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ANTISYMMETRIES OF THE CAR ALGEBRA

P. J. STACEY,
WITH AN APPENDIX BY JEFFREY L. BOERSEMA AND N. CHRISTOPHER PHILLIPS

Abstract. Let A be a uniformly hyperfinite C∗-algebra with infinitely many
2 × 2 matrix factors. It is shown that, up to conjugacy, there is a unique
antisymmetry (involutory ∗-antiautomorphism) of A.

1. Introduction

In a groundbreaking paper [1] in 1990, Blackadar produced an answer to the
longstanding question of whether or not a period two automorphism (or symmetry)
of an AF algebra possessed an AF fixed point algebra. He showed that, even in the
case where the algebra in question was the uniformly hyperfinite C∗-algebra with
infinitely many 2×2 matrix factors (the CAR algebra), the fixed point algebra may
not be AF. He observed in a final section of the paper that “One might hope that a
modification of the methods of this paper could provide a negative solution to the
following well-known open question: is there an antisymmetry of the CAR algebra
A which is not locally representable?” Antisymmetries of a given C∗-algebra A are
in bijective correspondence with real C∗-algebras R with complexification equal to
A (real forms of A): given an antisymmetry Φ the fixed point subalgebra of Φ ◦ ∗
is a real form of A and, given a real form R of A, the mapping a + ib �→ a∗ + ib∗

for a, b ∈ R is an antisymmetry. The present paper attacks Blackadar’s question
by analysing the real forms of the CAR algebra.

Since Blackadar’s paper was written there have been major advances in the clas-
sification program for simple C∗-algebras. In particular, the work of Lin [12], [16],
[14] has moved the program in the finite case past the state where an inductive limit
structure is required. This provides a method for resolving Blackadar’s question in
the negative. The paper [23] shows that the framework used by Lin applies to the
real algebra associated with an antisymmetry of A. It was shown by Blackadar in
Theorem 8.4.2 of [1] that any such real algebra shares the same K-theory as the
canonical real CAR algebra. Thus, the final step is now to show that Lin’s methods
carry through to the real case and enable the real algebras to be classified by their
K-theory.

The K-theory for real C∗-algebras is considerably more complicated than in
the complex case. In particular, the real counterpart to the Universal Coefficient
Theorem of Rosenberg and Schochet [17], which was obtained by Boersema [3],
uses a rather complicated theory of CRT -modules due to Bousfield [4]. Rather
than attacking the real counterpart to Lin’s classification in full generality, the
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present paper restricts our attention to a simple situation which suffices to handle
the problem under consideration.

2. Absorbing extensions

In this section it is shown that results of Dadarlat and Eilers [6] and of Lin [14],
[15] are applicable in the real case. This is facilitated by the underlying work of
Kasparov [11] covering the real as well as the complex case.

The presentation follows Section 2 of [6], so a representation of a real C∗-algebra
A will refer to a *-homomorphism from A to the real C∗-algebra LB(E) of ad-
jointable B-linear operators on a real Hilbert C∗-module E, which is countably
generated over a σ-unital real C∗-algebra B. HB denotes the canonical such mod-
ule.

As in [6], two representations γ : A → LB(E) and γ′ : A → LB(E
′) are said to

be approximately unitarily equivalent, written γ ∼ γ′, if there exists a sequence of
unitaries un ∈ LB(E

′, E) such that limn→∞ ‖γ(a) − unγ
′(A)u∗

n‖ = 0 and γ(a) −
unγ

′(a)u∗
n ∈ KB(E) for any a ∈ A. The definitions of LB(E

′, E) and KB(E) can
be found in [11].

A unital representation γ is said to be absorbing if γ ⊕ σ ∼ γ for any unital
representation σ : A → LB(F ). A variant of this definition, introduced in [6],
defines a unital representation γ to be nuclearly absorbing if γ ⊕ σ ∼ γ for any
unital strictly nuclear representation σ : A → LB(F ), where a completely positive
contraction σ : A → LB(F ) is said to be strictly nuclear if there exist integers
(nλ) and generalised sequences ψλ : A → Mnλ

(R) and φλ : Mnλ
(R) → LB(F ) of

completely positive contractions with limλ→∞ φλψλ(a) = σ(a) in the strict topology
for all a ∈ A. When A is nuclear, as is the case when Proposition 3 is used in
Section 4 of the present paper, all representations are strictly nuclear, so there is
no need to distinguish between absorbing and nuclearly absorbing representations.
Nevertheless, for possible later reference, the results in this section are stated as
real variants of the results in [6].

If A is a separable real C∗-algebra, an admissible scalar representation θ : A →
M(KR(H)⊗B) is a *-homomorphism which factors as

A
θ′
→ LR(H)

−⊗1→ LR(H)⊗M(B) → M(KR(H)⊗B),

where H is a separable real Hilbert space and θ′ is faithful and of infinite multi-
plicity. We first note the following real analogue of Proposition 2.18 of [6].

Proposition 1. Let A be a unital separable real C∗-algebra and let B be a σ-unital
real C∗-algebra. If θ : A → LB(HB) is a unital admissible scalar representation,
then θ is nuclearly absorbing.

Proof. The proof proceeds exactly as in Proposition 2.18 of [6], noting that the
cited results from [11] are explicitly proved by Kasparov for the real as well as the
complex case. �

The proof of the real analogue of Theorem 2.22 of [6] cannot proceed exactly
as in [6] because Lemma 2.20 in [6] is no longer true for real C∗-algebras. A
counterexample is given by the algebra H of real quaternions, for which 1 is the
only positive element of norm one and for which the only real state φ has

φ(a+ bi+ cj + dk) = a.
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However, Lemma 2.21 of [6] can nevertheless be adapted to the real case. As in [6],
if ι : A → B is a unital full embedding (i.e. has span(Bι(a)B) dense in B for all
non-zero a ∈ A), then dι : A → M(KR(H)⊗B) is defined by dι(a) = 1⊗ ι(a).

