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SOME DYNAMICAL PROPERTIES

OF PSEUDO-AUTOMORPHISMS IN DIMENSION 3

TUYEN TRUNG TRUONG

Abstract. Let X be a compact Kähler manifold of dimension 3 and let
f : X → X be a pseudo-automorphism. Under the mild condition that
λ1(f)2 > λ2(f), we prove the existence of invariant positive closed (1, 1) and
(2, 2) currents, and we also discuss the (still open) problem of intersection of
such currents. We prove a weak equi-distribution result for Green (1, 1) cur-
rents of meromorphic selfmaps, not necessarily algebraic 1-stable, of a compact
Kähler manifold of arbitrary dimension and discuss how a stronger equidistri-
bution result may be proved for pseudo-automorphisms in dimension 3. As a
byproduct, we show that the intersection of some dynamically related currents
is well-defined with respect to our definition here, even though not obviously
to be seen so using the usual criteria.

1. Introduction

This paper studies the dynamics of pseudo-automorphisms in dimension 3. Let
X be a compact Kähler manifold of dimension 3. A map f : X → X is a pseudo-
automorphism if it is a bimeromorphic map so that both f and f−1 have no excep-
tional hypersurfaces (see Dolgachev-Ortland [28]). Note that (see Lemma 1) if f is
a pseudo-automorphism, then so are the iterates fn (n ∈ Z). Recent constructions
by Bedford-Kim [9], Perroni-Zhang [42], Oguiso [41], [40], and Blanc [4] provide
many interesting examples of such maps. Among bimeromorphic selfmaps, it may
be argued that the class of pseudo-automorphisms is the second best after that of
automorphisms. In dimension 2, pseudo-automorphisms are automorphisms.

One of the difficulties when studying dynamics of meromorphic maps in di-
mension > 2 is that in general we cannot pull back positive closed currents of
bidegree > (1, 1). Our first main result shows that it is possible to do so for
pseudo-automorphims in dimension 3. For 0 ≤ p ≤ 3, let Dp(X) be the real vector
space generated by positive closed (p, p) currents on X, and let DSHp(X) be the
space of DSH (p, p) currents on X (for precise definitions of these classes and their
properties, see Section 2). By definition it follows that Dp(X) ⊂ DSHp(X). For a
closed current T we let {T} denote its cohomology class.

Theorem 1 below shows the possibility of pulling back or pushing forward cur-
rents by f and proves the compatibility of such operators with the iteration. The
definition of pulling back or pushing forward current we use here was developed in
our previous paper [45] and is refined in the current paper.
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Theorem 1. Let X be a compact Kähler manifold of dimension 3 and let f : X →
X be a pseudo-automorphism. Then, with respect to Definitions 7 and 8, for any
n ∈ Z there are well-defined pullback and pushforward operators (fn)∗ and (fn)∗
from each of the spaces D1(X), DSH1(X), and D2(X) into itself. These operators
are continuous with respect to the topologies on the corresponding spaces, and hence
are compatible with the pullbacks or pushforwards on cohomology groups. Moreover,
these operators are compatible with iteration in the sense that (fn)∗ = (f∗)n and
(fn)∗ = (f∗)

n for any n ∈ Z.

Remarks. 1) In the case X = Pk a projective space, results similar to Theorem 1
were proved by Dinh-Sibony [25] and de Thélin-Vigny [16] using super-potential
theory. For other manifolds, previously there were no such results.

2) The compatibility with the pullbacks or pushforwards on cohomology groups
in Theorem 1 follows from the possibility to regularize positive closed currents by
smooth closed forms. The latter is proved by Dinh-Sibony [21], [22].

Next we discuss the existence of invariant positive closed currents for f . Since
the map f∗ : D1(X) → D1(X) preserves the cone of positive closed (1, 1) currents,
it follows by a Perron-Frobenius type argument that λ1(f) is an eigenvalue of f∗ :
H1,1(X) → H1,1(X). We have the following:

Theorem 2. Let X be a compact Kähler manifold of dimension 3, and f : X → X
a pseudo-automorphism. Assume that λ1(f)

2 > λ2(f). Then
a) There is a non-zero positive closed (1, 1) current T+ such that f∗(T+) =

λ1(f)T
+. Moreover, T+ has no mass on hypersurfaces.

b) There is a non-zero positive closed (2, 2) current T− such that f∗(T
−) =

λ1(f)T
−.

c) We can choose T+ and T− such that in cohomology {T+}.{T−} = 1.

Remarks. 1) The assumption that λ1(f)
2 > λ2(f) is not a real restriction. In fact,

when λ1(f) > 1 this condition is satisfied for either the map f or its inverse f−1.
2) Part a) of Theorem 2 is already known in the literature; however its refinement

in Theorem 4 below seems to be new.
Compared with the results for meromorphic maps in dimension 2 (see e.g. Diller-

Favre [17], Diller-Dujardin-Guedj [19]), for automorphisms in any dimension (see
e.g. Cantat [11], Dinh-Sibony [26], [25], [24]), for Green (1, 1) currents of mero-
morphic maps whose invariant cohomology class satisfying several conditions (see
Sibony [44], Diller-Guedj [20], Guedj [34], Bayraktar [3]) and for linear fractional
maps (see Bedford-Kim [9]) we are led to the following natural questions:

Question 1. Does T+ in Theorem 2 satisfy an equi-distribution property; i.e. for
every smooth closed (1, 1) form θ of the same cohomology class as T+ we have

lim
n→∞

(fn)∗(θ)

λ1(f)n
= T+?

If this equi-distribution property holds, does it also hold for any smooth closed
(1, 1) form θ for which

∫
X
θ ∧ T− = 1? What about similar questions for T−?

We can answer Question 1 in the affirmative under an additional condition. We
say that a meromorphic map f : X → Y is holomorphic-like if it satisfies the
following two conditions: (i) for the eigenvector {θ} ∈ H1,1(X) of eigenvalue λ1(f)
we have {θ}.{θ} = 0 and (ii) there is a desingularization Z of the graph of f such
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that the induced projection to the first factor π : Z → X is a composition of blowups
along smooth centers for which if E ⊂ Z is a hypersurface, then dim(π(E)) ≥
dim(X) − 2. The proof of Theorem 3 below will be given in Section 6, where we
also discuss some other cases where the same idea may apply.

Theorem 3. Let X be a projective manifold, and let f : X → X be a dominant
meromorphic map which is algebraically 1-stable such that λ1(f)

2 > λ2(f). As-
sume that f is holomorphic-like. Then for any smooth closed (1, 1) form θ in the
cohomology class of {θ} the limit

lim
n→∞

(f∗)n(θ)

λ1(f)n

exists and is the positive closed current given in Theorem 4 below.

Note that in the case f is a holomorphism the two conditions (i) and (ii) are
automatically satisfied, and in this case the result is known in the literature. While
condition (i) or some variant of it seems essential we feel that condition (ii) is not
needed; see Section 6 for more discussion on this.

In general Question 1 is still open and seems a difficult one. The examples in
[8] show that the usual criteria used to prove the equi-distribution property for the
Green (1, 1) currents (see e.g. [20], [34], [3]) are not applicable to a general pseudo-
automorphism in dimension 3. In fact, in the examples in [8], the psef eigenvector
α ∈ H1,1(X) with eigenvalue λ1(f) of f∗ : H1,1(X) → H1,1(X) is not nef, and
moreover α.C < 0 for some curve C ⊂ f(If ) where If is the indeterminacy set of f .
In this aspect, the following result, which provides a canonical Green (1, 1) current
and which whenever the equi-distribution property is satisfied is the same as the
limit T+ in Question 1, seems relevant. The canonical Green current T constructed
in Theorem 4 is also extremal among invariant currents, in the sense that if S is a
positive closed (1, 1) current such that f∗(S) = λ1(f)S and S ≤ T , then S = cT
for some constant c.

Theorem 4. Let X be a compact Kähler manifold, and f : X → X a dominant
meromorphic map. Let λ ≥ 1 be an eigenvalue of f∗ : H1,1(X) → H1,1(X).
Assume that the eigenvector θ corresponding to λ is a psef class. Then there is a
positive closed (1, 1) current T such that {T} = θ, f∗(T ) = λT , and T is extremal
among invariant currents. Moreover

T = lim
n→∞

1

λn
(f∗)n(Tmin

θ ),

where Tmin
θ is a positive closed (1, 1) current with minimal singularities whose co-

homology class is θ (see the proof for precise definition of currents with minimal
singularities).

Note that in Theorem 4 we do not require that f be algebraic 1-stable or any
additional condition on the eigenvector θ (such as Kähler, nef,...). Theorem 4 was
first proved by Sibony [44] in the case X = Pk a projective space. His proof was
then adapted by Guedj [34] and Bayraktar [3] to other situations. Our proof is
almost identical to that given for Theorem 1.2 in [3] (the latter in turn followed
closely that given for Theorem 2.2 in [34]); however it appears from the comments
in those papers (e.g. Remark 4.1 after the proof of Theorem 1.2 in [3]) that these
authors were not aware of this. Since the theorem in the general setting has not
yet appeared anywhere in the literature, we include it here for completeness.
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Part c) of Theorem 2 provides Green (1, 1) and (2, 2) currents T+ and T− of
a pseudo-automorphism with {T+}.{T−} > 0. Hence, if we can make sense of
the wedge product of the currents T+ and T−, then the (signed) measure μ =
T+ ∧ T− is a good candidate for an invariant measure of f . Since the currents
T+ and T− are limits of Cesaro’s means of currents of the form (fn)∗(θ)/λ1(f)

n

and (fn)∗(η)/λ1(f)
n for positive closed smooth (1, 1) and (2, 2) forms θ and η, the

following result is relevant. We recall that if f : X → X is a dominant meromorphic
map, then there is the smallest analytic subvariety Cf of the graph Γf such that
the map π2 : Γf − Cf → X is locally finite-to-one. The first indeterminacy set of f
is I1(f) = π1(Cf ) (see Section 2 for more on this).

