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A GENERALIZED MAZUR’S THEOREM

AND ITS APPLICATIONS

KI-SENG TAN

Abstract. We generalize a theorem of Mazur concerning the universal norms
of an abelian variety over a Zd

p-extension of a complete local field. Then we
apply it to the proof of a control theorem for abelian varieties over global
function fields.

1. Introduction

Consider an abelian variety A/K of dimension g and let B be its dual abelian
variety. At first we assume that K is a complete local field with a finite residue field
FK which is of characteristic p and that A (hence B) has good ordinary reduction.

Write Ā, Â (resp. B̄, B̂) for the reduction and the formal group of A (resp. B) so
that we have the exact sequence induced from the reduction map:

(1)
0 −→ Â(OK̄a) −→ A(K̄a) −→ Ā(F̄K) −→ 0

(resp. 0 −→ B̂(OK̄a) −→ B(K̄a) −→ B̄(F̄K) −→ 0).

Here K̄a is a fixed algebraic closure of K. For an algebraic extension L/K, OL and
FL denote the ring of integers and the residue field.

Let L/K be a Zd
p-extension with Gal(L/K) = Γ and for a Γ-module M let

NL/K(M) =
⋂
NF/K(M), where F runs through all finite intermediate fields,

denote the universal norm. Then (1) and the surjectivity of the reduction map
B(K) −→ B̄(FK) (see Lemma 2.1.1) induce the exact sequence:

(2) B̂(OK)/NL/K(B̂(OL)) −→ B(K)/NL/K(B(L)) � B̄(FK)/NL/K(B̄(FL)).

Let u ∈ GL(g,Zp) be the twist matrix given by the action of the Frobenius sub-
stitution Frob ∈ Gal(F̄K/FK) on the group of torsion points Ā[p∞] :=

⋃
n Ā[pn] �

(Qp/Zp)
g (see [Maz72], p.216). The following is a strengthened theorem of Mazur

(see [Maz72], Proposition 4.3.9 and [Sch83], Proposition 7.2).

Theorem 1. Suppose K is a finite extension field of Qp and L/K is a totally
ramified Zp-extension so that Γ = Gal(L/K) � Zp. If A/K is an abelian variety

with good ordinary reduction, then B̂(OK)/NL/K(B̂(OL)) � Γg/(I − u)Γg and

B̂(OK)/NL/K(B̂(OL)) −→ B(K)/NL/K(B(L))

is injective.
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Our goal is to generalize this theorem to all Zd
p-extensions over local fields in any

characteristic. A simplified proof of Theorem 1 can be found in [Jon91, LuR78].
Although not mentioned in the articles, the methods they use are likely to work
in the case of positive characteristic. However, the “totally ramified” condition
seems indispensable to the methods. It might be possible to lift this restriction by
considering the situation in which k is a subfield of K, L/k is a Zp-extension, Γ
is the inertia subgroup of Gal(L/k), and trying to deduce, from the statements of
(B,L,K) in Theorem 1, the corresponding statements of (B,L, k). To do so, there
is still work to be done. Especially, whether or not the isomorphism in Theorem 1
is compatible with Gal(K/k)-actions is yet to be checked.

We take a different approach. Again, (1) and the surjectivity of the reduction

map A(K) −→ Ā(FK) induce the inclusion H1(K, Â) ↪→ H1(K,A). Here H1(K, Â)

means H1(Gal(K̄/K), Â(OK̄)). Also,

(3) 0 −→ H1(Γ, Â(OL)) −→ H1(Γ, A(L))
Φ∗−→ H1(Γ, Ā(FL)),

where Φ∗ is induced from the reduction map Φ : A −→ Ā, is exact. By Tate’s local
duality theorem, the Pontryagin dual to the compact group B(K)/NL/K(B(L)),

via the local pairing, is the local cohomology group H1(L/K,A(L)) (with discrete
topology; see Corollary 2.3.3). Comparing (2) and (3), one might ask if these two
exact sequences are actually the dual to each other. The answer turns out to be
“yes”, and here comes our generalized dual version of Mazur’s Theorem.

Theorem 2. Let K be a complete local field with a finite residue field FK of char-
acteristic p and let L/K be a Zd

p-extension with Gal(L/K) = Γ. If A/K is an
abelian variety with good ordinary reduction, then the following holds:

(a) Via the local pairing, the group H1(K, Â) is the annihilator of B̂(OK) and
is isomorphic to the Pontryagin dual of B̄(FK)p.

(b) If L/K is ramified, then H1(Γ, Â(OL)) = H1(K, Â).
(c) The map Φ∗ is surjective. If Γ′ ⊂ Γ is the inertia subgroup, then the group

H1(Γ, Ā(FL)) is canonically isomorphic to Hom(Γ′, Ā(FK)).

The theorem will be proved in Section 2.7. Note that if L/K is ramified, then we

know that B̂(OK)/NL/K(B̂(OL)) −→ B(K)/NL/K(B(L)) is injective (see Lemma

2.7.1) and B̄(FK)/NL/K(B̄(FL)) is naturally isomorphic to B̄(FK)p. Theorem 2
implies that (3) is indeed dual to (2). If L/K is unramified, all six terms in two exact
sequences are trivial (by Lemma 3.3.1 and Lang’s theorem). It is also interesting
to see that Ā(FK)p = (A[p∞])Frob is isomorphic to the dual group of Zg

p/(I − u)Zg
p

and hence by (c), H1(Γ, Ā(FL)) is dual to (Γ′)g/(I − u)(Γ′)g.

In general, the order |Hom(Γ′, Ā(FK))| = |Ā(FK)p|rk(Γ
′) and, since Ā and B̄

are isogenous, |B̄(FK)p| = |Ā(FK)p|. Thus, Theorem 2 implies the following local
control theorem. Let sign(e) = 1 if e > 0; sign(e) = 0 if e = 0.

Theorem 3 (The local control theorem). Suppose K is a complete local field with
a finite residue field FK of characteristic p, L/K is a Zd

p-extension with Galois
group Γ, and the inertia subgroup Γ′ ⊂ Γ is isomorphic to Ze

p. If A/K is an abelian
variety with good ordinary reduction, then we have the following estimate on the
size of the Galois cohomology group:

|H1(Γ, A(L))| = |Ā(FK)p|sign(e)+e ≤ |Ā(FK)p|d+1.
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Theorem 3 will be applied to prove a global control theorem. Regard A as a sheaf

for the flat topology on K and denote A[pm] = ker(A
[pm]−→ A), where [pm] denotes

the multiplication by pm on A. If K is a global field, the pm-Selmer group Selpm(F )
for a finite extension field F of K is defined to be the kernel of the composition

H1(F,A[pm]) −→ H1(F,A)
loc−→

⊕
v

H1(Fv, A),

where loc is the localization map to the direct sum of local cohomology groups over
all places of F . The direct limit of Selpm(F ) as m → ∞ is denoted by Selp∞(F ).
For any Galois extension L/K, the p-primary part of the Selmer group of A over
L is taken to be the direct limit of Selp∞(F ) over all finite intermediate fields F of
L/K. We write ΓF for the Galois group of L/F and let

resL/F : Selp∞(F ) −→ Selp∞(L)ΓF

be the restriction map.

