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INCREASING THE GAP BETWEEN DESCRIPTIONAL

COMPLEXITY AND ALGORITHMIC PROBABILITY

ADAM R. DAY

Abstract. The coding theorem is a fundamental result of algorithmic infor-
mation theory. A well-known theorem of Gács shows that the analog of the
coding theorem fails for continuous sample spaces. This means that descrip-
tional monotonic complexity does not coincide within an additive constant
with the negative logarithm of algorithmic probability. Gács’s proof provided
a lower bound on the difference between these values. He showed that for infin-
itely many finite binary strings, this difference was greater than a version of the
inverse Ackermann function applied to string length. This paper establishes
that this lower bound can be substantially improved. The inverse Ackermann
function can be replaced with a function O(log(log(x))). This shows that in
continuous sample spaces, descriptional monotonic complexity and algorithmic
probability are very different. While this proof builds on the original work by
Gács, it does have a number of new features; in particular, the algorithm at
the heart of the proof works on sets of strings as opposed to individual strings.

1. Introduction

In this paper we seek to analyze the relationship between two different ways of
understanding the intrinsic algorithmic randomness of strings and real numbers. In
the setting of discrete spaces, a cornerstone of the theory of prefix-free Kolmogorov
complexity is the coding theorem.1 This theorem says that the negative logarithm
of the probability that a string is the output of a universal prefix-free machine
coincides, within some additive constant, with the length of its shortest description.
It has been suggested that this ties two fundamental principles together: Bayes’
theorem and Occam’s razor [4, 7]. Certainly, the result lends support to the belief
that prefix-free complexity is a natural measure of the algorithmic randomness of
strings.

In continuous sample spaces, the issue is less clear. Perhaps the most natural
way of investigating complexity for real numbers in Cantor space is using monotone
machines. One justification for this view is that the probability that a string is the
output of a universal monotone machine (the algorithmic probability) is an optimal
continuous semimeasure on Cantor space (see Theorem 4 due to Levin [6]). We will
use Km(σ) to indicate the monotonic descriptional complexity of a string σ and
KM(σ) for the negative logarithm of its algorithmic probability. Levin conjectured
that the natural analog of the coding theorem held in the setting of continuous
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sample spaces as well, i.e. that Km and KM would coincide within an additive
constant. Gács, however, showed that this was not the case [4].

Theorem 1 (Gács). For any d ∈ N, there exists a finite binary string σ such that

Km(σ)−KM(σ) > d.

One is naturally led to investigate the relationship between a given d and the
corresponding σ. What Gács actually proved was that there exists some version of
the inverse Ackermann function A−1, such that for infinitely many strings σ, the
difference between Km(σ) and KM(σ) exceeded A−1(|σ|) (see Theorem 6). The
inverse Ackermann function is extremely slow growing. If the difference between
these two complexities was no more than A−1, then the difference might be seen as
essentially negligible. Since Gács’s result, over twenty-five years ago, an important
open question in algorithmic information theory has been whether this lower bound
on the difference between Km and KM can be improved. The goal of this paper
is to show that this lower bound can be improved substantially from the inverse
Ackermann function to c log log |σ| for some constant c. The conclusion is that in
continuous sample spaces these concepts are very different indeed.

Before giving a detailed statement of the theorem we will prove, we will review
prefix-free machines and monotone machines. We will see how both these machines
relate to certain types of measures.

1.1. Basic definitions, results and conventions. The set of all binary strings
of length n, the set of all finite binary strings, and the set of all infinite binary
strings will be denoted by {0, 1}n, 2<ω, and 2ω respectively. The empty string will
be represented by λ. The relation � on 2<ω × (2<ω ∪ 2ω) is defined by σ � τ if σ is
an initial segment of τ . If σ � τ or τ � σ, then σ and τ are said to be comparable.
This will be written σ ≈ τ . Otherwise, σ and τ are incomparable and this will be
written σ | τ . The operation of appending a string τ to the end of a finite string σ
will be represented by στ . If Σ,Υ ⊆ 2<ω, then ΣΥ = {συ : σ ∈ Σ and υ ∈ Υ}.

Cantor space is the topology on 2ω defined by taking {[σ] : σ ∈ 2<ω}, where
[σ] = {σα : α ∈ 2ω}, as a basis of open sets. If X ⊆ 2<ω, then [X] =

⋃
σ∈X [σ].

The Lebesgue measure on Cantor space μ is the outer measure obtained by defining
μ([σ]) = 2−|σ| for all open sets [σ] in the basis where |σ| is the length of σ.

We need the following notion of effectiveness for the reals. The dyadic rationals
are Q2 = {z2−n : z ∈ Z, n ∈ N}. We say that a real α is left-c.e. if {q ∈ Q2 : q < α}
is a computably enumerable set. Note that it can be shown that α is left-c.e. if and
only if α = limn→∞ qn, for some nondecreasing computable sequence of {qn}n∈N

of dyadic rationals [8]. A function f : X → R is uniformly left c.e. if there is
computable function f : X × N → Q2, nondecreasing in the second variable such
that for all x ∈ X, f(x) = limn→∞ f(x, n). We call f : X×N → Q2 an enumeration
of f : X → R.

Logs used are all base 2 and are rounded up to the nearest integer value. By
convention log 0 = 0.

1.2. Prefix-free machines and the coding theorem. A subset X ⊆ 2<ω is
prefix-free if for all distinct σ, τ ∈ X, σ | τ . A prefix-free machine is a partial
computable function P : 2<ω → 2<ω such that the domain of P is prefix-free. It
is possible to enumerate all prefix-free machines P 0, P 1, . . . and then construct a
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universal prefix-free machine U , by defining U(0e1τ ) = P e(τ ). This allows us to
define the prefix-free complexity K as follows.

Definition. The prefix-free complexity K(σ) = min{|τ | : U(τ ) = σ}.
One reason prefix-free complexity has provided significant insight into algorith-

mic randomness is the ease with which prefix-free machines can be created. Often
there is no need to construct a prefix-free machine directly. A fundamental result
of algorithmic information theory is the coding theorem. This theorem establishes
a correspondence between prefix-free complexity and a class of measures. Rather
than build a prefix-free machine directly, it is often easier to construct a measure
from this class and invoke the coding theorem.

A discrete probability measure on 2<ω is a function mD : 2<ω → R≥0 such that∑
σ∈2<ω mD(σ) = 1. If we relax the requirement onmD to

∑
σ∈2<ω mD(σ) ≤ 1, and

require mD to be uniformly left c.e., then we call mD a c.e. discrete semimeasure.
We can think of a prefix-free machine P , as giving rise to a c.e discrete semimeasure
QP , where QP (σ) =

∑
P (τ)=σ 2

−|τ |. It turns out that this is the only way to create

a c.e. discrete semimeasure because given any c.e. discrete semimeasure mD, there
is a prefix-free machine P , such that mD = QP [2]. This fact gives us the following
theorem [7].

Theorem 2. If U is a universal prefix-free machine, then QU majorizes all c.e.
discrete semimeasures.

Where majorizes means that if mD is a c.e. discrete semimeasure, then there
exists a positive constant c ∈ R such that for all σ ∈ 2<ω, QU (σ) ≥ c ·mD(σ). The
relationship between c.e. discrete semimeasures and prefix-free machines does not
end here. The coding theorem tells us that K and − logQU agree within an additive
constant [7].2 Thus in discrete spaces, the length of the shortest description and
the algorithmic probability are really different ways of looking at the same thing.

Theorem 3 (The coding theorem). For all σ ∈ 2<ω,

K(σ) = − log(QU (σ)) +O(1).

1.3. Continuous semimeasures and monotone machines. A natural way to
view a real number is as an infinite binary sequence, i.e., an element of 2ω. Hence
real numbers can be thought of as points in Cantor space. To examine the random-
ness of reals, a natural tool to use would be a c.e. measure on Cantor space.

Definition. A c.e. continuous semimeasure is a uniformly left c.e. function m :
2<ω → R≥0 such that

(i) m(λ) ≤ 1, and
(ii) for all τ ∈ 2<ω, m(τ ) ≥ m(τ0) +m(τ1).

We noted that prefix-free machines give rise to c.e. discrete semimeasures. For
c.e. continuous semimeasures, the corresponding role is played by monotone ma-
chines.

Definition. A monotone machine L is a computably enumerable set of pairs of
finite binary strings 〈τ, σ〉 such that if 〈τ1, σ1〉, 〈τ2, σ2〉 ∈ L and τ1 � τ2, then
σ1 ≈ σ2.

2This is the same as saying that the weight of the shortest description of a string σ, 2−K(σ),
and QU (σ) agree within a multiplicative constant.
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For example, given a computable real α, a monotone machineM could be created
by enumerating 〈τ, α � n〉 into M at stage n. In this case, τ is a finite description
of α. One reason it can be argued that monotone machines are more suited for
characterizing the complexity of reals is that noncomputable reals can be considered
as limits of computable reals rather than limits of strings [1].

If L is a monotone machine, we take an enumeration of L and define Lt to be the
result of enumerating L for t steps. Again we can take an enumeration L0, L1, . . .
of all monotone machines and define a universal monotone machine U as follows:
we add 〈0e1τ, σ〉 to Ut if and only if 〈τ, σ〉 ∈ Le

t for some e ≤ t.

Definition. The monotonic descriptional complexity of a binary string σ is

Km(σ) = min{|τ | : ∃σ′ ∈ 2<ω such that 〈τ, σ′〉 ∈ U and σ � σ′}.
This definition is due to Levin [5]. It builds on earlier work by Levin and Zvonkin

[6]. Schnorr independently developed similar ideas [9]. Note that if τ is a description
of σ, then τ is a description of any initial segment of σ as well. We will need a
computable approximation to Km so we will take Km,t to be defined as above
except with Ut in place of U .

We noted that any c.e. discrete semimeasure could be described by a prefix-free
machine. The following theorem, due to Levin, shows that monotone machines play
an analogous role for c.e. continuous semimeasures [6].

Theorem 4 (Levin). (i) If L is a monotone machine, then the function ML :
2<ω → R≥0 defined by ML(σ) = μ([{τ : ∃σ′  σ(〈τ, σ′〉 ∈ L)}]) is a c.e.
continuous semimeasure.

(ii) If m is a c.e continuous semimeasure, then there exists a monotone ma-
chine L such that ML = m.

(iii) If U is a universal monotone machine, then MU majorizes all c.e. contin-
uous semimeasures.

If U is a universal monotone machine, we call MU (σ) the monotonic algorithmic
probability.3 Now if the coding theorem could be adapted to monotone machines
and c.e. continuous semimeasures as well, then we would have that Km(σ) =
− logMU (σ) + O(1). Gács showed this is false (Theorem 1). Hence there are two
types of complexity that arise from monotone machines. It is easier to consider
− logMU , so we we make the following definition, again due to Levin [5].

Definition. KM(σ) = − log(MU (σ)).

It is clear that for any σ, KM(σ) ≤ Km(σ) because if Km(σ) = n, then there
is some τ of length n and σ′  σ such that 〈τ, σ′〉 ∈ U , so MU (σ) ≥ μ([τ ]) = 2−n;
thus KM(σ) ≤ − log 2−n = n.

