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FUNDAMENTAL THEOREM OF GEOMETRY

WITHOUT THE SURJECTIVE ASSUMPTION

BAOKUI LI AND YUEFEI WANG

Abstract. In this paper, we solve the rigidity problem on geodesic maps in
the hyperbolic space. The main result is that a geodesic-to-geodesic injection
in hyperbolic space Dn is an isometry or a composition of an isometry and an
affine transformation under the Klein model if and only if it is non-degenerate.
We first solve the rigidity problems on Euclidean space and the n-sphere and
show that a line-to-line injection in Euclidean space Rn is an affine transfor-
mation if and only if it is non-degenerate and that a circle-to-circle injection on

the n-sphere R̂n is a Möbius transformation if and only if it is non-degenerate.
More general results for hyperplane-to-hyperplane maps are obtained.

The key method is to establish a new version of the celebrated Pappas’
Theorem.

1. Introduction and the main result

Let Rn be the n-dimensional Euclidean space (n > 1), R̂n = Rn ∪ {∞} be the
n-sphere, and

D
n = {(x1, x2, · · · , xn) ∈ R

n|x2
1 + x2

2 + · · ·+ x2
n < 1}

be the n-dimensional hyperbolic space. A map f : Rn → R
n is called line-onto-line

if the image of any line under f is a line and is called line-to-line if the image of
any line under f is in a line. A line-to-line map f is called degenerate if its image
of the whole space is contained in some line; otherwise, f is called non-degenerate.
Similar definitions for f : R̂n → R̂n or f : Dn → Dn are made by replacing lines
with circles or geodesics, respectively.

Such maps have been investigated for a long time and many results have been
in the literature. For instance, the following results are known.

Theorem A ([1]). Suppose that f : Ĉ → Ĉ is a circle-onto-circle map. Then f is
a Möbius transformation if and only if f is a bijection.

Theorem B ([15]). Suppose that f : Ĉ → Ĉ is a circle-onto-circle map. Then f is
a Möbius transformation if and only if f is a non-constant meromorphic function.

In higher-dimensional spaces, the following results are due to Artin, Beardon
and Minda, Jeffers respectively.
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Theorem C ([2]). Suppose that f : Rn → Rn (n > 1) is a line-onto-line bijection,
and suppose that the images of any two parallel lines under f are still parallel lines.
Then f is an affine transformation.

Theorem D ([4]). A map f : R̂n → R̂n (n > 1) is a Möbius transformation if and
only if it is a locally sphere-preserving map.

Here, f is called locally sphere-preserving if for any point P ∈ R̂n, there exists a
neighborhoodN such that for any sphere S ⊂ N , f(S) is a sphere and f : S → f(S)
is a bijection.

Theorem E ([11]). Suppose that f is a line-onto-line bijection on R̂n (or in Dn,
Rn) (n > 1). Then f is a Möbius transformation (or isometry, affine transforma-
tion).

In [5], Chubarev and Pinelis consider the case on Rn or a field and show that
the condition “f being injective” in Theorems [2] and [11] can be removed and the
condition “f preserving lines” can be replaced by the one “f being line-to-line”.
Precisely, we have the following.

Theorem F ([5]). For some positive integer r < n, suppose that f : Rn → Rn is a
surjection and maps any r-hyperplane into some r-hyperplane. Then f is an affine
transformation.

The hyperbolic space case is considered in [10].

Theorem G ([10]). For some positive integer r < n, suppose that f : Dn → Dn

maps every r-hyperplane into some r-hyperplane. Then f is an isometry if and
only if f is a surjective map.

In [12], [14], the authors prove

Theorem H ([12, 14]). For some positive integer r < n, suppose that f is an

r-hyperplane preserving map on R̂n (or in Dn, Rn). Then f is a Möbius transfor-
mation (or isometry, affine transformation) if and only if f is non-degenerate.

Here an r-hyperplane preserving map means that it maps any r-hyperplane onto
some r-hyperplane. An r-hyperplane preserving map is non-degenerate if its image
cannot be contained in any r-hyperplane.

In all the results above, the surjectivity or ‘onto’ condition is essential in their
proofs. It remains an open problem to consider the maps without the surjective
assumption. In this paper, we solve the problem completely and prove the following.

Theorem 1.1. Suppose that f : Rn �→ Rn is a line-to-line injection. Then f is an
affine transformation if and only if f is non-degenerate.

Theorem 1.2. Suppose that f : R̂n �→ R̂n is a circle-to-circle injection. Then f is
a Möbius transformation if and only if f is non-degenerate.

However, the hyperbolic space case is a little different. The following counter-
example demonstrates that a geodesic-to-geodesic injection is non-degenerate, while
it is not an isometry.

Example 1.3. Suppose that

H
n+1 = {(x1, x2, · · · , xn+1) ∈ R

n+1|xn+1 > 0}
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and
S
n
+ = {(x1, x2, · · · , xn+1) ∈ H

n+1|x2
1 + x2

2 + · · ·+ x2
n+1 = 1}

are hyperbolic spaces with hyperbolic metric

ρ(x1, x2, · · · , xn+1) =
1

xn+1
.

Let
D

n = {(x1, x2, · · · , xn, 0) ∈ R
n+1|x2

1 + x2
2 + · · ·+ x2

n < 1},
and h : Sn+ → Dn be the projection

h : (x1, x2, · · · , xn+1) → (x1, x2, · · · , xn, 0).