Lemma 2. Let A be a unital separable real C∗-algebra, let B be a unital real
C∗-algebra and let ι : A ↪→ B be a unital full embedding. Then, for any unital
completely positive map φ : A → Mn(R) ⊂ Mn(B) = LB(B

n) there is a bounded
sequence vi ∈ KB(B

n, HB) such that limi→∞ ‖φ(a) − v∗i (1 ⊗ ι(a))vi‖ = 0 for all
a ∈ A and limi→∞ ‖v∗i ξ‖ = 0 for all ξ ∈ HB.

Proof. Fix a finite set F ⊂ A and ε > 0. As in [6] it suffices to take n = 1 and
to find m and an isometry V ∈ LB(B,Bm) with ‖φ(a)1B − V ∗(1m ⊗ ι(a))V ‖ < ε.
Let ΨA be the involutory antiautomorphism of A ⊗ C associated with A, let ΨB

be similarly associated with B and note that ΨB ◦ ιC = ιC ◦ ΨA, where ιC is the
complexification of ι.

Applying the proof of Lemma 2.21 of [6] to ιC, to the complexification φC :
A⊗C → C of φ and to the finite set F ∪ΨA(F) = F ∪F∗ ⊂ A produces m, k and

v1, . . . , vmk ∈ B ⊗ C with ‖φ(a)1B −
∑mk

i=1 v
∗
i ι(a)vi‖ < 2ε for all a ∈ F ∪ ΨA(F).

Then, for each a ∈ F ∪ΨA(F),

‖φ(a)1B −
∑
i

ΨB(vi)ι(a)ΨB(v
∗
i )‖ = ‖φ(a)1B −ΨB(

∑
i

v∗i ι(ΨA(a))vi)‖

= ‖φ(ΨA(a))1B −ΨB(
∑
i

v∗i ι(ΨA(a))vi)‖

= ‖φ(ΨA(a))1B −
∑
i

v∗i ι(ΨA(a))vi‖

< 2ε.

Therefore

‖φ(a)1B −
∑
j

1

2
[v∗j ι(a)vj +ΨB(vj)ι(a)ΨB(v

∗
j )]‖ < 2ε.

Let vj = wj + iw′
j with wj , w

′
j ∈ B. Then

v∗j ι(a)vj +ΨB(vj)ι(a)ΨB(v
∗
j ) = (w∗

j − iw′∗
j )ι(a)(wj + iw′

j)

+ (w∗
j + iw′∗

j )ι(a)(wj − iw′
j)

= 2w∗
j ι(a)wj + 2w′∗

j ι(a)w′
j ,

so
‖φ(a)1B −

∑
(w∗

j ι(a)wj + w′∗
j ι(a)w′

j)‖ < 2ε.

Letting V = (v1, . . . , vmk)
tr,W = (w1, . . . , wmk)

tr,W ′ = (w′
1, . . . , w

′
mk)

tr, it
follows from V ∗V = 1B that (W + iW ′)∗(W + iW ′) = 1B and therefore that
W ∗W +W ′∗W ′ = 1B. (W,W ′) is therefore an isometry in M2mk×1(B) with

‖φ(a)1B − (W,W ′)∗(12mk ⊗ ι(a))(W,W ′)‖ < 2ε

for all a ∈ F . �

Proposition 3. Let A be a unital separable real C∗-algebra and let ι : A ↪→ B be
a unital full embedding. Then dι is nuclearly absorbing.

Proof. The proof of Proposition 2.19 of [6] carries over to the real case so that the
result follows from the lemma above. �
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3. Results from K-theory

3.1. United K-theory and the universal coefficient theorem. In this section
the relevant K-theoretical tools are summarized for later use. The first set of
results relates to the united K-theory used by Boersema in [3] to prove a universal
coefficient theorem for real C∗-algebras. The basic objects of study in united K-
theory are CRT -modules, first defined by Bousfield in [4] and applied to the K-
theory of real C∗-algebras by Boersema in [2]. The CRT -modules arising in the
K-theory of a real C∗-algebra A are built from the K-groups of A,A ⊗ C and
A ⊗ T , where T = {f ∈ C([0, 1],C) : f(0) = f(1)}. It is shown in Proposition
8.0.2 of [9] that if, as in the cases considered in this paper, K1(A ⊗ C) = 0, then
the exact CRT -module corresponding to A is CR-acyclic. It is further shown in
Theorem 8.1.2 of [9] that CR-acyclic exact CRT -modules are equivalent to CR-
modules, which involve only the real and complex parts of exact CRT -modules and
are therefore much easier to work with and describe.

A CR-module consists of a pair {MC
∗ ,MR

∗ } of Z-graded abelian groups with
homomorphisms B : MC

∗
∼= MC

∗+2, ψ : MC
∗

∼= MC
∗ , BR : MR

∗
∼= MR

∗+8, η : MR
∗ →

MR
∗+1, c : M

R
∗ → MC

∗ and r : MC
∗ → MR

∗ satisfying various specified relations. If A
is a real C∗-algebra, then such a CR-module (with an additional property known as
exactness or acyclicity) is given by MC

∗ = K∗(A⊗C) and MR
∗ = K∗(A). The map

B is the usual Bott periodicity map, the map BR is the real periodicity map, the
map ψ is induced by the real-linear automorphism a+ ib �→ a− ib, where a, b ∈ A,
the map c is induced by the embedding of A in A ⊗ C, the map r is induced by
embedding A ⊗ C in M2(A) and the map η is obtained by multiplication by the
generator of K1(R). Details can be found in [2] and [9].

