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PROJECTIVITY OF ANALYTIC HILBERT

AND KÄHLER QUOTIENTS

DANIEL GREB

Abstract. We investigate algebraicity properties of quotients of complex
spaces by complex reductive Lie groups G. We obtain a projectivity result
for compact momentum map quotients of algebraic G-varieties. Furthermore,
we prove equivariant versions of Kodaira’s Embedding Theorem and Chow’s
Theorem relative to an analytic Hilbert quotient. Combining these results we
derive an equivariant algebraisation theorem for complex spaces with projec-
tive quotient.

1. Introduction

Symplectic reduction and holomorphic invariant theory have been very success-
fully applied to construct and study quotient spaces for actions of reductive groups
on complex spaces. Given a complex reductive Lie group G, a holomorphic G-space
X, and an equivariant momentum map µ : X → Lie(K)∗ for the action of a maxi-
mal compact subgroup K of G with respect to a K-invariant Kähler structure on
X, the fundamental link between symplectic and complex geometry is given by the
concept of semistability: generalising fundamental work of Kirwan [Kir84], it was
shown by Heinzner and Loose [HL94] that the set of µ-semistable points

X(µ) := {x ∈ X | G • x ∩ µ−1(0) �= ∅}

admits an analytic Hilbert quotient, i.e., a G-invariant holomorphic Stein map π :
X(µ) → X(µ)//G onto a complex space X(µ)//G with structure sheaf Ohol

X(µ)//G =

(π∗Ohol
X(µ))

G; see also [GS82] and [Sja95].

If the complex space X is projective algebraic and the Kähler structure under
consideration is the Fubini-Study form, the quotient X(µ)//G is projective alge-
braic and can also be constructed via Mumford’s Geometric Invariant Theory; cf.
[MFK94].

Motivated by this observation, in the first part of this note we study algebraic
Hamiltonian G-varieties, complex algebraic G-varieties with K-invariant Kähler
structures and K-equivariant momentum maps µ : X → Lie(K)∗. We investigate
the question of whether the momentum map quotient X(µ)//G of an algebraic
Hamiltonian G-variety X inherits algebraicity properties from X.
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As the main result of this part, we prove

Theorem 1 (Projectivity Theorem). Let G be a complex reductive Lie group and K
a maximal compact subgroup of G. Let X be a G-irreducible algebraic Hamiltonian
G-variety with momentum map µ : X → Lie(K)∗. Assume that X has only 1-
rational singularities. Then, if µ−1(0) is compact, the analytic Hilbert quotient
X(µ)//G is a projective algebraic variety.

This generalises earlier results by Sjamaar [Sja95] who proved projectivity of
X(µ)//G under the additional assumptions that X is smooth and that the Kähler
structure is the curvature form of a positive G-linearised line bundle, and by
Heinzner and Migliorini [HM01] who dealt with the case of arbitrary Kähler forms
on projective manifolds. We emphasise at this point that our result neither assumes
the Kähler form to be integral nor requires the G-variety to be smooth or complete.

In contrast to the GIT-situation, there exist examples of Hamiltonian G-spaces
such that the set of µ-semistable points is not analytically Zariski-open; see Sec-
tion 7. Using Theorem 1 and the Chow quotient of an algebraic G-variety, we show
that this phenomenon cannot occur in our setup:

Theorem 2. Let G be a complex reductive Lie group with maximal compact sub-
group K. Let X be a G-irreducible algebraic Hamiltonian G-variety with momentum
map µ : X → Lie(K)∗. Assume that X has 1-rational singularities and that µ−1(0)
is compact. Then, the set X(µ) of µ-semistable points is algebraically Zariski-open
in X.

Complex reductive Lie groups and their representations are classically known
to have strong algebraicity properties. As a consequence, actions of these groups
on complex spaces can often be studied by methods that are closely related to
classical invariant theory. For example, it was shown by Snow [Sno82] that each
fibre of an analytic Hilbert quotient carries a natural affine algebraic structure given
by the algebra of K-finite holomorphic functions. With respect to this algebraic
structure the action of G is also algebraic. In the second part of this paper we use
representation theory relative to an analytic Hilbert quotient, separation properties
of K-finite holomorphic functions and classical vanishing theorems to prove the
following generalisation of Snow’s result.

Theorem 3 (Algebraicity Theorem). Let G be a complex reductive Lie group. Let
X be a holomorphic G-space such that the analytic Hilbert quotient π : X → X//G
exists and such that X//G is projective algebraic. Then, up to G-equivariant al-
gebraic isomorphisms, there exists a uniquely determined quasi-projective algebraic
G-variety Z with algebraic Hilbert quotient πZ : Z → Z//G such that X is G-
equivariantly biholomorphic to Z.

Here, an algebraic Hilbert quotient of a complex algebraic G-variety Z is a G-
invariant, affine morphism π : Z → Z//G onto an algebraic variety Z//G with
OZ//G = (π∗OZ)

G. We derive Theorem 3 from analogues of Kodaira’s Embedding
Theorem and Chow’s Theorem in our setup (Theorem 9.6 and Theorem 10.3).

In summary, the results proven in this note establish a close connection between
algebraicity properties of complex G-spaces and those of associated analytic Hilbert
quotients. Furthermore, they underline the relevance of classical invariant theoretic
methods in the study of group actions of complex reductive groups on complex
spaces.
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The results presented in this note are contained in the author’s dissertation
[Gre08]. He wants to thank his supervisor, Professor Dr. Peter Heinzner, for inspir-
ing discussions and mathematical advice. Furthermore, the author wants to thank
the referee for helpful comments and remarks.

Outline of the paper. In Sections 1 and 2 we recall definitions related to and
basic properties of actions of complex reductive Lie groups. The proof of Theorem 1
uses a result of Namikawa [Nam02] on the projectivity of Kähler Moishezon spaces
with 1-rational singularities (Theorem 6.1). In line with the assumptions made
in Namikawa’s theorem, the content of the subsequent sections is as follows: in
Section 4, we prove that the quotient X(µ)//G is Moishezon, and in Section 5 that
it has only 1-rational singularities, using a refinement of Boutot’s result [Bou87] on
the rationality of quotient singularities. The proof of Theorem 1 is then given in
Section 6. After a short discussion of basic properties of Chow quotients, Section 7
is devoted to the proof of Theorem 2. In Section 8, Theorem 1 and Theorem 2
are generalised to non-zero levels of the momentum map. From Section 9 on we
work in the setup of Theorem 3 and prove the analogues of Kodaira’s Embedding
Theorem and of Chow’s Theorem. As a consequence of these results, we obtain
Theorem 3 in Section 10. In the final section, we discuss the question of whether
momentum map quotients of algebraic Hamiltonian G-varieties can be obtained as
GIT-quotients, indicating open questions and directions for further study.

2. Quotients with respect to actions of complex reductive groups

2.1. Complex-reductive Lie groups and their representations. Let G be
a complex reductive Lie group and let K be a maximal compact subgroup of G.
Then, the inclusion ı : K ↪→ G is the universal complexification of K in the sense
of [Hoc65]. In particular, every continuous group homomorphism from K into
a complex Lie group extends to G. Conversely, every compact Lie group has a
universal complexification ı : K ↪→ KC, KC is a complex reductive Lie group, and
ı(K) is a maximal compact subgroup of KC. Every complex reductive Lie group
carries the unique structure of a linear-algebraic group.

A representation of a Lie group G will always mean a finite-dimensional complex
continuous representation of G. If ρ : G → GLC(V ) is a representation of G, then
V together with the action of G on V induced by ρ is called a G-module. Given
a linear algebraic group G, a representation ρ : G → GLC(V ) is called rational
if ρ is a regular map between the linear algebraic groups G and GLC(V ). Any
representation of a compact Lie group K extends to a rational representation of
KC.

2.2. Complex spaces and algebraic varieties. In the following a complex space
refers to a reduced complex space with countable topology. For a given complex
space X the structure sheaf will be denoted by HX . Analytic subsets are assumed
to be closed. By an algebraic variety we mean an algebraic variety defined over
the field C of complex numbers. The structure sheaf of an algebraic variety X will
be denoted by OX . Given an algebraic variety X, there exists a complex space
canonically associated to X; see [Ser56]. If it is necessary to distinguish between X
and its associated complex space, we will denote the latter by Xh. Any regular map
φ : X → Y of algebraic varieties is holomorphic with respect to the holomorphic
structures on X and Y . Again, if it is necessary to distinguish between algebraic
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and holomorphic structures, we will write φh : Xh → Y h for the induced map of
complex spaces.

2.3. Actions of Lie groups and analytic Hilbert quotients. If G is a real Lie
group, then a complex G-space Z is a complex space with a real-analytic action
α : G × Z → Z such that all the maps αg : Z → Z, z �→ α(g, z) = g • z are
holomorphic. If G is a complex Lie group, a holomorphic G-space Z is a complex
G-space such that the action map α : G × Z → Z is holomorphic. A complex
G-manifold is a complex G-space without singular points. In general, the set of
singular points of a complex G-space X is a G-invariant analytic subset of X.

Let G be a complex reductive Lie group and X a holomorphic G-space. A
complex space Y together with a G-invariant surjective holomorphic map π : X →
Y is called an analytic Hilbert quotient of X by the action of G if

(1) π is a locally Stein map, and
(2) (π∗HX)G = HY holds.

Here, locally Stein means that there exists an open covering of Y by open Stein
subspaces Uα such that π−1(Uα) is a Stein subspace of X for all α; by (π∗HX)G

we denote the sheaf U �→ HX(π−1(U))G = {f ∈ HX(π−1(U)) | f G-invariant}, U
open in Y .

An analytic Hilbert quotient of a holomorphic G-space X is unique up to bi-
holomorphism once it exists, and we will denote it by X//G. It has the following
properties (see [HMP98]):

(1) Given a G-invariant holomorphic map φ : X → Z into a complex space Z,
there exists a unique holomorphic map φ : Y → Z such that φ = φ ◦ π.

(2) For every Stein subspace A of X//G the inverse image π−1(A) is a Stein
subspace of X.

(3) If A1 and A2 are G-invariant analytic subsets of X, then π(A1) ∩ π(A2) =
π(A1 ∩A2).

(4) For a G-invariant analytic subset A of X, the image π(A) in Y = X//G
is an analytic subset of X//G and the restriction π|A : A → π(A) is the
analytic Hilbert quotient for the action of G on A.

It follows that two points x, x′ ∈ X have the same image in X//G if and only if
G • x ∩ G • x′ �= ∅. For each q ∈ X//G, the fibre π−1(q) contains a unique closed
G-orbit G • x. The stabiliser Gx of x in G is a complex reductive Lie group.

If X is a Stein space, then the analytic Hilbert quotient exists and has the
properties listed above (see [Hei91] and [Sno82]).

2.4. Algebraic Hilbert quotients. Let G be a complex reductive group endowed
with its natural linear-algebraic structure. An algebraic G-variety is an algebraic
variety X together with an action of G on X such that the action map G×X → X
is regular. Basic examples of algebraic G-varieties are representation spaces V of
rational G-representations ρ : G → GLC(V ) of G.

An algebraic variety Y together with a G-invariant surjective regular map π :
X → Y is called an algebraic Hilbert quotient of X by the action of G if

(1) π is affine, and
(2) (π∗OX)G = OY holds.
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For a G-module or, more generally, an affine algebraic G-variety V, the alge-
bra C[V ]G of G-invariant polynomials is finitely generated and the map V →
Spec

(
C[V ]G

)
is an algebraic Hilbert quotient.

If X is an algebraic G-variety, the associated complex space Xh is in a natural
way a holomorphic G-space. If the algebraic Hilbert quotient π : X → X//G exists,
the associated holomorphic map πh : Xh → (X//G)h is an analytic Hilbert quotient
for the action of G on Xh; cf. [Lun76].