In fact, Dn is a Klein model of hyperbolic space, where the geodesic is the segment.
For any affine transformation g, if g|Dn : Dn ↪→ Dn is not onto, for example,

g : (x1, x2, · · · , xn, 0) → (x1, x2, · · · ,
xn

2
, 0),

one can find that h−1 ◦ g ◦ h : Sn+ → Sn+ is a geodesic-to-geodesic continuous non-
degenerate injection which is not an isometry.

We shall prove the following result for the hyperbolic space on the Klein model.

Theorem 1.4. Suppose that f : Dn �→ Dn is a geodesic-to-geodesic injection. Then
it is an isometry or there exists some affine transformation g on R

n such that g ◦ f
is an isometry if and only if f is non-degenerate.

As above, we can define the r-hyperplane into r-hyperplane map and the non-
degenerate map similarly. As in [5], if an r-hyperplane into r-hyperplane map f

(on Rn or R̂n or Dn) is non-degenerate, it is easy to prove that f is line-to-line.
Moreover, the line-to-line map f is non-degenerate.

In fact, we only need to prove that f is an (r − 1)-hyperplane into an (r − 1)-
hyperplane. For any (r − 1)-hyperplane π, there are two r-hyperplanes Π and Π′

such that Π ⊃ π and f(Π) ⊂ Π′. Since f is non-degenerate, there is a point P ∈ Dn

such that f(P ) 
∈ Π′. Denote by Π1 the r-hyperplane containing π and P , and let
Π′

1 be the (or any) r-hyperplane containing f(Π1). Then f(π) ⊂ Π′∩Π′
1 is in some

(r − 1)-hyperplane. Therefore, we have the following.

Theorem 1.5. Suppose that the injection f : Rn �→ Rn maps any r-hyperplane
into some r-hyperplane for some positive integer r < n. Then f is an affine trans-
formation if and only if f is non-degenerate.

Theorem 1.6. Suppose that the injection f : R̂n �→ R̂n maps any r-hyperplane
into some r-hyperplane for some positive integer r < n. Then f is a Möbius
transformation if and only if f is non-degenerate.

Theorem 1.7. Suppose that the injection f : Dn �→ Dn maps any r-hyperplane
into some r-hyperplane for some positive integer r < n. Then it is an isometry or
a composition of an isometry and an affine transformation under the Klein model
if and only if f is non-degenerate.

For the sake of convenience, we denote points by capital letters A, B, · · · , P , or
Q, lines by l or L, the line passing through A and B by LAB, the segment with
the endpoints A and B by AB, and the Euclidean length of segment AB by |AB|,
respectively. Moreover, we have the following notation: l1//l2 means that l1 and
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l2 are parallel in Euclidean space, l1 ∩ l2(= {P}) means that l1 and l2 intersect (at
P ), l1 ∩ l2 ∩ l3 means that l1, l2 and l3 intersect at some common point; that is,
they are concurrent.

2. Main tools

2.1. g-reflection transformation. In [13], the authors introduced the g-reflection
(general-triangle-reflection), a new class of line-to-line maps on R

2\Lb, which is
affinely conjugated to a map of the following form:

η : (x, y) �→ (− x

1 +Kx
,

y

1 +Kx
) (K 
= 0).

The boundary Lb is the line

Lb = {(x, y) ∈ R
2|x = − 1

K
}.

The g-reflection η has two complete invariant connected components Ω1 and Ω2 in
R2\Lb. It has a fixed-pointwise line La = {(x, y) ∈ R2|x = 0} ⊂ Ω1, which is called
the axis, and an isolated fixed point P0 = (− 2

K , 0) ∈ Ω2, which is called the base
point.

With a given boundary Lb and a base point P0, there exists a unique g-reflection
transformation η : R2\Lb �→ R2\Lb, which has the following properties.

i. For any affine transformation h on R2, h−1 ◦ η ◦ h is a g-reflection.
ii. η is a line-onto-line bijection on R

2\Lb, and η ◦ η = id.
iii. The line passing through P0 is invariant.
iv. The image line of the line that is parallel to La is parallel to La.
v. The image lines of two parallel lines that are not parallel to La share a

common point in Lb.

Remark. We can also consider g-reflection in projective space.

Let ∞l denote the infinity point of the line l. Then two lines l1 and l2 are parallel
if and only if ∞l1 = ∞l2 . A line l̄, in projective space, will be defined as the union
of ∞l and l for a line l in Euclidean space. We denote by L(P, k) the line passing
through a point P ∈ R2 with slope k ∈ R̄ (here R̄ = R ∪ {∞}), and denote by ∞k

the infinite point of the line with slope k.
Let L∞ denote the set of all the infinity points of the plane, which can be

regarded as the infinity line in projective space. Denote the projective plane by
R̄2 = R2

⋃
L∞.

With a given g-reflection η, we extend the definition domain to the projective
space

η̄ : R̄2 → R̄
2

by

η̄(P ) =

⎧⎪⎨
⎪⎩

η(P ), P ∈ R2\Lb,

∞LPP0
, P ∈ Lb,

L(P0, k) ∩ L̄b, P = ∞k, k ∈ R̄.