If A is a real C∗-algebra such that A⊗C is a UHF-algebra with infinitely many
2× 2 matrix factors, the calculations in Theorem 8.4.2 of [1], although stated just
for the CAR algebra, apply to this situation and give Ki(A) = 0 for i = 1, 2, 3, 5, 6, 7
and K0(A),K4(A) and K0(A ⊗ C) all isomorphic to the same dense subgroup G
of R. (These results are also easily obtained from the treatment of even abstract
cores in section 8.3 of [9], which shows that the exact CR-module corresponding
to A is determined by K0(A ⊗ C) and ψ : K0(A ⊗ C) → K0(A ⊗ C), which are
the same as for the real UHF-algebra of the same type as A.) In this situation
ψ = 1 on K0(A ⊗ C) and K4(A⊗ C), ψ = −1 on K2(A ⊗ C) and K6(A ⊗ C) and
η is the zero map. If the isomorphisms ρRA : K0(A) → G, ρCA : K0(A ⊗ C) → G
and ρHA : K0(A ⊗ H) → G are chosen with ρRA([1A]) = 1, ρCA([1A⊗C]) = 1 and
ρHA ([1A⊗H]) = 1, then c0 and r4 correspond to the identity map on G and r0 and
c4 to multiplication by 2 (which is an automorphism).

A real version of the Universal Coefficient Theorem of Rosenberg and Schochet
[17] was obtained by Boersema in [3]. When restricted to the real parts of the
CRT -modules, his theorem implies, as described in Corollary 4.9 of [3], that, for
real separable C∗-algebras A and B, with A⊗C in the bootstrap category N , there
is a short exact sequence

0 → Ext[,](K
CRT (A),KCRT (B))

κ0→ KK(A,B)
γ0→ [KCRT (A),KCRT (B)] → 0,

where [M,N ] denotes the graded group of CRT -morphisms from the CRT -module
M to the CRT -module N , Ext[,](M,N) denotes the associated derived functor and
κ0 has degree −1. The homomorphism γ0 is given by γ0(x)(y) = α(y, x), where α is
the intersection product fromK0(A⊗D)×KK(A,B) ∼= KK(R, A⊗D)×KK(A,B)
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to KK(R, B⊗D) ∼= K0(B⊗D). An extension to the case where B is σ-unital, but
not separable, is given in the appendix to this paper.

As noted above, for algebras such as those with K1(A ⊗ C) = K1(B ⊗ C) = 0,
which are necessarily CR-acyclic, the category of CRT -modules can be replaced by
that of CR-modules. In the case where the only non-zero K-groups of A, A ⊗ C,
B and B ⊗ C are in even degrees, it follows from the degree −1 property of κ0

(implying that the exact sequence involves components Ext(K∗(A),K∗+1(B)) and
Ext(K∗(A⊗C),K∗+1(B⊗C)) that Ext[,](K

CRT (A),KCRT (B)) = 0. Therefore in
this case γ0 is an isomorphism from KK(A,B) onto the set of CR-morphisms from
KCR(A) toKCR(B). When A⊗C and B⊗C are UHF-algebras with infinitely many
2×2 matrix factors, these morphisms are determined by the values on [1A] ∈ K0(A),
so there exists β ∈ KK(A,B) with β∗([1A]) = α([1A], β) = [1B].

3.2. KCR-triples. In this section we establish notation for the appropriate coun-
terparts to the K-triples introduced in Section 3.3 of [6]. The real C∗-algebras A
considered in the present paper have, up to periodicity, no non-zero K-groups other
than K0(A),K4(A) and K0(A⊗C). Therefore the CR-module elements with which
we are concerned can all be realised as differences of classes of projections from

ProjCR(A) = Proj(A⊗KR) ∪ Proj(A⊗ C⊗KR) ∪ Proj(A⊗H⊗KR).

This definition suffices in the limited circumstances considered here, but it will need
modification to cover more general situations.

As in Definition 3.7 of [6], a KCR-triple (P,G, δ) for A (of the form considered

here) consists of finite subsets P ⊂ ProjCR(A) and G ⊂ A and a δ > 0 chosen such
that whenever φ is a completely positive contraction which is δ-multiplicative on
G, then 1

2 does not belong to the spectrum of (φ⊗ idK)(p) for each p ∈ P (where
φ is also used for the extensions φ ⊗ id to A ⊗ C and A ⊗ H). As in Lemma 3.8

of [6], every finite set P of projections in ProjCR(A) can be augmented to a KCR-
triple for A. Then, as in Definition 3.9 of [6], for any KCR-triple (P,G, δ) for A
and any completely positive contraction which is δ-multiplicative on G, φ� : P →
K0(B) ∪K0(B ⊗ C) ∪K0(B ⊗H) can be defined by

φ�(p) = [χ0((φ⊗ idK)(p))],

where χ0 is the characteristic function of ( 12 , 1].
As in Lemma 3.10 of [6], if A,B and C are unital real C∗-algebras, (P,G, δ)

is a KCR-triple for A, φ : A → B is a completely positive contraction which is
δ-multiplicative on G and j : B → C is a unital *-homomorphism, then

(jφ)�(p) = j∗φ�(p)

for all p ∈ P.

