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A STOCHASTIC EVANS-ARONSSON PROBLEM

DIOGO GOMES AND HECTOR SANCHEZ MORGADO

ABSTRACT. In this paper the stochastic version of the Evans-Aronsson prob-
lem is studied. Both for the mechanical case and two dimensional problems
we prove the existence of smooth solutions. We establish that the correspond-
ing effective Lagrangian and Hamiltonian are smooth. We study the limiting
behavior and the convergence of the effective Lagrangian and Hamiltonian,
Mather measures and minimizers. We end the paper with applications to
stationary mean-field games.

1. INTRODUCTION

Given a Hamiltonian H : T¢ x R — R, P € R?, and 1,65 > 0, the stochas-
tic Evans-Aronsson problem consists in determining a solution u. of the following
variational problem:

coA¢+H(z,P+D)

(1) H.(P)=¢ logigf/e €1 dzx.

This problem was first considered in [W] as a generalization of the Evans-Aronsson
problem in [E1]; see also [E2]. Unfortunately, some results of that paper depend on
certain a priori bounds which are not completely clear. In fact, due to the second-
order terms this variational problem is non-coercive and entails several technical
difficulties which we believe were not addressed in that paper. We were able,
however, to obtain detailed proofs for the special case of quadratic Hamiltonians in
the momentum variable, as well as in dimensions 2 and 3.

Our original motivation was to completely understand the argument for the
existence of smooth solutions for the minimization problem (). However, as a
result of our work we found an important connection between this class of problems
and mean-field games, which is of independent interest and is described in section
9

For mechanical Hamiltonians as well as in the two and three dimensional cases we
establish the existence of smooth minimizers, smoothness of the effective Lagrangian
and Hamiltonian functions, generalizing the results in [[.SM]. Furthermore we study
the limiting behavior as e — 0. For the original Evans-Aronsson problem and d = 1
the convergence of solutions and corresponding measures was studied in [GISMY].

Mean-field games is a new class of problems introduced by Lions and Lasry
[LLOGa], [LLO6D], [LLO7a] and [LLOTD] (see also [LLGI10a], [LLG10D]), as well as
independently by P. Caines and his co-workers [HMCO06], [HMCOQT7], which addresses
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the behavior of individual rational agents in a large population. In addition to its
interest in the study of Mather measures and viscosity solutions of Hamilton-Jacobi
equations, these variational problems are also relevant in the study of stationary
mean-field games. In fact, the Euler-Lagrange equation corresponding to () can
be written as

eoAu+ H(z, P+ Du) = ey Inm + H.(P),
eoAm — div(D,Hm) =0,

which is an important example of a stationary mean-field game. In particular,
the a priori estimates we obtained in this paper correspond immediately to new
estimates for this mean-field game. In the case e = 0 some of the estimates we
discuss in this paper were also proved in [E2].

The function H,(P) is related with the effective Hamiltonian H (P) for first-order
Hamilton-Jacobi equations, which is the unique constant for which the equation

(2) H(z, P+ Dy(x)) = H(P)

admits (periodic) viscosity solutions ¢ : T — R. The constant H(P) is given by
the min-max formula

3 H(P)= i H(x,D P).

(3) (P) Jomin, max (z, Dy(x) + P)

Formally, as ¢ — 0 we should have H, — H. A related problem, formally corre-
sponding to the case £1 = 0, g2 > 0, was studied in [G]. In particular

(4) H,(P)= Q;reucn2 max H(z,Dp(x) + P) + e2A¢(x)

is the unique number H.,(P) such that
(5) e28p(x) + H(z, Dp(x) + P) = H.,(P)

admits viscosity (and also C2) solutions ¢, : T¢ — R. Moreover, the solution
of (@) is unique up to addition of constants. This problem was further studied in
[-SM] where the differentiability properties of H.,(P) (also called the a function)
and its Legendre transform L., (also called the 3 function) were studied in detail.

As we will discuss in sections 2] and §3] the stochastic Evans-Aronsson problem
is the dual problem of the entropy penalized stochastic Mather problem, which
consists in minimizing

[, Bwodas i)
Td xRe

over all measures that satisfy a stochastic holonomy constraint:
/ vDp + eaApdu(x,v) =0,
TdxR4

for all ¢ € C%(T4). Here L is the Legendre transform of H and S is a suitable
entropy functional.

For €5 = 0 the minimization problem () is the Evans-Aronsson problem [EI],
[E2] of minimizing

H(z.P+Dg)
(6) /e . dx
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over all ¢ € C1(T9). We define

~ H(z,P+Dg)

H., (P)=¢ logigf/e s da.

For d = 1 the convergence of minimizing ¢ and measure p as €1 — 0 was studied
in [GISMY]. Minimizing measures for €; = €3 = 0 are called Mather measures.
In this paper we study the problem () for two classes of Hamiltonians. The first
case is the important mechanical setting, that is,
[v]?
L(z,v) = 53 +P-v—V(x),

to which there corresponds the Hamiltonian

2
™ Hap) = TE v,

For this mechanical setting we have the following main result:

Theorem 1. Suppose H has the mechanical form (). Then for each P there exists
a unique smooth minimizer u and a unique minimizing measure . This measure
is supported on the graph (x, P+ Du). Furthermore u is the first component of the
unique solution of the system

() g0 Au + %|P—|—Du|2 + V() =e “2*2”,
—eAv+ S|P+ Dv2+V(z) =g S

Additionally, if we define

m,, = Ce?z,

where C' is determined by the normalization condition de my,(z)dr =1, we have

[, wtwdn= [ oGP+ Dum, (@
Td xRe Td

The second case we study concerns general Hamiltonians that satisfy the follow-
ing hypothesis:

e H is uniformly convex:
9) D2 H >~ > 0;
e H has at most quadratic growth, i.e. there is a constant C' such that
2 .
(10) |Dp, H| < C;
thus we have that
i
S lp* = C < H(p,z) < Clpl* + C
and
|D,H|*> < CH + C;
e the derivatives of H also satisfy

(11) |D.H|>? <C+CH,|D;,H| <C+CH and |D2H|*<C+ CH;
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e if L is the Legendre transform of H
L(z,v) = sup v p — H(z,p)
vERE
we suppose further that

(12) L(z, DyH(z,p)) > cH(z,p) — C.
Theorem 2. Suppose d < 3 and H satisfies @)-2). Then ) admits a smooth

minimaizer.
We further establish smooth dependence on P:

Theorem 3. The generalized effective Lagrangian and Hamiltonian functions L.,
H. are smooth.

