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NONNEGATIVITY CONSTRAINTS FOR STRUCTURED

COMPLETE SYSTEMS

ALEXANDER M. POWELL AND ANNELIESE H. SPAETH

Abstract. We investigate pointwise nonnegativity as an obstruction to vari-
ous types of structured completeness in Lp(R). For example, we prove that if
each element of the system {fn}∞n=1 ⊂ Lp(R) is pointwise nonnegative, then
{fn}∞n=1 cannot be an unconditional basis or unconditional quasibasis (uncon-

ditional Schauder frame) for Lp(R). In particular, in L2(R) this precludes the
existence of nonnegative Riesz bases and frames. On the other hand, there
exist pointwise nonnegative conditional quasibases in Lp(R), and there also
exist pointwise nonnegative exact systems and Markushevich bases in Lp(R).

1. Introduction

Complete systems in Banach spaces can have varying degrees of structure with
respect to how they approximate or represent signals. A general complete system
simply has the ability to provide arbitrarily precise approximations of any signal in
the space via finite linear combinations of the system elements. At the more struc-
tured extreme, an orthonormal basis provides unique unconditionally convergent
signal expansions in terms of the basis elements. Other structural considerations
might include whether a complete system is minimal or redundant, or whether a
basis gives conditionally or unconditionally convergent expansions.

It is a common theme that there are fundamental tradeoffs between structured
completeness and desirable concrete properties such as smoothness or rapid decay.
For example, strong versions of the uncertainty principle restrict the collective
time-frequency localization of orthonormal bases and Riesz bases for L2(R) [5,
6, 18]. The tradeoffs between spanning structure and time-frequency localization
are perhaps best illustrated by the Balian-Low theorems for Gabor systems. The
classical Balian-Low theorem [2, 11] shows that if a Gabor system G(g, 1, 1) is an
orthonormal basis or Riesz basis for L2(R), then the window function g ∈ L2(R)
and its Fourier transform ĝ must satisfy

(1.1)

∫
|t|2|g(t)|2dt

∫
|ξ|2|ĝ(ξ)|2dξ = ∞.

A different version of the Balian-Low theorem [12] shows that if a Gabor system
G(g, 1, 1) is merely exact, i.e., complete and minimal, then the window function
g ∈ L2(R) must satisfy

(1.2)

∫
|t|4|g(t)|2dt

∫
|ξ|4|ĝ(ξ)|2dξ = ∞.
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Moreover, there is an entire scale of results [29] between (1.1) and (1.2), with a
continuous range of weight pairs (|t|r, |ξ|s) that become increasingly restrictive as
one moves from exact systems (1.2) to Riesz bases (1.1) along intermediate classes
of exact Bessel (Cq)-systems, and all of these results are sharp.

Shift invariance and translation structure are another type of obstruction to
structured completeness that was studied in [14,30]. There the authors considered
systems generated by translates of a given f ∈ Lp(Rd) and studied the extent to
which such translation structure constrains the system’s completeness structure.

Of course, time-frequency localization and translation invariance are not the
only obstructions to structured completeness. In this work we shall investigate the
obstruction of pointwise nonnegativity. To illustrate the general direction of the
paper, we begin with the following two elementary observations.

Observation. There does not exist an orthonormal basis {fn}∞n=1 for L2[0, 1] such
that each fn is nonnegative almost everywhere.

Indeed, since the nonnegative functions fn are orthogonal, they must all be
disjointly supported. Using this it is straightforward to construct a function that
is not identically zero and is orthogonal to all of the fn, which means that {fn}∞n=1

cannot be an orthonormal basis.
On the other hand, characteristic functions of dyadic intervals give the following.

Observation. There exist complete systems {fn}∞n=1 in Lp[0, 1], 1 ≤ p < ∞, such
that each fn is nonnegative almost everywhere.

The main aim of this article is to understand what is possible “between” these
two observations in Lp(S) when 1 ≤ p < ∞ and S is either the real line R or
the unit-interval [0, 1]. The results in this paper will determine types of structured
complete systems for which pointwise nonnegativity is or is not an obstruction.
Our results are purely mathematical, but it is interesting to note that the ini-
tial motivation for this work was a question from an engineer indirectly related
to vanishing moment conditions for wavelet bases (where vanishing moments are
closely related to approximation order) and whether nonnegativity plays a role in
obstructing properties of more general signal representations.

Let Lp denote either Lp[0, 1] or Lp(R). Suppose that {fn}∞n=1 ⊂ Lp. Our main
results are summarized as follows:

(1) We prove that if each fn is nonnegative a.e., then {fn}∞n=1 cannot be any of
the following: a monotone basis for Lp, 1 < p < ∞, an unconditional basis
or unconditional quasibasis (unconditional Schauder frame) for Lp, 1 ≤ p <
∞, a Riesz basis for L2, or a frame for L2.

(2) We constructively prove that it is possible for each fn to be nonnegative
a.e. and for the system {fn}∞n=1 to be any of the following: a Markushevich
basis for Lp, 1 ≤ p < ∞, or a conditional quasibasis for Lp, 1 ≤ p < ∞.

The paper is organized as follows. In Section 2 we give necessary background
on various types of structured complete systems. In Section 3 we prove that there
do not exist pointwise nonnegative monotone bases for Lp[0, 1], 1 < p < ∞; see
Theorem 3.2. In Section 4 we prove that there do not exist pointwise nonnegative
unconditional bases for Lp[0, 1] and there do not exist pointwise nonnegative frames
and Riesz bases for L2[0, 1]; see Theorem 4.1 and Corollaries 4.2 and 4.3. In Section
5, we prove that there do not exist pointwise nonnegative unconditional quasibases
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for Lp[0, 1], see Theorem 5.5, and we also construct simple examples of pointwise
nonnegative (conditional) quasibases for Lp[0, 1]; see Theorem 5.2. In Section 6, we
prove that there exist pointwise nonnegative Markushevich bases for Lp[0, 1], 1 ≤
p < ∞; see Theorem 6.1. In Section 7, we show how results from the earlier sections
can be extended from Lp[0, 1] to Lp(R). In Section 8 we show that there exist a.e.
nonnegative Hamel bases for Lp. We conclude with some open questions in Section
9. The Appendix in Section 10 briefly sketches proofs of some background lemmas
stated in Section 2.2.

2. Background on structured complete systems

In this section we recall some necessary definitions and background on various
types of structured complete systems. We will later mainly work in the Lp spaces,
but we present the results of this section for a separable Banach space X over the
scalar field K = R or C. The dual space of X is denoted by X∗ and the action of
g ∈ X∗ on f ∈ X is denoted by the sesquilinear form 〈f, g〉. Recall that if X is
reflexive, then X∗ is separable (since X is assumed separable).

2.1. Exact systems. Recall that a system {fn}∞n=1 ⊂ X is complete in X if the
closed linear span of {fn}∞n=1 equals X. The system {fn}∞n=1 ⊂ X is minimal if for
every N ∈ N, fN is not in the closed linear span of the remaining elements of the
system, namely

(2.1) ∀N ∈ N, fN /∈ span{fn : n 	= N}.

If the system {fn}∞n=1 ⊂ X is both complete and minimal, then it is said to be
exact.

Minimality and exactness can be characterized in terms of biorthogonality. The
system {gn}∞n=1 ⊂ X∗ is biorthogonal to {fn}∞n=1 ⊂ X if 〈fn, gn〉 = 1 holds for
all n, and 〈fn, gm〉 = 0 holds for all m 	= n. It is well known, e.g., [21], that
{fn}∞n=1 ⊂ X is minimal if and only if there exists an associated biorthogonal
system {gn}∞n=1 ⊂ X∗. Similarly, {fn}∞n=1 ⊂ X is exact if and only if there exists
a unique associated biorthogonal system.

An exact system {fn}∞n=1 ⊂ X is said to be a Markushevich basis or M-basis,
e.g., see [36], if the associated biorthogonal system {gn}∞n=1 ⊂ X∗ is total. Recall
that {gn}∞n=1 ⊂ X∗ is total if

(2.2) f ∈ X and 〈f, gn〉 = 0 for all n ∈ N =⇒ f = 0.

Note that if X is reflexive, then {gn}∞n=1 ⊂ X∗ is total if and only if it is complete
in X∗. In particular, if X is reflexive, then {fn}∞n=1 ⊂ X is a Markushevich basis if
and only if {fn}∞n=1 is exact in X and {gn}∞n=1 is exact in X∗. As a terminological
caution it is worth remarking that a Markushevich basis need not be a Schauder
basis, e.g., see Theorem 6.2.

2.2. Quasibases and pseudobases. Every orthonormal basis in a Hilbert space
is an example of an exact system and Markushevich basis, but there is no guarantee
that an exact system or Markushevich basis can provide basis-type expansions. For
this we need to discuss Schauder bases, quasibases, and pseudobases.
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A system {fn}∞n=1 ⊂ X is a pseudobasis, see [15], if for every f ∈ X there exist
scalars {cn}∞n=1 ⊂ K such that

(2.3) f = lim
N→∞

N∑
n=1

cnfn,

with norm convergence in X. The choice of scalar sequence need not be unique.
It is often desirable for the scalars {cn}∞n=1 to be obtained from linear functionals
acting on f , and this leads to the more structured case of quasibases.

