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CLASSICAL SCALE MIXTURES OF BOOLEAN STABLE LAWS

OCTAVIO ARIZMENDI AND TAKAHIRO HASEBE

ABSTRACT. We study Boolean stable laws, bqa,,, with stability index o and
asymmetry parameter p. We show that the classical scale mixture of bq,,
coincides with a free mixture and also a monotone mixture of bq,,. For this
purpose we define the multiplicative monotone convolution of probability mea-
sures, one supported on the positive real line and the other arbitrary.

We prove that any scale mixture of by, is both classically and freely infin-
itely divisible for &« < 1/2 and also for some o > 1/2. Furthermore, we show
the multiplicative infinite divisibility of b 1 with respect to classical, free and
monotone convolutions.

Scale mixtures of Boolean stable laws include some generalized beta distri-
butions of the second kind, which turn out to be both classically and freely
infinitely divisible. One of them appears as a limit distribution in multiplica-
tive free laws of large numbers studied by Tucci, Haagerup and Moller.

We use a representation of b 1 as the free multiplicative convolution of
a free Bessel law and a free stable law to prove a conjecture of Hinz and
Miotkowski regarding the existence of the free Bessel laws as probability mea-
sures. The proof depends on the fact that bn,1 has free divisibility indicator

0 for 1/2 < a.
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1. INTRODUCTION

In this paper we study different aspects of classical scale mixtures of Boolean
stable laws b, , including classical and free infinite divisibility, unimodality and
the relation with other distributions such as classical stable laws, free stable laws
and free Bessel laws.
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We denote respectively by *,H the classical and free additive convolutions, and
by ®,X the classical and free multiplicative convolutions. An important class of
measures in connection with the study of limit laws is the class of infinitely divis-
ible distributions. A probability measure 4 is said to be (classically) infinitely
divisible (or ID for short) if, for every natural number n, there exists a probability
measure u, such that

M= [ * [ %= w0k gy
—_————
n times

In the same way, in free probability a measure y is said to be freely infinitely di-
visible (or FID for short) if, for every natural number n, there exists a probability
measure [, such that

p= i B g, 8- B

n times

We denote by ZD(x) the class of all ID distributions on R and by ZD(H) the class
of all FID distributions on R.

The Boolean stable law b, , appears as the stable distribution for Boolean inde-
pendence [42]. The positive one by, 1 is the law of quotient of identically distributed,
independent positive a-stable random variables. The density is given by

L sin(am)z

22 4+ 2 cos(am)z® + 1’

a—1

x> 0.

The authors studied these measures in [2] in relation to classical and free infinite
divisibility, proving that the Boolean stable law is FID for « < 1/2 or 1/2 < a <
2/3,2—1/a < p<1/a—1. Moreover the positive Boolean stable law for oo < 1/2
is both ID and FID. Note that Jedidi and Simon showed that it is HCM, more
strongly than ID [30]. The positive Boolean stable law was the first nontrivial
continuous family of measures which are ID and FID.

Our main result is in Section @l We extend the results in [2] to classical scale
mixtures of Boolean stable laws, giving a large class of probability measures being
ID and FID.

Theorem 1.1. Let B, , be a random variable following the Boolean stable law by, ,,
and let X be any nonnegative random variable classically independent of By ,. If

a € (0,1/2] orif a <2/3,p=1/2, then the law of X B, , is in ZD(B) NID(x).

The proof is given separately for ID and FID parts. We show in Theorem E.I8|
that the law of XB, , is ID if: (a) o < 1/2; (b) @ < 1,p = 1/2. (a), (b) may
not be necessary conditions for X B, , being ID. The proof depends on mixtures
of exponential distributions for o < 1/2 and mixtures of Cauchy distributions for
p = 1/2. For the free part, we show in Theorem that the law of X B, , is FID
forany X > Oifand only if: (i) a < 1/2; (i) 1/2 < a <2/3,2—1/a<p<1/a—1.
The proof is based on complex analysis; we show that the Voiculescu transform has
an analytic extension defined in C* taking values in C~ UR (see [16]). When B, ,
is symmetric or positive, we give a simpler proof by using the identities

(1.1) boy =70 ®f,,, a e (0,1],
(1.2) ba1/2 = R R Sym( fa/z,l) ) a € (0,2],
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where f, , is a free stable law and 7 is a free Poisson. See Section [2 for the other
notation. We also show the multiplicative infinite divisibility for b,,; with respect
to classical, free and monotone convolutions.

In Subsections and Il we establish a lot of identities involving classical,
Boolean and free stable laws, and multiplicative classical ®, free X and monotone
O convolutions. For this purpose, we define the multiplicative monotone convo-
lution of two probability measures, one supported on [0,00) and the other on R,
in Subsection B.Jl The most outstanding result in this context is the following
identity:

ul/o‘ ® by, = um/o‘ X by, ba, is positive or symmetric.

The measure p'/® is the law of X/® when X follows the law p. This identity gives
us a direct connection between classical multiplication and free multiplication, and
it suggests the importance of b, ,. In Subsection 2] we compare classical, free
and Boolean stable laws and observe similarities between them.

Examples of random variables X B, , as in Theorem [[I] are provided in Section
We give new probability measures which are both ID and FID, including the
generalized beta distributions of the second kind with densities

Ia73/2
Ca,B * ml(o,w)(l’)v a € (1/2a 1]7ﬂ € (07 1/04],
B-1
%1(0@0)(@, B € (0,1/2);

see Proposition[5Iland Example 5.5 Moreover, these measures are HCM (see [I7]).
We compute the limit distributions in free multiplicative laws of large numbers
[21[45)

lim (uﬁn)l/n

n—oo
by taking i to be the law of X B, 1. The limit distribution is again a scale mixture
of Boolean stable laws, but now with stability index «/(1 — «). We consider the
free Jurek class which is the free analogue of Jurek class [3I]. The law of XB, ,
belongs to the free Jurek class for « < 0.42,p =1 and for a < 1/2,p=1/2.

Free Bessel laws, introduced in Banica et al. [8], are measures g = (1 — t)dp +
Dy ((7™)B1/t) for s > 0,0 < t < 1, where 7 is the free Poisson with mean 1. Note
that 7, is a probability measure since 7r is K-infinitely divisible. It is also known
that the parameters may be extended to s > 1,¢ > 0. The question of whether one
can extend these parameters for 0 < s < 1,¢ > 1 was raised in [§]. Later, from
considerations of moments, Hinz and Miotkowski [28] conjectured that (w®*)®* is
not a probability measure for 0 < s,t < 1. In the last part of the paper, we give
an answer to the conjecture of Hinz and Mlotkowski using the representation (L))
and the free divisibility indicator, and we then settle the question of the existence
of free Bessel laws as a corollary.

Theorem 1.2. Let s,t > 0 and let 7wy = (wgs)ﬁﬂt. Then s is a probability
measure if and only if max(s,t) > 1. In other words, the sequence of Fuss-Narayana
polynomials given by

n

- - tk n ns

k=1
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is a sequence of moments of a probability measure on R if and only if max(s,t) > 1.
In particular, the free Bessel law 7y is a probability measure if and only if (s,t) €
(0,00) x (0,00) — (0,1) x (1,00).

2. PRELIMINARIES

1
(1) N=1{1,2,3,...} is the set of strictly positive natural numbers.
(2) P is the set of (Borel) probability measures on R.
(3) Py is the set of probability measures on Ry = [0, 00).
(4) Ps is the set of symmetric probability measures on R.
(5) For a € R, we denote by D,u the dilation of a probability measure pu, i.e. if a
random variable X follows u, then D, u is the law of aX.
(6) C*,C~ denote the complex upper half-plane and the lower half-plane, respec-
tively.
(7) For D C C\ {0}, the set D~! denotes the image of D by the map 2 — 27 1.
(8) For 6; < 6, such that 6, — 0, < 2w, Cg, 4,) is the sector {re? :r > 0,0 €
(61,02)}.
(9) For o, 8 >0, I'y s is the truncated cone {z € C* : |Re(z)| < alm(z), |z| > B}.
(10) For p € R and p € Py, let u? be the push-forward of p by the map z — zP. If
p is an integer, we define p? for any p € P. If p < 0, we define pP only when
1({0}) = 0. We may use the notation /& instead of p'/2,
(11) For p € Py, the measure Sym(y) is the symmetrization §(u(dz) + p(—dz)).
(12) For z € C\ (—Ry), arg z is the argument of z taking values in (—m, 7).
(13) For p € R, the power z +— zP denotes the principal value |z|Pe??82 in C\
(—R+4).
(14) For 6, < 05 such that 6, — 6; < 2, argg, ,) 2 denotes the argument of z €
Ci6,,6,) taking values in (01,6s).
(15) For p € R and 6; < 6 such that 3 — 6; < 2w, the power z — (2)1(791792) is
defined by |z|? exp(ip arg g, g,) z) for z € Cg, 0,)-

2.2. Additive convolutions. We briefly explain the additive convolutions from
noncommutative probability used in this paper. They correspond to notions of in-
dependence coming from universal products classified by Muraki [34]: tensor (clas-
sical), free, Boolean and monotone independences. We omit monotone convolution
since it does not appear in this paper.

2.2.1. Classical convolution. Let F,, be the characteristic function of u € P. Then
the classical convolution is characterized by

‘7:#1*#2(2) = ‘Flu (Z)f,uz(z)v S R,M,Mz cP.

Classical convolution corresponds to the sum of (tensor) independent random vari-
ables.

