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ON THE SIMPLY CONNECTEDNESS

OF NONNEGATIVELY CURVED KÄHLER MANIFOLDS

AND APPLICATIONS

ALBERT CHAU AND LUEN-FAI TAM

Abstract. We study complete noncompact long-time solutions (M,g(t)) to
the Kähler-Ricci flow with uniformly bounded nonnegative holomorphic bi-
sectional curvature. We will show that when the Ricci curvature is positive

and uniformly pinched, i.e. Rij̄ ≥ cRgij̄ at (p, t) for all t for some c > 0,
then there always exists a local gradient Kähler-Ricci soliton limit around p
after possibly rescaling g(t) along some sequence ti → ∞. We will show as
an immediate corollary that the injectivity radius of g(t) along ti is uniformly
bounded from below along ti, and thus M must in fact be simply connected.
Additional results concerning the uniformization of M and fixed points of the
holomorphic isometry group will also be established. We will then consider
removing the condition of positive Ricci curvature for (M, g(t)). Combining
our results with Cao’s splitting for Kähler-Ricci flow (2004) and techniques of
Ni and Tam (2003), we show that when the positive eigenvalues of the Ricci
curvature are uniformly pinched at some point p ∈ M , then M has a special
holomorphic fiber bundle structure. We will treat as special cases, complete
Kähler manifolds with nonnegative holomorphic bisectional curvature and av-
erage quadratic curvature decay as well as the case of steady gradient Kähler-
Ricci solitons.

1. Introduction

In this paper we study the class of complete noncompact Kähler manifolds
(Mn, g) of complex dimension n with bounded and nonnegative holomorphic bi-
sectional curvature. Let R be the scalar curvature and let

(1.1) k(r, x) =
1

Vx(r)

∫
Bx(r)

R

be the average of the scalar curvature over the geodesic ball with radius r and
center at x. In [11], [12] and [13] the authors obtained, among other things, the
following uniformization results:

(1) If k(r, x) ≤ C/(1 + r2) for some C for all r and x, then the universal cover
of M is biholomorphic to C

n.
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(2) Under a weaker assumption that k(r, x) ≤ C/(1 + r) for some C for all r
and x, the universal cover of M is homeomorphic to R2n and is biholomorphic to
a pseudoconvex domain in C

n.
The results support the following conjecture due to Yau [33]: If (M, g) has

positive holomorphic bisectional curvature, then M is biholomorphic to Cn.
In this paper we want to discuss the structure of M itself. In light of the above

results, a reasonable approach is as follows. First one studies more closely the
structure of the universal cover M̃ . Then one would like to study properties of
the first fundamental group, and hopefully these together will provide information
about the structure of M . As in the previous works, we will study the Kähler-Ricci
flow equation on (M, g):

(1.2)
∂gij̄
∂t

= −Rij̄.

By the works [26] and [28] of Shi, the Kähler-Ricci flow has a long-time solution
g(t) with uniformly bounded curvature under assumption (2) (and hence (1)) above.

By the splitting result of Cao [7], (M̃, g̃(t)), the pullback of g(t) to the universal

cover M̃ , splits for all t > 0 as M̃ = Ck × Ñ and g̃(t) = ge × h(t), where ge
is the standard metric on C

k and h(t) has nonnegative holomorphic bisectional
curvature and positive Ricci curvature. Hence we will begin our studies with long-
time solutions (M, g(t)) to Kähler-Ricci flow, where g(t) has uniformly bounded
nonnegative holomorphic bisectional curvature and positive Ricci curvature. We
will prove that:

If at some point p ∈ M , the eigenvalues of Ric(p, t) are uniformly pinched (i.e.
the smallest eigenvalue of Ric(p, t) is at least C times the largest eigenvalue for some
C > 0 independent of t), then M is simply connected and is in fact biholomorphic
to a pseudoconvex domain in C

n.
See Theorems 2.1, 2.2 and 2.3. A particular case occurs when (M, g) has average

quadratic curvature decay and positive Ricci curvature in which case it is shown
in Corollary 2.1 that M is biholomrophic to Cn. This generalizes previous results
in [12] where the same result, in particular Corollary 2.1, is proved assuming in
addition either that (1.2) has an eternal solution (i.e. g(t) exists for −∞ < t < ∞)
or that tR is uniformly bounded in space-time. Note that either condition will
imply that eigenvalues of Ric(p, t) are uniformly pinched; see [12] for example.

More generally, if we only assume the positive eigenvalues of Ric(p, t) are uni-
formly pinched, then using the above result on simple connectedness, we prove
that:

M is a holomorphic and Riemannian fiber bundle over Ck/Γ, where Γ is a dis-
crete subgroup of the holomorphic isometry group of Ck, with fiber either C

n−k or
a pseudoconvex domain in Cn−k.

See Theorem 3.1. In particular, the fiber is Cn−k when (M, g) has average
quadratic curvature decay, which we show in Corollary 3.1. Similar results under
different conditions have been obtained in [25] and [30].

Our results are related to the second part of Yau’s conjecture in [33]: If the
holomorphic bisectional curvature is only nonnegative, then M is biholomorphic to
a complex vector bundle over a compact Hermitian symmetric space. In fact, we
prove that if n−k = 1 in the above situation, then M is actually a line bundle over
Ck/Γ. In order to prove this, we have to study more carefully the isometry group
of a complete noncompact Kähler manifold (M, g) with nonnegative holomorphic
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bisectional curvature and positive Ricci curvature. We prove that if there is a
long-time solution g(t) to Kähler-Ricci flow with uniformly bounded nonnegative
holomorphic bisectional curvature and positive uniformly pinched Ricci curvature,
then any finite set of isometries of M has a fixed point. Under the stronger as-
sumption that (1.2) has an eternal solution or tR(p, t) is uniformly bounded for
all time, then one can prove the stronger result that there is a fixed point for all
isometries of (M, g). See Theorems 2.4 and 2.5. One might want to compare this
with a theorem of Cartan which says that a compact subgroup of isometries of a
Cartan-Hadamard manifold has a fixed point.

A special case of the above occurs when g(t) is actually a gradient Kähler-Ricci
soliton. Namely, there is a real-valued function f with fij = 0 such that Rij̄ = fij̄
(steady type) or after rescaling −Rij̄ + gij̄ = fij̄ (expanding type). In the case of
expanding type, it is known that M is biholomorphic to Cn by [10]. For the case
of steady type, under an additional assumption that the scalar curvature attains
its maximum at some point, we prove that in most cases, M is a holomorphic
vector bundle or Ck/Γ. More precisely, we prove that this is the case if the scalar
curvature R is maximal at p ∈ M say, and the positive eigenvalues λ1, . . . , λl of Ric
at p satisfy the Diophantine condition

l∑
i=1

miλi �= λj

for all j and for all nonnegative integers mi such that
∑l

i=1 mi ≥ 2. See Theo-
rem 4.1. The proof relies on the result of Bryant [2] on the existence of Poincaré
coordinates. This is related to a result of Yang [32]: Suppose M is a noncompact
Kähler-Ricci soliton with nonnegative Ricci curvature such that its scalar curvature
attains a positive maximum at a compact complex submanifold K with codimen-
sion 1 and the Ricci curvature is positive away from K. Then M is a holomorphic
line bundle over K.

