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LEVEL SETS OF SCALAR WEYL INVARIANTS
AND COHOMOGENEITY

SERGIO CONSOLE AND CARLOS OLMOS

To the memory of Aristide Sanini

Abstract. We prove that the cohomogeneity of a Riemannian manifold coin-
cides locally with the codimension of the foliation by regular level sets of the
scalar Weyl invariants.

1. Introduction

A tensorial Weyl invariant is a tensor T on a Riemannian manifold M which
can be naturally defined in terms of the metric, the curvature and its covariant
derivatives. For example, the scalar curvature is a real-valued tensorial Weyl in-
variant of type (0, 0). If a tensorial Weyl invariant is in fact a function, it is called
a scalar Weyl invariant. Tensorial Weyl invariants are natural tensors, i.e., they
are invariant under local isometries with any Riemannian manifold [2].

If some tensorial Weyl invariants on a Riemannian manifold M are “independent
of the point”, then there are strong consequences on the geometry of M . For
instance, a classical result of É. Cartan says that, if the covariant derivative of the
curvature tensor vanishes (hence the curvature is invariant by parallel transport),
M is locally symmetric. More generally, a theorem of Singer [7] asserts that M
is locally homogeneous if the algebraic type of all covariant derivatives ∇�Rp at
p ∈ M of the curvature tensor (up to some index k) is independent of p (i.e., for
any q ∈ M there is a linear isometry f of the tangent spaces at p and q such that
f∗∇�Rq = ∇�Rp). Using Singer’s result, Prüfer, Tricerri and Vanhecke showed that
if M has globally constant scalar Weyl invariants, then M is locally homogeneous
[6].

In this paper, we consider the general situation where the scalar Weyl invariants
are not constant. What one can do is to look at their regular level sets.

Example 1. Let M ⊂ R
n+1 be a hypersurface of revolution, i.e., the group

G�
∼= SO(n) of rotations around a line � in R

n+1 leaves M invariant. If M is generic
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(e.g., not homogeneous, itself), G� is the connected component of the identity of the
full isometry group. The principal G�-orbits are totally umbilical hyperspheres. A
hypersurface of revolution provides a basic example of a cohomogeneity one mani-
fold (and conversely, under some assumptions any cohomogeneity one hypersurface
is of revolution; cf. for instance [5]). Observe that, by equivariance, the scalar Weyl
invariants are constant on the orbits. Thus the principal orbits are contained in the
regular level sets of the scalar Weyl invariants. Actually, for dimensional reasons,
the principal orbits are locally the regular level sets of the scalar Weyl invariants.

In general, on a cohomogeneity k G-manifold M (G ⊆ I(M)) the scalar Weyl
invariants are constant on the G-orbits. Thus the principal G-orbits are contained
in the regular level sets of the scalar Weyl invariants. We prove that, locally, we
have in fact equality.

Theorem 1. The cohomogeneity of a Riemannian manifold M (with respect to
the full isometry group) coincides locally with the codimension of the foliation by
regular level sets of the scalar Weyl invariants.

The proof requires some properties of Riemannian submersions, which will be
applied to the projection π of M onto the quotient manifold N obtained by identi-
fying points lying in the same level set (endowed with a Riemannian metric so that
π becomes a Riemannian submersion). Roughly speaking, we have to deal with the
holonomy of such a submersion.

In Section 2 we start with recalling some properties of Riemannian submersions.
Then, we consider parallel transport on the fibers and we introduce a notion of
covariant derivative and curvature applied to vector and tensor fields on the fibers.
We state a condition for the vertical foliation of a Riemannian submersion to be
locally given by orbits of the isometry group of the ambient space (Theorem 2).
This condition involves the behavior of Killing vector fields on the fibers. Namely,
suppose at any point q on the base space there exists a family K(q) of Killing vector
fields defined on the fiber at q, with the property that the Killing fields are invariant
by parallel transport across the fibers and any Killing in K(q) commutes with the
curvature vector fields on the fibers. Then Theorem 2 states that any Killing in
K(q) extends to a vertical Killing vector field on the whole space. In particular, if
the pseudogroup of isometries K(q) associated with K(q) is locally transitive, the
vertical foliation is locally homogeneous. This will be an important tool for the
proof of Theorem 1.

In Section 3 we study level sets of scalar Weyl invariants. As a start, using
the above mentioned theorem of Singer, we show that any level set is locally (in-
trinsically) homogeneous (Corollary 1). We introduce certain finite dimensional
subbundles of the bundle Γm,k of tensor fields of type (m, k) on fibers, which turn
out to be parallel. One of these bundles, denoted by E(1,0), is in fact strictly re-
lated to the holonomy subbundle of p (that is, the set of points that can be locally
reached by horizontal curves starting at p; cf. [8] and Remark 6).