Theorem 4 (The control theorem). Let L be a Zd
p-extension of a global field K of

characteristic p with Galois group Gal(L/K) = Γ. Assume that L/K is unramified
outside a finite set S of places of K. Let A be an abelian variety over K with
good ordinary reduction at every place in S. Then for every finite intermediate
extension F of L/K, the kernel and the cokernel of the restriction map resL/F on
the p-primary Selmer groups Selp∞(F ) are finite. Furthermore, if d = 1, then the
orders of the kernel and the cokernel of resL/F are bounded as F varies.

The theorem will be proved in Section 3.3. The number field counterpart of this
theorem appears in Mazur ([Maz72]) and Greenberg ([Gre03]).

We shall also apply our result to compact Iwasawa modules. Denote by ΛΓ the
Iwasawa algebra Zp[[Γ]] and denote the Pontryagin dual Hom(Selp∞(L),Qp/Zp) by
XL.

We say that A has split multiplicative reduction at v, if there is a rank g lattice
Ω � Z× · · · × Z inside the torus T = (Kv)

g so that T/Ω is isomorphic to the rigid
analytic space associated to A (see [Ger72]). For example, the Jacobian varieties of
Drinfeld modular curves over K (for ∞ = v) all have split multiplicative reduction
at v (see [GkR96]).

Theorem 5. Let L be a Zd
p-extension of a global field K of characteristic p with

Galois group Gal(L/K) = Γ. Assume that L/K is unramified outside a finite set
S of places of K. Let A be an abelian variety over K with either good ordinary
reduction or split multiplicative reduction at each place in S. Then XL is a finitely
generated module over ΛΓ.

The proof of the theorem (in Section 3.3) uses a standard tool that consists of
two parts: one is a version of Nakayama’s Lemma (see [Was82], p.279); the other is
the assertion, which holds automatically if K is a number field, that at each v ∈ S,
the local cohomology group H1(Γv, A(Lv)) is co-finitely generated. Several articles
have used this tool to prove results of this kind. However, lacking our local control
theorem, to make sure the above-mentioned assertion holds (over function fields)
they need to depend on additional assumptions. For example, in Ochiai and Trihan
([OTr06, OTr08]), they assume that L/K is the constant Zp-extension unramified
at every place of K, while Bandini and Longhi ([BL06]) treat the case of an elliptic
curve with split multiplicative reduction at every place of S.
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Finally, we set some notation. We use K̄ to denote the separable closure of K
and write GK = Gal(K̄/K). Denote A(K)tor,p = A[p∞]∩A(K), the p-primary part
of A(K)tor. If K is a complete local field of residual characteristic p, we use A(K)p
to denote the maximal pro-p subgroup of A(K). Thus A(K)p contains Â(OK) and

A(K)p/Â(OK) � Ā(FK)p.
For a global or local field K of characteristic p > 0 and for each n, we use

K(1/pn)/K to denote the unique purely inseparable extension of degree pn. Ob-

serve that K̄(1/pn) = K(1/pn). Therefore, K̄a = K̄(1/p∞) :=
⋃∞

n=1 K̄
(1/pn). The

Frobenius substitution

Frobpn : K(1/pn) −→ K, x 	→ xpn

,

is an isomorphism. Thus, we use it to identify GK(1/pn) , for n = 1, ...,∞, with GK .
The author would like to thank A. Bandini, W.-C. Chi, C. D. González-Avilés,

K.F. Lai, I. Longhi, D. Rockmore and F. Trihan for many valuable suggestions.

2. Abelian varieties with good ordinary reduction

As above, A denotes an an abelian variety defined over a field K. Except in the
beginning of Section 2.1, K will be a complete local field with finite residue field
FK of characteristic p. From Section 2.2 to Section 2.7, A will have good ordinary
reduction.

2.1. Ordinary abelian varieties. In this paragraph, we review some facts on
ordinary abelian varieties as well as abelian varieties with good reduction. For the
convenience of the readers, we give detailed proofs of all statements.

Suppose K is a field of characteristic p > 0. Then A is ordinary if and only if
(over K̄a) the group scheme A[pm] can be decomposed as (see [Mum74], p.147 and
[Maz72], Lemma 4.27):

(4) A[pm] = (Z/pmZ)g × (μpm)g.

This condition is equivalent to

(5) A[pm] � (Z/pmZ)g.

In this case, the multiplication by pm on A is decomposed as

(6) [pm] = V
(m) ◦ F(m),

where F
(m) : A −→ A(pm) is the Frobenius isogeny and V

(m) : A(pm) −→ A is
separable.

From now on, we assume that K is a complete local field (of any characteristic)
with a finite residue field FK of characteristic p.

Suppose A has good reduction. Then A, the Néron model of A over OK , is an
abelian scheme. By definition, we have A(OK̄a) = A(K̄a). The reduction map
A(K̄a) −→ Ā(F̄K) is formed by the composition of spec F̄K −→ specOK̄a with
elements in A(OK̄a) = HomOK

(specOK̄a ,A).

Lemma 2.1.1. The reduction A(K) −→ Ā(FK) is surjective.

Proof. This holds because A is smooth and OK is Henselian (see [Mil80], I.4.13.)
�
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Let [pm] : A −→ A denote the multiplication by pm. Then the restriction of
[pm] to the generic (resp. special) fibre of A is just the multiplication by pm on A
(resp. Ā). Suppose f : A −→ A′ (resp. g : A′ −→ A) is an isogeny over K with
ker(f) ⊂ A[pm] so that [pm] on A is decomposed as g ◦ f . Then f (resp. g) extends
to an isogeny f : A −→ A′ (resp. g : A′ −→ A) (see [BLR90], 7.3, Lemma 6).
From the definition of the Néron model, the extension of each isogeny is unique,
and this implies [pm] = g ◦ f . Let f̄ : Ā −→ Ā′ (resp. ḡ : Ā′ −→ Ā) denote the
restriction of f (resp. g) to the special fibres. Then on Ā, we have

(7) [pm] = ḡ ◦ f̄ .
Also, f , f̄ and the reductions commute, as shown by the diagram:

(8)
A(K̄a) = A(OK̄a) −→ Ā(F̄K)

↓ f � ↓ f � ↓ f̄
A′(K̄a) = A′(OK̄a) −→ Ā′(F̄K),

where both right-arrows are reduction maps. Note that in the diagram all the
arrows are homomorphisms of GK-modules. Here GK acts on Ā(F̄K) and Ā′(F̄K)
via the quotient map GK −→ Gal(F̄K/FK).