Gács proved that KM and Km do not agree within an additive constant. The
question is, how different are these two complexities? The following theorem gives
an upper bound on the difference between the two complexities [4], [11]. First we

inductively define logk x by log1 x = log x and logn+1 x = log logn x.

Theorem 5. For any k ∈ N, ε ∈ R>0, with k ≥ 1:

Km(σ) ≤ KM(σ) +K(|σ|) +O(1)

≤ KM(σ) + log |σ|+ log log |σ|+ . . .+ (1 + ε) logk |σ|+O(1).

3This is also known in the literature as the a priori complexity.



DIFFERENCE IN MONOTONE COMPLEXITIES 5581

This theorem is still true if Km is replaced by K [11]. It would be surprising
if this upper bound was tight as it would imply a prefix-free machine was just as
good at approximating KM as a monotone machine.

Now Gács’s proof of Theorem 1 was set in the context of integer strings (as
opposed to binary strings). However, out of the construction of the proof, Gács
developed the following lower bound for binary strings [4].

Theorem 6 (Gács). There exists a computable unbounded function A−1, where
A−1 is some version of the inverse Ackermann function such that for infinitely
many σ, Km(σ) > KM(σ) +A−1(|σ|).

The gap between the upper and lower bounds provided by Theorems 5 and 6
is enormous. In general, the upper and lower bounds between most Kolmogorov
complexities are very close [7], [11].

The goal of this paper is to prove a very strong lower bound. Our objective is
to prove the following theorem.

Theorem 7. If c ∈ R, and c < 1, then there exist infinitely many σ ∈ 2<ω such
that

Km(σ) > KM(σ) + c log log |σ|.

To show that this theorem holds, we will develop a proof that monotonic de-
scriptional complexity and monotonic algorithmic probability do not agree within
an additive constant. The improvement in the lower bound follows from the con-
struction used in the proof. This proof builds on the original work of Gács but is
more intricate. A main point of difference is that the algorithm at the heart of the
new proof works on sets of strings as opposed to individual strings. It is fair to say
that Gács’s theorem is not well understood. We hope that the new proof, as well as
improving the bound, clarifies the main ideas as to why Km and KM are different.

We now give a proof of Theorem 4. Levin outlined a construction to prove
part (ii) in [6]. However, as there does not seems to be any complete proof in the
literature, it is worthwhile presenting a proof in full.

Proof of Theorem 4. (i) Clearly ML(λ) ≤ μ([2<ω]) = 1. Secondly [{τ : ∃σ′ 
σ(〈τ, σ′〉 ∈ L)}] ⊇ [{τ : ∃σ′  σ0(〈τ, σ′〉 ∈ L)}] ∪ [{τ : ∃σ′  σ1(〈τ, σ′〉 ∈ L)}],
and [{τ : ∃σ′  σ0(〈τ, σ′〉 ∈ L)}] ∩ [{τ : ∃σ′  σ1(〈τ, σ′〉 ∈ L)}] = ∅ (because
L is a monotone machine). It follows that ML(σ) ≥ ML(σ0) + ML(σ1). ML is

uniformly left c.e., as ML(σ) = limt→∞ MLt
(σ) , MLt

(σ) ∈ Q
≥0
2 , and MLt

(σ) is
clearly nondecreasing in t.

(ii) We will make use of the following lemma:

Lemma 1. If T, S are two subsets of 2<ω such that ∀σ ∈ T ∪S, |σ| ≤ l, then there
exists a set R ⊆ {0, 1}l such that [R] = [T ] \ [S].

Proof. Let R = {σ ∈ {0, 1}l : [σ] ⊆ [T ] and [σ] ∩ [S] = ∅}. It quickly follows that
[R] ⊆ [T ], and [R] ∩ [S] = ∅ so [R] ⊆ [T ] \ [S]. Now if α ∈ [T ] \ [S], [α � l] ⊆ [T ]
because there must be some string of length ≤ l in T that covers α. No string in S
covers α and as all strings in S have length less than or equal to l, so [α � l]∩[S] = ∅.
Hence α � l ∈ R and so [T ] \ [S] ⊆ [R]. �
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Let m : 2<ω → R≥0 be any c.e. semimeasure. We can take an enumeration
m : 2<ω × N → Q2 of m such that for all t ∈ N:

(a) For all σ ∈ 2<ω, if |σ| ≥ t, then m(σ, t) = 0.
(b) There is at most one string σ such that m(σ, t+ 1) �= m(σ, t).
(c) If m(σ, t + 1) �= m(σ, t), then m(σ, t + 1) = m(σ, t) + n2−(t+1) for some

n ∈ N.
(d) For all σ ∈ 2<ω, m(σ, t) ≥ m(σ0, t) +m(σ1, t).

Given this enumeration of m, we construct a monotone machine L using an
enumeration of L that has a certain set of properties. First define Dt(σ) = {τ ∈
2<ω : 〈τ, σ〉 ∈ Lt}. We will ensure that our enumeration of L has the following
properties, for all σ ∈ 2<ω and t ∈ N:

(a) Lt is a monotone machine.
(b) Dt(σ) is a prefix-free set.
(c) μ([Dt(σ)]) = m(σ, t).
(d) If τ ∈ Dt(σ), then |τ | ≤ t.
(e) If σ ≺ σ′, then [Dt(σ)] ⊇ [Dt(σ

′)].

The construction of L proceeds as follows. Set L0 = ∅. L0 has the desired
properties trivially.

At stage t + 1, if for all σ such that |σ| < t, m(σ, t + 1) = m(σ, t), then let
Lt+1 = Lt; i.e. if the semimeasure does not change, then do not change the
machine. Otherwise, let σ be the unique string such that m(σ, t + 1) �= m(σ, t).
Let n ∈ N be such that m(σ, t + 1) = m(σ, t) + n2−(t+1). If σ �= λ, then let
ρ = σ � (|σ| − 1). By the properties of our enumeration of L it follows that

μ([Dt(ρ)] \ ([Dt(ρ0)] ∪ [Dt(ρ1)]) = μ([Dt(ρ)])− μ([Dt(ρ0)])− μ([Dt(ρ1)])

= m(ρ, t)−m(ρ0, t)−m(ρ1, t)

≥ n2−(t+1).

The first equality holds because ([Dt(ρ0)] ∪ [Dt(ρ1)]) ⊆ [Dt(ρ)], and as Ls is a
monotone machine, [Dt(ρ0)]∩ [Dt(ρ1)] = ∅. By Lemma 1, there is a set R of strings
of length t+1 such that [R] = [Dt(ρ)]\ ([Dt(ρ0)]∪ [Dt(ρ1)]). So μ([R]) ≥ n2−(t+1).
We choose n strings of length t+1 from R and let this set be Tt. If σ = λ, then we
find a set R ⊆ {0, 1}t+1 such that [R] = [λ] \ [Dt(λ)]; take Tt to be n strings from
this R.

Set Lt+1 = Lt ∪ {〈τ, σ〉 : τ ∈ Tt}.
We will show that the desired properties of our enumeration of L hold. Lt+1 is

a monotone machine. If σ = λ, this is trivial as λ is comparable with any string.
If σ �= λ, then take any τ ∈ Tt and consider any υ ≺ τ such that 〈υ, π〉 ∈ Lt. We
will show that π ≺ σ. First note, because of the way we selected τ , there exists
some τ ′ ≺ τ with 〈τ ′, ρ〉 ∈ Ls. Hence τ ′ ≈ υ so π ≈ ρ. If π  ρ0 or π  ρ1, then
[υ] ⊆ ([Dt(ρ0)]∪ [Ds(ρ1)]) and so τ would not have been chosen. Hence π � ρ ≺ σ.

Dt+1(σ) is a prefix-free set because Dt(σ) and Tt are prefix-free and none of the
elements in Tt extend elements in Dt(σ). μ([Dt+1(σ)]) = μ([Dt(σ)]) + μ([Tt]) =
m(σ, t) + n2−(t+1) = m(σ, t+ 1). The final two properties hold by construction.
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As for all t, Lt is a monotone machine, it follows that L is a monotone machine.
Note that MLt

(σ) = μ([Dt(σ)]), by property (e). This gives us that for all σ ∈ 2<ω,

ML(σ) = lim
t→∞

MLt
(σ)

= lim
t→∞

μ([Dt(σ)])

= lim
t→∞

m(σ, t) = m(σ).

(iii) Follows from (ii) and the universality of U . �

2. Overview of proof

From now on we will refer to a c.e. continuous semimeasure as just a c.e.
semimeasure. We will also drop the word monotonic and just talk about descrip-
tional complexity and algorithmic probability. We know that MU majorizes all c.e.
semimeasures. So, if it was true that Km(σ) = KM(σ) + O(1), then for any c.e.
semimeasure m that we could construct, there would be some constant c such that
Km(σ) ≤ −log(m(σ))+ c. The general approach of the proof will be to build a c.e.
semimeasure for which this is false. This means constructing a c.e. semimeasure m
with the property that ∀c ∈ N, ∃σ ∈ 2<ω such that KM (σ) > −log(m(σ)) + c.

Of course we want to do more than this and prove Theorem 7. This result will
come out of the construction used in the proof. For now we will just focus on
showing that Km and KM are different. We will leave the analysis of the size of
the difference until later.

Another way to look at this problem is to consider whether for any n ∈ N, we
can construct a semimeasure m such that m(λ) ≤ 2−n and there exists a σ such
that Km(σ) > − log(m(σ)). Viewing the problem this way helps simplify the proof
a little. This is because we can build a c.e. semimeasure a(σ) such that:

(i) a(1) ≤ 1
2 , a(01) ≤

1
8 , and for all i ∈ N, a(0i1) ≤ 2−2i−1,

(ii) for all i ∈ N, a(0i) =
∑

j∈N
a(0i+j1),

(iii) for all i ∈ N there exists a σ such that Km(0i1σ) > − log(a(0i1σ)).

Then we can scale the semimeasure a to construct a new semimeasure m with
the desired properties.

Proposition 1. If such a semimeasure exists, then Theorem 1 holds.

Proof. From a we can define a c.e. semimeasure m by for all σ ∈ 2<ω, i ∈ N:
m(0i1σ) = 2ia(0i1σ) and m(0i) =

∑
j∈N

m(0i+j1).

From this definition, for all σ, m(σ) ≥ m(σ0) +m(σ1). Also

m(λ) =
∑
i∈N

m(0i1) =
∑
i∈N

2ia(0i1) ≤
∑
i∈N

2i2−2i−1 ≤ 1,

so m is a c.e. semimeasure.
As MU majorizes all c.e. semimeasures, there is some d, such that MU (σ) ≥

2−dm(σ). Thus KM(σ) ≤ − log(2−d ·m(σ)) = − log(m(σ)) + d.
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Now given any c ∈ N, choose i ≥ c+ d. By our hypothesis on a, there is some σ
such that

Km(0i1σ) > − log(a(0i1σ))

= − log(2−im(0i1σ))

= − log(m(0i1σ)) + i

≥ − log(m(0i1σ)) + c+ d

≥ KM(0i1σ) + c. �

Note that we could use the recursion theorem to determine the constant d in the
above proof. However, this is not necessary for our construction.