Theorem 5. Let X be a compact Kähler manifold of dimension k, and f : X → X
a dominant meromorphic map. Assume that the first indeterminacy set I1(f) has
codimension ≥ p+ 1. Let T be a positive closed (p, p) current on X and let η be a
smooth closed (k− p, k− p) form. Then the wedge product T ∧ f∗(η) is well-defined
with respect to Definition 12. If moreover η is strongly positive, then T ∧ f∗(η) is
a positive measure.

Remarks. 1) Since the current f∗(η) may not be smooth on some curves where T
may have positive Lelong numbers, it is not obvious that we can define the wedge
product T ∧ f∗(η) intrinsically on X in a reasonable way.

2) If f : X → X is a pseudo-automorphism in dimension 3, then we can apply
the above with k = 3 and p = 1.

3) In the situation of 2), if instead θ is a positive closed smooth (1, 1) form and
S is a positive closed (2, 2) current, then f∗(θ) ∧ S may not be defined, or even
when it can be defined the result may not be a positive measure. For example,
consider X the blowup of P3 at four points [1 : 0 : 0 : 0], [0 : 1 : 0 : 0], [0 : 0 : 1 : 0]
and [0 : 0 : 0 : 1]. Let f : P3 → P3 be the map f [x0 : x1 : x2 : x3] = [1/x0 :
1/x1 : 1/x2 : 1/x3], and let F : X → X be the lifting of f . Then F is a pseudo-
automorphism. If C ⊂ X is the strict transform of the line x0 = x1 = 0 and D is
the strict transform of the line x2 = x3 = 0, then in cohomology F∗{C} = −{D}
(in [45] it was proved that in fact the equality also holds on the level of currents:
F∗[C] = −[D]). Now let θ be a Kähler form on X. Then even if we may define
the wedge product F ∗(θ) ∧ [C], the resulting current cannot be a positive measure
because in cohomology F ∗{θ}.{C} = {θ}.F∗{C} = −{θ}.{D} < 0.

In a forthcoming paper we will study some further properties of pseudo-
automorphisms in dimension 3.

The rest of this paper is organized as follows. In Section 2 we recall definitions
and results on positive and DSH currents, dynamical degrees, and known results
on pseudo-automorphisms in dimension 3. In Section 3 we prove a property of
quasi-potentials of positive closed currents and a compatibility with wedge product
of the kernels of Dinh and Sibony. In Section 4 we recall the definition of pullback
of currents by meromorphic maps from [45], give the definition of intersection of
currents, and prove several general results. In Section 5 we apply the previous
results to obtain results about pseudo-automorphisms in dimension 3. In the last
section we prove Theorem 3 and also discuss how Question 1 may be answered in
the affirmative.
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2. Preliminaries

In this section we present briefly definitions and previously known results on
positive closed and DSH currents, dynamical degrees, and pseudo-automorphisms
in dimension 3.

In this section only, let X be a compact Kähler manifold of arbitrary dimension
k with a Kähler (1, 1) form ωX .

2.1. Positive currents, DSH currents. For more details on positive currents
the reader is referred to Lelong’s book [36] and Demailly’s book [13], and for more
details on DSH currents the reader is referred to the paper Dinh-Sibony [22].

Given 0 ≤ p ≤ k, a smooth (p, p) form ϕ on X is called strongly positive if
locally it can be written as a convex combination of smooth forms of the type
iγ1 ∧ γ1 ∧ . . . ∧ iγp ∧ γp.

A smooth (p, p) form ϕ is called (weakly) positive if for any strongly positive
smooth (k − p, k − p) form ψ, ϕ ∧ ψ is a positive measure.

A smooth (p, p) form ϕ is called strictly positive if locally ϕ ≥ ωp, where ω is a
Kähler (1, 1) form.

A (p, p) current T is (weakly) positive if for any strongly positive smooth
(k − p, k − p) form ψ, T ∧ ψ is a positive measure.

A (p, p) current T is strongly positive if for any weakly positive smooth
(k − p, k − p) form ψ, T ∧ ψ is a positive measure.

Note that strong and weak positivity coincide for currents of bidegree (0, 0),
(1, 1), (k − 1, k − 1) and (k, k). Therefore, if dim(X) = 3, then strong and weak
positivity coincide.

For a positive (p, p) current T , we define its mass by ||T || = 〈T, ωk−p
X 〉.

A current T is called positive closed if it is both positive and closed. For a positive
closed current T , its mass depends only on its cohomology class. We denote by Dp

the real vector space generated by positive closed currents. Hence each current T
in Dp(X) can be written as T = T+ − T− for some positive closed (p, p) currents
T±. We define the Dp norm of such a T as follows: ||T ||∗ = min{||T+|| + ||T−||},
where the minimum is taken on all positive closed (p, p) currents T± for which
T = T+ − T−. We define convergence on Dp as follows: If Tn and T are in Dp, we
say that Tn converges in Dp if Tn weakly converges to T in the sense of currents,
and moreover ||Tn||∗ is bounded.

A (p, p) current T is called DSH if we can find positive (p, p) currents T1, T2, and
positive closed (p−1, p−1) currents Ω±

1 ,Ω
±
2 for which T = T1−T2, dd

cTi = Ω+
i −Ω−

i

for i = 1, 2. Denote by DSHp(X) the set of DSH (p, p) currents on X. We define
a norm on DSHp(X) as follows: If T is in DSHp(X), then

||T ||DSH = min{||T1||+ ||T2||+ ||Ω+
1 ||+ ||Ω+

2 ||},
where the minimum is taken on all decompositions T = T1 − T2, dd

cTi = Ω+
i −Ω−

i

of T . We define the convergence in DSH as follows: If Tn and T are in DSHp, we
say that Tn converges in DSHp if Tn weakly converges to T in the sense of currents,
and moreover ||Tn||DSH is bounded.

2.2. Regularization of DSH currents. In [22], Dinh and Sibony obtained a
good regularization of DSH currents on compact Kähler manifolds, which gives
for any DSH (p, p) current T a sequence of positive smooth DSH currents T±

n

with uniformly bounded masses so that T+
n − T−

n weakly converges to T (see also
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Section 3). Combining the results in [45] and Lemma 4 in Section 3, we obtain the
existence of good approximation schemes by Cs forms for DSH currents, whose
definitions are given below.

Definition 6. Let s ≥ 0 be an integer. We define a good approximation scheme
by Cs forms for DSH currents on X to be an assignment that for a DSH current,
T gives two sequences K±

n (T ) (here n = 1, 2, . . .) where K±
n (T ) are Cs forms of the

same bidegrees as T , so that Kn(T ) = K+
n (T )−K−

n (T ) weakly converges to T , and
moreover the following properties are satisfied:

1) Boundedness: If T is DSH, then the DSH norms of K±
n (T ) are uniformly

bounded.
2) Positivity: If T is positive, then K±

n (T ) are positive, and ||K±
n (T )|| are uni-

formly bounded with respect to n.
3) Closedness: If T is positive closed, then K±

n (T ) are positive closed.
4) Continuity: If U ⊂ X is an open set so that T |U is a continuous form, then

K±
n (T ) converges locally uniformly on U .
5) Linearity: For any pair of currents T1 and T2, we have K±

n (T1+T2) = K±
n (T1)+

K±
n (T2).
6) Self-Adjointness: If T and S are of complement bidegrees, then∫

X

Kn(T ) ∧ S =

∫
Y

T ∧ Kn(S),

for any n ∈ N.
7) Compatibility with the differentials: ddcK±

n (T ) = K±
n (dd

cT ).
8) Convergence of supports: If A is compact and U is an open neighborhood of

A, then there is n0 = n0(U,A) such that if the support of T is contained in A and
n ≥ n0, then support of Kn(U) is contained in U .

9) Compatibility with wedge product: Let T be a DSH (p, p) current and let θ
be a continuous (q, q) form on X. Assume that there is a positive ddc-closed current
R so that −R ≤ T ≤ R. Then there are positive ddc-closed (p+ q, p+ q) currents
Rn so that limn→∞ ||Rn|| = 0 and

−Rn ≤ Kn(T ∧ θ)−Kn(T ) ∧ θ ≤ Rn,

for all n.
If R is strongly positive or closed, then we can choose Rn to be so.

In fact, let Kn be the weak regularization for the diagonal ΔY as in Section
3. Let l be a large integer dependent on s, and let (m1)n, . . . , (ml)n be sequences
of positive integers satisfying (mi)n = (ml+1−i)n and limn→∞(mi)n = ∞ for any
1 ≤ i ≤ l. In [45] we showed that if we choose Kn = K(m1)n ◦K(m2)n ◦ . . . ◦K(ml)n ,
then it satisfies conditions 1)-8). Remark 2 in Section 3 shows that it also satisfies
condition 9).

2.3. Dynamical degrees and algebraic stability. Let f : X → X be a dom-
inant meromorphic map. It is well-known that we can define the pullback f∗ on
smooth forms and on cohomology groups (see Section 4 for more detail). For
0 ≤ p ≤ k = dim(X), the p-th dynamical degree of f is defined by

λp(f) = lim
n→∞

||(fn)∗(ωp
X)||1/n.

Dinh and Sibony ([21] and [22]) showed that the dynamical degrees are well-defined
(i.e. the limits in the definition exist) and are bimeromorphic invariants.
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Some properties of dynamical degrees: λp(f) ≥ 1 for all p ≥ 1, and λp(f)
2 ≥

λp−1(f)λp+1(f) (log-concavity).
When f is holomorphic, the results by Gromov [33] and Yomdin [47] prove

that the topological entropy htop(f) of f equals max0≤p≤k log λp(f). For a general
meromorphic map, we can still define its topological entropy. Dinh and Sibony [22]
proved that htop(f) ≤ max0≤p≤k log λp(f).