We now describe the organization of the paper. In §2 we study long-time solu-
tions to Kähler-Ricci flow with bounded nonnegative holomorphic bisectional cur-
vature and positive Ricci curvature. We will prove the existence of gradient Kähler-
Ricci soliton limits and consequences of this concerning the injectivity radius along
the flow and the simple connectedness of M . We will also prove results on the
existence of a fixed point of isometries. In §3 will prove the fiber bundle structure
and line bundle structure of M . Finally, in §4 we prove the vector bundle structure
on gradient Kähler-Ricci solitons. We will also prove a result on the volume growth
of expanding gradient Ricci solitons in this section, which is related to the work of
Ni [24].1

2. Long-time solutions and local limits

In this section we study limits of long-time solutions of the Kähler-Ricci flow
(2.1) on complete noncompact Kähler manifolds with uniformly bounded nonnega-
tive holomorphic bisectional curvature and positive Ricci curvature. We will inves-
tigate when such a solution subconverges, after rescaling, to a gradient Kähler-Ricci
soliton limit, and we will derive a number of consequences from this. In Corollary
2.1 we treat the particular case of a complete noncompact Kähler manifold having

1This result (Proposition 4.1) is proved independently in [3].
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bounded nonnegative holomorphic bisectional curvature and positive Ricci curva-
ture which decays quadratically in the average sense. Our study of the limiting
behavior of Kähler-Ricci flow in this section can be viewed as an extension of that
in [11] and [12]. We begin with the following.

Basic Assumption 1: Let Mn be a noncompact complex manifold of complex
dimension n. Let g(t) be a complete solution of the Kähler-Ricci flow

(2.1)
∂gij̄
∂t

= −Rij̄

on M × [0,∞) with uniformly bounded nonnegative holomorphic bisectional curva-
ture in space-time and with positive Ricci curvature.

Let R(x, t) be the scalar curvature of g(t) at x. Let p ∈ M be a fixed point.
Then we have the following possibilities: (1) R(p, t) ≥ c for some constant c > 0 for
all t; or (2) inft∈[0,∞) R(p, t) = 0. In the second case, since tR(p, t) is nondecreasing
in time by a Li-Yau-Hamilton (LYH) type differential inequality of Cao [4], we have
two subcases: (2a) tR(p, t) ≤ c for some constant c > 0; and (2b) limt→∞ tR(p, t) =
∞. We address these cases separately in Theorems 2.1, 2.2 and 2.3 below.

First, we have the following lemma.

Lemma 2.1. Let (M, g(t)) be as in the Basic Assumption 1. Let p ∈ M be a
fixed point. There exists C > 0, such that for any 1

4 ≤ α0 ≤ α1 ≤ 1
2 , any ρ > 0,

and any T > 0 we have

(2.2)
R(x, 4α1T )

R(y, 3T )
≤ C exp(

ρ2

4
)

for x, y ∈ B4α0T (p, ρ
√
T ).

Proof. For t > 0, fixed, define

ĝ(s) =
es

t
g(t(1− e−s)), 0 ≤ s < ∞.

Then we have
∂ĝ

∂s
= −R̂ic + ĝ

on M × [0,∞). By the (LYH) type differential inequality in [4], for x, y ∈ M and
0 < s1 < s2 < ∞ we have

(2.3)
R̂(x, s1)

R̂(y, s2)
≤ es2 − 1

es1 − 1
exp(

1

4
Δ),

where

Δ = Δ(x, y; s1, s2) = inf
γ

∫ s2

s1

|γ′(s)|2ĝ(s)ds

and γ is any curve from x to y. Here R̂ is the scalar curvature and R̂ic is the Ricci
curvature of ĝ.

Let α1 = 1− e−s1 and α2 = 1− e−s2 . Then R̂(si) = (1− αi)R(αit) for i = 1, 2,

and we have 0 < α1 < α2. Let α0 > 0 be fixed. Then ĝ(s) ≤ es

t g(α0t) for

α0 ≤ 1− e−s because g(t) is decreasing in t. Now for x, y ∈ Bα0t(p, ρ
√
t), let γ be

a minimal geodesic from x to y with respect to g(α0t). If 1
4 ≤ α0 ≤ α1 ≤ 1

2 and

α2 = 3
4 , then

Δ(x, y; s1, s2) ≤
d2

t(s2 − s1)2

∫ s2

s1

esds ≤ C1ρ
2
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for some constant C1 independent of x, y, t, ρ, α0, α1, where d is the distance between
x, y with respect to g(α0t). Hence

R(x, α1t)

R(y, 3
4 t)

≤ C2 exp(
ρ2

4
)

for x, y ∈ Bα0t(p, ρ
√
t) and 1

4 ≤ α0 ≤ α1 ≤ 1
2 . Here C2 is independent of

x, y, t, ρ, α0, α1.
Replacing 1

4 t by T , we have

(2.4)
R(x, 4α1T )

R(y, 3T )
≤ C3 exp(

ρ2

4
)

for x, y ∈ B4α0T (p, ρ
√
T ) for some constant C2 independent of x, y, t, ρ, α0, α1. From

this the lemma follows. �
We will also need the following result, which is basically from [29, 11] (see also

[12]).

Lemma 2.2. Let (M, g) be a complete Kähler manifold. Let p ∈ M and r0 > 0.
Suppose |Rm(g)| + |∇Rm(g)| ≤ c for some c on B(p, r0). Then there exist r > 0
and a constant C > 0 depending only on r0, c and n, and a holomorphic map

(2.5) Φ : D(r) → M

with the following properties:

(i) Φ is a local biholomorphism from D(r) ⊂ Cn onto its image,
(ii) Φ(0) = p,
(iii) Φ∗(g)(0) = ge,
(iv) 1

C ge ≤ Φ∗(g) ≤ Cge in D(r),

where ge is the standard metric on Cn.

We may now state our first

Theorem 2.1. Suppose that at some p ∈ M we have Ric(p, t) ≥ cg(p, t) for all t
for some c > 0. Then the following are true.

(i) The injectivity radius of g(t) at p satisfies injt(p) ≥ a for some a > 0 for
all t.

(ii) Mn is homeomorphic to the Euclidean space and is biholomorphic to a
pseudoconvex domain in Cn.