A system {fn}∞n=1 ⊂ X is a quasibasis, see [15], with associated dual system
{gn}∞n=1 ⊂ X∗ if

(2.4) ∀f ∈ X, f = lim
N→∞

N∑
n=1

〈f, gn〉fn,

with norm convergence in X. The dual system need not be unique. We say that
{fn}∞n=1 ⊂ X is an unconditional quasibasis if there exists a dual system {gn}∞n=1 ⊂
X∗ for which the quasibasis expansion (2.4) converges unconditionally (i.e., any
rearrangement of the sum still converges to f); any such {gn}∞n=1 will be referred
to as an unconditional dual system. The literature on quasibases and pseudobases
goes at least as far back as [15], but quasibases have also been studied more recently
under the name Schauder frame, e.g., [10, 14, 20, 28, 30].

The next result addresses boundedness of partial sum operators associated to
a quasibasis. Such results are standard for Schauder bases, e.g., Theorem 5.12 in
[21], and have also been noted without proof for quasibases, e.g., [26]. We include
a sketch of the details in the Appendix.

Lemma 2.1. Let {fn}∞n=1 ⊂ X and {gn}∞n=1 ⊂ X∗ and consider the partial sum
operators SN : X → X defined by

SN (f) =

N∑
n=1

〈f, gn〉fn.

The following are equivalent:

(1) {fn}∞n=1 is a quasibasis for X with dual system {gn}∞n=1.
(2) supN∈N

‖SN‖X→X < ∞ and there exists a dense subset D ⊂ X such that
if f ∈ D, then limN→∞ ‖f − SN (f)‖X = 0.

The following result is well known for unconditional bases, see [21], and very
similarly extends to unconditional quasibases. We include a sketch of the details in
the Appendix.

Lemma 2.2. Suppose that {fn}∞n=1 ⊂ X is an unconditional quasibasis for X
and {gn}∞n=1 ⊂ X∗ is an associated unconditional dual system. Given any scalar
sequence U = {un}∞n=1 ⊂ K with |un| ≤ 1 consider modified partial sum operators
SU,N : X → X defined by

SU,N (f) =

N∑
n=1

un〈f, gn〉fn.

Then

sup
U,N

‖SU,N‖X→X < ∞,
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where the supremum is taken over all N ∈ N and all U = {un}∞n=1 ⊂ K with
|un| ≤ 1.

The following result shows that a sufficiently small perturbation of a quasibasis or
unconditional quasibasis is still a respective quasibasis or unconditional quasibasis.
A proof of this result for pseudobases appears in [38] and the analog for quasibases
is also mentioned there without proof. We include a sketch of the details in the
Appendix.

Lemma 2.3. Suppose that {fn}∞n=1 ⊂ X is a quasibasis for X and {gn}∞n=1 ⊂ X∗

is an associated dual system. If 0 < ε < 1 and {ϕn}∞n=1 satisfies

(2.5) ∀n ∈ N, ‖ϕn − fn‖X ≤ ε

2n+1‖gn‖X∗
,

then {ϕn}∞n=1 is also a quasibasis for X. Moreover, if {fn}∞n=1 ⊂ X is assumed to
be an unconditional quasibasis and {gn}∞n=1 ⊂ X∗ is an associated unconditional
dual system, then one may similarly conclude that {ϕn}∞n=1 is also an unconditional
quasibasis for X.

2.3. Schauder bases and unconditional bases. If a pseudobasis is minimal
(hence the choice of scalar sequence in (2.3) is unique), then it is said to be a
Schauder basis. It turns out that every minimal pseudobasis in a Banach space is a
minimal quasibasis, and Schauder bases can be equivalently defined (see Theorem
5.12 in [21]) as follows: {fn}∞n=1 ⊂ X is a Schauder basis for X if there exists a
biorthogonal system {gn}∞n=1 ⊂ X∗ such that

(2.6) ∀f ∈ X, f = lim
N→∞

N∑
n=1

〈f, gn〉fn,

with norm convergence in X. Moreover, if X is reflexive, then the dual system
{gn}∞n=1 ⊂ X∗ is also a Schauder basis for X∗ and is referred to as the dual basis.

The following lemma provides control on the norms of the dual basis elements,
e.g., see Theorem 4.13 in [21].

Lemma 2.4. If {fn}∞n=1 ⊂ X is a Schauder basis for X with dual system {gn}∞n=1 ⊂
X∗, then

1 ≤ sup
n∈N

‖fn‖X‖gn‖X∗ < ∞.

If the Schauder basis expansions (2.6) converge unconditionally, then {fn}∞n=1

is referred to as an unconditional basis for X. In X = Lp[0, 1] unconditional bases
satisfy the following square function inequality, e.g., see equations (1.7) and (1.8)
in [1], which may be viewed as a relative of the Parseval equality.

Lemma 2.5. Fix 1 < p < ∞ and let 1
p + 1

q = 1. If {fn}∞n=1 is an unconditional

basis for Lp[0, 1] with dual basis {gn}∞n=1 for Lq[0, 1], then there exist constants
0 < A ≤ B < ∞ such that

(2.7) ∀g ∈ Lq[0, 1], A‖g‖qq ≤
∫ 1

0

( ∞∑
n=1

|〈g, fn〉|2|gn(t)|2
)q/2

dt ≤ B‖g‖qq.

The proof of Lemma 2.5 follows from Khinchine’s inequality which we briefly
recall here. Let {Rn}∞n=0 be the Rademacher functions defined by

(2.8) ∀n ≥ 0, Rn(t) = sign[sin(2nπt)].
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Fix 1 ≤ p < ∞. Khinchine’s inequality says that there exist constants 0 < ap ≤
bp < ∞ such that for any scalars {cn}∞n=1 ⊂ K and any N ∈ N there holds

(2.9) ap

(
N∑

n=1

|cn|2
)1/2

≤
∥∥∥∥∥

N∑
n=1

cnRn

∥∥∥∥∥
Lp[0,1]

≤ bp

(
N∑

n=1

|cn|2
)1/2

,

for example, see Theorem 9.1 in [8].

Example 2.6 (The Haar system). The Haar system {hn}∞n=1 is an unconditional
basis for Lp[0, 1] whenever 1 < p < ∞, and is a conditional Schauder basis for
L1[0, 1]; see [35] or Section 5.5 in [21]. Moreover, it is an orthonormal basis for
L2[0, 1].

Example 2.7 (The Fourier system). The Fourier system or trigonometric system
is a Schauder basis for Lp[0, 1] whenever 1 < p < ∞, but is an unconditional basis
only when p = 2 (and it is an orthonormal basis for L2[0, 1]). The Fourier system
is not a Schauder basis for L1[0, 1], but it is a Markushevich basis for L1[0, 1] (and
the biorthogonal system in L∞[0, 1] is itself). For further details see Theorem 4.25
and Section 14.2 in [21].

Example 2.8 (The Walsh system). The Walsh functions {wn}∞n=1 are defined in
terms of the Rademacher functions by

(2.10) w1(t) = 1 and wk+1(t) =
ν∏

j=1

Rnj+1(t),

where the integers {nj}νj=1 determine the binary expansion of k by

(2.11) k = 2n1 + 2n2 + · · ·+ 2nν , n1 > n2 > · · · > nν ≥ 0.

In particular, the Walsh system {wn}∞n=1 contains the Rademacher system {Rn}∞n=0

since w1 = R0 and

(2.12) ∀m ≥ 0, w2m+1(t) = sign[sin(π2m+1t)] = Rm+1(t).

It is worth cautioning that there are different conventions regarding the enumeration
of the Walsh functions. Definition (2.10) follows the conventions of Chapter II, §14
in [35], but see [34] for further discussion of this and other approaches.

The Walsh system {wn}∞n=1 is a Schauder basis for Lp[0, 1] whenever 1 < p < ∞;
see Section 5.3 in [34]. The Walsh system is an unconditional basis for Lp[0, 1] only
when p = 2 (and it is an orthonormal basis for L2[0, 1]); this is a consequence of
Orlicz’s theorem; see Theorem 3.28 in [21]. The Walsh system is not a Schauder
basis for L1[0, 1], e.g., see Theorem 2 in Chapter 4 of [34]. However, the Walsh
system is a Markushevich basis for L1[0, 1] (and the biorthogonal system in L∞[0, 1]
is itself). This holds since Lemma 14.2 of Chapter II in [35] relates Haar and Walsh
dyadic partial sum operators and yields

(2.13) ∀f ∈ L1[0, 1], f = lim
N→∞

2N∑
n=1

〈f, hn〉hn = lim
N→∞

2N∑
n=1

〈f, wn〉wn,

with norm convergence in L1[0, 1]. Property (2.13) simultaneously implies that
{wn}∞n=1 is complete in L1[0, 1] and total in L∞[0, 1]. For a direct proof that
{wn}∞n=1 is total in L1[0, 1], see [31].
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It will be useful to recall the following analog of the Riemann-Lebegue lemma
for Walsh functions; see Section 1.5 in [34].