3. Momentum map quotients

Analytic Hilbert quotients arise naturally in the study of Hamiltonian actions
on Kählerian complex spaces. We recall the necessary definitions.

3.1. Kähler structures. A Kähler structure on a complex space X is given by an
open cover (Uj) of X and a family of strictly plurisubharmonic functions ρj : Uj →
R such that the differences ρj − ρk are pluriharmonic on Uj ∩ Uk. Here strictly
plurisubharmonic means strictly plurisubharmonic with respect to perturbations;
cf. [HHL94]. A pluriharmonic function is a function which is locally the real part
of a holomorphic function. A Kähler structure ω = {ρj} is called smooth if all the
ρj ’s can be chosen as smooth functions. For smooth X, a smooth Kähler structure
is the same as a smooth Kähler form which is given locally by ω = i

2∂∂̄ρj . In
this case we will not distinguish between {ρj} as defined above and the associated
Kähler form.

3.2. Momentum maps and analytic Hilbert quotients. Let K be a Lie group
with Lie algebra k. LetX be a complexK-space endowed with a smoothK-invariant
Kähler structure ω = {ρj}j . A momentum map with respect to ω is a smooth map
µ : X → k∗ which is K-equivariant with respect to the coadjoint representation of
K on k∗ such that for every K-stable complex submanifold Y of X and for every
ξ ∈ k, we have

dµξ = ιξXωY .

Here, ιξX denotes contraction with the vector field ξX on X that is induced by the
K-action, ωY denotes the Kähler form induced on Y , and the function µξ : X → R

is given by µξ(x) = µ(x)(ξ). We call the action of K on a complex K-space with
K-invariant Kähler structure ω Hamiltonian if the K-action admits a momentum
map with respect to ω.

Let K denote a compact Lie group and G its complexification. Let X be a holo-
morphic G-space with K-invariant Kähler structure ω. We call X a Hamiltonian
G-space if the K-action is Hamiltonian with respect to ω. Given a Hamiltonian
G-space with momentum map µ : X → k∗, set

X(µ) := {x ∈ X | G • x ∩ µ−1(0) �= ∅}.
We call X(µ) the set of semistable points with respect to µ and the G-action. In
general, if X is a holomorphic G-space and A is a subset of X, then we set SG(A) :=
{x ∈ X | G • x ∩ A �= ∅}. With this definition, we have X(µ) = SG(µ

−1(0)). We
collect the main results about Hamiltonian G-spaces in

Theorem 3.1 ([HL94], [HHL94]). Let X be a Hamiltonian G-space. Then:

(1) X(µ) is open and G-invariant, and the analytic Hilbert quotient π : X(µ) →
X(µ)//G exists,
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(2) the inclusion µ−1(0) ↪→ X(µ) induces a homeomorphism µ−1(0)/K �
X(µ)//G,

(3) the complex space X(µ)//G carries a Kähler structure that is smooth along
a natural stratification of X(µ)//G.

An algebraic Hamiltonian G-variety is an algebraic G-variety X such that the
associated holomorphic G-space Xh is a Hamiltonian G-space. In particular, Xh

is assumed to carry a K-invariant Kähler structure.

Example 3.2. Let K be a compact Lie group with Lie algebra k and let G = KC

be its complexification. Let ρ : G → GLC(V ) be a representation of G such that
the action of K leaves a Hermitian inner product 〈·, ·〉 on V invariant. Endow
P(V ) with the Fubini-Study form induced by 〈·, ·〉. Let X be a G-stable subvariety
of P(V ). Then, Xh is Kähler with K-invariant Kähler structure ω given by the
restriction of the Fubini-Study form to X. In fact, Xh is a Hamiltonian G-space,
and a momentum map with respect to ω is given by

µξ([v]) =
2i〈ρ∗(ξ)v, v〉

〈v, v〉 ∀ ξ ∈ k, ∀ [v] ∈ X.

Here, ρ∗ : Lie(G) → EndC(V ) is the Lie algebra homomorphism induced by ρ. The
set Xh(µ) of semistable points coincides with

X(V ) = {[v] ∈ X | ∃ non-constant f ∈ C[V ]G : f(v) �= 0}

and is therefore Zariski-open in X. It follows that the analytic Hilbert quo-
tient Xh(µ)//G is the complex space associated to the projective algebraic variety
X(V )//G := Proj

(
C[Cone(X)]G

)
; cf. [Kir84].

4. Function fields of momentum map quotients

4.1. Meromorphic functions and meromorphic graphs. We denote the sheaf
of germs of meromorphic functions on a complex space X by MX . If X is irre-
ducible, MX(X) = H0(X,MX) is a field which is called the function field of X.
Let f ∈ MX(X) be a meromorphic function on X. The sheaf of denominators of
f is the sheaf D(f) with stalks D(f)x = {vx ∈ Hx : vxfx ∈ Hx}. We define the
polar set of f to be the zero set of this sheaf and denote it by Pf . It is a nowhere
dense analytic subset of X. The polar set Pf is the smallest subset of X such that
f is holomorphic on X \ Pf . We set dom(f) := X \ Pf and call it the domain of
definition of f .

For f ∈ MX(X) we define Γ0
f := {(x, [f(x) : 1]) | x ∈ dom(f)} ⊂ X × P1(C).

The point set closure of Γ0
f in X × P1 is called the graph of f . We denote it by Γf .

An analytic set Γ ⊂ X ×P1 together with the canonical projection σ : Γ → X is
called a holomorphic graph at p ∈ X if there exists an open neighbourhood U of p
such that

(1) σ|σ−1(U) : σ
−1(U) → U is biholomorphic,

(2) σ−1(U) ∩ (U × {[1 : 0]}) = ∅.
Clearly, the graph of a holomorphic function is a holomorphic graph. An analytic
subset Γ ⊂ X×P1 with the canonical projection σ : Γ → X is called a meromorphic
graph over X if there exists an analytic subset A ⊂ X such that A and σ−1(A) are
nowhere dense and Γ is a holomorphic graph outside A.
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Proposition 4.1 ([Fis75]). The graph Γf of a meromorphic function on a complex
space is a meromorphic graph. Conversely, let Γ ↪→ X × P1 be a meromorphic
graph over X. Then, there exists a uniquely determined meromorphic function
f ∈ MX(X) such that Γ = Γf .

If X is a compact irreducible complex space, it is a classical result that the
transcendence degree trdegC MX(X) is less than or equal to the dimension of X;
see e.g. [GR84]. If trdegC MX(X) = dimX, we call X Moishezon.

Let X be a G-irreducible complex G-space. Consider the graph Γf ⊂ X × P1

of a meromorphic function f ∈ MX(X). The group G acts on X × P1 by the
G-action on the first factor. Given g ∈ G, we define a new meromorphic graph
Γg • f := g • Γf ⊂ X × P1. This defines a meromorphic function g • f on X
by Proposition 4.1. In this way we obtain a group action on MX(X) by algebra
automorphisms. A meromorphic function f ∈ MX(X) is G-invariant if and only if
its graph Γf is a G-invariant subset of X ×P1. If X is an algebraic G-variety, then
G acts naturally on the algebra C(X) of rational functions such that the inclusion
C(X) ⊂ MXh(Xh) is G-equivariant.

4.2. Meromorphic functions on momentum map quotients. Let K be a
compact Lie group and letG = KC be its complexification. LetX be aG-irreducible
algebraic Hamiltonian G-variety with momentum map µ : X → k∗. Let Q =
X(µ)//G denote the analytic Hilbert quotient of the set of semistable points with
respect to µ. The G-irreducibility of X implies that X(µ) is either empty or G-
irreducible and dense in X (see [HH96]). It follows that Q is irreducible.

We will use invariant rational functions on X to produce meromorphic functions
on Q. It should be noted that not every invariant rational function is obtained by
pullback from the quotient, as the following example shows.

Example 4.2. Consider the action of G := C∗ = (S1)C on X := C2 by scalar
multiplication. The action of S1 is Hamiltonian with respect to the standard Kähler
form on C2 and, after identification of Lie(S1)∗ with R, a momentum map is given
by v �→ |v|2. We have µ−1(0) = {0} and X(µ) = C2. The analytic Hilbert quotient
X(µ)//G is a point. The rational function f(z, w) = z

w on X is C∗-invariant.
However, it is not the pullback of a rational function from X(µ)//G = {pt} via the
quotient map π : C2 → {pt}.

If X is a G-irreducible algebraic G-variety of an algebraic group G, let m :=
maxx∈X{dimG • x}. Then, Xreg := {x ∈ X | dimG • x = m} is a G-invariant
Zariski-open subset of X.

Lemma 4.3. If µ−1(0) �= ∅, there exists a G-irreducible subvariety Y of X such
that Y (µ)//G ∼= Q and Yreg ∩ µ|−1

Y (0) �= ∅.

Proof. We argue by induction on dimX. If dimX = 0, there is nothing to prove.
In the general case, if Xreg ∩ µ−1(0) �= ∅, we are done. So we can assume that
Xreg ∩ µ−1(0) = ∅. Consider Y := X \Xreg. We have µ−1(0) ⊂ Y , and therefore
π(Y (µ)) = π(µ−1(0)) = Q. Let Y =

⋃m
j=1 Yj be the decomposition of Y into G-

irreducible components. Then, we have Y (µ) =
⋃m

j=1 Y (µ) ∩ Yj =
⋃m

j=1 Yj(µ) and

Q =
⋃m

j=1 π(Yj(µ)). Since Q is irreducible and each π(Yj(µ)) is analytic in Q, there

exists a j0 ∈ {1, . . . ,m} such that π(Yj0(µ)) = Q. It follows that Yj0(µ)//G
∼= Q.

Since dimYj0 < dimX, we are done. �
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Lemma 4.4. Assume that Xreg∩µ−1(0) �= ∅. Then, the set π(Xreg∩µ−1(0)) is an
analytically Zariski-open dense subset of Q. Let Xs := π−1(π(Xreg∩µ−1(0)). Then,
Xs is analytically Zariski-open and dense in X(µ), we have Xs = G • µ−1(0), and
the restriction π|Xs : Xs → π(Xs) ⊂ Q is a geometric quotient for the G-action on
Xs; i.e., the fibres of π|Xs are orbits of the G-action.

Proof. Let Y := X \Xreg. The intersection of Y with X(µ) is analytic in X(µ) and
G-invariant. Since π(Y ∩ µ−1(0)) = π(Y ∩X(µ)), the latter being the image of a
G-invariant analytic set in X(µ), the set π(Xreg ∩ µ−1(0)) is analytically Zariski-
open and dense in Q. It follows that Xs is analytically Zariski-open and dense in
X(µ). Let x ∈ Xs. Then, the closure of G • x in X(µ) contains a unique closed
G-orbit, say G • y ⊂ G • x, for some y ∈ Xreg ∩ µ−1(0). Furthermore, since the

action of G on X is algebraic, G • x is Zariski-open in G • x. Since y ∈ Xreg, this
implies that G • x = G • y. As a consequence, G • x is closed in X(µ). �

The map π × idP1
: X(µ) × P1 → Q × P1 is an analytic Hilbert quotient for

the action of G on X(µ) × P1 that is induced by the action of G on the first
factor. Let f ∈ MX(X(µ))G be a G-invariant meromorphic function on X and let

Γf ⊂ X(µ)×P1 be its graph. The image Γ̂ := π× idP1
(Γf ) is an analytic subset of

Q× P1. We set Φ = (π × idP1
)|Γf

: Γf → Γ̂ ∼= Γf//G.

Proposition 4.5. Assume that Xreg ∩ µ−1(0) �= ∅. Let f ∈ MX(X(µ))G. Then,

the analytic set Γ̂ ⊂ Q × P1 is a meromorphic graph and defines a meromorphic

function f̂ on Q with f = π∗(f̂).

