(u) := i(u)u — Bou is a pseudo-gradient
vector field for G. Next, we show that By(£Dy N E) C +D;. In fact, for any
u € Dy N E, there are finitely many ¢y (u), say ¢x,(u) (i = 1,---,s), which are
nonzero. Then Bou = >_7_; ¢, (u)Kgay, and u € l~]()\,) NDgy fori =1,---,s
Hence, ay, € U(\;) N Dy by the definition of ay. It follows that Kgay, € Dy by
recalling the condition (a;). It implies that Bo(u) € Dy, since D; is also convex.
This proves that By(DyNE) C D;. Similarly, we have that By(—DyNE) C —D;. O

Consider the following vector field:
(L + fJul)?V (w)
W(u) := .
(4 [lul)?[V (u)> +1

Then W is a locally Lipschitz continuous vector field on E. Obviously, |W (u)|| <

|lul| + 1 for all u € E. We need the following lemma which can be found in [I7,
Theorem 4.1] (see also Brezis [10, Theorem 1], K. C. Chang [12]).

Lemma 2.2. Assume E is a Banach space, M is a closed conver subset of I,
H : M — FE is locally Lipschitz continuous and

o dist(u + AH (u), M)
A—0t A

=0, YueM.
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5298 M. SCHECHTER AND W. ZOU

Then for any given ug € M, there exists a 6 > 0 such that the initial value problem
dn(t,u
% = H(n(t,uw)), n(0,u0) = uo,
has a unique solution n(t,ug) defined on [0,5). Moreover, n(t,ug) € M for all
t€10,9).

Recall the weak Palais-Smale condition at ¢ ((w-PS),, for short): if for any
sequence {u,} such that G(u,) — ¢ and (1 + ||u|)G’(u,) — 0, then {u,} has a
convergent subsequence. This version of (w-PS). was first introduced in [I5] and
used by [35] 39, 0] in some variants.

We denote Ka, b :={u e E:G'(u) =0,a <G(u) <b},G°:={uec E:Gu) <
¢}, Br(0) :={u € E : |lul]| < R}. Define
" :={I'e ®:I'(¢t,D) C D}.
Then I'(t,u) = (1 — t)u € ®*. The main results of this section are the following
theorems.

Theorem 2.1. Suppose that (a1) holds. Assume that a compact subset A of E
links a closed subset B of S and

ag :=supG < by :=inf G.
A B

If G satisfies the (w-PS). condition for any ¢ € [bp, sup  G((1 —t)u)], then
(t,u)€[0,1]x A
Kla* —e,a* +e]N(E\(—PUP)) # 0 for all € small, where

a* := inf sup  G(u) €lbp, sup  G((1—1t)u)l.
Fe®* p(o0,1],4)ns (t,u)€[0,1]x A
Moreover, if a* = by, then K[a*,a*] C B.
Theorem 2.2. Suppose that (a1) holds. Assume that E = N@®M,1 < dim N < oo,
and that

(1) G(v) <6 for all v € N; where § is a positive constant.
(2) G(w) > 6 for allw € {w : w € M,|w| = p} CS; where p is a positive
constant.
(3) G(swo+v) < Cq for all s > 0,v € N; wg € M\{0} is a fized element, Cy
15 a constant.
If G satisfies the (w-PS). condition for all ¢ > 0, then there exists a sequence
{un} C E\(—P U P) such that

G (up) — 0, G'(up) = %un, G(up) — ¢,
where {Cy,} is a bounded sequence and c € [6/2, 2Cy].

The statement G'(u,) = C; Uy, in Theorem 2.2 is quite helpful for showing the
sign-change of the limit of the (PS) sequence {uy}.

Proof of Theorem 2.1. Evidently, a* is well defined since A links B and B C S.
Moreover, a* € [bo, SupP (s u)eqo,1x4 G((1 — t)u)].
We first consider the case of a* > by. By contradiction, we assume that

Kla* —g9,a* + o] N (E\(-PUP)) =10
for some gg small enough. Then K[a* — g¢,a* + 9] C (—P U P).
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Case 1. Assume K[a* — g9, a* + g¢] # 0.

Since K[a* — eg,a* + €] is compact, we may assume that
dist(K[a™ — eg,a" + 9], S) := dp > 0.
By the (w-PS) condition, there is an & > 0 such that

(L + [Jul)?[IG" (w) ]|

23) @+ a2 (G () + 1

> £

for we€ G a* —&,a" +&\(K[a* — g, a* + £0))s,/2, Where (Z). = {u € E :
dist(u, Z) < c¢}. By decreasing &, we may assume that £ < a* — by, & < £9/3. Then
(G'(u),W(u)) > &/8 for any u € G~ ta* — &,a* + &]\(K[a* — g9, a* + £0])5, /2. Let

Q1={ueE:|Glu)—a"| >3}, Q:={ueckFE:|Gu)—a|<2}

and

dist(u, Q1)

) = dist(u, Q1) + dist(u, Q2)

Let &(u) : E — [0,1] be locally Lipschitz continuous such that {(u) = 1 for all
u € E\(K[a* — eo,a* + €0])s,/2; &(u) = 0 for all u € (Kla* — eo,a* + €0))5,/3-
Let W (u) = n(u)é(u)W (u) for u € E; W(u) = 0 otherwise. Then W is a locally
Lipschitz vector field on E. We consider the following Cauchy initial value problem:

do(t,u) = -
- —W(o(t,u)), o(0,u) = u,

which has a unique continuous solution o(t,u) in E. Evidently,

dG(o(t,u)) <.
dt -

By the definition of a*, there exists a I' € ®* such that I'([0,1],4) NS C E* 2,

Therefore, T'([0, 1], A) is a subset of E* *¥UD. Denote A; := I'([0,1], A). We claim

that there exists a 77 > 0 such that o (T}, A1) C E« /4y D.