3.3. The K-theory of products. The techniques of Lin and of Dadarlat and
Eilers to be used in Section 4 involve making approximate homomorphisms exact
by passing to a sequence algebra

∏
Bi/

∑
Bi, where

∏
Bi is the �∞ product of

the C∗-algebras Bi and
∑

Bi is their c0 sum. It follows from Theorem 4.10 and
related results from [6] that K1(C) = 0 when C =

∏
Bi/

∑
Bi where either Bi are

UHF-algebras or are of the form
∏

Di/
∑

Di, where Di are UHF-algebras. This
will enable the results described in [6] to be transferred to the situation of interest
in this paper.
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Let B be a real unital C∗-algebra satisfying K1(B ⊗ C) = 0, K0(B ⊗ C) =
2K0(B ⊗ C) is torsion-free,

K0(�∞(B ⊗ C)) ∼= {(xi) ∈
∏

K0(B ⊗ C)|(∃M ∈ N)(∀i ∈ N)−M [1] ≤ xi ≤ M [1]}

and

0 → K0(c0(B ⊗ C)) → K0(�∞(B ⊗ C)) → K0(�∞(B ⊗ C)/c0(B ⊗ C)) → 0

is exact. Assume further that, if ψi is the involution of Ki(B ⊗ C) arising from
the map a + ib �→ a − ib for a, b ∈ B, then ψi = 1 for i = 0, 4 and ψi = −1 for
i = 2, 6. It follows that if Ψi is the corresponding involution on Ki(�∞(B ⊗ C)) or
Ki(�∞(B ⊗ C)/c0(B ⊗ C)), then Ψi = 1 for i = 0, 4 and Ψi = −1 for i = 2, 6. The
CRT -modules KCRT (�∞(B)) and KCRT (�∞(B)/c0(B)) are therefore h∗-acyclic in
the terminology of Chapter 6 of [9]. Noting that, by Proposition 8.0.2 of [9], such
modules are CR-acyclic and therefore, by Theorem 8.1.1 of [9], are isomorphic under
the forgetful functor to h∗-acyclic exact CR-modules, Theorem 8.4.2 of [9] yields
that Ki(�∞(B)) = Ki(�∞(B)/c0(B)) = 0 for i = 1, 2, 3, 5, 6, 7 and Ki(�∞(B)) ∼=
Ki(�∞(B ⊗ C)) and Ki(�∞(B)/c0(B)) ∼= Ki(�∞(B ⊗ C)/c0(B ⊗ C)) for i = 0, 4.
This argument applies when B is either of the form fAf for a projection f in A or
f�∞(A)/c0(A)f for a projection f in �∞(A)/c0(A), where A⊗C is a UHF-algebra
with infinitely many 2×2 matrix factors. Furthermore, when the argument applies
to B, it applies to �∞(B) and to �∞(B)/c0(B).

4. Uniqueness

The aim of this section is to produce a version of Theorem 6.7 of [6] which is
relevant in the present context. There are added complications in extending results
from the complex to the real case, and, for this reason, the results here are not
given in the same generality as the results in [6]. A general classification theorem
for real nuclear C∗-algebras would have to address the more general situation.

The results and proofs closely follow those in [6] and [14]. In particular, the
following result is based on Theorem 4.5 of [6] and Theorem 5.6.4 of [14].

Proposition 4. Let A be a unital separable, nuclear real C∗-algebra, let B be a
unital real C∗-algebra and let ι : A ↪→ B be a unital full embedding. Let γ : A →
M(KR(H)⊗B) be defined by γ(a) = diag(ι(a), ι(a), . . . ) = 1⊗ ι(a) and, for n ∈ N,
let γn(a) = (en ⊗ 1)γ(a), where en = diag(1, 1, . . . , 1, 0, 0, . . . ) ∈ KR(H).

Suppose that α, β : A → B are *-homomorphisms with [α] = [β] in KK(A,B).
Then, for any finite subset F ⊂ A and any ε > 0 there exists n ∈ N and a unitary
u ∈ Mn+1(B) such that

‖udiag(α(a), γn(a))u∗ − diag(β(a), γn(a))‖ < ε

for all a ∈ F . Moreover, it can be arranged that

udiag(α(1), γn(1))u
∗ = diag(β(1), γn(1)).

Proof. By Proposition 3, dι : A → M(KR(H) ⊗ B) is absorbing. The proofs of
Lemma 5.6.2, Lemma 5.6.3 and Theorem 5.6.4 of [14] (with p(t) = V (t)eNV (t)∗ in
the latter) therefore carry across to the real setting, provided that instead of first
simplifying to the case F ⊂ Asa, elements of the simplified F are also allowed to be
skew-adjoint. The non-unital case is handled, as in Corollary 4.4 and Theorem 4.5
of [6], by including an extra zero summand until the final step. The final adjustment



ANTISYMMETRIES OF THE CAR ALGEBRA 6445

to give udiag(α(1), γn(1))u
∗ = diag(β(1), γn(1)) uses a small perturbation of u (cut

down in the non-unital case), as in the proof of Theorem 4.5 of [6]. �

Proposition 5. Let A be a real C∗-algebra for which the complexification A ⊗ C

is isomorphic to a UHF-algebra with infinitely many 2 × 2 matrix factors and let
B be isomorphic to �∞(C)/c0(C), where C is isomorphic to either fAf for some
projection f ∈ A or to f�∞(A)/c0(A)f for some projection f ∈ �∞(A)/c0(A).
Then, for any finite subset F ⊂ A and any ε > 0, there exists n ∈ N with the
following property. If ι : A → B is a unital embedding and if φ, ψ : A → B are *-
homomorphisms such that φ∗ = ψ∗ as CR-module homomorphisms from KCR(A)
to KCR(B) and φ(1) is unitarily equivalent to ψ(1), there exists a unitary u ∈
Mn+1(B) such that

‖u
(
φ(a)

nι(a)

)
u∗ −

(
ψ(a)

nι(a)

)
‖ < ε

for all a ∈ F . It can be arranged that u(φ(1)⊕ n1)u∗ = ψ(1)⊕ n1.

