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A NOTE ON THE COHOMOLOGY

OF THE LANGLANDS GROUP

EDWARD S.T. FAN, WITH AN APPENDIX BY M. FLACH

Abstract. We begin with a comparison of various cohomology theories for
topological groups. Using the continuity result for Moore cohomology, we
establish a Hochschild-Serre spectral sequence for a slightly larger class of
groups. We use these properties to compute the cohomology of the Langlands
group of a totally imaginary field. The appendix answers a question raised by
Flach concerning the cohomological dimension of the group R.

1. Introduction

In the first half of this article, we try to collect the recent continuity result of
Moore cohomology of compact groups defined via measurable cochains announced
in [2] and compare it with the parallel result on the topological group cohomology
defined via topos theory [5] with the aid of a series of comparison results [2,5,10,18]
between various cohomology theories. We will recall the definitions of different
cohomology theories of topological groups here and briefly discuss the relations
between them. In the second half, we will give an application to compute the
topological group cohomology of the Langlands group LF . As an extension of the
result in [5], we show that Hi(LF ,Z) has infinite rank for all even i ≥ 4 in the case
where F is a totally imaginary number field. This result gives a negative answer
to the conjectural use of the Langlands group to modify the definition of a Weil-
etale topos Y W for the spectrum of the ring of integers of a number field F , whose
cohomologies Hi(YW ,Z) are expected to vanish for i ≥ 4.

The appendix answers a question raised in [5, 9.3]. Since the present article is
in some sense a natural continuation of [5], we decided to include this answer here.

2. Basic definitions

In this section, we will briefly recall the definition of various cohomology theories
for topological groups with coefficients on their corresponding topological modules.

2.1. Topos theoretic cohomology of topological groups. Let Top be the
(small) category of topological spaces with continuous maps, and Jopen the open
covering topology on Top. Then (Top, Jopen) is a site and set T = Sh(Top, Jopen) to
be the associated category of sheaves of sets on it. Given a topological groupG and a
topologicalG-module A (i.e. a topological abelian group with a linear continuous G-
action), let y : Top → T be the Yoneda embedding, where y(X) = HomTop ( , X).
Then yG is a group object in T and set BG to be the classifying topos of G, i.e. the
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category of yG-objects in T . In particular, yA is an abelian group object in BG.
We define the topos theoretic cohomology of a topological group G with coefficients
in a G-module A to be

Hi(G,A) =
(
RiΓ

)
(yA) ,(2.1)

where Γ(A) := HomBG (∗,A) is the global section functor. (Here ∗ denotes the
trivial yG-object, i.e. the constant sheaf of a point with trivial G-action.)

2.2. Continuous cochain cohomology of topological groups. As above, sup-
pose G is a topological group and A is a topological G-module. Let Ci (G,A) be
the set of continuous maps Gi → A for i ≥ 0 and 0 otherwise. Then we define the
coboundary maps d : Ci(G,A) → Ci+1(G,A) by

df(g1, . . . , gi+1) :=g1f(g2, . . . , gi+1)

+

i∑
j=1

(−1)jf(g1, g2, . . . , gjgj+1, . . . , gi+1)

+ (−1)i+1f(g1, . . . , gi).

Simple computation shows that d2 = 0. Thus
(
Ci(G,A), d

)
form a cochain com-

plex and the corresponding cohomology is defined to be the continuous cochain
cohomology of G with coefficients in A, denoted

Hi
cts(G,A) :=

Ker
(
d : Ci(G,A) → Ci+1(G,A)

)
Im (d : Ci−1(G,A) → Ci(G,A))

.(2.2)

2.3. Moore measurable cochain cohomology for locally compact groups.
Let G be a locally compact group and A a complete metric G-module. It is well
known that there is a Haar measure on G so that both G and A are equipped with a
Borel structure (i.e. a σ-field of subsets of G or A which contains all singletons and
where the group operations are Borel functions) generated by open subsets [12].
Let Ci

M (G,A) be the set of Haar-a.e. equivalence classes of Borel maps Gi → A for
i ≥ 0 and 0 otherwise. Define the coboundary maps δ : Ci

M (G,A) → Ci
M (G,A) by

δf(g1, . . . , gi+1) :=g1f(g2, . . . , gi+1)

+

i∑
j=1

(−1)jf(g1, g2, . . . , gjgj+1, . . . , gi+1)

+ (−1)i+1f(g1, . . . , gi),

where all equalities hold almost everywhere in corresponding Haar measures. It is
easy to see that δ2 = 0, henceforth (Ci

M (G,A), δ) form a cochain complex and its co-
homology defines the Moore measurable cochain cohomology of G with coefficients
in A, denoted

Hi
M (G,A) :=

Ker
(
δ : Ci

M (G,A) → Ci+1(G,A)
)

Im
(
δ : Ci−1

M (G,A) → Ci(G,A)
) .(2.3)



A NOTE ON THE COHOMOLOGY OF THE LANGLANDS GROUP 2907

2.4. Algebraic cohomology of topological groups. Let G be a topological
group, MG the category of complete metric G-modules, and A a complete metric
G-module. Set EXTn