η̄ : R̄2 → R̄2 is a line-to-line injection satisfying η2 = id, and η(L̄b) → L∞.
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Theorem 2.1. Suppose that η : R2 → R2 is a g-reflection with boundary Lb, and
Γ is a circle in R2. Then η(Γ) is a second-degree curve.

Moreover, η(Γ) is an ellipse if Γ∩Lb = ∅; η(Γ) is a parabola if Γ∩Lb is a single
point; η(Γ) is a hyperbola if Γ ∩ Lb has two points.

Proof. By conjugating some affine transformation, we choose η as the standard
form. Let Γ be a circle with center (a, b) and radius r:

Γ = {(x, y)|(x− a)2 + (y − b)2 = r2}.
For any point P (X,Y ) ∈ η(Γ), the image η(P ) ∈ Γ (since η2 = id). That is,

η(Γ) : (− X

1 +KX
− a)2 + (

Y

1 +KX
− b)2 = r2,

which is a second-degree curve.
If Γ ∩ Lb = ∅, then η(Γ) is a bounded curve and so it is an ellipse (or circle). If

Γ∩Lb is a single point, then η(Γ) is an unbounded curve and has only one connected
component. η(Γ) is a parabola. If Γ∩Lb has two points, then η(Γ) is an unbounded
curve and has two connected components. η(Γ) is a hyperbola. �

In fact, it follows from the proof that for any second-degree curve Γ, its image
η(Γ) is still a second-degree curve.

Denote the cross ratio of four points P1, P2, P3, P4 ∈ R2 by

[P1, P2, P3, P4] =
|P1P2| · |P3P4|
|P1P4| · |P2P3|

.

Obviously, [P1, P2, P3, P4] = [P4, P3, P2, P1] = 1/[P2, P3, P4, P1]. Especially,

[P1, P2, P3,∞] =
|P1P2|
|P2P3|

.

We have the following results.

Theorem 2.2. For any three points P1, P2, and P3 in a line L, there exists a
unique point P4 ∈ L̄\{P2} such that [P1, P2, P3, P4] = 1.

Theorem 2.3. For any four collinear points P1, P2, P3, and P4, [P1, P2, P3, P4] is
invariant under any affine transformation or g-reflection transformation.

In Theorem 2.3, the invariance under an affine transformation is obvious. We
only need to consider the case of g-reflection, which conjugates to the following
form up to a suitable affine transformation:

η : (x, y) �→ (− x

1 +Kx
,

y

1 +Kx
) (K 
= 0).

Let Pi(xi, yi) (i = 1, 2, 3, 4) be any four collinear points. Obviously, if x1 = x2,
then |PiPj | = |yi − yj | and [P1, P2, P3, P4] = [y1, y2, y3, y4].

If x1 
= x2, then |PiPj | =
√
1 + k2|xi − xj |, where

k =
y2 − y1
x2 − x1

and [P1, P2, P3, P4] = [x1, x2, x3, x4].
Let P ′

i = η(Pi)(x
′
i, y

′
i) be their image points, where

x′
i = − xi

1 +Kxi
, y′i =

yi
1 +Kxi

.
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If x1 = x2, then x′
i = x′

j . We only need to prove

[
y1

1 +Kx1
,

y2
1 +Kx2

,
y3

1 +Kx3
,

y4
1 +Kx4

] = [y1, y2, y3, y4].

If x1 
= x2, then x′
i 
= x′

j . We only need to prove

[− x1

1 +Kx1
,− x2

1 +Kx2
,− x3

1 +Kx3
,− x4

1 +Kx4
] = [x1, x2, x3, x4].

Both of them can be obtained easily by calculation.
To prove Theorem 2.2, we may suppose that x1 
= x2 = 0, without loss of

generality, by composing a suitable affine transformation. If x1 + x3 = 0, then
x4 = ∞, and the uniqueness follows. If x1 + x3 
= 0, we consider the image points
under the g-reflection

η : (x, y) �→ (− x

1 +Kx
,

y

1 +Kx
) (K = −x1 + x3

2x1x3
).

Denote η(Pi)(x
′
i, y

′
i). Then x′

1+x′
3 = x′

2 = 0. So x′
4 = ∞, and x4 = 2x1x3/(x1+x3).

2.2. Pappus’ Theorem. In this section, we introduce a classical result in projec-
tion geometry, Pappus’ Theorem (see Figure 2.1), and prove two general forms. We
suppose that all the lines and points in this section are in a plane.

Classical Pappus’ Theorem ([2]). Suppose that L1 and L2 are two lines in some
plane and P1, P2, P3(∈ L1), Q1, Q2, Q3(∈ L2) are six distinct points. Denote the
intersections LP1Q2

∩ LP2Q1
= {M}, LP2Q3

∩ LP3Q2
= {N}, and LP3Q1

∩ LP1Q3
=

{O}. Then M,N,O are collinear.

Definition 2.4. The line passing through M,N,O (obtained as above) is called
the Pappus line (of the six points [P1, P2, P3(∈ L1); Q1, Q2, Q3(∈ L2)]).

Figure 2.1

Remark 1. If the crossing point of L1 and L2 is one of the six points, such as P1,
then M and O coincide, and the Classical Pappus’ Theorem is trivial. If two of the
six points coincide, say for example P1 = P2, then M = P1 and N,O ∈ LP1Q3

. The
Classical Pappus’ Theorem follows.