Let A[pm] = ker([pm]). The closed subgroup scheme ker(f) ⊂ A[pm] is finite
flat over OK (op. cit. 7.3, Lemma 1). Since OK is a complete discrete valuation
ring, we have ker(f) = specR, with R =

∏
Ri, where each Ri is a local ring finite

free over OK ([Mil80], I.4.2(b)). By (8), we have the reduction map:

(9) ker(f)(K̄a) −→ ker(f̄)(F̄K).

Lemma 2.1.2. The GK-module homomorphism (9) is surjective.

Proof. By replacing K with a suitable finite unramified extension field of it, we may
assume that each point in ker(f̄)(F̄K) is rational over FK . Let ker(f) = specR and
R =

∏
i Ri be as above. Then the residue field of each Ri equals FK . The flatness

of Ri over OK implies that HomOK
(Ri,OK̄a) (in the category of OK-algebras) is

non-empty and hence the natural map from HomOK
(Ri,OK̄a) to HomOK

(Ri, F̄K)
(which consists of a single element) is surjective. Therefore, the reduction map
from HomOK

(R,OK̄a) to HomOK
(R, F̄K) is also surjective. �

Corollary 2.1.3. Suppose A has good reduction, Ā. Then for each positive integer
m, the reduction induces a surjective homomorphism of GK-modules:

(10) A[pm] −→ Ā[pm].

Furthermore, if char.(K) = p and A has good ordinary reduction, then A is ordinary
and (10) is an isomorphism.

Proof. Take f = [pm]. To prove the second statement, we apply (5) and assert that
the order |Ā[pm]| = pgm, while |A[pm]| ≤ pgm and the equality holds if and only if
A is ordinary. Also, the surjectivity of (10) implies the injectivity. �

2.2. The isogeny F
(m). Until the end of Section 2.7, we assume that A has good

ordinary reduction. For each positive integer m, denote Â[pm] = Â(OK̄) ∩ A[pm],
which is the kernel of (10).

If char.(K) = 0, then A[pm] is étale and hence Â[pm] can be viewed as a closed

subgroup scheme of it. Let A(pm) denote the quotient A/Â[pm]. Then A(pm) is
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an abelian variety defined over K and there is a K-isogeny (unique up to K-
automorphisms of A(pm)) A −→ A(pm) that realizes the quotient map (see [Cho52]).

We fix one such isogeny and denote it by F
(m). By (8), we have (over F̄K)

(11) ker(F̄
(m)

) = (μpm)g.

This means that F̄
(m)

= ג ◦ F(m)

Ā
, where F

(m)

Ā
is the Frobenius isogeny and ג is an

automorphism of Ā(pm). If char.(K) = p, let F(m) : A −→ A(pm) be the Frobenius

isogeny. Then F̄
(m)

is actually the Frobenius isogeny F
(m)

Ā
. In either case, the

isogeny F̄
(m)

gives rise to an isomorphism of GK-modules:

(12) F̄
(m)

: Ā(F̄K)
∼−→ Ā(pm)(F̄K).

Let V
(m) : A(pm) −→ A be the isogeny so that [pm] = V

(m) ◦ F
(m) on A.

Then, over K̄a, we have ker(V(m)) = A[pm]/ ker(F(m)) = (Z/pmZ)g. In particular,

ker(V(m)) is étale, and consequently, ker(V(m))(K̄a) = ker(V(m))(K̄). Also, over

F̄K , we have ker(V̄
(m)

) = Ā[pm]/ ker(F̄
(m)

) = (Z/pmZ)g (by (4), (7) and (11)),

and hence ker(V̄
(m)

)(F̄K) = Ā(pm)[pm]. Therefore, by Lemma 2.1.2, the reduction
map induces the GK-isomorphism:

ker(V(m))(K̄)
∼−→ Ā(pm)[pm].

In particular, if m is greater than the exponent of Ā(FK)p, which is isomorphic to

Ā(pm)(FK)p by (12), then Ā(pm)(FK)p is contained in Ā(pm)[pm] and, being fixed

by the GK-action, is isomorphic to a subgroup of ker(V(m))(K) ⊂ A(pm)(K)p.
Therefore, the exact sequence

0 −→ Â(pm)(OK) −→ A(pm)(K)p −→ Ā(pm)(FK)p −→ 0

actually splits. If L/K is a pro-finite field extension, then by taking the direct limit
over finite intermediate extensions, we obtain the following:

Lemma 2.2.1. If m is greater than the exponent of Ā(FL)p, where L/K is a pro-
finite field extension, then we have the splitting exact sequence

0 −→ Â(pm)(OL) −→ A(pm)(L)p −→ Ā(pm)(FL)p −→ 0.

2.3. The local duality. For the convenience of the reader, we put in the content of
this paragraph some well-known facts on local duality. Via the Poincaré biextension
W −→ A × B (which is the complement of the zero section in the Poincaré line
bundle over A×B, [Mum68]), a point on B is regarded as an element in Ext(A,Gm),
and hence a point Q ∈ B(K) gives rise to an exact sequence of GK-modules:

0 −→ K̄∗ −→ WQ −→ A(K̄) −→ 0.

Using the induced long exact sequence:

· · · −→ H1(K,WQ) −→ H1(K,A)
δQ−→H2(K, K̄∗) −→ · · · ,

we define (cf. [Mil86], Appendix C) the local pairing of Q and a class ξ ∈ H1(K,A)
as

〈ξ,Q〉A,B,K := inv(δQ(ξ)).

Here inv : H2(K, K̄∗) −→ Q/Z gives the invariants of the local Brauer group.
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Theorem 6 (Tate’s local duality theorem [Tat62, Mil70/72]). The discrete group
H1(K,A) and the compact group A(K) are Pontryagin dual to each other, via the
local pairing.

If WA, WA′ are Poincaré biextensions associated to A, A′ and f : A −→ A′

and f̂ : B′ −→ B are dual isogenies, then (1 × f̂)∗WA � (f × 1)∗WA′ ([Mum74],
p.130). From this, we see that the local pairings are compatible with isogenies. In
particular, the following holds.

Lemma 2.3.1. We have the commutative diagram:

(13)

〈, 〉A,B,K : H1(K,A)×B(K) −→ Q/Z

F
(m)
∗ ↓ ↑ F̂

(m)

∗ ‖
〈, 〉A(pm),B(pm),K : H1(K,A(pm))×B(pm)(K) −→ Q/Z.

Lemma 2.3.2. If L/K is a finite Galois extension, then we have the following
commutative diagrams:

(14)
〈, 〉A,B,L : H1(L,A)×B(L) −→ Q/Z

cor ↓ ↑ ‖
〈, 〉A,B,K : H1(K,A)×B(K) −→ Q/Z,

and

(15)
〈, 〉A,B,L : H1(L,A)×B(L) −→ Q/Z

res ↑ ↓ NL/K ‖
〈, 〉A,B,K : H1(K,A)×B(K) −→ Q/Z.

Proof. The diagram (14) is from the commutative diagram

H2(L, L̄∗)
inv−→ Q/Z

↓ cor ‖
H2(K, K̄∗)

inv−→ Q/Z.