MG
(Z, A) to be the set of n-term exact sequences 0 → A →

B1 → · · · → Bn → Z → 0 in MG, where Z is the group of integers with the discrete
topology and trivial G-action and ExtnMG

(Z, A) is the quotient of EXTn
MG

(Z, A)
by the equivalence relation generated by chain maps with identity on the first and
last terms. Then the algebraic cohomology of G with coefficients in A is defined to
be

Hi
a(G,A) := ExtiMG

(Z, A).(2.4)

2.5. Ordinary cohomology of classifying spaces. Let G be a topological group
and A be an abelian group with trivial G-action. The cohomology of G with
coefficients in A defined via classifying space is given by

Hi
sp(G,A) = Hi

sing(BG,A),(2.5)

where BG denotes the topological classifying space of G and Hi
sing is the ordinary

ith singular cohomology.

3. Relations between various cohomology theories

of topological groups

This entire section is devoted to gathering up comparison results of various
cohomology theories of topological groups appearing in the literature. From this
hull of information, we conclude a few useful consequences which facilitate the
calculation of the cohomology of the Langlands group in the next section.

3.1. Recollections of comparison results. We will summarize the comparison
theorems between the five cohomology theories for topological groups mentioned
above that appeared in [2, 5, 10, 18]. All the results here are not new, but by
putting them together, we get a relatively complete picture of the relations among
different cohomology theories. It turns out that the comparison theorems extend
the availability of the Hochschild-Serre spectral sequences for infinite dimensional
compact groups under some mild conditions.

Theorem 3.1 ([5], Proposition 5.1). Let G be a topological group and A be a topo-
logical G-module. If Hq

T (G
n, yA) = 0 for all n, q > 0, then Hi(G,A) = Hi

cts(G,A).
Here Hq

T (G
n, yA) denotes the sheaf cohomology of the topological space Gn with

coefficients in the sheaf represented by A.

Theorem 3.2 ([5], Proposition 9.5). Let G be a paracompact, locally compact group
and let A be a vector group with continuous G-action. Then Hi(G,A) = Hi

cts(G,A).

Theorem 3.3 ([5], Proposition 5.2). Let G be a topological group and A be a
discrete G-module with trivial G-action. Suppose that Gn is locally contractible for
all n > 0; then Hi(G,A) = Hi

sp(G,A).

Theorem 3.4 ([18]). Let G be a locally compact group and A be a complete metric
G-module. If G is Hausdorff, then Hi

M (G,A) = Hi
a(G,A).
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Theorem 3.5 ([18], Theorems 1 and 3). Let G be a finite dimensional paracompact,
locally compact group. Then

(1) If G is zero dimensional, then

Hi
M (G,A) = Hi

cts(G,A)

for any locally compact G-module A.
(2) If A is a vector group with continuous G-action, then

Hi
M (G,A) = Hi

cts(G,A).

Theorem 3.6 ([5], Corollary 2, [10], Propositions 1.4, [18], Theorem 2). Let G
be a finite dimensional paracompact, locally compact group. Suppose A is a com-
plete metric G-module with the following property: For any short exact sequence of
complete metric abelian topological groups

0 → A → B
τ→ C → 0,

τ has the homotopy lifting property for every finite dimensional paracompact space.
Then Hi

a(G,A) = Hi(G,A).

Theorem 3.7 ([18], Theorem 4). Let G be a finite dimensional paracompact, lo-
cally compact group and A be a discrete abelian group with trivial G-action. Then
Hi

M (G,A) = Hi
sp(G,A).

Theorem 3.8 ([2], Theorem C). Let G be a compact group and A be a discrete
abelian group with trivial G-action. Then Hi

M (G,A) = Hi
sp(G,A).

Corollary 3.9. Let G be a compact group and A be a discrete abelian group with
trivial G-action. Then Hi(G,A), Hi

M(G,A), Hi
a(G,A), Hi

sp(G,A) all coincide.

Proof. From Theorems 3.1, 3.4, 3.8, we see that Hi
M (G,A), Hi

a(G,A), Hi
sp(G,A)

coincide.
Note that Gn, n > 0, is locally contractible for every compact Lie group since

they are locally Euclidean, and Hi(G,A) = Hi
sp(G,A) for every compact Lie group

G. Now since (3.1) holds for Hi equals Hi, Hi
sp([5], Corollary 7; [9], Proposition

III-1.11), the equality Hi(G,A) = Hi
sp(G,A) extends through all compact groups

G by virtue of the fact that every compact group is a projective limit of compact
Lie groups [16]. �
3.2. Continuity theorems and spectral sequences. From the comparison re-
sults listed above, we now further establish some useful machinery for calculating
the cohomologies, namely the continuity of the cohomology bifunctors under limits
and the spectral sequences associated to certain short exact sequences of topological
groups.

Theorem 3.10. Let {Gα} be a filtered inverse system of compact groups, and
for each α let Aα be a discrete Gα-module so that {Aα} forms a direct system of
G-modules. Then

Hi(lim←−
α

Gα, lim−→
α

Aα) = lim−→
α

Hi(Gα, Aα)(3.1)

for all i ≥ 0, where Hi can be any of Hi, Hi
M , Hi

a, H
i
sp.