Lemma 2.9. If f ∈ L1[0, 1], then limn→∞ |〈f, wn〉| = 0. In particular, if 1 ≤ p ≤
∞ and f ∈ Lp[0, 1], then limn→∞ |〈f,Rn〉| = 0.

2.4. Orthogonality and monotone bases. Orthogonality and orthonormal bases
are particularly nice Hilbert space concepts which also admit generalizations to the
setting of Banach spaces, e.g., [23]. Given f1, f2 ∈ X, we say that f1 is orthogonal
to f2 if

(2.14) ∀ λ ∈ K, ‖f1‖X ≤ ‖f1 + λf2‖X ,

and we denote this by f1 ⊥ f2. In Hilbert spaces, (2.14) is equivalent to the
usual notion of orthogonality involving inner products, but orthogonality in Banach
spaces can behave quite differently than in Hilbert spaces. For example, it is not
true that f1 ⊥ f2 holds if and only if f2 ⊥ f1; see Example 3.3.

A Schauder basis {fn}∞n=1 ⊂ X is said to be a monotone basis if for any scalars
{cn}∞n=1 ⊂ K there holds

(2.15) ∀N ≤ M,

∥∥∥∥∥
N∑

n=1

cnfn

∥∥∥∥∥
X

≤
∥∥∥∥∥

M∑
n=1

cnfn

∥∥∥∥∥
X

.

Equivalently, a basis is monotone if and only if its basis constant C = 1, where

C = supN∈N ‖SN‖X→X and SN (f) =
∑N

n=1〈f, gn〉fn is the Nth partial sum oper-
ator associated to {fn}∞n=1 and its dual basis {gn}∞n=1. Note that if {fn}∞n=1 is a
monotone basis, then n < m implies fn ⊥ fm.

For the special case of orthogonality in X = Lp spaces, we use the notation
f1 ⊥p f2 to emphasize the dependence on p. It is known that in X = Lp[0, 1] with
1 < p < ∞, every monotone basis is unconditional [13]. The Haar system is an
example of a monotone basis for Lp[0, 1] for each 1 ≤ p < ∞; see Theorem 5.18 in
[21].

2.5. Frames and Riesz bases. Some of the previously defined spanning systems
have especially nice formulations in Hilbert spaces and are worth commenting on
briefly. Let H be a separable Hilbert space over K = R or C.

A collection {fn}∞n=1 ⊂ H is a frame for H if there exist constants 0 < A ≤ B <
∞ for which

(2.16) ∀f ∈ H, A‖f‖2H ≤
∞∑

n=1

|〈f, fn〉|2 ≤ B‖f‖2H .

A main fact about frames is that there exists a dual frame {f̃n}∞n=1 ⊂ H for which

(2.17) ∀f ∈ H, f = lim
N→∞

N∑
n=1

〈f, f̃n〉fn = lim
N→∞

N∑
n=1

〈f, fn〉f̃n,

with unconditional convergence in H. If A = B in (2.16), then frame is said to be

tight, and in this case (2.17) holds with f̃n = (1/A)fn. The choice of dual frame
is generally not unique (even for tight frames). The possibility for frames to be
nonexact (hence redundant) can provide robustness against noise and numerical
stability in applications such as transmission of data over erasure channels [16,17],
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oversampled analog-to-digital conversion [3,32], wavelet-based image processing [7],
and phase retrieval problems [4].

In the special case when a frame is minimal, it is referred to as a Riesz basis. In
other words, a Riesz basis is an exact frame. For example, every orthonormal basis
for H is a Riesz basis and frame. For further background on frames, see [9, 21].

2.6. Completeness structure summary. Some relations between the various
structured complete systems discussed in this section may be summarized as follows.

In a Banach space X there holds

{Unconditional bases} ⊂ {Schauder bases}
⊂ {Markushevich bases} ⊂ {Exact systems},

{Schauder bases} ⊂ {Quasibases} ⊂ {Pseudobases},
and in a Hilbert space H there holds

{Orthonormal bases} ⊂ {Riesz bases} ⊂ {Unconditional bases},

{Riesz bases} ⊂ {Frames} ⊂ {Unconditional quasibases}.
Moreover, in Lp with 1 < p < ∞, there holds

{Monotone bases} ⊂ {Unconditional bases}.

3. Monotone bases

In this section we begin to show how pointwise nonnegativity is an obstruction
to some of the structured complete systems considered in Section 2. Motivated by
Observation 1 for L2[0, 1], we begin with an analog for monotone bases in Lp[0, 1].

Lemma 3.1. Fix 1 < p < ∞. If f, g ∈ Lp[0, 1] are a.e. nonnegative and f ⊥p g,
then f and g are disjointly supported.

Proof. Proceed by contradiction and suppose there exists a set of positive measure
E ⊂ [0, 1] such that f(t) > 0 and g(t) > 0 for a.e. t ∈ E. Define

T (λ) =

∫ 1

0

|f(t) + λg(t)|pdt.

By Lemma 11.19 in [8],

T ′(0) = lim
h→0

T (h)− T (0)

h
=

∫ 1

0

p|f(t)|p−1g(t) sign(f(t))dt.

Note that |T ′(0)| < ∞ by Hölder’s inequality. Also, T ′(0) ≥ p
∫
E
|f(t)|p−1g(t)dt >

0. Hence there must exist some λ0 < 0 such that ‖f+λ0g‖pp = T (λ0) < T (0) = ‖f‖pp.
This contradicts the hypothesis that f ⊥p g. �
Theorem 3.2 (Monotone bases). Fix 1 < p < ∞. There does not exist a monotone
basis {fn}∞n=1 for Lp[0, 1] such that each fn is a.e. nonnegative.

Proof. Proceed by contradiction and suppose such a basis exists. Since {fn}∞n=1

is a monotone basis, it follows that fn ⊥p fm whenever n ≤ m. Thus by Lemma
3.1, all of the {fn}∞n=1 are disjointly supported. This gives a contradiction since it
allows one to produce ϕ ∈ Lp[0, 1] that is not in the closed linear span of {fn}∞n=1.
For example, if supp(ϕ) � supp(f1) and 0 < |supp(ϕ)| < |supp(f1)|, then ϕ is not
spanned by {fn}∞n=1. �
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Example 3.3. Note that Lemma 3.1 is not true when p = 1. For example, if
f = χ[0,1/2] is the characteristic function of [0, 1/2] and g = χ[1/8,1], then it can be
verified that f ⊥1 g, but g 	⊥1 f and f, g are clearly not disjointly supported.

4. Unconditional bases and frames

In this section we show that pointwise nonnegativity is an obstruction to uncon-
ditional bases and frames. The following theorem uses a general square function
condition (4.1), but will later be used to obtain results for unconditional bases and
frames as corollaries.

Theorem 4.1. Fix 1 < p < ∞ and let 1
p + 1

q = 1. Fix constants 0 < A ≤ B < ∞.

Suppose that {fn}∞n=1 ⊂ Lp[0, 1] and {gn}∞n=1 ⊂ Lq[0, 1] satisfy:

(4.1) ∀g ∈ Lq[0, 1], A‖g‖qq ≤
∫ 1

0

( ∞∑
n=1

|〈g, fn〉|2|gn(t)|2
)q/2

dt ≤ B‖g‖qq.

Then fn cannot be a.e. nonnegative for each n ≥ 1.

Proof. Step I. Proceed by contradiction and suppose that fn(t) ≥ 0 a.e. for each
n ≥ 1. For each N ≥ 0, let RN (t) = sign(sin(2Nπ t)) be the Nth Rademacher
function. Since R0(t) = 1, the a.e. nonnegativity of fn implies that

(4.2) ∀N ≥ 0, n ≥ 1, |〈RN , fn〉| ≤ |〈R0, fn〉|.
Since ‖RN‖q = 1, applying (4.1) with g = RN gives

(4.3) ∀N ≥ 1, 0 < A ≤
∫ 1

0

( ∞∑
n=1

|〈RN , fn〉|2|gn(t)|2
)q/2

dt ≤ B < ∞.

Step II. Let

ΨN (t) =

( ∞∑
n=1

|〈RN , fn〉|2|gn(t)|2
)q/2

.

We will show that limN→∞ ‖ΨN‖1 = 0, thereby contradicting the lower bound in
(4.3).

By (4.3), we have that ΨN ∈ L1[0, 1] for each N ≥ 0. Also, by (4.2)

(4.4) ∀N ≥ 1, |ΨN (t)| ≤ |Ψ0(t)| a.e.

If we show that

(4.5) lim
N→∞

|ΨN (t)| = 0 a.e.,

then this along with (4.4) and the Lebesgue dominated convergence theorem will
yield limN→∞ ‖ΨN‖1 = 0 as desired.

