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COX RINGS OF RATIONAL SURFACES

AND REDUNDANT BLOW-UPS

DONGSEON HWANG AND JINHYUNG PARK

Abstract. We prove that the redundant blow-up preserves the finite genera-

tion of the Cox ring of a rational surface under a suitable assumption, and we
study the birational structure of Mori dream rational surfaces via redundant
blow-ups. It turns out that the redundant blow-up completely characterizes
birational morphisms of Mori dream rational surfaces with anticanonical Iitaka
dimension 0. As an application, we construct new Mori dream rational sur-
faces with anticanonical Iitaka dimension 0 and −∞ of arbitrarily large Picard
number.
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1. Introduction

Algebraic varieties with finitely generated Cox rings, or equivalently, Mori dream
spaces, have attracted considerable attention for various purposes. As its name
suggests, Cox rings decode lots of birational structures of Mori dream spaces in
view of Mori theory. On the other hand, the universal torsor, which plays an
important role in finding rational points ([CTS]), of a Mori dream space can be
explicitly calculated from the Cox ring. However, the classification of such varieties
has remained as a challenging problem, even in the case of rational surfaces.
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Testa, Várilly-Alvarado, and Velasco ([TVAV, Theorem 1]) and Chen and Schnell
([CS, Theorem 3]) independently showed that the Cox ring of every big anticanoni-
cal rational surface, i.e., a smooth projective rational surface with big anticanonical
divisor, is finitely generated. Motivated by this result, Artebani and Laface ([AL])
investigated a rational surface S with a finitely generated Cox ring according to its
anticanonical Iitaka dimension

κ(−KS) := max{dimϕ|−nKS |(S) : n ∈ N},

whose value is one of 2, 1, 0, and −∞. In the case κ(−KS) = 1, the Cox ring
of a rational surface S is finitely generated if and only if the relatively minimal
model of the elliptic fibration π : S → P1 has a Jacobian fibration with a finite
Mordell-Weil group in characteristic zero ([AL, Theorem 4.2, Theorem 4.8, and
Theorem 5.3]). In contrast, very little is known for the case κ(−KS) ≤ 0. Some
studies have investigated a rational surface S with a finitely generated Cox ring
when κ(−KS) = 0, and only one such example (that is, a Coble rational surface)
was recently given by Laface and Testa ([LT, Theorem 6.3]). However, to the best of
the authors’ knowledge, there was no known example for the case κ(−KS) = −∞.

The principal aim of the present paper is to propose a systematic way to study
the classification of rational surfaces with finitely generated Cox rings in terms
of redundant blow-ups. Here, we briefly introduce the notion of redundant blow-
ups, basically developed in the authors’ previous paper [HP] motivated by Sakai’s
work ([S]). Let S be a smooth projective rational surface with pseudo-effective
anticanonical divisor, and let −KS = P +N be the Zariski decomposition. A point

p in S is called a redundant point if multp N ≥ 1, and the blow-up f : S̃ → S at a
redundant point p is called a redundant blow-up. Note that the redundant blow-up
preserves the anticanonical Iitaka dimension.

We first point out that the redundant blow-up plays a dominant role in study-
ing morphisms between rational surfaces with finitely generated Cox rings. Even
though there are many types of morphisms between big anticanonical rational sur-
faces in general, every big anticanonical rational surface can be obtained by a
sequence of redundant blow-ups from the minimal resolution of a del Pezzo surface
with rational singularities ([S, Proposition 4.1 and Theorem 4.3]). On the contrary,
there are only two types of morphisms for the case κ(−K) = 1 (see [AL, Lemma 4.4]
and Theorem 3.2 for more detail). Furthermore, it turns out that the redundant
blow-up completely characterizes morphisms for the case κ(−K) = 0.

Theorem 1.1. Let f : S̃ → S be a birational morphism of smooth projective rational
surfaces with finitely generated Cox rings. If κ(−K

˜S) = κ(−KS) = 0, then f is a
sequence of redundant blow-ups.

Recall that the Cox ring of a rational surface is finitely generated if and only if
the effective cone is rational polyhedral and every nef divisor is semiample ([HuKl,
Proposition 2.9]). Most of the previous studies on the characterization of rational
surfaces having finitely generated Cox rings is concentrated on the semiampleness
of a nef divisor. Although the rational polyhedrality of the effective cone is already
interesting in its own right and has been studied by many authors in a variety of
flavors (see, e.g., [GM2], [H] ,[LH], [N], [To]), it is still not well understood. The
main difficulty is due to the fact that the blow-up in general changes lots of the
structure of the effective cone. From this viewpoint, it is an interesting problem
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under what condition the blow-up preserves the finite generation of Cox rings. The
following is the main theorem of this paper.

Theorem 1.2. Let f : S̃ → S be a redundant blow-up at a point p of a Mori
dream rational surface with κ(−KS) ≥ 0, and let −KS = P + N be the Zariski

decomposition. Then the Cox ring of S̃ is finitely generated unless κ(−KS) = 0
and multp N = 1.

To prove Theorem 1.2, we bound the number of all possible curves on S whose

strict transforms to S̃ become negative curves.

Remark 1.3. The assumption in Theorem 1.2 is necessary. More precisely, there

exists a rational surface S with κ(−KS) = 0 admitting a redundant blow-up S̃ → S

such that the Cox ring of S is finitely generated but the Cox ring of S̃ is not (see
Example 5.5). On the other hand, one can also construct a rational surface S

with κ(−KS) = 0 and multp N = 1 such that the redundant blow-up S̃ → S at p
preserves the finite generation of Cox rings (see Remark 5.2).