Given 0 ≤ p ≤ k. Following Fornaess-Sibony [31], we say that f∗ is algebraically
p-stable if for any n ∈ N, (fn)∗ = (f∗)n as linear maps on Hp,p(X). We can define
a similar notion for the pushforward f∗.

2.4. Pseudo-automorphisms in dimension 3. Let now X be a compact Kähler
manifold of dimension 3. Let f : X → X be a pseudo-automorphism with the graph
Γf ⊂ X ×X. Let I(f) and I(f−1) be the indeterminacy sets of f and f−1. Then
it follows that f : X − I(f) → X − I(f−1) is biholomorphic. Recall that C1 and
C2 are the critical sets for the projections π1, π2 : Γf → Y , i.e. smallest analytic
subsets of Γf so that the restrictions π1 : Γf − C1 → X and π2 : Γf − C2 → X are
finite-to-one maps.

Lemma 1. a) The sets πi(Cj) have dimensions ≤ 1 for i, j = 1, 2.
b) For any analytic set C in X of dimension ≤ 1, f(C) and f−1(C) are analytic

sets of dimensions ≤ 1.
c) For any n ∈ Z, the maps fn are also pseudo-automorphisms.

Proof. a) We prove the claim e.g. for i = 1 and j = 2. Since f : X − I(f) →
X − I(f−1) is biholomorphic, it follows that π1(C2) is contained in I(f), and the
latter has dimension ≤ 1.

b) This also follows from the fact that f : X−I(f) → X−I(f−1) is biholomor-
phic.

c) Since f−1 is also a pseudo-automorphism, it suffices to prove the claim for n ∈
N. Given n ∈ N, we define In(f) =

⋃n
j=0(f

−1)j(I(f)). By b), In(f) is an analytic

set of dimension ≤ 1. We have f : X−In(f) → f(X−In(f)) is biholomorphic, and
then by induction f j : X−In(f) → f j(X−In(f)) is biholomorphic (for 2 ≤ j ≤ n).
The sets f j(X − In(f)) are complements of analytic sets of dimensions ≤ 1, by b).
Hence fn is a pseudo-automorphism. �

The following result was given in Propositions 1.3 and 1.4 in [9]. For completeness
we give a proof of it here.

Lemma 2. 1) The maps f∗ and f∗ are both algebraically 1- and 2-stable.
2) f∗f

∗ = Id on H1,1(X) and H2,2(X). In particular, (f−1)∗ = f∗ : H1,1(X) →
H1,1(X) is the inverse of f∗ : H1,1(X) → H1,1(X).

3) For θ ∈ H1,1(X) and η ∈ H2,2(X), f∗θ.f∗η = θ.η.

Proof. 1) Let θ be a smooth closed (1, 1) form. Then (fn)∗(θ) and (f∗)n(θ) dif-
fer only on the set In(f) =

⋃
j=0n(f

−1)j(I(f)). Since the latter set is analytic
of dimension ≤ 1 by Lemma 1, it cannot contain mass for the normal current
(fn)∗(θ) − (f∗)n(θ). Therefore the two currents (fn)∗(θ) and (f∗)n(θ) are the
same. Passing to cohomology we obtain that f∗ is algebraically 1-stable.

Because f∗ = (f−1)∗, it follows that f∗ is 1-stable.
Since f∗ : H1,1(X) → H1,1(X) and f∗ : H2,2(X) → H2,2(X) are conjugates, it

follows that f∗ is 2-stable. Similarly, f∗ is 2-stable.



734 TUYEN TRUNG TRUONG

2) The proof is similar to that of 1). Let θ be a closed smooth (1, 1) form. Then
f∗f

∗(θ) and θ differ only on an analytic set of dimension ≤ 1, and hence must be the
same. Passing to cohomology we obtain the claim for H1,1(X). By the conjugate
property and 3) we obtain the claim for H2,2(X).

3) From the conjugate property and 2) we have f∗θ.f∗η = f∗f
∗θ.η = θ.η. �

3. Quasi-potentials and regularization kernels

for DHS currents

Let Y be a compact Kähler manifold of dimension k. Let π1, π2 : Y × Y → Y
be the two projections, and let ΔY ⊂ Y × Y be the diagonal. Let ωY be a Kähler
(1, 1) form on Y . As before, let DSHp(Y ) be the space of DSH (p, p) currents.

Fix a Kähler form θ. A function ϕ is a θ-plurisubharmonic function if it is upper
semi-continuous, belongs to L1, and θ + ddc(ϕ) is a positive closed (1, 1) current.

Remark 1. The following consideration from [5] and [24] is used in both the proof of
Lemma 3 and the construction of the kernels Kn in Lemma 4. Let k = dimension of

Y . Let π : Ỹ × Y → Y ×Y be the blowup of Y ×Y at ΔY . Let Δ̃Y = π−1(ΔY ) be
the exceptional divisor. Then there is a closed smooth (1, 1) form γ and a negative

quasi-plurisubharmonic function ϕ so that ddcϕ = [Δ̃Y ] − γ. We choose a strictly

positive closed smooth (k − 1, k − 1) form η so that π∗([Δ̃Y ] ∧ η) = [ΔY ].

A useful tool in proving the results in Section 4 is the following, concerning the
quasi-potentials of a positive closed (p, p) current T on a compact Kähler manifold
Y . It is known that (see Dinh and Sibony [24], Bost, Gillet and Soulé [5]) there is a
DSH (p−1, p−1) current S and a closed smooth form α so that T = α+ddcS. Here
S is a difference of two negative currents. When p = 1 or when Y is a projective
space, we can choose S to be negative. However, in general we cannot choose S to
be negative (see [5]). The following weaker conclusion is sufficient for the purpose
of this paper.

Lemma 3. Let T be a positive closed (p, p) current on a compact Kähler manifold
Y . Then there is a closed smooth (p, p) form α and a negative DSH (p− 1, p− 1)
current S so that

T ≤ α+ ddcS.

Moreover, there is a constant C > 0 independent of T so that ||α||L∞ ≤ C||T ||
and ||S|| ≤ C||T ||. If T is strongly positive, then we can choose S to be strongly
negative.

Here ||.||L∞ is the maximum norm of a continuous form and ||.|| is the mass of
a positive or negative current.

Proof of Lemma 3. Notation is as in Remark 1. Define H = π∗(ϕη). Then H is a
negative (k − 1, k − 1) current on Y × Y .

We write γ = γ+ − γ− for strictly positive closed smooth (1, 1) forms γ±. If
we define Φ± = π∗(γ

± ∧ η), then Φ± are positive closed (k, k) currents with L1

coefficients. In fact (see [22]) Φ± are smooth away from the diagonal ΔY , and the
singularities of Φ±(y1, y2) and their derivatives are bounded by |y1−y2|−(2k−2) and
|y1 − y2|−(2k−1). Moreover

ddcH = π∗(dd
cϕ ∧ η) = π∗([Δ̃Y ] ∧ η − (γ+ − γ−) ∧ η) = [ΔY ]− (Φ+ − Φ−).
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Consider S1 = (π1)∗(H ∧ π∗
2(T )) and R±

1 = (π1)∗(Φ
± ∧ T ). Then S1 is a negative

current, and R±
1 are positive closed currents. Moreover

ddcS1 = (π1)∗(dd
cH ∧ π∗

2(T )) = T −R+
1 +R−

1 .

Therefore T ≤ R+
1 + ddcS1. Moreover R+

1 is a current with L1 coefficients, and
there is a constant C1 > 0 independent of T so that ||S1||, ||R1||L1 ≤ C1||T || (see
e.g. Lemma 2.1 in [22]).

If we apply this process for R+
1 instead of T we find a positive closed current R+

2

with coefficients in L1+1/(2k+2) and a negative current S2 so that R+
1 ≤ R+

2 +ddcS2.
Moreover

||R+
2 ||L1+1/(2k+2) , ||S2|| ≤ C2||R+

1 ||L1 ≤ C1C2||T ||
for some constant C2 > 0 independent of T . After iterating this process a finite
number of times we find a continuous form R and a negative current S so that T ≤
R + ddcS. Moreover, ||R||L∞ , ||S|| ≤ C||T || for some constant C > 0 independent
of T . Since we can bound R by ωp

Y up to a multiple constant of size ||R||L∞ , we
are done. �

Next we recall the construction of the kernelsKn from Section 3 in [22]. Notation

is as in Remark 1. Observe that ϕ is smooth out of [Δ̃Y ] and ϕ−1(−∞) = Δ̃Y . Let
χ : R ∪ {−∞} → R be a smooth increasing convex function such that χ(x) = 0 on
[−∞,−1], χ(x) = x on [1,+∞], and 0 ≤ χ′ ≤ 1. Define χn(x) = χ(x+ n)− n and
ϕn = χn ◦ ϕ. The functions ϕn are smooth decreasing to ϕ, and ddcϕn ≥ −Θ for
every n, where Θ is a strictly positive closed smooth (1, 1) form so that Θ − γ is
strictly positive. Then we define Θ+

n = ddcϕn +Θ and Θ−
n = Θ− = Θ− γ. Finally

K±
n = π∗(Θ

±
n ∧ η), and Kn = K+

n −K−
n .

If K is a current on Y × Y and T is a current on Y , we define K(T ) =
(π1)∗(K ∧ π∗

2(T )) whenever the wedge product K ∧ π∗
2(T ) makes sense.

