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CONFIGURATIONS AND INVARIANT NETS FOR AMENABLE

HYPERGROUPS AND RELATED ALGEBRAS

BENJAMIN WILLSON

Abstract. Let H be a hypergroup with left Haar measure. The amenabil-
ity of H can be characterized by the existence of nets of positive, norm one
functions in L1(H) which tend to left invariance in any of several ways. In
this paper we present a characterization of the amenability of H using con-
figuration equations. Extending work of Rosenblatt and Willis, we construct,
for a certain class of hypergroups, nets in L1(H) which tend to left invariance
weakly, but not in norm.

We define the semidirect product of H with a locally compact group. We

show that the semidirect product of an amenable hypergroup and an amenable
locally compact group is an amenable hypergroup and show how to construct
Reiter nets for this semidirect product.

These results are generalized to Lau algebras, providing a new characteri-
zation of left amenability of a Lau algebra and a notion of a semidirect product
of a Lau algebra with a locally compact group. The semidirect product of a
left amenable Lau algebra with an amenable locally compact group is shown
to be a left amenable Lau algebra.

1. Preliminaries

1.1. Introduction. A hypergroup is a locally compact space with a convolution
product mapping each pair of points to a probability measure with compact support.
Hypergroups are a generalization of locally compact groups wherein the convolution
of two points corresponds to the point evaluation measure at their product. The
abstract study of hypergroups began in the 1970s with Dunkl [7], Jewett [18], and
Spector [42]. A detailed treatment can be found in the text of Bloom and Heyer
[4]. Numerous authors continue to study various aspects of hypergroups including
amenability properties [22, 24, 25, 41], Fourier transforms and spaces [33, 45], other
function spaces [10, 11, 21, 47], and other aspects [8, 13, 37–39, 44]. Within the
literature, there is some variation in the precise definition of a hypergroup, but this
paper will use the definition of Jewett.

In this paper we examine nets of functions on hypergroups tending to left invari-
ance. Such nets approximate left invariant means and have previously been stud-
ied for amenable groups, semigroups, and certain Banach algebras [14, 27, 28, 30].
Similar nets are relevant to character amenability and other conditions related to
amenability of hypergroups and Lau algebras (see [2, 3, 9, 12, 15, 19, 23, 32]).
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The existence of a left Haar measure for every hypergroup remains an open
question, however, it is known that such a measure exists if H is commutative [42],
compact [18], or discrete [18]. Skantharajah [41] showed that if H is a hypergroup
which admits a left Haar measure, then the function spaces of UCBr(H), UCB(H),
C(H), and L∞(H) all either admit a left invariant mean (if H is amenable) or all
do not. Using the approach of Namioka [34] it is apparent that amenability can
be characterized by the existence of a net of positive norm one elements of L1(H)
which tend to left invariance with respect to either the weak or norm topologies.
Skantharajah and Lasser have shown that amenability of H can also be character-
ized by any of several Reiter conditions [25, 41]. As well, Singh [40] has published
some results relating to Reiter conditions for hypergroups.

A net of positive norm one functions in L1(H) which tends to left invariance
in norm must also tend to left invariance in the weak topology, but the converse
is not generally true. In section 2, we investigate the question of when nets exist
which tend to left invariance weakly, but not in norm, and how such nets can
be constructed. In [36], Rosenblatt and Willis constructed such nets for infinite
locally compact groups. In so doing, they introduced the notion of configurations
and related systems of linear equations associated to a measurable partition and
finite subset of the group. Motivated by their approach, we introduce configurations
for hypergroups. We show in Theorem 2.6 that H is amenable if and only if for
every choice of partition and subset, the configuration equations have a positive,
normalized, inequality preserving solution. This generalizes proposition 3.2 of [36]
from locally compact groups to all hypergroups. Due to the properties of translation
being fundamentally different between groups and general hypergroups, the method
of proof for the generalization is significantly different from that given by Rosenblatt
and Willis, and so the generalized result does not lend itself to constructing the
nets of interest. It is interesting in other respects, however, since it provides a
new characterization of amenability of hypergroups and indeed can be extended
to characterize the existence of left invariant means on other function spaces. We
conclude this section by using the result of Rosenblatt and Willis to construct, for
a large class of double coset spaces of locally compact amenable groups, nets of
positive, norm one L1 functions which tend to left invariance in a weak sense, but
not in norm.

In section 3 of the paper, we introduce the semidirect product of a hypergroup
with a locally compact group of automorphisms of the hypergroup. In particular,
we show that the semidirect product of an amenable hypergroup with an amenable
locally compact group is itself an amenable hypergroup. This result is shown using a
similar method to that used in [46] and demonstrates that Reiter nets for a locally
compact group and a hypergroup can be combined to form a Reiter net for the
semidirect product.

In section 4, we consider the more general class of Lau algebras (called F algebras
in [26]) which contain the measure algebras of groups, hypergroups and semigroups.
Left amenability of a Lau algebra has some known characterizations involving the
existence of nets which tend to left invariance [26, 29]. We show that the con-
structions we have presented thus far – those of configurations and of semidirect
products – have analogous concepts for Lau algebras. Using slight modifications of
the proofs of earlier sections, we provide a new characterization of left amenability
of a Lau algebra and show that the semidirect product of a Lau algebra and a
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locally compact group is again a Lau algebra. We further show that if the Lau
algebra is left amenable and the group is amenable, then the semidirect product is
left amenable.

We conclude the paper with some remarks on possible generalizations of these
results.

1.2. Definitions. In this paper we use the notation of Jewett [18] (although he
referred to hypergroups as convos) with the following modifications:

• We denote a point mass measure at x by δx.
• We denote the positive elements of norm one of a space A by A+

1 .
• We denote the involution of x by x̌.
• We denote the characteristic function of a set S by χS .

Definition 1.1 (See [18] or [4] for more details). A non-empty locally compact
Hausdorff space, H, is called a hypergroup if

• M(H) is a complex algebra with + and ∗;
• there exists a unique e ∈ H such that for every x ∈ H, δe∗δx = δx∗δe = δx;
• there exists an involution x �→ x̌ which is a homeomorphism of H onto itself
with ˇ̌x = x ∀x ∈ H, e ∈ supp δx ∗ δy if and only if y = x̌, and (μ∗ν )̌ = ν̌ ∗ μ̌,
where μ̌(A) = μ(Ǎ) for any Borel subset A;

• the bilinear mapping

∗ : M(H)×M(H) → M(H),

(μ, ν) �→ μ ∗ ν
is non-negative and ∗|M(H)+×M(H)+

is weak-weak continuous;

• for x, y ∈ H the product of the point evaluation measures δx ∗ δy is in
M(H)+1 and has compact support; and

• the mapping (x, y) �→ supp δx ∗ δy is continuous from the product topology
on H ×H to the Michael topology on the compact subset of H.

Let f be a Borel function on H and μ ∈ M(H). We define the left translation
μ ∗ f by μ ∗ f(x) = μ̌ ∗ δx(f).

We say that H is amenable if there exists a positive linear functional of norm 1
on C(H) which is invariant under left translation.

Definition 1.2. A left Haar measure for H is a non-zero regular Borel measure
(with values in [0,∞]) λ which is left-invariant in the sense that for any f ∈ CC(H),
we have that λ(δx ∗ f) = λ(f) for all x ∈ H.

Remark 1.1. It remains an open question whether every hypergroup admits a left
Haar measure. In particular, it remains unknown whether every amenable hyper-
group admits a left Haar measure.

Remark 1.2. If H does admit a left Haar measure λ, however, it is unique up to a
scalar multiple [18]. Because of this, for hypergroups with left Haar measures we
define the standard Lp(H,λ) function spaces, often omitting the λ.