Finally we obtain the following convergence result:

Theorem 4. Suppose the Hamiltonian is either mechanical or d < 3, under as-
sumptions @)-O2). We suppose all limits as € — (0,0) are taken through any
sequence with Z—; bounded. Then

(1) We have - -
lim H.(P)= H(P).
EJ(I(?’O) s( ) ( )
(2) There isu € W12 such that u. — u in W2 . Moreover u is Lipschitz and
H(x, P+ Du) < H(P).

(3) For mechanical Hamiltonians, if as € — (0,0) we also require z—; — 0, then
u 1S a viscosity solution of

H(xz, P+ Du) = H(P).
(4) The Mather measure p. converges to a Mather measure fi.

This paper is structured as follows: we start in section [2] to discuss a possible
motivation of the stochastic Evans-Aronsson problem, the entropy penalized sto-
chastic Mather measures. The connection between these two problems is made clear
in section [3] where we consider the dual problem. Then in section @] we consider
mechanical Hamiltonians and, using a generalized Hopf-Cole transformation, give
an explicit characterization of the minimizing measures. Section [{] is dedicated to
several a priori bounds which in particular show the existence of minimizers for
general Hamiltonians in dimensions 2 and 3. Then we briefly discuss uniqueness
and convexity in section [f] and the smoothness properties in section[ll The conver-
gence as ¢ — 0 is addressed in section 8 We end the paper, in section [@ with a
discussion of the connection of this problem with a class of mean-field games.

2. ENTROPY PENALIZED STOCHASTIC MATHER MEASURES

As mentioned in the introduction, the stochastic Evans-Aronsson problem (I is
related through duality to a certain entropy penalized generalization of the Mather
problem. In this section we discuss the set up of this problem. The duality will be
considered in the following section.

Given a probability measure p in T¢ x R? we define its push forward m,, through
the projection to T¢ by

(13) [ e@im,@ = [ elauao)
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In the set A of probability measures m absolutely continuous with respect to the
Lebesgue measure in T¢ (which we identify as usual with [0, 1]%) the mapping

m logm(x)dm(z) = S*[m)]
Td
is convex and lower semicontinuous. This mapping can be extended in a unique way
as a convex lower semicontinuous mapping to the set of all probability measures on
T< by
Slm] = liminf  S*[m,].

My €AMY,—m

Note that the map S is allowed to take the value +o0o0. Furthermore, since zInz >
—1/e, we have S > —1/e. Finally define S[u] = S[m,,].

Let L(z,v) : T x RY — R be a smooth function, bounded from below, strictly
convex in v and with superlinear growth, i.e., we assume that there is a function
v :RT — [1,400) such that

L(z,v) 7(Jo))
v T T

as [v| = +o00. For €1 > 0, we consider the convex lower semicontinuous functional

— +o00,

(14) A = [ Llao)du+ S,

defined on the space of Borel probability measures ;¢ in T¢ x R?. Given g5 > 0,
the entropy penalized stochastic Mather problem consists in minimizing (I4)) over
all Borel probability measures p which satisfy the following stochastic holonomy
constraint: for all ¢ € C?(T9),

(15) [, (Detao+ertsola)dn o

The original Mather problem [Ma], [M| corresponds to &1 = €2 = 0. Measures
for which (IH) holds are called stochastic holonomic (or simply stochastic) for the
following reason: consider a controlled Markov diffusion

dX = vdt + adW,

where W () is a d-dimensional Brownian motion on some probability space (Q, F, P),
and v(t) is a bounded progressively measurable (with respect to the filtration gen-
erated by the Brownian motion) control taking values in R%. Define a measure pr
on T?¢ x R? by

1
dur = =F
/1rded¢ pr =%

for ¢ € C.(T4xR?). If u is a weak limit of a sequence p, , T), — 00, using Dynkin’s

/0 ¢<X<t>,v<t>>dt] ,

formula we have that p satisfies ([l with e; = %2

When €5 = 0, the non-stochastic case, ([H) is Mafie’s holonomic condition. The
previous fact is the analogue to weak limits of measures supported in liftings of
closed curves being holonomic. According to the results of Mather [Ma] and Mané
[M], for the case where €1 = €5 = 0, holonomic minimizing measures are invariant
under the Euler-Lagrange flow. In this classical setting an important role is played
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by viscosity solutions of Hamilton-Jacobi equations. Indeed, if p is a minimizing

holonomic measure, then
[, rdu=-si)
T xRe

and a similar identity holds for the stochastic e > 0, non-entropy penalized (¢; = 0)
problem [G].

Before we proceed, we need to set up additional notation. Denote by Cj the set
of continuous functions on T x R? which satisfy

¢(x,v)
v(|vl)

as [v] = +o0. (] is a Banach space under the norm

90
I9lles =% 5o

— 0,

Let M be the space of Borel probability measures on T¢ x R satisfying

[ ehdn < .

This set can be identified with the dual of C’g and thus endowed with the weak
topology. Set

N, =dl {u eM: /(€2A¢(x) + Do(z)v)du =0, Vo € CQ(Td)} :

Given an element [w] € H;(T% R) we identify every representative w of [w] with the
corresponding vector field. The adjoint ¢ of the exterior derivative d with respect
to the flat metric is simply the divergence operator.

Define p : M., — H;(T? R) by

(16) (o), [&]) = / (2 divw() + w(x) - v)dp.

It is an immediate consequence of the fact that u belongs to N. that the integral
in ([I6) does not depend on the representative of the cohomology class [w]. Indeed
take @ = w + Dy for p € C?(T?). Then

/(52 divw(z) + w(x) - v)dp — /(52 diva(z) + @(x) - v)du

= /(agAgo(ac) + Dp(z)v)dp = 0.

Thus, according to Poincaré duality, we can consider p(u) as a homology class. The
map p is onto; see Lemma 2.1 in [[-SM].

We now define the generalized effective Lagrangian and Hamiltonian functions
for the stochastic version of the Evans-Aronsson problem.