Lemma 4. Let Y be a compact Kähler manifold. Let Kn be a weak regularization
of the diagonal ΔY defined in [22] (see Section 2 for more detail). Let T be a
DSH (p, p) current and let θ be a continuous (q, q) form on Y . Assume that there
is a positive ddc-closed current R so that −R ≤ T ≤ R. Then there are positive
ddc-closed (p+ q, p+ q) currents Rn so that limn→∞ ||Rn|| = 0 and

−Rn ≤ Kn(T ∧ θ)−Kn(T ) ∧ θ ≤ Rn,

for all n.
If R is strongly positive or closed, then we can choose Rn to be so.

Proof of Lemma 4. Let us define Hn = Kn(T ∧ θ) − Kn(T ) ∧ θ. Since T and θ
may not be either positive or ddc-closed, a priori Hn is neither. However, we will
show that there are positive ddc-closed currents Rn such that limn→∞ ||Rn|| = 0
and −Rn ≤ Hn ≤ Rn.

By definition we have

Hn(y) =

∫
z∈Y

Kn(y, z) ∧ (π∗
1θ − π∗

2θ) ∧ π∗
2T.

Fix a number δ > 0. Then by the construction of Kn, there is an integer nδ so that
if n ≥ nδ and |y − z| ≥ δ, then Kn(y, z) = 0. Thus

Hn(y) =

∫
z∈Y, |z−y|<δ

Kn(y, z) ∧ (π∗
1θ − π∗

2θ) ∧ π∗
2T.
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We define h(δ) = maxy,z∈Y : |y−z|≤δ |π∗
1θ − π∗

2θ|. We now show that

(3.1) lim
δ→0

h(δ) = 0.

Let ι : Δ ⊂ Z × Z be the embedding of the diagonal Δ into Z × Z. Since the
(q, q) form π∗

1θ−π∗
2θ is smooth on Z×Z, and since Z×Z (and hence Δ) is compact,

it suffices to show that the restriction of π∗
1θ−π∗

2θ to Δ is 0. But the latter is clear,
since

π∗
1θ − π∗

2θ|Δ = ι∗(π∗
1θ − π∗

2θ) = (π1 ◦ ι)∗(θ)− (π2 ◦ ι)∗(θ),
and the last expression is 0 because the two maps π1 ◦ ι, π2 ◦ ι : Δ → Z are the
same map (z, z) → z.

By (3.1), because Y × Y is compact, there is a constant C > 0 independent of θ
and δ so that

−h(δ)C(ωY (y) + ωY (z))
q ≤ θ(z)− θ(y) ≤ h(δ)C(ωY (y) + ωY (z))

q

for all δ ≤ 1 and for all |y− z| ≤ δ. Since K±
n (y, z) are strongly positive closed and

−R ≤ T ≤ R, it follows that

Hn(y) =

∫
z∈Y, |z−y|<δ

Kn(y, z) ∧ (π∗
1θ − π∗

2θ) ∧ π∗
2T

≤ h(δ)C

∫
z∈Y, |z−y|<δ

(K+
n (y, z) +K−

n (y, z)) ∧ (ωY (y) + ωY (z))
q ∧R(z)

≤ h(δ)C

∫
z∈Y

(K+
n (y, z) +K−

n (y, z)) ∧ (ωY (y) + ωY (z))
q ∧R(z).

Thus Hn(y) ≤ Rn(y) where

Rn(y) = h(δ)C

∫
z∈Y

(K+
n (y, z) +K−

n (y, z)) ∧ (ωY (y) + ωY (z))
q ∧R(z),

for nδ ≤ n < nδ/2. Similarly we have Hn(y) ≥ −Rn(y). It can be checked that
Rn(y) is positive ddc-closed. Moreover, there is a constant C1 > 0 independent of
n, δ, R and θ so that

(3.2) ||Rn|| ≤ h(δ)C1||R||,
for n ≥ nδ. This shows that ||Rn|| → 0 as n → ∞. �

Remark 2. By the estimate (3.2) and by iterating we obtain the following result:
Let T , R and θ be as in Lemma 4. Then there are positive ddc-closed (p+ q, p+ q)
currents Rn1,n2,...,nl

so that

−Rn1,n2,...,nl
≤ Kn1

◦Kn2
◦ . . . ◦Knl

(T ∧ θ)−Kn1
◦Kn2

◦ . . . ◦Knl
(T ) ∧ θ

≤ Rn1,n2,...,nl

and

lim
n1,n2,...,nl→∞

||Rn1,n2,...,nl
|| = 0.

We give the proof of this claim for example when l = 2. We will write the Rn in
Lemma 4 by Rn(R) to emphasize its dependence on R. Writing

Kn1
◦Kn2

(T ∧ θ)−Kn1
◦Kn2

(T ) ∧ θ

= [Kn1
(Kn2

(T ∧ θ)−Kn2
(T ) ∧ θ)] + [Kn1

(Kn2
(T ) ∧ θ)−Kn1

(Kn2
(T )) ∧ θ]
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and choosing

Rn1,n2
= K+

n1
(Rn2

(R)) +K−
n1
(Rn2

(R)) +Rn1
(K+

n2
(R)) +Rn1

(K−
n2
(R)),

we see that

−Rn1,n2
≤ Kn1

◦Kn2
(T ∧ θ)−Kn1

◦Kn2
(T ) ∧ θ ≤ Rn1,n2

.

That Rn1,n2
are positive ddc-closed follows from the properties of the kernels Kn.

It remains to bound the masses of Rn1,n2
. By (3.2) we have

||Rn1,n2
|| ≤ C1(||Rn2

(R)||+ ||Rn1
(K+

n2
(R))||+ ||Rn2

(K−
n2
(R))||)

≤ C2h(δ)(||R||+ ||K+
n2
(R)||+ ||K−

n2
(R)||)

≤ C3h(δ)||R||,
for constants C1, C2, C3 and for all n1, n2 ≥ nδ; here nδ is the constant in the proof
of Lemma 4.

4. Pullback of currents by meromorphic maps

and intersection of currents

4.1. Pullback of currents. Let Y be another compact Kähler manifold, and let
f : X → Y be a dominant meromorphic map. Let Γf ⊂ X × Y be the graph of
f , and let πX , πY : X × Y → X,Y be the projections. (When X = Y we denote
these two maps by π1 and π2.) We denote by CY the critical set of πY , i.e. the
smallest analytic subvariety of Γf so that the restriction of πY to Γf −CY has fibers
of dimension dim(X) − dim(Y ). We have a similar notation CX for the map πX .
(When X = Y we denote CX , CY by C1 and C2.) Hence the set πX(CY ) may be
regarded as the critical set of the map f . For a set A ⊂ X, we define its (total)
image by f(A) = πY (π

−1
X (A) ∩ Γf ), and for a set B ⊂ Y we define its (total)

pre-image by f−1(B) = πX(π−1
Y (B) ∩ Γf ).

If T is a smooth form on Y , then it is standard to define f∗(T ) as a current
on X by the formula f∗(T ) = (πX)∗(π

∗
Y (T ) ∧ [Γf ]). This definition descends to

cohomology classes: If T1 and T2 are two closed smooth forms on Y having the
same cohomology classes, then f∗(T1) and f∗(T2) have the same cohomology class
in X. This allows us to define a pullback operator on cohomology classes. These
considerations apply equally to continuous forms. However, it is not known how to
define the pullback of an arbitrary current in general.

Méo [37] defined the pullback of a positive closed (1, 1) current in the following
way: If T is a positive closed (1, 1) current on Y , then locally we can write T =
ddcϕ where ϕ is a pluri-subharmonic function, and we define f∗(T ) = ddc(ϕ ◦ f).
There are extensions of this to the case of positive ddc-closed (1, 1) currents (see
Alessandrini- Bassanelli [1] and Dinh-Sibony [23]).

For a measure μ having no mass on the indeterminacy set I(f), we can define
its pushforward by f as follows (see e.g. [16]): (f∗)(μ)(B) = μ(f−1(B) ∩X\I(f)).

For a holomorphic map whose fibers are either empty or of dimension dim(X)−
dim(Y ), Dinh-Sibony [23] defined pullback of positive closed currents of any
bidegrees. For meromorphic selfmaps of Pk, they gave a satisfying pullback oper-
ator using super-potentials (see [25]). For general meromorphic maps on compact
Kähler manifolds, they defined a “strict pullback” on positive closed currents of
any bidegrees. However, this “strict pullback” is not compatible with the pullback
on cohomology.
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Using the good approximation schemes (see Definition 6), we defined in [45]
a pullback operator which is compatible with the pullback on cohomology and is
compatible with the previous definitions. Moreover if a positive closed current T
can be pulled back by the map f , then f∗(T ) is an extension of the “strict pullback”
of Dinh and Sibony.

We now recall the definition from [45], where it was not checked that the kernels
Kn satisfy condition 9) in Definition 6.

Definition 7. Let T be a DSHp(Y ) current on Y . We say that f∗(T ) is well-
defined if there is a number s ≥ 0 and a current S on X so that

lim
n→∞

f∗(Kn(T )) = S,

for any good approximation scheme by Cs+2 forms K±
n . Then we write f∗(T ) = S.

The definition for a general current on Y (not necessarily DSH) is more com-
plicated. We recall it here and will use it for currents of the form T ∧ θ, where T
is a DSH current and θ is a smooth (q, q) form. Recall that since Y is a compact
manifold, any current on Y is of finite order.

Definition 8. Let T be a (p, p) current of order s0. We say that f∗(T ) is well-
defined if there is a number s ≥ s0 and a current S on X so that

lim
n→

∫
Y

T ∧ Kn(f∗(α)) =

∫
X

S ∧ α,

for any smooth form α on X and any good approximation scheme by Cs+2 forms
Kn. Then we write f∗(T ) = S.