So it remains to show (4.5). For this, suppose N ≥ 0 and t ∈ [0, 1] are fixed and
define the sequence ΦN,t = {ΦN,t(n)}∞n=1 by

(4.6) ΦN,t(n) = |〈RN , fn〉|2|gn(t)|2.
Since ΨN ∈ L1[0, 1] we have that ΦN,t ∈ �1(N) for every N ≥ 0 and a.e. t ∈ [0, 1].
Moreover, by (4.2), we have

(4.7) |ΦN,t(n)| ≤ |Φ0,t(n)|, for all N ≥ 0, n ≥ 1 and a.e. t ∈ [0, 1].
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Recalling that by Lemma 2.9

(4.8) ∀g ∈ Lq[0, 1], lim
N→∞

|〈RN , g〉| = 0,

we have

(4.9) lim
N→∞

|ΦN,t(n)| = 0, for all n ≥ 1 and a.e. t ∈ [0, 1].

Thus, (4.7), (4.9), and the Lebesgue dominated convergence theorem for series
imply that

(4.10) lim
N→∞

‖ΦN,t‖�1 = 0, for a.e. t ∈ [0, 1].

Since |ΨN (t)| = ‖ΦN,t‖q/2�1 , this yields (4.5) as required. �
Corollary 4.2 (Unconditional bases). Fix 1 < p < ∞. There does not exist an
unconditional basis {fn}∞n=1 for Lp[0, 1] such that each fn is a.e. nonnegative.

Proof. This follows from Theorem 4.1 and Lemma 2.5. �
Corollary 4.3 (Frames and Riesz bases). There does not exist a frame or Riesz
basis {fn}∞n=1 for L2[0, 1] such that each fn is a.e. nonnegative.

Proof. This follows from Theorem 4.1 since frames and Riesz bases for L2[0, 1]
satisfy (4.1) with q = 2 and gn(t) = 1 for all n ≥ 1. �

Theorem 4.1 and Corollary 4.2 give an alternate, albeit less direct, proof of
Theorem 3.2 since every monotone basis in Lp[0, 1], 1 < p < ∞, is an unconditional
basis [13].

5. Quasibases

Example 5.1 (The Schauder system). The Schauder system is a classical exam-
ple of a Schauder basis for C[0, 1], e.g., see Section 4.5 in [21]. Each element
of the Schauder system is nonnegative. It was shown in Theorem 1 of [27] that
the Schauder system is a quasibasis for Lp[0, 1] when 1 ≤ p < ∞, but is not an
unconditional quasibasis. For some discussion of pseudobasis properties and un-
conditionally convergent representations related to the Schauder system, see page
2883 of [27]; cf. [39].

Other simple examples of nonnegative quasibases can be produced as follows.
We use the notation h+(t) = max{h(t), 0} and h−(t) = max{−h(t), 0} to denote
the positive and negative parts of a real-valued function h.

Theorem 5.2. Fix 1 ≤ p < ∞ and let 1
p + 1

q = 1. Suppose that ϕn : R → R and

ψn : R → R are real-valued measurable functions and that {ϕn}∞n=1 is a Schauder
basis for Lp[0, 1] with dual system {ψn}∞n=1 ⊂ Lq[0, 1]. For each n ∈ N define

f2n−1(t) = ϕ+
n (t), f2n(t) = ϕ−

n (t), g2n−1(t) = ψn(t), g2n(t) = −ψn(t).

Then {fn}∞n=1 is a quasibasis for Lp[0, 1] with dual system {gn}∞n=1.

Proof. Consider the partial sum operator SN : Lp[0, 1] → Lp[0, 1] defined by

SN (f) =

N∑
n=1

〈f, gn〉fn.

We proceed with the goal of applying Lemma 2.1.
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Step I. Since {ϕn}∞n=1 and {ψn}∞n=1 are biorthogonal, if n 	∈ {2k − 1, 2k}, then
〈ϕk, gn〉 = 0. So, for all k,N ∈ N, where N ≥ 2k,

SN (ϕk) =

N∑
n=1

〈ϕk, gn〉fn = 〈ϕk, ψk〉ϕ+
k + 〈ϕk,−ψk〉ϕ−

k = 〈ϕk, ψk〉ϕk = ϕk.(5.1)

Let D denote the finite linear span of {ϕn}∞n=1 and note that D is dense in Lp[0, 1].
It follows immediately from (5.1) that

∀f ∈ D, lim
N→∞

‖f − SN (f)‖p = 0.(5.2)

Step II. This step will show that

(5.3) sup
N∈N

‖SN‖p→p < ∞.

Since

∀n ∈ N, ∀f ∈ Lp[0, 1], 〈f, g2n−1〉f2n−1 + 〈f, g2n〉f2n = 〈f, ψn〉ϕn,

we have

(5.4) S2N (f) =

N∑
n=1

〈f, ψn〉ϕn.

Thus since {ϕn}∞n=1 is a Schauder basis, (5.4) and Lemma 2.1 yield

(5.5) sup
N∈N

‖S2N‖p→p < ∞.

Next, since ‖ϕ+
N+1‖p ≤ ‖ϕN+1‖p,

‖S2N+1(f)‖p = ‖S2N (f) + 〈f, g2N+1〉f2N+1‖p
= ‖S2N (f) + 〈f, ψN+1〉ϕ+

N+1‖p
≤ ‖S2N (f)‖p + ‖ϕN+1‖p|〈f, ψN+1〉|

≤
(
sup
N∈N

‖S2N‖p→p

)
‖f‖p +

(
sup
n∈N

‖ϕn‖p‖ψn‖q
)
‖f‖p.(5.6)

So, (5.5), (5.6), and Lemma 2.4 yield supN∈N
‖S2N+1‖p→p < ∞, and consequently

(5.3) holds.
Thus, Lemma 2.1 together with (5.2) and (5.3) completes the proof. �

Example 5.3. In the special case when {ϕn}∞n=1 is an orthonormal basis for L2[0, 1]
and ψn = ϕn, the quasibasis {fn}∞n=1 for L2[0, 1] and dual system {gn}∞n=1 defined
in Theorem 5.2 can be shown to satisfy

∀f ∈ L2[0, 1], (1/2)‖f‖22 ≤
∞∑
n=1

|〈f, fn〉|2 and 2‖f‖22 =

∞∑
n=1

|〈f, gn〉|2.

In particular, {gn}∞n=1 is a tight frame for L2[0, 1] and the quasibasis {fn}∞n=1

satisfies a lower frame inequality. However, by Corollary 4.3, {fn}∞n=1 is not a
frame for L2[0, 1] since each fn is a.e. nonnegative. See [22] for further discussion
of nonframe duals of frames.

Applying Theorem 5.2 to the Haar basis for Lp[0, 1] yields the following corollary.



5794 ALEXANDER M. POWELL AND ANNELIESE H. SPAETH

Corollary 5.4. Fix 1 ≤ p < ∞. The characteristic functions of dyadic intervals
form a nonnegative quasibasis for Lp[0, 1].

The techniques related to Example 5.1 and specifically Theorem 2 in [27] can
be extended to give the following result which shows that there are in fact no
nonnegative unconditional quasibases for Lp[0, 1].

Theorem 5.5 (Unconditional quasibases). Fix 1 ≤ p < ∞. There does not exist an
unconditional quasibasis {fn}∞n=1 for Lp[0, 1] such that each fn is a.e. nonnegative.

Proof. Step I. Proceed by contradiction and suppose that {fn}∞n=1 is an uncondi-
tional quasibasis and each fn is a.e. nonnegative. Using Lemma 2.3 on stability
of unconditional quasibases and the density of dyadic step functions in Lp[0, 1],
we may assume without loss of generality that each fn is a finite positive linear
combination of dyadic step functions. In particular, we will assume that

fn(t) =
2kn∑
j=1

dnj xj,kn
(t)

where

• xj,kn
(t) = χIj,kn

(t) is the characteristic function of the dyadic interval

Ij,kn
= [ j−1

2kn
, j
2kn

],
• {kn}∞n=1 ⊂ N with kn < kn+1 is a strictly increasing sequence of positive
integers,

• for each n ∈ N and 1 ≤ j ≤ 2kn , dnj ≥ 0.