Let K(q) be the family of (locally defined) Killing of the fiber π−1({q}) whose
associated flow preserve any of the tensor fields of the above bundles. We show
that this family K(q) fulfills the conditions of Theorem 2. Thus, the foliation by
the regular level set of scalar Weyl invariants is homogeneous. This yields the proof
of Theorem 1.
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2. Preliminaries and basic facts

2.1. Riemannian submersions. We recall some basic definitions and properties
of Riemannian submersions.

Let π : M → N be a Riemannian submersion. This means that π is onto and
dπ|∗p is surjective, for all p ∈ M . Moreover, for all p ∈ M , dπ : Hp → Tπ(p)N is a
linear isometry, where the so-called horizontal distribution is H := ν⊥ and ν is the
vertical distribution (i.e. ν = ker dπ or equivalently νp is the tangent space at p to
the fiber π−1({π(p)})).

A vector v ∈ TpM is called horizontal if v ∈ Hp and vertical if v ∈ νp. A vector
field X of M is called:

– vertical if X lies in ν;
– horizontal if X lies in H;
– projectable if X is π-related to some field Y on N ;
– basic if X is horizontal and projectable.
Given a (vector) field Y on N there is a unique field Ỹ of M which is basic and

π-related to Y , the horizontal lift of X. A piecewise C1 curve c : [a, b] → M is said
to be horizontal if c′(t) is a horizontal vector, for all t ∈ [a, b]. If β : [a, b] → N is a
piecewise C1 curve, then, given any q ∈ π−1({β(a)}), there is a unique horizontal
curve β̃q : [a, a + ε] → M such that β̃q(a) = q and π ◦ β̃q = β|[a,a+ε] (ε depends
on q). The curve β̃q is the so-called (local) horizontal lift of β through q. If M is
complete, then β̃ is defined in [a, b]. So, one has the map

τβ : π−1({β(a)}) → π−1({β(b)})

defined by τβ(x) = β̃x(b). The map τβ is the parallel transport along β and does not
depend on the parametrization of the curve. Moreover, τβ is a diffeomorphism with
inverse τβ̃ , where β̃ is the curve β going in the backwards direction. Any horizontal
lift of a geodesic of N is always a geodesic of M . So, if M is complete, then N is
complete (and the fibers π−1({q}) are also complete since they are closed subsets
of M).

If X1, X2 are projectable fields of M , then [X1, X2] is also projectable, since
it projects down to the bracket of the projections of X1 and X2. If X1, X2 are
basic, then [X1, X2] is a projectable field but not in general basic. Otherwise, the
distribution H would be involutive or equivalently integrable. How far is H from
being involutive is measured by the tensor O of M , defined by

OZ1,Z2 = [ZH
1 , ZH

2 ]ν

i.e., the vertical part of the bracket of the horizontal components of the fields. It
turns out that O is a tensor field. The tensor 1

2O is merely the so-called O’Neill
tensor A, composed with the horizontal projection (see [4]). A pair of fields X1, X2

of N define the vertical field Rπ
X1,X2

of M given by

Rπ
X1,X2

:= OX̃1,X̃2

where X̃1 and X̃2 are horizontal lifts of X1 and X2 respectively.
Note that Rπ is tensorial in X1, X2. In other words, a pair of vectors v1, v2 ∈

TqN define a (tangent) vector field Rπ
v1,v2

on the fiber π−1(π(p)). Namely,

(Rπ
v1,v2

)(p) := Oṽp
1 ,ṽp

2
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where ṽp
1 , ṽp

2 are the unique horizontal vectors of TpM which project down to v1

and v2 respectively. Observe that Rπ is skew symmetric on X1, X2. It may be
regarded as a tensor on N with values in an infinite dimensional fiber bundle Γ(1,0)

over N . Namely, Γ(1,0)
q consists of the tangent field of the fiber π−1(q). In the

next section we will define, in a natural way, a linear connection in Γ(1,0). We will
be particularly interested in some parallel finite dimensional vector subbundles of
Γ(1,0).

Let M = E be a vector bundle over a Riemannian manifold N with a linear
connection ∇ (which induces a horizontal distribution H). Then the projection to
the base is a Riemannian submersion, if E is endowed with the so-called Sasaki
metric. Actually, (Rπ

X1,X2
)(p) is just the usual curvature tensor R∇

X1,X2
.p, if one

identifies Tpπ
−1({p}) with T0π

−1({p}) = Ep (see e.g. [1]; this relation will also be
clear in the next section).

2.2. Parallel transport and curvature on the fibers. For the sake of sim-
plicity, we will deal here with the global theory, but later (in Subsection 2.4 and
Section 3) we will need only the local results which are straightforward to obtain.
Assume that π : M → N is a Riemannian submersion and that M is complete (in
order that the horizontal lift of any curve be defined for the whole parameter).

Let β : [0, b] → N be a (piecewise C1) curve and ψ a (tangent vector) field on
π−1({q}), where q = β(0). The parallel transport of ψ along β is just the field
(τβ)∗(ψ) of π−1({r}), where r = β(b). In this way we may regard (τβ)∗ as a linear
map between fields on π−1({q}) into fields on π−1({r}). Now let X be a field on N ,
with associated flow φt and let X̃ be the horizontal lift of X, with associated flow
φ̃t. Then the horizontal lift through q̃ of the curve β(t) = φt.q is just β̃q̃(t) = φ̃t.q̃,
where π(q̃) = q. So, the parallel transport of ψ along β is just the field φ̃t∗(ψ).