2.1. The game: c.e. semimeasures vs. monotone machines. a is c.e., so
we can construct it in stages depending on some computable enumeration of the
universal monotone machine U . We will start with a(σ, 0) = 0 for all σ ∈ 2<ω. At
each stage t + 1, we have the option of choosing a single string ρ and a positive
integer x such that a(λ, t) + 2−x ≤ 1, and defining a(σ, t+ 1) as follows:

a(σ, t+ 1) =

{
a(σ, t) + 2−x if σ � ρ,

a(σ, t) otherwise.

In the rest of the proof we will simply write a(ρ, t + 1) = a(ρ, t) + 2−x to refer
to this process. If we select ρ at stage t + 1 and a(ρ, t) = 0 we will simplify the
notation further and write a(ρ, t+1) = 2−x. If no such ρ is chosen for a stage t+1,
then this simply means that a(σ, t+ 1) = a(σ, t) for all σ.

Our objective is to construct a c.e. semimeasure a that meets the following
requirements for all i ∈ N:

Ri : a(0
i1) ≤ 2−2i−1 and ∃σ such that Km(0i1σ) > − log(a(0i1σ)).

For most of this proof we will focus on meeting a single requirement Ri for some
arbitrary i. Once we can achieve a single requirement, it will be relatively easy to
meet all requirements.

A natural way to view this construction is as a game between us constructing
the semimeasure and an opponent constructing the universal monotone machine.
For example, in order to meet the requirement that there is some string 1σ such
that Km(1σ) > −log(a(1σ)) we could choose a string σ and set a(1σ, 1) = 2−r.
Then we could wait and see if a pair 〈τ, 1σ′〉 is enumerated into U where |τ | ≤ r
and σ � σ′. If such a pair is not enumerated into U , then the requirement is met
because Km(1σ) > r = − log(a(1σ)). If such a pair is enumerated into U , then we
can make another change to a at some future stage.

We need to develop a construction of a such that no matter how our opponent
enumerates U , the requirements on a are met. We only have a finite amount of
measure that we can use, and similarly, our opponent only has a finite number of
descriptions of any length. Our goal is to make our opponent run out of suitable
descriptions before we run out of measure. There are some fundamental concepts
used by Gács in his proof of Theorem 6 that we will make use of. We will introduce
one of these with the following example.

Example 1. We choose a string σ and set a(σ, 1) = 2−4. Now our opponent
must respond to this by ensuring that Km(σ) ≤ 4. To do this, the opponent must
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enumerate some pair 〈τ, σ′〉 into U , where |τ | ≤ 4 and σ′  σ. Let us suppose
that the opponent enumerates 〈0000, σ〉 into U . Here comes the trick. Either it
is possible for the opponent to add 〈000, σ〉 into U or not. If not, we can set
a(σ, 2) = a(σ, 1) + 2−4 = 2−3. Now as it is not possible for the opponent to add
〈000, σ〉 to U , so the opponent must find a new string, say 001, and add 〈001, σ〉
to U . However, in this case, the opponent has used both 0000 and 001 to describe
σ, a waste of resources. Alternatively, assume that the opponent can enumerate
〈000, σ〉 into U . We can think of our opponent as holding 000 as a description in
reserve for σ. Now we make this reservation useless. This is achieved by:

(i) Never again adding measure to a string comparable with σ.
(ii) Only using units of measure of size at least 2−3 from now on.

As we are using increments of measure of size 2−3 or more, our opponent must
always respond with strings of length at most 3. However, our opponent cannot use
000 because 000 can only be used to describe a string comparable with σ. Hence,
if we never increase the measure on a string comparable with σ our opponent can
never use 000. This makes 0001 a gap in the domain of U as it cannot be used to
respond to any of our increments in measure. Again this is a waste of our opponent’s
resources.

A proof of Theorem 1 can be developed by generalizing the approach of this
example. A first step towards this generalization is the following. We take a string
σ. We have two integer parameters r, g with 0 < r < g. We want to increase the
measure on σ in increments of 2−g. Each time we increase the measure we want
the opponent to respond. To do this, we do not increase the measure on σ directly
but on some extension of σ. Let Ξ = {σ}{0, 1}g−r. We will take some ξ ∈ Ξ and
increase the measure on ξ instead. A first attempt at the algorithm we need is as
follows:

Algorithm 1. Let t be the current stage in the enumeration of U . Choose some
ξ ∈ Ξ that has not been used before (so a(ξ, t) = 0). If there is some description of
a string σ′ with σ′  σ in the domain of Ut that can be shortened to a description of
length r, then terminate the algorithm. Otherwise, we increase the measure on ξ by
2−g, and wait until a stage t′ when the opponent describes ξ with a string of length
at most g. If we have not used all elements of Ξ, then we let t = t′ and repeat. If
we have used all elements of Ξ, then the measure on σ must be |Ξ|2−g = 2−r so we
wait until the opponent uses a string of length r to describe σ.

If we apply this algorithm, then the opponent must either use a string of length
r to describe σ, or have some string that describes a string comparable with σ that
can be shortened to a string of length r. The crucial fact is this: at some point,
we increased the measure on σ by just 2−g, and the opponent had to respond by
finding a new string of length r. The string is new in the sense that it is not just
some initial segment of a string already used.

As it stands, this algorithm can only make a small gap between Km and KM .
The hard part is amplifying it. Amplification can be done by using the algorithm
recursively. In the algorithm above, we act by setting a(ξ, t) = 2−g for some ξ at
some stage t. However, rather than just directly increasing the measure on ξ, we
could instead run the algorithm again on some extension of ξ. This would have the
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effect of increasing the measure on ξ while forcing the opponent to waste even more
resources. However, to achieve this, a number of issues need to be dealt with:

• We want to make sure our algorithm increases the measure enough. Algo-
rithm 1 will increase the measure on σ somewhere between 2−g and 2−r.
This is too great a range.

• We need to ensure that any gaps the algorithm makes in the domain of U
are never used again. The algorithm above does not address this.

• Each time we use an extension of a string, we go deeper into the tree of
binary strings. We would like to minimize the depth that we go to in order
to get the best possible lower bound on the difference between Km and
KM .

The concepts in Example 1 and Algorithm 1 were used by Gács in his original
proof of Theorem 6.4 The approach of this paper is still based on these ideas but
differs from that of Gács in how the problems listed above are addressed.

The algorithm that we will present will make decisions based on the domain
of U . The question of whether there is a description of σ that can be shortened
will be crucial (e.g. whether or not 0000 could be shortened to 000 in Example
1). First we will define certain subsets of the domain of U . We will prove some
technical lemmas about how these sets change as the parameters defining them
change. These lemmas will be crucial to the verification of the proof. Secondly, we
will present the algorithm that establishes a gap between Km and KM . Thirdly,
we will verify that the algorithm works. Finally, we will analyze the algorithm to
show how it improves the lower bound.

3. Examining the domain of U

At any stage t, Ut tells us the options our opponent has left. In particular, Ut

tells us what our opponent can and cannot use certain strings for. We need a more
exact notion for the idea of the opponent shortening an existing description. In
his original proof, Gács came up with the notion of a string τ being reserved as a
description for σ. The idea is not just that the opponent can use τ to describe σ,
but additionally that the opponent cannot use τ to describe a string incomparable
with σ. For τ to be reserved for σ, the opponent must have already used a string
comparable with τ to describe an extension of σ.

There are really two ideas in this definition that are worth separating out and
making more explicit. First we will say that a string τ is fragmented by σ if some
string comparable to τ describes an extension of σ. This means the opponent
cannot use τ to describe a string incomparable with σ (otherwise U would not be
a monotone machine). Second, a string τ is incompatible with σ if some string
comparable with τ describes a string incomparable with σ. This means that τ
cannot be used to describe σ. Hence another way of saying that a string τ is
reserved for σ is that τ is fragmented by σ but τ is not incompatible with σ. As we
are not so much interested in particular descriptions, but descriptions of a certain
length, we will make the following definitions.

Definition. (i) The strings of length r fragmented by σ at stage t are:

Fr(σ, t) = {τ ∈ {0, 1}r : ∃〈τ ′, σ′〉 ∈ Ut((τ
′ ≈ τ ) ∧ (σ � σ′))}.

4An extended version of the original proof is available from Professor Gács’s home page.
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(ii) The strings of length r incompatible with σ at stage t are:

Ir(σ, t) = {τ ∈ {0, 1}r : ∃〈τ ′, σ′〉 ∈ Ut((τ
′ ≈ τ ) ∧ (σ | σ′))}.

(iii) The strings of length r reserved for σ at stage t are:

Rr(σ, t) = Fr(σ, t) \ Ir(σ, t).

Example 2. Assume at stage t, Ut = {〈00, 11〉, 〈000, 1〉, 〈000, 11〉, 〈001, 11〉,
〈011,01〉, 〈100,01〉, 〈110, 011〉,〈111, 1〉}.

If we consider the strings of length 2, working through the above definitions will
establish that F2(01, t) = {01, 10, 11}, I2(01, t) = {00, 11}, and R2(01, t) = {01, 10}.

The definitions given for Fr and Ir can be extended to sets of strings.

Definition. If Σ is a set of finite strings, then:

(i) Fr(Σ, t) =
⋃

σ∈Σ Fr(σ, t);
(ii) Ir(Σ, t) =

⋂
σ∈Σ Ir(σ, t).

We will explain later why we take the intersection in the definition of Ir(Σ, t).
The following lemmas show how the sets Fr(σ, t), Ir(σ, t), Fr(Σ, t), and Ir(Σ, t)
change as the parameters that define them vary.

Lemma 2.

(i) If r0 ≤ r1, then [Fr0(σ, t)] ⊇ [Fr1(σ, t)] and [Ir0(σ, t)] ⊇ [Ir1(σ, t)].
(ii) If σ0 � σ1, then [Fr(σ0, t)] ⊇ [Fr(σ1, t)] and [Ir(σ0, t)] ⊆ [Ir(σ1, t)].
(iii) If t0 ≤ t1, then [Fr(σ, t0)] ⊆ [Fr(σ, t1)] and [Ir(σ, t0)] ⊆ [Ir(σ, t1)].

Proof. i) If α ∈ [Fr1(σ, t)], then α � r1 ∈ Fr1(σ, t), so ∃τ ≈ α � r1 and σ′  σ such
that 〈τ, σ′〉 ∈ Ut. Now as r0 ≤ r1, τ ≈ α � r0, so α � r0 ∈ Fr0(σ, t) and hence
α ∈ [Fr0(σ, t)]. Similarly [Ir0(σ, t)] ⊇ [Ir1(σ, t)].

ii) If τ ∈ Fr(σ1, t), then ∃τ ′ ≈ τ and σ  σ1 such that 〈τ ′, σ〉 ∈ Ut. As
σ  σ1  σ0, so τ ∈ Fr(σ0, t). If τ ∈ Ir(σ0, t), then ∃τ ′ ≈ τ and ρ | σ0 such that
〈τ ′, ρ〉 ∈ Ut. As σ1  σ0, so σ1 | ρ and thus τ ∈ Ir(σ1, t).

iii) This follows because Ut0 ⊆ Ut1 . �

In summary [Fr(σ, t)] and [Ir(σ, t)] are both increasing in t and decreasing in
r. In length of σ, [Fr(σ, t)] is decreasing and [Ir(σ, t)] is increasing. To establish
similar results for Fr(Σ, t), and Ir(Σ, t), we need to define a relationship � between
sets of strings.