Step II. Let {gn}∞n=1 ⊂ Lq[0, 1] be any fixed unconditional dual system for the
unconditional quasibasis {fn}∞n=1. If Rm is the mth Rademacher function given by
(2.8) and if cmn = 〈Rm, gn〉, then

∀m ≥ 1, Rm =
∞∑

n=1

〈Rm, gn〉fn =
∞∑

n=1

cmn fn,

with unconditional convergence in Lp[0, 1]. Consequently, for each m ≥ 1, there is
an increasing subsequence {Ni,m}∞i=1 ⊂ N such that

∀m ≥ 1, Rm(t) = lim
i→∞

Ni,m∑
n=1

〈Rm, gn〉fn(t) = lim
i→∞

Ni,m∑
n=1

cmn fn(t),

holds pointwise for a.e. t ∈ [0, 1].
Fix any 1 ≤ α ≤ 2kn . For j ≤ n, let

Λα,j,n =

{
1 ≤ l ≤ 2kj : Iα,kn

⊂
[
l − 1

2kj
,

l

2kj

]}
.
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For a.e. t ∈ Iα,kn
= [α−1

2kn
, α
2kn

] there holds

Rkn+1(t) =
n∑

j=1

ckn+1
j fj(t) + lim

i→∞

Ni,kn+1∑
j=n+1

ckn+1
j fj(t)

=

n∑
j=1

ckn+1
j

2kj∑
l=1

djl xl,kj
(t) + lim

i→∞

Ni,kn+1∑
j=n+1

ckn+1
j fj(t)

=

n∑
j=1

ckn+1
j

∑
l∈Λα,j,n

djl + lim
i→∞

Ni,kn+1∑
j=n+1

ckn+1
j fj(t).

Since the fj are a.e. nonnegative, for each n ∈ N the pointwise limit∑∞
j=n+1 |c

kn+1
j |fj(t) exists in [0,∞] for a.e. t ∈ [0, 1]. Moreover, for a.e. t ∈ Iα,kn

∞∑
j=n+1

∣∣∣ckn+1
j

∣∣∣ fj(t) ≥
∣∣∣∣∣∣ limi→∞

Ni,kn+1∑
j=n+1

ckn+1
j fj(t)

∣∣∣∣∣∣ =
∣∣∣∣∣∣Rkn+1(t)−

n∑
j=1

ckn+1
j

∑
l∈Λα,j,n

djl

∣∣∣∣∣∣ .
(5.7)

Step III. In this step we show that

(5.8)

∫ 1

0

∞∑
j=n+1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt ≥ 1.

For this, we first show that for all n ∈ N and all 1 ≤ α ≤ 2kn there holds

(5.9)

∫
Iα,kn

∞∑
j=n+1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt ≥ 1

2kn
.

Let I ′α,kn
and I ′′α,kn

denote the left and right halves of Iα,kn
respectively. Note that

Rkn+1(t) = 1 for a.e. t ∈ I ′α,kn
, and Rkn+1(t) = −1 for a.e. t ∈ I ′′α,kn

. So, by (5.7)

∫
Iα,kn

∞∑
j=n+1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt
(5.10)

=

∫
I′
α,kn

∞∑
j=n+1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt+ ∫
I′′
α,kn

∞∑
j=n+1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt
≥

∫
I′
α,kn

∣∣∣∣∣∣1−
n∑

j=1

ckn+1
j

∑
l∈Λα,j,n

djl

∣∣∣∣∣∣ dt+
∫
I′′
α,kn

∣∣∣∣∣∣−1−
n∑

j=1

ckn+1
j

∑
l∈Λα,j,n

djl

∣∣∣∣∣∣ dt
=

1

2kn+1

∣∣∣∣∣∣1−
n∑

j=1

ckn+1
j

∑
l∈Λα,j,n

djl

∣∣∣∣∣∣+ 1

2kn+1

∣∣∣∣∣∣1 +
n∑

j=1

ckn+1
j

∑
l∈Λα,j,n

djl

∣∣∣∣∣∣ .
Since |1− z|+ |1 + z| ≥ 2 holds for all z ∈ C, (5.10) implies that (5.9) holds.

Now (5.8) follows from (5.9) since∫ 1

0

∞∑
j=n+1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt = 2kn∑
α=1

∫
Iα,kn

∞∑
j=n+1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt ≥ 2kn∑
α=1

1

2kn
= 1.
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Step IV. In this step we show that

(5.11) ∀n ∈ N,

∫ 1

0

∞∑
j=1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt < ∞.

Let Un = {un
j }∞j=1 ⊂ K be unimodular scalars |un

j | = 1 such that
∣∣∣ckn+1

j

∣∣∣ =

un
j c

kn+1
j for all j ≥ 1 and n ≥ 0. Recalling that fn ≥ 0 a.e., the monotone

convergence theorem and Hölder’s inequality give∫ 1

0

∞∑
j=1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt = lim
N→∞

∫ 1

0

N∑
j=1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt
≤ lim sup

N→∞

⎛⎝∫ 1

0

∣∣∣∣∣∣
N∑
j=1

∣∣∣ckn+1
j

∣∣∣ fj(t)
∣∣∣∣∣∣
p

dt

⎞⎠1/p

≤ lim sup
N→∞

⎛⎝∫ 1

0

∣∣∣∣∣∣
N∑
j=1

un
j 〈Rkn+1, gj〉fj(t)

∣∣∣∣∣∣
p

dt

⎞⎠1/p

≤ lim sup
N→∞

‖SUn,N (Rkn+1)‖p.(5.12)

Using unconditional convergence and Lemma 2.2, (5.12) implies that for each n ∈ N∫ 1

0

∞∑
j=1

∣∣∣ckn+1
j

∣∣∣ fj(t)dt ≤ lim sup
N→∞

‖SUn,N‖p→p‖Rkn+1‖p ≤ sup
U,N

‖SU,N‖p→p < ∞.

Step V. In this step we select integers

1 = r(0) < m(1) < r(1) < m(2) < · · · < m(i+ 1) < r(i+ 1) < · · ·
such that for every i ≥ 0∫ 1

0

m(i+1)∑
j=r(i)+1

∣∣∣ckr(i)+1

j

∣∣∣ fj(t)dt ≥ 2

3
,(5.13)

∀0 ≤ l ≤ i,

∫ 1

0

∞∑
j=r(i+1)+1

∣∣∣ckr(l)+1

j

∣∣∣ fj(t)dt ≤ 1

2i+4
,(5.14)

∀0 ≤ l ≤ i, ∀j ∈ Al,
∣∣∣ckr(i+1)+1

j

∣∣∣ < 1

2i+3

∣∣∣ckr(l)+1

j

∣∣∣ ,(5.15)

where Al is defined by

(5.16) Al = {j ∈ Z : r(l) + 1 ≤ j ≤ m(l + 1), and
∣∣∣ckr(l)+1

j

∣∣∣ > 0}.

To see that (5.13), (5.14), (5.15) are possible, proceed inductively as follows.
First note that the base case m(1) ∈ N can be selected sufficiently large to satisfy
(5.13) because of (5.8). Also, r(1) ∈ N can be selected sufficiently large to satisfy
(5.14) and (5.15) because of (5.11) and Lemma 2.9.

For the general inductive step, suppose that we have selected integers 1 = r(0) <
m(1) < r(1) < · · · < m(i − 1) < r(i − 1) satisfying (5.13), (5.14), and (5.15). By
(5.8) we may select m(i + 1) ∈ N sufficiently large so that (5.13) holds. By (5.11)
and Lemma 2.9, we may select r(i) ∈ N sufficiently large so that (5.14) and (5.15)
both hold.
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Step VI. Define

(5.17) f =

∞∑
j=1

1

j
Rkr(j)+1.

Khinchine’s inequality ensures that the sum (5.17) converges in Lp[0, 1] and that
f ∈ Lp[0, 1]. Moreover,

(5.18) ∀n ≥ 1, 〈f, gn〉 =
∞∑
i=1

1

i
〈Rkr(i)+1, gn〉 =

∞∑
i=1

1

i
c
kr(i)+1
n .

Note that if j ≥ 1 and n ∈ Aj , then by (5.15) and (5.18)

|〈f, gn〉| ≥
1

j

∣∣∣ckr(j)+1
n

∣∣∣− j−1∑
i=1

1

i

∣∣∣ckr(i)+1
n

∣∣∣− ∞∑
i=j+1

1

i

∣∣∣ckr(i)+1
n

∣∣∣
≥ 1

j

∣∣∣ckr(j)+1
n

∣∣∣− j−1∑
i=1

1

i

∣∣∣ckr(i)+1
n

∣∣∣− ∞∑
i=j+1

1

i

1

2i+2

∣∣∣ckr(j)+1
n

∣∣∣
≥ 7

8j

∣∣∣ckr(j)+1
n

∣∣∣− j−1∑
i=1

1

i

∣∣∣ckr(i)+1
n

∣∣∣ .(5.19)

Step VII. In this step we show that if j ≥ 4, then

(5.20)

∫ 1

0

m(j+1)∑
n=r(j)+1

|〈f, gn〉|fn(t)dt ≥
11

24j
.