Since B(K) −→ B(L) is an injection onto a closed subgroup, Theorem 6 and (14)
imply that cor : H1(L,A) −→ H1(K,A) is surjective. Let ξ ∈ H1(K,A), Q ∈ B(L)
and let ψ ∈ H1(L,A) be such that cor(ψ) = ξ. Then

〈ξ,NL/K(Q)〉A,B,K =
∑

σ∈Gal(L/K)

〈ψ, σQ〉A,B,L = 〈NL/K(ψ), Q〉A,B,L.

Here we use (14) as well as the Gal(L/K)-equivariant property of the local pairing.
But NL/K(ψ) = res(cor(ψ)) = res(ξ). �

Corollary 2.3.3. If L/K is a Galois extension, then via the local pairing the
discrete group H1(Gal(L/K), A(L)) and the compact group B(K)/NL/K(B(L)) can
be identified as the Pontryagin dual to each other.

Proof. Since H1(Gal(L/K), A(L)) is the direct limit of H1(Gal(F/K), A(F )) and
B(K)/NL/K(B(L)) is the project limit of B(K)/NF/K(B(F )), where F runs
through all finite intermediate Galois extensions, it is enough to consider the case
where L/K is finite. Then we note that H1(Gal(L/K), A(L)) is the kernel of the
restriction map res : H1(K,A) −→ H1(L,A), and hence it is the annihilator of
NL/K(B(L)). �
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2.4. The characteristic 0 case. In this paragraph, we assume that K is of zero
characteristic. For each m, let em denote the Weil pairing:

em : A[pm]×B[pm] −→ K̄∗.

Also, denote Â[pm] = Â(OK̄) ∩A[pm] and B̂[pm] = B̂(OK̄) ∩A[pm], as before.

Lemma 2.4.1. Assume that K is of characteristic 0 and that A has good ordinary

reduction. Then the restriction of em on Â[pm]× B̂[pm] is trivial.

Proof. For simplicity, we replaceK by a suitable finite extension field so that A[pm],
B[pm], Ā[pm] and B̄[pm] are all rational over K and the decomposition (4) for Ā
(resp. B̄) holds over FK .

As in Section 2.2, we view Â[pm] as the kernel of the isogeny F
(m) and let Â[pm]

denote the kernel of the isogeny A −→ A(pm) that extends F(m). Then Â[pm] is a
finite flat closed subgroup scheme of A[pm] (see Section 2.1). In view of (11), we
see that

(16) Â[pm]⊗OK
FK = (μpm)g, over FK .

For the dual abelian variety B, let B[pm] and B̂[pm] denote the corresponding

group schemes. Let C̃ and C be respectively the Cartier duals of B[pm] and B̂[pm].
Then

(17) C⊗OK
FK = (Z/pmZ)g, over FK

and

(18) C⊗OK
K = (Z/pmZ)g, over K.

The Poincaré biextension of A × B extends uniquely to a biextension of A × B
by Gm (see [Gth72], VIII.7.1b, or [Mil86], C.12) that defines in a canonical way a
pairing A[pm]×B[pm] −→ Gm (see [Gth72], VIII.2.2.2). This pairing extends the

Weil pairing and it gives rise to the isomorphism A[pm]
∼−→ C̃ (see [Mil86], p.398).

Let Ψ be the composition Ψ : Â[pm] −→ A[pm]
∼−→ C̃ −→ C, where the first map

is the inclusion and the last is the dual to the inclusion. It is enough to show that
Ψ⊗K is the trivial homomorphism of group schemes.

Now that C is finite flat over OK , we write C = specT , with T =
∏

i∈I Ti, a
direct product of local rings over OK ([Mil80], I.2.4(b)). The equalities (17) and
(18) together say that Ti⊗OK

FK = FK and Ti⊗OK
K = K, for each i. This implies

that each Ti = OK . Also, write Â[pm] = specR and let Ψ∗ : T −→ R denote the
morphism of Hopf algebras over OK corresponding to Ψ. Since the homomorphism
Ψ⊗Fv, sending (μpn)g to (Z/pnZ)g (see (16) and (17)), is trivial, there is a factor T0

of T so that Ψ∗⊗OK
FK : T ⊗OK

FK −→ R⊗OK
FK factors through the projection

T ⊗OK
FK −→ T0 ⊗OK

FK . It follows that Ψ∗ itself factors through the projection

T −→ T0. This means that Ψ factors as Â[pm] −→ specOK −→ C, where the first
arrow is the natural map. Since Ψ is a homomorphism of group schemes over OK ,
the second arrow must be the identity section, and hence Ψ must be trivial. �

Corollary 2.4.2. Assume that K is of characteristic 0 and A has good ordinary

reduction. Then the restriction of the local pairing 〈 , 〉A,B,K on H1(K, Â)×B̂(OK)
is trivial.
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Proof. Consider the commutative diagram induced from (1):

0 −→ Â(OK̄) −→ A(K̄) −→ Ā(F̄K) −→ 0
↓ [pm] ↓ [pm] ↓ [pm]

0 −→ Â(OK̄) −→ A(K̄) −→ Ā(F̄K) −→ 0.

By Corollary 2.1.3 and the snake lemma, we have the Kummer exact sequence:

0 −→ Â[pm] −→ Â(ŌK)
pm

−→ Â(ŌK) −→ 0,

which induces the exact sequence

0 −→ Â(OK)/pmÂ(OK) −→ H1(K, Â[pm]) −→ H1(K, Â)[pm] −→ 0.

Similarly, we have

0 −→ B̂(OK)/pmB̂(OK) −→ H1(K, B̂[pm]) −→ H1(K, B̂)[pm] −→ 0.

If ξ ∈ H1(K, Â)[pm], then it annihilates pmB̂(OK) via the local pairing. Let α

be an element in H1(K, Â[pm]) giving rise to ξ. For a point Q ∈ B̂(OK), we identify

its residue class modulo pmB̂(OK) with an η ∈ H1(K, B̂[pm]). Then the value of
〈ξ,Q〉A,B,K equals the image of α ∪ η under the composition (see [Mil86], p.54)

H2(K, Â[pm]⊗ B̂[pm]) −→ H2(K,Gm) −→ Q/Z,

where the first map is induced from the Weil pairing and the second gives the
invariants of the local Brauer group. �

2.5. The characteristic p case. In this paragraph, we assume that char.(K) = p.

Lemma 2.5.1. Suppose A has good ordinary reduction and K is of characteristic
p. If L/K is a field extension, then the following hold:

(a): If P is a point in A(L), then all the pm-division points of P are contained
in A(L̄(1/pm)). In particular, the pm-torsion points A[pm] ⊂ A(K̄(1/pm)).

(b): If L/K is separable, then the group A(L)tor,p is unramified over K. In
other words, we have A(L)tor,p = A(Lun)tor,p, where Lun is the maximal
unramified intermediate extension of L/K.

(c): The group Â(OL) is a torsion free Zp-module.