Now, thanks to Theorems 1.1 and 1.2, we can construct many new rational
surfaces with finitely generated Cox rings by taking redundant blow-ups. In par-
ticular, we construct a series of infinitely many new examples of rational surfaces
with finitely generated Cox rings for κ(−KS) = 0 and −∞. The following theorem
will be shown by explicit construction (see Example 5.1).

Theorem 1.4. For each n ≥ 11, there exist smooth projective rational surfaces S

and S̃ with finitely generated Cox rings such that

(1) κ(−KS) = 0 and ρ(S) = n, and

(2) κ(−K
˜S) = −∞ and ρ(S̃) = n+ 1,

where ρ denotes the Picard number.

All the surfaces in Example 5.1 with κ(−K) = 0 have effective anticanonical
divisor, so they are not Coble rational surfaces. In fact, all those surfaces are
obtained by blow-ups from extremal rational elliptic surfaces with effective k∗-
action. By a result of Knop ([K]), all rational surfaces with effective k∗-action have
finitely generated Cox rings, and their Cox rings can be explicitly calculated by
[HS, Theorem 1.3] in characteristic zero.

Finally, we propose another viewpoint on rational surfaces with finitely generated
Cox rings. Recall that the Cox ring of the surface obtained by blowing up at least
nine very general points on the projective plane is not finitely generated. However,
the Cox ring of the surface obtained by blowing up at any number of points on
a line on the projective plane is always finitely generated ([EKW, Example 3.3]).
Thus we observe that a rational surface obtained by blowing up at points in special
position has a tendency to have a finitely generated Cox ring. This observation
motivates us to study the extremal case: finite generation of the Cox ring of the
minimal resolution of a rational surface with Picard number one.

Theorem 1.5. Let S̄ be a normal projective rational surface of Picard number
one, and let g : S → S̄ be its minimal resolution. Assume that −KS̄ is nef and S̄
contains at worst log terminal singularities which are not canonical singularities.
Then the Cox ring of S is finitely generated.



7730 DONGSEON HWANG AND JINHYUNG PARK

As in the proof of Theorem 1.2, we directly control possible extremal rays of
the effective cone. For this purpose, we assume that S̄ does not contain canonical
singularities, and in fact, such an assumption is necessary (see Remark 6.8).

When the base field is C, a normal projective surface with at worst quotient
singularities and the second topological Betti number b2 = 1 is called a Q-homology
projective plane. There are examples of rational Q-homology projective planes
satisfying the condition of Theorem 1.5 in [HwKm], and they admit redundant blow-
ups. Accordingly, we can obtain more examples of rational surfaces with κ(−K) = 0
having finitely generated Cox rings, which are not Coble rational surfaces (see
Remark 6.4).

The remainder of this paper is organized as follows. In Section 2, we briefly recall
basic properties of redundant blow-ups and Cox rings. Section 3 is devoted to the
investigation of the classification of Mori dream rational surfaces by focusing on
redundant blow-ups. In particular, we prove Theorem 1.1. In Section 4, we prove
Theorem 1.2. In Section 5, we construct infinitely many new rational surfaces
having finitely generated Cox rings with anticanonical Iitaka dimension 0 as well
as −∞, which supports Theorem 1.4. Finally, in Section 6, we consider the finite
generation of Cox rings of minimal resolutions of rational Q-homology projective
planes, and we prove Theorem 1.5.

Throughout the paper, we work over an algebraically closed field k of arbitrary
characteristic.

2. Preliminaries

In this section, we collect basic notions and useful facts.

2.1. Redundant blow-ups. Let S be a smooth projective rational surface, and
let D be a Q-divisor. The Iitaka dimension of D is given by

κ(D) := max{dimϕ|−nD|(S) : n ∈ N},
whose value is one of 2, 1, 0, and −∞. We call κ(−KS) the anticanonical Iitaka
dimension of S. Note that κ(−KS) ≥ 0 if and only if −KS is pseudo-effective
([S, Lemma 3.1]). We will frequently use the notion of the Zariski decomposition
of a pseudo-effective Q-divisor D (see [S, Section 2] for details): D can be written
uniquely as P +N , where P is a nef Q-divisor, N is an effective Q-divisor, P.N = 0,
and the intersection matrix of the irreducible components of N is negative definite
if N �= 0.

Let S be a smooth projective rational surface with κ(−KS) ≥ 0, and let −KS =

P +N be the Zariski decomposition. Let f : S̃ → S be a blow-up at a point p in
S with the exceptional divisor E.

Definition 2.1. A point p is called redundant if multp N ≥ 1. The blow-up

f : S̃ → S at a redundant point p is called a redundant blow-up, and the exceptional
curve E is called a redundant curve.

Note that we always have κ(−K
˜S) ≤ κ(−KS) in general. If f is a redundant

blow-up, then κ(−K
˜S) = κ(−KS) ≥ 0 by [S, Lemma 6.9] and the following lemma.

Lemma 2.2 ([S, Corollary 6.7]). Assume that κ(−K
˜S) ≥ 0 so that we have the

Zariski decomposition −K
˜S = P̃ + Ñ . Then the following are equivalent:

(1) f is a redundant point.

(2) P̃ = f∗P and Ñ = f∗N − E.
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For more basic properties of redundant blow-ups, we refer to [HP].

2.2. Cox rings of rational surfaces. Let S be a smooth projective surface with
q(S) = h1(OS) = 0. We define the Cox ring of S as

⊕
L∈Pic(S) H

0(S,L). Then

we have the following geometric characterization when the Cox ring of S is finitely
generated.