The moment generating function of 1 € P is defined by M, (2) := F,(z/7),
z € iR. When p € P, the domain of M, extends to {z € C : Re(z) < 0}. For
p € P, there exists a € (0, 00] such that M, (2) # 0 in i(—a,a), and then we may
define the classical cumulant transform of y € P by

C.(2) =log(My(2)),  z€i(-a,a),

w
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such that it is continuous and C;;(0) = 0. It then follows that for some ¢ > 0
depending on 1, p2,
Chywpn(2) =Cp (2) +C,

P M2(z)7 z €i(—c,c).

In general, C* does not characterize the probability measure, that is, there are two
distinct p,v € P such that C;(2) = C;(2) in some i(—a,a). In particular cases
such as pu € ID(x), the characteristic function does not have a zero and hence the
classical cumulant transform Cj; extends to a continuous function on :R. Then C}

on iR (or on —iR; ) uniquely determines .

2.2.2. Free convolution. Free convolution was defined in [48] for compactly sup-
ported probability measures and later extended in [33] for the case of finite variance,
and in [16] for the general unbounded case. Let

6= [, Re)=gm  seC\R

)
Z—T

be the Cauchy transform and the reciprocal Cauchy transform (or F-
transform) of p € P, respectively. It was proved in Bercovici and Voiculescu [16]
that there exist a, 3, &/, 8’ > 0 such that F}, is univalent in I'/ g and F,(T'as p/) D
Ty 5. Hence the left compositional inverse F, ' may be defined in T'y 4. The
Voiculescu transform of y is then defined by ¢, (2) = F,;*(z) — z on the region
[y where F ! is defined. Moreover, the free cumulant transform (see [9]) is

a variant of ¢, defined as

C;?(Z) = 2¢y (é) = ZFu_l (%) -1 2€ (Lap) ™

The free convolution of two probability measures 1, p2 on R is the probability
measure 1 H po on R such that

DBz (2) = Gua (2) + P (2)

in a common domain I'y s which is contained in the intersection of the domains
of ¢u,,Pu, and ¢, m,,. Free convolution corresponds to the sum of free random
variables [10].

For any t > 1 and any p € P, there exists a measure u®* € P which satisfies
¢,2:(2) = t¢,(2) in a common domain [37].

2.2.3. Boolean convolution. The Boolean convolution [42] of two probability
measures (i1, o on R is defined as the probability measure p; & pe on R such
that

n#l@#‘z (Z) = 77#1 (Z) + 71p2 (Z), Z € (C_a
where the n-transform (or Boolean cumulant transform) is defined by

(2.1) mu(z) =1 2F, (1) ,  zeC.

z

Boolean convolution corresponds to the sum of Boolean independent random vari-
ables. Such an operator-theoretic model was constructed in [42] for bounded oper-
ators and in [20] for unbounded operators.

For any ¢t > 0 and any p € P, there exists a measure u® € P which satisfies
Mt (2) = tnu(z) in C~ [2].
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2.3. Multiplicative convolutions.

2.3.1. Multiplicative classical convolution. The multiplicative classical convo-
lution py ® pe of p1, ue € P is defined by

/ F(@) (e ® v)(de) = / F(ay)p(da)v(dy)
R R

for any bounded continuous function f on R. The measure p; ® s corresponds
to the distribution of XY, where X and Y are independent random variables with
distributions @1 and ps, respectively.

2.3.2. Multiplicative free convolution. For probability measures uq € Py, e € P,
the multiplicative free convolution p; X us € P is defined as the distribution
of VXY VX , where X > 0 and Y are free random variables with distributions
and g, respectively. Multiplicative free convolution was introduced in [47] for com-
pactly supported probability measures, and then extended in [16] for noncompactly
supported probability measures.

Suppose that dg # p € Py (resp. 69 # p € Ps). The function 7, is univalent
around (—o00,0) (resp. i(—00,0)) taking values in a neighborhood of the interval
(1 — (u({0}))71,0) (we understand that (u({0}))~! = oo if u({0}) = 0), so that
one may define the compositional inverse 77;1 and then the Y-transform

i (2)

Su(z) ==, ze(@—(u{0})"0).

z

Multiplicative free convolution X is characterized by the multiplication of 3-trans-
forms:

(2.2) s (2) = X, (2)8,,(2), 11 € Py, o € Py oor pg € Py,

in the common interval (—f3,0), provided p; # do # pe. The case pi, ps € Py
was proved in [I6] and the case 1 € Py, p2 € Ps was proved in [6]. When py €
P, 2 € P and they have compact supports, ([2:2)) was proved in a neighborhood
of 0 in [47] and [39]. In the most general case p; € Py and ps € P, it is still an
open problem to define an appropriate X-transform ¥, and to prove ([2.2).

Instead of the X-transform, often used to calculate multiplicative free convolution
is the S-transform:

(23) 5,1 = (

z
142

), 2 € (~1+ p({0}),0).

If 4 € P, then a convolution power p®* € P, , satisfying ¥ (2) = (Zu(2))",
is well defined for any ¢ > 1 ([11]). A probability measure p € P, is said to be
X-infinitely divisible if for any n € N, there is u,, on R such that p = u%” =
L B 9 .

For i1 € P4,v € P, the identity

(2.4) Dy (P RV = (uRv)®, >,

was proved in [I3] Proposition 3.5].
Using the S-transform, it was proved in [6] that, for © € P4 and v € Ps, the
following relation holds:

(2.5) (pXv)? = X p X2
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Assume p € P4 and p({0}) = 0. The following formula is known [22, Proposition
3.13]:

(2.6) S, (2) = ﬁ 2 € (—1,0).

2.4. Free infinite divisibility.

2.4.1. Characterization, Lévy-Khintchine representation. Recall that a probability
measure /4 is ID if and only if its classical cumulant transform Cj; has the Lévy-
Khintchine representation (see e.g. [40])

1
(2.7) Ci(z) =nz+ Eaz2 + /(e” —1—ztl_y () v(dt), z€iR,
R
where 7 € R, a > 0 and v is a Lévy measure on R, that is, [ min(1,#*)v(dt) < co
and v({0}) = 0. If this representation exists, the triplet (1, a,v) is unique and is
called the classical characteristic triplet of pu.
An FID measure has a free analogue of the Lévy-Khintchine representation.

Theorem 2.1 (Voiculescu [46], Maassen [33], Bercovici & Voiculescu [16], Barn-

dorff-Nielsen & Thorbjgrnsen [9]). For a probability measure pn on R, the following

are equivalent.

(1) w belongs to TD(H).

(2) —¢, extends to a Pick function, i.e. an analytic map of C* into CT UR.

(3) Foranyt > 0, there exists a probability measure u™* with the property ¢ e (2) =
tou(z).

(4) A probability measure j1 on R is FID if and only if there are n, € R, a, > 0
and a Lévy measure v, on R such that

(2.8) C,EE(Z) = Nuz +a,z’ —l—/]R (

The triplet (n,, a,,v,) is unique and is called the free characteristic triplet
of w and v, is called the Lévy measure of u.

T —1- tZl[,Ll] (f,)) Uu(dt), zeC™.

An important FID distribution in this paper is the free Poisson law 7, also known
as the Marchenko-Pastur law, with free characteristic triplet (1,0,6;) and density
1 /4

— ;xdx, 0<z<4.
21 T

The free Poisson distribution 7r is infinitely divisible both with respect to X and H.

2.4.2. Compound free Poisson distribution. Suppose that o € ZD(H) does not have
a semicircular component (a, = 0) and that the Lévy measure v, in ([2.8)) satisfies
fR+ min(1,t)v,(dt) < co. Then the Lévy-Khintchine representation reduces to

(2.9) C?(z):n;z—k/R(l_lzt—Q vy (dt), zeC,

where 7, € R. The measure o is called the compound free Poisson distribution
(41]) with rate A and jump distribution p if the drift term 7/ is zero and the Lévy
measure v, is Ap for some A > 0 and a probability measure p on R. To clarify these
parameters, we denote o = w(\, p).
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Remark 2.2. (1) The Marchenko-Pastur law 7 is a compound free Poisson with
rate 1 and jump distribution d.

(2) For any v € P, the compound free Poisson m(1,r) coincides with the free
multiplication 7w X v. (This fact was proved in [38, Proposition 4] when v is
symmetric or supported on R;. By using a formula for free cumulants of the
product of free random variables [36], we can prove the fact for compactly
supported v and then for arbitrary measures by approximation.)

2.4.3. Free divisibility indicator. A one-parameter family of maps {B;};>o on P,
introduced by Belinschi and Nica [13], is defined by

By (1) = (Maa(ut))lﬂl%z.

The family {B,;};>0 is a composition semigroup and, moreover, each map B, is a
homomorphism regarding multiplicative free convolution: B;(uXv) = B () KB, (v)
for probability measures u € Po,v € P.

Let ¢(u) denote the free divisibility indicator defined by

(2.10) o(p) :==sup{t > 0: pu € B:(P)},
which has another expression [4]
(2.11) ¢(p) = sup{t > 0: ¥ € ID(M@)}.

For any 1 € P and 0 < s < ¢(u), Belinschi and Nica proved that a probability
measure v, uniquely exists such that B, (vs) = p. Therefore, the definition of B, (u)
may be extended for 0 > ¢t > —¢(u) by setting B;(u) = v—_;. The indicator ¢(u)
satisfies the following properties [13].

Theorem 2.3. (1) u®t exists if and only if ¢p(p) > 1 —t.
(2) wis FID if and only if ¢(u) > 1.
(3) ¢(B(w)) can be calculated as
P(Bi(p) = o) +1, > —d(n).
More information on B:(u) and ¢(u) is found in [4L13]29].