The effective Lagrangian L. : H; (T4 R) — R is defined by

(17) L(Q) = inf{AL(p) : p € Ny, p(p) = Q3

We will prove in Lemma [ that L. is convex and in Corollary [l that its Legendre
transform H, : H'(T? R) — R is given by ().
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3. THE DUAL PROBLEM

We now relate the problem of minimizing the functional (I4)) to the one of min-
imizing

c28¢(x)+H(z, Do)
(18) e c1 dx,

over all functions ¢ € C*(T?) with [ ¢(x)dz = 0 (to simplify we have set P =0 in

@m)-

Proposition 1. For any u € N, and ¢ € C*(T¢) we have

e2A¢(z)+H(x, Do)

(19) Ap(p) > —¢4 log/ e c1 dx.
Td

Proof. Let u € Nz, and ¢ € C?(T?). Let m,, be given by ([[3). We have
/ Liz,v)dy = / (L(z,v) — Dé(x)v — esA¢(x)) dp

- [ (20() + Hz. D) .

since, for all (z,v) € T? x RY, L(x,v) — Dé(x)v > —H(D¢(x), ). Define

a(m, ¢) = / (e2A0(x) + H(z, Dg)dm — 1.5[m]

%

for any Borel probability measure m in T¢. Then

Ar(p) = —almy, ¢).

e2A¢(z)+H (=, D)
Ao =€rlog [ e 1 dx

Let

and
coA(x)+H(z,Dp)—Xy

(20) mg(x) =e o
Then a(mg, @) = Ay.

The convex function ¢ — tlogt has Legendre transform s — e*~1. In particular
this implies that tlogt + 1 > ¢, and so, for any probability measure m in T¢
absolutely continuous with respect to Lebesgue measure, we obtain

a’(m7 ¢) < a(m¢7 ¢)
+ /(SQAQS(CC) + H(z,D¢) — e1logmy — e1)(m(z) — mgy(z))de.

The convexity and an approximation argument shows that in fact the previous in-
equality holds for all measures not necessarily absolutely continuous with respect to
Lebesgue measure. From the definition of mg, and since m and mgy are probability
measures, the second term on the rhs vanishes and then

Ay = supa(m, @).

Therefore

£280(2)+H(z.D9)
(21) inf Ar(pu) > —&; loglnf/ B E—
o



910 DIOGO GOMES AND H. SANCHEZ MORGADO

Proposition 2. If the infimum I on the rhs of (21)) is achieved at some function
© € C*(T?), then

(22) eoAmy, — div(myDypH(x, D)) = 0.
Conversely, if [22) has a smooth solution ¢, then

(23) pe(,0) = (v — Dy H(z, Dp(a)))my(w)da

is a minimizer of (I4).

Proof. Equation (22)) is simply the Euler-Lagrange equation for the minimizers in

From definition (Z3) it follows that for all continuous functions F : T¢ x R? — R
we have

[ Fawdu = [ F.D,HG Dote))m (o)
Td xR4 Td
Then, by (22,
€ (z) (z,Dep)
(24) Aplpi) = =amg. ) = —elog [ =S5 0,

and so inequality (2I)) is in fact an equality. a
Corollary 1. The Legendre transform of L. is H..

Proof. Because the Hamiltonian associated to the Lagrangian L(z,v) — Puv is
H(x, P+ p) and (2I)) is an equality, we have that

_ 286(2)+H(z, P+Dg)
sup PQ — L.(Q) = — inf Ap_(p.y(p) =e1log inf/e <1 dx.
Q HENL, ’ ¢

4. A Hopr-COLE TYPE TRANSFORM AND EXISTENCE OF MINIMIZERS

In this section we address the minimization problem (I for mechanical Hamil-
tonians of the form
lp|?
7 + V(:L‘),
where V' is a smooth periodic function. Thanks to the special quadratic structure
we are able to use a generalized Hopf-Cole transformation which makes it possible to
prove existence of minimizers in any dimension. Similar Hopf-Cole transformations
were used, for instance, in [GISMY] and [Gel], though the existence results in this
section, which are based on the a priori bound in Theorem [flare, as far as we know,
new.

We start this section with the following elementary example: set €1 = €2 = 1.
Suppose H(p,z) = |p|?> + V(z). Then, equation ([22) is simply

(25) Amy, — div(m,De) = 0.

H((E,p) =

If we set m, = e¥, we see that it is a solution, provided

ef = Av(@)+H (D)

Taking logarithms on both sides we see that

Y= A(p(:E) + H(z, Dy).
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Of course, in general, m is not a probability measure, but because (25) is homoge-

neous m can be normalized appropriately, which amounts to adding a constant to

. This example motivates the generalized Hopf-Cole transformation, which will be

discussed in what follows, that makes it possible to address the case where P # 0.
For €1,e2 > 0 we consider the problem of minimizing

EgAu#»M#»V(:L‘)
(26) / e <1 dx.
Td
.. g2AutH(P+Du,z) . .

Let u be a smooth minimizer of (28) and m = e <1 . As discussed in the
previous section, m solves the Euler-Lagrange equation
(27) e2Am — div((P + Du)m) = 0.
Proposition 3. Let u and v be periodic solutions to
(28) eoAu+ P+ Dul?+V(z) =¢& S

—e2Av+ P+ Dol +V(z) =e%t
Then o

m=e 2e9

solves ([27).
Proof. We have
1 1 Du — Dv|?
€2Am =m |:§Au — EAU + %

— mAu+ g [|P+ Dul? = |P + Dv|? + | Du — Dul?]
2
= (P + Du) - Dm + mAu = div((P + Du)m).

From the previous proposition we obtain the following lower bound:

Corollary 2. Let u and v be periodic solutions to (28]). Then the difference

z—;(u — v) is bounded from below; hence for fized €1, m is also bounded from be-

low.
Proof. By adding the two equations in (28]) we conclude that
€1

|P + Dul|> |P+ Dv|?
W (z) = L(u—w).
P 2 v - 2
At a point of minimum of 4 — v we have A(u —v) > 0 and so at this point we have

eaA(u —v) +

€1
2V (z) < g(u — ).

Hence .
inf —*(u —v) > 2inf V(x).

€2
We have the following L' upper bound:

Corollary 3. Let u and v be periodic solutions to [28]). Then 2% [ u—w is bounded
Jfrom above by 3|P|* + sup V (z).



912 DIOGO GOMES AND H. SANCHEZ MORGADO

Proof. Because (u,m) solve the necessary conditions of optimality, they are mini-
mizers. Using v = 0 in (26]) we have

|P\ +2V (z) |P|242sup V(z)
m < 2eq S e 2eq A

Consequently, from Jensen’s inequality we conclude that

/u—v < |P|? + 2sup V(z)
29 2e1 ’

O

We now prove a variant of the classical Bernstein estimate for this system which
gives

Theorem 5. Let u and v be periodic solutions to [28). Then
€
(29) sup | Du| + |Dv| < c+cg—1.
2
Proof. Differentiate both equations in (28]) with respect to x;, and multiply, respec-
tively, the first equation by w,, and the second by v,,. This yields

Eolly, Ay, + Uy, (P + Du) - Dug, + Vo, (2)u,, = Elqu
—9Vy, Ay, + Uy, (P + Dv) - Dvg, + Vi, (2)vy, = €104,

—Va,
252 )
—Vz;

262 ?

which by adding over 4 and rearranging gives the following identities:

€2A|D;\2 =+ (P—|—Du) M _ 62‘D2u|2 +DV-Du =¢e,Du (u v),
2
_SQA% + (P + D’[))D% + €2|D2’U|2 +DV.-Dy = SlD’UD(u v).