(iii) For any ti → ∞ we can find a subsequence tik such that (M, g(t + tik), p)
converges to a complete eternal solution (M∞, g∞(t), o) of (2.1) with posi-
tive Ricci curvature and bounded nonnegative holomorphic bisectional cur-
vature, and M∞ is biholomorphic to Cn.

(iv) For any ti → ∞, there exist a subsequence tik and sik ≥ tik such that
(M, g(sik), p) converges to a steady gradient Kähler-Ricci soliton with posi-
tive Ricci curvature and bounded nonnegative holomorphic bisectional cur-
vature which is biholomorphic to Cn.

Proof. Assume (i) is true. Since the curvature, and its covariant derivatives, of g(t)
are uniformly bounded by [28], for each t ≥ 1 there is a biholomorphism Φt from
D(r) → M satisfying the conditions in Lemma 2.2 with r and C being independent
of t. Since Ric > 0 for all t, it is easy to see that Φt(D(r)) exhausts M as t → ∞ by
the eigenvalue inequality for Rc(t) in [13] (Theorem 6.1). HenceM is homeomorphic
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to the Euclidean space by [1]. This proves the first part of (ii). The second part of
(ii) then follows from Theorem 1.2 in [13].

(iii) follows from (i), the standard result on compactness of solutions of Ricci
flow [22] and Theorem 1.4 in [12].

(iv) will follow from (i) and the content in the proof of (i).
It remains to prove (i). Suppose there exist ti → ∞ such that limi→∞ injti(p) =

0. Since the curvatures are uniformly bounded in space-time, for any positive
integer k ≥ 1 there is a positive constant C1 which is independent of i, but possibly
depending on k, such that

1

C1
g(t) ≤ g(ti) ≤ C1g(t)

for any t ∈ [ti, ti + k]. By volume comparison and [17] on the injectivity radius
bound we have:

lim
i→∞

sup
t∈[ti,ti+k]

injt(p) = 0

for any k. On the other hand, since the scalar curvatures of g(t) are uniformly
bounded, for any i, there exists si ∈ [ti, ti + k] such that the scalar curvature∣∣ ∂
∂tR(p, t)|t=si

∣∣ ≤ C2/k, where C2 = 2 supt R(p, t). By passing to a subsequence
still denoted by ti, we can find ki → ∞ and si ∈ [ti, ti + ki] such that

(2.6) lim
i→∞

injsi(p) = 0, lim
i→∞

∂

∂t
R(p, t)|t=si = 0.

By Lemma 2.2, there is r > 0 and C3 > 0 independent of i such that for each i,
there exists a holomorphic map Φi : D(r) → M corresponding to the metric g(si)
satisfying the conditions in the lemma with C = C3 in property (iv) in the lemma.
Now by considering the sequence (D(r), gi(s) = Φ∗

i g(si+s)), we may then obtain a
local subsequence limit solution (D(r), h(z, t)) to (2.1) on an eternal time interval
and satisfying ∂

∂tR
h(0, 0) = 0, where Rh is the scalar curvature of h. By Theorem

2.1 in [12] we find that (D(r), h(0)) is a local steady gradient Kähler-Ricci soliton
with positive Ricci curvature centered at the origin. Namely, there is a real-valued
function f on D(r) such that Rh

ij̄ = fij̄ and fij = 0 in D(r), where Rh
ij̄ is the

Ricci curvature of h(0). Thus Zi = f i is a holomorphic vector field, and it can be
shown that the gradient of f is zero at the origin (see [12] for example), which is
an isolated zero because fij̄ = Rh

ij̄ > 0. In fact by its construction in [12, §2] and
[6], there exists 0 < r1 < r such that Z is the unique solution of the equation

(2.7) R,i +Rij̄Z
j̄ = 0

in D(r1) relative to the metric h(0).
Note that (2.7) has a unique solution Z ∈ T (0,1) on any Kähler manifold having

positive Ricci curvature. By our assumptions on the positivity of Ricci curvature,
we may then let W (i) ∈ T (0,1)M be the unique solutions to (2.7) on (M, g(si)) for
any k. In particular, for any i, as Φi is a local biholomorphism, V (i) = (Φi)

∗
(W (i))

is a smooth (0, 1) vector field in D(r). By the definition of g(si), V (i) is just the
unique solution of (2.7) in D(r1) relative to the metric (Φi)

∗ (g(si)). By uniqueness
and the fact that (Φi)

∗
(g(si)) → h, we conclude that:

V (i) converges to Z uniformly on compact sets in D(r1) in the C∞ topology.
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It is easy to see that the integral curves of −Z in D(r) will converge to the origin.
Since V (i) converge to Z, one expects the integral curves of V (i) to have similar
behaviors if i is large. In fact, in real coordinates xα of D(r), the integral curves
of −Z are given by the following ODE:

(2.8) x′
α = −λαxα + Fα(x),

where λα ≥ c > 0 are the positive eigenvalues of Rh
ij̄ at the origin, |F (x)| = (|x|2)

and |dF (x)| = O(|x|). On the other hand, for any ε > 0 there exists i0 and
0 < r1 < r such that the integral curves of V (i) for i ≥ i0 are given by

(2.9) x′
α = −λαxα +Gi

α(x),

where |Gi − F |+ |dGi − dF | ≤ ε in D(r1).
Fix r1 > r2 > 0 and suppose x(τ ) is an integral curve of −V (i) in D(r). Then

d

dτ
|x|2 ≤ −2c|x|2 + |Gi(x)| |x|

≤ −2c|x|2 + ε|x|+ C4|x|3

≤ −3

2
c|x|2 + ε|x|,

(2.10)

where C4 depends only on F , provided r2 < c
2C3

and |x| ≤ r2. Fix r2 satisfying

these conditions. Then if r2
2 ≤ |x| ≤ r2 we have

(2.11)
d

dτ
|x|2 ≤ −3

2
c|x|2 + 2ε

r
|x|2 < 0

if ε > 0 is small enough. Choose such an ε. Hence for i ≥ i0 large enough any
integral curve of V (i) starting in D(r2) will stay inside D(r2).

Now let x(τ ) and y(τ ) be two integral curves of V (i) inside D(r2). Then

d

dτ
|x− y|2 = −2

∑
α

λα(xα − yα)
2 +

∑
α

(
Gi

α(x)−Gi
α(y)

)
(xα − yα)

≤ −2c|x− y|2 +
∑
α

||dGi(zα)|| (xα − yα)
2

≤ −2c|x− y|2 + ε|x− y|2 +
∑
α

||dF (zα)|| (xα − yα)
2

≤ −c|x− y|2

(2.12)

for some zα inside D(r2), provided r2 and ε are sufficiently small, both depending
only on the constant c. Hence

(2.13) |x− y|2(τ ) ≤ exp(−cτ )|x− y|2(0) ≤ 4r2 exp(−cτ ).