Now let Ψ be a vertical field on M and X a field on N . We define the covariant
derivative of Ψ in the direction of X to be

∇̂XΨ = [X̃, Ψ] = LX̃(Ψ) ,

where X̃ is the horizontal lift of X and L is the Lie derivative. Observe that the
above formula gives rise to a vertical vector since the middle term is π-related to
[X, 0] = 0. By the well known formula, relating flows and Lie brackets,

d

dt

∣∣∣∣
0

(φ−t)∗(Ψ) = [X, Ψ]

one has that

(∗) (∇̂XΨ)q =
d

dt

∣∣∣∣
0

(τβ|[0,t])
−1
∗ (Ψ|π−1({β(t)})) ,

with β = φt.q. The vertical field Ψ may be regarded as a section of the infinite
dimensional vector bundle Γ(1,0) → N , defined in the previous section, whose el-
ements are vector fields on the fibers (actually, we will not deal with such a big
bundle). Following this interpretation, the covariant derivative ∇̂XΨ is C∞(N)-
linear on X and R-linear in Ψ (the R-linearity is clear in both variables). Indeed,
if g ∈ C∞(N), then the field ˜gX, restricted to π−1({q}), coincides with g(q)X̃. So,
˜gX coincides with g(q)X̃ along the integral curves of Ψ through q̃ (and then one

has to calculate the bracket in terms of the flow of Ψ).
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Moreover, if f ∈ C∞(N), then

∇̂Xf.Ψ = X(f).Ψ + f.∇̂XΨ.

Here f.Ψ is the vertical field f̃Ψ where f̃ is the real function on M which is constant
on the fibers and projects down to f .

The concept of parallel transport can be defined, like for vector fields, for tensors
fields in a given fiber. Now let T̃ (Z1, . . . , Zk) be a tensor field on M , in the tangent
variables Z1, . . . , Zk, with values in the tensor algebra (of a fixed grade m) of the
tangent space of the fibers, if all the variables are vertical. Let T be the restriction
of T̃ to vertical fields Z1, . . . , Zk. Such a T will be called a vertical tensor field
and it may be regarded as a section on the (infinite dimensional) vector bundle
Γ(m,k) → N , where the fiber Γ(m,k)

q over q consists of the k-covariant tensors of
π−1({q}) with values in ⊗mTπ−1({q}).

One can define, as in the case of vertical (tangent) fields, the covariant derivative
of T in the direction of a vector field X of N . Namely,

∇̂XT = LX̃(T̃ )|ν

where L denotes the Lie derivative and |ν means that the variables of the tensor
have to be restricted to vertical fields. As for vertical vector fields one has a relation,
similar to (∗), between the covariant derivative and the derivative of the parallel
transport.

Given X, Y tangent fields on N one can define the curvature R̂ in the obvious
way:

R̂X.Y T = ∇̂X∇̂Y T − ∇̂Y ∇̂XT − ∇̂[X,Y ]T

= LX̃LỸ T̃ |ν − LỸ LX̃ T̃ |ν − L[X,Y ]˜T̃ |ν ,

where [X, Y ]̃ is the horizontal lift of the bracket. Observe that one has the well
known formula LX̃LỸ − LỸ LX̃ = L[X̃,Ỹ ]. So, since [X, Y ]̃ and [X̃, Ỹ ] are both

π-related to [X, Y ], R̂X.Y T = L[X̃,Ỹ ]ν T . Note that [X̃, Ỹ ]ν is the vertical tensor
field Rπ

X,Y previously defined (the so-called curvature field). Thus

R̂X.Y T = LRπ
X,Y

T .

In the case of a vertical vector field Ψ the above formula yields

R̂X.Y Ψ = [Rπ
X,Y , Ψ] .

Remark 1. Let T be a vertical tensor field which is parallel, i.e. ∇̂T = 0 and let c be
any piecewise C1 curve in N from q to r. Then the parallel transport along c maps
the tensor field Tq of π−1({q}) to the tensor field Tr of π−1({r}) (in particular, the
parallel transport of Tq is independent of the curve c).

2.3. Parallel finite dimensional vector subbundles of Γ(m,k). In this paper we
will not deal with the infinite dimensional vector bundle Γ(m,k) → N but only with
some finite dimensional subbundles E which are parallel. That is, for all q ∈ M ,
Eq is a finite dimensional vector subspace of Γ(m,k)

q . Moreover, if β is a curve in
M from q to r, then the parallel transport (τβ)∗ maps (isomorphically) Eq into Er.
In this case it is standard to prove that E is a differentiable vector bundle over N
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(we make this observation since we have not assigned any differentiable structure
to Γ(m,k)). Note that the connection ∇̂ restricts to a linear connection in E → N .