Definition 1.3. We say that a continuous function f ∈ C(H) is right uniformly
continuous if the map

H � x �→ δx ∗ f
is continuous in norm. We denote the collection of right uniformly continuous
functions on H by UCBr(H).
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Remark 1.3. Skantharajah [41] showed that for hypergroups with left Haar measure,
UCBr(H) = L1(H) ∗ L∞(H).

Remark 1.4. A hypergroup with left Haar measure is amenable if and only if it ad-
mits a net of positive, norm one functions (fα)α ∈ L1(H) which are asymptotically
left invariant in one of the following ways:

(1) For all x ∈ H, δx ∗ fα − fα → 0 in the weak topology of L1(H).
(2) For all x ∈ H, δx ∗ fα − fα → 0 in the norm topology of L1(H).
(3) The net is a Reiter net. That is, for any compact K ⊂ H and ε > 0 there

exists α0 such that for α ≥ α0,

‖δx ∗ fα − fα‖ < ε ∀x ∈ K.

2. Invariant nets from configuration equations

In [36], Rosenblatt and Willis introduced the notion of a configuration and the
configuration equations corresponding to a locally compact group to investigate
certain properties of groups, particularly a characterization of amenability. Using
this characterization, they constructed a net satisfying condition (1), but not (2),
from Remark 1.4 for any infinite, amenable, locally compact group. Configurations
have also been used to study other group properties in [1].

In the group setting, we begin with a finite partition, or colouring of G, a locally
compact group intom measurable subsets, {E1, . . . , Em}, and a selection of n group
elements, {g1, . . . , gn}. A configuration C = (C0, C1, . . . , Cn) is an ordered choice
of n+ 1 (not necessarily distinct) colours (Eis). C is realized by (x0, x1, . . . , xn) ∈
Gn+1 if xj ∈ Cj for j = 0, . . . , n and xj = gjx0 for j = 1, . . . , n.

In [36] the notation xj(C) is used to denote the points which occur in the jth
element of a realization of C.

This approach cannot be immediately extended to hypergroups, primarily be-
cause in a hypergroup, the product of two points need not be another point, so the
gj ∗ x0 may not be contained in a single part of the partition. We define ξ0(C), a
measurable function on H which in the group case is just the characteristic function
on x0(C). With this approach we are able to give a characterization of amenabil-
ity for hypergroups, which was inspired by the result of Rosenblatt and Willis for
locally compact groups.

Definition 2.1. Let H be a hypergroup with left Haar measure λ.
Let E = {E1, . . . , Em} be a finite measurable partition of H and choose an

n-tuple of elements of H, h = {h1, . . . , hn}. A configuration is an (n + 1)-tuple
C = (C0, C1, . . . , Cn), where each Cj ∈ {1, . . . ,m}.

For a fixed configuration, C, we define ξ0(C) to be the real-valued function on
H given by

ξ0(C)(x) :=

n∏
j=0

δhj
∗ δx(ECj

)

using the convention that h0 = e. In particular, if x ∈ C0 and each of {hj} ∗ {x} ⊂
ECj

, then ξ0(C)(x) = 1.
An alternate expression for ξ0(C) is

ξ0(C) =
n∏

j=0

δȟj
∗ χECj

.
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From this we see that ξ0(C) is the pointwise product of finitely many non-negative
measurable functions bounded by 1 and so is itself in L∞(H)+ and is norm bounded
by 1.

For f ∈ L1(H) and a configuration C, let fC denote the integral

fC :=

∫
H

ξ0(C)(t)f(t)dλ(t).

We denote by Con(E , h) the family of configurations associated to that particular
choice of E and h.

Lemma 2.2. Let H be a hypergroup with left Haar measure λ. Let E and h be as
above. For f ∈ L1(H), i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}, we have that

∫
Ei

f dλ =
∑

C∈Con(E,h)
C0=i

fC and

∫
Ei

δhj
∗ f dλ =

∑
C∈Con(E,h)

Cj=i

fC .

Proof. First, notice that for x ∈ H,

∑
C∈Con(E,h)

C0=i

ξ0(C)(x) =
∑

C∈Con(E,h)
C0=i

(
n∏

l=0

δhl
∗ δx(ECl

)

)

= χEi
(x)

n∏
l=1

(
m∑

k=1

δhl
∗ δx(Ek)

)

= χEi
(x)

n∏
l=1

δhl
∗ δx(H)

= χEi
(x).

So, by integrating f multiplied by the above function, we get

∫
Ei

f dλ =

∫
H

χEi
(x)f(x)dλ(x)

=

∫
H

∑
C∈Con(E,h)

C0=i

ξ0(C)(x)f(x)dλ(x)

=
∑

C∈Con(E,h)
C0=i

∫
H

ξ0(C)(x)f(x)dλ(x)

=
∑

C∈Con(E,h)
C0=i

fC .
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For the second equality, we again need to rearrange the sum of products to be
the product of a sum. Indeed, for x ∈ H,

∑
C∈Con(E,h)

Cj=i

ξ0(C)(x) =
∑

C∈Con(E,h)
Cj=i

n∏
l=0

δhl
∗ δx(ECl

)

= δhj
∗ δx(Ei)

n∏
l=0
l �=j

m∑
k=1

δhl
∗ δx(Ek)

= χEi
(hj ∗ x).(2.1)

Therefore, ∫
Ei

δhj
∗ fdλ =

∫
H

χEi
(hj ∗ t)f(t)dλ(t)

=

∫
H

∑
C∈Con(E,h)

Cj=i

ξ0(C)(t)f(t)dλ(t)

=
∑

C∈Con(E,h)
Cj=i

∫
H

ξ0(C)(t)f(t)dλ(t)

=
∑

C∈Con(E,h)
Cj=i

fC .

�

Remark 2.1. We see from the above that summing over ALL configurations gives∑
C∈Con(E,h)

ξ0(C)(x) = 1 ∀x ∈ H.

Corollary 2.3. Given f ∈ L1(H), we have for all i ∈ {1, . . . ,m} and j ∈
{1, . . . , n},

〈f − δhj
∗ f, χEi

〉 = 0

if and only if for all i ∈ {1, . . . ,m} and j ∈ {1, . . . , n},∑
C∈Con(E,h)

C0=i

fC =
∑

C∈Con(E,h)
Cj=i

fC .

Rather than start with some f ∈ L1(H) that generates the values fC which
satisfy the equations in the above corollary, we can consider those equations and
the solutions to them.

Definition 2.4. Fix E and h as before. Let {zC : C ∈ Con(E , h)} be variables
corresponding to the mn+1 configurations. Consider the m×n configuration equa-
tions ∑

C∈Con(E,h)
C0=i

zC =
∑

C∈Con(E,h)
Cj=i

zC

for each i ∈ {1, . . . ,m} and j ∈ {1, . . . , n}.
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We say that a solution to these configuration equations is

• positive if, for each C ∈ Con(E , h), zC ≥ 0;
• normalized if

∑
C∈Con(E,h) zC = 1; and

• inequality preserving if for every choice of mn+1 real numbers {aC : C ∈
Con(E , h)},

0 ≤
∑

C∈Con(E,h)
aCξ0(C) a.e. ⇒ 0 ≤

∑
C∈Con(E,h)

aCzC ,

i.e., any inequality which is satisfied by a linear combination of the functions
ξ0(C) is also satisfied by the same linear combination of the values of the
zCs.

Clearly, if there exists some f ∈ L1(H)+1 for which 〈f − δhj
∗ f, χEi

〉 = 0 for all
i, j, then zC = fC is a positive, normalized, inequality preserving solution to these
configuration equations. We will show in Theorem 2.6 that H is amenable precisely
when such solutions to the configuration equations exist for all choices of m,n, E
and h.