If x(τ ) is an integral curve in D(r2), and if τ2 > τ1 > 0, then

y(τ ) = x(τ2 − τ1 + τ )

is also an integral curve in D(r2). Hence |x(τ1) − x(τ2)|2 ≤ 4r2 exp(−cτ1). Hence

x(τ ) will converge to a point x0 ∈ D(r2), and by (2.12), we see that any set in D(r2)

will contract to x0 along integral curves. In fact, x0 ∈ D( r22 ) by (2.11). Moreover,
x0 is a fixed point of V (i).

We now claim that Φi is injective on D(r2) for i ≥ i0. Assume this is not the case
and that for some z1 �= z2 ∈ D(r2) we have Φi(z1) = Φi(z2) = q ∈ M . Let γ1 and
γ2 be two integral curves for V (i) starting at z1 and z2, respectively. Then by the
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construction of V (i), Φi(γ1) and Φi(γ2) are integral curves for W (i) starting from
q. Hence by the uniqueness of integral curves we must have Φi(γ1(τ )) = Φi(γ2(τ ))
for all τ . On the other hand, for all τ , we have γ1(τ ) �= γ2(τ ) also by uniqueness
of integral curves. But γ1(τ ) and γ2(τ ) both converge to an x0 ∈ D̄(r2). It is
readily seen that these facts contradict the fact that Φi is a biholomorphism in
some neighborhood of x0. Thus we have shown that Φi is injective on D(r2) for all
i ≥ i0.

Now it is easy to see that Φi(D(r2)) is contained in some geodesic ball Bsi(p, r3)
for some r3 independent of i. Thus by the injectivity of Φi shown above, and by the
fact that Φ∗

i (g(si)) is uniformly equivalent to the Euclidean metric by Lemma 2.2, it
is easy to see that there exists b > 0 such that for i ≥ i0 large enough, Bsi(p, r3) has
volume bounded below by b. By the result of Cheeger-Gromov-Taylor [17], injsi(p)
must be uniformly bounded away from zero. But this contradicts our assumption
that injsi(p) → 0. This completes the proof of the theorem by contradiction. �

Next we consider the case that tR(p, t) is uniformly bounded.

Theorem 2.2. Suppose that at some p ∈ M we have tR(p, t) ≤ c for all t and
some c > 0. Then the following are true.

(i) The injectivity radius of g(t) at p satisfies injt(p) ≥ at
1
2 for some a > 0 for

all t.
(ii) Mn is biholomorphic to Cn.
(iii) Let g̃ij̄(s) = e−sg(es). Then for any si → ∞ we can find a subsequence sik

such that (M, g̃ij̄(sik), p) converges to an expanding gradient Kähler-Ricci
soliton with positive Ricci curvature which is biholmorphic to Cn.

We will need the following lemma.

Lemma 2.3. With the same assumptions as in Theorem 2.2, for any ρ > 0 and
integer k ≥ 0, there is a constant C such that

||∇kRm(x, t)||2t ≤ C

t2+k

for all x ∈ Bt(p, ρ
√
t) and for all t > 0, where ∇ and the norm are taken with

respect to g(t).

Proof. By the assumptions and Lemma 2.1, there exists a constant C1 such that
for all T > 0 and r > 0,

(2.14)
R(x, t)

R(p, 3T )
≤ C1 exp(

r2

4
)

for all x ∈ BT (p, r
√
T ) and T ≤ t ≤ 2T . Consider the metrics

ĝ(s) =
1

T
g(T + sT ).

Then ĝ satisifies the Kähler-Ricci flow equation with nonnegative holomorphic bi-
sectional curvature. By the assumption that tR(p, t) is uniformly bounded and
(2.14) and the fact that ĝ(s) has nonnegative holomorphic bisectional curvature,
we have

(2.15) ||R̂m|| ≤ C2 exp(
r2

4
)
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in B̂0(p, r)× [0, 2], where C2 is a constant independent of r and T and where R̂m,
|| · || are the curvature tensor and the norm with respect to ĝ. Thus by the local
derivatives estimates of Shi [26], see also [20], for any integer k ≥ 0, there is a
constant C3 which is independent of t such that

(2.16) ||∇̂kR̂m|| ≤ C3

in B̂0(p,
r
2 )× {1}.

On the other hand, by the Kähler-Ricci flow equation, we conclude that

C4 exp(exp(
r2

4
))ĝ(0) ≤ ĝ(1) ≤ ĝ(0)

in B̂0(p, r) for some positive constant C4 independent of r and T . Hence we have

B̂1(p, ρ) ⊂ B̂0(p,
r
2 ), where ρ = C

1
2
4 exp( 12 exp(

r2

4 ))
r
2 .

Given ρ > 0, let r be such that ρ = C
1
2
4 exp( 12 exp(

r2

4 ))
r
2 , rescale ĝ back to g, and

conclude from (2.16) that the lemma is true. �

Now we are ready to prove the theorem.

Proof of Theorem 2.2. To prove (i), let g̃ij̄ be as in (iii). Then g̃ij̄(s) solves the
normalized Kähler-Ricci flow equation:

(2.17)
∂g̃ij̄
∂t

= −R̃ij̄ − g̃ij̄

on M×(−∞,∞). By Lemma 2.3, the fact that g̃ij̄ has positive Ricci curvature, and

the fact that the eigenvalues of R̃ic are nondecreasing by Theorem 6.1 in [13], we
can proceed exactly as in the proof of Theorem 2.1 (i) to show that the injectivity
radius of g̃ij̄(s) at p is uniformly bounded below away from zero.2 Rescaling back
to g(t), we see that (i) is true. Note that here we use the fact that if we take a limit
along a sequence si as in the proof of Theorem 2.1(i), then in the limit metric, the
scalar curvature at the origin is constant in time.

Using Lemma 2.3 and (i), the proof of Theorem 1.1 in [11] can be carried over
to prove that M is biholomorphic to Cn.3

Since g̃ij̄(s) is decreasing, for any ρ > 0 and s0 ≥ 0, the curvature together with
its derivatives is uniformly bounded on Bs0(p, ρ) for all s ≥ s0. Combining with
(i), one can apply the proof of the local version [19, Corollary 3.18] of compactness
of solutions of Hamilton [22] to conclude that for any si → ∞ we can find a
subsequence sik such that (M, g̃ij̄(s+sik), p) converges to a complete eternal solution
of (2.17) which is in fact an expanding gradient Kähler-Ricci soliton with positive
Ricci curvature and nonnegative holomorphic bisectional curvature. The fact that
the limit solution is an expanding gradient Kähler-Ricci soliton can be proved as
in [12, §2]. The fact that the limiting manifold is biholomorphic to Cn follows from
[10, 2]. �

Remark 2.1. Theorem 2.2 was proved by the authors in [12] under the stronger
assumption that tR(p, t) is uniformly bounded for all t ≥ 0 independently of p. In
particular, it was proved there that M is biholomorphic to Cn. We point out that

2In this case the local limit (D(r), h(0)) will be a local expanding gradient Kähler Ricci soliton.
3In Theorem 1.1 of [11], there exists a long-time solution to Kähler-Ricci flow such that the

estimate in Lemma 2.3 holds for all x ∈ M . However, only the precise statement of Lemma 2.3
was actually used in the proof of the theorem.
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the injectivity radius bound in Theorem 2.2 (i) allows a direct application of the
methods in [11], and thus a more direct proof of this result.