Definition. If Σ0,Σ1 ⊆ 2<ω, then Σ0 � Σ1 if for all σ1 ∈ Σ1, there exists a σ0 ∈ Σ0

such that σ0 � σ1.

Lemma 3. (i) If r0 ≤ r1, then [Fr0(Σ, t)] ⊇ [Fr1(Σ, t)] and [Ir0(Σ, t)] ⊇
[Ir1(Σ, t)].

(ii) If Σ0 � Σ1, then [Fr(Σ0, t)] ⊇ [Fr(Σ1, t)] and [Ir(Σ0, t)] ⊆ [Ir(Σ1, t)].
(iii) If t0 ≤ t1, then [Fr(Σ, t0)] ⊆ [Fr(Σ, t1)] and [Ir(Σ, t0)] ⊆ [Ir(Σ, t1)].

Proof. i) If τ ∈ Fr1(Σ, t), then for some σ ∈ Σ, τ ∈ Fr1(σ, t); thus by the previous
lemma, τ ∈ Fr0(σ, t) ⊆ Fr0(Σ, t).

If τ ∈ Ir1(Σ, t), then for all σ ∈ Σ, τ ∈ Ir1(σ, t); thus by the previous lemma,
τ ∈

⋂
σ∈Σ Ir0(σ, t) = Ir0(Σ, t).

ii) If α ∈ [Fr(Σ1, t)], then for some σ1 ∈ Σ1, α ∈ [Fr(σ1, t)]. There exists σ0 ∈ Σ0

such that σ0 � σ1, so by the previous lemma, α ∈ [Fr(σ0, t)] ⊆ [Fr(Σ0, t)].
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Consider if α ∈ [Ir(Σ0, t)], then for all σ0 ∈ Σ0, α ∈ [Ir(σ0, t)]. Now if σ1 ∈ Σ1.
then for some σ0 ∈ Σ0, σ0 � σ1. Because α ∈ [Ir(σ0, t)], so by the previous lemma,
α ∈ [Ir(σ1, t)]. Thus α ∈

⋂
σ1∈Σ1

[Ir(σ1, t)] = [Ir(Σ1, t)].
iii) If τ ∈ Fr(Σ, t0), then for some σ ∈ Σ, τ ∈ Fr(σ, t0); thus by the previous

lemma, τ ∈ Fr(σ, t1) ⊆ Fr(Σ, t1).
If τ ∈ Ir(Σ, t0), then for all σ ∈ Σ, τ ∈ Ir(σ, t); thus by the previous lemma,

τ ∈
⋂

σ∈Σ Ir(σ, t1) = Ir(Σ, t1). �

4. The main algorithm

We are going to describe an algorithm that can be used to prove Theorems 1
and 7. The algorithm will be allocated a certain amount of measure to spend on
the construction of the c.e. semimeasure a. It will also be given a set of strings Σ,
and it will only be able to increase the measure on extensions of these. Ultimately
we want the algorithm to establish some difference between Km(ρ) and − log(a(ρ))
for some string ρ that extends some element of Σ. We will argue that if this does
not happen, then some contradiction must ensue. The basic idea is to make the
opponent run out of short descriptions. Formalizing this idea is a little difficult.
We want to be able to say if we spend 2−r of measure on extensions of Σ, and
we do not establish a difference between Km and − log(a), then we can cause x
amount of something to happen to U (where U is the universal machine controlled
by the opponent). We will refer to this x, whatever it is, as the gain made by the
algorithm.

Now the most obvious measurement to use would be μ([Π1(Ut)]) (where Π1(Ut)
is the projection of Ut on the first coordinate) because this is analogous to the
domain of Ut. However, remember that part of the idea is to leave gaps in U that
the opponent cannot do anything useful with. The problem with this measurement
is that it does not account for gaps. An alternative is Fr(Σ, t), the strings of length
r that are fragmented by elements of Σ. This will count gaps as well. This is almost
what we need. The size of this set must be ≤ 2r. So if the algorithm ends at t1,
and we could ensure that |Fr(Σ, t1)| ≥ k for an arbitrary k, we would be done.
However, it is still more complicated than this. We will end up using the algorithm
we define recursively. When verifying the algorithm we do not want to double-count
any gain made. To make the verification possible, we will subtract [Ir′(Σ, t0)] from
[Fr(Σ, t1)], where r′ ≥ r and t0 is the time the algorithm starts. This is what we
will use to determine the gain made by the algorithm. The following definition,
where G is for gain, codifies this idea.

Definition. If Σ ⊆ 2<ω; r, r′, t0, t1 ∈ N such that r ≤ r′ and t0 ≤ t1, then:

Gr′

r (Σ; t0, t1) = [Fr(Σ, t1)] \ [Ir′(Σ, t0)].

Gr′

r (Σ; t0, t1) can be thought of as the gain the algorithm obtains using the strings
in Σ between stages t0 and t1, and using units of measure between r and r′. With
this definition in hand, we can define what sort of algorithm is needed. Note that
we describe an algorithm that works on a set of strings. The use of this type of
algorithm is a new feature of this proof.
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Definition. If r, f ∈ N, and Σ is a finite prefix-free subset of 2<ω, then an (r, f,Σ)-
strategy is an algorithm that, if implemented at stage t0, ensures that either:

(i) (a) There is some σ ∈ Σ such that for some σ′ extending σ, Km(σ′) >
− log(a(σ′)), and

(b) For all stages t, for all σ ∈ Σ, a(σ, t) < 5
42

−r; or
(ii) At some stage t1, for some r′ ≥ r computable from (r, f):

(a) For all σ ∈ Σ, 2−r ≤ a(σ, t1) <
5
42

−r, and

(b) μ(Gr′

r (Σ; t0, t1)) ≥
(
1 + f

2

)
a(Σ, t1), and

(c) For all Σ̂ ⊆ Σ,

μ(Gr′

r (Σ̂; t0, t1)) ≥
(
1 + f

2

)(
a(Σ, t1)− 2a(Σ \ Σ̂, t1)

)
,

where a(Σ, t) =
∑

σ∈Σ a(σ, t).

This definition is complicated, so we will take some time to explain it. The input
parameters for the strategy are r,f and Σ. Σ is a finite prefix-free set of binary
strings. These are the strings that the algorithm will work on. The r parameter
determines the measure that the algorithm should spend on every string in Σ. The
f parameter determines the amount of gain that the algorithm should make. First
we will establish the existence of an (r, 0,Σ)-strategy for any appropriate r; then
we will inductively establish the existence of (r, f + 1,Σ)-strategies assuming the
existence of (r, f,Σ)-strategies.

The definition gives two possible outcomes to a strategy. Outcome (i) is the
preferred outcome. If outcome (i) occurs, then we have established a difference
between Km and KM . However, if we do not achieve this, then outcome (ii) is at
least a step in the right direction. Provided f > 0, outcome (ii) ensures that some

difference between μ(Gr′

r (Σ; t0, t1)) and a(Σ, t1) is created.
In outcome (ii), condition (b) says that the gain on the set of strings Σ is bounded

below. We do not want the gain to be too concentrated on some particular subset
of Σ. The gain achieved need not be evenly distributed among the elements of
Σ, but it is important that this distribution is not too skewed. This is the reason
for condition (c). Condition (c) ensures that no individual string in Σ contributes
too much to the overall gain made. We need condition (c) because when we use
the algorithm recursively, we will not be able to count the gain that occurs on
some individual elements of Σ. Hence we do not want an individual element of Σ
providing too much of the overall gain. Note that (c) implies (b) by taking Σ̂ = Σ.

It is also important to observe that for all σ ∈ Σ, if the strategy is running at
stage t, then a(σ, t) is bounded above in outcomes (i) and (ii). In outcome (ii) there
is also a lower bound for a(σ, t1). This lower bound is essential for using strategies
recursively because we want these strategies to increase the measure on strings, as
well as establish some gain.

If we can implement an (r, f,Σ)-strategy with an arbitrarily high f , then (ii) is
not a possible outcome as the measure would be greater than 1. This would force
outcome (i).

The other parameter in the above definition to discuss is r′. r′ dictates where
the strategy should make its gain. In practice, what it will mean is that 2−r′ will be
the minimum sized increment in measure that the strategy will make to a. In other
words, each time the strategy increases the measure on some string, the amount
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increased will be at least 2−r′ . The idea is that if any previous strategy has created
a gap of measure less than 2−r′ , then the current strategy will not interfere with it.

4.1. A basic f = 0 strategy. The idea behind the basic (r, 0,Σ)-strategy is sim-
ple. For every σ ∈ Σ we set a(σ) = 2−r. The opponent is then forced to respond
by setting Km(σ) ≤ r. To do this, the opponent must find some string τ of length
at most r and enumerate 〈τ, σ〉 into U . The only difficulty is in showing that this
basic idea meets our rather elaborate definition of a strategy.

Proposition 2. If Σ is a finite prefix-free subset of 2<ω, r ∈ N, and t0 is the
current stage in the construction of a, such that a(Σ, t0) = 0, and |Σ|2−r ≤ 1, we
can implement an (r, 0,Σ)-strategy with r′ = r.

Proof. Let Σ = {σ1, . . . , σn}. This strategy can be implemented by first for all
i ∈ N, 1 ≤ i ≤ n setting a(σi, t0 + i) = 2−r (we know that a(σi, t0 + i − 1) = 0
because Σ is prefix-free). This ensures that a(Σ, t0 +n) = |Σ|2−r. The second step
is to wait until a stage t1, when the opponent responds by setting Km,t1(σ) ≤ r for
all σ ∈ Σ. If this never happens, then for some σ ∈ Σ, Km(σ) > r = − log(2−r) =
− log(limt→∞ a(σ, t)) = − log(a(σ)), so outcome (i) occurs.

If at some stage t1, Km,t1(σ) ≤ r for all σ ∈ Σ, then for all i ∈ N, 1 ≤ i ≤ n
our opponent must have enumerated some 〈τi, σ′

i〉 into Ut1 where si = |τi| ≤ r and
σ′
i  σi. In this case we will show that outcome (ii) occurs. First (a) holds as

a(Σ, t1) = a(Σ, t0 + n).
For any i, let τr be any extension of τi of length r. By definition, τr ∈ Fr(σi, t1),

so τr ∈
⋃

σ∈Σ Fr(σ, t1) = Fr(Σ, t1). If τr ∈ Ir(σi, t0), then for some τ ′ comparable
with τr and some ρ incomparable with σi, 〈τ ′, ρ〉 ∈ Ut0 ⊆ Ut1 but this would
contradict the definition of a monotone machine as it implies both τ ′ ≈ τi and ρ | σ′

i.
So τr �∈ Ir(σi, t0) and thus τr �∈

⋂
σi∈Σ Ir(σi, t0) = Ir(Σ, t0). Hence Gr

r(Σ; t0, t1),
which by definition is [Fr(Σ, t1)] \ [Ir(σ, t0)], contains all infinite extensions of τr
and hence all infinite extensions of τi. So [τi] ⊆ Gr

r(Σ; t0, t1).
Now if i �= j, [τi]∩ [τj ] = ∅ because if they are comparable, then σi and σj must

be comparable but Σ is a prefix-free set. Thus μ(Gr
r(Σ; t0, t1)) ≥

∑n
i=1 μ([τi]) =∑n

i=1 2
−si ≥

∑n
i=1 2

−r = |Σ|2−r = a(Σ, t1) = (1 + 0
2 )a(Σ, t1). Hence (b) holds.