Theorem 2.3 ([HuKl, Proposition 2.9] and [GM1, Corollary 1]). Let S be a smooth
projective surface with q(S) = 0. Then the Cox ring of S is finitely generated if and
only if the following hold:

(1) the effective cone Eff(S) is rational polyhedral, and
(2) every nef divisor is semiample.

Such a surface is called a Mori dream surface. The following lemma will be
useful in proving that the effective cone is rational polyhedral. We remark that the
proof in [AL] works for arbitrary characteristic, since the cone theorem still holds
for positive characteristic by [Ta, Theorem 4.4].

Lemma 2.4 ([AL, Corollary 2.2] and [LH, Corollary 4.2]). Let S be a smooth
projective rational surface with κ(−KS) ≥ 0. Then Eff(S) is rational polyhedral if
and only if there are only finitely many (−1)-curves and (−2)-curves on S.

The following lemma will be useful in checking that a nef divisor is semiample.

Lemma 2.5 ([LT, Lemma 3.1]). Let S be a smooth projective rational surface, and
let M be a nef divisor on S. If −KS .M > 0, then M is semiample.

3. Classification of Mori dream rational surfaces

via redundant blow-ups

In this section, we investigate the classification problem of Mori dream rational
surfaces with κ(−K) ≥ 0 via redundant blow-ups, and we prove Theorem 1.1. Let
S be a smooth projective rational surface with κ(−KS) ≥ 0.

3.1. κ(−KS) = 2. Recall that S is always a Mori dream rational surface by [TVAV,
Theorem 1] or [CS, Theorem 3]. Moreover, we have the following classification
result.

Theorem 3.1 ([S, Proposition 4.2 and Theorem 4.3]). Every big anticanonical ra-
tional surface can be obtained by a sequence of redundant blow-ups from the minimal
resolution of a del Pezzo surface with rational singularities.

For more basic properties of big anticanonical rational surfaces, we refer to [S]
and [HP].

3.2. κ(−KS) = 1. In characteristic zero, we have the classification result as fol-
lows. By [AL, Theorem 3.4 and Theorem 4.8], every Mori dream rational surface
with anticanonical Iitaka dimension 1 can be obtained by a sequence of blow-ups
of type (1) or (2) in Theorem 3.2 from a relatively minimal rational elliptic sur-
face whose Jacobian fibration has a finite Mordell-Weil group. Note that by the
Ogg-Shafarevich theory, every such rational elliptic surface can be obtained from
extremal rational elliptic surfaces, which are completely classified in [MP].
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Theorem 3.2 ([AL, Lemma 4.4]). Let f : S̃ → S be the blow-up at a point p in a
smooth projective rational surface S with κ(−KS) = 1. Then κ(−K

˜S) = κ(−KS)
if and only if one of the following hold:

(1) f is a redundant blow-up, or
(2) multp N < 1 but multp(−KS) > 1.

For the second case, we have P̃ =
multp(−KX)−1

multp P f∗P and Ñ =
1−multp N
multp P f∗P +

f∗N −E, where −K
˜S = P̃ + Ñ and −KS = P +N are the Zariski decompositions,

and E is the exceptional divisor of f .

Proof. We note that the proof in [AL] works for arbitrary characteristic. �
See [AL, Definition 4.3] for well-definedness of multp P and multp(−KS). The

Mori dream rational surface S with κ(−KS) = 1 in Example 5.1 admits infin-
itely many redundant blow-ups. In [AL, Proposition 4.6], Artebani and Laface
constructed an infinite sequence of blow-ups of type (2) in Theorem 3.2.

Furthermore, we can also prove that the blow-ups of type (1) and (2) of Theorem
3.2 preserve the finite generation of Cox rings. The following theorem was known
in characteristic zero by [AL, Theorem 4.8].

Theorem 3.3. Let S be a Mori dream rational surface, and let f : S̃ → S be the

blow-up at a point p. If κ(−K
˜S) = κ(−KS) = 1, then S̃ is also a Mori dream

rational surface.

We will prove this theorem for all characteristics in Section 4.

3.3. κ(−KS) = 0. No classification theory is previously given in this case, but we
present a characterization of blow-ups preserving the finite generation of Cox rings.
The following theorem immediately implies Theorem 1.1.

Theorem 3.4. Let S be a Mori dream rational surface with κ(−KS) = 0, and let

f : S̃ → S be a blow-up at a point. Suppose that S̃ is also a Mori dream rational
surface. Then κ(−K

˜S) = κ(−KS) if and only if f is a redundant blow-up.

Proof. If f is a redundant blow-up, then κ(−K
˜X) = 0 by Lemma 2.2. Conversely,

assume that κ(−K
˜S) = 0. Let −KS = P +N be the Zariski decomposition. Since

κ(−KS) = κ(P ) = 0 and the nef divisor P on a Mori dream rational surface S is
semiample, we have P = 0. Let E be the exceptional divisor of f . Then for the

Zariski decomposition −K
˜S = P̃ + Ñ , we have P̃ = 0 and Ñ = −K

˜S = f∗(N)−E.
By Lemma 2.2, f is a redundant blow-up. �

In view of Theorem 1.1, we need to classify Mori dream rational surfaces S
with κ(−KS) = 0 such that for every blow-down S → S′, we have κ(−KS′) ≥ 1.
To understand the structure of Mori dream rational surfaces with κ(−K) = 0,
we construct many new examples of such surfaces and redundant blow-ups (see
Sections 5 and 6).