Proof. We summarise our setup in the following commutative diagram:

X(µ)

π

��

X(µ)× P1

π×idP1

��

Γf� ���

p̃r1

��

��

Φ

��

P1

Q× P1 Γ̂�
��� ��

pr1

��

P1

Q.

Since f ∈ MX(X(µ))G, the polar set Pf of f is G-invariant. Let V := Xs \ Pf .
Since Xs is Zariski-open and dense inX(µ) and since Pf is a nowhere dense analytic
subset of X(µ), V is analytically Zariski-open and dense in X(µ). Since π|Xs :
Xs → π(Xs) is a geometric quotient and since Pf is G-invariant, V is π-saturated.
Thus, π(V ) is analytically Zariski-open and dense in Q. The subset π(V ) ⊂ Q is
isomorphic to V//G, and we have f ∈ HX(V )G ∼= HQ(π(V )). Therefore, there

exists a unique holomorphic function f̂ ∈ HQ(π(V )) such that f = f̂ ◦ π. We have

Γf̂ = Γ̂|π(V ) ⊂ π(V )× C. It follows that Γ̂ is a holomorphic graph over π(V ).

The set A := X(µ) \ V is π-saturated and analytic in X(µ). Hence, π(A) =
Q\π(V ) is a nowhere dense analytic subset of Q. Since Γf is a meromorphic graph

over X(µ) and since A is nowhere dense in X(µ), p̃r−1
1 (A) = Φ−1(pr−1

1 (π(A))) is

nowhere dense in Γf . It follows that pr
−1
1 (π(A)) is nowhere dense in Γ̂.
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We have hereby shown that Γ̂ is a meromorphic graph in Q×P1. By Proposition

4.1, it defines a meromorphic function f̂ on Q. It follows from the construction that

f = π∗(f̂) holds. �
Lemma 4.6. Assume Xreg ∩ µ−1(0) �= ∅. Then, dimQ = dimX − m, where
m = maxx∈X{dimG • x}.

Proof. Since Xs ⊂ Xreg and π|Xs : Xs → π(Xs) is a geometric quotient, we have
dim π−1(q) = m for every q ∈ π(Xs). The set π(Xs) is Zariski-open and dense in
Q. It follows that dimQ = dimX − m by the theorem on the fibre dimension of
holomorphic maps (Satz 15 in [Rem57]). �
Theorem 4.7. Let K be a compact Lie group and G = KC its complexification. Let
X be a G-irreducible algebraic Hamiltonian G-variety with momentum map µ : X →
k∗. Let Q = X(µ)//G denote the analytic Hilbert quotient. Then, trdegC MQ(Q) ≥
dimQ. In particular, if Q is compact, then it is Moishezon.

Proof. By Lemma 4.3, we can assume without loss of generality thatXreg∩µ−1(0) �=
∅. By a Theorem of Rosenlicht [Ros56], we have trdegC C(X)G = dimX−m, where
m is defined as in Lemma 4.6. Furthermore, by Proposition 4.5, we have defined
a field homomorphism MX(X(µ))G ↪→ MQ(Q). Hence, we get the following chain
of inequalities:

dimQ = dimX −m by Lemma 4.6

= trdegC C(X)G by Rosenlicht’s theorem

≤ trdegC MX (X(µ))
G

≤ trdegC MQ(Q) by Proposition 4.5. �

5. Singularities of momentum map quotients

5.1. 1-rational singularities. A normal algebraic variety or normal complex space

X is said to have 1-rational singularities if for every resolution f : X̃ → X of X,
we have R1f∗OX̃

= 0 or R1f∗HX̃
= 0, respectively. Here, R1f∗OX̃

denotes the

sheaf associated to the presheaf U �→ H1(π−1(U),O
X̃
), and R1f∗HX̃

is defined
analogously.

As in the case of rational singularities (where one requires the vanishing of all
higher direct image sheaves of a resolution) using [Hir64], §0.7, Cor. 2, it can be
shown that the condition R1f∗OX̃

= 0 is independent of the chosen resolution.
Similarly to [KM98], Corollary 5.11, one proves that an algebraic variety X has
1-rational singularities if and only if Xh has 1-rational singularities.

Remark 5.1. The class of varieties with 1-rational singularities is strictly larger
than the class of varieties with rational singularities: the vertex of the cone over a
smooth quartic surface in P3(C) is a 1-rational singularity that is not rational.

5.2. Singularities of algebraic Hilbert quotients. In our study of singularities
of momentum map quotients we use the following result about the singularities of
algebraic Hilbert quotients.

Theorem 5.2 ([Gre09]). Let G be a complex reductive Lie group and let X be an
algebraic G-variety such that the algebraic Hilbert quotient π : X → X//G exists. If
X has 1-rational singularities, then X//G has 1-rational singularities.
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Remark 5.3. The proof closely follows Boutot’s proof [Bou87] that algebraic Hilbert
quotients of varieties with rational singularities have rational singularities. The
main point to check is that in Boutot’s arguments it is possible to treat the different
cohomology degrees separately.

5.3. Local linearisation by the Slice Theorem. Let K be a compact Lie group
and let X be an algebraic Hamiltonian KC-variety with momentum map µ : X →
k∗. Our goal is to show that if X has 1-rational singularities, then the analytic
Hilbert quotient X(µ)//G has 1-rational singularities. This section is devoted to
the reduction of this problem to the equivalent question for an algebraic Hilbert
quotient with the help of a Slice Theorem. We start with two elementary lemmata.

Lemma 5.4. Let G be a complex reductive Lie group and V a G-module. Consider
the induced action of G on P(V ) and let [v] ∈ P(V )G. If L := Cv ⊂ V and
L⊥ is a G-stable complementary subspace to L in V , then W := P(V ) \ P(L⊥) is
a G-invariant affine open neighbourhood of [v] in P(V ). Furthermore, W is G-
equivariantly isomorphic to the G-module L⊥ ⊗ L−1, where L−1 is the dual of the
G-module L.

Lemma 5.5. Let G be a connected complex reductive Lie group and let X be a
normal algebraic G-variety. Let x ∈ X have reductive stabiliser Gx in G. Then,
there exists an affine Gx-invariant open neighbourhood of x in X.

Proof of Lemma 5.5. Let x ∈ X have reductive stabiliser Gx. Since G is con-
nected and X is normal, by a result of Sumihiro [Sum74] there exists a G-invariant
quasi-projective open neighbourhood U of x in X. Furthermore, there exists a G-
linearised ample line bundle on U ; i.e., we can assume that X = U is a G-invariant
locally closed subset of P(V ), where V is a G-module. Clearly, V is also a Gx-
module and x ∈ P(V )Gx . Lemma 5.4 implies that there exists a Gx-invariant affine
open neighbourhood W of x in X ⊂ P(V ). Let C := W \X and let π : W → W//Gx

denote the algebraic Hilbert quotient. Then, {x} and C are disjoint Gx-invariant
algebraic subsets of W and hence π(x) /∈ π(C) ⊂ W//Gx. It follows that there exists
an affine open neighbourhood V of π(x) in (W//Gx) \ π(C). Since π is an affine
map, the inverse image π−1(V ) is a Gx-invariant affine open subset of X containing
x. �

Using the two previous lemmata, we now adapt the proof of the holomorphic
Slice Theorem (see [Hei91], [HL94], [HS07] and [Sja95]) to our algebraic situation.

Theorem 5.6 (Slice Theorem, algebraic version). Let K be a connected compact
Lie group and G = KC its complexification. Let X be a normal algebraic Hamil-
tonian G-variety with momentum map µ : X → k∗. Let π : X(µ) → X(µ)//G be
the analytic Hilbert quotient. Then, every point in µ−1(0) has a π-saturated open
neighbourhood U in X(µ) that is G-equivariantly biholomorphic to a saturated open
subset of an affine G-variety.

Here, a saturated subset of an affine G-variety Y is a subset of Y that is saturated
with respect to the algebraic Hilbert quotient πY : Y → Y//G.

Remark 5.7. By the holomorphic Slice Theorem every point in µ−1(0) has a π-
saturated open neighbourhood U in X(µ) that is G-equivariantly biholomorphic to
a G-invariant analytic subset A of a saturated open subset of a G-module. The
crucial point of Theorem 5.6 is that in our situation we can choose A to be the
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intersection of an affine G-invariant subvariety with a saturated open subset of a G-
module. If X is smooth, this follows directly from the holomorphic Slice Theorem,
since in this case A can be chosen to be a saturated open subset of a G-module.

Proof of Theorem 5.6. As in the proof of Lemma 5.5, we can assume that X is
a G-stable locally closed subvariety of P(V ), where V is a G-module. Let x =
[v] ∈ µ−1(0) ⊂ X ⊂ P(V ) and set H := Gx. Since x ∈ µ−1(0), its stabiliser
group H is reductive (see [Hei91], Section 4.2). Using Lemma 5.4 it follows that
V is isomorphic to L ⊕ L⊥ as an H-module, where L = Cv, and that there exists
an H-invariant affine open neighbourhood U := P(V ) \ P(L⊥) of x in P(V ) as
well as an H-equivariant isomorphism ψ : U → L⊥ ⊗ L−1 with ψ(x) = 0. Let
B := dψ(x) (Tx(G • x)). Since B is an H-stable linear subspace of L⊥⊗L−1, there
exists an H-stable linear subspace N of L⊥ ⊗ L−1 such that L⊥ ⊗ L−1 = B ⊕N .
Then, ψ−1(N) ⊂ P(V ) is an H-invariant linear subspace of P(V ); i.e., there exists

an H-invariant linear subspace W in V such that ψ−1(N) = P(W ). We have
Tx(G • x)⊕ Tx(P(W )) = Tx(P(V )), by construction.

It follows that the map ϕ̃ : G×H P(W ) → P(V ), [g, y] �→ g • y is locally biholo-
morphic at [e, x]. Set S := X ∩ P(W ). Since ϕ̃−1(X) = G ×H S by construction,
we see that ϕ : G ×H S → X, [g, y] �→ g • y is locally biholomorphic at [e, x].
Intersecting S with a Gx-invariant affine open neighbourhood of x in X, we may
assume that S is affine. Furthermore, the restriction of ϕ to G • [e, x] is biholomor-
phic onto G • x. It follows from the holomorphic version of Luna’s fundamental
lemma (see Lemma 14.3 and Remark 14.4 in [HS07]; also see Lemma 9.5 of this
note) that there exists an open G-stable neighbourhood U ′ of [e, x] which is mapped
biholomorphically onto the open neighbourhood ϕ(U ′) of G • x in X by ϕ.

Since G×H S is affine, there exists an algebraic Hilbert quotient πS : G×H S →
(G×H S)//G. By shrinking U ′ if necessary, we can assume that it is πS-saturated.
SinceX(µ) is open inX, we may assume that ϕ(U ′) ⊂ X(µ). Let C := X(µ)\ϕ(U ′).
This is a closed G-invariant subset of X(µ) not containing the closed orbit G • x ⊂
X(µ). Hence, π(x) /∈ π(C). Replace U ′ by Ũ := ϕ−1(π−1(X(µ)//G \ π(C))) ⊂ U ′.

The set Ũ is πS-saturated. It follows that ϕ(Ũ) is a π-saturated open neighbourhood
of x in X(µ) which is G-equivariantly biholomorphic to a saturated open subset of
an affine G-variety. �
5.4. Singularities of momentum map quotients. We are now in the position
to prove

Theorem 5.8. Let K be a connected compact Lie group and G = KC its complex-
ification. Let X be an irreducible algebraic Hamiltonian G-variety with momentum
map µ : X → k∗. Assume that X has 1-rational singularities. Then, the analytic
Hilbert quotient X(µ)//G has 1-rational singularities.

Remark 5.9. Theorem 5.8 follows from Boutot’s result [Bou87], if we additionally
assume that X is smooth. To prove it in full generality, we use the analysis done
in the preceding sections.