First, if u € D, we are going to show that o(t,u) € D for all t > 0. Without
loss of generality, we may assume that u € Dy. Suppose there exists a ty > 0 such
that o(tg,u) € Dy. We may choose a neighborhood U, of u such that U, C Dy,
since Dy is open. By the theory of ordinary equations in Banach space, we can find
a neighborhood Uy, of o(tg,u) such that o(tg,-) : U, — Uy, is a homeomorphism.
Since o(tg,u) & Dy, we can take a w € Uy, \Dy. Correspondingly, we find a v € U,
such that o(top,v) = w. Hence, we may find a t; € (0,tg) such that o(t1,v) € 0Dy
and o(t,v) & Dy for all t € (t1,t0).

On the other hand, for any z € Dy N K, W(z) = 0, hence

(2.4) dist(z + A(=W(2)),Dg) =0, for all A > 0.
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For any z € Dy N E, we have By(z) € D; since By(Dy N E) C Dy by Lemma 2.1.
Therefore, by a property of the cone P: P + yP C P for all z,y > 0, we have
dist(z + A(=W (2)), P)
= dist(z — An(2)&(2)W(2), P)

(i MEEE i),
= dist((L =~ e 1)
MEED+ ),
Tt VR 1R P)
(0 MEEDE DG, e D,
< a0 - TR 1 T T PR 1 e
MRERA %), . MR )
0= T Ve 1 T PR 1)
 EREE %),
< O e E T e )
MEEE L 2
T T ERIVE R 1ot Be): P)
C O MEEE G, R
S O T ERVEET L T T VO 1 2
< o

for A > 0 small enough since i(z) > 1/2. That is, z + A(~=W(z)) € Dy for A small.
Once again, we get

(2.5) dist(z + A(=W(2)),Dg) =0, for all A >0 small enough.
Combining (2.4) and (2.5), we obtain

i SEFACEVED, Do) _ 0y, e p)
A—0+ A

Consider the following initial value problem:
do(t,o(t - _
w = —-W(o(t,o(t1,v))), 0c(0,0(t1,v)) =0o(t1,v) € Dy.
It has a unique solution o(t,o(t1,v)). By Lemma 2.2, there is a 6 > 0 such that
o(t,o(ty,v)) € Dy for all t € [0,9).

Hence, by the semi-group property, o(t,v) € Dy for all t € [t;,t; + &), which
contradicts the definition of ¢;. Therefore, o(t,u) € D for all ¢t > 0.

If w e Aj,u ¢ D. Then we observe that G(u) < a* +&. If G(u) < a* — ¢,
then G(o(t,u)) < G(u) < a* — € for all t > 0. Assume G(u) > a* — &. Then

u € G a* —g,a* +¢]. If dist(cr([(),oo),u), Kla* — gg,a* + 50]) < 60/2, then
there exists a t,, such that dist(c(t,,,u),S) > do/4, i.e., o(tm,u) € D. Assume
that dist <U([O7 o0),u), K[a* — eg,a* + 50]) > 00/2 > 0. Similarly, we assume that
G(o(t,u)) > a* — ¢ for all t > 0 (otherwise, we are done). Then, by (2.3),

(Lt o DI o) _ _
A+ ot ulPIG @ 1= 5 1) =t =1

(2.6)
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for all £ > 0. Therefore,
2
(2.7) G(o(2,u)) = G(u) +/ dG(o(s,u)) < a* — 2&.
0

By combining the above arguments, we see that for any u € A;\D, there exists a
T, > 0such that o(T),,u) € E* ~¢/2UD. By continuity, there exists a neighborhood
U, such that o(Ty,U,) C E* ~€/3UD. Since A1\D is compact, we get a T3 > 0
such that o(Ty, A;\D) C E* ~¥/*UD. Then

(2.8) o(Ty, Ay) € E* ~¥/*UD.

Case 2. If K[a*—&q, a*+¢eo] = ), then (2.3) holds with (K[a*—¢, a*+&¢])5,/2 = 0
and &(u) = 1. Then, trivially, (2.6)-(2.8) are still true.

Now we define

. o(2T1s,u), s€10,1/2],
(s, u) = { o(Ty,T(2s — 1,u)), se€[1/2,1].

Then, I'* € &*. If s € [0,1/2], we have that I'*(s, A) NS C 0(2T1s,A)NS C E% N
SCEY /4 Ifs € [1/2,1],T*(s,A)NS C o(T1,T(25—1, A))NS C o(T1, A})NS C
(B ~¢/4UD)NS C E* ~¢/4NS C BE* ~¢/4 Tt follows that G(I'*([0,1],4)NS) <
a* — &/4, a contradiction.

Next we consider the case of a* = byg. The idea is similar to that in [41]. Here we
have to construct a different vector field and need a careful analysis of the flow. We
shall prove that K[a*, a*] N B # 0. If it were not true, there would exist numbers
€1,€9,€3 such that

1+ [[ulD*IG" (W) ) .
>¢e;  for |G(u) —a*| < eg and dist(u, B) < e3.
1+ (14 [lul)? G (w1
By decreasing €5, we may assume that g2 < £1£3/16. Let
Qs :={u € E : dist(u, B) < e3/2,|G(u) — a*| < e3/2},
Q4 :={u € E : dist(u, B) <e3/3,|G(u) — a*| < e3/3}.