We have seen that there is a tendency of morphisms between Mori dream rational
surfaces with the same anticanonical Iitaka dimension κ(−K) ≥ 0 to preserve the
positive part of the Zariski decomposition of the anticanonical divisor when κ(−K)
decreases, and finally, there are only redundant blow-ups for the case κ(−K) = 0.
From this viewpoint, we expect that morphisms between Mori dream rational sur-
faces with κ(−K) = −∞ are very rare. It is an interesting problem to characterize
such morphisms.



COX RINGS AND REDUNDANT BLOW-UPS 7733

4. Finite generation of Cox rings under redundant blow-ups

In this section, we prove Theorem 1.2 and Theorem 3.3. First, we prove some
useful lemmas.

Lemma 4.1. Let S be a smooth projective surface with q(S) = 0, and let M be an
effective base point free divisor on S such that M2 = 0 and M.KS = 0. If M is
nontrivial, then the linear system |M | induces an elliptic (or quasi-elliptic) fibration
ϕ|M | : S → P1.

Proof. We slightly modify [AL, Proof of Proposition 1.3] to make it work for arbi-
trary characteristic. Since M is not big and is base point free, we have κ(M) = 1.
Thus the morphism ϕ|M | : S → B ⊂ Pn maps to an integral curve. Consider the
Stein factorization

S
ϕ|M|

��

f ��
��

��
��

� B

B′
g

���������

where B′ is an integral curve, f is a contraction, and g is a finite morphism. We
have the Leray spectral sequence

Ep,q
2 = Hp(B′, Rqf∗OS) ⇒ Hp+q(S,OS).

Since the edge homomorphism H1(B′,OB′) = E1,0
2 → H1(S,OS) is injective, we

obtain 0 = q(S) ≥ pa(B
′). Thus B′ 
 P1. Let a := deg(g) deg

Pn(B). Then
M = aD, where OS(D) = f∗OP1(1). Since h0(D) ≥ 2, we have

n+ 1 = h0(M) = h0(aD) ≥ a+ 1.

On the other hand, since the embedding B ⊂ Pn is nondegenerate, a ≥ deg
Pn(B) ≥

n. Thus a = deg
Pn(B) = n, and hence, B is a curve of minimal degree. By the

classification of varieties of minimal degree (see [EH, Theorem 1]), we conclude that
g is a Veronese embedding, and hence, we get a fibration ϕ|M | : S → B 
 P1 with
connected fibers. Note that the condition (ϕ|M |)∗OS = OP1 is equivalent to the

function field k(P1) being algebraically closed in k(S). By [B, Corollary 7.3], all
but finitely many fibers of ϕ|M | are integral curves. Now, the assertion immediately
follows from the adjunction formula. �

The following is an important technical ingredient of the proof of Theorem 1.2.

Lemma 4.2. Let S be a smooth projective surface such that the nef cone Nef(S) is
a rational polyhedral cone. Then for any fixed integer r ≥ 0, there is only a finite
number of classes [C] ∈ Eff(S) such that C2 = r2 − 1,KS .C = −r− 1, and C is an
integral curve.

Proof. Since Eff(S) is dual to Nef(S), there are only finitely many (−1)-curves.
Thus we assume that r ≥ 1.

First, we consider the case r = 1. Let C be an integral curve with C2 = 0.
We claim that [C] generates an extremal ray of the nef cone Nef(S). Suppose that
[C] = x+ y with x, y ∈ Nef(S). We have

0 = C2 = x2 + 2x.y + y2.

Since x and y are nef classes, it follows that x2 = x.y = y2 = 0. Let A be an ample
divisor on S. We denote by a := [A].x and b := [A].y. We have [A].(bx − ay) = 0
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and (bx−ay)2 = 0. By the Hodge index theorem, x = y. We have shown the claim.
Note that there are at most one class u in each extremal ray of Nef(S) such that
[KS ].u = −2. Since we assume that Nef(S) is rational polyhedral, there are finitely
many classes [C] ∈ Eff(S) such that C2 = 0,KS .C = −2, and C is an integral
curve.

It remains to consider the case r ≥ 2. Let C be an integral curve with C2 = r2−1.
Since C2 = r2−1 > 0, it follows that C is nef and big. Let A1, . . . , Ak be nontrivial
Z-divisors generating the nef cone Nef(S). We may write C =

∑
i aiAi, where

ai ∈ Q≥0 for every i. It suffices to show that every class [C] lies in some bounded
region in the Néron-Severi space N1(S)R := N1(S)⊗ R, because [C] is an integral
point. By the Hodge index theorem, Ai.C ≥ 1 for every i. We have

r2 − 1 = C2 =
∑

aiAi.C ≥
∑

ai,

and hence, every ai is bounded. Thus [C] lies in some bounded region in N1(S)R.
�

Now, we present a proof of Theorem 3.3.

Proof of Theorem 3.3. Let −KS = P + N and −K
˜S = P̃ + Ñ be the Zariski

decompositions. By Lemma 4.1, for some integer m > 0, the linear system |mP̃ |
induces a fibration ϕ : S̃ → P1. First, we show that the effective cone Eff(S̃) is
rational polyhedral. By Lemma 2.4, it is sufficient to show that there are only

finitely many (−1)-curves and (−2)-curves on S̃. Let C̃ be a (−2)-curve. Since

0 = −K
˜S .C̃ = P̃ .C + Ñ .C, the curve C̃ is contained in either a reducible fiber of ϕ

or the support of Ñ . Thus S̃ contains finitely many (−2)-curves.