Proof of Theorem 5.8. Let x ∈ µ−1(0). By the Slice Theorem, Theorem 5.6, there
exists an open saturated neighbourhood U of x in X(µ) and a G-equivariant bi-

holomorphic map ϕ : U → Ũ to a saturated open subset Ũ of an affine G-variety
A. The algebraic Hilbert quotient of A will be denoted by πA : A → A//G. Let

f : Â → A be a G-equivariant resolution of A and set B := supp(R1f∗OÂ). This is
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a G-invariant algebraic subvariety of A, and we have Ũ ⊂ A \B. Since the G-orbit
through ϕ(x) is closed in A, we have π(ϕ(x)) /∈ π(B). Therefore, there exists an

affine πA-saturated open neighbourhood Ã of ϕ(x) in A \B such that Ũ ⊂ Ã.
Let y ∈ X(µ)//G. Applying the considerations above to the unique closed orbit

G • x in π−1(y), there exists a neighbourhood W of y ∈ X(µ)//G such that π−1(W )

is G-equivariantly biholomorphic to a saturated subset Ũ ⊂ A in an affine G-variety

A with 1-rational singularities. Consequently, W is biholomorphic to (Ũ//G)h ⊂
(A//G)h, which has 1-rational singularities by Theorem 5.2. This concludes the
proof. �

6. Projectivity of momentum map quotients: Proof of Theorem 1

In the proof of Theorem 1 given in this section, we use the following projectivity
criterion to conclude that momentum map quotients of algebraic Hamiltonian G-
varieties are projective:

Theorem 6.1 ([Nam02]). Let Z be a Moishezon space with 1-rational singularities.
If Z admits a smooth Kähler structure, then it is a projective algebraic variety.

6.1. Proof of Theorem 1. First, let us additionally assume that G is connected.
It follows that X is irreducible. The analytic Hilbert quotient X(µ)//G carries
a continuous Kähler structure by Theorem 3.1. Using a theorem of Varouchas
([Var89], Theorem 1) we conclude that there exists a smooth Kähler structure on
X(µ)//G. Owing to Theorem 4.7 and Theorem 5.8, X(µ)//G is a Moishezon space
with 1-rational singularities. Consequently, Theorem 6.1 applies, and X(µ)//G is
projective algebraic.

In the general case, let K0 denote the connected component of the identity in
K. Then, the complexification (K0)

C of K0 is equal to the connected component
of the identity in G, which we denote by G0. Since the momentum map µ depends
only on the infinitesimal action of K, it is also a momentum map for the K0-action,
which we will call µK0

. We have µ−1(0) = µ−1
K0

(0) and X(µK0
) = SG0

(µ−1
K0

(0)) ⊂
SG(µ

−1(0)) = X(µ). Conversely, it follows from the Exhaustion Theorem of [HH96]
that X(µ) ⊂ X(µK0

). Hence, we have X(µ) = X(µK0
).

Since X is assumed to have 1-rational singularities, it is normal, and conse-
quently, its irreducible components are disjoint and G0-stable. If X =

⋃
j Xj is

the decomposition of X into irreducible components, then the decomposition of
X(µ) into irreducible components is given by X(µ) =

⋃
j Xj(µK0

|Xj
). Setting

X(µ)j := Xj(µK0
|Xj

), we see that the restriction of the analytic Hilbert quotient
πG0

: X(µ) → X(µ)//G0 to X(µ)j is the analytic Hilbert quotient for the action of
G0 on X(µ)j and that X(µ)//G0 =

⋃
j πG0

(X(µ)j) =
⋃

j X(µ)j//G0 is the decom-

position of X(µ)//G0 into irreducible components. The finite group Γ := G/G0 of
connected components of G acts on X(µ)//G0, and we have the following commu-
tative diagram:

X(µ)
π ��

πG0

��

X(µ)//G

X(µ)//G0,

πΓ

������������

where πΓ is the analytic Hilbert quotient for the action of Γ on X(µ)//G0.
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Since X(µ)//G is compact by assumption, X(µ)//G0 is also compact. Let V
be any of the irreducible components of X(µ)//G0. Then, V = Xj(µK0

|Xj
) for

some j, as we have seen above. By the first part of the proof (the case where
G is connected), it follows that V is projective algebraic. Since the irreducible
components of X(µ)//G0 are disjoint, the projectivity of X(µ)//G0 follows.

As X(µ)//G0 is projective, the finite group Γ acts algebraically on X(µ)//G0.
It is a classical result that the algebraic Hilbert quotient Y for the action of the
finite group Γ on the projective algebraic variety X(µ)//G0 exists as a projective
algebraic variety. Since Y h is the analytic Hilbert quotient for the induced Γ-action
on (X(µ)//G0)

h, it is biholomorphic to X(µ)//G. Hence, X(µ)//G is a projective
algebraic complex space, and the claim is shown. �

Remarks 6.2. a) Applying Theorem 5.2 to πΓ : X(µ)//G0 → X(µ)//G, we see that
X(µ)//G also has 1-rational singularities.

b) The assumption that µ−1(0) is compact is necessary to obtain an algebraic
structure on the analytic Hilbert quotient X(µ)//G; cf. Example 6.3.

c) The assumption that X is G-irreducible is not necessary. In general, apply
Theorem 1 to the G-irreducible components of X to conclude that every irreducible
component of X(µ)//G is projective. Since these components are disjoint, the pro-
jectivity of X(µ)//G follows.

Example 6.3. Consider the affine algebraic variety X := C∗ × C endowed with
the C∗-action on the first factor and with the Kähler structure ω = 2i∂∂̄ρ, where
ρ(t, z) = |t|2|ez−1|2+|t−1|2 is smooth, S1-invariant, and strictly plurisubharmonic.
After identifying Lie(S1)∗ with R, the associated momentum map for the S1-action
on X is

µ(t, z) = |t|2|ez − 1|2 − |t−1|2.
Note that X(µ) = X \ (C∗ × 2πiZ) is not algebraically Zariski-open in X. We
obtain X(µ)//C∗ = X(µ)/C∗ = C \ 2πiZ =: Q. We claim that Q is not the
complex manifold associated to any algebraic variety. Aiming for a contradiction,
we suppose that Q = Ch for some smooth algebraic variety C. Then, C is a
non-complete algebraic curve. It follows that C is affine (see [Har70], Section II.4)
and that there exist a regular open embedding ϕ : C ↪→ C of C into a smooth
projective curve C. Hence, there exist finitely many points c1, . . . , cm in C such
that C = C \ {c1, . . . , cm}. If C has genus g, it follows that the fundamental group
π1(Q) is freely generated by 2g +m− 1 generators, a contradiction.

Remark 6.4. Theorem 1 applies in particular if the momentum map µ under con-
sideration is proper. Note however that the properness assumption on µ is rather
strong, as the following result (see [Gre08], Section 2.6) indicates:

Proposition 6.5. Let X be a holomorphic C∗-principal bundle over a compact
complex manifold B. Then there exists a Kähler structure ω on X such that the
induced S1-action on X is Hamiltonian with proper momentum map if and only if
B is Kähler and X is topologically trivial.

7. Chow quotients and sets of semistable points

If X is a Hamiltonian G-space for the complex reductive group G = KC with
momentum map µ : X → k∗, we have seen in Section 3.2 and used throughout
our study that X(µ) is an open subset of X. From the point of view of complex
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analytic geometry, it is natural to ask if the set of unstable points X \X(µ) is an
analytic subset of X. The following example (see [HL94]) shows that this is not
true in general.

Example 7.1. Let X = C2 \ {(x, y) ∈ C2 | y = 0,�e(x) ≤ 0} with the standard
Kähler form. Let G = C∗ act on X by multiplication in the second variable. The
S1-action is Hamiltonian with momentum map µ : X → Lie(S1)∗ ∼= R, (x, y) �→
|y|2. Hence, µ−1(0) = {(x, y) ∈ X | y = 0}, and the set of semistable points
X(µ) = {(x, y) ∈ X | �e(x) > 0} is not analytically Zariski-open in X.

In the remainder of this section we will prove Theorem 2, which asserts that
the set of semistable points of an algebraic Hamiltonian G-variety with compact
quotient is algebraically Zariski-open.

7.1. The Chow quotient of a projective algebraic G-variety. Let X be an
irreducible projective algebraic G-variety for a connected complex reductive Lie
group G. For m, d ∈ N, let Cm,d(X) be the Chow variety of cycles of dimension
m and degree d in X. This is a projective algebraic component of the Barlet cycle
space (see [Bar75]). For a cycle C ∈ Cm,d(X) let |C| denote the support of C. The
following result provides a crucial tool for our study:

Theorem 7.2 ([Kap93]). Let X be an irreducible projective algebraic G-variety.
Then, there exist natural numbers m, d ∈ N, a G-invariant rational map ϕ : X ���
Cm,d(X), and a G-invariant Zariski-open subset U0 ⊂ dom(ϕ) such that for all

u ∈ U0, we have |ϕ(u)| = G • u.

We will denote the image of ϕ in Cm,d(X) by CG(X), and we will call ϕ :
X ��� CG(X) the Chow quotient of X by G. For the following discussion recall
that for a subset A of a G-space X, we have defined the saturation SG(A) to be
{x ∈ X | G • x ∩A �= ∅}.

Lemma 7.3. Let A be a G-invariant irreducible locally Zariski-closed subset of X.
Then, SG(A) ∩ U0 is constructible.

Proof. We define IA := {C ∈ CG(X) | |C| ∩ A �= ∅}. We claim that IA is a
constructible subset of CG(X). Let X := {(C, x) ∈ CG(X)×X | x ∈ |C|} be the
universal family over CG(X). This is an algebraic subvariety of CG(X) × X. Let
pC : X → CG(X) and pX : X → X be the canonical projection maps. We have
IA = pC (p−1

X (A)). Since A is locally Zariski-closed, IA is a constructible subset of

CG(X). It follows that U0 ∩ ϕ−1(IA) = {x ∈ U0 | G • x ∩ A �= ∅} is constructible
in U0. �

7.2. Sets of semistable points: Proof of Theorem 2. The following result is
the crucial step in the proof of Theorem 2.

Proposition 7.4. Let G be a connected complex reductive Lie group and let X be
an irreducible algebraic Hamiltonian G-variety with momentum map µ : X → k∗.
Let Xreg be the union of generic G-orbits in X. Assume that Xreg ∩ µ−1(0) �= ∅
and that X(µ)//G is projective algebraic. Then, X(µ) contains a Zariski-open G-
invariant subset A of X consisting of G-orbits that are closed in X(µ).

Proof. By a theorem of Rosenlicht [Ros56] there exists a Zariski-open G-invariant
subset UR of X with geometric quotient pR : UR → QR such that C(QR) = C(X)G.
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Note that UR intersects µ−1(0) and that QR is birational toX(µ)//G. Let ψ = ϕ−1 :
QR ��� X(µ)//G. Without loss of generality, we can assume that the set where ψ
is an isomorphism onto its image is equal to QR. Hence, ψ : QR ↪→ X(µ)//G is
an open embedding. Setting A := X(µ) \ SG(U

c
R ∩ X(µ)) ⊂ UR, we obtain the

following commutative diagram:

A
� � ��

pR|A
��

X(µ)

π

��

pR(A) �
�ψ|pR(A)

�� X(µ)//G.

Since X(µ)//G is projective algebraic, π(A) = ψ(pR(A)) is Zariski-open in X(µ)//G.
It follows that A = p−1

R (pR(A)) is Zariski-open in UR and contained in X(µ). �
Let G be a connected algebraic group and let X be an irreducible algebraic G-

variety. A Sumihiro neighbourhood of a point x ∈ X is a G-invariant, Zariski-open,
quasi-projective neighbourhood of x in X that can be G-equivariantly embedded
as a locally Zariski-closed subset of the projective space associated to some rational
G-representation. In a normal irreducible algebraic G-variety, every point has a
Sumihiro neighbourhood by [Sum74].