By the result of [4], if tR(p, t) is not bounded, then tR(p, t) → ∞ as t → ∞. We
consider this case in the next theorem.

Theorem 2.3. Suppose that at some p ∈ M , limt→∞ tR(p, t) = ∞ and inft R(p, t)
= 0. Suppose also that the eigenvalues of Ric(p, t) are uniformly pinched, i.e.
Rij̄ ≥ cRgij̄ at (p, t) for all t for some c > 0. Then there exists ti → ∞ and ai > 0
with limi→∞ ai = 0 such that the following are true.

(i) The injectivity radius of g(ti) at p satisfies injti(p) ≥ ca−1
i for some c > 0.

(ii) Mn is homeomorphic to Euclidean space and is biholomorphic to a pseudo-
convex domain in Cn.

(iii) (Mn, aig(ti), p) converge to a steady gradient Kähler-Ricci soliton with pos-
itive Ricci curvature which is biholomorphic to C

n.

Proof. To prove (i), since inft R(p, t) = 0 and Ric > 0 for all t, we can find Ti → ∞
such that ai = R(p, 3Ti) = inft∈[0,3Ti] R(p, t). Then ai > 0 and limi→∞ ai = 0.

Now the metrics gi(t) = aig(Ti +
t
ai
) solve (2.1) for −aiTi ≤ t < ∞. Moreover,

by the choice of Ti we have R(i)(p, t) ≥ 1 for −aiTi ≤ t ≤ 2aiTi, where R(i) is
the scalar curvature of gi. On the other hand, by Lemma 2.1, there is a constant
C1 independent of i such that R(i)(p, t) ≤ C1 for all 0 ≤ t ≤ 2aiTi. Hence there
is 0 ≤ si ≤ 1

4aiTi such that | ∂∂tR(i)(p, si)| ≤ 8C1/(aiTi). By the assumption that
tR(p, t) → ∞ as t → ∞, we conclude that limi→∞ aiTi = ∞ and

(2.18) lim
i→∞

∂

∂t
R(i)(p, si) = 0.

We now consider the sequence of metrics hi(t) = gi(si + t) which solve (2.1) for
−aiTi − si ≤ t < ∞. By Lemma 2.1 and the definition of ai, there is a constant C2

independent of i such that

(2.19) R̂(i)(x, t) ≤ C2

for all x ∈ B̂
(i)
0 (p,

√
aiTi) and 0 ≤ t ≤ 1

2aiTi, where R̂
(i)(x, t) is the scalar curvature

of hi(t) and B̂
(i)
r is the geodesic ball with respect to h(i).

Since the eigenvalues of the Ricci curvature of g(t) at p are uniformly pinched, the
Ricci curvature of hi(p, 0) is uniformly bounded from below. Noting that aiTi → ∞
as i → ∞, by (2.18) and (2.19), we can proceed as in the proof of Theorem 2.1
(i) to show that the injectivity radius of hi(0) is uniformly bounded from below.
Rescaling back to g(t), using the definition of ai, we see that (i) is true.

Part (ii) follows from part (i) as in the proof of Theorem 2.1.
By the above facts, in particular that (2.18) holds on a sequence of balls with

radii going to ∞, one can proceed as in the proof of Theorem 2.1 (iii) to conclude
that (M,hi(0), p) converges to a complete steady gradient Kähler-Ricci soliton with
positive Ricci curvature and nonnegative holomorphic bisectional curvature. Note
that the gradient of the function defining the gradient Kähler-Ricci soliton has a
unique zero by (2.18) and the fact that the Ricci curvature is positive. Hence the
gradient Kähler-Ricci soliton is biholomorphic to Cn by the results in [10, 2]. �

The methods of proof in the theorems above allow us to study the holomorphic
isometries of (M, g(0)).
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Theorem 2.4. Let (M, g(t)) be as in the Basic Assumption 1. Suppose in ad-
dition that tR(p, t) → ∞ and the eigenvalues of the Rc(p, t) are uniformly pinched.
Let Γ be a finite subset of the holomorphic isometry group of (M, g(0)). Then there
exists q ∈ M such that q is fixed by any γ ∈ Γ.

Proof. By Theorems 2.1 and 2.3, we can find ti → ∞ and a bounded sequence
ai > 0 such that (M,aig(ti), p) converge to a steady gradient Kähler-Ricci soliton
with positive Ricci curvature. By the proof of Theorem 2.1, we conclude that there
exists a > 0 such that ∇iR

(i) has a unique zero at qi ∈ Bi(p, a) which lies inside
Bi(p,

a
3 ). Here Bi is the geodesic ball, ∇i is the covariant derivative and R(i) is the

scalar curvature with respect to aig(ti).
We claim that for any holomorphic isometry γ of (M, g(0)), there is i0 such that

γ(qi) = qi for all i ≥ i0. It is easy to see that the theorem follows from this claim
as Γ is finite.

By the uniqueness of Kähler-Ricci flow [18] (see also [21]), γ is also an isometry
of g(t) and hence of aig(ti) for all i. So γ(qi) is also a zero of ∇iR

(i). Since qi is the
unique zero of ∇iR

(i) in Bi(p, a), it is easy to see that the claim is true if γ fixes p.
Suppose γ(p) �= p. Since for any ε > 0, Bti(p, ε) exhausts M , see [13], and since

ai is uniformly bounded, we conclude that there exists i0 such that if i ≥ i0, then
γ(p) ∈ Bi(p,

a
3 ). Hence γ(qi) ∈ Bi(p, a). Since qi is the unique zero of ∇iR

(i) in
Bi(p, a), we have γ(qi) = qi for i ≥ i0. �

In case tR(p, t) is uniformly bounded in t or if g(t) is an eternal solution, then
we have the following much stronger result.

Theorem 2.5. Let (M, g(t)) be as in the Basic Assumption 1. Suppose in ad-
dition that either (i) for some p ∈ M , tR(p, t) is uniformly bounded in t, or (ii)
g(t) is an eternal solution. Then there exists q ∈ M such that q is fixed by any
holomorphic isometry of (M, g(0)).