Let C̃ be a (−1)-curve on S̃ different from the exceptional divisor E of f . In this
case, we use an idea from [AL, Proof of Theorem 4.8]. By [S, Theorem 3.4], there
exists a birational morphism g : S → S0 such that S0 is a relatively minimal model
of the fibration ϕ|P | : S → P1. Then −KS0

= P0 is the Zariski decomposition. By

Theorem 3.2, P̃ = αf∗g∗P0, where α is a rational number with 0 < α < 1. We

have −K
˜S .C̃ = 1. Then either C̃ is a component of N , a reducible fiber of ϕ, or

0 < C̃.P̃ ≤ 1. For the first two cases, there are only finitely many possibilities.

Thus assume that we are in the third case. We can further assume that C̃ is not a
component of the exceptional divisor of g ◦ f : S̃ → S0. We have

r = C̃.E ≤ C̃.(f∗g∗(−KS0
) +K

˜S) =
1

α
C̃.P̃ − 1 ≤ 1

α
− 1,

i.e., r is bounded. Now, Lemma 4.2 implies that S̃ contains only finitely many
(−1)-curves.

Since the proof of [AL, Theorem 3.4] works for arbitrary characteristic, we can

conclude that every nef divisor on S̃ is semiample. Alternatively, we can directly

show the semiampleness of a nef divisor using Lemma 2.5. Therefore, S̃ is a Mori
dream rational surface. �

We are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let S be a Mori dream rational surface, and let f : S̃ → S
be a redundant blow-up at a point p with the exceptional divisor E. Note that
κ(−K

˜S) = κ(−KS). Since every big anticanonical rational surface is always a
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Mori dream space, there is nothing to prove for the case κ(−KS) = 2. For the
case κ(−KS) = 1, the assertion is a subcase of Theorem 3.3. Thus only the case
κ(−KS) = 0 remains.

Let −K
˜S = P̃ + Ñ and −KS = P + N be the Zariski decompositions. We

have P = 0 since P is semiample and κ(P ) = 0. By Lemma 2.2, P̃ = f∗P =

0, and hence, −K
˜S = Ñ = f∗N − E. By the assumption m := multp N > 1, we

have

Ñ = f−1
∗ N + (m− 1)E,

i.e., the redundant curve E is contained in the support of Ñ .

First, we show that the effective cone Eff(S̃) is rational polyhedral. By Lemma
2.4, it is sufficient to show that there are only finitely many (−1)-curves and (−2)-

curves on S̃. Note that every integral curve on S̃ different from E can be written

as C̃ = f∗C − rE, where C is an integral curve on S and r ≥ 0 is an integer. Note

that C2 = r2 − 1 and KS .C = −r − 1. Let C̃ = f∗C − rE be a (−2)-curve which

is not in the support of Ñ . Then we have

0 = −K
˜S .C̃ = Ñ .C̃ = (f−1

∗ N + (m− 1)E).C̃ ≥ (m− 1)E.C̃,

and hence, E.C̃ = 0. Since E.C̃ = r, we obtain r = 0, i.e., C is a (−2)-curve. Thus

there are finitely many (−2)-curves on S̃.

Let C̃ = f∗C − rE be a (−1)-curve not in the support of Ñ . Then we have

1 = −K
˜S .C̃ = Ñ .C̃ = (f−1

∗ N + (m− 1)E).C̃ ≥ (m− 1)E.C̃ = (m− 1)r,

and hence, r ≤ 1
m−1 , i.e., r is bounded. By Lemma 4.2, there are only finitely many

(−1)-curves on S̃.

Finally, we show that every nef divisor M̃ on S̃ is semiample. By Lemma 2.5,

any nef divisor M̃ with −K
˜S .M̃ > 0 is semiample. Since −K

˜S is effective, we may

assume that −K
˜S .M̃ = 0. We have

0 = −K
˜S .M̃ = Ñ .M̃ = (f−1

∗ N + (m− 1)E).M̃ ≥ (m− 1)E.M̃,

and hence, we obtain E.M̃ = 0. We may write M̃ = f∗M − rE for some divisor M

on S. Then r = E.M̃ = 0. For any effective curve C on S, we have

M.C = f∗M.f∗C = M̃.f∗C ≥ 0,

and hence, M is also nef on a Mori dream surface S; therefore, it is semiample.

Thus M̃ = f∗M is also semiample. �

Remark 4.3. When κ(−KS) = 0, the exceptional curve E appearing in the support

of Ñ plays a crucial role in proving Theorem 1.2. If E does not appear in the

support of Ñ , then some nef divisor on S̃ is not semiample and Eff(S̃) is not
rational polyhedral (see Example 5.5 and Remark 5.7). This observation naturally
raises the question of which additional conditions guarantee that the redundant
blow-up preserves the finite generation of Cox rings.
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5. Examples of Mori dream rational surfaces with κ(−K) ≤ 0

In this section, we first construct Mori dream rational surfaces with κ(−K) ≤ 0
admitting effective k∗-action. In particular, we prove Theorem 1.4. For generalities
on k∗-surfaces, see [OW] and [HS].