Remark 2. The linear connection ∇̂ is flat (i.e. R̂ = 0) if and only if, for any
T ∈ Eq, all the Lie derivatives LRπ

X,Y
T are zero, for all q ∈ N , X, Y ∈ TqN (see the

previous section). For flat connections, the parallel transport is locally independent
on the curve chosen from one point to another.

Remark 3. Let π : E → N be a vector bundle over a Riemannian manifold N
with a linear connection ∇. Endow E with the Sasaki metric such that π becomes
a Riemannian submersion. Then E may be regarded as the finite dimensional
subbundle of Γ(0,1) which consists of the constant vector fields of the fiber. It is
not hard to see that, under this identification, ∇ = ∇̂.

Examples. For our purposes it will be very useful to understand the following two
examples which arise from group actions. Let G be a group acting effectively by
isometries on a complete Riemannian manifold M such that all orbits are principal
(for instance, this is the case if the action is free). Let N be the quotient of M over
the G-orbits. Then N has a unique Riemannian metric such that the projection
π : M → N is a Riemannian submersion.

(i) Let E be the finite dimensional subbundle of Γ(1,0) defined as follows: Eq

consists of the (intrinsic) Killing fields induced by G on π−1({q}). Then E is a
parallel subbundle of Γ. Indeed, let β : [0, 1] → N be a curve from q to r and let
β̃q̃ be its horizontal lift to M by q̃. Since G preserves the horizontal distribution
H = ν⊥ of M , one has that β̃g.q̃ = g.β̃q̃. So,

τβ(g.q̃) = g.τβ(q̃) .

Now let X belong to the Lie algebra g of G and consider the associated Killing field
X̄ on M defined by p 
→ X.p = d

dt

∣∣
0
Exp(tX).p. Now replace, in the above formula,

g by Exp(tX) and differentiate it at t = 0. It yields

(τβ)∗q̃(X.q̃) = X.τβ(q̃) .

This means that
(τβ)∗(X̄|π−1({q})) = X̄|π−1({r}) .

Hence, E is parallel.
(ii) Let E be the vector subbundle of Γ(0,2) whose fiber Eq consists of the sym-

metric G-invariant (0, 2)-tensors on π−1({q}). Observe that Eq is finite dimensional
since G acts transitively on π−1({q}) and therefore a G-invariant tensor is com-
pletely determined by its value at a given point. In the previous example we have
seen that the G-action commutes with the parallel transport. This implies that
the parallel transport (τβ)∗ along a curve β in N from q to r maps a G-invariant
symmetric (0, 2)-tensor of π−1({q}) into a G-invariant (0, 2)-tensor of π−1({r}).
Hence, E is parallel. Clearly, the same is true for the subbundle E of Γ(m,k) whose
fiber Eq consists of the G-invariant (m, k)-tensors on π−1({q}).
2.4. Homogeneous foliations. In this paragraph, we state a condition which
implies that a foliation is locally given by the orbits of the Lie group of the ambient
space isometries. This result will be used in the next section to prove our main
theorem. Though, for the sake of simplicity, we have worked, up to now, in a global
setting, we need to consider local objects (to pass from the global framework to the
local one is straightforward).
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For any q ∈ N , let K(q) be a Lie algebra of Killing vector fields on a fiber
π−1({q}), with the associated pseudogroup of isometries K(q) having the following
properties:

(1) For any curve β : [0, 1] → N from q to a nearby point s such that the parallel
transport, with respect to the submersion, τβ(q̃) = β̃q̃(1) is defined, (τβ)∗
maps the family K(q) into the family K(s).

(2) Any Killing field in the family K(q) commutes with all the curvature vector
fields Rπ

X,Y .

Theorem 2. Let π : M → N be a Riemannian submersion. Assume that, on
any fiber π−1({q}), there is a Lie algebra of Killing vector fields K(q) satisfying
properties (1) and (2) above. Then any Killing field in K(q) extends locally to a
vertical Killing field on M (for all q ∈ N). In particular, if the pseudogroup of
isometries K(q) associated with K(q) is locally transitive, the vertical foliation is
locally homogeneous.

Proof. If p ∈ M , let F = π−1({π(p)}) be a fiber and let ξ̃1, . . . , ξ̃r be basic fields
of M , which are linearly independent at p (r is the codimension of F ). We assume
that F is so small such that there exists ε > 0 such that f : F × (−ε, ε)r → M is a
diffeomorphism onto its image, where f(q, s1, . . . , sr) = φ̃r

sr
. . . φ̃1

s1
.q and φ̃i is the

flow associated to ξ̃i. We may also assume that M = f(F × (−ε, ε)r) and that the
fibers are given by F(s1,...,sr) := f(F, s1, . . . , sr); this can be done by assuming that
the map (s1, . . . , sr) 
→ φr

sr
. . . φ1

s1
.π(q) is a global coordinate system of the base N ,

where φi is the flow of ξi = π∗(ξ̃i). Given a Killing field X ∈ K(π(p)), we can define
a vertical C∞ field Z on M which is a Killing field when restricted to any fiber.
Namely, the restriction of Z to F(s1,...,sr) is (φ̃r