By the self-adjointness in Definition 6, we see that Definitions 7 and 8 coincide
for DSH currents.

We recall some results from [45] for using later (see Theorems 6 and 9 in [45]):

Theorem 9. Let X and Y be two compact Kähler manifolds. Let f : X → Y be
a dominant meromorphic map. Assume that πX(CY ) is of codimension ≥ p. Then
the pullbacks f∗ : DSHp−1(Y ) → DSHp−1(X) and f∗ : Dp(Y ) → Dp(X) are well-
defined. Moreover these pullbacks are continuous with respect to the topologies on
the corresponding spaces.

In fact, even though the statement of Theorem 6 in [45] concerns only the claim
for the map f∗ : Dp(Y ) → Dp(X) in Theorem 9, its proof confirms the claim for
the map f∗ : DSHp−1(Y ) → DSHp−1(X) in Theorem 9.

Theorem 10. Let X and Y be two compact Kähler manifolds. Let f : X → Y
be a dominant meromorphic map. Let T be a positive measure having no mass on
πY (CY ). Then f∗(T ) is well-defined and coincides with the usual definition (see for
example [16]). Moreover, if T has no mass on proper analytic subvarieties of Y ,
then f∗(T ) has no mass on proper analytic subvarieties of X.

We can define a similar notion f∗ of pushforward of currents and obtain similar
results to that of Theorems 9 and 10 for the pushforward operator. Note that when
f is a bimeromorphic map f∗ = (f−1)∗.

We now prove several additional properties. A current τ is called quasi-PSH if
there is a smooth form γ so that ddcτ ≥ −γ. We have the following result.



PROPERTIES OF PSEUDO-AUTOMORPHISMS IN DIMENSION 3 739

Theorem 11. Let X and Y be compact Kähler manifolds and let f : X → Y
be a dominant meromorphic map. Let T be a DSH (p, p) current and let θ be a
smooth (q, q) form on Y . Assume that there is a positive quasi-PSH current τ so
that −τ ≤ T ≤ τ .

a) If f is holomorphic and f∗(T ) is well-defined, then f∗(T ∧ θ) is well-defined.
Moreover, f∗(T ∧ θ) = f∗(T ) ∧ f∗(θ).

b) More generally, assume that there is a number s ≥ 0 and a (p, p) current
(πY |Γf )

∗(T ) on X × Y such that for any good approximation by Cs+2 forms Kn,

lim
n→∞

π∗
Y (Kn(T )) ∧ [Γf ] = (πY |Γf )

∗(T ).

Then f∗(T ∧ θ) is well-defined, and moreover f∗(T ∧ θ) = (πX)∗((πY |Γf )
∗(T ) ∧

π∗
Y (θ)).

Roughly speaking, the result b) of Theorem 11 says that under some natural
conditions if we can pull back T , then we can do it locally.

Proof of Theorem 11. a) We let s ≥ 0 be a number so that for any good approxi-
mation scheme by Cs+2 forms Kn and for any smooth form α on X,∫

X

f∗(T ) ∧ α = lim
n→∞

∫
Y

T ∧ Kn(f∗(α)).

Then for the proof of a) it suffices to show that for any smooth form β on X,

lim
n→∞

∫
Y

T ∧ θ ∧ Kn(f∗(β)) =

∫
X

f∗(T ) ∧ f∗(θ) ∧ β.

If we can show that

(4.1) lim
n→∞

∫
Y

T ∧ (θ ∧ Kn(f∗(β))−Kn(θ ∧ f∗(β))) = 0,

then we are done, since we have θ∧(f∗(β)) = f∗(f
∗(θ)∧β) because f is holomorphic,

and hence

lim
n→∞

∫
Y

T ∧ Kn(θ ∧ f∗(β)) = lim
n→∞

∫
Y

T ∧ Kn(f∗(f
∗(θ) ∧ β))

=

∫
Y

f �(T ) ∧ (f∗(θ) ∧ β).

Now we proceed to prove (4.1). For a fixed n we have∫
Y

T ∧ (θ ∧ Kn(f∗(β))−Kn(θ ∧ f∗(β)))

= lim
m→∞

∫
Y

Km(T ) ∧ (θ ∧ Kn(f∗(β))−Kn(θ ∧ f∗(β))).

The advantage of this is that Km(T ) are continuous forms, hence if we have bounds
of θ ∧Kn(f∗(β))−Kn(θ ∧ f∗(β)) by currents of order zero, we can use them in the
integral and then take the limit when m → ∞.

Because f∗(β) is bound by a multiple of f∗(ω
dim(X)−p−q
X ) and the latter is

strongly positive closed, by condition 9) of Definition 6 there are strongly posi-
tive closed currents Rn with ||Rn|| → 0 and

−Rn ≤ θ ∧ Kn(f∗(β))−Kn(θ ∧ f∗(β)) ≤ Rn,
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for all n. Since −τ ≤ T ≤ τ , we have −(K+
m(τ ) + K−

m(τ )) ≤ Km(T ) ≤ K+
m(τ ) +

K−
m(τ ). Since K+

m(τ ) + K−
m(τ ) are positive C2 forms, from the above estimates we

obtain

−
∫
Y

(K+
m(τ ) + K−

m(τ )) ∧Rn ≤
∫
Y

Km(T ) ∧ (θ ∧ Kn(f∗(β))−Kn(θ ∧ f∗(β)))

≤
∫
Y

(K+
m(τ ) +K−

m(τ )) ∧Rn.

Hence (4.1) follows if we can show that

lim
n→∞

lim
m→∞

∫
Y

(K+
m(τ ) +K−

m(τ )) ∧Rn = 0.

By Lemma 3, there are a smooth closed form αn and a strongly negative current
Sn for which Rn ≤ αn + ddcSn and ||αn||L∞ , ||Sn|| → 0. Therefore

0 ≤
∫
Y

(K+
m(τ ) +K−

m(τ )) ∧Rn

≤
∫
Y

(K+
m(τ ) +K−

m(τ )) ∧ αn +

∫
Y

(K+
m(τ ) +K−

m(τ )) ∧ ddcSn.

Since the currents K±
m(τ ) are positive whose masses are uniformly bounded, it

follows from ||αn||L∞ → 0 that

lim
n→∞

lim
m→∞

∫
Y

(K+
m(τ ) +K−

m(τ )) ∧ αn = 0.

Now we estimate the other term. We have∫
Y

(K+
m(τ ) +K−

m(τ )) ∧ ddcSn =

∫
Y

(K+
m(ddcτ ) +K−

m(ddcτ )) ∧ Sn.

Because Sn is strongly negative and ddcτ ≥ −γ, the last integral can be bound
from above by∫

Y

(K+
m(ddcτ ) +K−

m(ddcτ )) ∧ Sn ≤
∫
Y

(K+
m(−γ) +K−

m(−γ)) ∧ Sn.

Since γ is smooth, by condition 4) of Definition 6 and the fact that ||Sn|| → 0, we
obtain

lim
n→∞

lim
m→∞

∫
Y

(K+
m(−γ) +K−

m(−γ)) ∧ Sn = 0.

Thus, whatever the limit of∫
Y

(K+
m(τ ) +K−

m(τ )) ∧ ddcSn

is, it is non-positive. The proof of (4.1) and hence of a) is finished.
b) The proof of b) is similar to that of a). �
As some consequences we obtain the following two results, which were known pre-

viously using other definitions of pullbacks (see Diller [18], Russakovskii-Shiffman
[43] and Dinh-Sibony [23]). The novelty here is that we treat these cases in a unified
manner.

Proposition 1. Let X and Y be compact Kähler manifolds and let f : X → Y be
a dominant meromorphic map. Let ψ be a function on Y bounded by a quasi-PSH
function ϕ. Then f∗(ϕ) is well-defined with respect to Definition 8.
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Proof. By desingularizing the graph Γf if needed and using Theorem 4 in [45], we
can assume without loss of generality that f is holomorphic. By subtracting a
constant from ϕ if needed, we can assume that ϕ ≤ 0. By the assumptions, we
have 0 ≥ ψ ≥ ϕ. To prove that f∗(ψ) is well-defined with respect to Definition 8,
we need to show the existence of a current S so that for any smooth form α and
any good approximation scheme by C2 forms Kn,

(4.2) lim
n→∞

∫
Y

ψ ∧ Kn(f∗(α)) =

∫
X

S ∧ α.

We define linear functionals Sn and S±
n on top forms on X by the formulas

〈Sn, α〉 =

∫
Y

ψ ∧ Kn(f∗(α)),

〈S±
n , α〉 =

∫
Y

ψ ∧ K±
n (f∗(α)).

Then Sn = S+
n − S−

n , and it can be checked that S±
n are negative (0, 0) currents,

and hence Sn is a current of order 0. Moreover, if α is a positive smooth measure,
then

0 ≥ 〈S±
n , α〉 =

∫
Y

ψ ∧ K±
n (f∗(α))

≥
∫
Y

ϕ ∧ K±
n (f

∗(α))

=

∫
X

f∗(K±
n (ϕ)) ∧ α.

Thus 0 ≥ S±
n ≥ f∗(K±

n (ϕ)) for all n.
Let us write ddc(ϕ) = T −θ where T is a positive closed (1, 1) current, and θ is a

smooth closed (1, 1) form. By property 4) of Definition 6, there is a strictly positive
closed smooth (1, 1) form Θ so that Θ ≥ K±

n (θ) for any n. Then f∗(K±
n (ϕ)) are

negative C2 forms so that

ddcf∗(K±
n (ϕ)) = f∗(K±

n (dd
cϕ)) = f∗(K±

n (T − θ))

≥ f∗(K±
n (−θ)) ≥ −f∗(Θ)

for any n; i.e they are negative f∗(Θ)-plurisubharmonic functions. Moreover the
sequence of currents f∗(K±

n (ϕ)) has uniformly bounded mass (see the proof of
Theorem 6 in [45]). Therefore, by the compactness of this class of functions (see
Chapter 1 in [13]), after passing to a subsequence if needed, we can assume that
f∗(K±

n (ϕ)) converges in L1 to negative functions denoted by f∗(ϕ±). Let S± be
any cluster points of S±

n . Then 0 ≥ S± ≥ f∗(ϕ±), which shows that any cluster
point S = S+ − S− of Sn has no mass on sets of Lebesgue measure zero. Hence
to show that S is uniquely defined, it suffices to show that S is uniquely defined
outside a proper analytic subset of Y .