2.5. Stable distributions. Let 2 be the set of admissible parameters:
A={(a,p):a€(0,1],pc[0,1]}U{(a,p): € (1,2],pe [l —a "t a ']}

Definition 2.4. Assume that («, p) is admissible. The classical n, , (see e.g. [40]),
Boolean by, , [42], free £, , [I5[16] and monotone m, , [24/49] strictly stable dis-
tributions are defined, respectively, by their classical cumulant, 7, free cumulant
and F transforms as follows:

(2.12) Ca.,(2) = — (e 2)*, z € i(—00,0);
(2.13) Mo, (2) = — (e’ 2)*, 2eCT;
(2.14) Cgp(z) = —(eP™2)*, zeC;
(2.15) P, ,(2) = (z* + ™) 5 zeCT.

The parameters a, p are called the stability index and asymmetry parameter.

Remark 2.5. This parametrization follows [25] (except that we include oo = 1 too)
and is different from [I5] to respect the correspondence with the classical stable
distributions [50].
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Note that
n,=by,="4,=m,, p € [0,1],

and it is the Cauchy distribution c, with density

1 sinwp

7 (x4 cosmp)2 +sin®7p’

with the convention ¢g = d_; and ¢; = d;.

The probability density functions of the Boolean (and monotone) stable laws are
described in [26]. When o < 1 or when a > 1,1 —1/a < p < 1/a, the Boolean
stable law b, is absolutely continuous with respect to the Lebesgue measure and
the density is given by

(2.16) P p(2)1(0,00) () + 15 (2) 1 (—o0,0) (2),
where
(2.17) * (z) = sin(mpar) o1
’ P p\) = 0 x2@ 4 229 cos(mpar) + 1’
- sin(r(1 — p)) |z
2.18 = . '
(2.18) Pap(®) w |22 + 2[z[* cos(m (1 — p)a) + 1

For a € [1,2] and p =1 — 1/, 1/, the measure b, , has one or two atoms.

3. BASIC RESULTS

3.1. Multiplicative monotone convolution: General case. The multiplica-
tive monotone convolution of probability measures 1, o € Py is defined as
the probability measure p1 O ps € Py such that

N1 Opa (Z) = Ny (7]#2 (2))7 zeCt.

Multiplicative monotone convolution corresponds to the operator v XY VX (not
VY X\/Y) when X —1 and Y are monotone independent random variables [20] and
X,Y > 0. Compactly supported measures p1, uo € Py were considered in [I4] and
measures p1, o € P4 with unbounded supports were considered in [20].

From the operator model, it is natural to try to define multiplicative monotone
convolution for arbitrary u, € P, pe € P. Actually the above operator model still
works for the general case 1 € Py, e € P with a slight modification of proofs.

We will define multiplicative monotone convolution in this general case in terms
of complex analysis. For later use, we extract from Belinschi and Bercovici [11] the
following characterization of the n-transform for p € Py.

Proposition 3.1. Let 6y # p € Py. The n-transform n, : C\ Ry — C satisfies
the following.

(i) 7u(C7) € C and n,(C\Ry) C C\R,.
) Mu(Z) = nu(z) for C\ R4.
(iil) arg(n,(z)) € (—m,argz] for any z € C™.
(iv) mu(2) = 0 as z — 0 nontangentially to Ry.. More precisely, for any o € (0,7)
we have

lim nu(2) = 0.

ZHO,ZEC(,QWJH%,@)

Conversely, if an analytic map n: C\ Ry — C satisfies conditions [{) — ([), then
there exists a probability measure dg # pu € P4 such that n =1,.
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We characterize the n-transform of a general p € P.

Proposition 3.2. Let y # &g be a probability measure on R. Then the n-transform
Ny : C= = C is analytic and satisfies the following.

(1) 7u(C™) € C\Ry.

(2) argz —m < arg(_on oy (Nu(2)) < argz for z € C™.

(3) Mu(z) = 0 as z — 0,z € C~ nontangentially to R.

Conversely, if an analytic map 1 : C~ — C satisfies the above conditions (), (2],
@), then there exists a probability measure p # 69 on R such that n =n,,.

Remark 3.3. Condition (B may be replaced by the following simple one:
3.1 limn, (iy) = 0.

(3.1) lim (1)

For our purpose condition (B]) is more useful.

Proof. We have formula (2.1]), and so

z—F,(z
(3.2) n(l/z) = T‘L()
If 7(1/2z9) = ¢ > 0 for some zy € CT, then F},(z9) = (1 — ¢)z. If moreover ¢ > 0,
then this contradicts the fact that Im(F),(z)) > Im(z) for z € C*. If ¢ = 0, then
F,(z0) = 29, which is possible only when p = 4y, a contradiction. Hence we get

We have 1/z — F,(1/2) € C- UR\ {0} for z € C, and hence condition (2]
follows from the identity n(z) = 2(1/z — F,(1/%)).

Since z — F),(z) = o(|z]) € C™ as z — 00,z € C~ nontangentially to R (see [16]),
we get (@)).

Conversely, suppose an analytic map n : C— — C satisfies (1), @), (B)). From (@),
the function 27(1/z) maps CT analytically into C~ UR. Hence it has a Nevanlinna-
Pick representation

(3.3) n(l/z) = —az+b— /R lx—l—_xzz

7(dx), zeC,

for some a > 0,b € R and a nonnegative finite measure 7. Hence

n(z):—a—l—bz-!—/w

g T(dz) = —a + o(1)

as z — 0,z € C~ nontangentially to R. From (@) it follows that a = 0. From
[16, Proposition 5.2], there exists € P such that F,(z) = z — zn(1/z) and hence
1 = n,. Condition (1) implies that n # 0 and hence p # . O

Now we can give a complex analytic definition of 1 O psa.

Theorem 3.4. Let 11 € Py and ps € P. There exists a probability measure p € P
such that n,(2) = 1y, (N, (2)) for z € C~. We denote p = p11 O po.

Proof. Proposition BIIf) for 1, and Proposition B2/ for 7,, imply Proposition
B2 for 1., © 7, -
Take any z € C~. Then we have

B _ arg(_or 0) (M (M2 (2))) < Arg(_or 0) (M, (2)) < arg(z),
(34) M) € C i{MQQMmemx@»+w>o>mga
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where Proposition BII{i) and Proposition B2(2]) are used on the first line and
Proposition BIIf) is used on the second. On the other hand, we have:

Ny (2) € CT U (—00,0)

(35) - arg(_ar 0) (nul (77#2 (Z))) < -7 < arg(z),
Arg(_or 0y (Muy (Mus (2))) + T > arg_ox o) (1M, (2)) + 7 > arg(2),
where Proposition [BIf) is used on the first line and Proposition B[, (@) and

Proposition B2([) are used on the second. From (B4 and [B.3]), Proposition B2[2)
holds for 7, o n,.

Finally, Proposition Byl for n,, and Proposition B2@3) for 7,, imply Propo-
sition B2@) for n,, o nu,. Note here that for any o € (0,7/2), if = — 0, z €
C(—nta,—a), thenn,,(2) €C(_or4qa,—q) from Proposition B.22), and hence 7, (2) —
0 nontangentially to R.. ([l

3.2. Transforms and identities for stable laws. The following relations will
often be used.

Proposition 3.5 (5, X, n-transforms of by ,, fn ,, My ,, 7).
(3.6)

b, ,(2) = —e_ip”(—z)T7 z2<0,(a,p) e pef0,1/2,1},

So.(2) = —e~ieT (— : ) L e (=L0)(ap) €A p e {0,1/2,1),

S, (2) = —e 707 (_—) o 2 <0,(a,p) €, p € {0,1/2,1},

() = —eﬂ‘p”(—z)%7 z € (-1,0),(a,p) €A, p e {0,1/2,1},
Thm, ,(2) =1 = ((e"72) + 1)1/, 2€C,(a,p) €,

(1= 2)* = 1)/

Ema,p(z) = _eiipﬂ- —

; 2 <0,(a,p) €A,pe{0,1/2,1},
(3.12)

Ya(z)=1-2z, z <0,
(3.13)

Sr(2) !

- 142’

A direct computation of densities implies the following.

z € (—1,0).

Lemma 3.6. Let o € (0,2]. Then
(3.14) (ba,1/2)” =baja1.
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Using the Y- or S-transform, we are able to show the following.
Proposition 3.7. (1) Let « <1 andt > 0. Then
(3.15) (bo1)® =b

T,(l_o&)+a 1

In particular, we have (bl/m)&t =bi/140,1,t>0.
(2) Let « <1 andt > 0. Then

(3.16) (ba1)”" =bat 1,

that is, ba5,1 O boﬁ,l = bas+t’1, s,t > 0.
(3) We have the representation

(3.17) ba, =% ®f,,  ac(0,1],pe{0,1/2,1}.

(4) The symmetric Boolean stable law by, 1/2 has the representation

(3.18) bo/s = 755 R sym(, /fa/z,l) . ae(0,2].

Proof. [I) Note that
identity

—arra < 1. The assertion follows from B0) and the

(1-o)t _ '~ wrasa

«

@) is a consequence of (2I3)).
@) From BI), BI3) and B1), we get

N © S
t(l—a)+a

—ipm l1-—a 1
S miza . (2) = S¢,,(2)S giza(z) =—e """ (=2) 0 ——x
™ o a,p ™ <« (1 + Z) o
1=
S UL — ’ = Sb, ,(2), z € (—1,0).
1+2 oL
@) From BI4), B3I and 2I), we have the representation

1—a/2 e —a
(ba,1/2)2 = ba/2,1 = Trlz a2 fa/2,1 = 7T|XQ2—& X 77'2'22_0‘ X fa/2,1

- (wg?—f X sym(, /fa/m))z.
ba1/2 = el Sym(, /fa/2,1) .