Proof. It follows immediately from Corollary 3.9 and that (3.1) holds for Hi ([5],
Corollary 7). �
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Theorem 3.11 ([5], Corollary 6). Let 1 → H
i→ G

p→ Q → 1 be an exact sequence
of topological groups so that p is a local section cover and let A be a topological
G-module. Then there is a Hochschild-Serre spectral sequence

Hp(Q,Hq(H,A)) ⇒ Hp+q(G,A),

where Hq(H,A) = RqeH∗(Bi)∗(yA) = Extq(H,ResGH(A)).

Proposition 3.12. Let 1 → H
i→ G

p→ Q → 1 be an exact sequence of topological
groups. Then p : G → Q is a local section cover if one of the following conditions
is satisfied:

(1) H is a Lie group and G is Hausdorff.
(2) G is compact with countable basis and Q is profinite.
(3) G is locally compact and finite dimensional.

Proof. (1) and (2) follows from Proposition 2.1 of [5] and (3) follows from Theorem
3 of [14]. �

Theorem 3.13 ([13], Theorem 9). Let 1 → H
i→ G

p→ Q → 1 be an exact
sequence of locally compact groups and let A be a locally compact G-module. Then
if Hq

M (H,A) is Hausdorff for all q ≥ 0, there is a Hochschild-Serre spectral sequence

Hp
M (Q,Hq

M (H,A)) ⇒ Hp+q
M (G,A).

Corollary 3.14. Let 1 → H
i→ G

p→ Q → 1 be an exact sequence of compact
groups and let A be a discrete abelian group with trivial G-action. If Hq

M (H,A)
is a discrete Q-module with trivial action, then there is a Hochschild-Serre spectral
sequence

Hp(Q,Hq(H,A)) ⇒ Hp+q(G,A).

Proof. It follows from Corollary 3.9 that Hi(G,A), Hq(H,A) and Hp(Q,Hq(H,A))
are the same as Hi

M (G,A), Hq
M(H,A) and Hp

M (Q,Hq
M (H,A)) respectively. Since

Hq
M (H,A) is discrete, in particular, it is Hausdorff. Thus the result follows imme-

diately from Theorem 3.13. �

Theorem 3.15 ([7], V, Corollary 3.3). Let G be a topological group and A an
abelian sheaf on Top with yG-action. Then there is a Cartan-Leray spectral sequence

Hp (Hq
T (G

•,A)) ⇒ Hp+q(G,A).

Corollary 3.16. Let G be a compact group and A a torsion topological G-module.
Then Hp(G,A) is a torsion topological G-module for all p ≥ 0.

Proof. It is an immediate consequence of Theorem 3.15 since all the terms
Hp (Hq

T (G
•, yA)) of the above spectral sequence are torsion G-modules. �

4. Application to the Langlands group

In [1], Arthur has constructed a conjectural candidate for a Langlands group in
order to classify automorphic representations. However for a more general purpose,
we give an axiomatic definition of the Langlands groups which includes Arthur’s
example.
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Definition 4.1. Let F be a number field, GF and WF be the absolute Galois
group and the Weil group of F respectively. A locally compact group LF is called
a Langlands group if it is equipped with a surjective homomorphism LF → WF

which satisfies the following three properties:

(1) ker(LF → WF → GF ) is connected.
(2) Lab

F
∼= W ab

F
∼= CF , where CF is the idele class group of F .

(3) ker(LF → Lab
F

∼= CF
log |·|−→ R) is compact.

Our goal here is to compute Hi(LF ,Z) in the case where F is a totally imaginary
number field. The main idea is to make use of Flach’s result [5] on the cohomology
of the Weil group WF and extend the result to the Langlands group through a series
of spectral sequence calculations. The main result we obtained is that Hi(LF ,Z)
is an infinite rank abelian group for every even i ≥ 4, and as a consequence this
shows that the attempt to modify the definition of Weil-etale topology by using the
Langlands group instead of the Weil group in order to exhibit the full relationship
with the Dedekind zeta-function of F at s = 0 fails.

Let W 1
F = ker(WF → R) and L1

F = ker(LF → R). From property (3) of LF ,
we see that L1

F is a compact group, and the splitting WF
∼= W 1

F × R of WF lifts
to a splitting LF

∼= L1
F × R of LF . Let KF = ker(LF → WF ) = ker(L1

F → W 1
F ).

Since KF is a closed subgroup of L1
F , it is also compact. Note that we have a

commutative diagram of groups with rows and columns being exact:

1

��

1

��

L1,0
F

��

��

W 1,0
F

��

��

1

1 �� KF

��

�� L1
F

��

�� W 1
F

��

�� 1

1 �� 1 ��

��

GF

��

GF
��

��

1

1 1 1

where L1,0
F = ker(L1

F → GF ),W
1,0
F = ker(W 1

F → GF ). Since both L1,0
F and W 1,0

F

are connected and GF is totally disconnected, they are the identity components of
L1
F and W 1

F respectively. Then by the Snake lemma for groups, we can complete
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it into a short exact sequence of short exact sequences of rows:

1

��

1

��

1

��

1 �� KF
�� L1,0

F

π1,0
��

��

W 1,0
F

��

��

1

1 �� KF

��

�� L1
F

��

π1 �� W 1
F

��

�� 1

1 �� 1 ��

��

GF

��

GF
��

��

1

1 1 1

(4.1)

By definition, all the exact sequences except possibly the first row are exact as
topological groups. To see that it is also the case for the first row, first note that
KF is endowed with the subspace topology from L1

F which is the same as that from

L1,0
F and that KF is a compact subspace of the Hausdorff group L1,0

F , so KF → L1,0
F

is a closed embedding. Second, clearly π1,0 is continuous since it is the restriction

of the continuous map π1 onto L1,0
F , and then replace W 1

F by its image W 1,0
F . It

remains to show that it is a strict homomorphism. But it is guaranteed by the fact
that L1,0

F is a compact group and that W 1,0
F is a Hausdorff group ([4], Remark 1

of Proposition 25, Ch. III, §2.9). Consider the short exact sequence of topological

groups 1 → KF → L1,0
F → W 1,0

F → 1. We would like to study the cohomology

of L1,0
F through a Hochschild-Serre spectral sequence associated to this short exact

sequence. Unfortunately, L1,0
F → W 1,0

F fails to be a local section cover, so we cannot
apply Theorem 3.11 to such a spectral sequence as in [5]. To overcome this technical
difficulty, we invoke the Moore cohomology and apply Theorem 3.13. Note that
KF is compact, by Corollary 3.9, Hq

M (KF ,Z) = Hq(KF ,Z) is discrete and it is

endowed with the trivial W 1,0
F -action since W 1,0

F is connected. Thus according to
Corollary 3.14 we get a Hochschild-Serre spectral sequence

Ep,q
2 = Hp(W 1,0

F , Hq(KF ,Z)) =⇒ Hp+q(L1,0
F ,Z).(4.2)

On the other hand, L1,0
F fits into the exact sequence 1 → L1,0

F → L1
F → GF → 1, so

Theorem 3.11 together with Proposition 3.12(2) give the second Hochschild-Serre
spectral sequence

Ep,q
2 = Hp(GF , H

q(L1,0
F ,Z)) =⇒ Hp+q(L1

F ,Z),(4.3)

where Hq(L1,0
F ,Z) is a discrete GF -module. Then the Hochschild-Serre spectral

sequence

Hp(L1
F , H

q(R,Z)) =⇒ Hp+q(LF ,Z)

associated to the group extension 0 → R → LF → L1
F → 1 degenerates trivially

and we obtain isomorphisms Hi(LF ,Z) ∼= Hi(L1
F ,Z).
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Lemma 4.2. Denote by AD = Homcont(A,R/Z) the Pontryagin dual of a locally
compact abelian group A. Then

(1) Ep,0
2 = Hp(W 1,0

F ,Z) are torsion free for all p;
(2) Ep,q

2 are torsion abelian groups for all p and all odd q;
(3) Ep,q

2 are torsion abelian groups for all q and all odd p;

(4) Ep,1
2 = 0 for all p;

(5) Ep,2
2 = Hp(W 1,0

F , (Kab
F )D) for all p;

(6) E0,2
2 = (Kab

F )D.

Proof. (1) Ep,0
2 = Hp(W 1,0

F ,Z) follows immediately from H0(KF ,Z) = Z. Fol-
lowing the notation used in [5, p. 18], they are torsion free since

Hp(W 1,0
F ,Z) = lim←−

K

Hp(C1,0
K ,Z) ⊂

∏
K

Hp(C1,0
K ,Z)

and

Hp(C1,0
K ,Z) =

⊕
∑

ν 2pν+q=i

⊗
ν∈S∞(F )

Npν (hν)⊗Hq(V(K),Z)

are torsion free for all finite Galois extensions K/F and all p.
(2) Since KF is compact, it can be written as a projective limit of compact Lie

groups [16], namely KF = lim←−i
Ki, where each Ki is a compact Lie group.

By Corollary 3.9 and Theorem 3.10,

H2k+1(KF ,Q) = lim−→
i

H2k+1(Ki,Q) = lim−→
i

H2k+1
sp (Ki,Q) = 0

since H∗
sp(Ki,Q) = H∗

sp(K
0
i ,Q)Γi and H∗

sp(K
0
i ,Q) = H∗

sp(Ti,Q)Wi , where

K0
i is the connected component of Ki, Ti is the maximal torus of K0

i ,
Wi is the Weyl group of K0

i , and H∗
sp(Ti,Q) is a polynomial algebra with

generators in H2
sp(Ti,Q) [6]. Then from the short exact sequence 0 → Z →

Q → Q/Z → 0 of trivial discrete KF -modules, we have the derived long
exact sequence on the cohomology,

H2k(KF ,Q/Z) → H2k+1(KF ,Z) → H2k+1(KF ,Q) = 0.

Since Q/Z is a discrete torsion abelian group, by Corollary 3.16,
H2k(KF ,Q/Z) is a torsion abelian group. In particular, H2k+1(KF ,Z)
being a quotient of H2k(KF ,Q/Z) is a torsion abelian group. By Corollary

3.16 again, we have that Ep,2k+1
2 = Hp(W 1,0

F , H2k+1(KF ,Z)) are torsion
abelian groups for all p and all k.