Lemma 2.5. Let (X,μ) be a measure space. Let (fα)α∈Λ be a finite family of
non-negative functions in L∞(X,μ) such that

∑
α fα = χX .

Suppose that there are associated (cα)α∈Λ non-negative real numbers such that
for any choice of real numbers (aα)α∈Λ if

0 ≤
∑
α

aαfα almost everywhere,

the associated inequality

(2.2) 0 ≤
∑
α

aαcα

also holds.
Then there exists Γ̂ ∈ (L∞(X,μ)∗)+ such that Γ̂(fα) = cα for all α. Further-

more, ‖Γ̂‖ =
∑

cα.

Proof. Let Y = span{fα : α ∈ Λ}. Then Y is a finite dimensional (hence closed)
subspace of L∞(X,μ). Indeed, there is some subset Λ0 of Λ such that {fα : α ∈ Λ0}
is a basis for Y .

Define Γ : Y → R by letting Γ(fα) = cα for α ∈ Λ0 and extending it linearly to
all of Y .

Then for every α′ ∈ Λ\Λ0 there exist some real numbers (aα)α∈Λ0
such that

fα′ =
∑
α∈Λ0

aαfα.

So, by (2.2), the corresponding equality holds:

cα′ =
∑
α∈Λ0

aαcα,

and we see that Γ(fα) = cα for all α ∈ Λ.
Define ρ : L∞(X,μ) → R

+ via

ρ(f) := inf

{∑
α∈Λ

aαcα : aα ∈ R
+,

∑
α∈Λ

aαfα ≥ |f |
}
.
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Claim. ρ is a well-defined seminorm on L∞(X,μ).

Since
∑

α∈Λ fα = χX , for any f ∈ L∞(X,μ), ρ(f) ≤
∑

α∈Λ cα‖f‖∞.
Let f, g ∈ L∞(X,μ), a ∈ R. Then

ρ(f) + ρ(g) = inf

{∑
α∈Λ

aαcα : aα ∈ R
+,

∑
α∈Λ

aαfα ≥ |f |
}

+ inf

{∑
α∈Λ

bαcα : bα ∈ R
+,

∑
α∈Λ

bαfα ≥ |g|
}

≥ inf

{∑
α∈Λ

(aα + bα)cα : aα, bα ∈ R
+,

∑
α∈Λ

(aα + bα)fα ≥ |f |+ |g|
}

≥ inf

{∑
α∈Λ

(aα)cα : aα ∈ R
+,

∑
α∈Λ

aαfα ≥ |f + g|
}

= ρ(f + g).

If a is zero, then we clearly have ρ(0) = 0. Otherwise, if a is non-zero, then

ρ(af) = inf

{∑
α∈Λ

aαcα : aα ∈ R
+,

∑
α∈Λ

aαfα ≥ |af |
}

= |a| inf
{∑

α∈Λ

aα
|a|cα : aα ∈ R

+,
∑
α∈Λ

aα
|a|fα ≥ |f |

}

= |a|ρ(f).

Hence ρ is a seminorm.

Claim. For all f ∈ Y , Γ(f) ≤ ρ(f). Suppose f ∈ Y and there are real numbers sα
for which f =

∑
α∈Λ0

sαfα. Hence Γ(f) =
∑

α∈Λ0
sαcα.

Suppose that for some (aα)α ∈ R
+ we have |f | ≤

∑
α∈Λ aαfα. Then

f ≤
∑
α∈Λ

aαfα,

∑
α∈Λ0

sαfα ≤
∑
α∈Λ

aαfα,

∑
α∈Λ0

sαcα ≤
∑
α∈Λ

aαcα,

Γ(f) ≤
∑
α∈Λ

aαcα,

so by taking the infimum, Γ(f) ≤ ρ(f).

By the Hahn-Banach Theorem, there exists an extension Γ̂ to all of L∞(X,μ)
which is bounded by ρ.

Claim. Γ̂ is positive.

Suppose for contradiction that there exist some f ∈ L∞(X,μ)+ such that Γ̂(f) <
0.
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Let aα ∈ R
+ such that

∑
α aαfα ≥ f . Then

∑
α aαfα ≥

∑
α aαfα − f ≥ 0. So

Γ̂

(∑
α

aαfα − f

)
= Γ̂

(∑
α

aαfα

)
− Γ̂(f)

=
∑
α

aαcα − Γ̂(f)

>
∑
α

aαcα.

But

Γ̂

(∑
α

aαfα − f

)
≤ ρ

(∑
α

aαfα − f

)

≤
∑
α

aαcα,

which is a contradiction, so Γ̂ is positive.
Since

∑
α fα = χX , it follows that Γ̂ has norm

∑
α cα. �

We are now ready to give a characterization, using configurations, of amenability
of a hypergroup with a left Haar measure.

Remark 2.2. If there is no left Haar measure on H, then there is no straightforward
way to describe measurable partitions of H. However, as we remark in section 5, we
can consider partitions of the identity into continuous functions and use a similar
approach to describe amenability using C(H) in place of L∞(H).

Theorem 2.6. Let H be a hypergroup with left Haar measure λ. H is amenable if
and only if for all choices of m,n, h and E the m× n configuration equations have
a positive, normalized, inequality preserving solution.

Proof. Assume that H is amenable. Then there is a left invariant mean m on
L∞(H). For a configuration C, let zC := m(ξ0(C)). By equation (2.1) and linearity
of m, it follows that for any i, j, ∑

C∈Con(E,h)
C0=Ei

zC = m(χEi
)

and ∑
C∈Con(E,h)

Cj=Ei

zC = m(δȟj
∗ χEi

).

Since m is left invariant, these are equal, and so the configuration equations are
satisfied by this choice of zC . It is also apparent that because m is a mean, each
zC is non-negative and

∑
C zC = 1. Since m is positive, it preserves inequalities

satisfying the last requirement.
For the converse, we consider a choice of E and h and apply Lemma 2.5 to

(H,λ), {ξ0(C) : C ∈ Con(E , h)}, and {zC : C ∈ Con(E , h)}.
We consider an order on the family of choices of (E , h) by saying that (E , h) �

(F , k) if F is a refinement of E and h ⊆ k. Under this order, the family becomes
a directed set. By indexing with respect to this directed set and taking the means
generated by Lemma 2.5, we get a net of means on L∞(H) which converge in the
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weak* topology to left invariance. Since the set of means is weak* compact, there is
an accumulation point of this net which must be a left invariant mean on L∞(H),
hence H is amenable. �

Remark 2.3. It is actually enough to use a collection of E and h which is a directed
set under the given ordering which contains each set of a basis of the topology of
H in one of the partitions and each h ∈ H.

The preceding result gives a new characterization of amenability for hypergroups.
Indeed, similar characterizations can be found for the existence of a topological left
invariant mean on Lau algebras (Theorem 4.3) or the existence of a left invariant
mean on other function algebras on a hypergroup.

In [36], Rosenblatt and Willis proved a version of Theorem 2.6 for locally compact
groups using a more constructive approach.

Corollary 2.7 (Rosenblatt and Willis [36]). Let G be a locally compact group.
There is a positive, normalized solution of every possible instance of the essential
configuration equations if and only if G is amenable.