(d): For each P ∈ Â(OL) there is a unique P ′ ∈ Â(OL(1/pm)) such that
pmP ′ = P , and vice versa. In other words, we have

(19) Â(OL) = pmÂ(OL(1/pm)).

Proof. By Corollary 2.1.3, A itself is ordinary. The statement (a) follows directly
from the decomposition (6), while (b) and (c) come from the GK-isomorphism (10).

To see (d), let Q ∈ A(L̄(1/pm)) be a pm-division point of P ∈ Â(OL). Since the
reduction Q̄ is contained in Ā[pm], there is a point R ∈ A[pm] ⊂ A(L̄(1/pm)) such

that P ′ := Q − R ∈ Â(OL̄(1/pm)). Obviously, P ′ is also a pm-division point of P ,
and for σ ∈ GL, we have (from (c))

σP ′ − P ′ ∈ A[pm] ∩ Â(OL̄(1/pm)) = {0}.
�

Let im∗: H
1(K,A)p −→ H1(K(1/pm), A)p be the map induced from the natural

embedding im : A(K̄) −→ A(K̄(1/pm)).
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Corollary 2.5.2. If an element ξ ∈ H1(K, Â) ⊂ H1(K,A)p satisfies pmξ = 0, then
ξ ∈ ker(im∗).

Proof. Let ρ be a 1-cocycle representing ξ and let P be a point in Â(OK̄) so that
σP − P = pmρσ, for every σ ∈ GK . Since every element in Â(OK̄) is uniquely

divisible by pm in Â(OK̄(1/pm)), there is a unique point Q ∈ Â(OK̄(1/pm)) so that
pmQ = P and σQ−Q = ρσ, for every σ ∈ GK .

�

Let F̂
(m)

: B(pm) −→ B be the dual to the Frobenius isogeny F
(m).

Corollary 2.5.3. The isogeny F̂

(m)
that is dual to F

(m) gives rise to a surjection:

B̂(pm)(OK)
F̂
(m)

� B̂(OK).

Proof. The Frobenius substitution Frobpm induces a GK-isomorphism:

(20)
Frobpm : A(K̄(1/pm))

∼−→ A(pm)(K̄)

P 	→ F
(m)(P ).

Using Lemma 2.5.1(c) to rewrite the equality (19) as Â(OK(1/pm)) = (1/pm)Â(OK)
and then applying (20), we get

V
(m)(Â(pm)(OK)) = V

(m)(F(m)(Â(OK(1/pm)))) = V
(m)(F(m)((1/pm)Â(OK))).

Consequently (by (6)), V(m)(Â(pm)(OK)) = Â(OK). The dual abelian variety B,
being isogenous to A, also has ordinary reduction. By letting B play the role of A
in the above discussion, we get

(21) V
(m)(B̂(pm)(OK)) = B̂(OK).

The kernel of F̂
(m)

, which is the dual of ker(F(m)) = (μpm)g, is exactly the max-

imal étale subgroup of the group scheme B(pm)[pm] (the kernel of the multiplication
by pm on B(pm)). On the other hand, if we write [pm]B , the multiplication by pm

on B, as the composition V
(m)
B ◦F(m)

B , then V
(m)
B is separable and hence its kernel

also equals the maximal étale subgroup of B(pm)[pm]. In view of these, we see that

F̂

(m)
= ג ◦V(m)

B , for some isomorphism ג : B/K −→ B/K. In particular, we have

F̂

(m)
(B̂(pm)(OL)) = V

(m)
B (B̂(pm)(OL)).

By this and (21), we prove the surjectivity of the map B̂(pm)(OL)
F̂
(m)

−→ B̂(OL). �

2.6. The map F
(m)
∗ . For each m, let F(m)

∗ : H1(K,A)p −→ H1(K,A(pm))p be the

map induced from F
(m).

Proposition 2.6.1. Suppose A has good ordinary reduction and ξ ∈ H1(K,A)p.
The following statements are equivalent:

(a): The element ξ ∈ H1(K, Â).

(b): We have 〈ξ, P 〉A,B,K = 0, for every P ∈ B̂(OK).

(c): The image F
(m)
∗ (ξ) = 0, for some m.
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For eachm, let �m denote the kernel of the homomorphism B(pm)(K̄)
F̂
(m)

−→ B(K̄).
Then �m � (Z/pmZ)g, since it is the group of geometric points of the étale group

scheme ker(F̂
(m)

) which is isomorphic to (Z/pmZ)g over the algebraic closure of

K. Since ker(
¯̂
F

(m)) is also isomorphic to (Z/pmZ)g, Lemma 2.1.2 tells us that the

reduction map ker(F̂
(m)

) −→ ker(
¯̂
F

(m)) ↪→ B̄(pm)[pm] induces a GK-isomorphism

�m −→ B̄(pm)[pm]. Consequently, the intersection �m ∩ B̂(pm)(OK) = {0}, as

B̂(pm)(OK) has trivial reduction. Therefore, the isogeny F̂

(m)
induces an injection

(22) B̂(pm)(OK)
F̂
(m)

↪→ B̂(OK).

Ifm is greater than the exponent of B̄(FK)p, then B̄(FK)p ⊂ B̄(pm)[pm] and Lemma

2.2.1 says that B(pm)(K) is the direct product of B̂(pm)(OK) and a subgroup con-

tained in the kernel of F̂
(m)

. In particular, we have

(23) F̂

(m)
(B(pm)(K)) = F̂

(m)
(B̂(pm)(OK)).

Proof. First, we show (c) =⇒ (a). Suppose ξ ∈ ker(F(m)
∗ ). To assert ξ ∈ H1(K,

Â(OK̄)), we recall that F̄
(m)

induces a GK-isomorphism Ā(F̄K)
∼−→ Ā(pm)(F̄K)

(see (12)) and then use the commutative diagram:

H1(K, Â) −→ H1(K,A)p −→ H1(K, Ā)p
↓ ↓ F

(m)
∗ ↓�

H1(K, Â(pm)) −→ H1(K,A(pm))p −→ H1(K, Ā(pm))p.

Suppose m is greater than the exponent of B̄(FK)p. If ξ satisfies the condition

of (b), then (23) tells us that it annihilates every element in F̂

(m)
(B(pm)(K)). By

Lemma 2.3.1, we know that F(m)
∗ (ξ) annihilates every element in B(pm)(K). Then

Theorem 6 says that F(m)
∗ (ξ) = 0. This shows (b) =⇒ (c).

Suppose char.(K) = p. Then Corollary 2.5.3 says that

F̂

(m)
(B̂(pm)(OK)) = B̂(OK), for every m,

and we can apply Lemma 2.3.1 and Theorem 6 again to show (c) =⇒ (b). Also, if an

element ξ ∈ H1(K, Â) satisfies pmξ = 0, then ξ ∈ ker(im∗) (see Corollary 2.5.2). We

can deduce ker(im) = ker(F(m)
∗ ) from the commutative diagram of GK-modules:

A(K̄) −→ A(K̄(1/pm))
‖ ↓ Frobpm

A(K̄)
F
(m)

−→ A(pm)(K̄),

where the right down-arrow is an isomorphism of GK-modules induced from the
Frobenius substitution. This proves (a) =⇒ (c).