Example 5.1. We can give an effective k∗-action on P2 = Proj k[x, y, z] by t ·
(x, y, z) = (tx, ty, z) for t ∈ k∗. Consider k∗-invariant lines l1 = V (x), l2 =
V (y), l3 = V (x + y), and L1 = V (x − y), L2 = V (z) in P2. Let φ : S → P2 be
the blow-up at the base points of the cubic pencil determined by xy(x + y) and
(x− y)z2. Then we get an elliptic fibration π : S → P1 with two singular fibers of

the same type D̃4. Throughout this example, we use the same notation for strict
transforms of irreducible divisors.

q p

L2

L1

E3

E2

E1
l1

l2

l3
E

−→
φ

L2

L1

l1

l2

l3

If we blow-up at a k∗-fixed point, then k∗-action uniquely extends ([OW, Lemma
1.8]). Thus k∗-action on P2 extends to S. Since smooth projective rational surfaces
with effective k∗-action are Mori dream surfaces ([K]), S is a Mori dream rational
surface. There is a section E of the elliptic fibration π : S → P1 meeting two
singular fibers at p and q, respectively. Since any negative self-intersection curve is
k∗-invariant ([OW, Proposition 1.9]), p and q are k∗-invariant.

Let f(0) : Sp(0) → X be the blow-up at p. Note that

−KS = 2L2 + L1 + E1 + E2 + E3.

The Zariski decomposition −KSp(0) = P+N is given by P = 0 and N = 2L2+L1+
E1+E2+E3, and hence, κ(−KSp(0)) = 0. Since the intersection points of negative
self-intersection curves are k∗-invariant points, there is a k∗-invariant point on some
component of N . Let f(1) : Sp(1) → Sp(0) be the blow-up at a k∗-invariant point
on N . Then Sp(1) has k

∗-action, and f(1) is a redundant blow-up. We can repeat
this construction f(n) : Sp(n) → Sp(n − 1) for each n ≥ 2. Note that Sp(n) is a
Mori dream rational surface with κ(−KSp(n)) = 0 of Picard number n+11 for each
n ≥ 0.

For each n ≥ 0, let g(n) : S̃q(n) → Sp(n) be the blow-up at the k∗-fixed point q.

Note that there is a birational surjective morphism h(n) : S̃q(n) → S̃q(n− 1). We
claim that κ(−K

˜Sq(n)
) = −∞. Indeed, if κ(−K

˜Sq(n)
) = 0, then g(n) is a redundant

blow-up by Theorem 1.1. However, for the Zariski decomposition−KSp(n) = P (n)+
N(n), the point q is not in the support of N(n), and hence, multq N(n) = 0. This
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is a contradiction. Thus S̃q(n) is a Mori dream rational surface with κ(−K
˜Sq(n)

) =

−∞ of Picard number n+ 12 for each n ≥ 0.

· · ·
h(2)

�� S̃q(1)

g(1)

��

h(1)
�� S̃q(0)

g(0)

��

· · ·
f(2)

�� Sp(1)
f(1)

�� Sp(0)
f(0)

�� S

π

��

φ
�� P2

P1

Remark 5.2. Note that there exists a k∗-invariant redundant point p′ on Sp(n) with
multp′ N(n) = 1 for n ≥ 0 so that the surface obtained by blowing up at the point
p′ is a Mori dream space.

Remark 5.3. We assume that k = C. If we contract E on S, then we get the
minimal resolution of a degree one del Pezzo C∗-surface of Picard number one with
two canonical singularities of the same type D4. Del Pezzo C∗-surfaces of Picard
number one with canonical singularities are completely classified ([HS, Theorem
5.6]). From this classification, we can easily derive that there are only four extremal
rational elliptic C∗-surfaces X11, X22, X33, andX44 among the list in [MP, Theorem
4.1]. We can carry out a similar construction in Example 5.1 for these elliptic
surfaces.

Now, we construct a Mori dream rational surface S with κ(−KS) = 0 admitting

a redundant blow-up S̃ → S such that S̃ is not a Mori dream space. To do this, we
need the following easy lemma.

Lemma 5.4. There is no Mori dream rational surface S with κ(−KS) = 0 and
K2

S = 0.

Proof. By the Riemann-Roch formula, we get h0(OS(−KS)) ≥ 1, and hence, we can
have the Zariski decomposition −KS = P +N . Note that 0 = (−KS)

2 = P 2 +N2.
Suppose that N �= 0. Then N2 < 0, and hence, P and −KS is big, which is
a contradiction. Thus we have N = 0. Then −KS = P is nef. However, since
κ(−KS) = 0, it follows that −KS is not semiample. In particular, Y is not a Mori
dream space. �
Example 5.5. Consider an effective k∗-action on P2 = Proj k[x, y, z] by t·(x, y, z) =
(t3x, t2y, z). This action preserves the cubic pencil determined by z3 and x2z+ y3.
Let X22 → P2 be the blow-up at the base points of the cubic pencil. Then X22

is a relatively minimal rational elliptic surface with two singular fibers; one is a
cuspidal rational curve C and the other one consists of nine (−2)-curves forming

the dual graph Ẽ8. The elliptic fibration of X22 has a unique section Es meeting
C at a point p. Let Xp → X22 be the blow-up at p with the exceptional divisor
Ep. Then −KXp

= 0 + C is the Zariski decomposition, and hence, κ(−KXp
) = 0.

Throughout this example, we use the same notation for strict transforms. Note
that X22 admits an effective k∗-action and p is a k∗-invariant point. Thus Xp is a
Mori dream rational surface ([K]). Note that every point on C is a redundant point
on Xp. Let q be a point on C different from k∗-invariant points, and let Xpq → Xp

be the redundant blow-up at q with the exceptional divisor Eq.
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Claim 5.6. Xpq is not a Mori dream space.

To prove the claim, we contract the curve Ep and then the curve Es so that we
obtain a composition of blow-downs Xpq → Xq → X ′. It suffices to show that X ′

is not a Mori dream space. Contracting Es on X22 or Eq on X ′, we obtain a weak
del Pezzo surface X.