Proof. Since G is a group, δx ∗ χEi
= χxEi

, so ξ0(C) = χx0(C) for some set x0(C).
For two configurations C �= C ′ the sets x0(C) and x0(C

′) are disjoint. Rosenblatt
and Willis call a configuration C essential if λG(x0(C)) > 0. Because of this, the
condition that a solution be inequality preserving is equivalent to zC = 0 for each
non-essential configuration. �

For an infinite locally compact amenable group G, Rosenblatt and Willis [36]
used their constructive proof of Corollary 2.7 to construct nets of positive, norm one
functions {fα}α in L1(G) for which δx∗fα−fα tends weakly to 0, but ‖δx∗fα−fα‖ =
2 eventually for every x ∈ G\{e}. The key to their proof lies in being able to choose
a function which, when integrated against a ξ0(C), yields the corresponding zC , yet
is supported on a small enough set so that the supports of f and δx ∗f are disjoint.
Such a result is impossible in general for hypergroups (see Example 2.12) because
translation in a hypergroup is not as clean as translation in a group. However, the
approach of [36] is helpful for constructing nets for hypergroups which tend to left
invariance in a weak sense but not in norm, as demonstrated below in Theorem
2.10.

Theorem 2.8 (Rosenblatt and Willis [36]). If G is an infinite amenable locally
compact group, then there exists a net (fα) in P (G) converging weakly to invariance
such that for every x ∈ G\{e}, eventually ‖fα − δx ∗ fα‖ = 2.

We can show a similar result (Theorem 2.10) for a large class of hypergroups
arising as double coset spaces of locally compact groups. To begin, we need the
following lemma.

Lemma 2.9. Let G be a locally compact group and K be a compact subgroup of G.

If (fα) is a net converging weakly to left invariance in L1(G)+1 , then (f̊α) is a net
in L1(G//K)+1 satisfying

〈f̊α − δKxK ∗ f̊α, φ〉 → 0

for all φ ∈ UCBr(G//K), where f̊(KyK) =
∫
K

∫
K
f(syt)dλK(s)dλK(t).
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Proof. Let φ ∈ UCBr(G//K). By [41, 2.2] there exist γ ∈ L1(G//K) and ψ ∈
L∞(G//K) such that φ = γ ∗ ψ. Let γ◦ ∈ L1(G) and ψ◦ ∈ L∞(G) be given by
γ◦(y) = γ(KyK) and ψ◦(y) = ψ(KyK). Define φ◦ = γ◦ ∗ ψ◦ in UCBr(G) so
φ◦(y) =

∫
G
γ(KyzK)ψ(Kz−1K)dλG(z). For y ∈ G we have

φ(KyK) =

∫
G

γ(KyK ∗KzK)ψ(Kz−1K)dλG(z)

=

∫
K

∫
G

γ(K(yt)zK)ψ(Kz−1K)dλG(z)dλK(t)

=

∫
K

φ◦(yt)dλK(t)

= φ◦ ∗ λ̌K(y).

Similarly, for x, y∈G we have φ(KxK ∗KyK) =
∫
K
φ◦ ∗ λ̌K(xsy)dλK(s).

Then for x ∈ G and f ∈ L1(G), we have the following:

〈f̊ − δKxK ∗ f̊ , φ〉 =
∫

G//K

(
f̊ − δKxK ∗ f̊

)
(KyK)φ(KyK)dλG//K(KyK)

=

∫
G

(
f̊ − δKxK ∗ f̊

)
(KyK)φ(KyK)dλG(y)

=

∫
G

f̊(KyK)
(
φ− δ̌KxK ∗ φ

)
(KyK)dλG(y)

=

∫∫∫
G K K

f(syt)dλK(s)dλK(t)
(
φ− δ̌KxK ∗ φ

)
(KyK)dλG(y)

=

∫∫∫
K K G

f(y)
(
φ− δ̌KxK ∗ φ

)
(Ks−1yt−1K)dλG(y)dλK(s)dλK(t)

=

∫
G

f(y) (φ(KyK)− φ(KxK ∗KyK)) dλG(y)

=

∫
G

f(y)

(
φ◦ ∗ λ̌K(y)−

∫
K

φ◦ ∗ λ̌K(xsy)dλK(s)

)
dλG(y)

=

〈
f, φ◦ ∗ λ̌K −

∫
K

δs−1x−1 ∗ φ◦ ∗ λ̌KdλK(s)

〉
.

Now, since φ◦ is in UCBr(G), so is φ◦∗λ̌K . Hence the map from K to C(G), s �→
δs−1x−1 ∗φ◦ ∗ λ̌K is continuous, so

∫
K
δs−1x−1 ∗φ◦ ∗ λ̌KdλK(s) is in the norm closure

of the convex hull of the functions
{
δs−1x−1 ∗ φ◦ ∗ λ̌K : s ∈ K

}
. Since 〈fα, φ◦ ∗

λ̌K − δs−1x−1 ∗ φ◦ ∗ λ̌K〉 tends to zero for any s ∈ K and (fα) is norm bounded,
it follows that 〈fα, φ◦ ∗ λ̌K −

∫
K
δs−1x−1 ∗ φ◦ ∗ λ̌KdλK(s)〉 also tends to zero (see

e.g. [35, VI.1.2]). So 〈f̊α − δKxK ∗ f̊α, φ〉 → 0 for all φ ∈ UCBr(G//K) and all
x ∈ G. �

Theorem 2.10. Let G be an amenable, non-compact, locally compact group. Let
K be a compact subgroup of G. Suppose that for any ε > 0, finite F ⊂ G\K and
subset X of G which does not have zero measure outside of a compact set, we can
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find a relatively compact X ′ ⊂ X such that

(2.3) λG(KFKX ′K ∩KX ′K) <
ε

2
λG(KX ′K).

Then there exists a net f̊α ∈ L1(G//K) such that 〈f̊α − δKxK ∗ f̊α, φ〉 tends to 0

for all φ ∈ UCBr(G//K) and x ∈ G but for which ‖f̊α − δKxK ∗ f̊α‖ → 2 whenever
x �∈ K.

Proof. Fix ε > 0 and a finite subset F ⊂ G\K and take E and g as before for the
group G.

Since G is amenable, there is a positive, normalized solution to the configurations
corresponding to Con(E , g).

Since G is a group, for each C ∈ Con(E , g) the function ξ0(C) is the characteristic
function of the set X0(C). If the value of zC is non-zero, then because G is non-
compact X0(C) does not have measure zero outside any compact set.

Choose an order {Ca}Na=1 for the C ∈ Con(E , g) with non-zero zC and then
iteratively select relatively compact XC

0 ⊂ X0(C) satisfying inequality (2.3) such
that

(2.4) FKXCa
0 ∩KXCb

0 K = ∅, a �= b.

This is possible since each X0(Ca) has non-zero measure outside the compact set

a−1⋃
b=1

(KFKXCb
0 K ∪KF−1KXCb

0 K).

As in [36, 3.2], let

f =

N∑
s=1

zCs

λG(X
Cs
0 )

χXCs
0

.

Then f ∈ L1(G)+1 and 〈f − δg ∗ f, χE〉 = 0 for each g ∈ g and E ∈ E . Let

f̊ ∈ L1(G//K) be as in Lemma 2.9.
Observe that for y ∈ G,

f̊(KyK) =
∑

C∈Con(E,g)

zC
λG(XC

0 )

∫∫
K K

χXC
0
(syt)dλK(s)dλK(t),

and if f̊(KyK) > 0, then y ∈ KXC
0 K for some C.

Similarly, for x ∈ F , f̊(Kx−1K∗KyK) is equal to

∑
C∈Con(E,g)

zC
λG(XC

0 )

∫∫∫
K K K

χXC
0
(rx−1syt)dλK(r)dλK(s)dλK(t),

and if f̊(Kx−1K ∗KyK) > 0, then y ∈ KFKXC
0 K for some C.