If char.(K) = 0, then (a) =⇒ (b) is proved by applying Corollary 2.4.2. �

In view of the equivalence “(b) ⇔ (c)”, by Lemma 2.3.1 and (23) we see that if

m is greater than the exponent of B̄(FK)p, then the annihilator of B̂(OK) is the

same as that of F̂
(m)

(B̂(pm)(OK)). Then Theorem 6 implies that

F̂

(m)
(B̂(pm)(OK)) = B̂(OK).
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The equality actually holds for every m, because we have the obvious inclusion

F̂

(m+k)
(B̂(pm+k)(OK)) ⊂ F̂

(m)
(B̂(pm)(OK)).

Corollary 2.6.2. For every pro-finite extension L/K, we have the isomorphism:

B̂(pm)(OL)
F̂
(m)

−→ B̂(OL), for every m.

Proof. It is proved by taking the direct limit over all finite intermediate extensions.
The injectivity is due to (22). �
2.7. The proof of Theorem 2. The statement (a) is a consequence of Proposition

2.6.1. Since H1(Γ, Â(OL)) ⊂ H1(K, Â) obviously holds, to prove (b), we only need

to show that H1(K, Â) ⊂ H1(Γ, Â(OL)), which is the kernel of the homomorphism
Φ∗. Therefore, it is enough to show that

H1(K, Â) ⊂ H1(Γ, A(L))p,

because Â is the kernel of the reduction map. Via the duality, the statement (a)
and Corollary 2.3.3 together assert that the above inclusion is equivalent to

NL/K(B(L)p) ⊂ Â(OK).

Thus, the statement (b) can be proved by applying the following:

Lemma 2.7.1. If L/K is ramified, then NL/K(B(L)p) = NL/K(B̂(OL)) ⊂ Â(OK).

Proof. For a given finite intermediate extension F/K of L/K, choose a ramified
intermediate Zp-extension L′/F of L/F and let L′

0/F denote its maximal unram-
ified intermediate extension. Let m be the exponent of B̄(FL′)p (which is a fi-
nite p-group) and let F ′/L′

0 be the mth layer of the Zp-extension L′/L′
0. Sup-

pose x ∈ NL/K(B(L)p) and y ∈ B(F ′)p are such that NF ′/K(y) = x. Since

Gal(F ′/L′
0) fixes the reduction of y, we have NF ′/L′

0
(y) ∈ B̂(OL′

0
) and hence

z := NF ′/F (y) = NL′
0/F

(NF ′/L′
0
(y)) is contained in B̂(OF ). Therefore, x =

NF/K(z) ∈ NF/K(B̂(OF )). �
Suppose L0/K is a finite intermediate extension of L/K and let L′

0/K be its
maximal unramified intermediate extension. Then by Lang’s Theorem,

H1(Gal(L′
0/K), Ā(FL′

0
)) = H2(Gal(L′

0/K), Ā(FL′
0
)) = 0.

Therefore, the Hochschild-Serre spectral sequence implies that

H1(L0/K, Ā(FL0
)) = H1(L0/L

′
0, Ā(FL0

))Gal(L′
0/K) = Hom(Gal(L0/L

′
0), Ā(FK)).

The second part of (c) is proved by taking the direct limit over L0.
If L/K is unramified, then by Lemma 3.3.1 and Lang’s Theorem, both

H1(Γ, A(L)) and H1(Γ, Ā(FL)) are trivial and there is nothing remaining to prove.
Suppose L/K is ramified. By (a) and Lemma 2.7.1, we can identify Im(Φ∗) with

the dual group of the quotient B̂(OK)/NL/K(B̂(OL)). Thus, the surjectivity of Φ∗
is equivalent to the equality

(24) |B̂(OK)/NL/K(B̂(OL))| = |H1(Γ, Ā(FL))|.
Assume that the inertia subgroup of Γ is of finite index. Then Ā(FL) is finite. If

m is greater than the exponent of Ā(FL)p, then by Lemma 2.2.1 the exact sequence

0 −→ Â(pm)(OL) −→ A(pm)(L)p −→ Ā(pm)(FL)p −→ 0



A GENERALIZED MAZUR’S THEOREM AND ITS APPLICATIONS 4445

splits. In particular, the map H1(Γ, A(pm)(L))
Φ(m)

∗−→ H1(Γ, Ā(pm)(FL)) induced from
the reduction map is surjective. By the criterion (24), the order of the group

B̂(pm)(OK)/NL/K(B̂(pm)(OL)) is equal to that of H1(Γ, Ā(FL)). But Corollary

2.6.2 says that F̂
(m)

induces an isomorphism

B̂(pm)(OK)/NL/K(B̂(pm)(OL))
∼−→ B̂(OK)/NL/K(B̂(OL)).

By the criterion (24) again, the map Φ∗ is surjective.
In general, we choose an intermediate Ze

p-extension L1/K of L/K so that the
inertia subgroup of Gal(L1/K) is of finite index and L/L1 is unramified. Then we
apply the commutative diagram:

H1(L1/K,A(L1)) ↪→ H1(L/K,A(L))
↓ ↓ Φ∗

H1(L1/K, Ā(FL1
)) = H1(L/K, Ā(FL)),

where the first down-arrow is surjective and the identity is from the second part of
(c).

3. The Selmer groups

In this section, we prove Theorem 4 and Theorem 5 by using Theorem 3. Let
K be a global field of characteristic p and let L/K be a Zd

p-extension unramified
outside a finite set S of places of K.

3.1. The torsion points. Let Γ0 denote the stabilizer of A(L)tor,p for the action
of Γ := Gal(L/K) and let L0 denote the fixed field of Γ0. We call a pro-p Galois
extension pro-p cyclic if its Galois group is either finite cyclic or isomorphic to Zp.

Lemma 3.1.1. Let the notation be as above. Assume that A has either good or-
dinary reduction or split multiplicative reduction at each place of S. Then there is
a finite intermediate extension K0/K ⊂ L0/K such that L0/K0 is a pro-p cyclic
extension.

Proof. Note that if A has good, ordinary reduction at a place v, then A/Kv is
ordinary and hence KvL0 is unramified over Kv (Lemma 2.5.1(b)). Also, if A has
split multiplicative reduction at some v ∈ S so that Ω = 〈Q1, ..., Qg〉 ⊂ (Kv)

g is
the period lattice with Qi = (Qi,1, ..., Qi,g), Qi,j ∈ K∗

v , then

KvL0 ⊂ Kv ∩
∞⋃

n=1

Kv(Q
1/pn

1,1 , ..., Q1/pn

g,g ) = Kv.