Xp
�� X22

���
��

��
��

�

Xpq

����������

���
��

��
��

�
X

Xq
�� X ′

π

����������

Note that −KX′ = π∗(−KX) − Eq = C. Since K2
X′ = C2 = 0, it follows that

−KX′ is nef, thus, κ(−KX′) = 0 or 1. First, we show that κ(−KX′) = 0. Note
that dim | −KX | = 1. By considering the elliptic fibration on X22, we see that C
is the unique curve in | −KX | passing through q. Thus | −KX′ | has one element
C, and hence, h0(OX′(C)) = 1. From the following exact sequence:

0 → OX′ → OX′(C) → OC(C) → 0,

we obtain h0(OC(C)) = 0. Note that the group of Cartier divisors of degree zero on
the cuspidal rational curve C is isomorphic to the additive group Ga. Since there
is no torsion element in Ga, we obtain h0(OC(mC)) = 0 for any integer m > 0. By
twisting the above exact sequence by OX′(mKX′), we get

h0(OX′(−(m+ 1)KX′)) = h0(OX′(−mKX′)) = · · · = h0(OX′(−KX′)) = 1

for all integers m > 0, i.e., κ(−KX′) = 0. By Lemma 5.4, X ′ is not a Mori dream
space.

Remark 5.7. Note that −KX′ is nef but not semiample. Thus the pull-back of
−KX′ to Xpq is nef but not semiample. Furthermore, the effective cone of Xpq is
not rational polyhedral. To see this, note that the dual graph of (−2)-curves on

X ′ does not form one of HẼ8, HD̃8 or HÃ8. By Nikulin’s classification of surfaces
(∗ ∗ ∗) in [N, p. 84], the effective cone of X ′ is not rational polyhedral.

6. Minimal resolutions of rational Q-homology projective planes

In this section, we investigate the relation between Mori dream rational surfaces
and minimal resolutions of rational Q-homology projective planes. First, we prove
Theorem 1.5.

Proof of Theorem 1.5. Recall that S̄ is a rational surface with log terminal singu-
larities having Picard number one, and g : S → S̄ is the minimal resolution. Since
−KS̄ is nef, we have two cases: −KS̄ is ample or −KS̄ is numerically trivial. If
−KS̄ is ample, then S is a big anticanonical rational surface. Thus the assertion
immediately follows.
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Now, assume that −KS̄ is numerically trivial and S̄ does not contain any canon-
ical singularity. The Zariski decomposition −KS = P +N is given by

P = g∗(−KS̄) = 0 and N =

l∑
i=1

aiEi,

where each Ei denotes an irreducible component of the g-exceptional divisor, and
we have 0 < ai < 1 for all i.

First, we show that the effective cone Eff(S) is rational polyhedral. By Lemma
2.4, it suffices to show that there are only finitely many (−1)-curves and (−2)-curves
on S. Let H be an ample generator of Pic(S̄). We may write every integral curve
not in the support of N as

C = g∗(bH) +

l∑
i=1

biEi.

Note that b ≥ 0.
Suppose that C is a (−1)-curve. Let λi := C.Ei be a nonnegative integer for

each i. Then we have

1 = C.(−KS) = C.N =
∑
i

aiC.Ei =
∑
i

aiλi.

Since each ai is a positive rational number, there are finitely many possibilities for
(λ1, . . . , λl). Now, we obtain

λj = C.Ej = g∗(bH).Ej +
∑
i

biEi.Ej =
∑
i

biEi.Ej .

Since the intersection matrix of irreducible components of N is negative definite,
(b1, . . . , bl) is determined when (λ1, . . . , λl) is given. Moreover, we have

−1 = C2 = f∗(bH)2 +

(∑
i

biEi

)2

.

Thus π∗(bH)2 is determined by (b1, . . . , bl), so is b. We have shown that there are
finitely many possibilities for b and (b1, . . . , bl). This means that there are only
finitely many (−1)-curves on S.

Suppose now that C is a (−2)-curve not in the support of N . Then we have

−KS .C = N.C =
∑
i

aiEi.C = 0,

and hence, Ei.C = 0 for all i. Thus we may write C = g∗(bH) for some b ≥ 0,
so C2 ≥ 0, which is a contradiction. Hence, every (−2)-curve is contained in the
support of N .

It only remains to show that every nef effective Q-divisor M is semiample. For
sufficiently small ε > 0, the pair (S,N + εM) is Kawamata log terminal, and
KS +N + εM = εM is nef. By the log abundance theorem for surfaces (see [FM]
for char(k) = 0 and [Ta] for char(k) > 0), M is semiample. We complete the
proof. �

Remark 6.1. Since S̄ does not contain any canonical singularities, every g-excep-
tional curve appears in N . It plays an important role in showing that S contains
finitely many (−1)-curves. There exists a rational surface with numerically trivial
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anticanonical divisor containing canonical singularities (see [HwKm, Section 6]).
We do not know whether the minimal resolution of such a surface is a Mori dream
rational surface.

If the anticanonical divisor −KS̄ of a normal projective rational surface S̄ of
Picard number one is numerically trivial, then the anticanonical Iitaka dimension
κ(−KS) = 0 of the minimal resolution S, since P = 0 for the Zariski decomposition
−KS = P +N .

In the remainder of the section, we assume that k = C. Recall that a rational Q-
homology projective plane S̄ is, by definition, a complex normal projective rational
surface with at worst quotient singularities and the second topological Betti number
b2(S̄) = 1. The following is an immediate consequence of Theorem 1.5.