(3) Note that Hp(W 1,0
F ,Z) = 0 for all odd p. It follows that Hp(W 1,0

F , A) = 0

for any discrete finitely generated free abelian group A with trivial W 1,0
F -

action. Using the same notation as above, by Theorem 3.10, KF = lim←−i
Ki

gives

Ep,q
2 = Hp(W 1,0

F , Hq(KF ,Z)) = lim−→
i

Hp(W 1,0
F , Hq(Ki,Z)).

Let T q(Ki,Z) be the torsion subgroup of Hq(Ki,Z). Since H∗
sp(Ki,Q) =

H∗
sp(Ti,Q)Wi , Hq(Ki,Z) is finitely generated. It follows that T q(Ki,Z)



A NOTE ON THE COHOMOLOGY OF THE LANGLANDS GROUP 2913

is finite and that Hq(Ki,Z)/T
q(Ki,Z) is a finitely generated torsion free

abelian group, which must be a free abelian group of finite rank. Hence,

Hp(W 1,0
F , Hq(Ki,Z))

=Hp(W 1,0
F , T q(Ki,Z)⊕Hp(W 1,0

F , Hq(Ki,Z))/T
p(W 1,0

F , Hq(Ki,Z)))

=Hp(W 1,0
F , T q(Ki,Z))⊕Hp(W 1,0

F , Hq(Ki,Z)/T
q(Ki,Z))

=Hp(W 1,0
F , T q(Ki,Z)).

Now since W 1,0
F is compact and T q(Ki,Z) is a discrete torsion abelian

group, by considering the continuous cochain theory as above, we see that
Hp(W 1,0

F , Hq(Ki,Z)) = Hp(W 1,0
F , T q(Ki,Z)) are torsion abelian groups for

all q and all odd p. As an inductive limit of torsion abelian groups, Ep,q
2

are torsion abelian groups for all q and all odd p.
(4) Note that H1(KF ,Z) = Homcont(KF ,Z) = 0 since every continuous ho-

momorphism from KF to Z has its image being a compact subgroup of Z
which must be trivial. Therefore Ep,1

2 = Hp(W 1,0
F , H1(KF ,Z)) = 0.

(5) Applying the derived long exact sequence to the short exact sequence 0 →
Z → R → R/Z → 0, we obtain

H2(KF ,Z) = H1(KF ,R/Z) = Homcont(KF ,R/Z)

= Homcont(K
ab
F ,R/Z) = (Kab

F )D.

Thus for all p,

Ep,2
2 = Hp(W 1,0

F , H2(KF ,Z)) = Hp(W 1,0
F , (Kab

F )D).

(6) Since Kab
F is a compact abelian group, its Pontryagin dual (Kab

F )D must

be discrete. As W 1,0
F is connected, it must have trivial action on (Kab

F )D.

Therefore by (5), E0,2
2 = H0(GF , (K

ab
F )D) = (Kab

F )D. �

Theorem 4.3. Denote by AD = Homcont(A,R/Z) the Pontryagin dual of a locally
compact abelian group A. Let F be a totally imaginary number field and Z the
discrete L1,0

F -module with trivial action. Then

(1) H0(L1,0
F ,Z) = Z;

(2) H1(L1,0
F ,Z) = 0;

(3) H2(L1,0
F ,Z) = H2(W 1,0

F ,Z) = (C1,0
F )ab, in particular (Kab

F )D = 0;

(4) H2k(L1,0
F ,Z) contains H2k(W 1,0

F ,Z) as a subgroup for all k;

(5) H2k+1(L1,0
F ,Z) are torsion abelian groups for all k.

Proof. From Lemma 4.2(4), E0,0
2 ,E0,1

2 ,E1,0
2 ,E2,0

2 ,E1,1
2 ,E0,2

2 survive in the limit, so
by Lemma 4.2(1),(6),

H0(L1,0
F ,Z) = E0,0

2 = H0(W 1,0
F ,Z) = Z,

H1(L1,0
F ,Z) = E1,0

2 = H1(W 1,0
F ,Z) = 0,



2914 EDWARD S.T. FAN

and H2(L1,0
F ,Z) is an extension of E0,2

2 = (Kab
F )D by E2,0

2 = H2(W 1,0
F ,Z). Note

that

H2(L1,0
F ,Z) = H1(L1,0

F ,R/Z) =

((
L1,0
F

)ab
)D

= (C1,0
F )D.

Thus H2(L1,0
F ,Z) = H2(W 1,0

F ,Z) = (C1,0
F )ab and (Kab

F )D = 0.