This means that

4. SCALE MIXTURES OF BOOLEAN STABLE LAWS

In this, the main section of the paper, we find identities between the classical
scale mixtures, free mixtures and monotone mixtures of Boolean stable laws. We
then consider the classical and free infinite divisibility of scale mixtures of Boolean
stable laws.
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4.1. Definition and properties.

Definition 4.1. Assume that («, p) is admissible and p € Py.

(1) The measure u ® b, , is called a scale mixture (or a classical scale mixture)
of by,

(2) The measure ;X b, , is called a free mixture of b, ,.

(3) The measure p O by, is called a monotone mixture of b, ,.

(4) Let Bop :={r®bg, : v € P} be the set of scale mixtures of by .

For o € (0,1],p € [0,1] and p € P, the scale mixture u ® b, , is described as
follows:
(4.1)

H® boz,p = /L({O})JO + (1 - ILL({O})) (p;,a,p(x)l(()po) (l‘) +p;,04,p(‘r)1(—oo,0) (I)) dl‘,

where

(42) Pla,(x)=

sin(mpa) / P ()
o

™ o0) T2 + 2(wt) cos(mpar) + 2

(4:3) Ppa,p(r) =

sin(7(1 — p)a) / ||~ Lt
0

dt).
™ o0) 72 + 2|zt|* cos(m(1 — p)a) + tQO‘u( )

Remark 4.2. Note that the set By , coincides with the scale mixtures of the Cauchy
distribution ¢, with Cauchy transform G¢, (z) = ﬁ Since by = 41, the set
Bi1 coincides with P .

A key for proving the results in this section is the following formulas for the
different transforms of scale mixtures of Boolean stable laws.

Proposition 4.3. For any admissible pair (o, p) and p € Py, the following for-
mulas hold:

1 - )
(4.4) G/ogb, ,(2) = —;(e_“’”z)aGu(—(e_’p”z)(’), zeCH,

(4.5) nul/a®ba,p(z) = n#(—(eip”z)a), zeC.

Proof. Let X, B,,, be classical independent random variables following the laws
i, ba,, respectively. Then

1 1/X
Guab.,,(2) = Gxp, ,(2) = E[z - XBO,,J B ]EL/X - Boz,p:|

1 z 1
(4.6) E{YGBQ"’ (})] E|:Z_|_ez’ozp7ronzl—oz:|

1 : 1
a—1 —iapm ,a—1
= El—————| = — L E -
< |:ZO‘ ezamrXa:| € z |: e tapT you Xoc:|

_ _e—ipﬂ-(e—ipﬂ'z)a—lGMa (_(e—ip‘n'z)a).

By replacing o by p'/®, we obtain ([@4). The equality ([@X) follows from @4 and
ai) 0

In particular, for p = 1, we have explicit formulas for the Cauchy transform and
related transforms of ;1 ® by 1.
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Corollary 4.4. For a € (0,1], 4 € P4, the following formulas hold:
WT) Grean, () = (~2)°1Gu(~(=2)°), 2 <0,
(4.8) Nut/a@b, , (2) = 1u(=(=2)"), z <0.

Now we show an important formula saying that a scale mixture of b, , is also a
free mixture, and moreover is a monotone mixture.

Theorem 4.5. For any p,v € Py, the following relations hold:

(4.9) e @by, =i ®b,,,, a e (0,1],p € {0,1/2,1},
(4.10) 1 @by, =1 Oba,, (a,p) € .

Remark 4.6. The identity @3) is valid for o > 1, p = 1/2 if &/ exists in Py

Proof. We first show ([@9). (I) implies n;jll/a@ba,p(z) = .e—ilﬁf(_n;l(z))l/Ot7 SO
that

I M Q) e (miom) (ZZTulDY
z -z
= (EH(Z))I/Q (_e—ipﬂ)(_z)ltTa = Eﬂgl/” (Z)Zba,p (Z)
for z € (—¢,0) where ¥,,(z) is defined. In the last equality, formula (B.6) was used.

(#I10) follows from (A and ZI3). O

Corollary 4.7. For any probability measures pu,v € Py, the following relations
hold:

Eul/a(@ba,p (Z) =

1/«
(4.11) (Ml/%@ba,l)&(ul/a@ba,l):(u&ugb1 ) ®ba1, ac(0,1],

2—a i1

(4.12) (" @ba,p) ¥ (W @bas) = (LW 1) @ bq,p, (o, p) €24,
(413) pO (Vl/a ®ba,,) = (1O V)l/a ® bap, (a,p) € 2.

X1/a
Proof. ([@I1]) follows from (9] and the relation b, ; = (b . ,1) .

(A12)) follows from (5.
@13) follows from the computation

Nuowireab, ) (2) = Mu(/eeb, , (2) = 1.0, (= (€772)%)).
O

A particular case of Proposition yields a relation between Boolean stable
laws with different parameters.

Proposition 4.8. The following relation holds for Boolean stable laws:
(bﬁ,l)l/a ® ba,, = bag,p, (o, p) €A, B € (0,1].
Proof. This is an easy comparison of n-transforms:
M) /o@ba,(7) = by, (—(€772)%) = =(72)* =1, (2),
where we used (@) on the first equality and np, , (2) = —(—2)” on the second. [
From the previous theorems we can derive closure properties of Boolean mixtures.

Proposition 4.9. (1) For (a,p) € 2, the set By, is closed with respect to .
(2) Let (a,p) €A. Ifoc € Py and T € Bap, then o @ 7,0 O T € By, .
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3) Let a < 1. The set By 1 is closed with respect to ®,K, 8, O .
4) Let a < 1. If B € [a, 1] and p € Ba1, then u? €By/g-

5) Let a € (0,1] and t > 1. If 1 € By.1, then & € Bia
6) Let o < 1. If 7 € By and 7({0}) =0, then 771 € Ba 1.

Proof. ([I) follows from ({I12).
@) The assertion for & follows by definition. The assertion for ¢ follows from

(Iz(.él)) The assertions for W, O, ® are included in ([]) and (). The assertion for X
follows from (IT]).

@) From Proposition we have bg 1 ® (b,lz/¢;11)1/[3 = b, 1. Taking 8 powers
we get (bg1)? ®bas1 = (ba,1)?, implying that (ba,1)? € Ba/g.1-

() Take pu € By,1. Then p is of the form VB x ba,1, so that

ﬂlXt _ (Vﬁl/a)&t X (ba,l)‘gt _ Vlth/a X b N 1,

t(l—a)+a

Where we used (BIH) on the last equality. We define A = V®t(1,;)+a, to obtain
xf(l a)+(x t - t
=A |Z|bt(17cg)+a71 S Bt(l—(;)+a’1' Note that —a)ta — i—(-Ta >1
and S0 A exists as a probability measure.
@) This follows from the fact that (ba,1)~! = ba,1 since b, 1 is the law of the

quotient of two classical independent, identically distributed positive stable random
variables (see (ZIM)). O

We study the behavior of the probability density function at x = 0.

1-

A~ o~~~

)

Proposition 4.10. Let (o, p) be admissible. If T = p® bg,, € Ba,p, and T # do,
then the density function p, o ,(x) of the absolutely continuous part of T satisfies

(4.14)

liml%nfwe(o,oo], ifp#£0,0<a<lorp#1l/a,l<a<?2,
T A
(4.15)
e P () ;
hmT})nfglE(O,oo], ifp#l0<a<lorp#l—-1/a,l<a<?2.
x A

In particular, bg , ¢ Ba,, if 0 < o < B <min(1/p,1/(1 — p)).

Proof. We can find an interval [a, b] of (0, c0) such that u([a,b]) > 0. Let p # 0, <
1. Then for = > 0, we get

sm(wpa) xoT e

Paas®) = (L= 0N T | )
sm(ﬂ'pa) R

> (1= u({0}) [, st st
sm(wpa) @ 1g®

= (1= p{0}) ——nlle, b])x%‘ + 222b%| cos(mpa)| + b2’

which leads to the conclusion (IM) The other cases can be treated similarly.
If 0 < o < 3, then for bg , we have lim, o 2227 ACE) Hence bg , ¢ Ba,p. O

Proposition 4.11. Let p € [0,1]. Then B,, C Bg, if 0 < a < < min(1/p,
1/(1 = p)), where we understand that 1/0 = co. The inclusion is strict.
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Proof. The relation b, , ® (b 1)Y/® = b,g,, in Proposition B8 implies this inclu-
sion. The strictness of the inclusions follows from Proposition [£.I0l O

4.2. Connections between classical, free and Boolean stable laws. We want
to point out some relations between Boolean, free and classical stable laws. As noted
in the last paragraph of [2], there is an interplay among free, Boolean and classical
stable laws. We have the identity £, 1 X (f,,1) ™' = na1 ® (na,1) 7! for a € (0,1] as
proved in Proposition A4.4 of [I5]. Moreover, this coincides with a Boolean stable
law:

(4.16) bai =fa1 X (fa1) ' =na1 ® (na1) ", a € (0,1].
This relation can be generalized as follows.

Proposition 4.12. The following formulas hold true:

(4.17) ba, = fa, X (f01) ", a€ (0,1],p€{0,1/2,1},
(4.18) ba, =14, ® (na1) ", a € (0,1],p € [0, 1].

Remark 4.13. These relations do not hold for o > 1 since n,; and f,; are not
defined.

Proof. ([&17) follows from ([BI7)) and the fact

l1—a

(fa,l)_l :Trg oy

which can be proved from (2.6), (3:9) and (B3.13)).
(I8) From Proposition L8 we have, on one hand, that

bmp =bg1 ® Cp.
On the other hand, from [50, Theorem 3.3.1], we get

No,p = Na,1 @ Cp.
Hence we get ({18) by multiplying (18] by c,. a

Here we collect some identities and properties for by, fa p, Do p, including known
results which may bring some insight into the relationship between different kinds
of stable laws.