Lemma 7.5. Let G be a connected complex reductive Lie group and let X be an
irreducible algebraic Hamiltonian G-variety with momentum map µ : X → k∗.
Assume that X(µ)//G is projective algebraic and that every point x ∈ µ−1(0) has a
Sumihiro neighbourhood. Then, X(µ) contains a Zariski-open subset of X.

Proof. There exists an irreducible G-invariant subvariety Y of X with µ−1(0) ⊂ Y
and Yreg ∩ µ−1(0) �= ∅; cf. Lemma 4.3. It follows that X(µ)//G = Y (µ)//G. By
Proposition 7.4 there exists a Zariski-open subset A of Y which is contained in
X(µ) and such that π(A) is an open subset of X(µ)//G. Furthermore, A consists
of orbits which are closed in X(µ).

Let W be a Sumihiro neighbourhood of a point x ∈ A and let ψ : W → P(V ) be
a G-equivariant embedding of W into the projective space associated to a rational
G-representation V . Let Z be the closure of ψ(W ) in P(V ). Given a subset of Z of
the form U0 as in Theorem 7.2, it follows from Lemma 7.3 that SZ

G(ψ(A∩W ))∩U0 is

constructible in U0. Therefore, SX
G (A∩W )∩W contains a Zariski-open subset Ũ of

its closure. By construction, π(A∩W ) is open in X(µ)//G, and, hence, its preimage
π−1(π(A ∩W )) ∩W is an open subset of X that is contained in SG(A ∩W ) ∩W .

It follows that Ũ is Zariski-open in X. �
Proposition 7.6. Let G be a connected complex reductive Lie group and let X
be an algebraic Hamiltonian G-variety with momentum map µ : X → k∗. Assume
that X(µ)//G is projective algebraic and that every point in µ−1(0) has a Sumihiro
neighbourhood. Then, X(µ) is Zariski-open in X.

Proof. The proof is by induction on dimX. For dimX = 0 there is nothing to
prove. So let dimX = n + 1. Let X =

⋃
j Xj be the decomposition of X into

irreducible components. Note that Xj(µ|Xj
) = Xj∩X(µ) holds for every j and that

Xj(µ|Xj
)//G is projective algebraic. Let Vj be the Zariski-open subset of Xj∩X(µ)

whose existence is guaranteed by Lemma 7.5. The set V :=
⋃

j

(
Vj \

⋃
k �=j Xj

)
is

contained in X(µ), and it is Zariski-open in X. Setting X̃ := X \ V , we have
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dim X̃ ≤ n and X \ X(µ) ⊂ X̃. Furthermore, X̃(µ)//G = π(X(µ) ∩ X̃) is an
analytic subset of X(µ)//G, and hence it is projective algebraic. Furthermore, the

existence of Sumihiro neighbourhoods of points in µ−1(0) is inherited by X̃. By

induction, X \X(µ) is algebraic in X̃ and hence in X. �

Proof of Theorem 2. Recall that the connected component G0 of the identity of
G is the complexification of the connected component K0 of the identity in K.
The set SG0

(µ−1
0 (0)) of semistable points with respect to G0 and the restricted

momentum map for the K0-action, µ0 = µ : X → k∗ = Lie(K0)
∗, coincides with

X(µ), as we have seen in the proof of Theorem 1. The finite group Γ = G/G0

acts on X(µ)//G0 with quotient X(µ)//G, which is projective algebraic by Theo-
rem 1. Hence, X(µ)//G0 admits a finite map to a projective algebraic variety and
is therefore itself projective algebraic. The variety X has 1-rational singularities by
assumption; in particular, it is normal. Consequently, every point in µ−1(0) has a
Sumihiro neighbourhood for the action of G0. Hence, Proposition 7.6 applies and
X(µ) is Zariski-open in X. �

Remark 7.7. Example 6.3 shows that the claim of Theorem 2 is no longer true if
µ−1(0) and X(µ)//G are non-compact.

8. Non-zero levels of the momentum map: The shifting trick

In this section we consider quotients of arbitrary level sets of the momentum
map and extend Theorem 1 and Theorem 2 to this situation with the help of the
so-called “shifting trick”.

Let X be a complex Hamiltonian G-space with momentum map µ : X → k∗

and let α ∈ µ(X) ⊂ k∗. Then, the level set µ−1(α) is invariant under the isotropy
group Kα of α in the coadjoint representation Ad∗ : K → GLR(k

∗). We will recall
the classical construction that endows the topological space µ−1(α)/Kα with a
complex structure. The coadjoint orbit Y = Ad∗(K)(α) through α carries a K-
invariant complex structure such that the negative of the Kostant-Kirillov form ωY

on Y is Kähler. In fact, Y is biholomorphic to G/P for some parabolic subgroup P
of G; in particular, Y is a projective algebraic manifold. A momentum map for the
natural action of K on Y with respect to −ωY is given by −ıY : Y ↪→ k∗, ξ �→ −ξ.

Let Z := X × Y with the product complex structure and Kähler structure
ωX − ωY . The momentum map for the diagonal K-action on Z is then given by
µZ(x, β) = µ(x)− β. It follows that µ−1

Z (0) = K •
(
µ−1(α)× {α}

)
. Let Z(µZ) be

the corresponding set of semistable points and let

X(µ, α) := {x ∈ X | G • x ∩ µ−1(α) �= ∅}.

This is an open subset inX; cf. [HH96], Section 6. By construction, µ−1(α)/Kα and
µ−1
Z (0)/K are homeomorphic. Consequently, µ−1(α)/Kα is a Kählerian complex

space by Theorem 3.1.

Theorem 8.1. Let X be an algebraic Hamiltonian G-variety with momentum map
µ : X → k∗. Assume that X has only 1-rational singularities. Let α ∈ µ(X)
such that µ−1(α) is compact. Then, the complex space µ−1(α)/Kα is projective
algebraic. Furthermore, the set X(µ, α) of semistable points with respect to µ−1(α)
is algebraically Zariski-open in X.
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Proof. Since the coadjoint orbit Y is smooth, given a resolution f : X̃ → X of

X, the product map f × idY : X̃ × Y → X × Y is a resolution of Z. It then
follows from the Künneth formula for coherent algebraic sheaves, see [SW59], that
Z has only 1-rational singularities. Since the complex structure on µ−1(α)/Kα is
given via the homeomorphism to µ−1

Z (0)/K � Z(µZ)//G, the first claim follows
from the Projectivity Theorem, Theorem 1. For the second claim, we note that the
projection pX : Z → X maps Z(µZ) onto X(µ, α). Since pX is regular and open,
it therefore follows from Theorem 2 that X(µ, α) is Zariski-open in X. �
Remark 8.2. Note that Theorem 8.1 applies in particular to the quotient and to
the set of semistable points associated to any fibre µ−1(α) of a proper momentum
map µ.

9. Embedding G-spaces into G-vector bundles over X := G

Let X be a holomorphic G-space for a complex reductive Lie group G. Assume
that the analytic Hilbert quotient π : X → X//G exists and that X//G is the com-
plex space associated to a projective algebraic variety. In the subsequent sections,
we study the implications of this assumption for the equivariant geometry of X and
give a proof of Theorem 3.

9.1. Coherent G-sheaves and analytic Hilbert quotients. For a coherent an-
alytic G-sheaf F over X (see e.g. [HH99] for the definition) we denote by (π∗F )G

the sheaf of invariants on X//G; i.e., for an open set Q ⊂ X//G, we have

(π∗F )G(Q) := F (π−1(Q))G = {σ ∈ F (π−1(Q)) | σ(g • x) = g • σ(x)}.
It is a fundamental result of Roberts [Rob86] and Hausen-Heinzner [HH99] that
(π∗F )G is a coherent analytic sheaf on X//G. An analogous result also holds for
the G-invariant push-forward of coherent algebraic G-sheaves to algebraic Hilbert
quotients. Basic examples of coherent analytic G-sheaves are provided by sheaves
of sections of G-vector bundles on a holomorphic G-space X.

9.2. The basic construction. We construct sheaves of equivariant maps that will
be used later on to embed a given holomorphic G-space into a G-vector bundle over
X//G.

Let L be a holomorphic line bundle on the quotientX//G. By GAGA [Ser56], L is
an algebraic line bundle; i.e., there exists a covering {Uα}α of X//G by Zariski-open
subsets Uα of X//G such that L|Uα

is algebraically trivial and a collection {gαβ}α,β
of regular transition functions on the intersections Uαβ := Uα ∩Uβ . We will denote
the corresponding locally free sheaf by L . Let V be a G-module. Consider the
vector bundle V of rank equal to dimV that is trivial on Uα and has transition
functions gαβ · IdV : Uαβ → GLC(V ). The bundle V is isomorphic to the vector
bundle V ⊗L. Since gαβ(Uαβ) IdV is contained in the center of GLC(V ), the group
actions

G× (Uα × V ) → Uα × V, g • (z, v) = (z, g · v)
glue to give a global algebraic action G× V → V .

The action of G trivially lifts to an action of G on the line bundle π∗L by
bundle automorphisms; over π−1(Uα) the action is given by (x,w) �→ (g • x,w).
This action and the diagonal G-action on X × V yield an action of G on the
vector bundle V ⊗ π∗L by bundle automorphisms, making the bundle projection
equivariant. More precisely, the bundle V ⊗ π∗L trivialises over {π−1(Uα)} via an
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isomorphism φα : V ⊗π∗L → π−1(Uα)×V , and on (V ⊗π∗L)|π−1(Uα)
∼= π−1(Uα)×V

the action is given by

G×
(
π−1(Uα)× V

)
→ π−1(Uα)× V, g • (x, v) = (g • x, g · v).

It follows that the sheaf V ⊗ π∗L of germs of sections of V ⊗ π∗L is a coherent
analytic G-sheaf on X. We are going to use sections of π∗(V ⊗π∗L )G to construct
the maps that will yield the embedding of our given holomorphic G-space X.

Lemma 9.1. Let X be a complex G-space such that the analytic Hilbert quotient
X//G exists as a projective algebraic complex space. Let V be a G-module. Let L
be an algebraic line bundle on X//G and L the associated locally free sheaf. Then,
an element s ∈ H0(X//G, π∗(V ⊗ π∗L )G) yields a G-equivariant holomorphic map
σ : X → V into the algebraic G-vector bundle V = V ⊗ L over X//G such that the
following diagram commutes:

X

π
����

��
��

��
σ �� V

�����
���

��

X//G.

Proof. Let s be an element of H0(X//G, π∗(V ⊗ π∗L )G). Then, the restriction
s|π−1(Uα) yields a G-equivariant map sα : π−1(Uα) → V . Furthermore, the sα’s sat-

isfy the following compatibility condition on π−1(Uαβ): sα(x) = gαβ(π(x)) · sβ(x).
One checks that the collection of holomorphic maps defined by σα : π−1(Uα) →
Uα ×V, x �→ (π(x), sα(x)) define a G-equivariant holomorphic map σ : X → V . �

Since the bundle projection V → X//G is G-invariant and affine, Corollary 5 of

[BBŚ97] implies that the algebraic Hilbert quotient V//G exists. In fact, it is a
Zariski-locally trivial fibre bundle over X//G with fibre V//G.

9.3. Extending maps from fibres to X. First we note the following immediate
consequence of the classical projection formula:

Lemma 9.2 (Equivariant Projection Formula). Let X be a holomorphic G-space
such that the analytic Hilbert quotient π : X → X//G exists. Let V be a G-module,
let F be the coherent analytic G-sheaf of germs of maps from X to V , and let L
be the locally free sheaf associated to a holomorphic line bundle L on X//G. Then,
we have (π∗F )G ⊗ L ∼= (π∗(V ⊗ π∗L ))G.