sr
)∗ ◦ · · · ◦ (φ̃1

s1
)∗(X) = (τβ)∗(X),

where β is the curve in N which starts at π(p) and then goes s1, . . . , sr times along
the flows of ξ1, . . . , ξr respectively. So, from the assumptions, we have that, for all
q ∈ N , the restriction of Z to π−1({q}) is an element of K(q). For any such Z, the
map Z̄, defined on N by q 
→ Z|π−1({q}) will be, by definition, a section of the bundle
K → N with fibers K(q). In this way K → N becomes, in a natural way, a C∞

vector bundle over N . In fact, this bundle is globally trivial. Such a trivialization
can be obtained by extending a base of K(π(p)) to a base of vector fields on M

by means of the above construction. By hypothesis, (∇̂ξi
Z̄)q = [ξ̃i, Z]|π−1({q}) is

also a section of K. So, ∇̂ is a linear connection in K. From the assumptions such
a connection must be globally flat (we assume N to be simply connected) since
R̂ξi,ξj

Z̄ = [Rπ
ξi,ξj

, Z̄] = 0. This means that the parallel transport τK
β , in the fiber

bundle K → N , of a Killing field X ∈ K(q) does not depend on the curve β in N
from q to a nearby q′. It is standard to show that (similarly to the global case) the
field τK

β (X) coincides locally with the field (τβ)∗(X) near τβ(q), if τβ(q) is defined.
So, starting with X ∈ K(π(p)), we obtain a parallel section X̂ of K, which gives
rise to a vertical field of M also denoted by X̂. The parallel transport τβ, when
defined, maps integral curves of X̂ into integral curves of X̂. Now let β : [0, ε] be a
short curve in N starting at π(u) (in order that the horizontal lift β̃u be defined).
Let τs be the parallel transport along the curve β|[0,s] and ϕt be the local flow of
X̂. We want to prove, for any fixed t, that (ϕt)∗p is a linear isometry and hence
X̂ will be a Killing field on M . Since X̂ is a Killing field on the fiber π−1({π(u)})
we need only to prove that (ϕt)∗p preserves the norm of vectors in the horizontal
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space Hp. One has that
ϕt.τs(p) = τs(ϕt.p)

or equivalently,
ϕt.β̃

p(s) = β̃ϕt.p(s) .

Differentiating the above expression with respect to s (at s = 0) yields

(ϕt)∗p((β̃p)′(0)) = (β̃ϕt.p)′(0);

but the horizontal vectors (β̃p)′(0) and (β̃(ϕt.p))′(0) have the same norm, since they
both project down to β′(0). Since β is arbitrary, we conclude that (ϕt)∗p is a linear
isometry. �
Example 2. Let Nn be a simply connected rank one symmetric space, with con-
nected isometry group G, and let π : S(N) → N be the unit tangent bundle. Let
K(q) be the set of Killing fields on the unit sphere S(N)q of TqN , induced by the
isotropy Gq (which coincides with the holonomy group at q). The parallel trans-
port in N maps, isometrically, fibers into fibers. Moreover, we have that the family
{K(q)}q∈N is invariant under parallel transport. Observe that any fiber S(N)q is
extrinsically homogeneous in S(N), since Gq acts transitively on the sphere S(N)q;
but the vertical foliation is not a homogeneous foliation. In fact, assume that
S(N)q = H.q, for some group of isometries H of S(N), for any q ∈ N . Choose
an element τβ of the holonomy group of N at q, where β is a loop based at q.
Note that H must preserve the horizontal distribution of S(N) since it preserves
the vertical distribution. So, an element of H maps horizontal curves into hori-
zontal curves (starting at the same fiber). Thus, any element h ∈ H, restricted to
S(N)q, commutes with τβ. Assume now that τβ(v) = v, for some v ∈ S(N)q. So,
h.v = h.τβ(v) = τβ(h.v). Thus, τβ is the identity transformation of S(N)q, since H
is transitive on the fibers. Then the holonomy group of N at π(v) has no isotropy
at v. This is a contradiction for any symmetric space.

2.5. Invariant Weyl tensors. A tensorial Weyl invariant is a tensor T that one
can naturally define in any Riemannian manifold Mn in terms of the metric tensor
〈 , 〉, the curvature tensor R and all of its covariant derivatives ∇kR. Moreover,
any coefficient T I

J (I = (i1, . . . , il), J = (j1, . . . , js)) of this tensor, with respect to
any orthonormal basis e1, . . . , en, is a (fixed) polynomial in the components of the
curvatures tensor and all of its derivatives up to a fixed order. In particular, the
(formal) expression of T I

J does not depend on the chosen orthonormal basis. If T
is a function, i.e., a real-valued tensor of type (0, 0), then T is called a scalar Weyl
invariant.

In our article we will not consider real-valued mixed tensors of type (k, m).
Instead of that we will always use tensors of type (0, m) with values in the k-
tensorial algebra of the tangent space. Of course, this point of view is equivalent,
but it will be more suitable for our purposes. This is done in order to extend, in a
canonical and simple way, families of tensors on the leaves of a given foliation to a
tensor of the ambient space.