Proof. Following the proof of Theorem 4.12 of [6], for each m let ιm, φm, ψm satisfy
the conditions of the theorem but with

max
a∈F

‖u
(
φm(a)

mιm(a)

)
u∗ −

(
ψm(a)

mιm(a)

)
‖ ≥ ε

for every unitary u ∈ Mm+1(B). Continuing as in [6], define Φ̇, Ψ̇, İ : A →
�∞(B)/c0(B) and use the results on products from Section 3.3 to deduce that

Φ̇∗ = Ψ̇∗. Then note that the Universal Coefficient Theorem for united K-theory,
from [3] and the appendix to this paper, can be applied to give [Φ̇] = [Ψ̇] in
KK(A, �∞(B)/c0(B)). As in [6], this enables Proposition 4 to be applied to give a
contradiction. �

Proposition 6. Let A be a real C∗-algebra for which the complexification A ⊗ C

is isomorphic to a UHF-algebra with infinitely many 2 × 2 matrix factors and let
B be isomorphic to either A or �∞(A)/c0(A). Then, for any finite subset F ⊂ A
and any ε > 0, there exist n ∈ N and a KCR-triple (P,G, δ) with the following
property. If f ∈ B is a projection and φ, ψ, τ : A → fBf are completely positive
contractions which are δ multiplicative on G, with τ unital, with φ(1) and ψ(1)
unitarily equivalent projections and with φ�(p) = ψ�(p) in KCR(fBf) for all p ∈ P,
there exists a unitary u ∈ Mn+1(fBf) such that

‖u
(
φ(a)

nτ (a)

)
u∗ −

(
ψ(a)

nτ (a)

)
‖ < ε

for all a ∈ F . It can be arranged that u(φ(1)⊕ nf)u∗ = ψ(1)⊕ nf.

Proof. The proof exactly follows that of Theorem 4.15 of [6], using Proposition 5
instead of Theorem 4.12 of [6] and using the results on products from Section 3.3.
Instead of the algebra C used in [6], the algebras KR, C⊗KR and H⊗KR are used to

show that the maps Φ̇∗, Ψ̇∗ : KCR(A) → KCR(�∞(fBf)/c0(fBf)) are equal. �

The following real analogue of Lemma 6.10 of [12] plays a fundamental role in
the proof of Proposition 8. The presentation here follows that in Lemma 6.5 of [6].
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Proposition 7. Let A be be a real C∗-algebra for which the complexification A⊗C

is isomorphic to a UHF-algebra. For any n ≥ 1, any finite subset F ⊂ A and any
ε > 0, there are projections p, q ∈ A with (1− p)A(1− p) ∼= Mn(qAq) and [p] ≤ [q],
a unital finite dimensional C∗-subalgebra C of qAq, a unital completely positive
contractive map η : A → C and a unital *-homomorphism μ : pAp⊕Mn(C) → A
restricting to the natural inclusion of pAp in A, such that ν : A → pAp ⊕Mn(C)
defined by ν(a) = pap ⊕ (η(a) ⊗ 1n) is ε-multiplicative on F and ‖μν(a) − a‖ < ε
for all a ∈ F .

Proof. By [23] A has tracial rank zero. As in [6] there exist a projection p ∈ A and
a finite dimensional real C∗-algebra C with 1− p ∈ C ⊂ (1− p)A(1− p) such that,
for all a ∈ F , ‖[p, a]‖ < ε, (1 − p)a(1 − p) ∈ε C and (n + 2)[p] ≤ [1]. If e1, . . . , ek
are the minimal central projections of C, then, for each i, eiCei is isomorphic to
Mm(i)(Fi) where Fi is isomorphic to R,C or H. When Fi = R or Fi = H, eiAei
factorises as Mm(i)(Fi)⊗Bi, where Bi is the relative commutant of eiCei in eiAei.
When Fi = C, ei is no longer a minimal central projection in the complexification
but can be written as ei1 + ei2, where ei1 and ei2 are minimal and central, with
ΦA(ei1) = ei − ei1 = ei2, where ΦA is the involutory antiautomorphism of A ⊗ C

corresponding to A. If the relative commutant of ei1(C ⊗C)ei1 in ei1(A⊗C)ei1 is
Bi1, then Bi = {b+ ΦA(b

∗) : b ∈ Bi1} is isomorphic to Bi1 and is contained in the
relative commutant of eiCei in eiAei. Thus, in all cases, Bi is tracially AF, being
isomorphic to a corner of A or A⊗ C, and is contained in the relative commutant
of eiCei in eiAei. This algebra (with K0(Bi) isomorphic to a dense subgroup of R)
satisfies the conclusions of Lemma 6.4 of [6]. The remaining part of the proof of
Lemma 6.5 of [6] then carries through without change, using E = 1

2 (E
C+ΦA◦∗◦EC)

for the completely positive contraction from A to C, where EC is the corresponding
contraction from A⊗ C onto C ⊗ C. �

Proposition 8. Let A be a real C∗-algebra for which the complexification A ⊗ C

is isomorphic to a UHF-algebra with infinitely many 2 × 2 matrix factors. Then,
for any finite subset F ⊂ A and any ε > 0, there exists a KCR-triple (P,G, δ)
with the following property. For any two unital completely positive contractions
φ, ψ : A → A which are δ-multiplicative on G and with φ�(p) = ψ�(p) for all p ∈ P,
there exists a unitary u ∈ A such that

‖uφ(a)u∗ − ψ(a)‖ < ε

for all a ∈ F .