So, by condition (2.4), if both f̊(KyK) > 0 and f̊(Kx−1K ∗KyK) > 0 for some
x ∈ F , then there is a unique C ∈ Con(E , g) with y ∈ KXC

0 K ∩KFKXC
0 K.

For each C ∈ Con(E , g), let

AC = {y ∈ KXC
0 K ∩KFKXC

0 K : f̊(KyK) > 0, f̊(KxK ∗KyK) > 0}.
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This yields∫
AC

|f̊(KyK)− f̊(Kx−1K ∗KyK)|dλG(y)

≤
∫
AC

zC
λG(XC

0 )

∣∣∣∣∣∣
∫
K3

f(syt)−f(rx−1syt)dλK(r)dλK(s)dλK(t)

∣∣∣∣∣∣dλG(y)

≤ zC
λG(XC

0 )

∫
K3

∫
AC

∣∣∣χXC
0
(syt)−χXC

0
(rxsyt)

∣∣∣dλG(y)dλK(r)dλK(s)dλK(t)

≤ zC
λG(XC

0 )

∫
K3

∫
AC

(2)dλG(y)dλK(r)dλK(s)dλK(t)

≤ 2zC
λG(XC

0 )
λG(KXC

0 K ∩KFKXC
0 K)

< zCε.

By inequality (2.3),∫
G

|f̊ − δKxK ∗ f̊ |dλG ≥ ‖f̊‖+ ‖δKxK ∗ f̊‖ − 2

∫
⋃

C

AC

|f̊ − δKxK ∗ f̊ |dλG

≥ 2− 2
∑
C

zCε

= 2− 2ε.

Since our choices of ε, F, E , and g were arbitrary, we can find an f as above for
each such choice. Now consider the order on {(ε, F, E , g)} where

(ε, F, E , g) � (ε′, F ′, E ′, g′)

if ε ≥ ε′, F ⊆ F ′, E ′ is a refinement of E , and g ⊆ g′.
Using this order, the net (f(ε,F,E,g)) converges weakly to left invariance on

L∞(G), so by Lemma 2.9, 〈f̊(ε,F,E,g) − δKxK ∗ f̊(ε,F,E,g), φ〉 → 0 for all x ∈ G
and φ ∈ UCBr(G//K).

On the other hand, ‖f̊(ε,F,E,g) − δKxK ∗ f̊(ε,F,E,g)‖ ≥ 2− 2ε for all x ∈ F . Hence,

for any x ∈ G\K, ‖f̊(ε,F,E,g) − δKxK ∗ f̊(ε,F,E,g)‖ → 2. �

If K is finite, then the net we construct does tend to left invariance weakly.

Example 2.11. Let H be the hypergroup (Z[i]� 〈i〉)//〈i〉 where the action of 〈i〉
on Z[i] is multiplication. The coset of a+ ib ∈ Z[i] is the four points {a+ ib,−b+
ia,−a−ib, b−ia}. For any finite set F , if ‖a+ib‖ is sufficiently large, X ′ = {a+ib}
will satisfy inequality (2.3) of Theorem 2.10. Hence, using the method of Theorem
2.10, we can construct a net which tends to left invariance weakly, but not in norm
for (Z[i]� 〈i〉)//〈i〉.

Example 2.12. Let H be the hypergroup (R2)T (equivalently (R2
�T)//T) where

the action of the torus on R
2 is rotation about the origin. More details on this

example can be found in [18] or [4, 1.1.18]. The underlying space of H is R+, and
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for any f ∈ L1(H) and x ∈ H, the support of the translation of f by x is given by

supp(δx ∗ f) = {x} ∗ supp f =
⋃

y∈supp f

[|x− y|, x+ y].

From this we see that as long as supp f is not contained in the interval [0, x/2),
the two supports are not disjoint. Since the support of fα must eventually not
be contained in such an interval, if fα tends weakly to left invariance, then the
supports of fα and δx ∗ fα are not eventually disjoint.

However, this hypergroup does satisfy the condition of Theorem 2.10, so we
can construct a net which tends weakly to left invariance against right uniformly
continuous functions but does not tend to left invariance in norm.

Singh has further comments on this hypergroup in 4.4.6 of [40].

Remark 2.4. This author conjectures that for every infinite hypergroup there is
a net of positive, norm one functions tending to left invariance weakly but not in
norm. In [36], Rosenblatt andWillis suggest a possible alternative (non-constructive)
method to prove the result for groups by considering a net tending to an extreme
point in the set of left-invariant means. It is possible that such a method would
also work in the case of hypergroups.

3. Semidirect products with hypergroup factors

The examples concluding the previous section are double coset hypergroups.
These hypergroups arise from taking semidirect products of locally compact groups
and quotienting by the non-normal factor.

In this section we will present the definition of a semidirect product with a
hypergroup factor and several related results. We will conclude the section with
several results on amenability of semidirect products.

Remark 3.1. The semidirect product of two hypergroups only makes sense if there
is a homomorphism from one hypergroup to a subgroup of the automorphisms of
the other (in the case of a direct product, this is the trivial group). Because of
this, we will consider semidirect products where one factor is a hypergroup and the
other factor is a locally compact group acting as automorphisms on the hypergroup.
Hypergroup automorphisms and, more generally, homomorphisms are interesting
and have been mentioned in [5] and [20].

Remark 3.2. This definition does not appear as part of the published literature, but
does appear in a technical report of Rösler [37] where she applies this construction
to Bessel-Kingman hypergroups.

Definition 3.1. Let H be a hypergroup. A homeomorphism φ : H → H is a
(hypergroup) automorphism if φ(eH) = eH , and for x, y ∈ H and A ⊂ H a Borel
subset we have that δx ∗ δy(A) = δφ(x) ∗ δφ(y)({φ(a) : a ∈ A}). The collection of
automorphisms of H (equipped with the topology of pointwise convergence) form
a topological group denoted Aut(H).

Let G be a locally compact group. Suppose that there exists a continuous group
action of G on H, that is, a continuous group homomorphism τ : G → Aut(H). We
then define the semidirect product of G and H (with respect to τ ) as the topological
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space H ×G with a convolution defined by

δ(h1,g1) ∗ δ(h2,g2) = δh1
∗ δτg1 (h2) ⊗ δg1g2 ,

where we embed the tensor product M(H)⊗M(G) into M(H ×G).
With this convolution, H �τ G becomes a hypergroup. The identity of H �τ G

is (eH , eG), and the involution is given by (h, g)̌ = (τg−1(ȟ), g−1).
If we further suppose that H has a left Haar measure λH , then for each g ∈ G,

the measure on H, λH ◦ τg, is a positive multiple of λH . Letting δ(g) = λH

λH◦τg we

get the following left Haar measure on H �G:

dλH�G(h, g) = δ(g)dλH(h)dλG(g).

Proposition 3.2. Let G,G′ be locally compact groups and K a compact subgroup
of G. Suppose that G′ acts on G and that for each g′ ∈ G′, g′(K) = K. Then
(G�G′)//(K × eG′) is isomorphic to (G//K)�G′.

Proof. The elements of (G�G′)//(K × eG′) are of the form

[(g, g′)] = {(k1, eG′)(g, g′)(k2, eG′) : k1, k2 ∈ K}
= {(k1gτg′(k2), g

′) : k1, k2 ∈ K}
= {(k1gk2, g′) : k1, k2 ∈ K}

because the action of G′ restricts to K.
Similarly, the elements of G//K �G′ are of the form

([g], g′) = ({k1gk2 : k1, k2 ∈ K}, g′),
so there is a natural identification between the two hypergroups.

The multiplication in the former is given by

[(g1, g
′
1)] ∗ [(g2, g′2)] =

∫
K×eG′

δ[(g1,g′
1)(s,eG′ )(g2,g′

2)]
dλK(s)

=

∫
K×eG′

δ[(g1τg′1 (sg2),g
′
1g

′
2)]
dλK(s)

=

∫
K×eG′

δ[(g1sτg′1 (g2),g
′
1g

′
2)]
dλK(s).