Remark 2. If one of M,N,O disappears, such as {M} = LP1Q2
∩LP2Q1

being null,
which means LP1Q2

//LP2Q1
, then M = ∞LP1Q2

. We say that M,N,O are collinear
if LNO//LP1Q2

.

Remark 3. If two of M,N,O disappear, such as M and N , that is LP1Q2
//LP2Q1

and LP2Q3
//LP3Q2

, then LP3Q1
//LP1Q3

and O disappears, too. Moreover, the
Pappus line is L∞.
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Pappus’ Theorem is a celebrated and classic result. Its various proofs can be
found in geometry, algebra and computation. We shall prove the following gener-
alizations.

Figure 2.2

General Pappus’ Theorem I. Suppose that L1 is parallel to L2, and L is the
Pappus line of the six distinct points [P1, P2, P3(∈ L1); Q1, Q2, Q3(∈ L2)].

Then L,L1, L2 are parallel if and only if LP1Q1
, LP2Q2

, LP3Q3
are either concur-

rent or parallel (see Figure 2.2).

Figure 2.3

Proof. By considering the image of some suitable affine transformation on R2,
we may let, without loss of generality, L1 = {x = 0}, L2 = {x = 1}, P1(0, 0),
P2(0, a2), P3(0, a3) ∈ L1, and Q1(1, 0), Q2(1, b2), Q3(1, b3) ∈ L2 (see Figure
2.3). By elementary geometric computation, we have the coordinates of the in-
tersections {M(xM , yM )} = LP1Q2

∩ LP2Q1
, {N(xN , yN )} = LP2Q3

∩ LP3Q2
and

{O(xO, yO)} = LP1Q3
∩ LP3Q1

:
⎧⎪⎨
⎪⎩

xM =
a2

a2 + b2

yM =
a2b2

a2 + b2

,

⎧⎪⎪⎨
⎪⎪⎩

xN =
a3 − a2

a3 − a2 + b3 − b2

yN =
a3b3 − a2b2

a3 − a2 + b3 − b2

,

⎧⎪⎨
⎪⎩

xO =
a3

a3 + b3

yO =
a3b3

a3 + b3

.
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Then LMN , L1, L2 are parallel if and only if xM = xN = xO. Hence

b2
a2

=
b3
a3

.

On the other hand, LP1Q1
, LP2Q2

, LP3Q3
are parallel if and only if

b2
a2

=
b3
a3

= 1.

And LP1Q1
, LP2Q2

, LP3Q3
are concurrent if and only if

b2
a2

=
b3
a3


= 1.

Thus the proof is complete. �
General Pappus’ Theorem II. Let L1∩L2(= {P}), and L be the Pappus line of
the six points [P1, P2, P3(∈ L1); Q1, Q2, Q3(∈ L2)]. Then L,L1, L2 are concurrent
if and only if LP1Q1

, LP2Q2
, LP3Q3

are either parallel or concurrent.

This result can be converted to General Pappus’ Theorem I by considering the
image under suitable g-reflection, with boundary Lb � P , and Pi, Qi 
∈ Lb for all i.

Moreover, suppose that LP1Q3
, LP2Q2

, LP3Q1
are concurrent. If LP1Q1

, LP2Q2
,

LP3Q3
are parallel (see Figure 2.4), then we have

|P1Q1|
|P3Q3|

=
|PP1|
|PP3|

=
|P1P2|
|P2P3|

=
|OP1|
|OQ3|

by elementary computation. Thus [P, P1, P2, P3] = 1.

Figure 2.4

By considering the image under some suitable g-reflection, we obtain the case
when LP1Q1

, LP2Q2
, LP3Q3

are concurrent (see Figure 2.5). If L1 ∩ L2 = {P},
P1, P2, P3 ∈ L1, Q1, Q2, Q3 ∈ L2 such that LP1Q3

, LP2Q2
, LP3Q1

are concurrent,
then [P, P1, P2, P3] = 1.

On the other hand, for given P, P1, P3, there is a unique P2 in L1\{P} such that
[P, P1, P2, P3] = 1, by Theorem 2.2. We have the following.

Lemma 2.5. Suppose that L1 ∩ L2 = {P}, P1, P3 ∈ L1, Q1, Q3 ∈ L2. Denote
LP1Q3

∩ LP3Q1
= {O}. Then [P, P1, P2, P3] = 1 for P2 ∈ L1\{P} if and only if

LP1Q1
, LP2O, LP3Q3

are either parallel or concurrent.

The duality of P and O implies the following lemma (see Figure 2.5).
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Figure 2.5

Lemma 2.6. Suppose that L1 ∩ L2 = {P}. Let the lines LP1Q3
, LP2Q2

, LP3Q1
be

concurrent at O and LP1Q1
, LP2Q2

, LP3Q3
be concurrent at Q. Denote the Pappus

line (of [P1, P2, P3;Q1, Q2, Q3]) by L. Then [P2, O,Q2, Q] = 1.
Moreover, for any Om ∈ L, if we denote {Pm} = L1∩LOmQ, {Qm} = L2∩LOmQ,

then [Pm, Om, Qm, Q] = 1.
Furthermore, for any point Om ∈ L and any line lm � Om, denote {Pm} =

lm ∩ L1, {Qm} = lm ∩ L2 and {Q∗
m} = l̄m ∩ L̄PQ. Then [Pm, Om, Qm, Q∗

m] = 1.