Proof. The proof exactly follows that of Theorem 6.7 of [6], using Propositions 7
and 6 instead of Lemma 6.5 and Theorem 4.15 of [6]. The proof requires A and
�∞(A)/c0(A) to have a cancellation of projections. In the case of A this property
follows from Proposition 5.1 and Lemma 6.3 of [22]. It then follows for �∞(A)/c0(A)
by using standard approximation techniques to lift projections E,F and a partial
isometry V with E = V V ∗ and F = V ∗V in the quotient algebra to sequences
(en), (fn), (vn) which are ultimately projections or partial isometries and then by
using the fact that close projections are unitarily equivalent to establish that even-
tually 1− en is equivalent to 1− fn and thus 1− E is equivalent to 1− F . �
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5. Existence

The aim of this section is to produce a version of Lemma 6.4.7 of [14]. The ap-
proach is closely modeled on Section 5 of [6]. This uses the description of KK(A,B)
as homotopy equivalence classes of Cuntz pairs of representations (φ, ψ) : A →
M(KR(H) ⊗ B) with φ(a) − ψ(a) ∈ KR(H) ⊗ B for all a ∈ A. The first lemma is
the real version (for nuclear A) of Lemma 3.1 of [6].

Lemma 9. Let A be a unital, separable, nuclear, real C∗-algebra, let B be a unital,
real C∗-algebra, let θ′ be a faithful representation of A on a real Hilbert space H, let
H ′ be an infinite dimensional real Hilbert space and let θ : A → M(KR(H⊗H ′)⊗B)
factor as

A
θ′⊗1→ LR(H ⊗H ′)

−⊗1→ LR(H ⊗H ′)⊗M(B) → M(KR(H ⊗H ′)⊗B).

Then any α ∈ KK(A,B) is represented by a Cuntz pair of the form (ρ, θ̂), where

θ̂ = 0⊕ θ : A → M(KR((H ⊗H ′)⊕ (H ⊗H ′))⊗B).

Proof. Let A, B and H be given trivial Z2-gradings. If (E , F ) is a real Kasparov
bimodule representing α (for which E will be nuclear), then by adding degenerate
modules, as detailed in Proposition 2.6 of [19], there exists F1 (of degree 1) such
that ((E⊗̂H ′)⊕ (H⊗̂H ′⊗̂B), F1) also represents α, where H ′ = H ′

+ ⊕H ′
− is a Z2-

graded real Hilbert space with H ′
+ and H ′

− infinite dimensional, where the tensor

products are Z2-graded and where the A-action on H⊗̂H ′⊗̂B is given by θ′⊗̂1⊗̂1.
Then, noting that the arguments given by Kasparov in [11] apply to the real case
with a Z2-action, the arguments in Theorem 1.5 and Remark 1.10 of [19] show
that there is a unitary u of degree zero in LB((E⊗̂H ′) ⊕ (H⊗̂H ′⊗̂B), H⊗̂H ′⊗̂B)
intertwining the A-actions modulo the compacts. Thus (E , F ) represents the same
KK element as (H⊗̂H ′⊗̂B, uF1u

∗).
Following Theorem 4.1.8 of [10], assume that uF1u

∗ = (uF1u
∗)∗, −1 ≤ uF1u

∗ ≤
1 and uF1u

∗ =

(
0 x
x∗ 0

)
relative to the grading decomposition of H⊗̂H ′⊗̂B. The

map θ : a �→ θ′(a)⊗1⊗1 is of degree 0, and hence there exist θ+ : A → H⊗H ′
+⊗B,

θ− : A → H ⊗H ′
− ⊗ B, both defined by a �→ θ′(a)⊗ 1 ⊗ 1 (and hence identifiable

with θ from the statement of the lemma when H ′
+ and H ′

− are identified with

H ′) with θ =

(
θ+ 0
0 θ−

)
. Choose isometries W1,W2 ∈ LB((H ⊗ H ′) ⊗ B) with

W1W
∗
1 + W2W

∗
2 = 1 and W ∗

1W2 = 0 and let T : ((H ⊗ H ′) ⊗ B) ⊕ ((H ⊗ H ′) ⊗
B) → (H ⊗H ′)⊗ B be the isomorphism of Hilbert B-modules given by T (x, y) =
W1x+W2y for x, y ∈ (H⊗H ′)⊗B. Then, as in the proof of Theorem 4.1.8 of [10],

α is represented by (H⊗̂H ′⊗̂B,

(
0 1
1 0

)
) with A-action

(
Adu∗ ◦ ψ+ 0

0 ψ−

)
, where

ψ+ = T (θ+⊕0)T ∗ and ψ− = T (θ−⊕0)T ∗. This corresponds, as in Lemma 4.1.7 of

[10], to the Cuntz pair (Adu∗◦ψ+, ψ−), which is isomorphic to (Ad(T ∗u∗T )◦θ̂+, θ̂−)
and thus to (Ad(T ∗u∗T ) ◦ θ̂+, θ̂). �

The next lemma prepares for obtaining an analogue of Theorem 5.4 of [6].

Lemma 10. Let A be a real C∗-algebra such that A⊗ C is isomorphic to a UHF-
algebra and let B be a unital real C∗-algebra. Then there exists an admissible scalar
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representation

θ : A
θ′⊗1→ LR(H ⊗H ′)

−⊗1→ LR(H ⊗H ′)⊗M(B) → M(KR(H ⊗H ′)⊗B),

a sequence rn of integers and a sequence en ∈ Mrn(B) of projections such that en
is an approximate unit for KR(H ⊗H ′)⊗B and [en, θ(a)] → 0 for any a ∈ A.