Proof. First consider the case that g(t) is an eternal solution. Then by the mono-
tonicity of the eigenvalues of the Ricci curvature in t [13] (Theorem 6.1), the
Ricci curvature at p is uniformly bounded below away from zero for all t. On
the other hand, by the LYH type differential inequality by Cao [6], we know that
d
dtR(p, t) ≥ 0. Hence as in [12], for any ti → ∞, (M, g(ti), p) will subconverge
to a gradient Kähler-Ricci soliton with positive Ricci curvature and nonnegative
holomorphic bisectional curvature. Hence as in the proof of Theorem 2.4, we can
prove that there exist T > 0 and some a > 0 such that for t ≥ T there exists
q(t) ∈ Bt(p, a) which is the unique point satisfying ∇tR(q(t), t) = 0 in Bt(p, 3a).

Also as in the proof of Theorem 2.4, we can prove that for every holomorphic
isometry γ, there exists Tγ such that γ(q(t)) = q(t) for all t ≥ Tγ .

We want to prove that every isometry γ fixes q(T ). Suppose γ(q(T )) �= q(T ).
Since dT (p, q(T )) < a by uniqueness of q(T ), we must have dT (γ(q(T )), q(T )) ≥ 2a.
On the other hand, we have

dTγ
(γ(q(Tγ)), q(Tγ)) = 0

and T < Tγ by the choice of Tγ . Now by uniqueness of q(t) and the fact that g(t) is
a solution of the Kähler-Ricci flow equation, it is not hard to see that q(t) describes
a continuous path on M with respect to t, and thus the same is true for γ(q(t)). It
follows then, that for some T < T0 < Tγ , we must have dT0

(γ(q(T0)), q(T0)) = a.
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But this would violate the fact that q(T0) is the unique zero of ∇T0
R in BT0

(p, 3a).
This proves the case when g(t) is an eternal solution.

The case that tR(p, t) is uniformly bounded in t can be proved similarly using
Theorem 2.2. �

By the results of Shi [28] (see also [12]), if (M, g) has bounded nonnegative holo-
morphic bisectional curvature with average quadratic curvature decay and positive
Ricci curvature somewhere on M , then there exists a long-time solution to the
Kähler-Ricci flow such that tR(p, t) is uniformly bounded independently of p. We
thus have the following immediate corollary of Theorems 2.2 and 2.5:

Corollary 2.1. Let (M, g) be a complete noncompact Kähler manifold with non-
negative holomorphic bisectional curvature. Suppose k(x, r) ≤ C/(1 + r2) for some
C and all r and x, and that Rc(p) > 0 for some p ∈ M . Then M is biholomorphic
to C

n, and there exists q ∈ M such that q is fixed by any holomorphic isometry of
(M, g).

3. Fiber bundle structures

In this section we study the structure of a complete noncompact Kähler manifold
with nonnegative holomorphic bisectional curvature using the Kähler-Ricci flow. To
motivate our discussion, let us consider an example. Take a complete noncompact
Kähler metric h on Cn with positive holomorphic bisectional curvature which is
U(n)-invariant; see [5, 6, 31]. Let M̃ = C

l × C
n (l ≥ 1 with metric g̃ = ge × h,

where ge is the standard metric on Cl). Let k be a nonzero real number. Define

γ : M̃ → M̃ as γ(ζ, z) = (ζ1 + k, ζ2, . . . , ζl, e
2πk

√
−1z), where ζ ∈ Cl and z ∈ Cn.

Then γ is a holomorphic isometry of (M̃, g̃) and γm has no fixed point unless m = 0.

Let Γ be the cyclic group generated by γ. Then (M, g) = (M̃, g̃)/Γ is a complete
noncompact manifold with nonnegative holomorphic bisectional curvature, which
is a vector bundle over Cl/Γ′, where Γ′ is the group generated by γ′ which sends
(ζ1, ζ2, . . . , ζl) to (ζ1 + k, ζ2, . . . , ζl).

Now let (M, g(t)) be a long-time solution of the Kähler-Ricci flow (2.1) on a
complete noncompact Kähler manifold with bounded nonnegative holomorphic bi-
sectional curvature yet without any assumption on the positivity of the Ricci cur-
vature. If (M̃, g̃ij̄(t)) is the universal cover of M with corresponding lift g̃ij̄(t), then
g̃ij̄(t) is also such a solution to Kähler-Ricci flow. As mentioned in the introduction,

(M̃, g̃ij̄(t)) splits for each t > 0 as (Ck × N, ge × h(t)), where ge is the standard
Euclidean metric on C

k and h(t) solves (1.2) and has positive Ricci curvature for
t > 0. We will use our results from §2, for the factor (N, h(t)), together with the
arguments in [25, §5] to provide a fiber bundle description of M . In Corollary 3.1 we
treat the particular case of an initial complete noncompact Kähler manifold having
bounded nonnegative holomorphic bisectional curvature which decays quadratically
in the average sense.

We begin with the following
Basic assumption 2: Let Mn be a noncompact complex manifold and let

(Mn, g(t)) be a complete solution of the Kähler-Ricci flow

(3.1)
∂gij̄
∂t

= −Rij̄



ON THE SIMPLY CONNECTEDNESS OF KÄHLER MANIFOLDS 6303

on M × [0,∞) with uniformly bounded nonnegative holomorphic bisectional cur-
vature in space-time, so that one of the following is true:

Case 1: For some p ∈ M (and hence for all points), tR(p, t) is uniformly bounded
in t.

Case 2: For some point p ∈ M , limt→∞ tR(p, t) = ∞ and the positive eigenvalues
of Ric(t) at p are uniformly pinched for all t.

Theorem 3.1. With the Basic Assumption 2, there is k ≥ 0 such that for all
t, (M, g(t)) is a holomorphic Riemannian fiber bundle over Ck/Γ, where Γ is a
discrete subgroup of holomorphic isometries of Ck, with fiber being Cn−k in Case
1 and a pseudoconvex domain in C

n−k in Case 2. If in Case 2, g(t) is in fact an
eternal solution, then the fiber is also Cn−k.