We note that λK is invariant under the action of g′1 because the action on K is
‘unimodular’ since K is compact.

On the latter, the convolution is

([g1], g
′
1) ∗ ([g2], g′2) = ([g1] ∗ τg′

1
([g2]))⊗ g′1g

′
2

=

(∫
K

δ[g1sτg′1 (g2)]
dλK(s)

)
⊗ g′1g

′
2,

and so we see that they coincide. �
Remark 3.3. The first semidirect product in the above proposition is a semidirect
product of groups, while the latter has a hypergroup factor.

Example 3.3. Here we provide a non-trivial example of a semidirect product with
a hypergroup factor. That is, the hypergroup is not a group and the action of G
on H is not the trivial action.

Let Z5 be the additive group of integers modulo 5. Let {eτ , τ} be the two element
group acting on Z5 via τ (z) = −z. Then Z5//〈τ 〉 is a hypergroup of three elements.
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Let {eσ, σ} be the two element group acting on Z5//〈τ 〉 which swaps the two
non-identity elements. It is straightforward to verify that σ is a hypergroup auto-
morphism.

Forming the semidirect product (Z5//〈τ 〉)�〈σ〉, we get a six element hypergroup.

We now address amenability of semidirect products. As mentioned in Remark
1.4, the amenability of a hypergroup can be characterized in a number of ways. One
of these ways is the existence of a Reiter net of approximate means in L1(H)+1 . It
is well known that the semidirect product of two locally compact groups is again
amenable, and explicit methods are given in [46] for constructing Reiter nets for a
semidirect product. Using that approach, we show that the semidirect product of
an amenable hypergroup and an amenable locally compact group is amenable.

Theorem 3.4. Let H be an amenable hypergroup with left Haar measure and G be
an amenable locally compact group. Then H �τ G is an amenable hypergroup.

Proof. Let (fα) be a Reiter net for H and (dβ) be a Reiter net for G with each dβ
supported on a compact subset of G.

For h ∈ H, g ∈ G let Fα,β ∈ L1(H �τ G) be given by

Fα,β(h, g) := fα(τg−1(h))dβ(g).

Observe that

‖δ(x,y) ∗ Fα,β − Fα,β‖L1(H�τG)

=

∫∫
G H

∣∣fα(τ(yg)−1(x̌ ∗ h)
)
dβ(y

−1g)−fα(τg−1(h))dβ(g)
∣∣ δ(g)dλH(h)dλG(g)

≤
∫
G

‖δτ(yg)−1 (x) ∗ fα − fα‖L1(H)|dβ(g)|dλG(g) + ‖δy ∗ dβ − dβ‖L1(G).

For K ⊂ H �τ G compact and ε > 0 there exists βK,ε such that

‖δy ∗ dβ − dβ‖L1(G) < ε/2 ∀y such that ∃x with (x, y) ∈ K

and there exists αK,ε such that

‖δτ(yg)−1(x) ∗ fαK,ε
− fαK,ε

‖ <
ε

2

for all (x, y) ∈ K and g ∈ supp(dβK,ε
).

So the semidirect product satisfies the Reiter condition and hence is amenable.
�

4. Lau algebras

In [26], Lau introduced a type of Banach algebra (called F algebras in [26]) and
defined left amenability of these algebras to correspond to left amenability of the
measure algebra of a semigroup. The L1(H) algebra of a hypergroup (with left Haar
measure) is a Lau algebra [41] and is left amenable precisely when the hypergroup is
amenable. Other examples of Lau algebras include the Fourier and Fourier-Stieljes
algebras of locally compact groups. In this section, the constructions of sections
2 and 3 are adapted to the more general setting of Lau algebras. We present a
characterization of left amenability using Lau algebra configuration equations. We
define the semidirect product of a Lau algebra with a locally compact group and
show that this semidirect product is again a Lau algebra. This construction of a
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semidirect product is somewhat similar to the θ-Lau algebra product of [26] and
[31]. Furthermore, if the Lau algebra factor is left amenable, and the group factor
is amenable, then the semidirect product is also left amenable.

Definition 4.1 ([26]). A Lau algebra is a pair (A,M) such that A is a complex
Banach algebra and M is a W ∗-algebra such that A = M∗ and e, the identity of
M , is a multiplicative linear functional on A.

Lau, [26] gives several equivalent characterizations of left amenability of (A,M).
In particular, the following are equivalent:

(1) The Lau algebra (A,M) is left amenable.
(2) A∗ has a topological left invariant mean. That is, there exists an m ∈

(A∗∗)+1 such that

m(x · φ) = m(x) ∀φ ∈ A+
1 , x ∈ A∗.

(3) There exists a net φα ∈ A+
1 such that ‖φ · φα − φα‖ → 0 for each φ ∈ A+

1 .

Definition 4.2. Let (A,M) be a Lau algebra. Let (φ1, . . . , φn) ∈ (A+
1 )

n and
{f1, . . . , fm} ⊂ M such that each fi ≥ 0 and

∑m
i=1 fi = eM . We define an (A,M)-

configuration as an ordered choice C = (C0, C1, . . . , Cn) with each cj ∈ {1, . . . ,m}
and define ξ0(C) as before via

ξ0(C) =

n∏
j=0

Cj · φj .

Here the · represents the dual module action of A on M . In case the multiplication
in M is non-commutative, we need only fix a convention for the ordering and keep
to it throughout. For convenience, we’ll assume that the multiplication is done left
to right as j goes from 0 to n.

For φ ∈ A we define

φC = 〈ξ0(C), φ〉.

We define the configuration equations as before as the mn equations in the mn+1

variables (zC corresponding to the configuration C) as

∑
C,C0=i

zC =
∑

C,Cj=i

zC .

A solution to the configuration equations is again said to be positive if each zC ≥ 0,
normalized if

∑
C zC = 1 and inequality preserving if for any choice of real numbers

{aC},

0 ≤
∑
C

aCξ0(C) ⇒ 0 ≤
∑
C

aCzC .

Theorem 4.3. A Lau algebra (A,M) is left amenable if and only if for all choices
of (φ1, . . . , φn) ∈ (A+

1 )
n and {f1, . . . , fm} ⊂ M such that each fi ≥ 0 and

∑m
i=1 fi =

eM the associated (A,M)-configuration equations have a positive, normalized, in-
equality preserving solution.
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Proof. We apply the method of Lemma 2.2 to get

∑
C,Cj=i

ξ0(C) =
∑
C

n∏
l=0

fCl
· φl

= (

j−1∏
l=0

m∑
k=1

fk · φl)(fi · φj)(

n∏
l=j

m∑
k=1

fk · φl)

= (
∏
l

e · φl)fi · φj(
∏
l

e · φl)

= fi · φj ,

so

〈fi, φj · φ〉 =
∑

C,Cj=i

φC

for any i and j and φ ∈ A, noting that any rearrangment is only of a sum and that
the order of the multiplication in any term is unchanged.

If (A,M) is left amenable, there exists a topological left invariant mean, m,
on M [26]. By letting zC = m(ξ0(C)), we gain a positive, inequality preserving,
normalized solution to the configuration equations since∑

C,C0=i

zC =
∑

C,C0=i

m(ξ0(C))

= m(fi) = m(fi · φj)

=
∑

C,Cj=fi

m(ξ0(C))

=
∑

C,Cj=fi

zC .