Theorem 4.14. The following relations hold:

(4.19)  (bg1)"* ®ba, = bag,, (a,p) €2, B € (0,1],

(420)  (bg1)®Y*®b,, =bas,, (a,p) e Be(0,1],pec{0,1/2,1},
(4.21) b1 O ba,, =bag, s (a, p) €A, B € (0,1],

(422)  (ng1)Y*@®na, =nas,, (a,p) €2, B € (0,1],

(423) (B )V Rfoy=fagp  (@p) €AFE(0.1],p€{0,1/2,1}.
Moreover, we have the following properties:

(424)  Npsegp, ,(2) = 1u(—(€772)%), 2€C,(a,p) €2,

(4.25) Magn, ,(2) = M (=(e72)), z €i(—00,0), (a, p) € L,

(426) ooy (2)=CE(—(€7™2)"),  z€(Tup) L a<lpe{0,1/2,1),
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for some a,b > 0 depending on u,c, p. In particular, the maps Ba p, Na p, Fop :
Py — P defined by

B, (1) = p'/* ® b, (a, p) € 4,
Na,p(p) = Pt ® Ny p, (a,p) €,
Fop(u) = " Rt a € (0,1],p € {0,1/2,1},

are homomorphisms with respect to W, x, H, respectively.

Remark 4.15. We can understand that for o < 1, formulas ([@I9) and (£20) are
consequences of formulas ([@22]) and ([@23]) respectively, together with the identities
in Proposition .12l This argument is not available for o« > 1 since Proposition .12l
is no longer true.

Proof. [@I9) was proved in Proposition 8 (£20) and (@ZI) follow from (@I19),
(#9) and @I0). @22) is known; see [50, Theorem 3.3.1]. (£.23) is proved by the

direct computation of the S-transform (B.9]).

Formula ([£24)) is exactly ([@I]). For formula ([.23]), let X, N, , be independent
random variables following the laws p,n, , respectively. By using ([212)), we have
the formula

Myrsagn, ,(2) = E[e"X""Nows] = Efexp (—ei”a”(zXl/a)a)]
= Elexp (—X(eipﬂz)a)] _ MH(_(eipr)a), 2 € i(—00,0).

For formula (£26), we compute

o

Symoms,  (2) = —e 77 (=2) TS, (),

and hence
Zs‘u&uagfa,p (z) = eiipﬂ—(_zs,u(z))l/a'

Due to [6135], the relation C®(2S,(2)) = 2 holds for v € P or v € P, in an open
neighborhood U of (—a,0) for some a > 0. Therefore f(z) = 2S5, (z) is univalent in
U and CP is univalent in f(U) which contains an interval (—b,0) if v € P, and an
interval i(0, c) if v € P,. Hence we have 25, (z) = (CF)~'(z) and then

. 1/«
B - —ipm B\ —
(Chijeme, ) () =7 (<€) T, ze(=s,0),
for some s > 0. Formula ([£20]) follows after some computation and by analytic
continuation. ]

As a final comment regarding multiplicative properties of stable laws, we want to
point out that formulas (Z20) and (£23) are relatives of the reproducing properties

(4.27) £1/0400 B a4, = fi/01510).00
(4.28) b1/146),1 ®¥b1/11s),p = b1/(14s1)p

for s,t > 0, (a,p) € A, p € {0,1/2,1}. Formula [@27) was established in [15] for
p=1and in [6] for p = 1/2, and formula [@28]) was established in [2]. We expect

these formulas, as well as B17), (£9), @I, @20) and @E23), to be true for

general p, but the S-transform is not yet available in the general case.
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4.3. Classical and multiplicative infinite divisibility. We prove the ID part
of Theorem [[T] in the following paragraph. Before proving it, let us recall some
facts about exponential mixtures. See [44] for further details.

Definition 4.16. A measure is said to be an exponential mixture if y is dis-
tributed as the random variable X F, where E follows the exponential distribution
with density e™1(g o)(2) and X is any random variable independent of X. If X
is positive, then u is called a positive exponential mixture. We denote by EM
the set of exponential mixtures.

Some properties of exponential functions are the following.

(1) A positive random variable X is an exponential mixture if and only if X
has a completely monotone density.

(2) If X is a positive exponential mixture, then X is also for a > 1.

(3) If X € EM and Y is independent of X, then XY € EM.

The importance of exponential mixtures in this paper comes from the following
theorem.

Theorem 4.17. EM C ID(x).
Now we are ready to prove part of Theorem [L.11

Theorem 4.18. (1) Ifa € (0,1/2],p € [0,1], then B, , C EM.
(2) If a € (0,1], p =1/2, then B,,, C ID(x).
(3) If p#1/2, then By, ¢ ID(x).

Proof. M) Clearly it is enough to show that b, , itself is an exponential mixture
for @ < 1/2. It is proved in [2] that b, 1 is a positive exponential mixture. We now
use the identity in Proposition &8 bg , ® (b1/271)1/6 =bg/a,,. Since (bl/gyl)l/ﬁ is
a positive exponential mixture for 8 < 1, we see that b, , is an exponential mixture
for @ < 1/2.

@) Any mixture of a symmetric Cauchy distribution is ID from Theorem
IV.10.5 in Steutel and van Harn [44]. From Remark and Proposition .8 we
have b, 1/2 = ba,1 ® €1/2 and hence u ® by, 1 /2 is also a mixture of the symmetric
Cauchy distribution ¢y /5.

@) Let p € (0,1), p # 1/2 and consider the law (pdy + (1 — p)d1) * by ,. Its
Fourier transform can be computed as

}—(p50+(1—p)61)*b1,p (2)=p+(1- p)e—(sinpw)\zl-i-i(cospw)z, 2 €R,
and in particular

™

.7:(1’50+(1*p)61)*b1,p (Cosm—) =p—(1- p)e—ﬂtanpﬂ"

If we take p := W, then Fy, w(pso+(1-p)sr) (ﬁ) = 0, which implies that
(pdo + (1 — p)d1) * by, & ID(x) from Proposition IV.2.4 in [44]. O

Problem 4.19. Determine the possible pairs (a, p) completely so that B, , C
ID(x).

Now, we prove infinite divisibility of Boolean stable laws in the multiplicative
case.
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Proposition 4.20 (Multiplicative infinite divisibility). The positive Boolean stable
law bqy,1 s infinitely divisible with respect to the convolutions ®,X, O for any o < 1.

Proof. The stable distribution n,, ; is ®-infinitely divisible (see [50, Theorem 3.5.1]),
and hence so is (nq,1)"!. Therefore by 1 = (na,1) ! ® N, is ®-infinitely divisible
too (see ([£I6)). The K-infinite divisibility follows from ([BI5]) and the O-infinite
divisibility follows from (B.16]). O

4.4. Free infinite divisibility of B, ,. We prove the free part of Theorem [ T]and
the following paragraph. We start from short proofs of the free infinite divisibility
of By,1 and B, 3 /2 by using Proposition B.71

Proposition 4.21. (1) For o < 1/2,p € {0,1/2,1} and p € Py, the measure
pt/e ® ba,, s a compound free Poisson with rate 1 and jump distribution
P2/ B R) g, L and hence 1t/ @ by, , is FID.

(2) For a <2/3 and pu € Py, the probability measure pt/e® ba,1/2 is a compound
free Poisson with rate 1 and jump distribution Mm/a@ﬂ_x% XSym(\/fa/TJ) ,
and hence it is FID.

Proof. These are obvious from (£9)), (3I7), (3I8) and Remark O

The complete determination of the free infinite divisibility of B,,, requires the
ideas of [2] and [I8] (but see Remark B.I4[]) for a possibility of extending Propo-

sition [£27]).

Definition 4.22. A probability measure p is said to be in class UZ if Fufl, defined
in a domain I, g, has an analytic continuation which is univalent in C*. From the
Riemann mapping theorem, p € UZ if and only if there exists a domain C* C D C
C such that F}, extends to an analytic bijection I:"H from D onto CT.

The importance of this class is given by the following lemma (implicitly used in
[12)).
Lemma 4.23 ([3]). If p € UL, then p is FID.

The following result was shown in [I8] Proposition 2.1].

Lemma 4.24. A probability measure p on R is in UL if there exists a simple,

continuous curve v = (y(t))ter C C~ UR with the following properties:

() Jim bO] = Jm 0] =00;

(B) F,, extends to an analytic function F,, in D(y) which is continuous on D(7),
where D(7y) denotes the simply connected open set containing CT with boundary
g

(C) Fu(y) cCTUR;

(D) F,(2) = z+ o(z) uniformly as z — oo, z € D(v).

The following result completes the free part of Theorem [I.11

Theorem 4.25. The following statements hold.

(1) If « € (0,1/2] and p € [0,1], then B, , C UL C ID(H).
(2) fae(1/2,2/3] andp € [2—1/a,1/a — 1], then B,,, C ZD(H).
(3) Otherwise, B,,, ¢ ZD(H).
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Moreover, if (a,p) satisfies the assumptions of () or @), then any probability
measure v € By, has free divisibility indicator infinity.

Proof. Let B, , and X be classically independent random variables following by,
and a probability measure p € Py, respectively. We may assume that X is discrete
and takes only a finitely many number of positive values, so in particular a < X <b
for some 0 < a < b. The general case follows from approximation since the set UZ
(resp. ZD(M)) is closed with respect to the weak convergence [3] (resp. see e.g.
[10, Theorem 3.8] and [40, Lemma 7.8]).