This shows that L0/K is everywhere unramified.
We then apply the global class field theory (cf. [Tat67]) which tells us that the

Galois group WK,p of the maximal everywhere unramified pro-p abelian extension
of K fits into an exact sequence

0 −→ CK,p −→ WK,p
deg−→ Zp −→ 0,

where CK,p is the p-Sylow subgroup of the class group of K and deg is induced from
the degree map on the group of ideles. We choose a subgroup W0 � Zp of WK,p

and choose K0 to be the fixed field of W0 under the action of WK,p on L0. �
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3.2. Cohomology groups of the torsion points. In the next step, our goal is
to bound, for i = 1, 2, the order of the cohomology group Hi(L′/K,A(L′)tor,p),
where L′/K is a finite intermediate field extension of some given Zd

p-extension. To
achieve this goal, we first establish the following lemma in which G is a finite p-
abelian group with d generators acting on a finite p-abelian group M . We assume
that there is a subgroup H0 ⊂ G such that G/H0 is cyclic and MH0 = M . The
following is similar to the estimate in [BL06].

Lemma 3.2.1. Let the notation and conditions be as above. Then we have

(25) |H1(G,M)| ≤ |MG|d

and

(26) |H2(G,M)| ≤ |MG|d2

.

Proof. Consider the inflation-restriction exact sequence:

0 −→ H1(G/H0,M
H0) −→ H1(G,M)

res−→ H1(H0,M)G/H0 .

We shall bound the orders of ker(res) and Im(res). Since G/H0 is cyclic, by
computing the Herbrand quotient, we see that the order of H1(G/H0,M

H0) equals
|MG/N|, where N is the image of the norm map NG/H0

: M = MH0 −→ MG.
Also, since M is fixed by the action of H0, we have

H1(H0,M)G/H0 = Hom(H0,M
G).

To proceed further, choose a basis e1, ..., ec of G, for some c ≤ d, so that e′1 :=
pme1, e2, ..., ec, for some non-negative integer m, form a basis of H0. The cocycle
condition implies that if ρ is a 1-cocycle representing a class in H1(G,M), then
the value ρ(e′1) equals NG/H0

(ρ(e1)). This implies that the image of res must be
contained in the subgroup

{φ ∈ Hom(H0,M
G) | φ(e′1) ∈ N},

whose order is bounded by |MG|c−1 · |N |. Therefore, the inequality (25) holds,
since

| ker(res)| · | Im(res)| ≤ |MG/N| · |MG|c−1 · |N |.
We prove the inequality (26) by induction on d. The case where d = 1 is easy,

since H2(G,M) = MG/NG(M). If d > 1, we choose a cyclic subgroupH1 ⊂ H0 such
that G/H1 is generated by d−1 elements. According to the associated Hochschild-
Serre spectral sequence (cf. [Sha72]), we have the exact sequences

0 −→ E2
1 −→ H2(G,M) −→ H2(H1,M)G/H1

and
H2(G/H1,M

H1) −→ E2
1 −→ H1(G/H1,H

1(H1,M)).

Therefore, the desired bound for the order of H2(G,M) can be derived from the
following lemma. �

Lemma 3.2.2. Under the above assumptions, we have

|H2(G/H1,M
H1)| ≤ |MG|(d−1)2 ,(27)

|H1(G/H1,H
1(H1,M))| ≤ |MG|d−1,(28)

|H2(H1,M)G/H1 | ≤ |MG|d.(29)
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Proof. The inequality (27) is in fact the induction hypothesis. To show (28), we first
note that since H1 is cyclic and acting trivially on M , the group N := H1(H1,M)
satisfies NG = Hom(H1,M

G) and |NG| ≤ |MG|. In view of this, we see that the
inequality (25) for the pair (G/H1, N) implies (28).

Again, since H1 is cyclic, acting trivially on M , we have

H2(H1,M)G/H1 = (M/plM)G/H1 ,

where pl is the order of H1. To bound the order of this group, we consider the
exact sequence

MG −→ (M/plM)G/H1 −→ H1(G/H1, p
lMG),

which is induced from

0 −→ plM −→ M −→ M/plM −→ 0.

We have

|H1(G/H1, p
lMG)| = |Hom(G/H1, p

lMG)| ≤ |MG|d−1.

�

Corollary 3.2.3. Suppose that K is a local field of characteristic p, L/K is a Zd
p-

extension and A/K is an abelian variety with good, ordinary reduction. Then for
every finite intermediate extension L′/K ⊂ L/K we have

|H1(L′/K,A(L′)tor,p)| ≤ |A(K)tor,p|d

and

|H2(L′/K,A(L′)tor,p)| ≤ |A(K)tor,p|d
2

.

Proof. Corollary 2.1.3(b) says that A(L)tor,p is unramified. Let L0/K be the
maximal unramified intermediate extension of L/K and put G = Gal(L′/K),
H0 = Gal(L′/L0 ∩ L′). Then apply Lemma 3.2.1. �

Corollary 3.2.4. Suppose that A, K, L satisfy the condition of Lemma 3.1.1.
Let F/K be a finite intermediate extension of L/K. Then for every intermediate
extension L′/F ⊂ L/F , the orders of H1(L′/F,A(L′)tor,p) and H2(L′/F,A(L′)tor,p)
are bounded. Furthermore, if d = 1, then the bounds can be chosen to be independent
of F .

Proof. Let K0 ⊂ L0 ⊂ L be as in Lemma 3.1.1. Without loss of generality, we
may assume that F = K for the proof of the first statement. Put K ′

0 = L′ ∩K0,
G = Gal(L′/K ′

0) and H0 = Gal(L′/L0 ∩ L′). Obviously, A(K ′
0)tor,p is contained in

A(K0)tor,p. Therefore, from Lemma 3.2.1 we see that for j = 0, 1, 2, the order of the

Gal(K ′
0/K)-module Hj(L′/K ′

0, A(L′)tor,p) is bounded by |A(K0)tor,p|d
j

, which is

independent of L′. This implies that the orders |Hi(K ′
0/K,Hj(L′/K ′

0, A(L′)tor,p))|,
for i + j = 1, 2, are also bounded. Then we use the Hochschild-Serre spectral
sequence

Hi(K ′
0/K,Hj(L′/K ′

0, A(L′)tor,p)) =⇒ Hi+j(L′/K,A(L′)tor,p)

to verify the first statement.
Now consider the case where d = 1. Let Kn be the nth layer of L/K. Using the

Herbrand quotient, we see that for F = Kn,

|H1(L′/F,A(L′)tor,p)| = |H2(L′/F,A(L′)tor,p)| ≤ |A(Kn)tor,p|.
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This bound increases with n. To find a bound independent of n, we first note that
A(L)tor,p is cofinitely generated over Zp and consider the p-divisible part A(L)tor,∞
of A(L)tor,p. Let T denote the finite quotient A(L)tor,p/A(L)tor,∞, and let n0 be a
positive integer such that if n ≥ n0, then A(Kn)tor,p contains A[p2]∩A(L)tor,p and
is sent surjectively onto T by the projection A(L)tor,p −→ T .