For the converse, Lemma 2.5 holds with L∞(X,μ) replaced by M (with the
partial order of M replacing the a.e. ordering of L∞(X)), and we apply the same
net construction as we do in Theorem 2.6 to gain a net of means in (A∗∗)+1 which
tends weakly to topological left invariance which must have some accumulation
point and which is then a topological left invariant mean on M . �

We now define the notion of a semidirect product of a locally compact group with
a Lau algebra. We remark that if the Lau algebra in question is the group algebra
of a locally compact group, then the resulting semidirect product corresponds to
the group algebra of the semidirect product.

Definition 4.4. Let G be a locally compact group and (A,M) be a Lau algebra.
We say that T is an action of G on (A,M) if:

(1) For each g ∈ G there is an isometric isomorphism Tg : A → A.
(2) The map g ∈ G �→ Tg ∈ Aut(A) is a continuous group homomorphism.
(3) For each g ∈ G, the dual map T ∗

g is an isometric *-isomorphism of M onto
itself.

If G acts on (A,M), then we define the semidirect product of G with (A,M) as the
Lau algebra (L1

T (G,A), L∞(G)⊗̄M). Here, L1
T (G,A) is the Banach space L1(G,A)
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of integrable A-valued functions on G with a twisted multiplication. That is, for
F1, F2 ∈ L1

T (G,A) we define the function F1 ∗ F2 from G to A by

F1 ∗ F2(g) =

∫
h∈G

F1(h)Th(F2(h
−1g)) dh.

It is well known (e.g. [43]) that L∞(G)⊗̄M is indeed a von Neumann algebra and
the dual of (the Banach space) L1

T (G,A).

Remark 4.1. The multiplication defined above is well defined, and with it, the
norm of L1

T (G,A) is submultiplicative. To see this, first consider simple tensors
f1 ⊗ a1, f2 ⊗ a2 ∈ K(G)⊗A. Then for g ∈ G,

f1 ⊗ a1 ∗ f2 ⊗ a2(g) =

∫
G

f1(h)f2(h
−1g)a1Th(a2) dh.

So supp(f1 ⊗ a1 ∗ f2 ⊗ a2) is contained in supp(f1) supp(f2), which is compact.
Furthermore, the range of f1⊗a1 ∗f2⊗a2 ⊂ a1Tsupp(f1) supp(f2)(a2). Since the map
h �→ Th is continuous, the range of f1 ⊗ a1 ∗ f2 ⊗ a2 is relatively compact in A, so
f1 ⊗ a1 ∗ f2 ⊗ a2 ∈ L1

T (G,A).
By linearity, we can extend this argument to all functions in K(G)⊗A.
For F1, F2 ∈ K(G)⊗A,

‖F1 ∗ F2‖ =

∫
g∈G

∫
h∈G

‖F1(h)Th(F2(h
−1g))‖ dhdg

≤
∫
h∈G

‖F1(h)‖dh
∫
g∈G

‖F2(g)‖dg

= ‖F1‖ ‖F2‖,
and so by density of K(G)⊗A in L1

T (G,A), we conclude that F1 ∗ F2 ∈ L1
T (G,A)

for any F1, F2 ∈ L1
T (G,A) and that with this multiplication, L1

T (G,A) is a Banach
Algebra.

Proposition 4.5.
(
L1
T (G,A), L∞⊗̄A∗) is a Lau algebra.

Proof. It is apparent that L1
T (G,A) is a Banach algebra and L∞(G)⊗̄A∗ is its dual.

Since L∞(G) and A∗ are both W ∗ algebras, the tensor product L∞(G)⊗̄A∗ is also
a W ∗ algebra with identity 1⊗ EA∗ .

All that remains to show is that 1⊗EA∗ is a multiplicative linear functional on
L1
T (G,A). Let F1, F2 ∈ L1

T (G,A). Observe that

〈F1 ∗ F2, 1⊗ eA∗〉 =
∫
G

〈F1 ∗ F2(g), eA∗〉dg

=

∫
G

∫
G

〈F1(h)ThF2(h
−1g), eA∗〉dhdg

=

∫
G

∫
G

〈F1(h), eA∗〉〈ThF2(h
−1g), eA∗〉dhdg

=

∫
G

∫
G

〈F1(h), eA∗〉〈F2(g), T
∗
heA∗〉dgdh

=

∫
G

〈F1(h), eA∗〉dh
∫
G

〈F2(g), eA∗〉dg

= 〈F1, 1⊗ eA∗〉〈F2, 1⊗ eA∗〉.
�
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Lemma 4.6. The positive elements of L1
T (G,A) are characterized by

L1(G,A)+1 = {F ∈ L1
T (G,A) : F (g) ∈ A+

1 for almost every g ∈ G}.

Proof. It is clear that “⊇” holds.
To see the converse, suppose that F ∈ L1

T (G,A) such that {g ∈ G : F (g) �∈ A+
1 }

has positive measure. Then we can find ε > 0 such that {g ∈ G : ∃m ∈ A∗, ‖m‖ =
1, infα∈R+ |〈F (g),m∗m〉 − α| > ε} has positive measure. Let K be a compact
subset of this set with L := λ(K) > 0. Then we can find a compact K0 ⊂ K
such that F is continuous on K0 and λ(K\K0) ≤ L/2. Pick x0 ∈ K0 such that
C := {g ∈ K0 : ‖F (g) − F (x0)‖ < ε/2} has positive measure. Let m0 ∈ A∗ with
‖m0‖ = 1 and infα∈R+ |〈F (x0),m

∗
0m0〉 − α| > ε. Then we can verify that

〈F, (χC ⊗m0)
∗(χC ⊗m0)〉 =

∫
C

〈F (g),m∗
0m0〉dg

and ∫
C

〈F (x0),m
∗
0m0〉dg = λ(C)〈F (x0),m

∗
0m0〉.

It follows that

∣∣∣∣
∫
C

〈F (x0)− F (g),m∗
0m0〉dg

∣∣∣∣ ≤ λ(C)ε/2.

So for α ∈ R
+ we have

|〈F, (χC ⊗m0)
∗(χC ⊗m0)〉 − α|

=

∣∣∣∣
∫
C

〈F (g)− F (x0),m
∗
0m0〉dg +

∫
C

〈F (x0),m
∗
0m0〉dg − α

∣∣∣∣
≥ |λ(C)〈F (x0),m

∗
0m0〉 − α| − λ(C)ε/2.

Hence 〈F, (χC ⊗m0)
∗(χC ⊗m0)〉 is not in R

+. �

Theorem 4.7. Let G be an amenable locally compact group which acts continuously
on a left-amenable Lau algebra (A,M). Suppose that (fβ)β ⊂ L1(G)+1 is a Reiter
net for G and that (φα)α ⊂ A+

1 is a net satisfying condition (3) of Definition 4.1.
Suppose also that

‖Tgφα − φα‖A → 0

uniformly in g on compact subsets of G. For each α and β, let Fα,β ∈ L1
T (G,A)+1

be given by Fα,β(g) = fβ(g)φα. Then the net (Fα,β)α,β satisfies condition (3) of
Definition 4.1 for L1

T (G,A).
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Proof. Fix ε > 0. Consider F ∈ L1(G,A)+1 .
Then for any α and β,

‖F ∗ Fα,β − Fα,β‖1 =

∫
G

‖F ∗ Fα,β(g)− Fα,β(g)‖ dg

=

∫
G

∥∥∥∥∥
∫
supp(F )

F (h)Thφαfβ(h
−1g)dh− φαfβ(g)

∥∥∥∥∥ dg
=

∫
G

∥∥∥∥∥
∫
supp(F )

F (h)Th(φα)fβ(h
−1g)− ‖F (h)‖φαfβ(g)dh

∥∥∥∥∥ dg
≤

∫
supp(F )

‖F (h)‖
(∫

G

∥∥∥∥ F (h)

‖F (h)‖Th(φα)fβ(h
−1g)− fβ(h

−1g)φα

∥∥∥∥
+
∥∥fβ(h−1g)φα − φαfβ(g)

∥∥ dg)dh
=

∫
supp(F )

‖F (h)‖
∥∥∥∥ F (h)

‖F (h)‖Th(φα)− φα

∥∥∥∥ dh
+

∫
supp(F )

‖F (h)‖‖δh ∗ fβ − fβ‖dh.