Using (4.6]), we have

1

_ +
(429) GXB@:D(Z) =E 2+ eiapm Xayl—a |’ z€Cm.
We define
__opm _ (L= pajm
b =~ oy 1= T

by := {re' . r > 0}, 0 eR,
v = ng u{o}u £¢o¢,p'

@) Assume moreover that o € (0,1/2); the case o = 1/2 follows by approxi-
mation. It then holds that 6, , € (—7,0], ¢a,, € [7,27) and ¢q,p — ba,, € (7,27).
Note that D(v) = Cg, ,.¢..,)-

We will show that the curve v satisfies the assumptions in Lemma .24l Condi-
tion ([A) is clear. For condition (Bl), we first show that

(x) GxB,,, extends analytically to a function G in D(7) which is continuous
on D(7) \ {0}, and also G does not have a zero in D(7) \ {0}.

In view of ([@.29]), it suffices to show that for any z > 0 and z € D(y)\ {0}, the point

w(z, z) = z—i—xaeiapﬂ(z)%;a 6...,) s not zero. Indeed, when z € C*, w(z, 2) is not
a,psPa,p .

zero since w(z,z) = F,p, (z) € CT. When z = re'?, § € [0, ,,0], we compute the

difference of the arguments of the points z, z®e’*"™ (Z)é(;a ba.p)
apsPa,p

(4.30) O<(1—a)9+ap7r—9§1a pm < T.

-«
This shows, for each z = re?, 6 € [,,,,0], there exists a line L, passing 0 such
that for any = > 0 the points z, 2%e!*°™ (z)éeif‘p’%’p) lie in the same open half-plane
H, with boundary L., and hence w(z, z) lies in H, too, so w(z,z) # 0. When
z=re? 0 € [T, ¢a,,| We get similarly

(4.31) 0>(1—a)9+ap7r—92—%(1—p)7r>—7r.

From a similar reasoning, w(z, z) # 0. Since w(z, z) is continuous with respect to
x, we get inf oy |w(z,2)| > 0. Hence we can define the analytic continuation of
GxBg,, by

- 1
G(z)=E _ — . z€D().
z+ eZaPﬂXa(z)(lemm%yp)
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This extends continuously to D(v) \ {0}. The arguments around (£.30) and (E.31)
actually show that G(z) # 0 for z € D( )\ {0}, because 1/w(zx, z) lies in the half-
plane (H,)~! for any z > 0 and so G(z) = E[1/w(X, 2)] € (H.)~" too. Thus we
have established (x).

Let F(z) := 1/G(z). Then F is analytic in D(7) and continuous on D(7) \ {0}
from (x). Moreover, since X takes only finitely many values, it is easy to see that
lim; 0 .ep(y) G(z) = 0o, and hence F' extends to a continuous function on D(7).
This is condition (B).

For condition (C)), take r > 0 and then

1 1

= — € Ct U (0,00),
’1"619"‘ o+ etapm X o (Tezea p)( 0) retfa,p + Xapl-a ( )
Oa,psPa,p
1 1
; - - = — € Ct U (—00,0).
T61¢O‘vp + GwépﬂXO‘(’f‘eup"hP)%e_a o) 7-62¢a,p — Xopl-a ( )
a,psPa,p

We take the expectation and use (4.29) to obtain G(y\{0}) c CTUR\ {0}. Recall
that F'(0) = 0 and so we have condition (C).
Finally, since X is bounded, it is easy to show that

zapTFXO‘( )(Oa prba,p) _ 0(1)
1 + emszrXa( )(9(, N . ,,)

uniformly as z — oo, z € D(7). This shows condition (D). From Lemma [£24] the
law of X B, , is in UZ.

@) Assume moreover that p € (2 — 1/a,1/a — 1). Note now that 0, , €
(=7,0), ¢a,p € (7,27). Since now ¢q,p — 0o, > 27, the sector Cg, , 4. ) coincides
with C\ {0} as a subset of C, and hence we have to modify Lemma We use
the Riemannian surface corresponding to the interval (6a,,, ¢a,,) of arguments and
divide the domain into three parts: Cg,  ,n), C(pr 4. ,) and an open neighborhood

(4.32) z <C:(z) - 1) =-E

of £,>. We denote by G1,Ga,Gs analytlc maps in these three domains respectively
such that each coincides with G x Ba,, in the intersection of each domain and C*, and
we denote by E} their reciprocals. Note that we can define the analytic continuations
G1, G along the same line of the previous case [); the inequalities (30), (@31)
are still true thanks to the assumption p € (2—1/,1/a — 1), and so the functions

wie2) 5= 2+ a0 TS and wa(e,2) = 2+ a2, do ot
vanish. Hence we have the expression for G; as
. 1
Gi(z)=E -
1(2) Z+empﬂXa(z)(19—(me)

and similarly for Go. The map G is just the restriction of Gy B,,- Note that
Fy (Lpr) = £pr and F3 is univalent in an open neighborhood Ds of £, from a direct
computation of derivative of G3. So the left compositional inverse (F3|p,) !
in an open neighborhood of ¢,.

We want to define a univalent inverse of F} in C(o,pm)- Now we take the curve
Y1 =y, ,U{0}ULyr as the curve v in Lemma .24l We can check the conditions in
Lemma [.24lsimilarly to (Il except that we understand that D(y1) = Cg,, , or) and
we replace condition () by F (71) € (Co,pm))¢. Accordingly to these modifications,
the conclusion of the lemma changes to: there is a domain Dy C (C(gaypm) such

exists
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that Fy is a bijection from D; onto C(0,pm)- The proof of this fact is almost the
same as [I8, Proposition 2.1]. Hence its inverse map (Fy|p,)”" exists in C0,pm)-
Similarly, the inverse (Fy|p,) " exists in C(pr,x) for some Dy. Finally we define an
analytic map F~' in C* by

B (}E‘l‘Dl)il(z)v Z € C(O,pﬂ')?
F_l(z) = (F3‘D3)71(Z)v z Efpﬂ,
(FQ‘D2)_1(Z)3 z € (C(pﬂ',ﬂ')'

This map is not necessarily univalent, but we can show that ¢(z) := F~1(z) — z
for z € C* takes values in C~ UR; see the arguments in [23] Lemma 2.7] or in
[2, Proposition 3.6]. Since qB is the analytic continuation of the Voiculescu transform
$xB,.,, the law of X B, , is FID from Theorem 2.1l

@) As proved in [2], by, ¢ ZD(H) in the following cases: a > 1; o € (1/2,1)
and p € [0, 22=1)U(1=2 1]. The remaining case is @ = 1 when b, , is a Cauchy dis-
tribution, which itself is FID. However we can show By, ¢ ZD(H); see Proposition
03]

For the final statement, take v € B, ,, which may be written as v = u'/* ®b,,.
For any ¢ > 0, from (LX) we have

v = (1) ® by, € Ba, C ID(H),
and hence ¢(v) = oo from (ZIT)). O

Remark 4.26. In the context of complex analysis, the map F,gp,, , may be useful
because it has the invariant half line ¢,, = {re™ : r > 0}.

For a nonnegative finite measure o on (0, 1/2], the continuous Boolean convolu-
tion [2] is the probability measure b(o) defined by

Moy (2) = — /( Aot

We can similarly prove the free infinite divisibility for the scale mixture p & b(o).
However it turns out that b(c) belongs to By /1 as we see in Proposition
5. EXAMPLES

5.1. Explicit densities of probability measures in B;/; ;. The probability
density function ([.I]) of 4 ® by /9 is in particular simply written as

x—1/2 oo
(5.1) —/O VY dy), w0,

™ r+y

By introducing the measure 7(dy) = |/y pu(dy), the density has the expression

172

(5.2) - G.(-x), x> 0.

We will find explicit probability densities of this form.

Proposition 5.1. Let o € (1/2,1] and af € (0,1]. The generalized beta distribu-
tion of the second kind with density function
xa—3/2

)1/ﬁ 1(0,00) (:17)

5.3 0B A 7a
(5:3) G (z*B 4+ 1
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belongs to the class By, and hence it is in TD(H) N EM from Theorems EIF
and A28l Note that co,g > 0 is a normalizing constant.

Proof. From (5) and (5.2), it suffices to find a measure 7 such that y—'/27(dy)

is a finite measure and that —G,(—z) = S then we may define p =

(EIESVEE
c- y_l/zT(dy) for a normalizing constant ¢ > 0.
We define an analytic map
(~2)o!
()R + )77
and we show that this is the Cauchy transform of a probability measure. Since
2G(z) = o(1) uniformly as z — oo,z € C*, it suffices to show that G maps C* into
C~. For z =re", r > 0,0 € (0,7), we have

i(0—m)ya—1 i(l—a)(m—0)
0 o (,rei ) _ -1 €
Im(G(re”)) = Im(((rei(Gﬂ))aﬁ_’_l)l/,B) =T Im((raﬂeiaﬁ(we) ¥ 1)1/ﬁ> ’

G(z) == — z€ C\ Ry,

Let
go(rew) = arg(r”‘ﬁe_iaﬁ(”_g) +1) and R(rei‘g) = |ra56_io‘ﬂ(”_9) +1].

Since a8 € (0,1], it is easy to see that r®fe=f(7=0) 1 1 ¢ C~ and p(re)
(—af(m —6),0). We have the expression

(5.4) Im(G(Tew)) = —ra_lR(rew)_l/ﬁ sin ((1 —a)(r—06)— ap(reie)/ﬁ) )

Since ¢(re') € (—aB(r—0),0), we get 0 < (1 —a)(m—0) —p(re?)/B <7 —0 <,
and hence Im(G(re?)) < 0.