Proof. Let M̃ be the universal cover of M . By the splitting result of Cao [7], we

have M̃ = C
k × Ñ and g̃(t) = gε(t)× h̃(t), where gε(t) is flat and h̃(t) satisfies the

Basic Assumption 1 of §1 on Ñ . In particular, in Case 1, Ñ is biholomorphic to
Cn−k by Theorem 2.2, and in Case 2, Ñ is homeomorphic to the Euclidean space
and biholomorphic to a pseudoconvex domain in C

n−k by Theorems 2.1 and 2.3.
Moreover, if in Case 2, g(t) and hence h̃(t) is in fact an eternal solution, then by

[12], Ñ is biholomorphic to Cn.
Let F ∈ Γ, the first fundamental group of M with respect to the metric g(0). By

the uniqueness of the Kähler-Ricci flow (see [18, 21]), F is a holomorphic isometry

with respect to g(t) for all t. As a mapping on M̃ , F (x̃, ỹ) = (f1(x̃, ỹ), f2(x̃, ỹ)),

where f1 : M̃ → C
k, f2 : M̃ → Ñ , x̃ ∈ C

k and ỹ ∈ Ñ .
The following argument is basically as in [25, §5], using the fact that Ñ is bi-

holomorphic either to C
n−k or to a pseudoconvex domain in C

n−k which is home-
omorphic to R2(n−k).

We first prove that f2 is independent of x̃. Suppose there is x̃1 �= x̃2 and ỹ
such that f2(x̃1, ỹ) �= f2(x̃2, ỹ). Let α be a line passing through x̃1 and x̃2 in Ck.

Then α(s) = (γ(s), ỹ) is a line in M̃ . That is to say, α is a geodesic which is

minimizing between any two points in α. Hence F ◦ α(s) is a line of M̃ too. So its

projection onto Ñ is minimizing between any two end points as a curve in Ñ . But
the projection is f2 ◦α, which is not a constant curve because f2(x̃1, ỹ) �= f2(x̃2, ỹ).

Hence it must be a line in Ñ . But this implies that a factor C is split from Ñ by
[15]. This is impossible because Ñ has positive Ricci curvature. Thus the claim is
established.

Next we want to prove that f1 is independent of ỹ. First note that F−1 =
(h1, h2) with h2 independent of x̃. Hence f2 ◦ h2 is the identity and h2 = f−1

2 .
On the other hand, since F is an isometry, f2 cannot increase length. For if γ(s)

is a curve in Ñ , then the length for the curve α(s) = (x̃, γ(s)) and the length of
F ◦ α(s) = (f1(x̃, γ(s)), f2(γ(s))) are equal. But the length of α is the same as the
length of γ. So the length of f2(γ(s)) cannot be larger than the length of γ. But
this is also true for f−1

2 . Hence f2 is an isometry. If this is the case, then f1(x̃, γ(s))
must be a point. Hence f1 is independent of ỹ.

Let Λ1 = {f1|(f1, f2) ∈ Γ for some f2}. Then Λ1 is a subgroup of the holomor-
phic isometries of (Ck, gε(t)) for all t. We claim that Λ1 is fixed point free. Suppose
there is F ′ = (f ′

1, f
′
2) ∈ Γ such that f ′

1(x̃0) = x̃0 for some x̃0. Let

G = {f2 ∈ | F = (f1, f2) ∈ Γ for some f1 with f1(x̃0) = x̃0}.
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Then G is a subgroup of the group of the holomorphic isometries of Ñ . G acts on
Ñ freely because Γ acts on M̃ freely. Now h̃ descends to Ñ/G while still satisfying
the Basic Assumption 1 in §1, and thus must be simply connected by Theorems
2.1, 2.2 and 2.3, which leads to a contradiction if G is not trivial. Thus f ′

1 must be
trivial and Λ1 is fixed point free.

Let β be the homomorphism from Γ to Λ1 defined by β(F ) = f1, for F = (f1, f2).
Suppose F = (f ′

1, f
′
2) ∈ Γ and f ′

1 is the identity map. Then by a similar argument,
we can prove that the group

{f2| (f ′
1, f2) ∈ Γ}

is trivial. Hence β is an isomorphism. Then Λ1 acts on M̃ isometrically holomorphi-
cally and freely by f(x̃, ỹ) = (f(x̃), ρ2 ◦β−1(f)(ỹ)), where ρ2 is the homomorphism
given by mapping F = (f1, f2) ∈ Γ to f2.

Hence as shown in [25, §5], M is a Riemannian and holomorphic fiber bundle

over Ck/Λ1 with fiber Ñ . By the comments in the first paragraph of the proof, we
see that this completes the proof of the theorem. �

Theorem 3.2. If n−k = 1 in the previous theorem, then (M, g(t)) is a holomorphic
Riemannian line bundle over Ck/Γ.

Proof. Let Γ and Ñ be as in the proof of the previous theorem. Then Ñ is biholo-
morphic to C and has a global holomorphic coordinate z. Thus for any F ∈ Γ with
F = (f1, f2), f2(z) = az + b for some a �= 0 and b ∈ C. Now by Theorem 2.4, any
f2 has a fixed point. It follows that any nontrivial f2 with F = (f1, f2) ∈ Γ has a

unique fixed point. By Theorem 2.4 again, we conclude that there is z0 ∈ Ñ = C

such that f2(z0) = z0 for any holomorphic isometry f2 with F = (f1, f2) ∈ Γ. We

see that we can choose a global holomorphic coordinate z̃ on Ñ = C such that in
this coordinate, every such f2 has the form f2(z̃) = az̃ for some complex constant
a. Thus in this case, the fiber bundle structure constructed in the proof of Theorem
3.1 is in fact a line bundle structure. This completes the proof of the theorem. �

By the remarks preceding Corollary 2.1, we may have the following immediate
corollary to Theorems 3.1 and 3.2:

Corollary 3.1. Let (M, g) be a complete noncompact Kähler manifold with non-
negative holomorphic bisectional curvature. Suppose k(x, r) ≤ C/(1 + r2) for some
C and all r and x. Then there is k ≥ 0 such that (M, g) is a holomorphic Rie-
mannian fiber bundle over Ck/Γ, where Γ is a discrete subgroup of holomorphic
isometries of Ck, with fiber being Cn−k.

Moreover, if n− k = 1, then the above fiber bundle is in fact a line bundle.

4. Gradient Kähler-Ricci solitons

In this section we refine the results in the previous section in the case of a
steady gradient Kähler-Ricci soliton with bounded and nonnegative holomorphic
bisectional curvature. We remark that in the case of an expanding gradient Kähler-
Ricci soliton satisfying the same curvature conditions, we have M biholomorphic
to C

n by [10]; see also [2].
First let us fix some notation. Let (Mn, g) be a complete steady gradient Kähler-

Ricci soliton with bounded and nonnegative holomorphic bisectional curvature.
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Namely, there is a real-valued function f such that

fij̄ = Rij̄,

fij = 0.
(4.1)