Next we need to show that Ep,0
2 = Hp(W 1,0

F ,Z) survive in the limit for all p
so that statement (4) follows immediately. To see this, note that from Lemma
4.2(1)-(3), the terms in the bottom row of E2 are torsion free, and all rows and
columns of odd indices consist of torsion abelian groups. Clearly, it follows that at
any stage of the spectral sequence, the terms in rows and columns of odd indices are
torsion abelian groups since they are successive subquotients of the corresponding
E2 terms. Thus at every stage, the differentials mapping to the bottom rows are
mapping from torsion abelian groups to torsion free abelian groups which must be
trivial. The last statement follows readily from the above discussion that all terms
in the limit filtrations of H2k+1(L1,0

F ,Z) are torsion abelian groups. �

Lemma 4.4. Denote by AD = Homcont(A,R/Z) the Pontryagin dual of a locally
compact abelian group A. Then

(1) Ep,q
2 are torsion abelian groups for all p and all odd q;

(2) Ep,q
2 = 0 for all p ≥ 3 and all q;

(3) E0,2
2 = (C1,0

F )D and Ep,2
2 = 0 for all p ≥ 1;

(4) Ep,1
2 = 0 for all p;

(5) for all p,

Ep,0
2 = Hp(GF ,Z)

=

⎧⎪⎨
⎪⎩
Z, p = 0,

(Gab
F )D, p = 2,

0, otherwise.

Proof. (1) By Theorem 4.3(5), Hq(L1,0
F ,Z) are torsion abelian groups for all

odd q. Since GF is compact, by considering the continuous cochain theory,
it is easy to see that Ep,q

2 = Hp(GF , H
q(L1,0

F ,Z)) are also torsion abelian
groups for all p and all odd q.

(2) It follows from the fact that the strict cohomological dimension of the Galois
group GF of the totally imaginary field F is 2.

(3) By Theorem 4.3(3), we have an isomorphism H2(L1,0
F ,Z) � H2(W 1,0

F ,Z),

thus H0(GF , H
2(L1,0

F ,Z)) = H0(GF , H
2(W 1,0

F ,Z)) = (C1,0
F )D and

Hp(GF , H
2(L1,0

F ,Z)) = Hp(GF , H
2(W 1,0

F ,Z)) = 0.
(4) It follows immediately from Theorem 4.3(2).
(5) The first equality follows directly from Theorem 4.3(1). For the second

equality, the case p ≥ 3 follows from (2). Since GF acts on Z trivially,
H0(GF ,Z) = Z. H1(GF ,Z) = Homcont(GF ,Z) = 0 since all continu-
ous homomorphic images of GF in Z are compact subgroups, which are
essentially trivial. H2(GF ,Z) = H1(GF ,R/Z) = Homcont(GF ,R/Z) =
Homcont(G

ab
F ,R/Z) = (Gab

F )D. �
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Theorem 4.5. Denote by AD = Homcont(A,R/Z) the Pontryagin dual of a locally
compact abelian group A. Let F be a totally imaginary number field and Z the
discrete LF -module with trivial action. Then

(1) H0(LF ,Z) = Z;
(2) H1(LF ,Z) = 0;
(3) H2(LF ,Z) = (C1

F )
D;

(4) H2k(LF ,Z) are abelian groups of infinite rank for all k ≥ 2.

Proof. The computation is based on Lemma 4.4 and the isomorphisms

Hi(LF ,Z) ∼= Hi(L1
F ,Z), Hi(WF ,Z) ∼= Hi(W 1

F ,Z).

(1) H0(L1
F ,Z) = E0,0

2 = H0(GF ,Z) = Z.

(2) It follows from Lemma 4.4(4),(5) that E0,1
2 = E1,0

2 = 0.

(3) Since Ep,1
2 = 0 for all p. It is easy to see that H2(LF ,Z) is an extension of

E0,2
2 by (Gab

F )D. We then obtain a commutative diagram

0 �� (Gab
F )D �� H2(WF ,Z) ��

��

(C1,0
F )D ��

��

0

0 �� (Gab
F )D �� H2(LF ,Z) �� E0,2

2
�� 0

with rows exact. Thus the five lemma gives H2(WF ,Z) → H2(LF ,Z) being
injective. Now by the Snake lemma, we can complete the commutative
diagram into

0

��

0

��

0

��

0 �� (Gab
F )D �� H2(WF ,Z) ��

��

(C1,0
F )D ��

��

0

0 �� (Gab
F )D ��

��

H2(LF ,Z) ��

��

E0,2
2

��

��

0

0 �� 0 ��

��

H0(GF , (K
ab
F )D)

��

H0(GF , (K
ab
F )D) ��

��

0

0 0 0

It follows that H2(LF ,Z) is an extension of H2(WF ,Z) = (C1
F )

D by
H0(GF , (K

ab
F )D) = 0 by Theorem 4.3(3) and thereforeH2(LF ,Z) = (C1

F )
D.

(4) Note that for k ≥ 2, we have that E0,2k
3 = ker(d2 : E0,2k

2 → E2,2k−1
2 ) survive

in the limit of the spectral sequence. Thus we always have a surjective

homomorphism H2k(LF ,Z) → E0,2k
3 . Hence to show that H2k(LF ,Z) are

abelian groups of infinite rank, it suffices to show this for E0,2k
3 . From

Lemma 4.4(1), E2,2k−1
2 is a torsion abelian group, so if E0,2k

2 is an abelian

group of infinite rank, then E0,2k
3 being its kernel to E2,2k−1

2 must also be of
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infinite rank. Now from Theorem 4.3(4), the inclusion H2k(W 1,0
F ,Z) into

H2k(L1,0
F ,Z) induces an inclusion

H0(GF , H
2k(W 1,0

F ,Z)) → H0(GF , H
2k(L1,0

F ,Z)) = E0,2k
2 .