Then K C E\Qs. Choose I' € ®* such that sup G(u) < a* + e2/3. We can
T([0,1],A)nS
find a ug € T'([0,1], A) N BNS # 0 since A links B and B C S. This implies that
by < G(ug) < sup  G(u) <a* +e2/3, ie., that ug € Q4 C Q3. Let
r'([0,1],4)nS

(2.9)

B dist(u, E\Q3)
dist(u, E\Q3) + dist(u, Q4)’
and consider the following Cauchy initial value problem:
doy(t,u)
dt

which has a unique continuous solution o4 (t,u) in E. Obviously, by (2.9),

W < —Jmoi(tw).

m(u)

= —m(o1(t,u))W(o1(t,u)), 01(0,u) =u € E,

(2.10)
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5302 M. SCHECHTER AND W. ZOU

If u € B +%2/3 then G(o1(t,u)) < G(u) < a* + e3/3 for all t > 0. If there
is a t; < e3/4 such that o1(t;,u) € Qu, then either G(o1(t1,u)) < a* —e3/3 or
dist(oy(t1,u), B) > €3/3. For the latter case, we observe that dist(oy(t,u), B) >
£3/12, and hence, o1(t,u) ¢ B for all ¢ € [0,e3/4]. If o1(t,u) € Qq for all t €

[0,e3/4], then
€3 B « €2 €3€1 « €2
=3 w) = < “2 Bl g 22
G(oq( 1 ,u)) G(u)+/0 dG(o1(t,u)) < a* + 3 33 = a 6

That is, either G(o1(e3/4,u)) < a* —e2/6 = by — e2/6 or o1(t,u) ¢ B for all
t € [0,e3/4] and each u € E® *+e2/3 Tt follows that oy(c3/4,u) ¢ B for any
u € B* +e2/3 Next we prove that Yu € A, t € [0,e3/4], we have oy(t,u) ¢ B. Note
that, if u € A,u € S, then u € D. Following an argument similar to that of the
proof of the first case, we see that oy (t,u) € D. Hence 0y (t,u) ¢ B C S for allt > 0.
Therefore, we may just consider the case v € AN S. Evidently, o1(e3/4,u) € B.
Furthermore, by (2.10),

8

If o1(t,u) € B, then G(o1(t,u)) > by = a*, and we must have 1, (o1 (s,u)) =0 for

€ [0,¢]. This implies that o1(s,u) & Q4 and either G(o1(s,u)) < a* — e2/3 or
dist(o1(s, u), B) > e3/3 for all s € [0,t]. Both cases imply o1 (¢, u) ¢ B. This proves
that o1([0,e35/4], A) N B = (. Let

<t<
Fl(t,u):{ O'1(2t63/4,u), 0_t_1/2,

Glo (t, 1)) < Gu) — 5—1/0 (o (tu))dt < a* — %1/0 (o1 (s, u))ds.

01(53/4,1—‘(275*1;“))’ 1/2§t§ 1.

Then it is easy to check that I'; € ®*. But by the above arguments, I'; ([0, 1], A) N
B = 0, which contradicts the fact that A links B. O

Proof of Theorem 2.2. Define £ € C*°(R) such that £ =0 in (—o00,1/2) and £ =1
in (1,00),0 < ¢ < 1. We may assume that ||wg| = 1. Writeuw € E asu =v4w,v €

N,w e M. Let
2
Gulw) = G) (o + D E)wm1a
Then
' ' Lol u
G'(u) — G}, (u) = 2(Co + 5)5 (T)E’

16" (w) = G}, (w)]| < Crn= V2,

We claim that G,, satisfies (w-PS) for each n sufficiently large if G does. In fact,
assume that {u} is a (w-PS) sequence: G, (ur) — ¢ and (1 + |luk|)G,, (ux) — 0
as k — oo. If, for a renamed subsequence, w > 1, then 5’(%) = 0 and
(1 + lukDGL (ur) = (1 + |Jugl)G'(ug) — 0. Then {ux} has a convergent subse-
quence. If ““’“”2 < 1, then {ug} is bounded and (w-PS) follows immediately. To
see this, note that

g2 |

G'(ur) = 2(Co + — )E( ) 0,

n n
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Take n so large that

bw) = i) = 2Co+ 2y (L)

is bounded and bounded away from 0. Then
b(ug)ur — Kgup — 0 as k — oo.

Since the wuy are bounded, there is a renamed subsequence such that b(ux) and
Kguy, converge. Hence, this subsequence converges as well. Thus, in both cases, the
(w-PS) condition is satisfied. Moreover, G,,(v) < § for all v € N. For any w € M,

if |jw|]| = p, then 5(%) = 0 for n > 2p? and consequently G, (w) = G(w) > 6.
Choose |[swg + v|| := n'/? := R,,. Then R, > p if n large enough, and

2
Iswo + || ) < _l.
n n

Gr(swo+v) = G(swy +v) — (Co + 1/n)&(
Let
B:={weM: |w|=p}
and
A, ={veN:|v| <R, }U{swp+v:s>0,v€N,|swy+v| =Ry}
Then A, links B (cf. |27 page 38]), and G,, satisfies all the conditions of Theorem
2.1. Hence, there exists a u, € E\(—P U P) such that
G (up) =0, Gpluy,) € [0/2, sup Gn((1 —t)u)].
(t,u)€[0,1]x Ap,
Evidently,
I1G" (un) = G (un) | = G (wn) ]| < Crn™/% — 0,
0/2 < Gp(un) < G(uy) < Gpluy) +Co+1/n,

sup G,n((1 —t)u) < Cy.
(t,u)€[0,1]x Ay

Therefore, G(u,) — ¢ € [0/2,2C)]. Finally,

Ly lunll

(1) = € ) — Gl () = 2(Co + e/ (1l C

n )n_7m

where {C,,} is a bounded sequence. O

3. APPLICATIONS

Consider sign-changing solutions to the following stationary Schrodinger equa-
tion:

(3.1) { —Au+V(z)u= f(z,u),

u e HY(RN),

where f(z,t) : RY x R — R is a Carathéodory function and the potential V (z)
satisfies the following geometric condition:

(e0) V(z) € LS (RN),Vy := essinfgn V(x) > 0. For any M > 0 and any r > 0,
(3.2) meas({zx € B.(y) : V(z) < M}) — 0 as |y| — oo,
where B,.(y) denotes the ball centered at y with radius 7.
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The role of (eg) ensures the compactness of certain embeddings. The limit (3.2)
can be replaced by one of the following stronger conditions:

(eo)’ meas({r € RN : V(x) < M}) < oo for any M > 0 (cf. [5]).