Let E be a proper analytic subset of Y so that f : X − f−1(E) → Y − E is
a holomorphic submersion. If α is a smooth measure whose support is compactly
contained in X−f−1(E), then f∗(α) is a smooth measure on Y . Hence by condition
4) of Definition 6, Kn(f∗(α)) uniformly converges to the smooth measure f∗(α).
Then it follows from the definition of S that

〈S, α〉 =
∫
Y

ψ ∧ f∗(α).
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Hence S is uniquely defined on X − f−1(E), and thus it is uniquely defined on the
whole X, as wanted. �
Proposition 2. Let X and Y be compact Kähler manifolds and let f : X → Y
be a dominant meromorphic map. Let πX , πY : X × Y → Y be the projections,
and let Γf ⊂ X × Y be the graph of f . Let V ⊂ Y be an irreducible variety. If

π−1
Y (V ) ∩ Γf has codimension ≥ the codimension of V , then for any smooth (q, q)

form θ on Y the pullback f∗(θ ∧ [V ]) is well-defined. If moreover θ is a positive
form, then f∗(θ ∧ [V ]) is also positive.

Proof. By Lemma 5 below we have that the intersection π∗
Y ([V ])∧[Γf ] is well-defined

and is moreover positive. Applying part b) of Theorem 11 we obtain Proposition
2. �
4.2. Intersection of currents. We give the following definition of intersection of
currents. It corresponds to the definition of pullback of currents for the identity
map. (There are many different approaches of intersection of currents in the lit-
erature. For some references please see Bedford-Taylor [10], Fornaess-Sibony [30],
Demailly [13], and Dinh-Sibony [25], [26], [27].)

Definition 12. Let Y be a compact Kähler manifold. Let T1 be a DSH current
and let T2 be a (q, q) current of order s on Y . Let s0 be the order of T2. We say
that T1 ∧ T2 is well-defined if there is s ≥ s0 and a current S so that for any good
approximation scheme by Cs+2 forms Kn, limn→∞ Kn(T1)∧T2 = S. Then we write
T1 ∧ T2 = S.

We now prove some properties of this intersection.

Proposition 3. Let T1 and T2 be positive ddc-closed currents. Assume that T1∧T2

is well-defined. Let θ be a smooth (q, q) form.
a) θ ∧ T2 and T2 ∧ θ are well-defined and are the same as the usual definition.
b) T2 ∧ T1 is also well-defined. Moreover, T1 ∧ T2 = T2 ∧ T1.
c) T1 ∧ (θ ∧ T2) is also well-defined. Moreover T1 ∧ (θ ∧ T2) = (T1 ∧ T2) ∧ θ.

Proof of Proposition 3. Proof of a): Let Kn be a good approximation scheme by
C2 forms. Then Kn(θ) uniformly converges to θ, and hence Kn(θ) ∧ T2 converges
to the usual intersection θ ∧ T2.

Let α be a smooth form. Then by conditions 9), 6) and 4) of Definition 6, we
have

lim
n→∞

∫
Y

Kn(T2) ∧ θ ∧ α = lim
n→∞

∫
Y

Kn(T2 ∧ θ) ∧ α

= lim
n→∞

∫
Y

T2 ∧ θ ∧ Kn(α)

=

∫
Y

T2 ∧ θ ∧ α.

The proofs of b) and c) are similar. �
Lemma 5. Let T1 and T2 be positive closed (p, p) and (q, q) currents of Y . Assume
that there are closed sets A1 ⊂ Y and A2 ⊂ Y so that Ti is continuous on Y − Ai

for i = 1, 2. Assume moreover that A1 ∩ A2 is contained in an analytic set of
codimension ≥ p+ q of Y . Then T1 ∧T2 is well-defined. If moreover one of T1 and
T2 is strongly positive, then T1 ∧ T2 is positive.



PROPERTIES OF PSEUDO-AUTOMORPHISMS IN DIMENSION 3 743

Proof of Lemma 5. Let θ be a smooth (p, p) form having the same cohomology
class as that of T1. Then by Proposition 2.1 in [24], there are positive (p− 1, p− 1)
currents R± so that T1 − θ = ddc(R+ −R−). Moreover, R± are DSH and we can
choose so that R± are continuous outside A1. To prove Lemma 5, it suffices to
show that there is a current S so that for any good approximation scheme by C2

forms Kn,

lim
n→∞

Kn(R
+ −R−) ∧ T2 = S.

The sequence K±
n (R

±) ∧ T2 converges on Y − A1 ∩ A2. In fact, outside of A2, T2

is continuous, hence limn→∞ K±
n (R

±) ∧ T2 = R± ∧ T2, and outside of V1, K±
n (R

±)
converges locally uniformly (by condition 4) of Definition 6) to a continuous form
and hence K±

n (R
±)∧T2 converges. Then by an argument as in the proof of Theorem

6 in [45] using the Federer-type support theorem in Bassanelli [2], the limit current
is the trivial extension of (R+ − R−)|X−A1∩A2

∧ T2. In particular, we see that
our definition coincides with the local definition. Since locally we can choose a
local potential H of θ so that the sum of H and R+ −R− gives a negative current
continuous out of A1 which can be well approximated by smooth negative forms
whose ddc are strictly positive, Oka’s principle in [30] implies that T1∧T2 is positive
(here we used the assumption that one of T1 or T2 is strongly positive). This
completes the proof of Lemma 5. �

5. Proofs of the main results

5.1. Proof of Theorem 1. That the operators f∗, f
∗ are well-defined on spaces

D1, DSH1 and D2 and are continuous with respect to the topologies on these spaces
follows from Theorem 9 and Lemma 1.

Now we show the compatibility of these operators with iterations.
a) First we show that if T ∈ DSH1(X), then (fn)∗(T ) = (f∗)n(T ) for any

n ∈ N. Since all the operators are continuous in the topology on DSH1(X), it
suffices to prove this when T is a smooth form. In this case we can proceed as
in the proof of Lemma 2. The two currents (fn)∗(T ) and (f∗)n(T ) differ only on
an analytic set of dimensions ≤ 1. Therefore, the current (fn)∗(T ) − (f∗)n(T ) is
a DSH (1, 1) current with support on an analytic set of dimensions ≤ 1. Since
DSH currents are C-normal in the sense of Bassanelli [2], the Federer-type support
theorem for C-normal currents implies that (fn)∗(T )−(f∗)n(T ) is the zero current,
i.e. (fn)∗(T ) = (f∗)n(T ).

b) To extend a) to all n ∈ Z we need only show that (f−1)∗ = (f∗)−1. Because
(f−1)∗ = f∗, it suffices to check that f∗f

∗ = Id on DSH1,1(X) currents. To this
end we can proceed as in a).

c) Since D1 ⊂ DSH1,1(X), we obtain the compatibility of f∗, f∗ for D1 as well.
d) Since the operators considered are continuous on Dp, to prove the compati-

bility for D2, it suffices to prove the claim for smooth closed (2, 2) forms. Hence
we need to show the following: let η be a smooth closed (2, 2) form and let θ be a
smooth (1, 1) form (not necessarily closed); then∫

X

(f∗)n(η) ∧ θ =

∫
X

(fn)∗(η) ∧ θ,
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for any n ∈ N. By definition∫
X

(fn)∗(η) ∧ θ =

∫
X

η ∧ (fn)∗(θ),

and the latter equals ∫
X

η ∧ (f∗)
n(θ),

since f∗ is compatible with iteration on DSH1,1(X). Therefore, we need to show
only that ∫

X

(f∗)n(η) ∧ θ =

∫
X

η ∧ (f∗)
n(θ),

for any n ∈ N.
We prove this by induction on n. When n = 1, the equality follows from the

definitions of f∗ and f∗. Assume that we already have∫
X

(f∗)m(η) ∧ θ =

∫
X

η ∧ (f∗)
m(θ),

for some number m ∈ N. Then we will show that∫
X

(f∗)m+1(η) ∧ θ =

∫
X

η ∧ (f∗)
m+1(θ).

Let Kj be a good approximation of DSH currents by C2 forms. Then (f∗)m+1(η) =
limj→∞ f∗(Kj(f

m)∗(η)) by the continuity of f∗ on D2. Therefore∫
X

(f∗)m+1(η) ∧ θ = lim
j→∞

∫
X

f∗(Kj(f
∗)m(η)) ∧ θ

= lim
j→∞

∫
X

Kj(f
∗)m(η) ∧ f∗(θ).

By property 6) in Definition 6, we have for any j ∈ N,∫
X

Kj(f
∗)m(η) ∧ f∗(θ) =

∫
X

(f∗)m(η) ∧ Kjf∗(θ).