Suppose n ≥ n0 and Q ∈ A(Kn) ∩ A(L)tor,∞. Let Q′ ∈ A(L)tor,∞ be such
that pQ′ = Q. Then for each σ ∈ Gal(L/Kn), the point Pσ := σQ′ − Q′ is
contained in A[p] ∩ A(L)tor,∞ ⊂ A(Kn). Thus, the assignment σ 	→ Pσ gives rise
to a ξQ ∈ Hom(Gal(L/Kn), A[p]). Then we have pξQ = 0, and hence Pσ = 0 for
σ ∈ Gal(L/Kn+1). This shows that Q

′ ∈ A(Kn+1) ∩A(L)tor,∞.
Note that A[p]∩A(L)tor,∞ is a subgroup of p(A(Kn)∩A(L)tor,∞) and is contained

in NKn+1/Kn
(A(Kn+1) ∩ A(L)tor,∞). Also, Q can be expressed as the difference

NKn+1/Kn
(Q′)−

∑
σ∈Gal(Kn+1/Kn)

Pσ. Therefore, Q is contained in the intersection

NKn+1/Kn
(A(Kn+1) ∩A(L)tor,∞). This shows that

A(Kn) ∩A(L)tor,∞ ⊂ NKm/Kn
(A(Km) ∩ A(L)tor,∞), if m ≥ n.

Therefore, we have, for F = Kn, L
′ = Km, m ≥ n ≥ n0,

|H2(L′/F,A(L′)tor,p)| = |A(Kn)tor,p/NKm/Kn
(A(Km)tor,p)| ≤ |T |.

We can choose |A(Kn0
)tor,p| as the desired bound, since it is an upper bound of |T |

and |A(Kn)tor,p| for n ≤ n0. �

3.3. The proofs of Theorem 4 and Theorem 5. We first prove Theorem 4. Let
S(F ) denote the set of places of F sitting over S. Let L′/F be a finite intermediate
extension of L/F and put G = Gal(L′/F ). For m = 1, 2, ...,∞, consider the
restriction map

resm : H1(F,A[pm]) −→ H1(L′,A[pm])G,

and define

Selp∞(L′/F ) := {η ∈ H1(F,A[p∞]) | res∞(η) ∈ Selp∞(L′)}.

Then Selp∞(F ) ⊂ Selp∞(L′/F ) and for the restriction map

resL′/F : Selp∞(F ) −→ Selp∞(L′)G,

we have the inequalities:

(30) | ker(resL′/F )| ≤ | ker(res∞)|

and

(31) | coker(resL′/F )| ≤ | coker(res∞)| · | Selp∞(L′/F ) : Selp∞(F )|.

For every m apply the Hochschild-Serre spectral sequence ([Mil80], p. 105)

Hi(G,Hj(L′,A[pm])) =⇒ Hi+j(F,A[pm]).

The spectral sequence says that ker(resm) equals H1(G,A[pm](L′)) and coker(resm)
is isomorphic to a subgroup of H2(G,A[pm](L′)). We have A[pm](L′) = A(L′)[pm],
which equals A(L′)tor,p for m large enough. By letting m go to ∞ and by applying
Corollary 3.2.4, we conclude that the orders | ker(res∞)|, | coker(res∞)| have finite
upper bounds independent of L′. Also, if d = 1, these bounds can be chosen to be
independent of F .
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Consider the exact sequence

(32) 0 −→ Selp∞(F ) −→ Selp∞(L′/F ) −→
⊕
v

H1(Lv/Fv, A(Lv)),

where in the right term v runs through all places of F . We have

(33) IL′/F := Selp∞(L′/F )/ Selp∞(F ) ⊂
∏
v

H1(Lv/Fv, A(Lv)).

It remains to show that the index |IL′/K | has an upper bound that is independent
of L′.

Suppose that v �∈ S and let Fv denote the residue field. Then Lv ⊂ K̄un
v ,

the maximal unramified extension of Kv, and consequently, H1(Lv/Kv, A(Lv)) is a
subgroup (through the inflation map) of H1(K̄un

v /Kv, A(K̄un
v )). Let π0(A) be the

group of connected components of the special fiber of the Néron model of A at v
and let mv be the order of π0(A)Gal(F̄v/Fv).

Lemma 3.3.1. If Lv/Kv is unramified, then |H1(Lv/Kv, A(Lv))| ≤ mv. In par-
ticular, if A has good reduction at v, then the group H1(Lv/Kv, A(Lv)) = 0.

Proof. By Proposition I.3.8, [Mil86], we have

H1(K̄un
v /Kv, A(K̄un

v )) = H1(K̄un
v /Kv, π0(A)).

Observe that for each finite unramified (and hence cyclic) extension K ′
v/Kv the

group order |H1(K ′
v/Kv, π0(A))| = |Ĥ0

(K ′
v/Kv, π0(A))| is bounded by mv. Then

we see that mv also bounds the order of H1(K̄un
v /Kv, π0(A)), which is in fact the

union of all H1(K ′
v/Kv, π0(A)). �

If v splits completely in L, then the cohomology group H1(Lv/Fv, A(Lv)) is
trivial. We apply Theorem 3 (for v ∈ S) and conclude that

|IL′/F | ≤ BF :=
∏

v∈S(F )

|Ā(Fv)p|d+1 ·
∏

v/∈S(F )

mv.

Here, in the second product, v runs through all the places not splitting completely
in L. Therefore, the index |IL′/K | has a finite upper bound that is independent
of L′. Since coker(resL/F ) is the direct limit of coker(resL′/F ), the first statement
of Theorem 4 is proved. Moreover, if d = 1 and v0 is a place of K not splitting
completely in L, then the decomposition group of v0 is a non-trivial closed subgroup
of Γ � Zp with finite index, and hence the number of places of L sitting over v0 is
finite. This implies that the number of places of F sitting over v0 is bounded as F
varies. Therefore, the product BF has an upper bound that is independent of F .
This completes the proof of Theorem 4.

To prove Theorem 5, we use the Nakayama lemma. We need to show that for
each finite intermediate extension L′/K ⊂ L/K, the order of the p-torsion subgroup
of coker(resL′/K) is bounded. We apply Corollary 3.2.4 again and use an argument
similar to the above. By (33), we reduce the proof to showing that the group∏

v H
1(Lv/Kv, A(Lv)) is co-finitely generated. By Theorem 3 and Lemma 3.3.1,

we need to show that if A has split multiplicative reduction at v ∈ S, then the local
cohomology group H1(Lv/Kv, A(Lv)) is co-finitely generated. For this, we use the
exact sequence

0 −→ Ω −→ ((Lv)
∗)g −→ A(Lv) −→ 0,
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where Ω = 〈Q1, ..., Qg〉 is the local period lattice. Hilbert’s theorem 90 implies that

H1(Lv/Kv, A(L′
v)) is isomorphic to a subgroup of

H2(Gal(Lv/Kv),Ω) � H2(Gal(Lv/Kv),Z
g) � H1(Gal(Lv/Kv), (Q/Z)g).

Obviously, this group contains at most pdg elements of order p.
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