Figure 2.6

Proof. Considering the image under some suitable affine transformation, we denote
L1 : y = 0, L2 : y = x and P (0, 0), P1(a1, 0), P3(a3, 0), Q(0, b) (see Figure 2.6).
Then

Q1(
a1b

a1 + b
,

a1b

a1 + b
) , Q3(

a3b

a3 + b
,

a3b

a3 + b
)

and

O(
2a1a3b

a1a3 + a1b+ a3b
,

a1a3b

a1a3 + a1b+ a3b
).

So LPO : y = 1
2x.

Then for any k, t ∈ R, denoteOm(2t, t) ∈ LMN , and lm : {(x, y)|y = k(x−2t)+t},

Pm(
2k − 1

k
t, 0) and Qm(

2k − 1

k − 1
t,
2k − 1

k − 1
t).
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LetQ∗
m(0, (1−2k)t) ∈ L̄PQ∩lm. We only need to prove that [Pm, Om, Qm, Q∗

m] =
1 by the uniqueness, which can be obtained by computation. So the proof is com-
plete. �

3. The proofs of Theorems 1.1 and 1.2

3.1. The proof of Theorem 1.1. Firstly, we consider the case n = 2. Suppose
that D ⊂ R2 is a convex domain. A line l in D means the segment in D, l ∩D. We
shall prove Theorem 1.1 in a general version for n = 2. Suppose that f : D → R2

is a non-degenerate line-to-line injection. For the sake of convenience, we always
denote by A′, B′, · · · , images of A, B, · · · under f . Let l′ be the line containing
f(l ∩ D). We have the following results.

Lemma 3.1. Suppose that f : D → R2 is a line-to-line injection. If there exist two
distinct lines l1, l2 in D such that l′1 = l′2, then f |D is degenerate.

In fact, for any P ∈ D\(l1∪l2), there are P1 ∈ l1 and P2 ∈ l2 such that P ∈ LP1P2
.

On the other hand, f(LP1P2
) ⊂ l′1. So f(P ) ∈ l′1.

Corollary 3.1. Suppose that a line-to-line injection f : D → R2 is non-degenerate.
Then P ′ 
∈ L′, for any P 
∈ L. That is, f−1 : f(D) → D is line-to-line.

Corollary 3.2. Suppose that a line-to-line injection f : D → R2 is non-degenerate.
If there exist l1 and l2 such that l1//l2, and l′1 ∩ l′2 = {Q∗}, then Q∗ 
∈ f(D).

Suppose that there exists a point Q such that Q∗ = f(Q). Then Q 
∈ l1 or
Q 
∈ l2, while Q∗ ∈ l′1 ∩ l′2. This contradicts Corollary 3.1.

The next lemma follows from the General Pappus’ Theorem II.

Lemma 3.2. Suppose that a line-to-line injection f : D → R2 is non-degenerate.
Then l′1, l

′
2, l

′
3 are either parallel or concurrent if and only if l1, l2, l3 are either

parallel or concurrent.

In fact, suppose that l1, l2, l3 are either parallel or concurrent. Then there exist
a point P ∈ D\(l1 ∪ l2 ∪ l3) and two lines L1, L2, such that the intersections
L1∩L2 = {P}, L1∩ li = {Pi}, L2∩ li = {Qi} in D, for all i = 1, 2, 3. So the Pappus
line (of the six points [P1, P2, P3;Q1, Q2, Q3]) passes through P by the General
Pappus’ Theorems. So the Pappus line (of the six points [P ′

1, P
′
2, P

′
3;Q

′
1, Q

′
2, Q

′
3])

passes through P ′. Then by the General Pappus’ Theorem II, l′1, l
′
2, l

′
3 are either

parallel or concurrent. The inverse part follows from Corollary 3.1.

Theorem 3.3. Suppose that a line-to-line injection f : D → R2 is non-degenerate.
If there exist l1, l3, L1 and L2 such that l1//l3, L1//L2, l1 is not parallel to L1,
and moreover, l′1//l

′
3 and L′

1//L
′
2. Then f is an affine transformation on D.

Proof. It follows from Lemma 3.2 that L′
1, L

′
2, L

′
3 are parallel, for any L3, which is

parallel to L1, L2. We suppose that li ∩ Lj ⊂ D, for i = 1, 3, j = 1, 2 by choosing
suitable pairs of lines. Denote {P1} = l1 ∩ L1, {P3} = l3 ∩ L1, {Q1} = l1 ∩ L2,
{Q3} = l3 ∩ L2, and {O} = LP1Q3

∩ LP3Q1
. Let l2 be the line which is parallel to

l1 and passes through O. Denote {P2} = l2 ∩ L1. Obviously, |P1P2| = |P2P3|, and
|P ′

1P
′
2| = |P ′

2P
′
3|.

We prove that f is parallel-preserving. For any parallel line pairs Lk1
, Lk2

,
without loss of generality, we may suppose that P1 ∈ Lk1

and P3 ∈ Lk2
. Denote
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{A1} = l1∩Lk2
, {A3} = l3∩Lk1

. Then {P2} = LP1P3
∩LA1A3

. On the other hand,
LP ′

1A
′
1
//LA′

3P
′
3
, {P ′

2} = LP ′
1P

′
3
∩ LA′

1A
′
3
and |P ′

1P
′
2| = |P ′

2P
′
3|. Then L′

k1
//L′

k2
.