(e0)” V(z) — o0 as |z] — oo (cf. [20]).

In recent years many existence results have been obtained for (3.1) under various
conditions on V(z) and f(x,t). In [26] the author had obtained one positive and
one negative solution of (1.1) under assumption (eg)”. A generalization of [26]
can be found in [5]. In [7], existence and multiplicity results were obtained under
the assumption (eg)’. One sign-changing solution was obtained in [9] for Dirichlet
problems (see also []). A recent paper [4] studied (3.1) with superlinear f(z,u). In
the case f(z,u) is odd in wu, infinitely many sign-changing solutions were obtained
in [] by using genus. An estimate of the number of nodal domains was given there.
It should be noted that all the papers mentioned above dealt with superlinear
cases. In [30] (see also [37]), the double resonance of (3.1) was considered, but no
information concerning the sign-changing solutions was obtained. To the best of
our knowledge, the existence of sign-changing solutions of (3.1) with asymptotically
linear and sublinear nonlinearities has not been studied before. In this section, we
consider the asymptotically linear or sublinear case with either jumping (oscillating)
nonlinearities or double resonance.

To study the sign-changing solutions, several authors established some abstract
theories. In [I], the author established an abstract critical theory in partially or-
dered Hilbert spaces by virtue of critical groups and studied superlinear problems.
In [23], a Ljusternik-Schnirelmann theory was established for studying the sign-
changing solutions of an even functional. Some linking type theorems were also
obtained in partially ordered Hilbert spaces. The methods and abstract critical
point theory of [I} [6 23, 24] involved the dense Banach space C'(£2) of continuous
functions in the Hilbert space H{(£2), where the cone has nonempty interior. This
plays a crucial role. To fit that framework, much stronger hypotheses (e.g., bound-
edness of the domain and stronger smoothness of the nonlinearities) are imposed.
In [], the method of dealing with superlinear nonodd f is based on [22] by using
arguments of invariant sets and by a careful analysis of the descending flow. In the
proof of [9], there was constructed a series of Dirichlet problems on the ball, and
the ball was expanded to the whole space. Other papers on sign-changing solutions
include [2, 8, 13| (4] [16, 18, (19, [41].

Let E be the Hilbert space

E:={uec H'(RN): / V(z)u? < oo}
RN
endowed with the inner product (u,v) := [px(Vu v v + V(x)uwv)dz for u,v € E
and norm ||u|| == (u, u)/2.

By [5], the hypothesis (eq) implies that the eigenvalue problem
~Au+V(z)u=u, zcRV,

possesses a sequence of positive eigenvalues: 0 < A} < Ay < -+- < A < -+ —
00, the principal eigenvalue \; is simple with positive eigenfunction ¢, and the
eigenfunctions ¢y, corresponding to A\; (k > 2) are sign-changing. Let N}, denote
the eigenspace of A\g. Then dim N < co. We fix k and let £y := N1 & --- @ Ng.
Since we are going study the asymptotically linear or sublinear cases, we assume,
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throughout this section, that
(3.3) |f(z,t)t| < Fot> forallz € RNt € R,

where Fy > A is a constant.

3.1. Jumping nonlinearities. We assume

t t
(3.4) T CL N S A CL
t——+oo t
uniformly for z € RV,
We introduce the following assumptions. The letter ¢ will be indiscriminately
used to denote various constants when the exact values are irrelevant.

(e1) f(x,t)t > 0 for (z,t) € RN x R; limsup@ < Vb/3 uniformly for

r € RN, o

(e2) 2F(x,t) > \p_1t? =Wy (z) for (z,t) e RN x R, where F(m,t):fot f(z, s)ds
and 0 < [g~ Wo(z)dz < oco.

Choose [ such that

. TAN2
A—1( Ak — Ak—1)

Then there is a constant Cj_; such that ||ullec = supgw |u] < Cij_1||ul| for any

u € E;_1. We need the following local condition around zero:
A+ A1
2

(3.5) Fo.

(eg) 2F(z,t) < t? for z € RN and [t| < rg, where

24

W d 1/2
M — M1 Jrw o(@) x) '

0 > Cl_1(
The first result deals with the case of a jump not crossing eigenvalues: Ap <
by (z) < Ag41. Resonance may occur at Agy.

Theorem 3.1. Assume that (eg)-(e3) and (3.4) hold with A\, < by(x) < Agy1. If
either by (x) < Agy1 for # € RN orb_(z) < A\py1 for x € RN, then equation (3.1)
has a sign-changing solution.

If we strengthen the condition on f, we have the following theorem where the
jump is allowed to cross an arbitrarily finite number of eigenvalues.

Theorem 3.2. Assume that (eg)-(e3) and (3.4) hold. If \p < by (x) for x € RN,
and
(e4) there ezists a Co(x) € LY(RYN) such that
(i) f(z,t)t —2F(x,t) > Co(x), for (z,t) € RN xR,
(ii) ‘}im (f(x,t)t — 2F(z,t)) = oo for x € Q, where Q = {x € RV :
t|—oo
V(ﬂf) < 3F0}7
then (3.1) has a sign-changing solution.
Remark 3.1. Theorem 3.2 permits b (x) to be arbitrarily bounded functions greater
than A; and to cross an arbitrarily finite number of eigenvalues of —A + V. There-
fore, the jump has much more freedom. A condition similar to (e4) was introduced

in [36] [37] with a different Q2. However, whether or not the solution is sign-changing
was not decided there.
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For the Dirichlet boundary value problem

—Au = f(z,u), in Q,
(3.6) { u =0, on 0,

where Q@ C R” is a bounded domain with smooth boundary 99 and f(x,t) jumps
at £oo in the sense

{f(x,t)/t—>a ae. x €8 ast— —oo,
flz,t)/t = b ae z€Q ast— oo,
the existence of solutions of (3.6) is closely related to the equation
—Au=but —au”, where u* = max{u,0}.