Note that H0(GF , H
2k(W 1,0

F ,Z)) is of countable infinite rank (cf. [5], in

the proof of Theorem 10.1, p. 652), so H0(GF , H
2k(L1,0

F ,Z)) = E0,2k
2 is also

of infinite rank. This completes the proof. �

5. Appendix: On the cohomological dimension of topological groups

by M. Flach

In this appendix we answer a question raised in [5, 9.3] as to the cohomological
dimension of the group G = R. By comparison with Lie(G)-cohomology one shows
that Hi(R,A) = 0 for i > 1 if A = y(V ) is represented by a locally convex,
Hausdorff, quasi-complete topological R-vector space V and the G-action on V is
differentiable, and it was asked if this vanishing holds for more general sheaves.

This turns out to be false. We shall in fact show that the cohomological dimen-
sion of BG is infinite for any non-discrete locally compact group G, even restricting
to coefficient sheaves y(V ) represented by a topological R-vector space V if G has
non-torsion elements in every neighborhood of the identity. This result follows from
the simple observation that Hi(G, s∗M) = Hi(Gδ,M), where Gδ is the underlying
discrete group of a topological group G, M is a Gδ-module and s : Set → T is a
certain point of the topos T . This observation is explained in the first section and
the application to locally compact groups is given in the second.

5.1. Comparison to the underlying discrete group. We continue the nota-
tion introduced in the main body of this article. As in [5] we shall abbreviate
Hi(G,A) := Hi(G, y(A)), i.e. the notation Hi(G,A) will always denote the topos

cohomology rather than the continuous cochain groups. We set R̃ = y(R), where
R carries its Euclidean topology, whereas we write R for y(Rδ), where Xδ always
denotes the underlying set of a topological space X with the discrete topology.

For any morphism f : E ′ → E of topoi and group object G of E there is a
commutative diagram of morphisms of topoi

Bf∗G f−−−−→ BG

p′
⏐⏐� p

⏐⏐�
E ′ f−−−−→ E

where p and p′ are the canonical projections and the top row we also denote by
f since it coincides with f on objects and morphisms. The G-action on f∗(X

′) is
given by

G × f∗(X
′) → f∗f

∗(G)× f∗(X
′) ∼= f∗(f

∗(G)×X ′) → f∗(X
′),

where the first arrow is induced by the unit of the adjunction and the last by the
f∗(G)-action on X ′. The f∗(G)-action on f∗(X) arises from the (right) exactness
of f∗.

Lemma 5.1. If f∗ : E ′ → E is exact, then so is f∗ : Bf∗G → BG, and we have

(Rip∗)f∗A ∼= f∗(R
ip′∗A)
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and

Hi(G, f∗A) ∼= Hi(f∗(G),A)

for all abelian group objects A of Bf∗(G). If f∗ : E ′ → E is fully faithful, then so is
f∗ : Bf∗G → BG.

Proof. The exactness of f∗ : Bf∗G → BG follows since it is identical to the exact
functor f∗ : E ′ → E on objects and morphisms. Choosing an injective resolution
B → I• in Bf∗G and noting that f∗ maps injectives to injectives gives the state-
ments about derived functors. Since the vertical maps in the diagram

HomBG(f∗X
′, f∗Y

′) −−−−→ HomE(f∗X
′, f∗Y

′)
→→ HomE(G × f∗X

′, f∗Y
′)⏐⏐� ⏐⏐�

HomE′(f∗f∗X
′, Y ′)

→→ HomE′(f∗G × f∗f∗X
′, Y ′)�⏐⏐ �⏐⏐

HomBf∗G(X
′, Y ′) −−−−→ HomE′(X ′, Y ′)

→→ HomE′(f∗G ×X ′, Y ′)

are isomorphisms by full faithfulness of f∗ and the horizontal sequences are equal-
izers as explained in [11, VII.3, eq (5)], we get full faithfulness of f∗ on Bf∗G. �

Lemma 5.2. There is a morphism of topoi,

s : Set → T ,

with s∗(F) = F({∗}) and s∗(S)(U) = HomSet(U, S) for any sheaf F on Top for the
open covering topology, set S and topological space U . Moreover, the functor s∗ is
fully faithful and exact.