Let Σ̂ ⊆ Σ. Let I = {1, . . . , n} and J = {i ∈ I : σi ∈ Σ̂}. By the same logic,

μ(Gr
r(Σ̂; t0, t1)) ≥

∑
j∈J

2−r

= |I|2−r − (|I \ J |)2−r

= a(Σ, t1)− a(Σ \ Σ̂, t1)

≥ (1 +
0

2
)(a(Σ, t1)− 2a(Σ \ Σ̂, t1)).

So (c) holds and outcome (ii) occurs. �

4.2. Using strategies sequentially. We are going to work up to developing an
(r, f + 1,Σ)-strategy, using (r, f,Σ)-strategies. Before we present the main algo-
rithm that does this, there is some more preparatory work to do. Ideally, when
we implement a strategy, we want to achieve outcome (i). However, if this does
not happen, then at some stage the strategy will terminate and we can start a
new strategy. We want to ensure that if the second strategy also achieves out-
come (ii), then the gain of running the strategies sequentially is at least the sum
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of the minimum gain expected from the strategies individually. The definition of
the (r, f,Σ)-strategy is designed to allow this as Proposition 3 will show. Before
proving this proposition, we need the following lemma.

Lemma 4. If σ0 | σ1, then Fp(σ0, t) ⊆ Ip(σ1, t).

Proof. If τ ∈ Fp(σ0, t), then there exists 〈τ ′, σ′
0〉 ∈ Ut such that τ ′ ≈ τ and σ′

0  σ0.
Now this implies that σ′

0 | σ1 and so τ ∈ Ip(σ1, t). �
Proposition 3. If r0 ≤ r1 ≤ . . . ≤ rn and t0 ≤ t1 ≤ . . . ≤ tn are sequences
of N, and Σ0,Σ1, . . . ,Σn−1 are pairwise disjoint prefix-free subsets of 2<ω, and
Σ = Σ0 ∪ Σ1 ∪ . . . ∪ Σn−1 is also prefix-free, then:

μ(Grn
r0 (Σ; t0, tn)) ≥

n−1∑
i=0

μ(Grn−i
rn−1−i

(Σi; ti, ti+1)).

Proof. First if i ∈ N, 0 ≤ i < n, then Σ � Σi, so by chaining together Lemma 3:
[Frn−i−1

(Σi, ti+1)] ⊆ [Fr0(Σi, ti+1)] ⊆ [Fr0(Σ, ti+1)] ⊆ [Fr0(Σ, tn)] and [Irn(Σ, t0)] ⊆
[Irn(Σ, ti)] ⊆ [Irn(Σi, ti)] ⊆ [Irn−i

(Σi, ti)].
Hence [Fr0(Σ, tn)] \ [Irn(Σ, t0)] ⊇ [Frn−i−1

(Σi, ti+1)] \ [Irn−i
(Σi, ti)], which by

definition means that Grn
r0 (Σ; t0, tn) ⊇ G

rn−i
rn−i−1(Σi; ti, ti+1).

Now assume 0 ≤ i < j < n. We have that

[Frn−i−1
(Σi, ti)] ⊆ [Frn−j

(Σi, tj)] ⊆ [Irn−j
(Σj , tj)].

The first inclusion is by Lemma 3. The second inclusion follows because if
τ ∈ Frn−j

(Σi, tj), then τ ∈ Frn−j
(σi, tj) for some σi ∈ Σi. But for all σj ∈

Σj , σj is incomparable with σi. So τ ∈ Irn−j
(σj , tj) by Lemma 4. Thus τ ∈⋂

σj∈Σj
Irn−j

(σj , tj) = Irn−j
(Σj , tj). So we can conclude that

([Frn−i−1
(Σi, ti+1)] \ [Irn−i

(Σi, ti)]) ∩ ([Frn−j−1
(Σj , tj+1)] \ [Irn−j

(Σj , tj)]) = ∅,
which again by definition means that

Grn−i
rn−i−1

(Σi; ti, ti+1) ∩Grn−j
rn−j−1

(Σj ; tj , tj+1) = ∅.
�

Buried in the above proof is why we define Ir(Σ, t) to be the intersection of
Ir(σ, t) for all σ ∈ Σ. The reason is this. Take Σ0 and Σ1 to be disjoint sets whose
union is prefix-free. If τ ∈ Fr(Σ0, t), then τ is fragmented by some string in Σ0. As
all strings in Σ0 are incomparable with all strings in Σ1, so τ ∈ Ir(Σ1, t). This is
why the above proposition works as it avoids double counting any gains.

Example 3. To illustrate why this proposition is useful, we will show how we
can use it to gradually increase the measure on a string without losing any gain
made along the way. Consider the following implementation of three strategies in
sequence and assume that they all have outcome (ii). Take some r0 ∈ N. Fix an
f ∈ N and assume we have an (r, f,Σ) strategy for any appropriate r and Σ. Let r1
be the r′ computable from (r0, f). Similarly let r2 be the r

′ computable from (r1, f)
and r3 be the r′ computable from (r2, f). Take any string σ and let Σ2 = {σ00},
Σ1 = {σ01}{0, 1}r1−r0 , Σ0 = {σ1}{0, 1}r2−r0 and Σ = Σ0 ∪ Σ1 ∪ Σ2.

Starting at stage t0, first we implement an (r2, f,Σ0)-strategy. When this finishes
at stage t1, we implement an (r1, f,Σ1)-strategy. Finally when it finishes at stage
t2, we implement an (r0, f,Σ2)-strategy. Let t3 be the stage that this final strategy
finishes.
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Now from Proposition 3,

μ(Gr3
r0(Σ; t0, t3)) ≥

2∑
i=0

μ(Gr3−i
r3−1−i

(Σi; ti, ti+1))

≥
2∑

i=0

(
1 +

f

2

)
a(Σi, ti+1)

=

(
1 +

f

2

)
a(Σ, t3).

The last step follows provided we do not increase the measure on any other
string comparable with a string in Σ except as required by the strategies. Now
a(σ) ≥ a(Σ) ≥ |Σ0|2−r2 + |Σ1|2−r1 + |Σ2|2−r0 = 3 · 2−r0 . This approach has
allowed us to use strategies to increase the measure on σ in three increments of
2−r0 without losing any of the gain made by the three strategies individually. This
ability to increase the measure on a string in small increments will be exploited in
the main proof.

4.3. Implementing more difficult strategies. We have seen that we can use
strategies sequentially without losing any gain. However, we need to do better
than this. We need to be able to combine strategies in such a way as to increase
the gain we make. To do this, we will make use of reservations. Our goal is to
implement an (r, f + 1,Σ)-strategy using a finite sequence of (ri, f,Σi)-strategies.

We will improve Algorithm 1. The basic idea remains the same. When we assign
a measure to a string, e.g. if at stage t0 we set a(σ, t0) = 2−g, then our opponent
has to respond by allocating a string of length at most g to describe σ. Say in
response to our setting a(σ, t0) = 2−g, our opponent enumerates 〈τ, σ〉 into Ut1 ,
where |τ | = g. Take p < g and let τp be the first p bits of τ . If τp �∈ Rp(σ, t),
then τp ∈ Ip(σ, t), so our opponent can never enumerate 〈τp, σ〉 into U . So if we set
a(σ, t1) = 2−p, our opponent must find some new string υ of length at most p to
describe σ. The original τ description of σ is effectively a waste of resources.

On the other hand, while τp ∈ Rp(σ, t), we also have a gain because our oppo-
nent can only use τp to describe a string comparable with σ. If we only increase
the measure on strings incomparable with σ, then our opponent cannot use τp in
response. If we only use increments of measure of size at least 2−p, then our op-
ponent cannot make use of any extension of τp (it would be too long to be useful).
Note that this is why we need an r′ in the definition of an (r, f,Σ)-strategy. The
r′ is the smallest amount of measure this strategy needs. Being able to compute r′

means we know how much space strategies need in terms of units of measure. With
this knowledge, we can ensure that the smallest measure needed by a strategy will
not interfere with any reservations established by previous strategies.

We noted earlier that part of the problem with Algorithm 1 was that the amount
of measure that it assigned to a string ranged between 2−g and 2−r. This range
was too great to allow the algorithm to be used recursively. Hence our algorithm
has two objectives: create a certain amount of gain, and ensure that a certain
amount of measure is allocated. These two objectives will be achieved by splitting
the algorithm into two phases. In the first, the advantage phase, the objective will
be to force our opponent to reserve a number of strings of length p. We do not
know how much measure we will need to use before our opponent makes this many
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reservations. If we do not use enough measure, then we proceed with the second
phase, the spend phase. The spend phase is where we make sure that we have placed
enough measure on each string so that the strategies can be used recursively. The
use of these two phases is another new feature of this proof.

The spend phase must occur after the advantage phase because only then will we
know how much more measure we need to allocate. Accordingly, the spend phase
will use larger units of measure than the advantage phase. From r we will compute
a p, q and r′ such that r < p < q < r′. The advantage phase will use units of
measure between q and r′ while the spend phase will use units of measure between
r and p (see Figure 1). This gives us a bit of a problem. During the advantage
phase we can only require reservations of length at most p. If p is much larger than
r, then we will need to make many reservations in order to achieve anything. To
get around this problem, we define Υ = Σ{0}{0, 1}p−r (where Σ is the set of input
strings for the algorithm). Note that the purpose of the {0} in the definition of
Υ is just to separate the strings used by the advantage phase from those used by
the spend phase. We will run the algorithm on the strings in Υ until enough of
these have a reservation of length p. An important new idea in this proof is to run
each pass of the algorithm simultaneously on all the strings in Υ that do not have
a reservation.

As in Algorithm 1, we will not increase the measure on the elements of Υ directly,
but rather we will make a series of small increments of measure on some extensions
of them. We will let Ξ = Υ{0, 1}e (e depends on f and will be defined shortly).
The idea is this. If υ ∈ Υ and ξ0, . . . , ξ2e−1 are the elements of Ξ that extend υ,
then we will sequentially set the measure of each ξi to 2−p−e until a reservation
of size p occurs for υ. If we do this for all such ξi, then the measure on υ will be
2−p and the opponent must allocate a string of length p to describe υ. However, it
is not quite that simple. We want to increase the measure on ξi by running some
strategy on it. Every time we run a strategy we need to use larger units of measure.
So instead what we will do is take many extensions of ξ0. Then we can run our
first strategy on all these extensions, spending a little bit of measure on each. Then
we will take slightly fewer extensions of ξ1, and run a strategy that spends a little
more measure on each of these extensions, and so on. This is just like what we did
in Example 3. This gives us sets Ψ0,Ψ1, . . ., where Ψi is the ith set of extensions of
elements of Ξ that we want to increase measure on. The sets used by the advantage
phase are shown in Figure 2. In this figure arrows represent extensions of strings.