Examples of tensorial Weyl invariants.
- RX,Y , tensor of type (0, 2) with values in the skew-symmetric endomorphisms

of the tangent space.
- RX,Y Z, tensor of type (0, 3) with values in the tangent space (of course, it may

be regarded as a (1, 3) tensor with real values).
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- 〈RX.Y Z, W 〉, tensor of type (0, 4) (with real values).
- ||R||2 =

∑
i,j,k,l〈Rei.ej

ek, el〉2, tensor of type (0, 0) (i.e. a scalar Weyl invariant)
- The Ricci form ric(X, Y ) = 〈

∑
i R(X, ei)ei, Y 〉, symmetric tensor of type (0, 2).

- The Ricci tensor Ric(X) =
∑

i R(X, ei)ei, tensor of type (0, 1) with values in
the tangent space.

- 〈(∇RX,Y ZR)Ric(U),V W, H〉, tensor of type (0, 7).
- The sum and the tensor product of any two tensorial Weyl invariants.
- The tensor of type (k + 1, m − 1) (resp. of type (k − 1, m + 1)) obtained by

transforming a covariant (resp. contravariant) variable into a contravariant (resp.
covariant) variable in a tensorial Weyl invariant.

- The tensor obtained by contracting any two variables of a tensorial Weyl in-
variant.

- The tensor obtained by replacing, one variable of a tensorial Weyl invariant
(let us say covariant), by a vectorial Weyl invariant.

- The covariant derivative ∇T of a tensorial Weyl invariant T .
- The gradient of a scalar Weyl invariant.
- The Lie derivative LXT of a tensorial Weyl invariant T in the direction of a

vectorial Weyl invariant X. In particular, [X, Y ] is a vectorial Weyl invariant if Y
is also a vectorial Weyl invariant.

- The square of the norm a tensorial Weyl invariant (gives rise to a scalar Weyl
invariant).

- Let p be a polynomial defined on the vector space V of algebraic tensors of
some type in R

n, which is invariant under the full orthogonal group O(n) (acting
on V in the obvious way). Let T be a tensorial Weyl invariant of the same type.
Then p(T ) is a scalar Weyl invariant. To calculate p(T ), one has to identify tangent
spaces with the Euclidean space by means of a linear isometry (and this does not
depend on the linear isometry chosen because of the O(n)-invariance of p).

It follows from the Weyl theory of invariants that the scalar Weyl invariants are
obtained as a linear combination of complete traces (with respect to some paring
of the indices) of tensors of the form

〈∇m1R, 〉 . . . 〈∇msR, 〉

where m1, . . . , ms are greater or equal to 0 (∇0R := R).

3. Level sets of scalar Weyl invariants

Let Mn be a Riemannian manifold and let p ∈ M be such that the gradients of
all the scalar Weyl invariants span a maximal dimensional subspace, let us say νp ⊂
TpM . Let f1, . . . , fk be scalar Weyl invariants such that grad(f1)(p), . . . , grad(fk)(p)
is a basis of νp. In some neighborhood U of p in M , the vectorial Weyl invariants
grad (f1), . . . , grad (fk) are linearly independent and hence the regular level sets of
f1, . . . , fk in U coincide with the level sets of the family of scalar Weyl invariants.
Observe that any level set is a submanifold of codimension k in U . Since we will
work locally, we may assume, without loss of generality, that U = M . Now let
S1, . . . , Ss be tensorial Weyl invariants and consider S = S1 ⊗ · · · ⊗ Ss. Identify,
for any x ∈ M , TxM with R

n by means of a linear isometry hx. Let W be the
tensor algebra of R

n of the same type as S (so that hx(Sx) ∈ W). Let p1, . . . , pr

be polynomials in W that distinguish the orbits of the orthogonal group O(n) in
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W. Then gi(x) := pi(hx(Sx)), i = 1, . . . , r, does not depend on the chosen isome-
tries hx, because of the O(n)-invariance, and so it defines a scalar Weyl invariant
(see [6]). If F is a level set of f1, . . . , fk, then g1(x), . . . , gr(x) are constant on F .
This implies that for any x ∈ M there exists a linear isometry dx : TpM → TxM
which maps Sp into Sx. In particular, dx((S1)p) = (S1)x, . . . , dx((Sr)p) = (Sr)x.
Then it is not hard to see that, for any x ∈ M , there exists a linear isometry
d̄x : TpM → TxM such that, for any tensorial Weyl invariant S, d̄x(Sp) = Sx.
Observe that d̄x(grad (f1)(p)) = grad (f1)(x), for all i = 1, . . . , k (in particular,
d̄x(TpF ) = TxF ). Thus the functions 〈grad (fi), grad (fj)〉 are constant on any
level set (this could have been observed from the fact that 〈grad (fi), grad (fj)〉 are
scalar Weyl invariants). From this fact it is not difficult to show that there exists
a Riemannian metric on the quotient manifold N , obtained by identifying points
in the same level set, such that the projection π : M → N is a Riemannian sub-
mersion (possibly by making M smaller). The horizontal fields with respect to this
submersion ξ1 = grad (f1), . . . , ξk = grad (fk) are basic.