Proof. Let θ′ be the restriction to A of the GNS representation of A⊗C associated
with the unique tracial state on A⊗C, regarding the GNS representation space H as
a real Hilbert space. If A⊗C = lim(A⊗C)n where each (A⊗C)n is a matrix algebra,
then let Pn be the real orthogonal projection onto the subspace of H associated
with (A⊗ C)n, let Qn be the orthogonal projection onto the subspace spanned by
the first n elements of an orthonormal basis for H ′ and let en = Pn ⊗ Qn ⊗ 1 ∈
M(KR(H ⊗ H ′) ⊗ B). It can then be checked that the result holds when rn is
defined by (Pn ⊗Qn)KR(H ⊗H ′)(Pn ⊗Qn) = Mrn(R). �

Proposition 11. Let A be a real C∗-algebra with complexification A⊗C isomorphic
to a UHF-algebra with infinitely many 2 × 2 matrix factors, let B be a unital real
C∗-algebra and let α ∈ KK(A,B). For any KCR-triple (P,G, δ) there exist N and
completely positive contractions

γ : A → MN (B) and μ : A → MN (R1B)

which are δ-multiplicative on G and satisfy

γ�(p)− μ�(p) = α∗[p]

for all p ∈ P. It can be arranged that σ(1) and μ(1) are both projections.

Proof. Let θ, rn and en be given by Lemma 10 and, using Lemma 9, let (ρ, θ̂)
be a Cuntz pair representing α. Following the proof of Theorem 5.4 of [6], let

fn = en⊕en ∈ M2rn(B) and let σn = fnρfn and θn = fnθ̂fn. Noting that Lemmas
3.13, 5.1, 5.2 and 5.3 of [6] remain true in the real case, the remainder of the proof
of Theorem 5.4 of [6] then shows that, for sufficiently large N , σN and θN are
δ-multiplicative on G, with θN (a) ∈ M2rN (R1B), and (σN )�(p) − (θN )�(p) = α∗[p]
for all p ∈ P. The result therefore holds with γ = σN and μ = θN . �

The following result closely follows Lemma 6.4.7 of [14].

Proposition 12. Let A be a real C∗-algebra with complexification A⊗C isomorphic
to a UHF-algebra with infinitely many 2×2 matrix factors and let R be the real UHF-
algebra of the same type as A⊗C. Let ρR : K0(R)∪K0(R⊗C)∪K0(R⊗H) → G ⊂ R

restrict to the isomorphism ρRR from K0(R) to G ⊂ R mapping [1R] to 1, to the
isomorphism ρCR from K0(R⊗C) to G mapping [1R⊗C] to 1, and to the isomorphism
ρHR from K0(R ⊗ H) to G mapping [1R⊗H] to 1. Let ρA denote the corresponding
map from K0(A) ∪K0(A⊗ C) ∪K0(A⊗H) to G. Then, for any finite subset P ⊂
ProjCR(A), finite G ⊂ A and δ > 0, there exists a completely positive contraction
Φ : A → R, which is δ-multiplicative on G, such that ρR(Φ�(p)) = ρA([p]) for each
p ∈ P.

Proof. Assume that 1A ∈ P and, by augmenting G and reducing δ if necessary, that
(P,G, δ) is a KCR-triple. By further reducing δ and augmenting G if necessary it
can be arranged, as in the proof of Lemma 6.11 of [6], that if p ∈ P and [p] = a

b [1A]
with a, b ∈ N, then ρ�(p) =

a
b ρ�(1A) for any completely positive contraction ρ which

is δ-multiplicative on G.
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Let β ∈ KK(A,R)+ satisfy β∗([1A]) = [1R], as described at the end of Section
3.1, for which ρRR ◦ β∗ = ρRA. Then, using Proposition 11, let γ, μ be contractions,
which are 1

2δ-multiplicative on G, with γ�(p)− μ�(p) = β∗[p] for all p ∈ P and with
q = γ(1A) and q′ = μ(1A) both projections in MN (R). If s = ρR([q]), then s = 1+t,
where t = ρR([q

′]) is non-negative. Let t = a
b , where a, b are coprime integers, and

let M be a power of 2 greater than or equal to both a+ b and t(a+ b). Let k be the
minimal natural number with k ≥ M

a+b (so that M
a = M

t(a+b) +
M
a+b ≥ 1 + M

a+b > k

and 2M
a+b ≥ 1 + M

a+b > k). Further, note that

(
M − ka

M
)s+ (

k(a+ b)−M

M
)t = 1,

where 0 < M−ka
M ≤ 1 and 0 ≤ k(a+b)−M

M < 1.

Using the fact that 1
M ∈ G, let h, h′ be homomorphisms from R to R (and then

from MN (R) to MN (R)) with h∗ = M−ka
M and h′

∗ = k(a+b)−M
M . Then

ρR(h∗[q]) + ρR(h
′
∗[q

′]) = 1.

From this, it can be seen that h(q) and h′(q′) can be taken to belong to R. From
[h′(q′)] = [1R − h(q)], h′ can be chosen to satisfy h′(q′) = 1R − h(q) and then
h(γ(A)) ⊂ h(q)Rh(q) and h′(μ(A)) ⊂ (1R−h(q))R(1R−h(q)). Let Φ = h◦γ+h′◦μ.
Then Φ is a unital, completely positive contraction from A to R. Since both μ and
γ were chosen to be 1

2δ-multiplicative on G and h, h′ are norm reducing, Φ is δ-
multiplicative on G. Furthermore, by the first paragraph of the proof,

ρR(Φ�(p)) = ρR(h∗(γ�(p))) + ρR(h
′
∗(μ�(p))),

so ρR(Φ�(p)) = ρA([p]) for each p ∈ P. �

6. Antisymmetries

The main result of the paper now follows as in Theorem 6.12 of [6], without the
complication of non-zero K1-groups.

Theorem 13. Let A be a real C∗-algebra with complexification A⊗ C isomorphic
to a UHF-algebra with infinitely many 2 × 2 matrix factors and let R be the real
UHF-algebra of the same type as A⊗ C. Then A is isomorphic to R.