From now on, we fix an ample line bundle L on X//G. Serre vanishing allows
us to extend holomorphic maps from the fibres of the quotient map π to the whole
space X after twisting with an appropriate power of L. More precisely, we have

Proposition 9.3. Let A = {q1, . . . , qN} be a finite set of points in X//G. Let
F := π−1(A) be the corresponding collection of fibres of π. Assume that there exists
an equivariant holomorphic map ϕ of a π-saturated open neighbourhood U of F into
a G-module V that is an immersion at every point in F . Then, there exists m ∈ N

and an equivariant holomorphic map Φ : X → V(m) into the algebraic G-vector
bundle V(m) := V ⊗L⊗m. The map Φ coincides with ϕ on F and is an immersion
at every point in F .
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Proof. Let F be the sheaf of germs of holomorphic maps from X into V . By the
discussion in Section 9.1, G := π∗(F )G is a coherent analytic sheaf of HX//G-
modules on X//G. Let mA be the ideal sheaf of the analytic set A = {q1, . . . , qN} in
HX//G. Since L is locally free, the exact sequence 0 → m2

AG → G → G /m2
AG → 0

for every m ∈ N induces an exact sequence

(9.1) 0 → m
2
AG ⊗ L ⊗m → G ⊗ L ⊗m → G /m2

AG ⊗ L ⊗m → 0.

We note that for all p ∈ X//G, we have
(
G /m2

AG ⊗ L ⊗m
)
p
∼=

(
G /m2

AG
)
p
. Hence,

we get G /m2
AG ⊗ L ⊗m ∼= G /m2

AG . Furthermore, by the equivariant projection
formula (Lemma 9.2), G ⊗ L ⊗m is isomorphic to π∗(V ⊗ π∗L ⊗m)G. Hence, from
the exact sequence (9.1) we obtain

(9.2) 0 → m
2
AG ⊗ L ⊗m → π∗(V ⊗ π∗L ⊗m)G → G /mAG → 0.

By Serre vanishing, there exists an m0 ∈ N such that H1(X//G,m2
AG ⊗L ⊗m) = 0

for all m ≥ m0. Then, for m ≥ m0, the exact sequence (9.2) induces an exact
sequence

(9.3) 0 → H0(X//G,m2
AG ⊗ L ⊗m)

→ H0(X//G, π∗(V ⊗ π∗L ⊗m)G)
r→ H0(X//G,G /m2

AG ) → 0,

where the map r is given by restriction. The map ϕ : U → V defines ϕq ∈
H0(X//G,G /m2

AG ), and it follows from the exact sequence (9.3) that there exists
a φ ∈ H0(X//G, π∗(V ⊗ π∗L ⊗m)G) such that r(φ) = ϕq. Shrinking U if necessary,
we can assume that L|U is trivial and hence that φ|π(U) is given by a G-equivariant
map from U to V . The difference φ|π(U) − ϕ vanishes along F up to second order.

Lemma 9.1 yields a G-equivariant holomorphic map Φ : X → V ⊗ L⊗m. We note
that by construction, Φ|U : U → π(U) × V coincides with π × ϕ : U → π(U) × V
up to second order along F . �

9.4. The Embedding Theorem. In this section, we will prove the first main
result of this chapter: a holomorphic G-space with projective algebraic quotient
X//G admits a G-equivariant embedding into a G-vector bundle V over X//G. This
is the analogue of Kodaira’s embedding theorem in our context.

Let G be a complex reductive Lie group and let X be a holomorphic G-space.
Let Gx, Gy be two isotropy subgroups for the action of G on X. We define a
preorder on the set of G-orbits in X as follows: we say G • x ≤ G • y if and only
if there exists an element g ∈ G such that gGyg

−1 < Gx. This preorder induces an
equivalence relation on the set of G-orbits in X given as follows: G • x ∼ G • y if
and only if there exists an element g ∈ G such that gGyg

−1 = Gx. The equivalence
class of an orbit G • x will be denoted by Type(G • x) or Type(G/Gx). We call
Type(G/Gx) the orbit type of x. The preorder ≤ defined above for G-orbits induces
a preorder on the set of orbit types.

Two representations ρi : Hi → GL(Vi), i = 1, 2, of two closed complex sub-
groups H1, H2 of G will be called G-isomorphic if there exists g ∈ G and a linear
isomorphism L : V1 → V2 such that

i) H2 = gH1g
−1, ii) L(ρ1(h) · v) = ρ2(ghg

−1) · L(v).

This is the case if and only if the associated G-vector bundles G ×Hi
Vi are G-

isomorphic. The equivalence class of a representation ρ : H → GL(V ) under this
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equivalence relation as well as the associated G-isomorphism class of G-vector bun-
dles represented by G×HV is called the slice type of ρ and denoted by TypeG(V,H).

A holomorphic G-space X that admits an analytic Hilbert quotient will be called
of finite orbit type if the set {Type(G • x) | x ∈ X, G • x is closed in X} is finite.
If the set of slice types {TypeG(TxX,Gx) | x ∈ X, G • x is closed in X} is finite,
we say that X is of finite slice type.

It follows from the holomorphic Slice Theorem that a holomorphic G-space with
compact analytic Hilbert quotient is of finite orbit type and of finite slice type; see
[Hei88].

The next result is the crucial technical part of the Embedding Theorem:

Lemma 9.4. Let X be a holomorphic G-space with analytic Hilbert quotient π :
X → X//G. Assume that X//G is projective algebraic. Then, for every d-dimensio-
nal analytic subset A of X//G the following holds:

(1) There exists an analytic subset Ã ⊂ A, dim Ã < d, an algebraic G-vector
bundle V over X//G, and an equivariant holomorphic map Φ : X → V that

is an immersion along π−1(A \ Ã).
(2) There exists an analytic subset Ǎ ⊂ A, dim Ǎ < d, an algebraic G-vector

bundle W over X//G, and an equivariant holomorphic map Ψ : X → W
whose restriction to every closed G-orbit in π−1(A \ Ǎ) is a proper embed-
ding.

Proof. The proof goes along the lines of the proof of the corresponding result in
the Stein case (see [Hei88]). Without loss of generality, we can assume that A is
pure-dimensional. Let Ai, i ∈ I, be the irreducible components of A.

(1) For every i ∈ I, choose a point pi ∈ Ai \
⋃

i �=j Aj . The set D = {pi | i ∈ I} is

discrete, hence finite and analytic in A. For every p ∈ D the fibre π−1(p) contains
exactly one closed orbit G • x, and we set the slice type of p to be the slice type
of ρx : Gx → GL(TxX). The set D is a finite union of pairwise disjoint analytic
sets Dα such that each Dα contains points of only one particular slice type. Hence,
A is the finite union A =

⋃
α A(α) where A(α) is the union of those irreducible

components of A that contain a point of Dα.
For fixed α, choose a representative G ×Hα

Tα of the slice type of Dα. Since
G ×Hα

Tα is an affine G-variety, there exists a proper equivariant embedding of
G×Hα

Tα into a complex G-module Vα. Since Dα is finite, there exists a covering
{Uαs} of Dα by open subsets Uαs of X, such that Uαs ∩ Uαt = ∅ for s �= t. If
we choose the Uαs small enough, by the holomorphic Slice Theorem, there exists
an equivariant holomorphic embedding of π−1(Uαs) into a saturated open subset
of the G-module Vα. By Proposition 9.3, we get an equivariant holomorphic map
Φα : X → Vα that is an immersion at every point in π−1(Dα). The set

Rα := {x ∈ X | Φα is not an immersion in x}
is a G-invariant analytic subset of X. Furthermore, we consider the analytic subset

Ã :=
⋃

α (π(Rα) ∩A(α)) of A. Since the map Φα is an immersion at every point in

π−1(Dα), we conclude that dim Ã < d = dimA. The product map Φ :=
⊕

α Φα :
X −→

⊕
α Vα into the G-product

⊕
α Vα =: V of the Vα is an immersion at every

point in π−1(A \ Ã).
(2) For p ∈ X//G, let Type(p) be the orbit type of the uniquely determined closed

orbit in π−1(p) and for any subset Y ⊂ X//G, let TypeY := {Type(p) | p ∈ Y }.
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Note that Type(X//G) is finite, since X//G is compact. For any Y ⊂ X//G, we have
TypeY ⊂ Type(X//G), which implies that TypeY is finite.

Inductively, we define the following finite collection of analytic subsets Eα ⊂ A
with

⋃
α Eα = A: set I0 := I, and for Iα ⊂ I, set A(α) :=

⋃
i∈Iα

Ai. Furthermore,
we define

Hα := {Type(p) | Type(p) is maximal in Type(A(α)) (w.r.t. ≤)} ,
Jα := {j ∈ Iα | TypeAj ∩Hα �= ∅},

Eα :=
⋃

j∈Jα

Aj

and finally, we set Iα+1 := Iα \ Jα.
Since TypeA is finite, this procedure stops after finitely many steps. In Eα we

choose a finite set Dα with the following two properties:

i) Type(p) ∈ Hα for all p ∈ Dα, ii) Dα ∩ Aj �= ∅ for all j ∈ Jα.

We claim that there exists a G-moduleWα such that every orbit type Type(p) ∈ Hα

is represented by a closed orbit G · wp in Wα. Indeed, any closed G-orbit G • x
in X naturally carries the structure of an affine algebraic G-variety, since Gx is
reductive. Hence, it can be G-equivariantly embedded as a closed orbit in a G-
module V . Since Hα ⊂ TypeA is finite, we can find a G-module Wα with the
desired properties.

For every p ∈ Dα, the closed orbit T (p) in π−1(p) is equivariantly biholomorphic
to G · wp ⊂ Wα. Hence, we have a G-equivariant holomorphic map from the
disjoint union of the T (p), p ∈ Dα, into Wα. This map extends to a G-equivariant
holomorphic map from a saturated Stein neighbourhood of π−1(Dα) into Wα (see
[Hei88], 1. Prop. 1). Hence, Proposition 9.3 yields a G-equivariant holomorphic
map Ψα : X → Wα into an algebraic G-vector bundle Wα over X//G with the
property that Ψα(T (p)) = G · wp ⊂ (Wα)p ∼= Wα for all p ∈ Dα.

Note that if there exists a G-equivariant map ϕ : G • x → G • y between two
G-orbits in G-spaces, then Type(G • y) ≤ Type(G • x). Therefore, for every closed
orbit G • y ⊂ X with q := π(y) ∈ Eα, we have

(∗) Type(G ·Ψα(y)) ≤ Type(G • y) = Type(q) ≤ Type(p) = Type(G · wp)

for some p ∈ Hα.
By Corollary 5 of [BBŚ97], the algebraic Hilbert quotient πα : Wα → Wα//G

exists.

Claim. In Wα there exists a πWα
-saturated analytic subset W ′

α with the following
two properties:

(a) G • Ψα(p) ⊂ Wα \W ′
α for all p ∈ X//G with Type(p) ∈ Hα.

(b) If w ∈ Wα \ W ′
α and Type(G • w) ≤ Type(G · wp) for some p ∈ Dα, then

Type(G • w) = Type(G · wp) and G • w is closed in Wα.

Assuming the Claim, we finish the proof of the lemma as follows: set Ǎα :=
π(Ψ−1

α (W ′
α)) and, in the setup of (∗), letG • y be a closed orbit such that in addition

π(y) ∈ Eα \ Ǎα holds. Then, (∗) shows that Type(G • Ψα(y)) ≤ Type(G • wp) for
some p ∈ Dα and Ψα(y) ∈ Wα \ W ′

α. Hence, by part (b) of the Claim, it follows
that Type(G • Ψα(y)) = Type(G • wp) andG • Ψα(y) is closed inWα. This implies
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that Ψα|G • y is a proper embedding. From part (a) it follows that for every j ∈ Jα,

the set Aj contains a point of Eα \ Ǎα. Hence, dim Ǎα < d.