Conventionally, the set

¥ :={(a,b) € R*: —Au = bu™ — au™ has nontrivial solutions}
is called the Fuéik spectrum of —A (cf. [201[29]). It plays a key role in most results
of this aspect. However, so far no complete description of ¥ has been found.
The Fucik spectrum corresponding to the Schrédinger equation (3.1) has not been

studied and seems interesting itself. Furtunately, the results of Theorems 3.1-3.2
and the following theorems do not need to involve the idea of the Fuéik spectrum.

3.2. Jumping and oscillating. In this subsection, we will consider the following
case:

(3.7) ltlinilgof@ = fi(x); liril:ilolop@ = gy ().

Assumption (3.7) implies that the nonlinearities are jumping and oscillating. As-
sume

(e5) 2F (1) > max{ M 17 — Wole), o (@)t + f(2)(t)? — W* (@)} for
(,t) € RN xR, where k > 1 and

0< Wo(z)dr < o0; 0< W (x)dx < oo.
RN RN

Theorem 3.3. Assume (eg), (e1), (e3), (e5). For each pair of numbers o, B in
the interval (A, \i+1) there are numbers a— < A, and By > A\p11 such that

ar < fo(z) < gi(x) < By, xRN

Then equation (3.1) has a sign-changing solution.

Theorem 3.4. Assume (eg), (e1), (e3), (e5). For each pair of numbers a_, 34 in
the interval (Ag, Agy1) there are numbers oy < A\ and B— > Agy1 such that

ag < fe(z) < ga(z) < By, z€RN.

Then equation (3.1) has a sign-changing solution.
Theorem 3.5. Assume (eg), (e1), (e3), (e5). Suppose that

ol < [ (@ £ e, Ve Bl a(e) € hua, a €RY.
and that no eigenfunction corresponding to A\xy1 satisfies —Au+V(z)u = gru™ —

g-u~, and no function in Ex\{0} satisfies —Au+ V(z)u = frut — f_u~. Then
equation (3.1) has a sign-changing solution.
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Theorem 3.6. Assume (eg), (e1), (e3), (e5). Suppose that
M < fi(@) < gi(x) < Appa, z € RV,

and that no eigenfunction corresponding to \i. satisfies —Au + V(z)u = frut —
f-u~ and that no eigenfunction corresponding to Agy1 satisfies —Au + V(z)u =
g+ut —g_u. Then (3.1) has a sign-changing solution.

The existence results of Theorems 3.3-3.6 are essentially known (cf., e.g., [30])
(see also [IT], B]). But in those papers the signs of the solutions cannot be de-
cided. Theorems 3.3-3.6 are neither consequences of the usual linking theorems nor
consequences of the methods developed in [II, 23] @], etc.

3.3. Double resonance case. We will consider the following case:

(3.8) A < L(z) := liminf J.t) < lim sup G = K(z) < Mg

|t|—o0 || —o00

uniformly for € RY, and the eigenfunctions of \; are # 0 a.e. We have

Theorem 3.7. Assume that (eg)-(eq) and (3.8) hold with L(x) # A,. Then equa-
tion (3.1) has a sign-changing solution.

Next we proceed to prove the above theorems. Define
L2
G(u) = =||ul]* — F(z,u)dz, ué€E.
2 RN

Then G € C'(E,R).

Lemma 3.1. Under the assumptions of Theorems 3.1-3.2, G(u) — —oo foru € Ej
as ||u|| — oo.

Proof. Rewrite G as

1

Glu) = %Hu”z _ /RN (%b+(:c)(u+)2 b (@)W ) + Plau))dr, weE,

where P(z,u):= [ p(@,t)dt; p(z, t) = f (2, t)— (b4 (x)t T —b_(2)t7); t* =max{+t,0}.
Note that min{by(x),b_(x)} > Ar and recall the variational characterization of
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eigenvalues {A\;} (cf., e.g., [36]), we have the following estimates for any u € E:

G(u)
L= 1 z)(u™)? z)(u”)?)da
= 2l 2(1(m>m@)5l(m@Hﬂ)w+<x P2+ b_(2)(u”)?)d

- /RN P(z,u)dz

1, o, 1 / ,
= —||lu||* — = by (x)u“dx
sllel® =5 P +(2)
1 / (b_(x)fb_i_(x))(u*ﬁdxf} / b_(x)uda
2 Jb_(2)2b4 (2) 2 Jo_(2)<by (2)
1
——/ (b+(x) - b,(x))(u+)2dx - P(x,u)dx
2 Jo_(2)<b () RN
1 1
< 2 1 u?
< S lul 2/(ﬂﬁ“wm«> o

1
——/ 2dx—/ P(z,u)d
2 z)<b+

§f\| % — / min{b; (x (:c)}ugd:vf/ P(x,u)dx
RN
<dlulf - [ Plauda,
RN

where § > 0 is a constant. Therefore,

lim G(UQ) < -4
lull—oo,ueEx [|ull
since
tim 20 _ g
t—o0 t
and dim F, < oo. O

Lemma 3.2. Under the assumptions of Theorem 3.7, G(u) — —oo for u € Ey, as
[[ull — oo.

Proof. Since L(x) > A, L(x) Z A\x and dim Fj, < oo, by the variational characteri-
zation (cf., e.g., [36]) of the eigenvalues {A}, there is a § > 0 such that

(3.9) 2 — /RN L(z)uldz < —5[jul|2  for all u € Ey.