Using (5.19), (5.16), (5.13), (5.14), and the nonnegativity of the fn(t), one may
compute as follows for every j ≥ 4:∫ 1

0

m(j+1)∑
n=r(j)+1

|〈f, gn〉|fn(t)dt ≥
∫ 1

0

∑
n∈Aj

|〈f, gn〉|fn(t)dt

≥
∫ 1

0

∑
n∈Aj

(
7

8j

∣∣∣ckr(j)+1
n

∣∣∣− j−1∑
i=1

1

i

∣∣∣ckr(i)+1
n

∣∣∣) fn(t)dt

≥
∫ 1

0

m(j+1)∑
n=r(j)+1

7

8j

∣∣∣ckr(j)+1
n

∣∣∣ fn(t)dt−∫ 1

0

m(j+1)∑
n=r(j)+1

j−1∑
i=1

1

i

∣∣∣ckr(i)+1
n

∣∣∣ fn(t)dt
≥

(
7

8j

)(
2

3

)
−

j−1∑
i=1

∫ 1

0

∞∑
n=r(j)+1

1

i

∣∣∣ckr(i)+1
n

∣∣∣ fn(t)dt
≥

(
7

12j

)
−

j−1∑
i=1

1

i

(
1

2j+3

)

≥
(

7

12j

)
− 1

8j2

j−1∑
i=1

1

i
≥

(
7

12j

)
− j

8j2
=

11

24j
.(5.21)

Step VIII. Define the sequence E = {εk}∞k=1 ⊂ K with |εk| ≤ 1 so that

εk〈f, gk〉 = |〈f, gk〉|
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if r(j) + 1 ≤ k ≤ m(j + 1) for some j = 0, 1, 2, · · · ; and εk = 0 otherwise.
Define

fE(t) =
∞∑
k=0

εk〈f, gk〉fk =

∞∑
j=0

m(j+1)∑
k=r(j)+1

|〈f, gk〉|fk(t).

Hölder’s inequality, the monotone convergence theorem, and (5.21) imply

‖fE‖p ≥ ‖fE‖1 =

∫ 1

0

∞∑
j=0

m(j+1)∑
k=r(j)+1

|〈f, gk〉|fk(t)dt

=
∞∑
j=0

∫ 1

0

m(j+1)∑
k=r(j)+1

|〈f, gk〉|fk(t)dt

≥
∞∑
j=4

∫ 1

0

m(j+1)∑
k=r(j)+1

|〈f, gk〉|fk(t)dt

=

∞∑
j=4

11

24j
= ∞.(5.22)

Step IX. The monotone convergence theorem and Lemma 2.2 imply

‖fE‖p =

∥∥∥∥∥
∞∑
k=0

εk〈f, gk〉fk

∥∥∥∥∥
p

= lim
N→∞

∥∥∥∥∥
N∑

k=0

εk〈f, gk〉fk

∥∥∥∥∥
p

= lim
N→∞

‖SE,N (f)‖p

≤
(
sup
U,N

‖SU,N‖p→p

)
‖f‖p < ∞.

This contradicts (5.22) and completes the proof. �

Since frames and unconditional bases are unconditional quasibases, Theorem 5.5
gives an alternate but less direct proof of Corollaries 4.2 and 4.3. Theorem 5.5 shows
that there are no pointwise nonnegative unconditional quasibases for Lp[0, 1].

6. Markushevich bases and exact systems

In this section we use the Walsh functions to construct an example of a pointwise
nonnegative Markushevich basis for Lp[0, 1], 1 ≤ p < ∞.

Let {wn}∞n=1 denote the Walsh functions as defined in Example 2.8. Note that
the Walsh functions have the following properties:

• ∀t ∈ [0, 1], w1(t) = 1,
• ∀n ≥ 1, wn(t) ∈ {−1, 1} for a.e. t ∈ [0, 1],
• ∀n ≥ 1, ∃tn > 0 such that wn(t) = 1 for a.e. t ∈ [0, tn).

Recall from Example 2.8 that the Walsh functions are an orthonormal basis for
L2[0, 1], a Schauder basis for Lp[0, 1], 1 < p < ∞, and a Markushevich basis for
Lp[0, 1], 1 ≤ p < ∞.
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The next result generalizes Theorem 2 in [40] from the Fourier setting to the
Walsh setting and from L2[0, 1] to Lp[0, 1], cf. [24, 25], and provides examples of
nonnegative Markushevich bases.

Theorem 6.1 (Markushevich bases). Fix 1 ≤ p < ∞ and let 1
p+

1
q = 1. For n ≥ 2,

let

(6.1) fn(t) =
1− wn(t)

t
=

w1(t)− wn(t)

t
and gn(t) = −twn(t).

The system {fn}∞n=2⊂Lp[0, 1] is a Markushevich basis for Lp[0, 1] with biorthogonal
system {gn}∞n=2 ⊂ Lq[0, 1]. Moreover, for each n ≥ 2, fn ≥ 0 is pointwise nonnega-
tive.

Proof. Step I. A direct computation shows that {gn}∞n=2 is biorthogonal to {fn}∞n=2.
This uses the fact that {wn}∞n=1 ⊂ Lq[0, 1] is biorthogonal to {wn}∞n=1 ⊂ Lp[0, 1].

Step II. To see that {fn}∞n=2 is complete in Lp[0, 1] suppose h ∈ Lq[0, 1] satisfies
〈fn, h〉 = 0 for all n ≥ 2. For each k ≥ 1 define

Hk(t) = h(t)

(
χ(1/2k,1](t)

t

)
= h(t)

(
1− χ[0,1/2k](t)

t

)
∈ Lq[0, 1].

It will be convenient to note that χ[0,1/2k](t) has the following finite Walsh expansion
which holds for a.e. t ∈ [0, 1]:

(6.2) χ[0,1/2k](t) =
2k∑
j=1

〈χ[0,1/2k], wj〉wj(t) = 2−k
2k∑
j=1

wj(t).

Also note that the product of two Walsh functions is a Walsh function, namely
wnwk = wN(n,k) for some integer N(n, k) ≥ 1; this can be seen directly from (2.10)
and (2.11).

Define f1 = 0. If k ≥ 1 is fixed, then for all n ≥ 1 we have

〈wn, Hk〉 =
∫ 1

0

wn(t)

⎛⎝w1(t)− 2−k
∑2k

j=1 wj(t)

t

⎞⎠h(t)dt

= 2−k
2k∑
j=1

∫ 1

0

wn(t)

(
1− wj(t)

t

)
h(t)dt

= 2−k
2k∑
j=1

∫ 1

0

(
wn(t)− 1 + 1− wN(j,n)(t)

t

)
h(t)dt

= 2−k
2k∑
j=1

(
〈fN(j,n), h〉 − 〈fn, h〉

)
= 2−k

2k∑
j=1

(0− 0) = 0.

This implies that Hk = 0 for all k ≥ 1, since the Walsh system is a Markushevich
basis for Lp[0, 1] and in particular is complete; see Example 2.8. By the definition
of Hk this implies that h(t) = 0 for a.e. t ∈ (1/2k, 1]. Since this is true for all
k ≥ 1, it follows that h = 0.

Step III. To see that {gn}∞n=2 ⊂ Lq[0, 1] is total, suppose that f ∈ Lp[0, 1] and
〈f, gn〉 = 0 for all n ≥ 2. Let

F (t) = tf(t)− 〈tf, w1〉w1(t),
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and note that F ∈ L1[0, 1] by Hölder’s inequality. By construction, 〈F,w1〉 = 0.
Also, for all n ≥ 2,

〈F,wn〉 = −〈f, gn〉 − 〈tf, w1〉〈w1, wn〉 = 0.

Since the Walsh system is a Markushevich basis for L1[0, 1] it is total in L∞[0, 1],
see Example 2.8, and this implies F = 0. Thus

(6.3) tf(t) = 〈tf, w1〉w1(t) = 〈f, t〉.
If 〈f, t〉 	= 0, then f(t) = 〈f, t〉/t contradicts that f ∈ Lp[0, 1]. Therefore, we must
have 〈f, t〉 = 0 which by (6.3) implies that tf(t) = 0 and hence f = 0. �

The next result shows that the system in Theorem 6.1 is an example of a Marku-
shevich basis that is not a Schauder basis; cf. Example 5.9 (c) in [21] for a Fourier
analog.

Theorem 6.2. Fix 1 ≤ p < ∞. The Markushevich basis {fn}∞n=2 ⊂ Lp[0, 1] defined
by (6.1) is not a Schauder basis for Lp[0, 1].

Proof. Let 1
p + 1

q = 1. For 1 < q < ∞, the dual system {gn}∞n=1 ⊂ Lq[0, 1] defined

by (6.1) satisfies

(6.4) ‖gn‖q =

(∫ 1

0

|t|qdt
)1/q

=

(
1

q + 1

)1/q

.

Also note that ‖gn‖∞ = 1 holds and is consistent with (6.4) when q = ∞.
By (2.12) we have w2m−1+1 = Rm. Thus, for all 1 ≤ p < ∞,

‖f2m−1+1‖pp ≥
∫ 1

0

|1− w2m−1+1(t)|p
t

dt =

∫ 1

0

|1−Rm(t)|p
t

dt

=

2m−1∑
k=1

∫ (2k)2−m

(2k−1)2−m

2p

t
dt = 2p

2m−1∑
k=1

ln

(
1 +

1

(2k − 1)

)
.(6.5)

Since ln(1 + x) ≥ x/(e− 1) holds whenever 0 ≤ x ≤ (e− 1), (6.5) yields

(6.6) ‖f2m−1+1‖pp ≥ 2p

(e− 1)

2m−1∑
k=1

1

(2k − 1)
.