By Lemma 3.2, we can extend f to f̄ on R2 as follows. For any P ∈ R2\D, one
can find two lines l01 and l02 satisfying l0i ∩ D 
= ∅ (i = 1, 2) and l01 ∩ l02 = {P}.
Then let {f̄(P )} = {P ′} = l′01 ∩ l′02.

Then we claim that f̄ : R2 → R2 is a line-to-line injection.
The injectivity is obvious. Moreover, for three given collinear points in L, if

L ∩ D 
= ∅, then the image points are collinear. We only need to consider the case
when L∩D = ∅. As in Figure 3.1, denote the three given points P, P12, P13. Choose
P1 ∈ D, and draw a line L1 passing through P, P1. There is a point Q2 ∈ LP1P12

∩D,
such that LPQ2

∩ LP1P13
= {Q3} in D. Denote L2 = LPQ2

. Choose Q1 ∈ L2 ∩ D
such that LP12Q1

∩ L1 = {P2} and LP13Q1
∩ L1 = {P3} ⊂ D. If there is no such

point Q1 (that is, P2 or P3 is always out of D), then we choose a new Q2, which is
closer to P1.

Figure 3.1

The Pappus line of the six points [P1, P2, P3(∈ L1);Q1, Q2, Q3(∈ L2)] is the
line LPP12

. By General Pappus’ Theorem II, we deduce that LP1Q1
, LP2Q2

, LP3Q3

are either parallel or concurrent. So LP ′
1Q

′
1
, LP ′

2Q
′
2
, LP ′

3Q
′
3
are either parallel or

concurrent, and P ′, P ′
12, P

′
13 are collinear, again by the General Pappus’ Theorem

II.
As the proof of Theorem 4.1 in [11] (in Lemma 4.3 and 4.4), we shall prove that

f̄ = id if it fixes (0, 0), (1, 0), (0, 1), by composing some suitable affine transforma-
tion, if necessary.

Since the parallel-relation preserving map f̄ fixes the x-axis and y-axis, we may
denote f̄(x, y) = (u(x), v(y)), where u, v are two real functions u, v : R → R.
Obviously, u(x) = v(x) as f̄ fixes the line y = x, and u(0) = 0, u(1) = 1.

Moreover, for any two points (x1, y1), (x2, y2) ∈ R2, f̄(x1 + x2, y1 + y2) =
f̄(x1, y1) + f̄(x2 + y2), which means u(x1 + x2) = u(x1) + u(x2).

Let L = {(x, y) ∈ R
2|y = kx}. Since (0, 0), (1, k) ∈ L and f̄((1, k)) = (1, u(k)),

then f̄(L) ⊂ L′ = {(x, y) ∈ R2; y = u(k)x}. Therefore for any point (b, kb) ∈ L,
f̄((b, kb)) = (u(b), u(kb)) ∈ f̄(L), which implies that u(kb) = u(k)u(b).
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One can obtain that u = id : R → R from the conditions

u(a+ b) = u(a) + u(b),

u(ab) = u(a)u(b),

and u(0) = 0, u(1) = 1. So f̄ = id on R2 after composing a suitable affine trans-
formation. Hence f̄ is an affine transformation, and f is affine on D. The proof is
complete. �

In the case L′
1 ∩ L′

2, for given two lines L1, and L2 with L1//L2, we have the
following lemmas.

Lemma 3.4. Suppose that a line-to-line injection f : D �→ R2 is non-degenerate
and there exist l1//l3, L1//L2, satisfying that l′1//l

′
3 and L′

1∩L′
2 = {P ∗}. Let L∗ be

the line passing through P ∗, parallel to l′1. Then for any two parallel lines Lk1
, Lk2

not parallel to l1, we have L′
k1
, L′

k2
, L∗ are concurrent.

Moreover, L∗ ∩ f(D) = ∅.

Proof. Denote {P1} = l1 ∩L1, {Q1} = l1 ∩L2, {P3} = l3 ∩L1, {Q3} = l3 ∩L2, and
{O} = LP1Q3

∩ LP3Q1
. Let l2 � O be the parallel line of l1 and {Q2} = L2 ∩ l2.

Denote {Pki
} = li ∩Lk1

, {Qki
} = li ∩Lk2

, for i = 1, 2, 3. Since |P ′
1P

′
2| 
= |P ′

2P
′
3|,

by Lemma 2.5, {P ∗
k } = LP ′

k1
P ′

k3
∩ LQ′

k1
Q′

k3
and [P ∗

k , P
′
k1
, P ′

k2
, P ′

k3
] = 1. Obviously,

P ∗
k ∈ L∗.
Suppose that there exists a point P such that P ′ ∈ L∗. Then we obtain Lk1

� P
as above (not parallel to l1). Obviously, P ′ = P ∗

k by the uniqueness in Lemma 2.2.
Meanwhile P 
∈ Lk2

, and P ′ = P ∗
k ∈ L′

k2
. This contradicts Corollary 3.1. The proof

is complete. �

Lemmas 2.6 gives the following result.