The first equation applied at a point of maximum of |Dul|? yields

D(u —
—&5|D?*ul* + DV - Du > e1Du - M
262
Observing that
|Auf® < d|D*ul?,
and using (28]) we obtain
|P + Dul? u—v|2
# + V(J)) — &1 252 = 5%‘A’u|2
dEl
(30) < degDV - Du — TDUD(’U,—?})

From Corollary Binf £t (u — v) is bounded by above and then
(31) sup€—1|u—v\§C+€—1$up|D(u—v)\.
€9 €2
This, together with Corollary Rland ([B0), implies that
(32) sup |Dul? < C+C(1+6—1)(sup|Du|—|—sup\Dv|).
€2
Similarly, for the second equation we obtain

(33) sup |Dv|* < C+C’(1+i—1)(sup|Du\ + sup | Dv)).
2

Adding (32) and (B3)) yields ([29)). O
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Corollary 4. Let u and v be periodic solutions of [28). Then all Sobolev norms
WP are bounded a priori, form >0 and 1 < p < oco.

Proof. Because u and v are bounded from below and Lipschitz, they are bounded.
This then shows that Au and Av are in L>® and so u,v € W?2P for all 1 < p < 0.
Then |Du|? and |Dv|? belong to W1 for any 1 < p < co. Hence Au and Av are
in Wb for all 1 < p < oco. Sou,v € WP for all 1 < p < co. By iteration we get
the result for all Sobolev norms. O

We now address existence and uniqueness of minimizers and present the proof of
Theorem[I] which is based upon the previous a priori estimates and the continuation
method.

Proof. Consider Hy(z,p) = 3|[p+P|?*+AV (z). For A = 0, u} = 0 is a minimizer. We
claim that the set A of A € [0, 1] for which there exists a minimizer u satisfying
the a priori bounds in Theorem Bl and Corollary (] is simultaneously open and
closed. Then it is clear that we do have a minimizer. The proof that A is open is
a standard application of the implicit function theorem, since equation ([22)) is an
elliptic (fourth order) equation - this implicit function application will be described
in detail in section [l To prove that A is closed, observe that if ug‘ is a minimizer,
then

1 1
(34) 2= E—[EQAug‘ + §|P + Dud|? + AV (z)]
1
satisfies
(35) ea(Af2 + |Df2?) = Au + (P + Du?)Df2.

Let v} = u) — 2eof2; from equations (34)), (35)
1 1
S|P+ DU = S|P+ Dul” = 2e5(P + DuZ)Df2 + 25| D f2[?

= slfs)‘ —\V(z) — EgAu? + 262(Au2‘ - egAfE’\)
= Elf;\ — )\V({E) + €2A’U?.

Thus u2 and v2 solve [28) with V replaced by AV. By Corollary @ all Sobolev
norms W™? of u? and v) are uniformly bounded. So any convergent subsequence
of elements of A contains a further subsequence whose corresponding sequences

A A

u2,v2 converge uniformly, along with all derivatives to a solution of 28] (with V'

replaced by AV). O

5. A PRIORI BOUNDS FOR THE GENERAL CASE

In this section we discuss additional a priori bounds for the solutions of (22))
for non-mechanical Hamiltonians satisfying (@))-(I2)). This section is divided into
two parts. In the first part we discuss a priori bounds that are valid in any space
dimension, namely Propositions [l Bl and[@l In the second part we prove additional
estimates, which are necessary to establish existence of smooth minimizers, which
are only valid in dimension d < 3. By the generality of assumptions (@))-(T2]) we
can take P = 0 and let H. = H.(0). Let u be a minimizer of (). We define the
probability measure

egAu+H(x,Du)—He

(36) m=e <1
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We observe that because m is a probability measure, Jensen’s inequality implies
the following estimate:

(37) [ 1t pw < 1.

this in particular implies that any minimizer u of () is a priori bounded in W12,
The previous inequality, together with setting ¢ = 0 in (] yields the following
elementary estimate:

(38) min H(z,p) < H. < max H(z,0).
z,p T

Proposition 4. Let u be a minimizer of [{l) and m as in [B6). We have
5%/ |IDInm|? < C.
Td
Proof. We start by multiplying the Euler-Lagrange equation
eoAm — div(Dp,Hm) =0

by % Then, by integrating by parts and using elementary estimates, we obtain

Dml?
52/ | ”;" gg/ a2 < <,
Td N €2 Jrd €2

since [, H < C, by @7). O

Corollary 5. We have

c C
[lnm |y < —+ —.
e S)
Proof. Let f =1Inm, then
(39) eoAu+ H(z,Du) = e, f + H..

Integrating (39) and using [m = 1 and Jensen’s inequality, we obtain
min H — H, < /H(m,Du) —H. Sel/f <0.
By Poincaré inequality we have
2 2
fo(Js) = [ (=[] =e s
Thus, using (38)), we have
c C
(40) / <5+
1 &2
O

Proposition 5. Let u be a minimizer of [{{l) and m as in B6). We have, uniformly
m e,

Hm < C.
’H‘d
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Proof. Observe that
esAu+ H(z, Du) — D,H(x, Du)Du + D,H(x, Du)Du = &1 Inm + H..
Integrating with respect to m yields
/H(x, Du) — D, H(z, Du)Dudm > H.,
since ['mInm > 0 by Jensen’s inequality. Because
H(x,p) - D;DH(xap)p = —L((E, DZDH(xap))a

we have

/L(ac, D,H(xz,Du))m < C,
which then coupled with (I2)) yields the desired estimate. O

Proposition 6. Let u be a minimizer of ([) and m as in [B0). Then

C
[vVmllgr < \/?7

[ain

and

/H2m§C’.

Proof. Let f =Ilnm. Then, applying the Laplacian A to ([B9) we get
e2AAu+ A H +2D2  Hug, o, + D2 Hlgy o, Ug 0, + DpyHDAu = e1Af.

Multiplying by m and integrating by parts yields
/51|Df\2m + D2 Hug o, Ugiz,m + Ay Hm + 2D2  Hug, z,m = 0.