Proof. One has a pair of adjoint functors

Set
d �� Top
u

��

where u(X) is the underlying set of a topological space X and d(S) is the set S
with the discrete topology. The functor d is the left adjoint, and the functor u is
continuous for the open covering topology Jopen on Top and the canonical topology
Jcan on Set (which has surjective families as covering morphisms). Therefore, by
[11, VII. 10 Th 4], there exists a morphism of topoi

s : Set = Sh(Set, Jcan) → Sh(Top, Jopen) = T ,

with

s∗(F) = a(F ◦ d); s∗(S) = HomSet(−, S) ◦ u
where a is the associated sheaf. But since F is a sheaf for Jopen the functor

S → F(d(S)) =
∏
s∈S

F({∗}) = HomSet(S,F({∗}))

on Set is represented by the set F({∗}), and is in particular already a sheaf. This
gives the description of s∗. The adjunction

s∗s∗(S) = HomSet({∗}, S) = S

is an isomorphism, i.e. s∗ is fully faithful. Finally, the functor s∗ is exact since it is
already exact as a functor with values in presheaves on Top where on each object
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U it coincides with the product functor in Set indexed by the underlying set of U .
In Set product functors over arbitrary index sets are exact. �

Remark 1. We note that s∗(S) = y(Sc), where Sc is the set S with the chaotic
topology which has S and ∅ as its only open sets. So all objects of T which lie in
the essential image of s∗ are representable.

For any topological space X the set

s∗y(X) = y(X)({∗}) = HomSet({∗}, X) = X

is simply the underlying set of X.

Corollary 5.3. For any topological group G with underlying discrete group Gδ,
and any Gδ-module M we have

Hi(G, s∗M) = Hi(s∗G,M) = Hi(Gδ,M).

Proof. Combine Lemmas 5.1 and 5.2. �

5.2. Locally compact groups. We first consider the case where G ∼= R, S1 or∏
p∈S Zp for some set of primes S and then generalize to locally compact groups.

Lemma 5.4. If G ∼= R, S1 or
∏

p∈S Zp, then Hi(Gδ,R) is a R-vector space of
infinite dimension for any i > 0.

Proof. The group Rδ is a Q-vector space of uncountable dimension, and by [3, Ch.

V, Thm. 6.4(ii)] we have an isomorphism Hi(R
δ,Z) ∼=

∧i
Z(R

δ) ∼=
∧i

Q(R
δ) which

is likewise a Q-space of uncountable dimension for i > 0. The universal coefficient
exact sequence [3, Ch. III, §1, Exer. 3] gives a surjection (actually an isomorphism)

Hi(Rδ,R) → HomZ(H1(R
δ,Z),R)

which shows the lemma for G = R. In the case G = S1 one has an exact sequence

(5.1) 1 → F → Gδ → E → 1

where F = Gtor
∼= Q/Z and E is uniquely divisible, i.e. a Q-vector space (again of

uncountable dimension). The Hochschild-Serre spectral sequence

Hi(E,Hj(F,R)) ⇒ Hi+j(Gδ,R)

gives isomorphisms

(5.2) Hi(E,R) → Hi(Gδ,R)

since F is torsion. Indeed, again by [3, Ch. V, Thm. 6.4(ii)] we have Hi(F,R) ∼=∧i
R(F ⊗ZR) = 0 for i > 0, and the universal coefficient sequences for homology and

cohomology [3, Ch. III, §1, Exer. 3] show that Hi(F,R) = 0 for i > 0.
Finally, for G =

∏
p∈S Zp there is an exact sequence (5.1) where E is a Q-vector

space of uncountable dimension and F lies in an exact sequence

0 → Z → F →
⊕
p/∈S

Qp/Zp → 0.

One easily checks that Hj(F,R) is finite dimensional so that the same is true
for the kernel of the edge homomorphism (5.2). Therefore Hi(Gδ,R) is again of
uncountable dimension for any i > 0. �
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Proposition 5.5. Let G be a locally compact group that has non-torsion elements
in every neighborhood of the identity. Then there is topological R-vector space V
(with continuous G-action) so that Hi(G, V ) �= 0 for all i.

Proof. If the connected component G0 of G is non-trivial it is known that there are
non-trivial continuous homomorphisms φ : R → G0 ⊆ G (see e.g. [8, Prop. 3.30]).
The kernel of φ is a closed subgroup of R, and hence either 0 or infinite cyclic.
So Gδ contains a subgroup H isomorphic to Rδ or (S1)δ. The coinduced module
V = HomZ[H](Z[G],R) (with the chaotic topology) is a topological R-vector space
and satisfies

Hi(G, y(V )) = Hi(G, s∗(V )) = Hi(Gδ, V ) = Hi(H,R)

by Shapiro’s Lemma. We conclude by Lemma 5.4.
If G0 = {1}, then G is totally disconnected and therefore has an open neighbor-

hood basis at the identity consisting of open compact subgroups [17, Prop. 4.13].
By assumption there is a non-torsion element in each such group, therefore gener-
ating a procyclic subgroup H ′,

H ′ ∼=
∏
p∈T

Zp/p
npZp ×

∏
p∈S

Zp,

with S �= ∅ and T some set of primes disjoint from S (see e.g. [15, p. 78]). This
group in turn contains a subgroup H ∼=

∏
p∈S Zp from which we can induce as

before. �

Corollary 5.6. If G is a non-discrete locally compact group, then there exists a
topological G-module A with Hi(G,A) �= 0 for arbitrary large i.

Proof. In the above proof we might have S = ∅, i.e. any element in a given neigh-
borhood of the identity might be torsion. Since it is well known that H2i(H,Z) �= 0
for a non-trivial finite cyclic group H [3, Ch. III, §1, Example 2], we can continue
the above argument with V = A = HomZ[H](Z[G],Z) if G is not discrete. �
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