In fact, the left-hand side of (3.9) is clearly < 0. The only way it can vanish is
when u(z) is an eigenfunction of A\ and L(xz) = Ay on the support of u(x). But the
support of u(x) has measure 0, contradicting the hypothesis on L(z). This implies
(3.9) (cf., e.g., [27]). On the other hand, since L(z) € L*(RY), we may find an
Ry > 0 such that

L 2
o Dlw<l [ (Rl < Sl
RN\ Br(0) [|ull 4 RN\Br(0) 8
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for all R > Ry and u € Ey.. It follows that

34
(3.11) [Jul|? — / L(z)u?dr < —=|ju||* for all u € E}, R > Ry.
Br(0 4

Furthermore, by (3.8), for ¢ < Vd/10, there exists a C. > 0 such that 1L(z)t* —
F(xz,t) < 3et? + C. for all x € Bg(0),t € R. Therefore, combining (3.9)-(3.11),

1 1 1
Glu) = —Hu||2——/ L(x)u2dm+/ QL@ - P, u)de
2 2 JBr(0) Br(0)
—/ F(z,u)dz
RN\ B (0)
30 1) 1
< SRl gl [ et Codo
8 8 Ba(0) 2
1
< ——Hu||2—|—/ C.dx.
5 Br(0)
The lemma follows immediately. O

Lemma 3.3. Assume (e2) or (e5). Then G(u) < & [an Wo(x)dz for all u € Ej_;.
Proof. This is an immediate consequence of conditions (e3) or (es). O

Lemma 3.4. Assume (e3). There exists a po > 0 such that
G(u) > - Wo(x)dx for w € Ei-,, |lull = po.
RN
Proof. By a simple computation,
(3.12) 2F (x,t) < 2Ft? — Forg  for [t| > 7o,z € RY,
where 79 comes from (e3). For any u € E |, we write u = v + w with v €

Nk ®Npy1®--- &Ny and w € Ef;l, where [ is given in (3.5). Let 5y = %
and

(3.13) & =

(2Eo+ M) o (A + o)
4 4
If |v +w| < 1o, then by condition (e3) and the choice of \;, we see that

v? — F(z,v+ w).

£ > (2Fo4+ )\l)wg n (A& Iﬁo) o2 %50@ " w)2
2Fo+ M) =260 5 (A+5o0) —2060 »
(3.14) 2 4 W+ 1 v” = folvwl
. (((2F0 + A — ng)(Ak — B 60) ol
> 0.

If |v 4+ w| > 1o, then by (3.13), we conclude that

(N +2F,) — 4F0w2 n (Ak + Bo) — 4Fovg B

3.15 ; >(
(3.15)  ziy > n n

=&+ &3,

F 2
2Fyvw + OTO)
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where \ s \
9 —
&g = (s 0)w2+ an 60)112 — Bovw,
8 4
A — 2F 2Fy — F
(3.16) £y =2 2 Ow? — 02 bo, 2 — (2Fy — Bo)vw + 0;°
Next, we estimate & and &3. If
Ab —
Qe o)) pyful >0,
then
N — 2F Ak —
(3.17) &2 > Stut 4 (T 50 1o] — oful)fo] = 0.
It \
G Bo)y) ol < 0,
by the choice of \;, we deduce that
)\l_QFO 4ﬁg 2 )\k_ﬁo 2
3.18 > — —v* > 0.
(3.18) &2 > ( 3 )\kiﬂo)w+ T
On the other hand,
A+ 2F,) — 4F, Ford
(319) &> NI o ol 4l + 220
Thus
_ _ 2
fé Z ()\l 10?0 —|— 460)11]2 _ 3(2F02 ﬁO)UQ + FO2’I"0
2F, — Ford
(3.20) > 3R =fo) » | Foro
2 2
Ch = L ()12 |[yf| = po, th <c <C <
00se po = ﬁ(m) I Jlul] = po, then [[v]loe < Cra|lv]| < Crallull <
Ci—1po. Hence, & > 0. Therefore, by (3.14)-(3.20), & > 0. Finally,
Glu) = Gv+w)

1
= 5(\|U||2+||w|\2—2/ F(z, v+ w)dr)
RN

1 1 1 1
> jMP++WW+—MW@+—Mm@—/‘F@wwx
1 1 2Fy
> 0= + 0= E Dl + [ 6da
1. 3 9F,
> gmin{(1- 50, 0= Sl
k
1 ﬂO 2
> —(1-22)
> J0- 5
1
> = Wo(z)dzx.
2 Jan~

O

Lemma 3.5. Under the assumptions of Theorem 3.1, G satisfies the (w-PS) con-

dition.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



SIGN-CHANGING CRITICAL POINTS FROM LINKING TYPE THEOREMS 5311
Proof. Assume that {u,} is a (w-PS) sequence:
G(up) — ¢, (14 |lun|)G' (un) — 0.
By negation, we assume that ||u,| — oo as n — oo. Let w,, = wuy/|uy|. Then

|lwn] = 1 and there is a renamed subsequence such that w, — w weakly in E,
strongly in L2(R”) and a.e. in R". Moreover,

(G"(un), v) = (un, v)— f(z,up)vdx — 0
RN
and
(Wn,v) — Mdl‘ — 0.
rY  lunll

By (3.4), we see that —Aw + V(2x)w = byw™ — b_w™. Since G(u,)/||u.|* =
1/2 — g~ F(z,up)dz/|Jug||* — 0, we see that [gy (b (wh)? +b_(w™)?)de = 1. It
implies that w # 0. Let w := w_ + w; with w_ € Ey, wy € EiX, 0 = wy —w_.
Let g(x) = by () when w(x) > 0; ¢(x) = b_(x) when w(z) < 0. Then we have that
—Aw + V(2)w = g(x)w and hence

Jwy ] = fw_|* = / q(z)(wy) d */ q(z)(w-)?da.
RN RN
It follows that
0 < flwell® = Apgallwe |5 < Jlwy |* - /RN q(z)(wy)*dx

= |lw-|* - /RN g(z)(w-)*dz < [Jw-|* = Ay /RN (w-)?dz < 0.