Now let F be a fixed level set. By making (constant) linear combination of
the scalar Weyl invariants f1, . . . , fk we may assume that ξ1 = grad (f1), . . . , ξk =
grad (fk) is an orthonormal frame of the normal space along F (this will not be in
general true for other level sets).

Let us consider the following tensorial Weyl invariant on M of type (1, 1):

pr(v) = v −
k∑

i=1

〈v, ξi〉ξi.

Then pr(v) coincides, along F , with the orthogonal projection to the tangent space.

Remark 4. If X is a vectorial Weyl invariant, then its projection to F coincides
with the restriction to F of the vectorial Weyl invariant pr(X).

Lemma 1. Let T be a tensorial Weyl invariant on M of type (0, m) and let T̄ be
its restriction to the tangent space TF of the level set F . Let ∇̄ be the Levi-Civita
connection of F . Then ∇̄T̄ is the restriction to TF of a tensorial Weyl invariant
of M of type (0, m + 1).

Proof. Let us consider the (0, k)-tensorial Weyl invariant

T̃ (v1, . . . , vm) = T (pr(v1), . . . , pr(vm)) .

It is easy to check that the restriction to TF of the (0, m + 1)-tensorial Weyl
invariant ∇T̃ coincides with ∇̄T̄ , where ∇ is the Levi-Civita connection of M . �

Lemma 2. (i) The second fundamental form α of F is the restriction to TF of a
tensorial Weyl invariant of M .

(ii) The curvature tensor 〈R̄X,Y Z, W 〉 of F is the restriction to TF of a tensorial
Weyl invariant.

Proof. (i) Let us consider the tensorial Weyl invariant Ti(X, Y ) = −〈∇Xξi, Y 〉ξi =
〈α(X, Y ), ξi〉ξi . Then α(X, Y ) = T̄1(X, Y ) + · · · + T̄k(X, Y ), where T̄i is the re-
striction to TF of Ti.

(ii) Let 〈RX,Y Z, W 〉 be the curvature tensor of the ambient space. Then, if
X, Y, Z, W are tangent to F , we have the well known Gauss formula

〈R̄X,Y Z, W 〉 = 〈RX,Y Z, W 〉 + 〈α(Y, Z), α(X, W )〉 − 〈α(X, Z), α(Y, W )〉 ,
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where R is the curvature tensor of the ambient space. Applying part (i) we obtain
the second part. �

Corollary 1. The level set F is locally homogeneous. Moreover, there exists a
locally transitive pseudo Lie group G of isometries of F with the following property:
if T̄ is a tensor on F which coincides with the restriction to TF of a tensorial Weyl
invariant, then T̄ is G-invariant.

Proof. Given p1, p2 ∈ F there exists a linear isometry I : Tp1M → Tp2M which
maps any tensorial Weyl invariant at p1 into the same invariant at p2. Moreover,
I(Tp1) = Tp2 . From the previous two lemmas one obtains that I maps (∇̄jR̄)p1

into (∇̄jR̄)p2 , for all j ≥ 0. Then by the theorem of Singer [7], we mentioned in
the Introduction, M is locally homogeneous (a new proof of this fact was given in
[3]). It is standard that one can define a differentiable subbundle B of the frame
bundle of F such that the linear isometry which relates any pair of basis in B
preserves all the tensorial Weyl invariants. Then, by imitating the construction of
the canonical connection ∇c in [3] in this suitable subbundle, we obtain the second
assertion (with respect to this connection all tensorial Weyl invariants are parallel).
So, any tensorial Weyl invariant must be invariant under the (pseudo) Lie group of
transvections G of ∇c (which is locally transitive). �

Remark 5. (i) The projection to TF of any vectorial Weyl invariant is invariant
under the pseudo Lie group G. This is because the projection pr to TF is the
restriction of a tensorial Weyl invariant. In particular, all curvature vector fields
Rπ

X,Y , X, Y ∈ Tπ(p)N , p ∈ F are G-invariant. Indeed, Rπ
X,Y = [X̃, Ỹ ]ν (recall that

ν|F = TF ) and the horizontal lifts of X̃, Ỹ , along F , must be linear combinations
of the basic fields ξ1, . . . , ξk. The assertion follows from the fact that [ξi, ξj ]ν|F
coincides with the restriction to F of a vectorial Weyl invariant. Note that a field
Z of F is G invariant if and only if [H, Z] = 0 for any Killing field H induced by
by G.

(ii) Observe that a tensorial Weyl invariant which vanishes at some point of F
must be identically zero along F , since it is algebraically constant along F .