PrZi

Thus
g
/sl\Df|2m+ §/|D2u|2m§/\DixH|m+C/|D12mH\2m
<C+ C’/Hm <C.

This then implies
/|D2u\2m <C.
Because
Wil =1+ [1Dvip =1+ [ IDffm< £

we obtain, using Sobolev’s theorem,

2/2*
/m2*/2 : <g
761.
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In particular, for any 1 < p < oo, and any o > 1,

/Ifl”msc+c/|1nm|pmgc+(/m%) _

ﬁﬁwsay.
1

3

Hence

From (39) we have
H? < Cel f? + Cej| D*ul?,
and thus
/Hzm <C,

uniformly for small €. This implies in particular

/\Du|4m <C.
O

We will now establish further estimates that allow us to prove the existence of
smooth solutions for d < 3. To simplify the notation we will set €, = €5 = 1.
In what follows we will need to consider the equation

(41) Aw + G(z, Dw) = 0.

We suppose that G : T¢ x R — R satisfies the following standard hypothesis,
namely

(42) |D,G(z,p)* < Clpf* + C,

(43) p|* < CG(x,p) +1(x),

and

(44) DyG(z,p)p — G(z,p) > clp* + ((),

for suitable functions n(z),((z) € L?. We suppose further that we have the follow-
ing a priori bounds for any solution w of (@Il), namely w € W2 and

(45)  |D.G(z, Dw)| < A(z)|Dw| + B(x); [[wlwr2, [[AllL4, |Bl[L2 < C.
The estimates that we develop next will be applied to
G(z,p) = H(z,p) —Inm — H,
for w = u, and also, after establishing suitable regularity for wu, to
(46) G(p,x) = [p|* = DpH(x, Du)p — div(D, H(z, Du)),
for w = Inm.

Observe that any solution w to (I is also a solution to the time dependent
equation

(47) wi + Aw + G(z, Dw) = 0.

Inspired by the adjoint method by Evans (see [EvalQ]) we introduce the adjoint
equation:

(48) pi -+ div(D, G, Dw)p) = Ap,
with p(z,0) = d,,. Note then that for each fixed ¢, p is a probability measure.
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Proposition 7. Let w be a solution of 1) and p a solution of [@8). Then
T

(49) —w(xo) :/ / (D,G(z, Dw)Dw — G(z, Dw))p(z, t)dxdt
o Jrd

—/ w(y)p(y, T)dx.
Td

Proof. Multiply equation ([T) by p and add equation ([48) multiplied by w. This
yields
wyp + wpy + Gp + wdiv(D,Gp) = wAp — pAw.

Note that
/ pAw — wApdx = 0.
Td
Hence J
— | wpdx = / (DpG(x, Dw)Dw — G(z, Dw))pdz.
dt Td Td
Then integrating in time we obtain the result. (]

Recall that .
”p”Ll(L?(dz),dt) = / ||p(-, t)HL?('er)dt.
0
The previous estimate yields the following corollary:

Corollary 6.

T
| [ 1Dulote tdad < €+ Clplaunaoyan + C oscl),
o Jr
where osc(w) denotes the oscillation of w.

Proof. Observe that [, w(y)p(y,T) — w(zo) can be bounded by osc(w) since, for
each time ¢, p is a probability measure. Therefore, using (@) in [@9) we get

T T
/ / | Dw|?pdadt < C + Cosc(w) + C/ / |C|pddt.
0o Jrd 0o Jrd

The estimate follows from

T
| [ €lodsde < 1€lellolloacan,an
0 Te

Proposition 8. For 0 < a <1, and any ¢ there exists Cs such that
T T
/ |D(p*/?)|2dzdt <Cs + 5/ | Dw|? pddt.
0 Td 0 Td
Proof. Multiply @R) by ap®~!. Then
d
(50) ﬁpo‘ + ap® ! div(D,G(z, Dw)p) = ap® Ap.

We now integrate the previous identity on [0,7] x T?. First observe that because
p(+,t) is a probability measure we have

(51) /T P (2, 1) < 1.
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Thus the integral of the first term of the left hand side of (B0) is bounded by (&IJ).
We also have

T
/ /apafldiV(DpG(x,Dw)p)dxd
o Jrd
T
zéa/ / pa/2p(’/2_1DprGd:vdt
o Jrd

T T
< 1// |D(p™/?)|>dzdt + CV/ / |D,G|*p"dxdt,
0 Jrd 0o Jrd
for any v > 0. Now we observe that, since 0 < a < 1,
pt < C+dp.
Therefore, from ([@2)), we conclude
T T
C’/ / |D,G*p*dxdt < c+5/ | Dw|? pdzdt,
0 Td 0 Td

since we have [, [Dw|?*dz < C.
The corresponding right hand side term of (IEII) is

1—a/ / |Dp|?p*2dxdt = / |D(p*/?)|2dadt.
Td

Gathering the previous estimates we get

4 1— T T
M/ |D(p®/?)2dadt < C’+u/ |D(p®/?)|2dwdt
Q@ 0 Td 0 Td

T
+5/ | Dw|? pdxdt.
0 JTd
Choosing v small enough we obtain the result. ]
Combining Corollary [6] with the previous estimate we conclude:

Corollary 7.
T
62 [ [ DGR < C ok Clplaswaqan,an + Chosclw)
0 T

Proposition 9. If d < 3 there exists 0 < pp < 1 such that

T H
(53) ol p2(dey,ar) < C </ » D(PQ/2)|2> +C.
0

Proof. Recall the following interpolation inequality. For 0 < 8 < 1,1 < pg,p1 < o0,
g € LPo N LP | and

Do D1 Po

1 o 1-6
_|_

we have
(54) gl < lIglFo llgllLos-
For p; = 1 and po = & and py = 2 we have

_ap—4
C 2ap—4
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Fix 0 < t < T. From Sobolev’s theorem, we have (in dimension 2 for any
1 < p < o0, and in higher dimensions for p = 2*, where 2* is the Sobolev exponent
defined by 5+ = 3 — %) that

1/p 1/2
(/ p“p/z’(:v,t)d:v> g( D(po‘/Q(x,t))|2dx) +C.
Td Td
Hence
1/«
I Dlren < ([ 106w nrae) v

Using p > 0, [ p(z,t)dx = 1, for all ¢ and (54), we have

m
IoC Dllganey < € ( / d |D(pa/2>2dx> e

for
1-0 P

b= C 2ap—4°

If p > 4 we can choose « close enough to 1 such that p < 1. Because in dimension
2, p can be chosen arbitrarily large and in dimension 3, p = 6, the power % can
be chosen < 1 in both cases. In dimension 4 and higher this is no longer possible.