The currents Kjf∗(θ) are C2 forms by definition of Kj ; hence they can be ap-
proximated uniformly by smooth (1, 1) forms. Therefore the induction assumption
implies ∫

X

(f∗)m(η) ∧ Kjf∗(θ) =

∫
X

η ∧ (f∗)
m(Kjf∗(θ)),

for any j ∈ N. Since f∗ is continuous on DSH1,1(X), limj→∞(f∗)
m(Kjf∗(θ)) =

(f∗)
m+1(θ). Therefore, we obtain∫

X

(f∗)m+1(η) ∧ θ =

∫
X

η ∧ (f∗)
m+1(θ),

and complete the induction step, and also the proof of Theorem 1.
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5.2. Proof of Theorem 2. Theorem 1 in [46] shows that under assumptions of
Theorem 2 the growth of ||(fn)∗H1,1(X)|| = ||(f∗)nH1,1(X)|| is ∼ λ1(f)

n.

a) Let θ be a smooth closed (1, 1) form. We write θ = θ+ − θ− where θ± are
positive closed smooth (1, 1) forms. Since f is algebraically 1-stable and since the
growth of ||(fn)∗H1,1(X)|| = ||(f∗)nH1,1(X)|| is ∼ λ1(f)

n, it follows that there is a

constant C > 0 so that ||(f∗)n(θ±)|| ≤ Cλ1(f)
n for any n ∈ N. Hence for any

N ∈ N, the Cesàro’s means

T±
N =

1

N

N∑
j=1

(f∗)j(θ±)

λ1(f)j
,

are positive closed (1, 1) currents of mass ≤ C. Therefore we can find a subsequence
Nj so that the sequences T±

Nj
weakly converge to positive closed (1, 1) currents T±.

We define T+
θ = T+ −T−. Then it is easy to check that (f∗)(T±) = λ1(f)T

±, and

hence f∗(T+
θ ) = λ1(f)T

+
θ .

If the cohomology class {θ} ∈ H1,1(X) is so that f∗{θ} = λ1(f){θ}, then
(f∗)j{θ+ − θ−} = λ1(f)

j{θ} for any j. Hence {T+
N − T−

N } = {θ} for all N , and

therefore the cohomology class of T+
θ is {θ}.

If we choose θ to be a Kähler form, then T+ is also positive, and because the
growth of ||(fn)∗||H1,1 is ∼ λ1(f)

n, T+ is non-zero. In this case, we show that T+

has no mass on hypersurface. This follows from the following claim:

Claim. Let T be a positive closed (1, 1) current such that f∗(T ) = λT for some
λ > 1. Then T has no mass on hypersurfaces.

Proof of the Claim. This claim follows from standard arguments (see Theorem 2.4
in [19]). We prove by contradiction. Assume otherwise that T charges hypersur-
faces. Then there is a hypersurface V and a number c > 0 so that the Lelong number
of T along V is c. SinceX is compact, by Siu’s decomposition theory there is a num-
ber M > 0 so that ν(T, x) ≤ M for all x ∈ X. Let n be a positive integer number so
that c > M/λn. Let Ef = π1(C2) be the critical set of f and let If be the indetermi-
nacy set of f . By Lemma 1, the set A = {x ∈ X : f(x) ∈ If}∪{x ∈ X : f(x) ∈ Ef}
is an analytic subset of dimensions ≤ 1. Then by results of Demailly [14] and Favre
[29], for all x ∈ X −A,

ν(T, x) =
1

λn
ν((fn)∗T, x) ≤ 1

λn
ν(T, fn(x)) ≤ M

λn
< c.

Therefore the contradiction assumption is false, which means that T has no mass
on hypersurfaces.

b) The proof of b) is similar, using Proposition 4 below.
c) For any n ∈ N and any smooth closed (2, 2) form, we have by Lemma 2

{T+
θ }.{(fn)∗(η)} = {(fn)∗(T+

θ ).η}
= λ1(f)

n{T+
θ .η},

because T+
θ is f∗ invariant. Since T−

η is a Cesàro mean of the currents (fn)∗(η),

we have that {T+
θ }.{T−

η } = {T+
θ }.{η}. Similarly we get {T+

θ }.{T−
η } = {θ}.{T−

η }.
If we choose θ and η to be strictly positive closed smooth forms, then

{T+}.{T−} > 0.
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5.3. Analytic stability. We give here a result needed in the proof of Theorem 2.
This result was given as a remark without proof in [45]. Let X be a compact Kähler
manifold of dimension k, and let f : X → X be a dominant meromorphic map. We
recall (see Section 2) that the map f is called algebraically p-stable if (f∗)n = (fn)∗

as linear maps on Hp,p(X) for all n = 1, 2, . . . . When this condition is satisfied, it
follows that λp(f) = rp(f); thus it helps in determining the p-th dynamical degree
of f .

There is also the related condition of analytically p-stable (implicitly used in [25]
in the case X is the projective space Pk), which requires that

1) (fn)∗(T ) is well-defined for any positive closed (p, p) current T and any n ≥ 1.
2) Moreover, (fn)∗(T ) = (f∗)n(T ) for any positive closed (p, p) current T and

any n ≥ 2.
Since Hp,p(X) is generated by classes of positive closed smooth (p, p) forms,

analytic p-stability implies algebraic p-stability. For the converse of this, we have
the following observation.

Proposition 4. Let X be a compact Kähler manifold and f : X → X a dominant
meromorphic map. If π1(Cf ) has codimension ≥ p, then f is analytically p-stable
iff it is algebraically p-stable and satisfies condition 1) above so that (f∗)n(α) is
positive closed for any positive closed smooth (p, p) form α and for any n ≥ 1.
Hence algebraically 1-stability is the same as analytically 1-stability.

Proof. First, let α be a positive closed smooth (p, p) form. Then (fn)∗(α) is a
current with L1 coefficients. Then the assumption that (f∗)n(α) is a positive closed
current and the fact that (f∗)n(α) = (fn)∗(α) outside a proper analytic set imply
that (f∗)n(α) ≥ (fn)∗(α). But by the algebraic p-stability, these currents have
the same cohomology class and hence must be the same. Hence the conclusion of
Remark 4 holds for positive closed smooth (p, p) forms.

Now let T be a positive closed (p, p) current and let n be a positive integer.
By Definition 8, there are positive closed smooth (p, p) forms T±

j so that ||T±
j || is

uniformly bounded, T+
j − T−

j weakly converges to T , and

(fn)∗(T ) = lim
j→∞

(fn)∗(T+
j − T−

j ).

By the first paragraph of the proof, (fn)∗(T+
j − T−

j ) = (f∗)n(T+
j − T−

j ) for any n

and j. Because π1(Cf ) has codimension ≥ p, the continuity property in Theorem 9
implies that

lim
j→∞

(f∗)n(T+
j − T−

j ) = (f∗)n(T ).

Therefore (fn)∗(T ) = (f∗)n(T ) as wanted. �

5.4. Proof of Theorem 4. We follow the proof of Theorem 1.2 in [3], which in
turn follows closely the proof of Theorem 2.2 in [34]. Our proof is almost identical
to that of [3], but we will include the complete proof here for convenience. We will
clearly indicate below where our proof differs from that of [3].

First, we recall the definition of currents with minimal singularities in a psef
(1, 1) cohomology class. Let θ ∈ H1,1(X) be psef, and let’s choose a smooth closed
(1, 1) form representing θ, which we still denote by θ for convenience. Following
Demailly-Peternell-Schneider (see the proof of Theorem 1.5 in [15]) we define

vmin
θ = sup{ϕ ≤ 0 : θ + ddcϕ ≥ 0}
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and Tmin
θ = θ + ddcvmin

θ . We will show that the limit

T = lim
n→∞

1

λn
(f∗)n(Tmin

θ )

exists, and T is what’s needed.
Since f∗{θ} = λ{θ} in cohomology, we have by the ddc lemma for compact

Kähler manifolds that

1

λ
f∗(Tmin

θ ) = θ + ddcφ1,

where φ1 is a quasi-PSH function. Hence we can assume that φ1 ≤ 0, and from the
definition of vmin

θ we get φ1 ≤ vmin
θ .

Applying 1
λf

∗ to the above equality we find that

1

λ2
(f∗)2(Tmin

θ ) = θ + ddcφ2,

where

φ2 = φ1 +
1

λ
(φ1 − vmin

θ ) ◦ f ≤ φ1.

Iterating this we obtain

1

λn
(f∗)n(Tmin

θ ) = θ + φn,

where

φn = φ1 +
n−1∑
j=1

1

λj
(φ1 − vmin

θ ) ≤ φn−1.

(Here is the first place where our proof differs from that in [3]: We don’t need f to
be algebraically 1-stable here.)

φn is therefore a decreasing sequence of quasi-PSH functions. By Hartogs prin-
ciple, φn either converges uniformly to −∞ or converges to a quasi-PSH function
φ. We now use a trick of Sibony [44] to rule out the first possibility.

Let R be a positive closed (1, 1) current whose cohomology class is {θ}. We
consider Cesàro’s means

RN =
1

N

N−1∑
j=1

1

λj
(f∗)j(R).

(Here is the second place where our proof differs from that in [3]: Again, we don’t
need f to be algebraically 1-stable.)

Notice that RN are positive closed (1, 1) currents having the same cohomology
class {θ}; hence they have uniformly bounded masses. We can then extract a cluster
point S. From the definition, it is easy to see that f∗(S) = λS and the cohomology
class of S is {θ}. Therefore, by the ddc lemma we can write

S = θ + ddcu,

where u is a quasi-PSH function. By the invariance of S, after adding a constant
to u we can assume that

φ1 −
1

λ
vmin
θ ◦ f = u− 1

λ
u ◦ f.
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From this, it is easy to obtain

φn = u+
1

λn
vmin
θ ◦ fn − 1

λn
u ◦ fn.

Here is the last and main difference between our proof and that in [3]: By
definition of vmin

θ , there is a constant C such that u ≤ vmin
θ + C. Therefore

φn ≥ u− C

λn
.

Thus φn have uniformly bounded L1 norms and thus converge to a quasi-PSH
function gθ. Therefore the limit

lim
n→∞

1

λn
(f∗)n(Tmin

θ ) = T

exists, where T = θ + ddcgθ. By standard arguments (see Sibony’s paper [44]), T
is what’s needed.