The algorithm would ideally achieve a reservation of length p for every element
of Υ but there is a problem. Once a reservation is achieved for some υ ∈ Υ,
we do not want to increase the measure on that υ. However, reservations are
not monotonic; they can appear at one stage and then disappear at the next.
Consider υ1, υ2 ∈ Υ. Say we increase the measure on both υ1, υ2 by 2−p−e and
then the opponent responds by giving a p reservation to υ1, but not υ2. Then we
could increase the measure on υ2 and the opponent might respond by giving a p
reservation to υ2 but taking away the p reservation from υ1. By adopting this sort
of tactic, the opponent could force us to make many separate increases in measure
in order to achieve reservations for all elements of Υ. Every time we increase the
measure on some subset of Υ we need a new Ψi. The more Ψi’s we need, the
deeper we need to go into the binary tree. To improve the lower bound, we want
to limit the number of Ψi’s we need. Each time we increase the measure, we do
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so simultaneously on all the elements of some subset of Υ. We want to make sure
that this subset includes at least one-quarter of the elements of Υ. To do this, we
will terminate the advantage phase of the algorithm when we have a reservation for
three-quarters of the elements of Υ.

The spend phase is similar but simpler. In this phase we will identify those
elements σ ∈ Σ that do not have enough measure. We will increase the measure
on σ in increments of 2−r−3 until we have exceeded 2−r. Again like Example 3, we
will not increase the measure directly on σ but rather on some set of extensions of
it. These extensions will form the sets Φ0, . . . ,Φ7.

4.4. The S function. The length of extensions that we take to form the sets Ψi

and Φi is governed by the space that a strategy needs to run, in terms of quantities
of measure. The function S(f) is used to determine this space. We will show that
there exist (r, f,Σ)-strategies such that r′ = r + S(f). From our base strategy we
can set S(0) = 0 because in this case r = r′.

In the process of determining S(f+1) we will also compute all the other variables
we need for the main algorithm. These are illustrated in Figure 1. To determine
S(f + 1), first we compute an increasing sequence r0 ≤ r1 ≤ . . . ≤ r8 by r0 = r+ 3
and ri+1 = ri + S(f). This gives us room for the spend phase. Let p = r8. Let

e = �log(20 + 10f)�. e is chosen so that 5
22

−e
(
1 + f

2

)
≤ 1

8 .

Let q = p+ e. Now compute an increasing sequence r∗0 ≤ r∗1 ≤ . . . ≤ r∗n, where
r∗0 = q, n = 2e+2 and r∗i+1 = r∗i + S(f). This gives us room for the advantage
phase. Finally let r′ = r∗n, and S(f + 1) = r′ − r. This is well defined as S(f + 1)
does not depend on the initial choice of r.

r r0 r1 . . . r8 = p

Spend Phase e Advantage Phase

q = r∗0 r∗1 . . . r∗n = r

Figure 1. Algorithm parameters

4.5. An f+1 strategy algorithm. We are finally ready to present the main algo-
rithm. We are given r, f ∈ N and a prefix-free set of strings Σ such that |Σ| 542−r ≤ 1.
We let t0 be the stage that the algorithm starts and we require that a(Σ, t0) = 0.
In order to implement an (r, f + 1,Σ)-strategy first we determine all the values
n, p, q, e, ri, r

∗
i , r

′ as shown in Figure 1. In the algorithm, Υ′ represents those ele-
ments of Υ whose measure we will increase in the current pass through the advan-
tage phase of the algorithm. Now with all the values that we need computed, the
algorithm that we will use to implement an (r, f + 1,Σ)-strategy is as follows:

Advantage Phase. Let t be the current stage. Let Υ = Σ{0}{0, 1}p−r. Let
Ξ = Υ{0, 1}e. Let Υ′ = {υ ∈ Υ : Rp(υ, t) = ∅}. If |Υ′| < 1

4 |Υ|, then move to the
spend phase.

For each υ ∈ Υ′, choose a ξυ ∈ Ξ such that ξυ  υ and a(ξυ, t) = 0. Let
Ξ′ = {ξυ : υ ∈ Υ′}. Choose the least i ∈ {0, . . . , n − 1} that has not been used

previously. Let Ψi = Ξ′{0, 1}r∗n−i−1−q and implement an (r∗n−i−1, f,Ψi)-strategy.
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If this strategy finishes at stage t′, then wait until stage t′′ such that Km,t′′(υ) ≤ p
for all υ ∈ Υ such that a(υ, t′) ≥ 2−p. Repeat the advantage phase.

Spend Phase. Let t be the current stage. Let Σ′ = {σ ∈ Σ : a(σ, t) < 2−r}.
If Σ′ is the empty set, then terminate the algorithm. Otherwise choose the least
i ∈ {0, . . . , 7} such that i has not been used previously in the spend phase. Let
Φi = Σ′{1}{0i1}{0, 1}r7−i−r−3 and run a (r7−i, f,Φi)-strategy. Repeat the spend
phase.

Ψ̂0 Ψ0

...

Ψn−1Ψ̂n−1

Ξ

ΥRΥ̂ Υ

Σ̂ Σ

Figure 2. Algorithm strings

5. Verification of algorithm

The algorithm starts at stage t0. We will define the following parameters assum-
ing that the algorithm does terminate at some stage t1. Let na be the number of
times the advantage phase is run. Let ns be the number of times the spend phase
is run. For all 0 ≤ i < na, let t

∗
i be the stage when the ith strategy in the advan-

tage phase begins (starting with i = 0). Let tmid be the stage when the algorithm
completes the advantage phase and let t∗na

= tmid. For all 0 ≤ i < ns, let t
′
i be the

stage when the ith strategy in the spend phase begins (starting with i = 0). Let

t′ns
= t1. Let Φ = Φ0 ∪ . . . ∪ Φns−1 and Ψ = Ψ0 ∪ . . . ∪Ψna−1. Let Σ̂ ⊆ Σ.
The first step in the verification is to prove that the algorithm runs without

error. To prove this, we need to show that each time we ‘choose’ something in
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the algorithm, there is something valid to choose. First we note that the opponent
cannot add a description of σ of length ≤ p without making a reservation of length
p.

Lemma 5. If t, p ∈ N, and σ ∈ 2<ω, with Km,t(σ) ≤ p, then Rp(σ, t) �= ∅.

Proof. If Km,t(σ) ≤ p, then there exists 〈τ, σ′〉 ∈ Ut such that s = |τ | ≤ p and
σ′  σ. Consider τ ′ = τ0p−s. As |τ ′| = p, τ � τ ′ and σ′  σ, so τ ′ ∈ Fp(σ, t).
If τ ′ ∈ Ip(σ, t), then there would exist τ ′′ ≈ τ ′ and ρ | σ such that 〈τ ′′, ρ〉 ∈ Ut.
However, then τ ′′ ≈ τ and ρ | σ′, so this would contradict the definition of a
monotone machine. Thus τ ′ �∈ Ip(σ, t) and so τ ′ ∈ Rp(σ, t). �

Proposition 4. The advantage phase of the algorithm never runs out of choices
for ξυ or i, and the spend phase never runs out of choices for i.

Proof. First we will show that there is always a choice for ξυ. Take any υ ∈ Υ. Take
any j ∈ N such that 0 ≤ j < na. Assume at stage t∗j for any ξ ∈ Ξ such that ξ  υ,
a(ξ, t∗j ) �= 0. If so, then given any ξ ∈ Ξ such that ξ  υ, there is some i < j such

that an (r∗n−i−1, f,Ψi)-strategy has been implemented with {ξ}{0, 1}r∗n−i−1−q ⊆ Ψi.

There are 2r
∗
n−i−1−q extensions of ξ in Ψi, so

a(ξ, t∗j ) ≥ 2r
∗
n−i−1−q2−r∗n−i−1 = 2−q.

Hence a(υ, t∗j ) ≥ 2e2−q = 2−p, because there are 2e extensions of υ in Ξ. This means
that at the end of the iteration of the previous advantage phase, the algorithm will
wait until a stage t when the opponent uses a string of length at most p to describe
υ before running the advantage phase again. As this implies that Rp(υ, t

∗
j ) �= ∅ by

Lemma 5, it follows that no choice of ξυ will be needed.
The advantage phase stops if |Υ′| < 1

4 |Υ|. So each time the phase is run, at

least 1
4 |Υ| elements of Ξ are selected. This can only happen 4 · 2e = 2e+2 times

(otherwise the algorithm would run out of choices for some ξυ), so there is always
a choice for i.

The spend phase will terminate if a(σ, t′i) ≥ 2−r for all σ ∈ Σ. During each
iteration through the phase, a(σ, t′i+1) ≥ a(σ, t′i) + 2−r−3 (if it is not greater than
2−r already), so after a maximum of 8 steps, a(σ, t) ≥ 2−r for all σ ∈ Σ and so the
algorithm will not run out of choices for i. �

The next step in the verification is to show that the required bounds on the
measure that the algorithm uses are met.

Proposition 5. For all σ ∈ Σ, if the algorithm terminates at stage t1, then 2−r ≤
a(σ, t1) <

5
42

−r.

Proof. As a(σ, t0) = 0, any measure placed on σ by stage tmid must be due to
an increase on measure on some ψ ∈ Ψ, where ψ  σ. Hence for any σ ∈ Σ,
a(σ, tmid) =

∑
ψ∈Ψ,ψ�σ a(ψ, tmid). If ψ ∈ Ψi, then we increase the measure on

ψ by < 5
42

−r∗n−i−1 . Now if ψ  σ, then |ψ| = |σ| + 1 + p − r + e + r∗n−i−1 − q =

|σ|+1−r+r∗n−i−1, so r∗n−i−1 = |ψ|−|σ|−1+r. Thus a(ψ, tmid) <
5
42

−(|ψ|−|σ|−1+r).
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All such ψ form a prefix-free set above σ0, so

a(σ, tmid) = a(σ0, tmid) =
∑

ψ∈Ψ,ψ�σ0

a(ψ, tmid)

<
∑

ψ∈Ψ,ψ�σ0

5

4
2−|ψ|+|σ0|−r

≤ 5

4
2−r.

The spend phase will only run if a(σ) < 2−r. Each iteration of the spend phase
increases the measure on σ by less than 5

42
−r−3 < 2−r−2, so at the end of the spend

phase, 2−r ≤ a(σ, t1) < 2−r + 2−r−2 = 5
42

−r. �

Note that as a(Σ, t1) < |Σ| 542−r ≤ 1, we do not run out of measure. There are
two possible outcomes to an (r, f + 1,Σ)-strategy. These are related to whether or
not the algorithm terminates.

Proposition 6. If the algorithm does not terminate, then outcome (i) is achieved.