Then, by Jensen’s inequality,

T
(55) ol 21 2 ety = / 0G| 2 ceaydt

T M
<C (/ / |Dp°‘/22dxdt> +C.
0 Td

O
Corollary 8.
T
(56) / |D(p"/2)|2 < C + Cdosc(w).
0o Jrd
Proof. The inequality follows by using (&3] in (B2). O
Corollary 9.
(57) oLt (22(da),aty < C 4 C(osc(w)).
Proof. The inequality follows by using (&8 in (B3]). O

Corollary 10.
T
(58) / |Dw|?p(z, t)dzdt < C + C osc(w).
0 Td

Proof. Using estimate (57)) in the estimate of Corollary [f] as well as the elementary
inequality C' 4 C(osc(u))* < C + Cosc(u), we obtain the desired result. O

Theorem 6. Let G : T¢ x RY — R satisfy [@2), @3) and [@E). Suppose w is a
solution of ) satisfying [@5). Assume d < 3. Then w € WH°,
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Proof. Differentiate equation ([47)) with respect to a direction determined by a unit
vector & € R?. Then

(we)t + DpGDywe + Awe = —Ge.
Take ¢(t) smooth with p(0) =1, (T) = 0. Set v = ¢(t)we. Then
v + DpGDyv + Av = —pGe + p'we.
Integrate the previous identity with respect to p. Then

T
—v(xo,O):/ / —@G5p+<ﬂ/w5p—/ v(z, T)p(x,T)dz.
0 Td Td

Note that since v(x,T) = 0 we have

/ v(x, T)p(z, T)dz = 0.
'H‘d

By (@3) we have for any small v
|'we| < vG(a, Dw)+Cy + [ 1 e L
Using this, (45) and Holder inequality

T
[v(20,0)| < /0 /Td Cp+vGp+ |n|p + C(A(x)|Dw| + B(x))p
T
<C -l-/o /Td vGp + C(lv/pll L) 1 Dw/pll L2 (dz) + |l L2 (dz))

T T 1
< Cv / / Gp + C(I1pll 21 22yt / / Dwp)* + Cllplls (1 aoy.ar)-
0 Te 0 Td

Then, using (B7) and (G8)
|v(20,0)] < C+ Cvosc(w) + Cosc(w)HT“ + C osc(w)*.

Because this inequality is uniform in zg and £ we can take on the left hand side the
supremum over xg and &:

osc(w) < C Lip(w) = Csup |v(zg, 0)].

z0,§

From this we have (choosing v small enough to absorb the term Cvosc(w) in the
left-hand side)

1tp

Lip(w) < C + C Lip(w) =".
But then it follows that Lip(w) is bounded, and so w € W1, O

From this result we obtain:
Corollary 11. Ifd < 3, then u € W32 Whee,
Proof. The W bound follows from the fact that
G(z,p) = H(z,p) —Inm — H

satisfies the hypothesis of the previous theorem.
Therefore
Avu=H +Inm — H(z,Du) € L?
and so u € W22,
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We have D(H(z,Du)) = D,H + D,HD?*u € L?, and since DInm € L* we
obtain

ADu = DInm — D(H(x, Du)) € L?
which gives u € W32, |

To proceed further and obtain higher regularity we need to address the regularity
of m.

Proposition 10. Inm € W,
Proof. For this we observe that w = Inm satisfies
(59) Aw + |Dw|* — div(D, H(z, Du)) — D, H(x, Du)Dw = 0.
Therefore Inm satisfies ({]) for
G(x,p) = |p|* — DpH(z, Du)p — div(D, H(z, Du)).

Note first that Dy, (D, H(z, Du)) = Dgiij + D% Huy,,, € L* Since u €

PjipL
W32 W from Sobolev’s inequality u € W24 N WL for d < 3. So

D2 . (D, H(z,Du)) =D H+ D3

T; Tk TiTkPj TiPjPl

Hugypy + D3 Hug,y,

PjiP1Tk

3 2 2
+ Dy pip Ay U zy, + Dy Higy g2y, € L7
From that it is clear that G satisfies all hypothesis of Theorem ]

Corollary 12. m € W?2?2.
Proof. From the previous proposition we have m € W1°°, but then
Am = div(D,H)m + D,HDm € L?

from which we conclude m € W22, O

Theorem 7. Ifd < 3, u is smooth.

Proof. Because u € W32NW 1> we have H (z, Du) € W22, We also have m € W22,
Thus

Au=Inm+ H — H(x, Du) € W*2.

Then by elliptic regularity we have v € W42, But then equation (59) satisfied by
w = Inm has |Dw|* € L>, div(D,H (z, Du)) € W*?, and D,H (z, Du)Dw € L*.
Hence

Aw € L?,

forl<p<ooifd=2orl<p<6ifd=2. This yields w € W?2P for those values
of p. From this we bootstrap |Dw|?, D,HDw € W'? and so yield w € W32 and
also m € W32,

Then Au+ H (z, Du) € W32 and we iterate to get u € W2, Then we can repeat
the iteration to get increased regularity on m and v to any degree of smoothness. [
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6. CONVEXITY AND UNIQUENESS

In this section we study the convexity of H. and L. and the uniqueness of
minimizers.

Lemma 1. The effective Lagrangian L. is conves.

Proof. Let p, 2 be such that Ar(u;) = Lo(h;) and p(u;) = h;. Note that, for
0<A<1,

p(Ap1 + (1= Ap2) = Ap(p1) + (1 = A)p(p2) = A + (1 = A)he
and
Mrpy+(1=Ape = MMy, + (1= N)my,.
Then, since the entropy S is convex, we have that
LA+ (1= Np2) < Ap(hn + (1= Ap2)
< AMp(m) + (1= NAp(p2)

= ALc(h1) 4+ (1 = X)L (ho).
O

Lemma 2. Either for quadratic Hamiltonians, or for H(p,x) strictly convex Hamil-
tonians in p and in dimension 2, H.(P) is strictly convex. Furthermore for each P
@) admits at most one minimizer, up to the addition of constants.

Proof. In fact, let Py, P, € R and 0 < A < 1 be such that
HE(/\PO + (1 — /\)Pl) = /\HE(PQ) + (1 - )\)HE(Pl)
Let f,g € C%(T%) such that

_ e2Af+H(z,Po+Df)
H.(P)) = e1log | e <1 dz,

_ egAg+H(=,P1+Dg)
H.(P) = Ellog/e 1 dx.