That is, |ws]* = [z~ ¢(#)(w+)?®. The only way this can happen is g(x) = A
when w_(z) # 0 and ¢(z) = A\g+1 when wy (z) # 0, and therefore, either w_ is an
eigenfunction of A; or w, is an eigenfunction of A\;;;. But the first case cannot
occur since by > Ag. If wy is an eigenfunction of A1, then wy is sign-changing.

Since —Aw, + V(z)ws = by (z)wl — b_(z)w], we have b_ = M\;41 on a subset
of RN of positive measure and b, = MApy; on another subset of RN of positive
measure. This contradicts the assumption of the theorem. (I

Lemma 3.6. Under the assumptions of Theorems 3.2 and 3.7, G satisfies the
(w-PS) condition.

Proof. Assume that {u,} is a (w-PS) sequence: (1 + ||u,|)||G'(u,)|| — 0 and
{G(uy)} is bounded. Then

(3.21) G(up) — %(G'(un),un) = /RN(%f(x,un)un — F(z,up))dx < ¢
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and

ol
s
2
=
AN

< c+ F(z,u,)dx
2 -

< c—i—/F(x,un)da:—l—/ F(x,up)dx
Q RN\Q
1
< c+/F(m,un)dx+/ —Vo(z)u? dx
Q rV\q 0

1
< et / F(,un) + -l
Q 6

Therefore, £|ull? < c+ 3 [, F(z,uy)dz < c+ [, Foulda. IfQ{HunH} is unbounded,
then, for a renamed subsequence, 1 < 3Fjlim, s fQ ”:#dx. It follows that

lim,, o0 |tn|? = o0 on a subset of 2 with positive measure. Combining this with
(e4), we have [ & f(@,un)uy — F(x,uy))da — oo, which contradicts (3.21). O

Lemma 3.7. Under the assumptions of Theorem 3.3, G satisfies the (PS) condi-
tion.

Proof. First of all, we claim that, for each pair of numbers ay,8- € (Ag, Agt1),
there are numbers av_ < Ag, B4 > Apy1 such that

(3.22) |ul|? < /RN (ay(uh)? +a_(u)?de, Yue E\{0};

(323) > [ (B + )P, Ve B0}

A similar result for Dirichlet boundary value problems can be found in [IT], 2] (see
also [30]). By a slight modification, their proofs work perfectly for this claim. We
omit the details. Then the conditions of Theorem 3.3 and (3.22)-(3.23) imply that

B24) P < [ (el e Yae BAO)

(3.25) ol > [ (g (e, Ve BE(O)

Now let {u,} be a (PS) sequence: ||G'(u,)|| — 0 and {G(u,)} is bounded. We just
have to show that {u,} is bounded. To show this, assume that ||u,| — oco. Let
Up = Upn/||tn|. Then @, — @ weakly in E, strongly in L2(R”), and a.e. in RV.
Since % < Fyliin|, we may assume that £ I(\ZSIT) converges strongly in L2(RY)

to a function h(x). Observe that

n N ) _ e
lim inf % > u(x) htm inf @ =a(z)fy(z), ifa(z)>0.
n—oo U, —00
In a similar way, we can show that
a(z) f+(z) < liminf flaun) < lim sup faun) < a(x)g+(x), if a(z) > 0;
n—oo|lun| n—oo lunl|
a(z)g—(z) < liminf % < lim sup % < a(zx)f-(z), if a(x) <O0.
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This gives

%et q)(x) = h(z)/u(x) if a(x) # 0, otherwise, ¢(x) = 0. Then
3.26
f+(@) <q(z) < g+ (2), ifu(z) >0, fo(z) < q(z) < g-(2), if u(z) <O.

On the other hand, G'(u,) — 0 implies that

(3.27) (a(z),v) — /RN h(z)vdr = (u(x),v) — /R q(z)uvdx = 0.

N

Let @ =+ w with ¥ € Ey, w € Eif, 4 = w — v. Therefore, by (3.27),

o2 — |15]12 = ) (w)2dx — 2)(0)?dz.
(3.25) ol =l = [ a@yorde= [ atra

Recalling (3.24)-(3.26) and (3.28), we have
0< / (02 + f- (7)) — [0]? < / 4(x)(0)%dz — |o])?
RN RN

620) = [ a@@Pde—lal® < [ (6@ +g-0)do ~ Jal? <o
It follows that
330) [ (@R = (ol [ (@t @) =

Using (3.24)-(3.25) once again, we see that ¥ = w = @ = 0. Hence,
fl@,un)

Up(x)de — 1,
ry lunll "

Up
Taal?! =

(G (un)
providing a contradiction. O

By a similar argument, we can prove

Lemma 3.8. Under the assumptions of Theorem 3.4, G satisfies the (PS) condi-
tion.

Lemma 3.9. Under the assumptions of Theorem 3.5, G satisfies the (PS) condi-
tion.

Proof. By the assumptions of the theorem, we have
full < [ et P+ e, ue B
= Meallald > [ (94 h)? +9- (s, e B
Then (3.30) still holds. Hence

[ un =g et [ O g )@ e =0,
RN RN
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It follows that g+ = k41 if w > 0, g— = A\gy1 if @ < 0 and @ is an eigenfunction
of A\gy1. Therefore, —Aw + V(x)w = A\py1w = gy 0T — g_w~, which implies that
w = 0. Furthermore,
[ @ e = [ o))
RN RN

Thus, q(z) = fy(z) if @ > 0; g(z) = f_(z) f u < 0 and —Aw+ V(z)u = fru™ —
f—u~. It follows that « = v = 0. Using an argument similar to that used in proving
Lemma 3.7, we get a contradiction if the (PS) sequence is unbounded. (I

Similarly, we have

Lemma 3.10. Under the assumptions of Theorem 3.6, G satisfies the (PS) condi-
tion.