Corollary 6.2. Let S̄ be a rational Q-homology projective plane, and let g : S → S̄
be its minimal resolution. Assume that −KS̄ is nef and S̄ does not contain any
rational double point. Then S is a Mori dream space.

Using Theorem 1.5, we construct examples of Mori dream rational surfaces with
anticanonical Iitaka dimension 0.

Example 6.3. In Section 4 of [HwKm], the construction of the minimal resolu-
tion Z := Z(3, 3, 3, 3) of a rational Q-homology projective plane T (3, 3, 3, 3) with
numerically trivial anticanonical divisor having two cyclic quotient singularities of
the same type [2, 2, 3, 3, 2, 2] is given. In Section 5 of [HwKm], the minimal res-
olution Z(2) of rational Q-homology projective plane S(2) with numerically triv-
ial anticanonical divisor containing a unique cyclic quotient singularity of type
[3, 2, 2, 2, 2, 2, 2, 2, 2, 3] is also explicitly constructed. Note that κ(−KZ(3,3,3,3)) =
κ(−KZ(2)) = 0

Remark 6.4. Each Mori dream rational surface in Example 6.3 is obtained by blow-
ups of a big anticanonical rational surface at one point. They are different from the

Mori dream rational surface Ỹ with κ(−K
˜Y ) = 0 in [LT, Section 6], because the

Zariski decompositions of anticanonical divisors are different. On the other hand,

Ỹ and Z(2) are Coble rational surfaces in the sense of Dolgachev and Zhang ([DZ]),
but | − 40KZ(3,3,3,3)| is nonempty and | −mKZ(3,3,3,3)| is empty for 0 < m < 40.
Hence, Z(3, 3, 3, 3) is not a Coble rational surface.

Mori dream rational surfaces in Example 6.3 have redundant points by [HP,
Theorem 1.2]. Thus we get more Mori dream rational surfaces with anticanonical
Iitaka dimension 0. Furthermore, we obtain the following (cf. [HP, Theorem 1.4]
and [TVAV, Remark 3]).

Proposition 6.5. There exists a Mori dream rational surface Z̃ with κ(−K
˜Z)= 0

such that (Z̃,−K
˜Z) is a log Calabi-Yau pair (in the sense of [To]) but not a minimal

resolution of a normal projective rational surface S with rational singularities such
that −KS is nef.

Proof. Consider the rational surface Z := Z(3, 3, 3, 3) in Example 6.3. Let −KZ =
P +N be the Zariski decomposition. By simple calculation, we can easily see that
the intersection p of two (−3)-curves in Z is a redundant point and multp N = 3

2 .

Let f : Z̃ → Z be the redundant blow-up at p, and let −K
˜Z = P̃ + Ñ be the

Zariski decomposition. By Theorem 1.2, Z̃ is a Mori dream rational surface with
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κ(−K
˜Z) = 0, and (Z̃,−K

˜Z) is a log Calabi-Yau pair. The exceptional curve E of f

is contained in the support of Ñ by Lemma 2.2. Suppose now that Z̃ is the minimal
resolution of a normal projective rational surface S with rational singularities such

that −KS is nef. Then Ñ consists of only exceptional divisors on the minimal

resolution. Thus Ñ does not contain a (−1)-curve, which is a contradiction. �

Furthermore, we can get an example of Mori dream rational surface with κ(−K)
= 0 whose contractions are all big anticanonical rational surfaces.

Proposition 6.6. There is a Mori dream rational surface X with κ(−KX) = 0 such
that for any blow-down X → Y contracting one (−1)-curve, we have κ(−KY ) = 2.

Proof. Let X := Z(2) be the surface in Example 6.3, and let −KX = 0 + N be
the Zariski decomposition. The Picard number of X is 11, and the number of
irreducible components of N is 10. Let f : X → Y be a blow-down contracting one
(−1)-curve E. Suppose that κ(−KY ) ≤ 1. By Lemma 5.4, we only have to consider
the case κ(−KY ) = 1. Then Y is a relatively minimal rational elliptic surface. The
elliptic fibration of Y is given by | − mKY | for some integer m > 0. There is a
unique fiber F of the elliptic fibration of Y passing through the point p = f(E),
and multp(F ) = m. Then we have

−KX = f∗(−KY )− E =
1

m
f∗(F )− E =

1

m
f−1
∗ F

so that F has 10 irreducible components. Thus the Jacobian fibration of Y has a
fiber containing 10 irreducible components. However, there is no extremal rational
elliptic surface with a singular fiber containing 10 irreducible components (see [MP,
Theorem 4.1]). It is a contradiction, and hence, κ(−KY ) = 2. �

On the other hand, there exist infinitely many rational Q-homology projective
planes with ample canonical divisors (see [HwKm]). However, we do not know
whether the Cox rings of minimal resolutions of those surfaces are finitely generated.

Question 6.7. Let S̄ be a rational Q-homology projective plane, and let S be its
minimal resolution. Is the Cox ring of S finitely generated?

Remark 6.8. The rationality assumption in Question 6.7 is essential. Indeed, there
is an Enriques surface with infinite automorphism group having nine (−2)-curves
forming D8 ⊕ A1 or E7 ⊕ 2A1 ([HKO]). Note that there are infinitely many (−2)-
curves. In particular, the Cox rings of those Enriques surfaces are not finitely
generated. However, by contracting those nine curves, we obtain a Q-homology
projective plane and the contracting map is a minimal resolution.
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