Set ¢ = Af + (1 —A)g. Then
Ap = MNf+(1-MNAg,
Do+ APy +(1-NP = MDf+FP)+(1-N)(Dg+ P),
and, by convexity,
(60) H(x,A\Py+ (1 — NPy + Do) < \H(x,Df + Py) + (1 — \)(H(z, Dg + Py)).

By convexity of the exponential function and Holder inequality we get

H(APy+(1—X\)Py) egAp+H(z,A\Py+(1—\)P1+Dyp)
e 1 < e 1 X

< / o2 (E2Af+H (@, Df+P1)+ U5 2289+ H(w,Dg+P2)) g,

eo Af+H(z,Df+Pq) A eoAg+H(x,Dg+Ps) (1=2)
< e 1 dr | - e c1 dx

AHe(Pg) (1=M)He(Py) He(APo+(1-M\)Pq)
(61) =€ €1 e €1 = e 3
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Therefore all inequalities in (61 are equalities, and so is (60). Since H is strictly
convex, Df + Py = Dg + P, at all points. Hence P, — Py = D(f — g) is an exact
differential and then Py = P; and f = g, up to a constant. O

7. SMOOTHNESS OF THE EFFECTIVE LAGRANGIAN
AND HAMILTONIAN FUNCTIONS

In this section we fix £ and study the differentiability of H. and L., i.e. Theorem
Bl both for mechanical Hamiltonians and for the two dimensional case.

Proof. As in [I=SM], to prove the differentiability of H. we use the implicit function
theorem (see for example [DI], Chapter X).
The minimizer ¢(-, P) in () satisfies (22) with ¢(z) = Px + ¢(z, P). Let

HE(T? R) = {feH’“[Fd /f—o}

Define
F:R? x HY(TY R) — H) (T4, R)
by
(62) F(P,¢) :=esAmy, — div(imyeDpH(z, P + Do)).

For k large enough, the map F' is C°°. Indeed the map F' can be obtained
by composing derivatives of ¢, which is a C> operation from H* to H*~!, with
smooth functions. But for & large enough if G : R® — R™ is C'°°, then the map

G : H*(T4 R") — H*(TY,R™), G(¥)=GoW
is C°. The partial derivative of F', the Euler-Lagrange equation, with respect to
the variable ¢ can be regarded as a linear map

L := DyF(P,¢): HY(T*,R) — Hy (T R)
which is given by
3
L) = ZA[my(eAv+ DyH(w, P+ Do)Dy)

— div ?(sgmp + DyH(z, P + D$) D) D, H(x, P + Do)
1

— div [myD3,H(x, P+ D¢) D] .
L is a fourth-order elliptic Fredholm PDO of index 0.
Lemma 3. L is an isomorphism.

Proof. We have
[ew = [Z2ebvt Dyt P+ DDV

(63) + / m¢<D§pH(x, P + D¢)Dvp, Dap).

We claim that there is a constant C' such that [ L(¢)y > Cl[¢|[ 2. Otherwise
there is a sequence 1, € HZ with [#llgz = 1 such that J L(3n)ty, converges to
zero. In such a case (63) implies that || D, |2 converges to zero. Since

2, MY, H(z, P+ DYDY > — 5 (e280)" — 2D, Hy(P + Dg) DY)’
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there is a constant § > 0 such that

(64) / P (ea + Hy (I P+ DG DU + (Hy(1, P+ DO)DV)’

> / D¢ (pA)? > 6 / (Aw).

251
Therefore || D2, |12 = || Aty 12 converges to zero. Thus £ is one to one and then

an isomorphism. O

The previous lemma makes clear the use of HY as the domain and target for £,
that is, to have ker(£) and coker(£) equal to zero.

We can now apply the implicit function theorem to conclude that ¢(, P) is smooth
in P.

Consequently, H., is smooth, and since it is also strictly convex, the map DH. has
a smooth inverse . and therefore L.(Q) = hv:(Q) — H-(7:(Q)) is also smooth. [

8. LIMITING BEHAVIOR

In this section we fix P € R? and prove Theorem @l We assume we are either
in dimension d = 2 or in the mechanical case. Let u. be the minimizer in (). By
(D), u. is a priori bounded in W2, Thus, through some subsequence there exists
u € W2 such that v — wu, in Wh2, as ¢ — 0. Also, since H, is bounded it
converges through a subsequence to a limit. We have the following two results:

Proposition 11.
limsup H.(P) < H(P).
e—(0,0)

Proof. Let ¢., be a solution to (@). Then

6IEIE(F’)/El S /6€2A¢52($)+H($,P+D¢52)/€1d$ — GHE/EI S €H€2(P)/51

and so B § B
limsup H.(P) < lim H.,(P)= H(P).

€—+(0,0) €20

We now address the opposite inequality:
Proposition 12. Suppose ¢ — 0 with i—; bounded. Then
(65) liminf H.(P) > H(P).
Proof. Suppose that (65) is not true. Then there is § > 0 such that

liminf H.(P) < H(P) — 26.
e—(0,0)

Let
B. = {x € T%: e3Au(x) + H(x, P+ Du.) > H(P) — 6}.
Then for some sequence ¥ — (0, 0) we have
eilog |B.x| + H(P) — § < H(P) — 26.
Therefore,

0
| Bor| < exp(——)-
€1
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Let f. = eaAu. + H(P + Du,,x) and g € C*°(T%) be a non-negative function. By
lower semicontinuity

H(xz, P+ Du)g < hmmf/ —efDuDg + H(x, P+ Du.x)g
Td

Td k—o0

< liminf ferg

k—oo Td

~tmint([ fag+ [ fag)
k—o0 B. B¢

S(H(P)—(S)/ g+liminf/ ferg
Td k—o0 B.

< (A(P) - 0) / g + liminf | fur 2l x5, ]l
Td k—oco

<=0 [ o

Since, assuming £ is bounded, we have by Corollary [l that [|fc[|2 < C. This in
particular shows that B
H(z,P+ Du) < H(P)-96
almost everywhere, and so w is Lipschitz. Then there is p > 0 such that
é

H(z, P+ Du(y)) < H(y, P+ Du(y)) + 3 &€ d(z,y) < g
Set v, = 1, * u, where n, is the standard mollifier supported in B(0, p). From the
convexity of H and Jensen’s inequality

H(z, P+ Dyy(x)) < / H(z, P+ Du(y))n,(y — x)dy

0
< [P+ Dutw) + Hnly - 2)dy
= 0
(66) < ap)-?
for all € T¢, which contradicts (B). O

The two previous propositions combined yield the following corollary.