We define Ǎ :=
⋃

α Ǎα and consider the map Ψ :=
⊕

α Ψα : X −→
⊕

α Wα :=
W . We claim that Ψ has the desired properties. Indeed, let G • x be a closed orbit
in the set π−1(A\ Ǎ). Then, π(x) ∈ Eα \ Ǎα for some α, and the restriction of Ψα :
X → Wα to G • x is a proper embedding. We have Ψα(G • x) ⊂ (Wα)π(x) ∼= Wα.
It follows from [Hei91], Lemma 6.2, that the restriction of Ψ to G • x is a proper
embedding.

It remains to prove the Claim. We omit the index α. Since the quotient πW :
W → W//G is locally the quotient of an affine G-variety, it follows from Luna’s
Slice Theorem [Lun73] that the set

(W//G)′ := {q ∈ W//G | Type(q) < Type(z) for some z ∈ D}

is an algebraic subset of W//G. Let W ′ := π−1((W//G)′). Since Type(G · wp) =
Type(p) for all p with Type(p) ∈ H, the set W ′ has property (a). It remains to
show property (b): let w ∈ W \W ′ such that Type(G • w) ≤ Type(G ·wp) for some
p with Type(p) ∈ H. Suppose that G • w is not closed. Then there exists a unique
closed G-orbit G • w̃ ⊂ G • w. Since the G-action on W is algebraic, we have
Type(G • w̃) < Type(G • w) ≤ Type(G · wp). This implies G • w̃ ⊂ W ′. However,
this is a contradiction to the fact that W \ W ′ is πW -saturated. Hence, G • w is
closed. The definition of (W//G)′ now implies that Type(G • w) = Type(G · wp).
This shows the Claim and completes the proof of the lemma. �

In addition to Lemma 9.4, the holomorphic version of Luna’s fundamental lemma
(see [Hei88], 2. Prop. 2, and [Sno82], Prop. 5.1) is an essential ingredient of the
proof of the Embedding Theorem. For the convenience of the reader we recall the
statement.

Lemma 9.5 ([Hei88]). Let X,Y be holomorphic G-spaces such that the analytic
Hilbert quotients πX : X → X//G and πY : Y → Y//G exist. Let x ∈ X be a point
such that the G-orbit G • x through x is closed. Let φ : X → Y be an equivariant
holomorphic map with the following properties:

(1) φ is an immersion at x, and
(2) φ|G • x : G • x → Y is a proper embedding.

Then, given an open neighbourhood U of x, there exists an open πX-saturated
neighbourhood T of x in X and a πY -saturated open subset T ′ of Y such that
πX(T ) ⊂ πX(U), φ(T ) ⊂ T ′ and such that φ|T : T → T ′ is a proper holomorphic
embedding.

Theorem 9.6 (Embedding Theorem). Let X be a holomorphic G-space with ana-
lytic Hilbert quotient X//G. Assume that X//G is projective algebraic. Then, there
exists an equivariant proper holomorphic embedding Φ : X → V of X into an
algebraic G-vector bundle V over X//G.

Proof. Apply Lemma 9.4 to A = X to produce an equivariant holomorphic map

Ψ1 : X → W1 that is an immersion outside of an analytic set Ã of dimension

less than dimX. Applying the lemma again to A = Ã, we get a second map
Ψ2 : X → W2. The product map Ψ1 ⊕Ψ2 : X → W1⊕W2 is an immersion outside

an analytic set of dimension less than dim Ã. Hence, after finitely many steps we
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obtain an equivariant holomorphic immersion Ψ : X → W into an algebraic G-
vector bundle over X//G. Furthermore, by a repeated application of the second

part of Lemma 9.4 we get an equivariant holomorphic map Ψ̃ : X → W̃ into an

algebraic G-vector bundle W̃ over X//G, whose restriction to every closed orbit in
X is a proper embedding.

Consider V := W ⊕ W̃ and let Φ := Ψ ⊕ Ψ̃ : X → V be the product map.
Then, Φ is an immersion and its restriction to every closed orbit in X is a proper
embedding. From Lemma 9.5 it follows that the restriction of Φ to every fibre of
π : X → X//G is a proper embedding. Furthermore, by construction, Φ separates
the fibres of π. Hence, Φ is an injective immersion; it remains to show that it is
proper.

Let Φ : X//G → V//G be the holomorphic map induced by the G-invariant
holomorphic map πV ◦Φ : X → V//G, where πV : V → V//G is the algebraic Hilbert
quotient. Since X//G is compact, Φ is a proper embedding. Let (xn) be a sequence
in X such that Φ(xn) → v0 ∈ V . Then, πV(Φ(xn)) → πV(v0) in V//G. Since Φ
is proper, without loss of generality, π(xn) converges to a point q0 in X//G and
Φ(q0) = πV(v0). Hence, given an arbitrary open neighbourhood Q of q0 in X//G,
without loss of generality we can assume that xn ∈ π−1(Q) for all n. Choose Q to
be a neighbourhood of the form π(T ) as given by Lemma 9.5, and let T ′ be the
corresponding πV -saturated neighbourhood of v0 in V . It follows that Φ(xn) ∈ T ′

for all n ∈ N. Since Φ|T : T → T ′ is a proper embedding, the convergence of Φ(xn)
to v0 in T ′ implies that a subsequence of (xn) converges to some x0 in T ⊂ X. �

10. Algebraicity of spaces with projective algebraic quotient

10.1. The Algebraicity Theorem for invariant analytic subsets. Let Y be
an algebraic G-variety with algebraic Hilbert quotient π : Y → Y//G. Assume that
Y//G is a projective algebraic variety. Let X be a G-invariant analytic subset of
Y such that π(X) = Y//G. Fix an ample line bundle L on Y//G. Given a vector
bundle V on a complex space Z, let ZV ⊂ V denote the zero section.

Lemma 10.1. For every y ∈ Y \ X, there exist a G-module V , m ∈ N, and a
G-equivariant holomorphic map Φ : Y → V into the G-vector bundle V = V ⊗L⊗m

such that Φ(X) ⊂ ZV and Φ(y) /∈ ZV .

Proof. Let y ∈ Y \X. Since π(X) = Y//G, the fibre of π over q := π(y) intersects
X non-trivially. Set A := X∩π−1(q). Since π−1(q) is Stein, it follows from [Hei88],
1. Bem. 2, that there exists a G-module V and a G-equivariant holomorphic map
ϕ : π−1(q) → V such that ϕ|A ≡ 0 and ϕ(y) �= 0. Consider the sheaf F of germs
of holomorphic maps from Y to V and let G ⊂ F be the subsheaf of those germs
that vanish along X ⊂ Y , i.e., G = IX · F , where IX denotes the ideal sheaf of
X in HY . Since X is G-invariant, G is a coherent analytic G-sheaf on Y . The G-

invariant push-forward G̃ := (πh
∗G )G is a coherent analytic sheaf on X//G = Y//G.

Let mq be the ideal sheaf in HY//G of the point q ∈ Y//G. Let m ∈ N be chosen

such that H1(Y//G,mq · G̃ ⊗L ⊗m) = 0 (Serre vanishing). Then, the exact sequence

0 → mq · G̃ → G̃ → G̃ /mq · G̃ → 0

induces an exact sequence on the level of sections

0 → H0(Y//G,mq · G̃ ⊗L ⊗m) → H0(Y//G, G̃ ⊗L ⊗m) → H0(Y//G, G̃ /mq · G̃ ) → 0.
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The map ϕ defines an element in H0(Y//G, G̃ /mq · G̃ ) and, hence, there exists a

section of G̃⊗L⊗m that coincides with ϕ at q. Lemma 9.1 now yields aG-equivariant
holomorphic map Φ : Y → V ⊗ L⊗m with Φ(X) ⊂ ZV and Φ(y) /∈ ZV . �

In the setup of the previous lemma, if Φ(X) ⊂ ZV , we say that Φ vanishes on
X. Analogously, if Φ(y) ∈ ZV , we write Φ(y) = 0.

Next, we need to compare coherent algebraic and coherent analytic sheaves on
algebraic varieties. For this, we introduce some notation. If F is any sheaf on an
algebraic variety Y , we define a new sheaf F ′ on Y h: for an open subset U ⊂ Y
we define F ′(U) := lim

→
{F (W ) | W Zariski-open in Y containing U}. If F is any

algebraic sheaf on the algebraic variety Y , then we define a corresponding analytic
sheaf F h on Y h by F h := HY ⊗O′

Y
F ′.

Lemma 10.2. The holomorphic map Φ : Y → V constructed in the previous lemma
is algebraic.

Proof. We have G = IX · F ⊂ F , where F is the coherent analytic G-sheaf

of germs of holomorphic maps from Y h to V , and hence G̃ ⊂ (πh
∗F )G due to

the exactness of the πh
∗ (·)G-functor; cf. [HH99]. Let L be the ample line bundle

introduced above, and let L be the locally free sheaf associated to L. The map Φ
is induced by an element φ ∈ H0(Y//G, (π∗F )G ⊗ L ⊗m). Let A be the coherent
algebraic G-sheaf of germs of algebraic maps from Y to the G-module V . Then, F
is isomorphic to A h as a coherent analytic G-sheaf over Y h. We have

((π∗A )G ⊗OY//G
L ⊗m)h = ((π∗A )G)h ⊗HY//G

L ⊗m = (πh
∗F )G ⊗HY//G

L ⊗m,

where for the second equality we used the GAGA-principle for quotient morphisms;
see [Nee89]. Since Y//G is projective, φ ∈ H0((Y//G)h, (πh

∗F )G⊗HY//G
L ⊗m) is an

element of H0(Y//G, (π∗A )G ⊗OY//G
L⊗m) and hence algebraic. �

We are now in a position to prove the main result of this section. It is the
analogue of Chow’s Theorem in our context.

Theorem 10.3 (Algebraicity Theorem for invariant analytic subsets). Let Y be
an algebraic G-variety with algebraic Hilbert quotient π : Y → Y//G. Assume that
Y//G is projective algebraic. Let X ⊂ Y be a G-invariant analytic subset of Y such
that π(X) = Y//G. Then, X is an algebraic subvariety of Y .

Proof. Set

A := {Φ : Y → V ⊗ L⊗m | Φ G-equivariant algebraic map, V a G-module,m ∈ N}.
It suffices to show thatX = {y ∈ Y | Φ(y) = 0 for every Φ ∈ A vanishing on X} =:
B, since then X is the intersection of a family of algebraic subvarieties of Y , hence
algebraic. Clearly, we have X ⊂ B. So, let y ∈ Y \X. Then, using Lemmata 10.1
and 10.2, we see that there exists a map Φ ∈ A such that Φ vanishes on X and
Φ(y) �= 0. Hence, y /∈ B and the claim is shown. �

Lemma 10.1 and Theorem 10.3 are no longer true if the quotient is not assumed
to be projective:

Example 10.4. Consider the action of C∗ on C3 = C × C2 by multiplication in
the second factor. The analytic Hilbert quotient is given by π : C × C2 → C,
(z, w) �→ z. The holomorphic function F : C3 → C, (u1, u2, u3) �→ u3 − u2 · eu1

is equivariant with respect to the C∗-action on C3 and the standard action of C∗
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on C by multiplication. Its zero set X = {F = 0} is a C∗-invariant, non-algebraic,
analytic subset of C3 with π(X) = C3//C∗ = C.

10.2. The Algebraicity Theorem. In this section we prove Theorem 3. We have
separated the statements into two propositions.

Proposition 10.5. Let X be a holomorphic G-space such that the analytic Hilbert
quotient π : X → X//G exists and such that X//G is projective algebraic. Then,
there exists a quasi-projective algebraic G-variety X0 with algebraic Hilbert quotient
π0 : X0 → X0//G ∼= X//G such that X is G-equivariantly biholomorphic to Xh

0 .