Proof. The number of times any phase is repeated is bounded, so if the algorithm
does not terminate, then this must be caused by waiting for a response from the
opponent or while waiting for another strategy to finish. Using the basic strategy
as an inductive base case, this can only be caused if for some σ ∈ Σ, there is a
σ′  σ with Km(σ′) > − log(a(σ′)). Hence (i) (a) holds. Now (i) (b) holds by
Proposition 5 because if the algorithm does not exceed the measure upper bound
when it terminates, then it will not exceed the upper bound if it takes no action
from some point onwards. �

Now for the difficult stage of the verification. Let us examine what happens if
the algorithm does terminate. We are going to look at the gain made during the
advantage phase and the spend phase separately. This is because we know from
Proposition 3 that the overall gain is at least the sum of the gain which occurs
during these phases. That is:

μ(Gr′

r (Σ̂; t0, t1)) ≥ μ(Gr′

p (Σ̂{0}; t0, tmid)) + μ(Gp
r(Σ̂{1}; tmid, t1)).

We know what we can expect from the spend phase of the algorithm because this
is just a series of (r, f,Φi)-strategies. However, in the advantage phase we have to
show that the overall gain is increased by the fact that some reservations of length
p are made; i.e. for some υ ∈ Υ, Rp(υ, tmid) �= ∅.

First let us look at the spend phase. For all i ∈ N, 0 ≤ i < ns, let Φ̂i = {φ ∈
Φi : ∃σ ∈ Σ̂, φ  σ}. Note that Σ̂{1} � Φ̂i. Let Φ̂ = Φ̂0 ∪ . . . ∪ Φ̂ns−1.

Proposition 7. If the algorithm terminates, then

μ(Gp
r(Σ̂{1}; tmid, t1)) ≥

(
1 +

f

2

)(
a(Σ{1}, t1)− 2a(Σ{1} \ Σ̂{1}, t1)

)
.
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Proof. From Proposition 3 and the inductive hypothesis of the existence of (r, f,Σ)-
strategies we know that

μ(Gp
r(Σ̂{1}; tmid, t1)) ≥

ns−1∑
i=0

μ(Gr8−i
r7−i

(Φ̂i; t
′
i, t

′
i+1))

≥
ns−1∑
i=0

(1 +
f

2
)(a(Φi, t

′
i+1)− 2a(Φi \ Φ̂i, t

′
i+1))

= (1 +
f

2
)(a(Σ{1}, t1)− 2a(Σ{1} \ Σ̂{1}, t1)).

The second inequality is a consequence of condition (c) of outcome (ii). The final
equality is due to the fact that we only increase the measure on extensions of Σ{1}
during the spend phase, and that the sets Φ0,Φ1, . . . ,Φns−1 are incomparable. �

Before we examine the advantage phase, we need some more definitions. We
need to define those subsets of Υ that have p reservations, or extend elements of
Σ̂, or both.

(i) Let ΥR = {υ ∈ Υ : Rp(υ, tmid) �= ∅}.
(ii) Let Υ̂ = {υ ∈ Υ : ∃σ ∈ Σ̂, υ  σ}.
(iii) Let Υ̂R = ΥR ∩ Υ̂.

For all υ ∈ Υ̂R, we choose a specific τυ in Rp(υ, tmid).
The gain made during the advantage phase can be broken down into two parts.

First, for every υ ∈ Υ̂R, [τυ] ⊆ Gr′

p (Σ̂{0}; t0, tmid). This is true because τυ ∈
Rp(υ, tmid) = Fp(υ, tmid) \ Ip(υ, tmid). As υ  σ0 for some σ ∈ Σ̂, so τυ ∈
Fp(σ0, tmid) ⊆ Fp(Σ̂{0}, tmid). Additionally, τυ /∈Ip(σ0, tmid), so τυ /∈Ip(Σ̂{0}, tmid)

⊇ Ip(Σ̂{0}, t0). Now as [Ip(Σ̂{0}, t0)]⊇ [Ir′(Σ̂{0}, t0)], so [τυ]∩ [Ir′(Σ̂{0}, t0)] = ∅.
Thus:

[τυ] ⊆ [Fp(Σ̂{0}, tmid)] \ [Ir′(Σ̂{0}, t0)] = Gr′

p (Σ̂{0}; t0, tmid).

Secondly, we can count the gains made by the recursive use of the strategies in
the advantage phase as:

na−1⋃
i=0

G
r∗n−i

r∗n−i−1
(Ψ̂i; t

∗
i , t

∗
i+1) ⊆ Gr′

p (Σ̂{0}; t0, tmid).

We would like to combine these to say:

μ(Gr′

p (Σ̂{0}; t0, tmid)) ≥ μ(
⋃

υ∈Υ̂R

[τυ]) + μ(

na−1⋃
i=0

G
r∗n−i

r∗n−i−1
(Ψ̂i; t

∗
i , t

∗
i+1)).

However we cannot do this as given υ and i, [τυ] and G
r∗n−i

r∗n−i−1
(Ψ̂i; t

∗
i , t

∗
i+1) are

not necessarily disjoint. Our goal is to find some subsets Ψ̂R
i ⊆ Ψ̂i, such that for

all υ ∈ Υ̂R, 0 ≤ i < na to have that [τυ] and G
r∗n−i

r∗n−i−1
(Ψ̂i \ Ψ̂R

i , t
∗
i , t

∗
i+1) are disjoint.

To this end we define Ψ̂R
i = {ψ ∈ Ψ̂i : ∃υ, τυ ∈ Fp(ψ, t

∗
i+1)}.

Lemma 6. For all υ ∈ Υ̂R, 0 ≤ i < na we have that [τυ] and G
r∗n−i

r∗n−i−1
(Ψ̂i \

Ψ̂R
i , t

∗
i , t

∗
i+1) are disjoint.
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Proof. Consider if ψ ∈ Ψ̂i \ Ψ̂R
i . Then by definition it must be that τυ �∈ Fp(ψ, t

∗
i+1)

and so [τυ]∩[Fr∗n−i−1
(ψ, t∗i+1)] = ∅. This implies that [τυ]∩G

r∗n−i

r∗n−i−1
(Ψ̂i\Ψ̂R

i , t
∗
i , t

∗
i1
) =

∅. �

Our objective now is to figure out how much we lose by removing these sets Ψ̂R
i .

To do this we want to move everything down to the level of the Υ strings. We
define Υ̂R

i = {υ ∈ Υ̂R : τυ ∈ Fp(Ψ̂
R
i , t

∗
i+1)}.

Lemma 7. If τυ ∈ Fp(ψ, t
∗
i+1), then υ � ψ.

Proof. If υ �� ψ, then υ | ψ, so τυ ∈ Ip(υ, t
∗
i+1) (Lemma 4), which means that

τυ �∈ Rp(υ, tmid). �

Lemma 8. |Ψ̂R
i | ≤ 2r

∗
n−i−1−q|Υ̂R

i |.

Proof. If ψ ∈ Ψ̂R
i , then for some υ, τυ ∈ Fp(ψ, t

∗
i+1). This implies that υ � ψ and

further υ ∈ Υ̂R
i . The result follows as for any υ ∈ Υ there are at most 2r

∗
n−i−1−q

extensions of τυ in Ψi. �

Lemma 9. If i �= j, then Υ̂R
i ∩ Υ̂R

j = ∅.

Proof. Assume that i < j ≤ na and υ ∈ Υ̂R
i . We have that τυ ∈ Fp(Ψ̂

R
i , t

∗
i+1). This

means that for some ψ ∈ Ψ̂R
i , τυ ∈ Fp(ψ, t

∗
i+1), which implies that υ � ψ (Lemma

7), so τυ ∈ Fp(υ, t
∗
i+1) ⊆ Fp(υ, t

∗
j ).

Now as τυ ∈ Rp(υ, tmid) it must be that τυ �∈ Ip(υ, tmid), which implies that
τυ �∈ Ip(υ, t

∗
j ). This gives us that τυ ∈ Rp(υ, t

∗
j ). Now during the advantage

phase, our algorithm only chooses those elements of Υ that do not currently have
a reservation of length p. As υ does have a reservation of length p at stage t∗j , υ is

not picked, so there is no extension of υ in Ψj ⊇ Ψ̂R
j . Hence by Lemma 7 we have

that τυ �∈ Fp(Ψ̂
R
j , t

∗
i+1). This means that υ �∈ Υ̂R

j . �

The final lemma that we need is a lower bound on the size of |Υ̂R|.

Lemma 10. |Υ̂R| ≥ ( 34 |Σ| − |Σ \ Σ̂|)2p−r.

Proof. Note that |ΥR| ≥ 3
4 |Υ| = 3

4 |Σ|2p−r as this is the condition for the algorithm

to move to the spend phase. Additionally, |Υ \ Υ̂| = |Σ \ Σ̂|2p−r. Hence:

|Υ̂R| = |ΥR|+ |Υ̂| − |ΥR ∪ Υ̂|
≥ |ΥR|+ |Υ̂| − |Υ|
= |ΥR| − |Υ \ Υ̂|

≥ 3

4
|Σ|2p−r − |Σ \ Σ̂|2p−r

= (
3

4
|Σ| − |Σ \ Σ̂|)2p−r. �

Proposition 8. If the algorithm terminates and if Σ̂ ⊆ Σ, then

μ(Gr′

p (Σ̂{0}; t0, tmid)) ≥
(
1 +

f

2

)(
a(Σ{0}, t1)− 2a(Σ{0} \ Σ̂{0}, t1)

)

+
5

8
|Σ|2−r − |Σ \ Σ̂|2−r.



5600 ADAM R. DAY

Proof. Lemma 6 shows that the sets [τυ] and G
r∗n−1+1

r∗n−i
(Ψ̂i \ Ψ̂R

i ; ti, ti+1) are disjoint.

So:

μ(Gr′

p (Σ̂{0}; t0, tmid)) ≥
∑

υ∈Υ̂R

μ([τυ]) +

na−1∑
i=0

μ(G
r∗n−i

r∗n−i−1
(Ψ̂i \ Ψ̂R

i ; t
∗
i , t

∗
i+1)).

This is the point at which we use part (c) of outcome (ii). We know that the

amount of gain that occurs on Ψ̂R
i is bounded. So if we subtract it from Ψ̂i, we

can determine the maximum amount we can lose. Note that as Ψ̂i ⊆ Ψi, it follows
that Ψi \ (Ψ̂i \ Ψ̂R

i ) is the disjoint union of Ψi \ Ψ̂i and Ψ̂R
i .

With this identity we can determine that

μ(G
r∗n−i

r∗n−i−1
(Ψ̂i \ Ψ̂R

i ; t
∗
i , t

∗
i+1))

≥ (1 +
f

2
)(a(Ψi, t

∗
i+1)− 2a(Ψi \ (Ψ̂i \ Ψ̂R

i ), t
∗
i+1))

= (1 +
f

2
)(a(Ψi, t

∗
i+1)− 2a(Ψi \ Ψ̂i, t

∗
i+1)− 2a(Ψ̂R

i , t
∗
i+1)).