Let (M̃, g̃) be the universal cover of (Mn, g). By [7], M̃ = Ck × Ñ and g̃ =

ge × h̃, where ge is the standard metric and (Ñ , h̃) is a steady gradient Kähler-
Ricci soliton with bounded nonnegative holomorphic bisectional curvature and with
positive Ricci curvature. Hence there exists some smooth real-valued function f
satisfying (4.1) on Ñ . Now let us also assume that the scalar curvature of M attains

its maximum at some point. Hence the same is true for Ñ . Then by [8], ∇f(the real

gradient of f relative to h̃) has a unique zero at some p̃. Let λ1 ≥ λ2 ≥ · · · ≥ λl > 0

be the eigenvalues of the Ricci curvature at p̃, where l = n − k. Recall that Ñ is
biholomorpic to Cl by [10], [2]. Let Γ be the fundamental group of M . Then by the
proof of Theorem 3.1, each F in Γ is of the form (γ1, γ2), where γ1 is a holomorphic

isometry of Ck and γ2 is a holomorphic isometry of (Ñ , h̃). Let

Λ1 = {γ1| (γ1, γ2) ∈ Γ for some γ2}
and

Λ2 = {γ2| (γ1, γ2) ∈ Γ for some γ1}.
We want to describe the holomorphic isometries in Λ2. In fact, we want to

describe any holomorphic isometry of Ñ in general. It was shown by Bryant [2]

that there are global holomorphic coordinates zi of Ñ , ranging over Cl, which
linearize the holomorphic vector field Z = 1

2

(
∇f −

√
−1J(∇f)

)
. That is to say,

Z =
l∑

i=1

λi
∂

∂zi
.

Such coordinates are called Poincaré coordinates.

Remark 4.1. We remark that in the case of an expanding gradient Kähler-Ricci
soliton with nonnegative Ricci curvature, Poincaré coordinates also exist. This is
because, in this case, the potential function f has a unique critical point and J(∇f)
is also a Killing vector field.

Now let φ : (Ñ , h̃) → (Ñ , h̃) be a holomorphic isometry. Thus φ∗(h̃) = h̃.

Lemma 4.1. The following are true:

(1) φ∗(f) = f .
(2) φ∗(Z) = Z.

Proof. Let f1 = φ∗(f). Since φ∗(h̃) = h̃ we have ∇2(f1) = φ∗(∇2f) and thus
(f1)ij̄ = Rij̄ = fij̄. Hence ∇f1 has a unique zero, which must be at p̃. Hence
φ(p̃) = p̃. So f1(p̃) = f(p̃). On the other hand, since ∇f(p̃) = ∇f1(p̃) = 0 and
∇2(f − f1) = 0, we conclude that (1) is true. (2) follows from the definition of Z,

the fact that φ∗(h̃) = h̃ and from (1). �

Lemma 4.2. Let φ be a holomorphic isometry of (Ñ , h̃). Let φ(z) = w in the
Poincaré coordinates. Then φ is an upper triangular polynomial map in the sense
that

w = A(z) +G(z),
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where A(z) is a linear map and G = (G1, . . . , Gl) with Gi = Gi(z
i+1, . . . , zl). If, in

addition, for all j,
l∑

i=1

miλi �= λj

for all nonnegative integers mi such that
∑l

i=1 mi ≥ 2, then φ is a linear map.

Proof. This is basically a result in [2]. For the sake of completeness, we sketch the
proof here. Since φ∗(Z) = Z and we are using Poincaré coordinates in the domain
and target, for each i, we have

(4.2) λiw
i =

l∑
j=1

λjz
j dw

i

dzj

everywhere. On the other hand, for each i, as a function of z we know that wi has
a global power series representation

(4.3) wi =

|α|=∞∑
|α|=1

cα(i)z
α,

where α is a multi-index. The fact that there is no constant term in (4.3) follows

from the fact that, by their definition, both z and w must vanish at p̃ ∈ Ñ . Now by
substituting the power series in (4.3) and its derivative with respect to z for both
sides of (4.2), equating coefficients and using the fact that the λi’s are all positive,
the result follows. �

In [32], Yang proves the following: Let M be a noncompact Kähler-Ricci soliton
with nonnegative Ricci curvature. Suppose its scalar curvature attains a positive
maximum at a compact complex submanifold K with codimension 1 and the Ricci
curvature is positive away from K. Then M is a holomorphic line bundle over K.

In case the holomorphic bisectional curvature is bounded and nonnegative, from
the lemma, the proof of Theorem 3.1 and the discussion before Lemma 4.1, we have
the following:

Theorem 4.1. Let (M, g) be a steady gradient Kähler-Ricci soliton with bounded
nonnegative holomorphic bisectional curvature such that the scalar curvature is
maximal at some p ∈ M . Then assuming the above notation, there exist global
complex coordinates on Ñ such that M is a Riemannian and holomorphic fiber
bundle over Ck/Λ1 with fiber Cn−k such that each γ2 ∈ Λ2 is of upper triangular
form. If, in addition, for all positve λj we have

l∑
i=1

miλi �= λj

for all nonnegative integers mi such that
∑l

i=1 mi ≥ 2, then M is a holomorphic
vector bundle over Ck/Λ1.

We end this section by proving a general volume growth estimate for expanding
gradient solitons. The motivation is from the work of Ni [24], where he proved that
a complete noncompact Kähler manifold with bounded and nonnegative holomor-
phic bisectional curvature and with maximum volume growth must have quadratic
curvature decay as in (1) in the introduction.
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Proposition 4.1. Suppose (Mn, g) is a complete Riemannian manifold such that
g is an expanding gradient Ricci soliton with nonnegative scalar curvature. Then
for any o ∈ M , there is a constant C > 0 such that Vo(r) ≥ Crn for all r ≥ 1,
where Vo(r) is the volume of a geodesic ball of radius r with center at o.

Proof. Let f be such that fij = Rij + gij . By the proof in [23, §20] (see also [19]),
R + |∇f |2 − 2f is a constant, where R is the scalar curvature. Modifying f by
adding a constant to f , we may assume that R+ |∇f |2 − 2f = 0. Since R ≥ 0, we
have f ≥ 0 and |∇f |2 ≤ 2f. Fix o ∈ M . For any x let γ(s) be a minimal geodesic
from o to x parametrized by arc length and let r = d(o, x). Then for any 0 ≤ τ ≤ r,

d

dτ
f(γ(τ )) ≤ |∇f |

≤ (2f)
1
2 .

(4.4)

Hence f
1
2 (x) ≤ 1√

2
r + f

1
2 (o). This implies that |∇f |(x) ≤ r + (2f(o))

1
2 .

On the other hand, Δf ≥ n, where n is the dimension of M . For any R,

nV (R) ≤
∫
B(R)

Δf

=

∫
∂B(R)

∂f

∂ν

≤
∫
∂B(R)

|∇f |

≤
(
R + (2f(o))

1
2

)
A(R),

(4.5)

where A(R) is the area of ∂Bo(R) and V (R) = Vo(R). Hence

V (R) ≥
(
R+ (2f(o))

1
2

1 + (2f(o))
1
2

)n

V (1)

for R ≥ 1. �
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