Proof. Let F ⊂ A be finite, let ε > 0 and let (P,G, δ) be the KCR-triple given by
Proposition 8. By Proposition 12 there exists a completely positive unital contrac-
tion Φ : A → R such that Φ is δ-multiplicative on G and ρR(Φ�(p)) = ρA([p]) for
each p ∈ P. By Theorem 7.4 of [22] (noting that 1 ∈ Bn for each n), there exists
a unital *-homomorphism γ : R → A, which (because the relevant groups are all
isomorphic to G ⊂ Q) induces an isomorphism from KCR(R) onto KCR(A). Let
{Rk : k ∈ N} be a sequence of full real matrix algebras converging to R and let
{ηk : R → Rk : k ∈ N} be a sequence of completely positive contractions converging
to the identity map in the point norm topology. (For r = a ⊗ b, with a ∈ Rk and
b in the relative commutant of Rk, let ηk(r) = Trace(b)a.) Then γηkΦ : A → A
is a completely positive contraction. We can then choose k large enough to obtain
γ∗(ηkΦ)�(p) = [p] for all p ∈ P. It follows from Proposition 8 that there exists a
unitary u ∈ A so that β = Ad(u) ◦ γ satisfies ‖βηkΦ(a)− a‖ < ε for all a ∈ F and
hence F ⊂ε β(Rk), which is isomorphic to Rk = Mnk

(R) for some nk. As in the
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complex case, described in Theorem 2.2 of [5], this establishes that A is approx-
imately finite dimensional. From the known classification of approximately finite
dimensional real structures in A ⊗ C, described in [7], [8], [20], [21] A is therefore
isomorphic to R. �

7. Appendix: The universal coefficient theorem

for σ-unital C∗
-algebras

Jeffrey L. Boersema and N. Christopher Phillips

In [17], the universal coefficient theorem is stated for all pairs of complex C∗-
algebras (A,B) such that A is in the bootstrap category of separable C∗-algebras
N and B is any σ-unital C∗-algebra. However, it has been known for several years
that the proof in [17] fails in the case that B is σ-unital but not separable. The
problem is that if the K-theory of B is not countably generated, the construction of
the geometric free resolution in [18] produces algebras which are no longer σ-unital.
In that case, the construction of the geometric injective resolution of [17] will also
involve non-σ-unital C∗-algebras.

The same issue arises in the universal coefficient theorem for real C∗-algebras in
[3]. In that case, the theorem is stated with the hypothesis that B is separable in
order to avoid these problems.

However, in both the real and complex cases, it is highly desired to have a
Universal Coefficient Theorem for σ-unital C∗-algebras. In the classification of
tracially AF C∗-algebras (see Section 4 of [6], Section 5 of [16], and Section 4
above) the UCT is applied in a setting where B is a non-separable C∗-algebra of
the form

∏
Bi/

∑
Bi.

The purpose of the present note is to prove a result which will restore the validity
of the universal coefficient theorem under the more general assumption that B is
σ-unital, in both the real and complex cases. Theorems 14 and 15 below are im-
provements of Theorem 3.2 of [17] and Proposition 4.6 of [3], respectively. The key
point is that for any C∗-algebra B we can now arrange a homomorphism where the
target algebra D is σ-unital and the induced map on K-theory is surjective. With
these theorems, the published proofs of both Theorem 1.17 of [17] and Theorem 1.1
of [3] carry through for σ-unital B.

Theorem 14. Let B be a complex C∗-algebra. Then there exists a σ-unital C∗-
algebra D such that K∗(D) are injective groups and a C∗-algebra map f : SB → D
such that the induced map

K∗(SB)
f∗−→ K∗(D)

is a monomorphism.

Theorem 15. Let B be a real C∗-algebra. Then there exists a σ-unital C∗-algebra
D such that KCRT(D) is an injective CRT-module and a C∗-algebra map f : SSB →
D such that the induced map

KCRT(SSB)
f∗−→ KCRT(D)

is a monomorphism.

Proof. Let B be a complex C∗-algebra which, as in the proof of [17], we may assume
is unital. Let r : F → B ⊗K be the first step in the geometric free resolution as in
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[18]. Note that F may not be σ-unital. The unitized homomorphism

r+ : F+ → (B ⊗K)+

is still part of a geometric resolution in the sense that (r+)∗ is surjective andK∗(F
+)

consists of free groups.
Following the proof of Theorem 3.2 of [17], using r+ instead of r produces an

algebra D whose K-theory is injective and a homomorphism S(B⊗K)+ → D whose
induced map on K-theory is monomorphic. Composing with the homomorphism
SB → S(B ⊗K)+ based on a rank 1 projection of K gives the desired f .

The algebra D is realized through a series of constructions involving mapping
cones and tensor products with separable C∗-algebras. Since the starting point
for these constructions is the homomorphism r+ involving unital C∗-algebras, the
lemma below guarantees that D is σ-unital. This completes the proof of Theorem
14. The proof of Theorem 15 is achieved by a similar modification of the proof of
Proposition 4.6 of [3]. �

Lemma 16. Let f : A → B be a homomorphism of C∗-algebras and let

Cf = {(φ, a) | φ ∈ C([0, 1], B), a ∈ A, φ(0) = 0, φ(1) = f(a)}
be the mapping cone. If A and B are σ-unital, then so is Cf .

Proof. Let {an}n∈N and let {bn}n∈N be approximate identities for A and B, re-
spectively. Then {(φn, an)}n∈N is an approximate identity for Cf , where φn ∈
C([0, 1], B) is defined by

φn(t) =

⎧⎪⎨
⎪⎩
ntbi, 0 ≤ t ≤ 1/n,

bi, 1/n ≤ t ≤ 1− 1/n,

n(1− t)bi + (n(t− 1) + 1)f(ai), 1− 1/n ≤ t ≤ 1.

�
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