To prove Theorems 3.1-3.7, we apply Theorem 2.1. First, we let
P:={ucE:u(z) >0 for ae. + € RV},

Then P (—P) is the positive (negative) cone of E, and +P has empty interior.
Consider FE,, with m > k + 2. Define

B, == (Nk, & Ngt1 @ -+ @ Nyy,) N By, (0),
where pg comes from Lemma 3.4;
A={u=v+syp:v € Ei_1,8>0,]||ul]| = R} U (Ex_1N Bg(0)),
Yo € Nk, [lyoll = 1.

Then A and B, link each other (cf. [27, 28]), and each u of B,, is sign-changing.
Let P, = P N E,, be the positive cone in F,,. Then it is easy to check that
dist(By,, =P U Py,) = 6, > 0 since B,, is compact.

We define

Do(m, po) :={u € Ep, : dist(u, P,) < po },
Dy(m, po) := {u € E,, : dist(u, Pp,) < po/2 }.

Now we consider G, := G|g,,. Then

G, (u) = u— Proj,,Kgu, u€ E,
where Proj,,, denotes the projection of E onto E,,. We make use of

Lemma 3.11. Under the assumptions of (e1), there exists a po € (0, ,,) such that
Proj,, K(Do(m, po)) C D1(m, pio).

Proof. The proof is essentially due to [4]. Write u® = max{4wu,0}. For any u € E,,,

1 1
+ _ . . _ .
(3.31) [lu"[l2 = L llu —wll2 < W L llu —wl = ?dm(“a —Pm)

and, for each s € (2,2*], there exists a Cs > 0 such that

|u®||s < Cudist(u, FPp,).
By assumption (e;), for each ¢’ > 0, there exists a C.r > 0 such that
(3.32) flr, )t < (Vo/3 42+ CultlP, ze RN teR,
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where p > 2 is a constant. Let v = Proj,,, Kg(u). Then by (3.31) and (3.32),

dist(v, =P) o < o™
")

(v,v

flz,um)vtde
RN

/RN«VO/3 + el + Corlut P

IN

IN

2
(gdist(u, —P,,) + Cdist(u, —Pm)p_l) o]

That is, dist (Projng(u), —Pm) < (%)dist(u, —P,,) + Cdist(u, — Py, )P~ 1. So there

exists a g < 0y, such that dist(Proj, Kg(u), —Pp,) < %uo for every u € —Dg(m, po).
Similarly, dist(Proj,, K¢ (u), Pr) < 2po for every u € Do(m, po). The conclusion
follows. O

Proofs of Theorems 3.1-3.2 and 3.7. Let D(m) := —Do(m, o) U Do(m, 110), Sm :=
E,,\D,,. Then B,, C S,,, and Lemma 3.11 says that condition (a;) of Theorem
2.1 is satisfied.

Therefore, by Theorem 2.1, there exists a u,, € En,\(—FPy, U P,,) (sign-changing
critical point) such that

G (um) =0,Gp(up) € bo —&, sup  G((1—t)u)+ &,
(t,u)€[0,1]x A
where by = 3 [z~ Wo(x)dz > 0 and SUP(,u)ef0,1]x 4 G((1 — t)u) are independent of
m, € is small enough.

To prove G has a sign-changing critical point, we just have to prove that {u,}
has a convergent subsequence whose limit is still sign-changing. We first need to
prove that {u,,} is bounded. Once this is known, the existence of a convergent
subsequence follows, since the equation is of subcritical growth. However, the proof
of the boundedness of {u,,} is the same as the proof of the (w-PS) condition of
Lemmas 3.5-3.7. To prove that the limit of the subsequence is sign-changing, we
adopt the ideas of [9]. Let u := max{4u,,,0}. Then

A (G
By (e1), there exists a C' > 0 such that
flz,u)u < ?|u|2 +ClulP, xRN ucR,
where p > 2 is a constant. It follows that

1
ezl < 3 llul® + Clluiz 5.

Hence, |lul|| > so > 0, where sq is a constant independent of m. This implies that
the limit of the subsequence is sign-changing. O

Proofs of Theorems 3.3-3.6. We intend to use Theorem 2.2. By Lemmas 3.3-3.4, we
see that G(u) < § [an Wo(z)dz for all u € E_y := N and G(u) > § [gx Wo(z)d
for all u € By,. By (e5) and (3.24), we have G(u) < § [v W*(z)dz for all u € E.
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Then, G,, satisfies all the conditions of Theorem 2.2. Therefore, there exists a
sequence {ug} € Ep\(—Pp U Pp,) such that

1
G{m(uk) — 0, G;n(uk) = Ckuk/ka Gm(uk) € [_/ Wo(l')dm, W*(.I)dl‘],
4 RN RN

as k — oo, where the sequence {C}} is bounded. By Lemmas 3.7-3.10, u; — u(m),
where u(m) satisfies

1

G (u(m)) = 0,Gp(u(m)) € [~ Wo(x)dz, W*(x)dx].
4 RN RN
We now show that u(m) is sign-changing. In fact, since G, (ux) — Crur/k = 0, we
have
o1 = eI = [ Sy < R+ Cli I

It follows that Huf” > s9 > 0, where sq is a constant independent of k,m. This
implies that the limit u(m) is sign-changing. By a similar argument, u(m) — u* as
m — o0, where u* is sign-changing and
1
G'(u*) =0,G(u*) € [~ Wo(x)dz, W*(x)dz).
4 RN RN
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