The first inequality comes from part (c) of outcome (ii) applied to our (r, f,Ψi)-
strategies. Hence we can combine these results along with the facts that a(Ψi, t

∗
i+1)

= a(Ψi, t1) and
∑

υ∈Υ̂R μ([τυ]) = |Υ̂R|2−p to get that

μ(Gp
r(Σ̂{0}; t0, tmid)) ≥|Υ̂R|2−p +

na−1∑
i=0

(1 +
f

2
)a(Ψi, t1)

−
na−1∑
i=0

(1 +
f

2
)2a(Ψi \ Ψ̂i, t1)

−
na−1∑
i=0

(1 +
f

2
)2a(Ψ̂R

i , t1).(5.1)

These terms can be simplified. First,

na−1∑
i=0

(1 +
f

2
)a(Ψi, t1)−

na−1∑
i=0

(1 +
f

2
)2a(Ψi \ Ψ̂i, t1)

= (1 +
f

2
)(a(Σ{0}, t1)− 2a(Σ{0} \ Σ̂{0}, t1)).(5.2)

Further a(Ψ̂R
i , t1) <

5
42

r∗n−i−1 |Ψ̂R
i | by condition (b) of outcome (ii). Hence:

na−1∑
i=0

(1 +
f

2
)2a(Ψ̂R

i , t1) ≤
na−1∑
i=0

(1 +
f

2
)2 · 5

4
· 2r∗n−i−1 |Ψ̂R

i |

≤ 5

2
(1 +

f

2
)

na−1∑
i=0

|Υ̂R
i |2−q

≤ 5

2
(1 +

f

2
)|Υ̂R|2−q.(5.3)

The second and third inequalities are consequences of Lemmas 8 and 9 respec-
tively.
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Combining (5.1), (5.2) and (5.3) gives that

μ(Gr′

p (Σ̂{0}; t0, tmid)) ≥ (1 +
f

2
)(a(Σ{0}, t1)− 2a(Σ{0} \ Σ̂{0}, t1))

+ |Υ̂R|2−p − 5

2
(1 +

f

2
)|Υ̂R|2−q.(5.4)

Now because |Υ̂R| ≥ ( 34 |Σ| − |Σ \ Σ̂|)2p−r (Lemma 10), q = p+ e, and by choice

of e, 5
22

−e(1 + f
2 ) ≤

1
8 , it follows that

|Υ̂R|2−p − 5

2
(1 +

f

2
)|Υ̂R|2−q = |Υ̂R|2−p(1− 5

2
2−e(1 +

f

2
))

≥ |Υ̂R|2−p 7

8

≥ (
3

4
|Σ| − |Σ \ Σ̂|)2p−r2−p 7

8

≥ 5

8
|Σ|2−r − |Σ \ Σ̂|2−r.(5.5)

The proposition follows from (5.4) and (5.5). �

Proposition 9. If the algorithm terminates, then

μ(Gr′

r (Σ̂; t0, t1)) ≥ (1 +
f + 1

2
)(a(Σ, t1)− 2a(Σ \ Σ̂, t1)).

Proof. Proposition 3 tells us that

(5.6) μ(Gr′

r (Σ̂; t0, t1)) ≥ μ(Gr′

p (Σ̂{0}; t0, tmid)) + μ(Gp
r(Σ̂{1}; tmid, t1)).

All we need to do now is to combine and simplify Propositions 7 and 8. We have
the following terms to deal with: (1 + f

2 )a(Σ{1}, t1), −(1 + f
2 )2a(Σ{1} \ Σ̂{1}, t1),

(1 + f
2 )a(Σ{0}, t1), −(1 + f

2 )2a(Σ{0} \ Σ̂{0}, t1),
5
8 |Σ|2−r and −|Σ \ Σ̂|2−r.

First, grouping the positive terms gives that

(1 +
f

2
)a(Σ{1}, t1) + (1 +

1

2
)a(Σ{0}, tmid) +

5

8
|Σ|2−r

= (1 +
f

2
)a(Σ, t1) +

1

2

5

4
|Σ|2−r

> (1 +
f

2
)a(Σ, t1) +

1

2
a(Σ, t1)

= (1 +
f + 1

2
)a(Σ, t1).(5.7)

Secondly, the negative terms give that

(1 +
f

2
)2a(Σ{1} \ Σ̂{1}) + (1 +

f

2
)2a(Σ{0} \ Σ̂{0}) + |Σ \ Σ̂|2−r

= (1 +
f

2
)2a(Σ \ Σ̂) + |Σ \ Σ̂|2−r

≤ (1 +
f

2
)2a(Σ \ Σ̂) + a(Σ \ Σ̂)

= (1 +
f + 1

2
)2a(Σ \ Σ̂).(5.8)

Both inequalities in the above arguments follow from Proposition 5. The lemma
follows by combining (5.6), (5.7) and (5.8) along with Propositions 7 and 8. �
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Proposition 10. If the algorithm terminates, then outcome (ii) occurs.

Proof. By Proposition 5, condition (ii) (a) holds. By Proposition 9, condition (ii)

(c) holds. This implies condition (ii) (b) by taking Σ̂ to be Σ. �

Hence we have established the existence of an (r, f+1,Σ)-strategy. By induction
we can assert the existence of an (r, f + 1,Σ)-strategy for any f, r ∈ N such that
|Σ| 542−r < 1.

Proposition 11. If r ≥ 1 and f2−r−1 ≥ 1, then for any σ ∈ 2<ω such that
a(σ, t0) = 0, an (r, f, {σ})-strategy achieves outcome (i).

Proof. Because |{σ}| 542−r < 1 we have a sufficient measure to implement such a
strategy. However, if the algorithm terminates at some stage t1, then

μ(Gr′

r ({σ}; t0, t1)) ≥ (1 +
f

2
)a(σ, t1) ≥ (1 +

f

2
)2−r = 2−r + f2−r−1 > 1.

This is impossible, so outcome (i) must occur. �

5.1. Construction of the semimeasure a. We can run a countable number of
winning strategies in our construction of a. To do so, at stage s we find the least
prime p that divides s. If p is the ith prime, then we run one step of the ith strategy.

Proposition 12. There is a c.e. semimeasure a such that for all i, a(0i1) ≤ 2−2i−1

and there exists a σi such that Km(0i1σi) > − log(a(0iσi)).

Proof. The semimeasure a can be constructed by for all i running a (2i+ 2, 22i+3,
{0i1})-strategy. Then for all i, a(0i1) < 5

42
−2i−2 < 2−2i−1. Also by Proposition

11 because 22i+32−2i−2−1 = 1, the strategy achieves outcome (i) and hence there
is some σi such that Km(0i1σi) > − log(a(0i1σi)). �

Now Theorem 1 holds by Proposition 1 and Proposition 12.

6. A lower bound on the difference

To determine a lower bound on the difference between Km and KM , we need
to determine the maximum string length used by an (r, f,Σ)-strategy. We will
approach this by determining an upper bound for the number of bits appended to a
string in Σ by the strategy. If f = 0, then the strategy does not use any extensions
of strings in Σ, so the number of extra bits appended is 0. If f > 0, an upper
bound is the number of bits needed to extend a string in Σ to a string in Ψ0. This
requires 1+ r∗n−1− r = 1+ r′− r−S(f − 1) = 1+S(f)−S(f − 1) bits (the extra 1
corresponds to the use of a 0 or 1 to distinguish between the advantage and spend
phases).

Now an upper bound on the maximum string length used can be obtained by
taking the maximum length l of any string in Σ and adding the upper bound for
the number of bits added by an (r, i,Σ)-strategy for all i, 1 ≤ i ≤ f . Hence we get
that the maximum possible string length is

l +

f∑
i=1

(1 + S(i)− S(i− 1)) = l + f + S(f)− S(0) = l + f + S(f).

Lemma 11. If n is sufficiently large, then S(n+ 1) ≤ 22n logn.
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Proof. Unraveling the definition of S(n) gives that S(0) = 0, and S(n + 1) =
(8 + 2e+2)S(n) + e+ 3, where e = �log(20 + 10n)�. So for all n ∈ N,

S(n+ 1) ≤ (23(20 + 10n))S(n) + log(20 + 10n) + 4.

So there is some N such that for all n ≥ N , S(n + 1) < 81nS(n). Hence for such
an n,

S(n+ 1) < S(N) · 81n−N n!

(N − 1)!
< (81S(N))nnn.

Thus the lemma holds if n ≥ 81S(N) as in such cases S(n+1) < n2n = 22n logn. �

We will now prove our main theorem.

Proof of Theorem 7. To prove this, we need to generalize Proposition 1 a little. For

any d ∈ N, the series
∑

i∈N
2−

i
d converges by the ratio test, so we can take k ∈ N

to be such that 2k is larger than the sum of this series. Now we can construct a
semimeasure a such that for all i ∈ N, a(0i1) ≤ 2−(1+ 1

d )i−k. We construct a by
for all j ∈ N, running a (j(d+ 1) + k + 1, 2j(d+1)+k+2, {0jd1})-strategy. We do not
exceed the bound on the measure for a because

a(0jd1) <
5

4
2−j(d+1)−k−1

< 2−j(d+1)−k

= 2−(1+ 1
d )jd−k.

Because f2−r−1 = 2j(d+1)+k+22−j(d+1)−k−2 = 1, the strategy achieves outcome
(i). Thus for all j ∈ N, there is some σj  0jd1, such that Km(σj) > − log a(σj).
We can apply the same scaling to a to construct a semimeasure m; i.e. for all
σ ∈ 2<ω, m(0iσ) = 2ia(0iσ). Again:

m(λ) =
∑
i∈N

m(0i1)

=
∑
i∈N

2ia(0i1)

≤
∑
i∈N

2−
i
d−k

= 2−k
∑
i∈N

2−
i
d ≤ 1.

We now get that for all j ∈ N, there is some σj  0jd1 such that Km(σj) >
− log a(σj) = − log(2−jdm(σj)) = − logm(σj) + jd. By the discussion at the start

of this section, |σj | ≤ |0jd1|+ S(n) + n, where in this case n = 2j(d+1)+k+2. If j is
large enough, then by Lemma 11, the maximum string used by this strategy is less
than

jd+ 1 + 22(2
j(d+1)+k+2(j(d+1)+k+2)).

Again if j is large enough this term is less than 22
j(d+2)

. Hence for infinitely many

j, there exists a string σj such that |σj | < 22
j(d+2)

or log log |σj | < j(d+2). As MU
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majorizes all c.e. continuous semimeasures, there must be some constant bd such
that Km(σj)−KM(σj) > jd− bd. So:

Km(σj)−KM(σj) > jd
j(d+ 2)

j(d+ 2)
− bd

>
d

(d+ 2)
log log |σj | − bd.

Hence for any c < 1, there is a d such that d
(d+2) > c + ε for some ε ∈ R>0. Now

for sufficiently large j it must be that ε log log |σj | > bd. Hence

Km(σj)−KM(σj) > (c+ ε) log log |σj | − bd

> c log log |σj |. �
While it has been significantly reduced, there is still a gap between the best

known upper bound on the difference between KM and Km, and this new lower
bound. Hence there is further work that could be done lowering the upper bound,
or potentially improving on the approach presented here.
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