Lemma 3.5. Suppose that a line-to-line injection f : D �→ R
2 is non-degenerate

and there exist l1//l3, L1//L2, satisfying that l′1 ∩ l′3 = {Q∗}, L′
1 ∩ L′

2 = {P ∗}.
Denote L∗ = LP ∗Q∗ . Then for any two parallel lines Lk1 and Lk2 which are not
parallel to L∗, we have L′

k1
, L′

k2
, L∗ are concurrent.

Moreover, L∗ ∩ f(D) = ∅.

By Lemmas 3.4 and 3.5, suppose there exists L1//L2 such that L′
1 ∩ L′

2 
= ∅.
Then there is a line L∗ such that L∗ ∩ f(D) = ∅. Moreover, all the image lines of
parallel lines, not parallel to L∗, have a common point in L∗. Let η be a g-reflection
with the boundary L∗. Then η ◦ f : D �→ R2 satisfies the conditions of Theorem
3.3. That is, η ◦ f = g is affine. So we have the following.

Theorem 3.6. Suppose that a line-to-line injection f : D �→ R2 is non-degenerate.
Then either f is an affine transformation or there is some g-reflection η such that
η ◦ f is an affine transformation.

Suppose that the line-to-line injection f : R2 → R2 is non-degenerate. It is a
contradiction if g = η ◦ f is an affine transformation. In fact, suppose that Lb is
the boundary of η. Then f = η ◦ g has no definition on g−1(L∗). This completes
the proof of Theorem 1.1 in the case n = 2.

Theorem 3.7. Suppose that f : R2 �→ R2 is a line-to-line injection. Then f is an
affine transformation if and only if f is non-degenerate.
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Now we shall complete the proof of Theorem 1.1 by the following lemma and
Theorem H.

Lemma 3.8. Suppose that a line-to-line injection f : Rn �→ R
n is non-degenerate.

Then for any line L ⊂ Rn, L′ = f(L) is a complete line in Rn. That is, f is
line-onto-line.

Proof. For any given line L ⊂ Rn, since f is non-degenerate, there is a point P ∈ Rn

such that P ′ 
∈ L′. Let Π be the Euclidean plane containing L and P , and Π′ be
the Euclidean plane containing L′ and P ′. Obviously, f : Π ↪→ Π′ is a line-to-line,
non-degenerate injection. By Theorem 3.7, f |Π is an affine transformation. So
L′ = f(L) is a complete line and f is line-onto-line. This completes the proof. �

3.2. The proof of Theorem 1.2. By composing some suitable Möbius transfor-
mation, we may assume that f fixes ∞. Then f |Rn is a line-to-line injection and is
an affine transformation, by Theorem 1.1. Therefore f is a bijection. By Theorem
E, f is a Möbius transformation.

4. The proof of Theorem 1.4

In this section, we consider the map on the Klein model, as a subset of Rn if
necessary, and identify the segment with the geodesic in Dn. We only need to
prove that if f is non-degenerate, then it is a surjection or there exists an affine
transformation g on Rn such that g ◦ f : Dn → Dn is a surjection.

Firstly, we shall prove the case n = 2 of Theorem 1.4. By Theorem 3.6, the
line-to-line injection f : D → D is non-degenerate. Then f is either an affine trans-
formation or there exists a g-reflection η such that η ◦f is an affine transformation.
Theorem 2.1 gives the following lemma.

Lemma 4.1. Suppose that f : D �→ D is a line-to-line injection. If f is non-
degenerate, then f(D) is a disc or a filled ellipse.

Therefore we can choose a suitable affine transformation g on R2 such that the
line-to-line g ◦ f : D → D is a surjection. Considering the hyperbolic metric under
the Klein model, we deduce Theorem 1.4 (n = 2) by Theorem G.

Theorem 4.2. Suppose that f : D �→ D is a line-to-line injection. If f is non-
degenerate, then it is either an isometry or a composing of an isometry and a
compression by an affine transformation.

We complete the proof of Theorem 1.4 by the following lemma.

Lemma 4.3. Suppose that Dn is a set in Rn (n > 2). If for any 2-hyperplane
P satisfying P ∩ Dn 
= ∅, P ∩ Dn is a filled ellipse without boundary, then Dn is
an n-dimension ellipsoid. Moreover, there exists an affine transformation g on Rn

such that g(Dn) = Dn.

Proof. Obviously, Dn is a bounded convex domain. We shall complete the proof
by induction in three steps as follows.

Step 1. Suppose P ∩ Dn is a filled ellipse, for any 2-hyperplane P, satisfying
P ∩ Dn 
= ∅.
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Step 2. For a given integer k (2 ≤ k < n), suppose that Pk∩Dn is a k-dimension
filled ellipsoid, for any k-hyperplane Pk satisfying Pk ∩ Dn 
= ∅.

Step 3. We shall prove that Pk+1 ∩Dn is a (k+ 1)-dimension filled ellipsoid for
any (k + 1)-hyperplane Pk+1, satisfying Pk+1 ∩ Dn 
= ∅.