So if we chose a compact K ⊂ G such that
∫
G\K ‖F (h)‖dh < ε, then we can find

β0 so that if β ≥ β0, then ‖δh ∗ fβ − fβ‖ < ε for all h ∈ K.
Hence

∫
G

‖F (h)‖‖δh ∗ fβ − fβ‖dh ≤
∫
K

‖F (h)‖‖δh ∗ fβ − fβ‖dh

+

∫
G\K

‖F (h)‖‖δh ∗ fβ − fβ‖dh

< ε+ 2ε.

Since the map h �→ Th−1

(
F (h)

‖F (h)‖

)
is measurable, we can find a compact K0 ⊂ K

with λ(K\K0) < ε and Th−1

(
F (h)

‖F (h)‖

)
continuous on K0. Hence we can find an α0

such that for all h ∈ K0 and all α ≥ α0,

∥∥∥∥Th−1

(
F (h)

‖F (h)‖

)
φα − φα

∥∥∥∥ < ε.

Also, by the assumption, we can find α1 ≥ α0 such that for α ≥ α1 it follows
that ‖Thφα − φα‖ < ε for all h ∈ K0.
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So for α ≥ α1,∫
supp(F )

‖F (h)‖
∥∥∥∥ F (h)

‖F (h)‖Th(φα)− φα

∥∥∥∥ dh
≤

∫
supp(F )

‖F (h)‖
(∥∥∥∥ F (h)

‖F (h)‖Th(φα)− Thφα

∥∥∥∥+ ‖Thφα − φα‖
)
dh

=

∫
K0

‖F (h)‖
(
‖Th‖

∥∥∥∥Th−1

(
F (h)

‖F (h)‖

)
φα− φα

∥∥∥∥+ ‖Thφα− φα‖
)
dh

+

∫
G\K0

‖F (h)‖
(∥∥∥∥ F (h)

‖F (h)‖Th(φα)− Thφα

∥∥∥∥+ ‖Thφα − φα‖
)
dh

< ε+ ε+ 4ε.

Then, for α ≥ α1 and β ≥ β0 we have ‖F ∗ Fα,β − Fα,β‖1 < 9ε. �

Theorem 4.8. Let G be an amenable locally compact group which acts continuously
on a left-amenable Lau algebra (A,M). Suppose that (fβ)β is a Reiter net for G
such that supp(fβ) is compact for each β and that (φα)α is a net in A+

1 satisfying
condition (3) of Definition 4.1. For each α and β, let Fα,β ∈ L1

T (G,A)+1 be given
by Fα,β(g) = fβ(g)Tg(φα). Then there exists a subnet of (Fα,β)α,β which satisfies
condition (3) of Definition 4.1 for L1

T (G,A).

Proof. This is analogous to a result from [46]. Fix ε > 0 and F ∈ L1
T (G,A)+1 . Then

for any α and β,

‖F ∗ Fα,β − Fα,β‖1

=

∫
G

∥∥∥∥
∫
G

F (h)Th(Th−1gφαfβ(h
−1g))dh− Tgφαfβ(g)

∥∥∥∥ dg
≤ ‖Tg‖

∫
G

∫
G

∥∥Tg−1(F (h))φαfβ(h
−1g)− ‖F (h)‖φαfβ(g)

∥∥ dhdg
≤

∫
G

∫
G

∥∥Tg−1(F (h))φαfβ(h
−1g)− ‖F (h)‖φαfβ(h

−1g)
∥∥

+
∥∥‖F (h)‖φαfβ(h

−1g)− ‖F (h)‖φαfβ(g)
∥∥ dhdg

≤
∫

supp(F )

‖F (h)‖
∫

supp(fβ)

∥∥∥∥T(hg)−1

(
F (h)

‖F (h)‖

)
φα − φα

∥∥∥∥ fβ(g)dgdh
+

∫
supp(F )

‖F (h)‖ ‖l∗hfβ − fβ‖ dh.

Since the compactly supported functions are dense in L1
T (G,A), we may assume

that F is compactly supported. Since (fβ)β is a Reiter net, there is a βF,ε such
that for h ∈ supp(F ), ‖l∗hfβF,ε

− fβF,ε
‖ < ε.

We can also find an αF,ε,βF,ε
such that for all g ∈ supp(fβF,ε

) and h ∈ supp(F ),∥∥∥T(hg)−1

(
F (h)

‖F (h)‖

)
φα − φα

∥∥∥ < ε.

Consider the directed set Λ, where each element of Λ is a quadruple consisting
of a compactly supported F ∈ L1

T (G,A)+1 , an ε > 0, a β ≥ βF,ε, and an α ≥ αF,ε,β .
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The order we put on Λ is �, where (F1, ε1, β1, α1) � (F2, ε2, β2, α2) if supp(F1) ⊂
supp(F2), ε1 ≥ ε2, β1 ≤ β2, and α1 ≤ α2. From the above observations, it is
apparent that for any ε and F , there exists α and β such that ‖F ∗Fα,β−Fα,β‖1 < ε.

Then (Fα,β)F,ε,β,α is a subnet of (Fα,β)α,β , which is an appropriate net. �

Corollary 4.9. The semidirect product of an amenable locally compact group with
a left-amenable Lau algebra is again a left-amenable Lau algebra.

5. Further comments

Remark 5.1. The approach of configuration equations can be extended from consid-
ering partitions of H into subsets to considering partitions of χH into continuous
functions and dealing with the existence of a left invariant mean on a space of
continuous functions rather than L∞(H). One motivation for this approach is to
characterize amenability without assuming the existence of a left Haar measure.

Let H be a hypergroup and A be a norm closed subalgebra of C(H) which is
closed under left translation, pointwise multiplication, lattice operations (min and
max) and contains the identity. Examples of such algebras include the continuous
and bounded functions on H, the uniformly continuous functions on H and if H is
a locally compact group, the almost periodic functions.

Many of the earlier results apply to such algebras with A in place of L∞(X,μ).

Definition 5.1. Let (h1, . . . , hn) ∈ Hn and {f1, . . . , fm} ⊂ A such that each fi ≥ 0
and

∑n
i=1 fi = χH . We define an A-configuration as an ordered choice of the fis,

C = (c0, c1, . . . , cn) and define ξ0(C) as before via

ξ0(C) =
n∏

j=0

δȟj
∗ cj .

Remark 5.2. There exists a left invariant mean on A iff for all choices of (h1, . . . , hn)
∈ Hn and partitions of χH , {f1, . . . , fm} ⊂ A, the associated A-configuration
equations have a positive, normalized, inequality preserving solution.

Locally compact quantum groups and, more generally, Hopf-von Neumann alge-
bras have recently been investigated as interesting generalizations of locally com-
pact groups (e.g. [16, 17]). Indeed, recently Daws and Runde [6] have generalized
Reiter’s property characterization of amenability to the locally compact quantum
group case. Unfortunately, the theory of locally compact quantum groups does not
apply to hypergroups.

Remark 5.3. Let H be a hypergroup with left Haar measure λ. Then L∞(H) is a
Hopf-von Neumann algebra with the co-multiplication induced by convolution on
L1(H) if and only if H is a locally compact group.
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