Now we know that there exists 7 € P such that G = G,. Since G takes real
values on (—00,0), it follows from the Stieltjes inversion that 7 € P;. Both ¢ and
R extend continuously to CT UR \ {1} (R extends to CT UR; ¢ also extends to
CT UR if af < 1). Therefore (5.4)) gives us

(5.5) liﬁ}Im(G(z +iy)) = —2* " R(x) Y sin (arr + () /B) , x>0,z #1.

y
By the Stieltjes inversion, 7 has a density which behaves as sin(am)z®~! as
x | 0, and hence = /27(dx) is a finite measure for a € (1/2,1]. Thus p®by/q has
the density (53) thanks to the arguments in the first paragraph of the proof. O

140(1)

Proposition 5.2. Let —1 < a < 1/2. The probability measure with density

1+x)*-1
Ca ax—3/21(0’°°)(x)

belongs to By /2,1, where cq > 0 is a normalizing constant. If a = 0, this measure is

understood as ( )
log(1 + x
Co - W (0,00) (I) dx.

Proof. First consider —1 < a < 0 and let 7, be the shifted beta distribution of the
second kind with density m . @ on (1,00). From Example 3.3(4) in [23],
1—(14a)®

we get -G, (—z) = , which can be written as

<1 t—1)¢ 1 @ —1
/ i) AP € .l ac(~1,0).
1 x+t t sin(ma) azx

(5.6)
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This identity extends to a € (—1,1) since the integral in the LHS exists and both
sides are real analytic functions of a € (—1,1). Let u, be the probability measure

1+a,11/2_a) . (ttg}g for a € (—1,1/2). From (52)) and

(B8], up to the multiplication of a constant the measure yi, ® by/2; has density
(14x)*—1 O

ax3/2?

on (1,00) with density Vel

We present the third example without a proof.

Example 5.3. Let pu be the beta distribution with density 2%/;1(0,1)@) dt. Then
the measure p ® by 1 is given by

log (1+1/xz)

5.2. Limit distributions of multiplicative free laws of large numbers. Tucci
investigated free multiplicative laws of large numbers for measures with compact
support in [45] and then Haagerup and Maoller proved the general case as follows
[21]: If 4 € P, then the law

(M@n)l/n

weakly converges to a probability measure on R, which we denote by ®(u). A
striking fact is that the limit law ®(u) is not a delta measure unless u is a delta
measure. In fact the map ® is even injective. The distribution function of this limit
measure can be described in terms of the S-transform as follows:

200 =), 20 (0.5 |) = e .

We compute ®(u) when p is a scale mixture of positive Boolean stable laws.

Theorem 5.4. Let p € Py and o € (0,1/2].
(1) It holds that

(5.7) P(pNWbg,1) = (pXWb o) ®Pa(l),
where Pa(r) is the Pareto distribution
Pa(r)(dz) = r(1+2) " " 1(g,00) () dz.

In particular,

(5.8) (X byyp;) = p®Pa(l).
(2) We have
(5.9) O ®bay) = (FTF) S @ Pa(l) @b ;.

This implies that ®(Ba,1) C B_a_1 NEM since Pa(l) € EM. In particular,
we have ®(By/31) C ID(H) N EM.
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Proof. First we show (B.8)) as follows:

((ﬂ X b1/2,1)®n) e =

where we used (10 on the second line and ([@9)) on the third. If a measure v € P,

has a density p(z), the measure v? has the density %xéflp(x%). It then follows

that the density of (bg,1)? is given by

sin(mq) 1

wq a2+ 2xcos(mq) + 1’

which converges to (1 + z)~2 uniformly on [0, 00) as ¢ — 0. Hence (5.8) has been
proved.
Recall from ([.28) that the identity by/o; M b_a_; = by holds. By replacing

p by b1 My in (B8), we obtain (5.1).

—a

By replacing p by p®/® in ([5.7), we have
(I)(Nl/a ®ba,1) = (b(ﬂ&l/a X ba,1)
= ()" ®b o) @ Pa(l)

l1—a

_ ((M&ﬁ) o @bﬁ@) ® Pa(1).

O

Example 5.5. Theorem [0.4] in particular implies that ®(B,1) C ZD(H) for a <
1/3. The constant 1/3 is optimal as shown in the following example. Take p to be
the Boolean stable law b, ;1 itself for o € (0,1). Then

1

s () () - ()

where the new parameter § = %= € (0,00) is introduced for simplicity. The

compositional inverse function of m is now equal to %, and so we have
7

O(u)([0,2]) = % for x € [0,00). The density function is given by

dd(p) «  pal!
i e ViR

x € (0, 00),

which is a generalized beta distribution of the second kind but a different one from
Proposition 5.Il This measure is in ZD(BH) N EM for § € (0,1/2] from Theorem
B4l From [23, Theorem 5.1], the measure ® () is not in ZD(H) for S € (1/2,2/3),
and so the number 1/3 is optimal.
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5.3. Continuous Boolean convolution. The continuous Boolean convolu-
tion b(o) of Boolean stable laws is defined by

Mb(o)(2) = — /(0.1](—2)(1 o(da), zeC,

for nonnegative finite measure o supported on (0,1] (see [2]). Symbolically this
measure may be written as

b(o) = /(w ba1 o(da).

0,1]
The density is given by

1 f(o 1 sin(ar)z!~% o(da)

2 29
(:v + f(o 1 cos(am)zl—« U(dOé)) + (f(o 1 sin(am)zl—« o(da))
Proposition 5.6. For nonnegative finite measure o on (0,1/2], we have

b(O') = b(.l)QO')2 ® b1/2_’1 S 81/271.

x> 0.

Proof. We compare the n-transforms using Corollary L4

Tb(Dac)2@by a1 (2) = T(Dac)(—(—2)"?)

S /01(_2)%a Dso(da)

1/2
= —/ (—2)%o(da)
0

= Mbo)(2).
O

Example 5.7. A particularly interesting case comes when o := > ;_, (2)5 kg In
this case we get

b(c) = (ml/n,l)l/a ®ba,1 € By
This can be proved by computing the n-transform (see ([BI0I).

5.4. Probability measures in B ,\ ZD(H). We present a two-parameter family
of probability measures, some of which belong to 51 , \ ZD(H). This completes the
proof of Theorem For t,p € [0,1], let A\, , € By, be the probability measure

1—1t i
At,p = ((1 —t)dg + td1) ® ¢, = tdp + ) sin p

1r(x) dx,
(z + cos pm)2 + sin? pr r(@)
which appeared in the proof of Theorem I8 The measures Ao, and A;; are
understood to be tdg + (1 — t)d_1 and tdg + (1 — t)d; respectively.

Proposition 5.8. The measure N\, is FID if and only if: (1) t = 0; (2) t €
[1/2,1], |cospm| <2t — 1. In particular, B1,, ¢ TD(H).

Proof. Assume that ¢, p € (0,1); the other cases are Bernoulli distributions and are
well known. The Cauchy transform of A, is given by Gy, ,(2) = £ + Zi%m, and

— =z
so for some «, 5 > 0

1 - ) )
b, ,(2) = 5 (—z — e+ (27 +2(2t — 1)z + 62“’”)25722#)) , z€Tlqp.
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Note that the polynomial 22 4 2(2t — 1)e*™z + ™ has the zeros zi = e'(P™+®),
where cos¢ = 1 — 2t and ¢ € (0,7). If ¢t € (0,1/2), then z; or z_ is contained
in C* and so ¢y, , does not extend to C* analytically, and so A, ¢ ZD(8) from
Theorem EI1 If t € [1/2,1), then both z, = /P and 2 = P %) are in
C~ UR if and only if m — ¢ < pm < ¢ or equivalently | cos pr| < 2t — 1.

Now suppose that |cos pr| < 2t — 1. Then ¢y, , extends analytically to C* and
continuously to CT UR, so from Theorem 2] we only have to show that

(5.10) Im(¢y, ,(2)) <0, ze€ CtUR.
First we are going to prove that Im(¢y, ,(x +140)) <0 for z € R. Let
re .= 2% + 2(2t — 1)6”’% + e%irm
= 2% 4 2(2t — 1)(cos pm)x 4 cos 2pm + 2sin pr(cos pr + (2t — 1)z )i.

The inequality (BI0) on R is equivalent to /rsin(f/2) < sinpr and from the
formula sin?(0/2) = (1 — cos#)/2, it is also equivalent to r < rcos@ + 2sin? pr =
224 2(2t — 1)(cos pr)x + 1. The difference (22 +2(2t — 1)(cos pm)z + 1)2 — 2 turns
out to be 16t(1—t)(sin? pr)x? > 0, showing the desired conclusion (G.I0) for z € R.

Next, consider the bounded domain Dy surrounded by the boundary [—R, R] U
{z € C" : |z| = R}. We can easily show the estimate ¢, ,(z) = —(1 —t)e’”™ +o(1)
uniformly as z — 0o, 2 € CT. Hence, (5.I0) is valid on the boundary of Dg for large
R > 0. From the maximum principle for (sub-) harmonic functions, the inequality
(EI0) holds for any z € Dg, and hence for z € C* by taking the limit R — co. 0

Moreover we can explicitly calculate the free divisibility indicator of A; ,.
Proposition 5.9. Lett,p € [0,1]. Then
% tan? (57) te(0,1), pe0,1/2],

() = § phtan? (S27) v e (0,1), pe[1/2,1],

00, t€{0,1}.