Corollary 13. Let u. be a sequence of minimizers of ([{l). Suppose as e — (0,0),
with i—; bounded, u. — u in W12, Then

H(z,P+ Du) < H(P)
almost everywhere and in viscosity sense.

Suppose H is a mechanical Hamiltonian. Let u = lim.x_, g oy te, Where the limit
is taken through an appropriate sequence such that —i is bounded. Because u. is
uniformly Lipschitz, we can assume that the convergence of u.r to w is uniform.
Proposition 13. Suppose H is a mechanical Hamiltonian. Let w = lim.k_, (o) Ue,

k

where the limit is taken through an appropriate sequence such that - — 0. Then
€2

u s a solution to

H(x, P+ Du) = H(P).
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Proof. Let v.x be defined through (28]). Because u.x — v.r is uniformly Lipschitz,
k

by Theorem [ we have z—i(usk — var ), which is uniformly bounded by (@BI) and
2

whose Lipschitz constant converges to zero, must converge, through a suitable sub-
sequence, to a constant, which then has to be H(P). a

Proposition 14. Assummg bounded we have u® — p with p Mather.

Proof. For some sequence £* — (0,0) the measures u.» converge weakly to a mea-
sure p. For any ¢ € C2(T4)

/ Dy(v)dp = lim | Dy - Hy(z, P+ Du.x(x))m.r(x)dz
Tdx Rd k—o0

= — lim Eg/A'(/)(l‘)mEk (x)dx
k—o0
= 0.

Thus g is holonomic. Recall that fo = eaAu,+ H(P+ Dug, ) is uniformly bounded
from below for the mechanical Hamiltonian or in Ly assuming i—; is bounded for a
general Hamiltonian. For A > 0

awe) = [ B@Eme [ £Pm

{stHE(P)fA} {fE<HE(P)7)‘}
< / (e + Nme + / (H.(P)+ f. — f.)m
{f->H.(P)-)\} {f-<H.(P)-)}

< /fsms + A4 Ce™e1A,

Thus

H(P) = lim H.(P) < hm 1nf/famE + A
e—0
Since A > 0 is arbitrary

<l1m1nf/f5m5
Thus

/L(:c, v)dp = klirglo L(xz, DyH(P + Du.r, z))mx(z)dx

= lim [ ((P+ Du.)D,H(P + Dux,z) — H(P 4+ Dugr, x))m(x)dz

k—o0
= klim (PD,H(P + Dugk,x) — for) mer(x)dz
bde el
< P/vdu —H(P) < (/ vdp) < /L(x,v)d,u
so all inequalities are equalities. (Il

Proof of Theorem El. The first point of the theorem, the convergence of H., follows
from Propositions [I1] and The second and third points follow from Corollary
I3l and the last one is simply Proposition T4l O
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9. CONNECTION WITH MEAN-FIELD GAMES

Recently, Caines and his co-workers [HMCO06], [HMC07], and independently Li-
ons and Lasry [LLO06a], [LLO6D], [LLO7al and [LLOTD| (see also [LLG10a], [LLG10b]),
introduced a new class of problems called mean-field games, some of which have a
surprising connection with the Evans-Aronsson problems.

In the stationary setting, one of the main examples of mean-field games is de-
scribed by systems of equations of the form

e9Au + F(z,Du,m) = F,
eoAm — div(D,Fm) = 0,

where F is a suitable constant. The variational problem studied in this paper is
included in this class, and if we set
F(xz,p,m)=H(x,p) —e1lnm
we have
(67) e9Au+ H(z,Du) = H. + &1 Inm,
eoAm — div(D,Hm) = 0.

The results in this paper imply the existence of stationary solutions of this class of
mean-field games both for quadratic Hamiltonians and for two dimensional prob-
lems (when H satisfies ([@)-({12)). For quadratic Hamiltonians Hopf-Cole transfor-
mations are widely used; see for example [Gel] where time dependent mean-field
games are studied. However, the regularity estimates in section 4] are new. The
convergence results of the previous section establish the existence of a vanishing
coupling (e1 — 0) and viscosity (g2 — 0) limit for the mean-field games. Estimates
similar to the ones for [m? /2 and [|D?ul>m + |DInm|?> were obtained in the
deterministic case by Evans [E2]. We end the paper with a new estimate for third
derivatives of the solution:

Proposition 15. Let u be a solution of ([€7). Then, if e3 is small enough

/Td lea DAu*m < %
Proof. Differentiating the first equation in (67) and multiplying by 2Du, we get
e9A|Du|? — 2e9| D*ul?* + D,HD|Du|? + 2D, HDu = 2¢, D f Du,
where f = Inm, as before. Letting v = |Du|? and multiplying by v* we obtain
(e2A0)0* — 2e9| D*ul?*v* + (D, HDv)v* + 2(D, HDu)v® = 2, (D f Du)v*.
Multiplying by m we have

(e9 AV 4D, HDOM ) — 25| D2ul?*v¥m — keo| Du?v*~Im

m
k+1
+ 2(D, HDu)v*m = 21 (D f Du)v*m.

Integrating,

(68) €9 / 2| D%ul?v*m + k| Dv[*v" " tm = 2/(DmHDu — &1 DfDu)vFm.
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Thus, for £k =1 we have (using |D,H| < C + Cv)
2e9 / |D?ul?vm + &5 / | Dv|*m

< C/(v3/2 + 02 41| DfP)m + &1 /v3m.
Then, because
022 < Cv+ Cv® < v(C + Ce2|Dul? 4+ C2f?)
e10® < e1v(C + Ce2|D?ul? 4+ Ce2 f?)

we have

252/|D2u|20m+52/|Dv\2m
SC/(v3/2+61v+51v2+a?f4+51\Df|2)m—|—€§C/|D2u|2vm.

Then €5 [ |D?ul?>vm, €3 [ |Dv|*m are uniformly bounded, if €5 is small enough.
Now D(H(z,Du)) = D, H + D, HD?u, so
|D(H(z, Du)|* < Cv* + C + C(v + 1)|D*ul?
and then c
/|D(H(:E,Du)|2m < o
2
So o
/\egDAuFm < e / \DfPm + c/ ID(H)Pm < C+ <
2
]

For low dimensions we could use (68)) for & > 1 to get additional estimates.

As a final remark we should observe that variational methods in mean-field games
is, as far as the authors are aware, a largely unexplored direction which may yield
new estimates and results in this very challenging set of problems.
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