We will now construct two finite dimensional subspaces of tensors on F . The
first, denoted by E

(0,2)
π(p) , consists of (0, 2) tensors and includes the metric tensor

(p ∈ F ). The second subspace, denoted by E
(1,0)
π(p) consists of vector fields, i.e., (1, 0)

tensors, and includes all the curvature vectors fields Rπ
X,Y of F . All the elements

of both subspaces are the restriction to F of tensorial Weyl invariants.
(i) E

(0,2)
π(p) consists of the linear span of the restriction to F of the iterated Lie

derivatives of the metric tensor (Lξi1
. . .Lξir

〈 , 〉)|F .

(ii) E
(1,0)
π(p) consists of the linear span of the projection to F of the iterated Lie

brackets [ξi1 , [ξi2 , [. . . , [ξir−1 , ξir
]]ν .

Both subspaces are finite dimensional due to part (ii) of the previous remark.
Of course we can do the same construction for any level set (i.e., any fiber of the

submersion π : M → N).
So, we get vector bundles E(0,2) and E(1,0) over N . We may assume, by consid-

ering a nearby base point and making, possibly, M smaller, that the dimensions of
the subspaces are constant on N . It is standard to prove that this yields differen-
tiable (finite dimensional) vector bundles E(0,2) → N and E(1,0) → N (in fact, a
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rigorous proof of this can be done by following the ideas in the proof of Theorem 2,
combined with the next lemma).

Lemma 3. The vector bundles E(0,2) → N and E(1,0) → N are parallel subbundles
of Γ(0,2) and Γ(1,0) respectively, with respect to the connection ∇̂.

Proof. The fact that E(0,2) is parallel follows from the construction. For the second
bundle, this is not immediate since we project down to the tangent to the fibers
only at the last step and the vector fields we obtain are the restriction of vectorial
Weyl invariants. Observe that [ξi, ξj ]ν restricted to any fiber is the restriction of a
vectorial Weyl invariant, but this invariant may change from fiber to fiber.

Let X = [ξi1 , [ξi2 , [. . . , [ξir−1 , ξir
]] and let ξ̄i be the projection to N of the basic

vector field ξi. The field X is projectable (but not in general basic). Let us denote
its projection to N by X̄. Observe that X − Xν is basic and projects down to X̄
(and so, along F , it is a linear combination of ξ1, . . . , ξk).

We have that ∇̂ξ̄i
Xν at a point q ∈ N is the field [ξi, X

ν ] of the level set π−1({q})
(due to the fact that [ξi, X

ν ] is vertical, since it is π-related to [ξ̄i, 0] = 0) . One
has that

[ξi, X
ν ] = [ξi, X

ν ]ν = [ξi, X − (X − Xν)]ν = [ξi, X]ν − [ξi, (X − Xν)]ν

= [ξi, X]ν − Rπ
ξ̄i,X̄

∈ E
(1,0)
π(p) . �

Proof of Theorem 1. We keep the notation and assumptions of this section. Define,
for any q ∈ N , K(q) to be set of the (locally defined) Killing fields on the fiber
π−1({q}) such that its associated flows preserve any of the vector fields of E

(1,0)
q

and any of the elements of E
(0,2)
q (which are symmetric tensors of type (0, 2)). We

have that K(q) is a Lie algebra and its associated Lie pseudogroup G(q) is (locally)
transitive on the fiber, due to Corollary 1. Let β : [0, 1] → N be a curve from q to
a nearby s. Let H ∈ K(q) and let us consider the field Z = (τβ)∗(H) of π−1({s}).
One has that the flow of Z must preserve any element of (τβ)∗(E

(1,0)
q ) = E

(1,0)
q

and any element of (τβ)∗(E
(0,2)
q ) = E

(0,2)
q . In particular, Z is a Killing field since

the metric tensor of π−1({s}) belongs to E
(0,2)
q . From the maximality of K(s) we

obtain that Z ∈ K(s). Thus, the family {K(q)}q∈N is invariant under parallel
transport. Moreover, if H ∈ K(q), then H commutes with all the curvature vector
fields (since its associated flow leaves invariant any of the elements of E

(1,0)
q ). Then,

by Theorem 2, we conclude that the foliation by the level sets of the scalar Weyl
invariants is locally homogeneous. This shows that the (local) cohomogeneity of M
coincides with the codimension of the foliation by regular level sets of the scalar
Weyl invariants. �

Remark 6. Let p ∈ M and let Dp be the linear span of {X(p) : X ∈ E
(1,0)
π(p) }. Then

Hp ⊕ Dp is the tangent space to the so-called holonomy subbundle by p (that is,
the points that can be locally reached by horizontal curves starting at p; cf. [8]).

Remark 7. Observe that, locally, p and q belong to the same regular level set of
the scalar Weyl invariants if and only if there exists a linear isometry from TpM
into TqM which maps all the covariant derivatives of the curvature tensor (∇jR)p

into (∇jR)q. This follows from the Weyl theory of invariants.
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5. F. Podestà, A. Spiro, Cohomogeneity one manifolds and hypersurfaces of the Euclidean space,
Ann. Global Anal. Geom. 13 (1995), 169-184. MR1336212 (96e:53010)
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