5.5. Proof of Theorem 5. Let T be a positive closed (p, p) current and let η be
a closed smooth (k − p, k − p) form. We will show that T ∧ f∗(η) is well-defined
with respect to Definition 12. We may assume without loss of generality that η is
positive. Hence we need to show that there is a (k, k) current S so that for any
good approximation of DSH currents by C2 forms Kj ,

lim
j→∞

Kj(T ) ∧ f∗(η) = S.

Note that Kj(T ) = K+
j (T ) − K−

j (T ), where K±
j are positive closed (1, 1) forms of

uniformly bounded masses. Define μ±
j = K±

j ∧f∗(η); then μ±
j are positive measures

of uniformly bounded masses. Therefore, there are cluster points μ± of μ±
j . To

finish the proof of Theorem 5, it is therefore sufficient to show that μ = μ+ −μ− is
a (signed) measure independent of the choice of the good approximation Kj and the
subsequence defining μ±. To this end, we will show that if β is a smooth function
on X, then

(5.1) 〈μ, β〉 =
∫
X

f∗(βT ) ∧ η.

Since T is a positive closed (p, p) current and β is a smooth function, the current
βT is a DSH (p, p) current. Hence by Theorem 9, the f∗(βT ) in the integral in the
RHS of (5.1) is well-defined and is independent of either the choice of Kj or the
subsequences defining μ±.

We now proceed to prove (5.1). By definition

〈μ, β〉 = lim
j→∞

〈μ+
j − μ−

j , β〉 = lim
j→∞

∫
X

βKj(T ) ∧ f∗(η).

For each j ∈ N, by definition we have∫
X

βKj(T ) ∧ f∗(η) =

∫
X

f∗(βKj(T )) ∧ η.

It is easy to check that the DSH currents βKj(T ) converge in DSH to the cur-
rent βT . Hence by the continuity of f∗ : DSHp,p(X) → DSHp,p(X), we have
limj→∞ f∗(βKj(T )) = f∗(βT ). Thus T ∧ f∗(η) is well-defined.

Note that if β is positive, then (f∗)(βT ) is positive. In fact, the proof of Theorem
9 in [45] shows that the current (f∗)(βT ) is the extension by zero to I1(f) of the
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current (π1)∗(π2|∗Γf−Cf
(βT )), and hence is a positive current . Therefore 〈μ, β〉 =∫

X
f∗(βT ) ∧ η ≥ 0, which means that μ is a positive measure.

6. A discussion on Question 1

As stated in the introduction, the usual criteria used to prove the equi-distribution
property for the Green (1, 1) currents (see e.g. [20], [34], [3]) are not applicable to
the examples in [8]. Hence a complete answer to Question 1 will require developing
new tools. In this section we discuss some cases where Question 1, for the Green
(1, 1) currents, may be answered in the affirmative.

We first state the criteria used in [20] (see Lemma 2.5 therein) and [3] (see
Lemma 5.4 and Proposition 5.5 therein). The following lemma is Lemma 5.4 in [3].

Lemma 6. Let f : X → X be a dominant meromorphic map of a projective
manifold of dimension ≥ 2. Let Z be a desingularization of the graph of f , and let
π, g : Z → X be the induced holomorphic maps (here π is the projection to the first
factor and g is the projection to the second factor). Let θ be a smooth closed (1, 1)
form on X. If {g∗(θ)}.{C} ≥ 0 for any π-exceptional curve C (i.e. a curve C for
which π(C) is a point), then the quasi-potentials of f∗(θ) are bounded from above.

Applying this criterion, we now give a proof of Theorem 3.

Proof. Let us denote by θ a closed smooth (1, 1) form whose cohomology class
is {θ}. If we can show that {g∗(θ)}.{C} = 0 for all π-exceptional curves C, then
Lemma 6 implies that potentials of f∗(θ) are bounded from above. From the latter,
it follows from the trick of Sibony (see e.g. Step 2 of the proof of Theorem 2.4 in
[20]) that the limit

lim
n→∞

(f∗)n(θ)

λn
1

exists and is the same for any θ. We can also check easily that this limit is the
same as the limit in Theorem 4; see e.g. Proposition 4.3 in [3].

It remains to check that for all π-exceptional curves C, {g∗(θ)}.{C} = 0. Let
D1, D2, . . . , Dm ⊂ X be the irreducible subvarieties of dimension dim(X) − 2 in
the images of the exceptional divisors of π : Z → X. Then by Lemma 4 in [46], we
have in cohomology

f∗{θ}.f∗{θ} = π∗(g
∗{θ}).π∗(g

∗{θ}) = π∗(g
∗({θ}.{θ})) +

∑
j

l(g∗(θ), Dj){Dj}.

Here l(g∗(θ), Cj) are non-negative numbers depending on the intersections between
g∗(θ) and the π-exceptional curves belonging to π−1(Dj). Since f∗({θ}) = λ1{θ},
the assumption (i) that {θ}.{θ} = 0 implies that

∑
j l(g

∗(θ), Dj){Dj} = 0, which

means that each individual term l(g∗(θ), Dj) = 0. The latter, when combined with
the proof of Lemma 4 in [46] and our assumption (ii), implies that {g∗θ}.{C} = 0
for all π-exceptional curves C. The proof is completed. �

There are several other classes of pseudo-automorphisms in dimension 3 where
we expect that Question 1 has an affirmative answer. Let f : X → X be a pseudo-
automorphism in dimension 3 such that λ1(f)

2 > λ2(f). Let T+ be a non-zero
positive closed (1, 1) current such that f∗(T+) = λ1(f)T

+. In fact, it seems that
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Case 2 below should be true for any such pseudo-automorphism. Let Z be a desin-
gularization of the graph of f and let π, g : Z → X be the induced maps, where
π : Z → X is a finite composition of blowups along smooth centers.

Case 1. {T+}.{T+} = 0. This condition is the same as condition (i) in Theorem 3,
and we think that condition (i) alone is enough to prove the conclusions of Theorem
3. The following result justifies this expectation that only exceptional divisors E
of π whose image π(E) is a curve in X should be an obstruction to attaining an
affirmative answer to Question 1 for the Green (1, 1) currents.

Lemma 7. Let f : X → X be a pseudo-automorphism, where X is a projective
3-fold. Assume that there is a desingularization Z of the graph of Γf , such that the
projection to the first factor π : Z → X is a finite composition of blowups along
smooth centers for which if E ⊂ Z is an exceptional divisor, then π(E) is a point

in X. Then f∗ : H1,1(X) → H1,1(X) preserves the cone of nef classes H1,1
nef (X).

In particular, there is a non-zero eigenvector ξ ∈ H1,1
nef (X) with eigenvalue λ1(f) of

f∗ : H1,1(X) → H1,1(X); therefore, Question 1 has an affirmative answer in this
case.

Proof. From the assumption, it is easy to check that if C ⊂ X is a curve, then in
cohomology π∗{C} is an effective 1-cycle; i.e. we can write π∗{C} =

∑
i λi{Ci}

where λi > 0 and Ci are curves on X. In particular, f∗{C} = g∗π
∗{C} is an

effective 1-cycle.
Hence, if {θ} ∈ H1,1

nef (X) we find that for any curve C: f∗{θ}.{C} = {θ}.f∗{C} ≥
0. Therefore f∗{θ} is nef by Kleiman’s criterion. Therefore f∗ : H1,1(X) →
H1,1(X) preserves the cone of nef classes.

Finally, using the above and the results in [20] we find that Question 1 has an
affirmative answer for Green (1, 1) currents. �

Case 2. There is a Kähler form ω such that the cluster points of the sequence

(6.1)
1

λ1(f)n
f∗((fn)∗(ω)) ∧ f∗(ω)− 1

λ1(f)n
f∗((fn)∗(ω) ∧ ω)

contain a positive closed current. In this case taking the limit when n → ∞ we
have by Lemma 4 in [46]

(6.2) f∗{T+}.f∗{ω} − f∗{T+ ∧ ω} =
∑
j

l(g∗T+, g∗(ω), Dj){Dj},

where l(g∗T+, g∗(ω), Dj) are non-negative numbers depending bilinearly on g∗T+

and g∗(ω). More precisely, l(g∗T+, g∗(ω), Dj) depends on the products of num-
bers {g∗T+}.{C} and {g∗(ω)}.{C} where C are π-exceptional curves belonging to
π−1(Dj). Since {g∗(ω)}.{C} > 0 for all curves C for which g(C) is not a point, we
expect that {g∗T+}.{C} ≥ 0 for all π-exceptional curves. The expectation is true
in the simplest case where π : Z → X is a blowup along a finite number of pair-
wise disjoint curves in X. In general, this expectation may not be true; however a
modification of the usual criteria, in particular Lemma 6, may be proved to include
the condition in (6.1) (note also Lemma 7 above, which shows that the exceptional
divisors E ⊂ Z whose image in X are curves are essentially not an obstruction to
proving Question 1 in the affirmative).
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We end this section by explaining how (6.1) may be proved for all pseudo-
automorphisms in dimension 3. Let ω be a Kähler form on X and define Tn =
(fn)∗(ω)/λ1(f)

n. Then Tn is a positive closed (1, 1) current which is smooth out-
side a curve. Both f∗(Tn) and f∗(ω) are positive closed (1, 1) currents smooth out
of a curve, and hence f∗(Tn)∧ f∗(ω) is a well-defined positive closed (2, 2) current.
The two currents f∗(Tn) ∧ f∗(ω) and f∗(Tn ∧ ω) are the same out of a curve. If
we can show that the latter current f∗(Tn ∧ ω) has no mass on curves, then (6.1)
is proved.
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