It follows from (6.4) and (6.6) that

(6.7) lim sup
m→∞

‖f2m−1+1‖p‖g2m−1+1‖q = ∞.

Thus Lemma 2.4 together with (6.7) show that {fn}∞n=1 is not a Schauder basis for
Lp[0, 1]. �

7. Extensions to Lp(R)

Most of our previous results were proven for Lp[0, 1], but they easily extend
to Lp(R). The following lemma is an immediate consequence of the definition of
quasibasis.

Lemma 7.1. Let 1 ≤ p < ∞ and 1
p + 1

q = 1. If {fn}∞n=1 is an unconditional

quasibasis for Lp(R) with dual system {gn}∞n=1 ⊂ Lq(R), then {fnχ[0,1]}∞n=1 ⊂
Lp[0, 1] is an unconditional quasibasis for Lp[0, 1] with dual system {gnχ[0,1]}∞n=1 ⊂
Lq[0, 1].
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Lemma 7.1 and Theorem 5.5 give the following.

Corollary 7.2. Fix 1 ≤ p < ∞. There does not exist an unconditional quasibasis
{fn}∞n=1 for Lp(R) such that each fn is a.e. nonnegative.

The next lemma follows easily from the definitions of Markushevich basis and
quasibasis.

Lemma 7.3. Fix 1 ≤ p < ∞ and 1
p + 1

q = 1. Suppose that {fn}∞n=1 ⊂ Lp[0, 1] and

{gn}∞n=1 ⊂ Lq[0, 1]. Define

(7.1) Fm,n(t) = χ[0,1](t−m)fn(t−m) and Gm,n(t) = χ[0,1](t−m)gn(t−m).

The following hold:

(1) If {fn}∞n=1 is a Markushevich basis for Lp[0, 1] with biorthogonal system
{gn}∞n=1 ⊂ Lq[0, 1], then the system {Fm,n : m ∈ Z, n ∈ N} is a Marku-
shevich basis for Lp(R) with biorthogonal system {Gm,n : m ∈ Z, n ∈ N} ⊂
Lq(R).

(2) If {fn}∞n=1 is a quasibasis for Lp[0, 1] with dual system {gn}∞n=1 ⊂ Lq[0, 1],
then a suitable enumeration of the system {Fm,n : m ∈ Z, n ∈ N} is a
quasibasis for Lp(R) with a correspondingly enumerated dual system {Gm,n :
m ∈ Z, n ∈ N} ⊂ Lq(R).

Lemma 7.3, Theorem 6.1 and Corollary 5.4 give the following.

Corollary 7.4. Fix 1 ≤ p < ∞. If {fn}∞n=1 ⊂ Lp[0, 1] is the Markushevich basis
defined by (6.1), then the system {Fm,n : m ∈ Z, n ∈ N} ⊂ Lp(R) defined by (7.1)
is a nonnegative Markushevich basis for Lp(R).

Corollary 7.5. Fix 1 ≤ p < ∞. If {fn}∞n=1 ⊂ Lp[0, 1] is the conditional qua-
sibasis given by enumerating the dyadic step functions in Corollary 5.4, then the
suitably enumerated system {Fm,n : m ∈ Z, n ∈ N} ⊂ Lp(R) defined by (7.1) is a
nonnegative conditional quasibasis for Lp(R).

8. Hamel bases

Let V be a linear space over K = R or C. A set B ⊂ V is a Hamel basis for V
if every v ∈ V can be expressed as a finite linear combination of elements in B. In
other words, B ⊂ V is a Hamel basis if

∀v ∈ V, ∃N ∈ N, b1, · · · , bN ∈ B, c1, · · · cN ∈ K such that v = c1b1+ · · ·+cNbN .

In contrast to the spanning systems discussed in Section 2, Hamel bases for infinite
dimensional Banach spaces are uncountable.

Given a measurable function f let fR = Re(f) and fI = Im(f) denote the real
and imaginary parts of f , let f+

R (t) = max{fR(t), 0} and f−
R (t) = max{−fR(t), 0}

denote the positive and negative parts of fR, and let f+
I and f−

I denote the positive

and negative parts of fI . In particular, f = f+
R − f−

R + if+
I − if−

I .

Theorem 8.1. Let V be a linear space of measurable functions with the property
that if f ∈ V , then f+

R , f−
R , f+

I , f−
I ∈ V . There exists a Hamel basis B ⊂ V for V

such that each b ∈ B is a.e. nonnegative.

Proof. The proof follows the usual construction of Hamel bases.
Let F be the family of all subsets of V with the property that if F ∈ F , then

(i) the elements of F are finitely linearly independent, and (ii) if f ∈ F , then f is
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a.e. nonnegative. Consider the partial order on F given by set inclusion. It can be
shown that every chain in F has an upper bound (take the union of elements in
the chain). Therefore, by Zorn’s lemma, F contains a maximal element B ∈ F .

It follows from the maximality of B that if g ∈ V is a.e. nonnegative, then g
must lie in the finite linear span of B (otherwise maximality would be contradicted
by B∪{g}). Thus, if f ∈ V , then each of the nonnegative functions f+

R , f−
R , f+

I , f−
I

is in the finite linear span of B. Since V is linear, it follows that B is the desired
Hamel basis for V . �

Corollary 8.2. Fix 0 < p ≤ ∞ and measurable S ⊂ Rd. There exists a Hamel
basis B for the linear space Lp(S) for which each b ∈ B is a.e. nonnegative.

9. Questions

Theorem 5.5 shows that nonnegative unconditional quasibases do not exist in
Lp[0, 1]. On the other hand, Example 5.1 and Theorem 6.1 show that it is possible
for a nonnegative system in Lp[0, 1] to be a quasibasis or Markushevich basis in
Lp[0, 1]. However, it is not clear whether a nonnegative system in Lp[0, 1] can be a
Schauder basis, i.e., simultaneously a quasibasis and a Markushevich basis.

Question 9.1. Given 1 ≤ p < ∞, does there exist a Schauder basis {fn}∞n=1 for
Lp[0, 1] such that each fn is a.e. nonnegative?

For perspective, note that nonnegative Schauder bases do exist in other function
spaces. For example, the Schauder system is a nonnegative Schauder basis for
C[0, 1], see Section 4.1 in [21], and the system {χ[0,1](t−n) : n ∈ Z} is a nonnegative

orthonormal basis for its closed linear span in L2(R).

Question 9.2. Which function spaces admit pointwise nonnegative Schauder bases?

Example 3.3 shows that the approach used to prove Theorem 3.2 on monotone
bases does not extend to L1[0, 1]. Moreover, unlike the case 1 < p < ∞, Corollary
4.2 does not help address Theorem 3.2 for L1[0, 1] since there are no unconditional
bases for L1[0, 1].

Question 9.3. Does there exist a monotone basis {fn}∞n=1 for L1[0, 1] such that
each fn is a.e. nonnegative?

It would be interesting to determine if examples of nonnegative quasibases and
Markushevic bases {fn}∞n=1 for L

p[0, 1] (see Theorems 5.2 and 6.1, and Example 5.3)
can be endowed with additional control between ‖f‖p and �r norms of the coefficient
sequence {〈f, fn〉}∞n=1. See [29] for related work involving Bessel (Cq)-systems in
the context of Gabor analysis, and see [19,33] for related work on coefficient control
in the setting of Schauder bases.

Question 9.4. Given 1 < s ≤ 2 ≤ t < ∞, does there exist A,B > 0 and a
quasibasis or Markushevich basis {fn}∞n=1 for L2[0, 1] such that each fn is a.e.
nonnegative and

∀f ∈ L2[0, 1], A

( ∞∑
n=1

|〈f, fn〉|t
)1/t

≤ ‖f‖2 ≤ B

( ∞∑
n=1

|〈f, fn〉|s
)1/s

?

Recall that the case s = t = 2 is not possible by Corollary 4.3.
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Note added in proof. With regard to Question 9.1, Bill Johnson and Gideon
Schechtman have recently constructed an example of a nonnegative Schauder basis
for L1, but the question remains open for general Lp. With regard to Question
9.3, it can be shown using results on contractive projections that there are no
nonnegative monotone Schauder bases for L1.

10. Appendix

In this Appendix we briefly sketch proofs of background lemmas on quasibases
stated in Section 2.2. As noted earlier, the proofs of Lemma 2.1, Lemma 2.2 and
Lemma 2.3 follow familiar methods; we briefly outline the details here for the sake
of completeness.

Sketch of the proof of Lemma 2.1. The implication (1) =⇒ (2) follows from the
definition of quasibasis and from the uniform boundedness principle since the con-
vergence of the sequence {SN (f)}∞N=1 for all f ∈ X implies that supN ‖SN‖X→X <
∞.