Proof. We assume t € (0, 1); otherwise \; , is a delta measure or a Cauchy distri-
bution whose free divisibility indicator is infinity. By computing n-transforms, we
get

()\t,p)wu — D(l—t)u+t (A(l—t3u+t’p) s u > 0.
From Proposition 58 this is FID if and only if |cospr| < (l—fﬁ — 1. From
ZII), ¢(\:,) is the solution u of the equation |cos pr| = ﬁ — 1, giving the
assertion of the proposition. O

5.5. Free Jurek class and B, ,. The second-named author and Thorbjgrnsen
established the free analogue of Yamazato’s theorem, saying that any freely self-
decomposable distribution is unimodal [27]. We want to find examples of freely
selfdecomposable distributions from measures in B, ,, but such is not possible at
least for positive and symmetric cases. This is because scale mixtures of Boolean
stable laws are compound free Poisson distributions (see Proposition [£21]), but a
nontrivial freely selfdecomposable distribution does not have a finite Lévy mea-
sure. Instead, we will consider a class called the free Jurek class that is larger than
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the class of freely selfdecomposable distributions. We consider scale mixtures of
Boolean stable laws which belong to the free Jurek class.

The classical Jurek class was studied in [31] and it coincides with all the distri-
butions of stochastic integrals of the form fol t dX;, where (X)¢>0 is a Lévy process
starting at 0.

Definition 5.10. An FID distribution p is said to be freely s-selfdecomposable
if the Lévy measure v, is unimodal with mode 0. The set U(H) of all freely s-
selfdecomposable distributions is called the free Jurek class.

We quote a special case of [26] Theorem 4].

Lemma 5.11. (1) The positive Boolean stable law by, 1 is unimodal with mode 0 if
and only if o € (0, ap], where ag = 0.7364 ... is the unique solution x € (0,1)
of the equation sinmx = x.

(2) The symmetric Boolean stable law by, 12 is unimodal with mode 0 if and only
if o € (0,1].

The following result follows from Khintchine’s characterization of unimodality
(see [32] or [0, Theorem 2.7.3]): a probability measure p is unimodal with mode
0 if and only if 4 = u ® p for some p € P, where u is the uniform distribution on
[0,1].

Lemma 5.12. If u € P is unimodal with mode 0, then so is v ® u for any v € P.

Theorem 5.13. Let oy = ap/(1+ag) = 0.4241 ..., where oy is the number defined
in Lemma B.IIl The following statements hold.
(1) Ba CUB) for o € (0, a1].
(2) Ba1j2 CUE) for o€ (0,1/2].
Proof. Let p € Py, 8 = a/(1 — «) and assume that p = 1/2 or 1. Note first that
plt/e @by, is FIDiIf o« <y <1/2,p=1orifa <1/2 <2/3,p=1/2 from
Theorem The computation of S-transforms gives us the formula
(5.11) ba, =7X(fi_o1)®/ Kbg,.
Then we have

p* ®bg,, = g Bb,,,

=R R (fi_01) P Rbg,

5.12 1
(512 =mX ((ﬂxli“ Ry o) P R bﬁm)

-7 ((ugﬁ Rf_o1)/?® bﬁ,p) ,
where we used ([£9) on the first and last lines. This means that the Lévy measure
of pt/* ® b, , is given by the probability measure
(5.13) (WET ®E_01)/ @bg,;

see Remark 2.2l If & < a3 and p = 1, then 8 < ag and bg,1 is unimodal with mode
0 from Lemma BTl and so is the Lévy measure from Lemma [5.12] The symmetric
case p = 1/2 is similar. O

Remark 5.14. (1) As usual, we cannot use the S-transform for general p, and we
cannot extend Theorem [BE.13] for p #0,1/2, 1.
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(2) The Lévy measure (5.13)) can be written as B, /(1-q),p(F1-a,1(¢)) with nota-
tions in Theorem .14l and hence we have the formula

(5.14) Ba,p(p) =X B, /1-a)p(F1-a,1(1)

for a € (0,1/2],p = 1or a € (0,2/3],p = 1/2. We cannot show this identity
for p ¢ {0,1/2,1} because of the lack of S-transforms. However, the RHS of
(ET4) is well defined and is a compound free Poisson when a < 1/2 or when
a€(1/2,2/3],p€ [2—1/a,1/a—1]. If (514 is true for this general case, then
we have a quite simple proof of Theorem 25, [2]).

6. EXISTENCE OF FREE BESSEL LAWS

In this section, we prove Theorem [[.21 which also settles the problem of definition
of free Bessel laws stated in Banica et al. [8].

6.1. Free powers of free Poisson. Given p € Py, one can ask whether the
convolution powers p®* and p®t exist for various values of s,¢ > 0. Specifically,
the question is whether S, (2)° and tCﬁ (%) are the S- and free cumulant transforms
of some probability measures. It is known that for s > 1 or ¢ > 1, the convolution
powers 1% and p®t always exist as probability measures.

Furthermore, one can ask whether the convolution powers (u r(p
exist, for different values of s, > 0. Since we have the “commutation” relation

(Naat)gs _ Dt5*1 (‘uﬁs)EEt

|Z|s)EEt o EEt)@s

for ¢t > 1 and s > 1, then both questions are equivalent.

We answer this question for the case when p = 7r. Since the free Poisson distri-
bution 7 is K-infinitely divisible and free regular (the latter meaning that 7@ € P,
for any ¢ > 0; see [5]), then the double power 7y = (7%)® exists as a probability
measure when max(s,t) > 1.

The moments and cumulants of 7t were studied by Hinz and Mlotkowski [28§].
In particular, they state the following conjecture which is closely related to the
question of the possible parameters of free Bessel laws in Banica et al. [§] as we
explain below.

Conjecture 6.1 ([28]). 7 is a probability measure if and only if max(s,t) > 1.
Equivalently, the sequence given by mo(s,t) =1 and

o =20 () ()

is positive definite if and only if max(s,t) > 1

We solve the conjecture of Hinz and Mlotkowski in the affirmative. We will use
the relation between free Poisson, free stable and Boolean stable laws

b 1= 7T & fa 1
proved in [BIT) together with the following lemma.

Lemma 6.2. For 1/2 < a <1 andt < 1, (ba1)® does not exist as a probability
measure.
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Proof. The Boolean stable law by, 1 is not FID for a € (1/2,1) [2], and so ¢(bq,1) <
1 from Theorem Z3|[2). From the arguments in Subsection 3.3 of [4], the free
divisibility indicator ¢(b,,1) is either 0 or oo, but since it is smaller than 1, it is 0.
Then Theorem 23| implies the conclusion. |

Now, we are in position to prove the first part of Theorem [[.2] that is, the
conjecture by Hinz and Mlotkowski.

Proof of Theorem on . Let 0<s,t <1, = 1is and K = t'~1/®_ Suppose

that 7y, is a probability measure. Then so is b(s,t) := 75 K £, 1. Since t < 1, we
can take the 1/t free additive power, yielding

b(s,t)BVt = (7, K1, B!
B1/t
= D, ((ﬂ_IZs)EEt> X (fa,l)Eﬁl/t
= Dy(r®)R D, 1/a(fa1)
= Dg(n®*Rf,,),

where we used (24)) in the second equality and the stability property of f, ; in the
third. Since a = ﬁ, then s = (1 —a)/a and s € (0,1). Thus, we have proved
that, for 1/2 < a < 1,

b(s, )P/ = Dy (75" K f,1) = D (bas).

This means (bayl)aat exists as a probability measure but this is impossible by Lemma
0.2) O

6.2. Free Bessel laws. Let us recall the definition of free Bessel laws, together
with some basic facts. The free Bessel laws were introduced in Banica et al. [§] as a
two-parameter family of probability measures on R generalizing the free Poisson 7.
They studied connections with random matrices, quantum groups and k-divisible
noncrossing partitions.

The original definition of the free Bessel law is the following.

Definition 6.3. The free Bessel law is the probability measure s with (s,t) €
(0,00) x (0,00) — (0,1) x (1,00), defined as follows:

(1) For s > 1 we set my = w30~ & 7B,

(2) For t <1 we set wge = ((1 —t)dp + td1) X s,

The compatibility between (1) and (2) comes from the following identity valid
fors>1land 0 <t <1:

AR 7B = (1 - )8 + t6,) K 7P,

Special important cases are ¢ = 1 for which 7y = 7™ and s = 1 for which
T, = He

1t =T .

The moments of free Bessel law 74 are calculated as follows [8]:
n_ Lk
th (n—1 ns

6.2 = — .
In the particular case where t = 1 and s is an integer we obtain the Fuss-Catalan
numbers m,, = sn1+1 (s":"), known to appear in several contexts. In particular, they
count the number of s-divisible and (s+1)-equal noncrossing partitions. For details
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on s-divisible noncrossing partitions, see Edelman [19], Stanley [43], Arizmendi [1]
and Armstrong [7].

Banica et al. [8] considered the question of whether 7y exists as a probability
measure for certain points in the critical rectangle (0, 1) x (1, c0). The precise range
of the parameters (s,t) was an open problem. We can determine it from the first
part of Theorem Indeed, one recognizes the moments in ([6.2)) as the moments
of 7,1/, multiplied by t"*1 and thus we get the following (or see the proof of
[8, Theorem 3.1]).

Lemma 6.4. Let s,t > 0. We have

(6.3) st = (1 =)0 + tDe(Ts,1/1),
or equivalently
(6.4) 7o = (1 = )b + tDy(ms,1/0),

where equalities are in the sense of linear functionals on the polynomial ring Clz],
e.g. wet (™) = mp(s,t), n > 0.

From the previous lemma we directly get the last part of Theorem

Proof of Theorem on . It suffices to show that 7y is not a probability mea-
sure for ¢ > 1 and s < 1. Suppose m, /s is a probability measure for some
0 < s,t < 1. Then from (64), 7 is a probability measure too. This is a con-
tradiction to the first part of Theorem which we proved to be true. O
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