Suppose that the given Pk+1 is the (k + 1)-dimension hyperplane spanned by
the coordinate axes x1, x2, · · · , xk+1, and Pk

1 is the k-hyperplane spanned by the
axes x1, x2, · · · , xk. Choose another k-hyperplane Pk

2 ⊂ Pk+1 which is parallel to
Pk
1 and Pk

2 ∩ Dn 
= ∅.
Denote Dk

1 = Pk
1 ∩ Dn and Dk

2 = Pk
2 ∩ Dn. By composing a suitable affine

transformation, we may assume that Dk
1 is a k-dimension disc with center on the

origin, and the center of the k-ellipsoid Dk
2 is in the axis xk+1. Denote the radius

of Dk
1 by r. Then we claim that Dk+1 = Pk+1 ∩ Dn is a solid of revolution of an

ellipse around the axis xk+1, which indicates that it is an ellipsoid.
Let PA be any 2-hyperplane in Pk+1, passing through the axis xk+1 and a point

A ∈ Dk
1 . Obviously, PA ∩ Dn 
= ∅, so it is an ellipse, denoted by DA.

Figure 4.1

For the sake of convenience, we give a new coordinate system on the 2-hyperplane
PA, with the x-axis and the y-axis standing for the line PA∩Pk

1 = LOA and the axis
xk+1 respectively. Let Γ = ∂D denote the ellipse curve. Denote the crossing points
of Γ with the y-axis by P1(0, u) and P2(0,−v); with the x-axis by P3(r, 0) and
P4(−r, 0); and with Dk

2 by P5(s, t) and P6(−s, t), respectively. Here u, v, r, s > 0.
Then we have the ellipse curve

Γ = {(x, y)|uvx2 + r2y2 + r2(v − u)y − r2uv = 0},

which is determined by u, v, r and does not depend on the choosing of A ∈ Dk
1 and

PA. That is, all the ellipses DA are congruent to each other, for any A ∈ Dk
1 . Then

we can get that Dk+1 is an ellipsoid.
So is Dn by induction. �

To complete the proof of Theorem 1.4, we claim that for any 2-dimension sub-
space D ⊂ Dn, f |D is non-degenerate.
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Suppose to the contrary, that f |D is degenerate. There is a line L′ such that
f(D) ⊂ L′. Choose P1, P2 ∈ D and P3 
∈ LP1P2

. Obviously, P ′
1, P

′
2, P

′
3 ∈ L′.

Without loss of generality, we may assume that P ′
2 is in the segment of P ′

1P
′
3.

Denote L = LP1P3
. There is a point P ∈ Dn such that P ′ 
∈ L′. Let D1 ⊂ Dn be

the 2-dimension subspace containing P and L. So f |D1
is a non-degenerate line-

to-line injection. By Lemma 4.1, f(D1) is a disc or a filled ellipse, and f(L) is a
segment containing the segment P ′

1P
′
3(� P ′

2). This contradicts the injectivity.
Hence for any 2-dimension section D of Dn, f(D) is a disc or a filled ellipse

(without boundary). So f(Dn) = Dn is an n-dimension domain by the injectivity.
For any 2-hyperbolic P, if P ∩ Dn 
= ∅, then P ∩ Dn contains more than three
points, which is not collinear. So P ∩ Dn is a disc or a filled ellipse.

Now by Lemma 4.3, f(Dn) is an ellipsoid. There is an affine transformation g
such that g ◦ f : Dn → Dn is a surjection, and hence is an isometry by Theorem G.
This completes the proof of Theorem 1.4.
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transformations (English, with English and Serbo-Croatian summaries), Rad. Mat. 12 (2004),
no. 2, 129–133. MR2065553

http://www.ams.org/mathscinet-getitem?mr=0222756
http://www.ams.org/mathscinet-getitem?mr=0222756
http://www.ams.org/mathscinet-getitem?mr=0082463
http://www.ams.org/mathscinet-getitem?mr=0082463
http://www.ams.org/mathscinet-getitem?mr=698777
http://www.ams.org/mathscinet-getitem?mr=698777
http://www.ams.org/mathscinet-getitem?mr=1873771
http://www.ams.org/mathscinet-getitem?mr=1873771
http://www.ams.org/mathscinet-getitem?mr=1657778
http://www.ams.org/mathscinet-getitem?mr=1657778
http://www.ams.org/mathscinet-getitem?mr=521693
http://www.ams.org/mathscinet-getitem?mr=521693
http://www.ams.org/mathscinet-getitem?mr=0325966
http://www.ams.org/mathscinet-getitem?mr=0325966
http://www.ams.org/mathscinet-getitem?mr=1485479
http://www.ams.org/mathscinet-getitem?mr=1485479
http://www.ams.org/mathscinet-getitem?mr=1653398
http://www.ams.org/mathscinet-getitem?mr=1653398
http://www.ams.org/mathscinet-getitem?mr=2594748
http://www.ams.org/mathscinet-getitem?mr=2594748
http://www.ams.org/mathscinet-getitem?mr=1792412
http://www.ams.org/mathscinet-getitem?mr=1792412
http://www.ams.org/mathscinet-getitem?mr=2156500
http://www.ams.org/mathscinet-getitem?mr=2156500
http://www.ams.org/mathscinet-getitem?mr=2608330
http://www.ams.org/mathscinet-getitem?mr=2608330
http://www.ams.org/mathscinet-getitem?mr=2525936
http://www.ams.org/mathscinet-getitem?mr=2525936
http://www.ams.org/mathscinet-getitem?mr=0045823
http://www.ams.org/mathscinet-getitem?mr=0045823
http://www.ams.org/mathscinet-getitem?mr=2065553


6834 BAOKUI LI AND YUEFEI WANG

[17] Nikolas Samaris, A new characterization of Möbius transformations by use of 2n points, J.
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