For the implication (2) =⇒ (1), let C = supN ‖SN‖X→X < ∞. Given f ∈ X,
let ε > 0 be arbitrary and take g ∈ D such that ‖f − g‖X < ε. Then

‖f − SN (f)‖X ≤ ‖f − g‖X + ‖g − SN (g)‖X + ‖SN (g − f)‖X .

This implies that lim supN→∞ ‖f−SN (f)‖X ≤ ε(1+C), and since ε > 0 is arbitrary,
this completes the proof. �

Sketch of the proof of Lemma 2.2. Since the quasibasis expansion

f =
∞∑

n=1

〈f, gn〉fn

converges unconditionally for each f ∈ X, Theorem 3.15 in [21] implies that for
each f ∈ X, supU,N ‖SU,N (f)‖X < ∞. The proof now follows from the uniform
boundedness principle. �

Sketch of the proof of Lemma 2.3. Step I. We first show that {ϕn}∞n=1 is quasibasis
for X. Define the operator S : X → X by S(f) =

∑∞
n=1〈f, gn〉(fn − ϕn). The

assumption (2.5) guarantees that the partial sums defining S(f) are Cauchy and
hence converge. Moreover, (2.5) implies that for all f ∈ X, ‖S(f)‖X ≤ (ε/2)‖f‖X ,
and hence ‖S‖X→X ≤ ε/2 < 1.

Define T = I − S, where I : X → X is the identity operator. Exercise 2.40 in
[21] shows that T : X → X is bounded, one-to-one, onto, and has bounded inverse.
It can be verified that for all f ∈ X, T (f) =

∑∞
n=1〈f, gn〉ϕn. Thus, we have

∀f ∈ X, f = T (T−1(f)) =
∞∑

n=1

〈T−1(f), gn〉ϕn =
∞∑
n=1

〈f, (T−1)∗(gn)〉ϕn.

In other words, {ϕn}∞n=1 is a quasibasis for X with dual system {(T−1)∗(gn)}∞n=1.

Step II. We next show that if {fn}∞n=1 is an unconditional quasibasis, then the
quasibasis {ϕn}∞n=1 is unconditional. We need to show that for any permutation σ
of N, the following series converges:

(10.1) lim
N→∞

N∑
n=1

〈f, (T−1)∗(gσ(n))〉ϕσ(n) = lim
N→∞

N∑
n=1

〈T−1(f), gσ(n)〉ϕσ(n).
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In particular, it suffices to show that the partial sums in (10.1) are Cauchy.
Since {fn}∞n=1 is an unconditional quasibasis with dual {gn}∞n=1, the following

series converges:

(10.2) T−1(f) = lim
N→∞

N∑
n=1

〈T−1(f), gσ(n)〉fσ(n) =
∞∑

n=1

〈T−1(f), gσ(n)〉fσ(n),

and so the partial sums in (10.2) are Cauchy. The assumption (2.5) implies that

(10.3)

∥∥∥∥∥
N∑

n=M

〈T−1(f), gσ(n)〉(fσ(n) − ϕσ(n))

∥∥∥∥∥
X

≤ ε‖T−1(f)‖X
N∑

n=M

1

2σ(n)+1
.

We may conclude from (10.2) and (10.3) that the sequence of partial sums (10.1)
is Cauchy as required since∥∥∥∥∥

N∑
n=M

〈T−1(f), gσ(n)〉ϕσ(n)

∥∥∥∥∥
X

≤
∥∥∥∥∥

N∑
n=M

〈T−1(f), gσ(n)〉fσ(n)

∥∥∥∥∥
X

+ ε‖T−1(f)‖X
N∑

n=M

1

2σ(n)+1
.

�
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Analysis, Birkhäuser/Springer, New York, 2011. MR2744776 (2012b:46022)
[22] Christopher Heil, Yoo Young Koo, and Jae Kun Lim, Duals of frame sequences, Acta

Appl. Math. 107 (2009), no. 1-3, 75–90, DOI 10.1007/s10440-008-9410-4. MR2520010
(2010c:42065)

[23] Robert C. James, Orthogonality and linear functionals in normed linear spaces, Trans. Amer.
Math. Soc. 61 (1947), 265–292. MR0021241 (9,42c)

[24] K. S. Kazarjan, The multiplicative completion of certain systems (Russian, with English and
Armenian summaries), Izv. Akad. Nauk Armyan. SSR Ser. Mat. 13 (1978), no. 4, 315–351,
353. MR526648 (80j:42038)

[25] K. S. Kazarian, On bases and unconditional bases in the spaces Lp(μ), 1 ≤ p < ∞, Studia
Math. 71 (1981/82), no. 3, 227–249. MR667313 (84d:42037)

[26] K. S. Kazarian and Robert E. Zink, Some ramifications of a theorem of Boas and Pollard
concerning the completion of a set of functions in L2, Trans. Amer. Math. Soc. 349 (1997),
no. 11, 4367–4383, DOI 10.1090/S0002-9947-97-02034-5. MR1443881 (99d:42050)

[27] K. S. Kazarian and Robert E. Zink, Subsystems of the Schauder system that are quasibases
for Lp[0, 1], 1 ≤ p < +∞, Proc. Amer. Math. Soc. 126 (1998), no. 10, 2883–2893, DOI
10.1090/S0002-9939-98-04388-3. MR1452807 (99a:46050)

[28] Rui Liu and Bentuo Zheng, A characterization of Schauder frames which are near-Schauder
bases, J. Fourier Anal. Appl. 16 (2010), no. 5, 791–803, DOI 10.1007/s00041-010-9126-5.
MR2673710 (2011h:46023)

[29] Shahaf Nitzan and Jan-Fredrik Olsen, From exact systems to Riesz bases in the Balian-Low
theorem, J. Fourier Anal. Appl. 17 (2011), no. 4, 567–603, DOI 10.1007/s00041-010-9150-5.

MR2819167 (2012e:42065)
[30] E. Odell, B. Sari, Th. Schlumprecht, and B. Zheng, Systems formed by translates of one ele-

ment in Lp(R), Trans. Amer. Math. Soc. 363 (2011), no. 12, 6505–6529, DOI 10.1090/S0002-
9947-2011-05305-5. MR2833566 (2012g:42063)

[31] R. E. A. C. Paley, A remarkable series of orthogonal functions I, Proceedings of the London
Mathematical Society, 34 (1931), no. 1, 241–264.

http://www.ams.org/mathscinet-getitem?mr=1757401
http://www.ams.org/mathscinet-getitem?mr=1757401
http://www.ams.org/mathscinet-getitem?mr=1738089
http://www.ams.org/mathscinet-getitem?mr=1738089
http://www.ams.org/mathscinet-getitem?mr=2249306
http://www.ams.org/mathscinet-getitem?mr=2249306
http://www.ams.org/mathscinet-getitem?mr=1211486
http://www.ams.org/mathscinet-getitem?mr=1211486
http://www.ams.org/mathscinet-getitem?mr=0399832
http://www.ams.org/mathscinet-getitem?mr=0399832
http://www.ams.org/mathscinet-getitem?mr=0098974
http://www.ams.org/mathscinet-getitem?mr=0098974
http://www.ams.org/mathscinet-getitem?mr=1829801
http://www.ams.org/mathscinet-getitem?mr=1829801
http://www.ams.org/mathscinet-getitem?mr=3010124
http://www.ams.org/mathscinet-getitem?mr=0283549
http://www.ams.org/mathscinet-getitem?mr=0283549
http://www.ams.org/mathscinet-getitem?mr=1686653
http://www.ams.org/mathscinet-getitem?mr=1686653
http://www.ams.org/mathscinet-getitem?mr=2744776
http://www.ams.org/mathscinet-getitem?mr=2744776
http://www.ams.org/mathscinet-getitem?mr=2520010
http://www.ams.org/mathscinet-getitem?mr=2520010
http://www.ams.org/mathscinet-getitem?mr=0021241
http://www.ams.org/mathscinet-getitem?mr=0021241
http://www.ams.org/mathscinet-getitem?mr=526648
http://www.ams.org/mathscinet-getitem?mr=526648
http://www.ams.org/mathscinet-getitem?mr=667313
http://www.ams.org/mathscinet-getitem?mr=667313
http://www.ams.org/mathscinet-getitem?mr=1443881
http://www.ams.org/mathscinet-getitem?mr=1443881
http://www.ams.org/mathscinet-getitem?mr=1452807
http://www.ams.org/mathscinet-getitem?mr=1452807
http://www.ams.org/mathscinet-getitem?mr=2673710
http://www.ams.org/mathscinet-getitem?mr=2673710
http://www.ams.org/mathscinet-getitem?mr=2819167
http://www.ams.org/mathscinet-getitem?mr=2819167
http://www.ams.org/mathscinet-getitem?mr=2833566
http://www.ams.org/mathscinet-getitem?mr=2833566


5806 ALEXANDER M. POWELL AND ANNELIESE H. SPAETH
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