Proof. By the Embedding Theorem, Theorem 9.6, there exists a proper holomor-
phic embedding Φ : X ↪→ V into an algebraic G-vector bundle over X//G. Fur-
thermore, V admits an algebraic Hilbert quotient πV : V → V//G. Since X//G is
projective, the induced map Φ : X//G → V//G is algebraic and its image is a com-
pact algebraic subvariety of V//G. Set Y := π−1

V (Φ(X//G)) ⊂ V . The restriction
πY := πV |Y : Y → πV(Y ) ∼= X//G is an algebraic Hilbert quotient, and Φ : X → Y
is a proper holomorphic embedding.

Therefore, we can assume that X is a G-invariant analytic subset of a quasi-
projective G-variety Y that admits an algebraic Hilbert quotient πY : Y → Y//G
such that π(X) = Y//G is projective algebraic. We conclude that π = πh

Y |X . The
Algebraicity Theorem for invariant analytic subsets, Theorem 10.3, implies that X
is an algebraic subset of Y , hence a quasi-projective algebraic variety. �

By Proposition 10.5 we can endow X with the structure of an algebraic G-variety
with algebraic Hilbert quotient X//G. Next, we investigate uniqueness properties
of this algebraic structure.

Proposition 10.6. Let X be a holomorphic G-space such that the analytic Hilbert
quotient π : X → X//G exists and such that X//G is a projective algebraic variety.
Assume that there are two algebraic G-varieties X1 and X2 with algebraic Hilbert
quotients πj : Xj → Xj//G, j = 1, 2, such that X is G-equivariantly biholomorphic
to both Xh

1 and Xh
2 . Then, X1 and X2 are isomorphic as algebraic G-varieties.

Proof. Let φ : (X1)
h → (X2)

h be the holomorphic map given by the two isomor-
phisms φj : X → Xj for j = 1, 2 and let Γ ⊂ X1 × X2 be its graph. The set Γ
is G-invariant, analytic, and G-equivariantly biholomorphic to X via Φ : X → Γ,
Φ = φ1 × φ2. We will show that Γ is an algebraic subvariety of X1 ×X2.

The G-invariant algebraic map π1 × π2 : X1 × X2 → X1//G × X2//G is affine.

Applying [BBŚ97], Corollary 5, it follows that there exists an algebraic Hilbert
quotient Π : X1×X2 → (X1×X2)//G =: Q for the G-action on X1×X2. Consider
the following commutative diagram:

X
Φ ��

π

��

X1 ×X2

Π

��

X//G
Φ �� Q.

Since X//G is projective, it follows that Π(Γ) = Φ(X//G) is a compact algebraic
subvariety of Q isomorphic to X//G. Its preimage Y := Π−1(Π(Γ)) is an algebraic
G-subvariety of X1 ×X2. The map πY := Π|Y : Y → Π(Y ) = Y//G is an algebraic
Hilbert quotient, Y//G ∼= X//G is projective, and Γ ⊂ Y is a G-invariant analytic
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subset such that πY (Γ) = Y//G. The Algebraicity Theorem for invariant analytic
subsets, Theorem 10.3, implies that Γ ⊂ Y ⊂ X1 ×X2 is algebraic. We conclude
that φ is a regular map. �

The proof of the Algebraicity Theorem, Theorem 3, now follows by applying
Propositions 10.5 and 10.6.

Remark 10.7. The claim of Theorem 3 is no longer true if the quotient is not
assumed to be projective, as illustrated by the following example.

Example 10.8. Let A ⊂ C2 be any non-algebraic, analytic subset of C2. If ϕ : A →
C2 is the inclusion of A into C2, we consider the spaceX := C2∪ϕC

2 = (C2�C2)/∼,
where � denotes disjoint union, and where x ∼ y, if and only if y = ϕ(x). Let
Y := C2 � C2 and let p : Y → X be the quotient map. For an open subset U in X
we define

HX(U) := {f ∈ HY (p
−1(U)) | f constant on ∼-equivalence classes}.

By a theorem of H. Cartan [Car60], the ringed space (X,HX) is a complex space
and the projection map p : Y → X is holomorphic. Consider the holomorphic
map σ : Y → Y which sends a point x in one of the connected components C2 of
Y to the corresponding point in the other connected component of Y = C2 � C2.
The automorphism σ generates a holomorphic action of Z2 = Z/2Z on Y . This
action descends to a holomorphic Z2-action on X, making p : Y → X equivariant.
Consider the holomorphic map ψ : Y → C2 which maps a point x ∈ Y to the
corresponding point in C2. The map ψ is constant on equivalence classes and hence
descends to a holomorphic map π : X → C2. This is an analytic Hilbert quotient
for the Z2-action on X.

We claim that there exists no algebraic structure on X making X into an alge-
braic Z2-variety in such a way that the map π : X → C2 becomes the algebraic
Hilbert quotient for the action of Z2 on X. Indeed, suppose that this was possible.
Then, X would be an affine variety and the map π : X → C2 would be finite.
Therefore, the branch locus Rπ ⊂ C2 of π would be an algebraic subvariety of C2.
However, set-theoretically, we have Rπ = A, a contradiction.

11. Analytic Hilbert quotients as algebraic Hilbert quotients

We conclude our study by discussing connections between the results on momen-
tum map quotients obtained in the first part of this note (Theorems 1 and 2) and
the Algebraicity Theorem, Theorem 3.

We recall the setup of Theorems 1 and 2. Let G be the complexification of the
compact Lie group K. Let X be a G-irreducible algebraic Hamiltonian G-variety
with momentum map µ : X → k∗. Assume that X has only 1-rational singularities
and that µ−1(0) is compact. Then, Theorem 1 and Theorem 2 imply that X(µ)//G
is projective algebraic and that X(µ) is an algebraically Zariski-open subset in
X, hence itself an algebraic G-variety. It now follows from Theorem 3 that there
exists a quasi-projective algebraic G-variety Z and a G-equivariant biholomorphic
map ψ : X(µ)h → Zh. It is a natural question whether ψ preserves the algebraic
structure on X(µ)h.

The map ψ is induced by an isomorphism of algebraic varieties if and only if
π : X(µ) → X(µ)//G is an algebraic Hilbert quotient. The following result states
that this is true under an additional regularity assumption.
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Proposition 11.1. Let K be a compact Lie group and let G = KC be its complexi-
fication. Let X be a G-irreducible algebraic Hamiltonian G-variety with momentum
map µ : X → k∗. Assume that X has only 1-rational singularities and that µ−1(0)
is compact. Assume in addition that all stabiliser groups of points in X(µ) are
finite. Then, π : X(µ) → X(µ)//G is an algebraic Hilbert quotient. In particular,
the map ψ is biregular.

Proof. Since the stabiliser groups of elements in X(µ) are finite, all G-orbits in
X(µ) are closed in X(µ), and the quotient π : X(µ) → X(µ)//G is geometric. It
follows (cf. the proof of Proposition 7.4) that the quotient map π : X(µ) → X(µ)//G
is rational. Since π is a priori holomorphic, we conclude that it is regular. The
existence of local slices for the action of G on X(µ), together with the existence
of a geometric quotient for the G-action on X(µ), implies that G acts properly on
X(µ). It then follows from [Kol97] that π is an algebraic Hilbert quotient. �
Remarks 11.2. a) If X is smooth, the finiteness of the isotropy groups required in
Proposition 11.1 is equivalent to 0 being a regular value of the momentum map µ.

b) If, in addition to the assumptions made in Proposition 11.1, X is Q-factorial,
there exists a G-linearised line bundle L on X such that X(µ) coincides with the set
X(L) of semistable points with respect to L; cf. [MFK94], Chap. 1, §4, Conv 1.13.
Hence, in this setup the analytic theory of momentum map quotients coincides with
Mumford’s algebraic Geometric Invariant Theory.

c) If X is a smooth projective algebraic Hamiltonian G-variety, the assertion of
Proposition 11.1 is true without the assumption on stabiliser groups; see [HM01]. It
is however an open question if the quotient map π : X(µ) → X(µ)//G of a general
algebraic Hamiltonian G-variety is an algebraic Hilbert quotient.
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Grenoble 6 (1955–1956), 1–42. MR0082175 (18:511a)

[Sja95] Reyer Sjamaar, Holomorphic slices, symplectic reduction and multiplicities of represen-
tations, Ann. of Math. (2) 141 (1995), no. 1, 87–129. MR1314032 (96a:58098)

http://www.ams.org/mathscinet-getitem?mr=928302
http://www.ams.org/mathscinet-getitem?mr=928302
http://www.ams.org/mathscinet-getitem?mr=1103041
http://www.ams.org/mathscinet-getitem?mr=1103041
http://www.ams.org/mathscinet-getitem?mr=1408556
http://www.ams.org/mathscinet-getitem?mr=1408556
http://www.ams.org/mathscinet-getitem?mr=1669182
http://www.ams.org/mathscinet-getitem?mr=1669182
http://www.ams.org/mathscinet-getitem?mr=1293876
http://www.ams.org/mathscinet-getitem?mr=1293876
http://www.ams.org/mathscinet-getitem?mr=0199184
http://www.ams.org/mathscinet-getitem?mr=0199184
http://www.ams.org/mathscinet-getitem?mr=1274117
http://www.ams.org/mathscinet-getitem?mr=1274117
http://www.ams.org/mathscinet-getitem?mr=1824905
http://www.ams.org/mathscinet-getitem?mr=1824905
http://www.ams.org/mathscinet-getitem?mr=1631577
http://www.ams.org/mathscinet-getitem?mr=1631577
http://www.ams.org/mathscinet-getitem?mr=2262782
http://www.ams.org/mathscinet-getitem?mr=2262782
http://www.ams.org/mathscinet-getitem?mr=1237834
http://www.ams.org/mathscinet-getitem?mr=1237834
http://www.ams.org/mathscinet-getitem?mr=766741
http://www.ams.org/mathscinet-getitem?mr=766741
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1658959
http://www.ams.org/mathscinet-getitem?mr=1432036
http://www.ams.org/mathscinet-getitem?mr=1432036
http://www.ams.org/mathscinet-getitem?mr=0342523
http://www.ams.org/mathscinet-getitem?mr=0342523
http://www.ams.org/mathscinet-getitem?mr=0423398
http://www.ams.org/mathscinet-getitem?mr=0423398
http://www.ams.org/mathscinet-getitem?mr=1304906
http://www.ams.org/mathscinet-getitem?mr=1304906
http://www.ams.org/mathscinet-getitem?mr=1891205
http://www.ams.org/mathscinet-getitem?mr=1891205
http://www.ams.org/mathscinet-getitem?mr=999979
http://www.ams.org/mathscinet-getitem?mr=999979
http://www.ams.org/mathscinet-getitem?mr=0092996
http://www.ams.org/mathscinet-getitem?mr=0092996
http://www.ams.org/mathscinet-getitem?mr=859331
http://www.ams.org/mathscinet-getitem?mr=859331
http://www.ams.org/mathscinet-getitem?mr=0082183
http://www.ams.org/mathscinet-getitem?mr=0082183
http://www.ams.org/mathscinet-getitem?mr=0082175
http://www.ams.org/mathscinet-getitem?mr=0082175
http://www.ams.org/mathscinet-getitem?mr=1314032
http://www.ams.org/mathscinet-getitem?mr=1314032


PROJECTIVITY OF QUOTIENTS 3271

[Sno82] Dennis M. Snow, Reductive group actions on Stein spaces, Math. Ann. 259 (1982),
no. 1, 79–97. MR656653 (83f:32026)

[Sum74] Hideyasu Sumihiro, Equivariant completion, J. Math. Kyoto Univ. 14 (1974), 1–28.
MR0337963 (49:2732)

[SW59] Joseph H. Sampson and Gerard Washnitzer, A Künneth formula for coherent algebraic
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