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THERMODYNAMICS OF TOWERS OF HYPERBOLIC TYPE

Y. PESIN, S. SENTI, AND K. ZHANG

Abstract. We introduce a class of continuous maps f of a compact topolog-
ical space X admitting inducing schemes of hyperbolic type and describe the
associated tower constructions. We then establish a thermodynamic formal-
ism, i.e., we describe a class of real-valued potential functions ϕ on X such that
f possesses a unique equilibrium measure μϕ, associated to each ϕ, which min-
imizes the free energy among the measures that are liftable to the tower. We
also describe some ergodic properties of equilibrium measures including decay
of correlations and the Central Limit Theorem. We then study the liftability
problem and show that under some additional assumptions on the inducing
scheme every measure that charges the base of the tower and has sufficiently
large entropy is liftable. Our results extend those obtained in previous works
of the first and second authors for inducing schemes of expanding types and
apply to certain multidimensional maps. Applications include obtaining the
thermodynamic formalism for Young’s diffeomorphisms, the Hénon family at
the first bifurcation and the Katok map. In particular, we obtain the exponen-
tial decay of correlations for equilibrium measures associated to the geometric
potentials with t0 < t < 1 for some t0 < 0.

1. Introduction

For a continuous map f of a compact metric space X and a potential function
ϕ, an invariant Borel probability measure μϕ is called an equilibrium measure if

hμϕ
(f) +

∫
X

ϕdμϕ = sup
M(f,X)

{hμ(f) +

∫
X

ϕdμ},

where M(f,X) is the class of all f -invariant ergodic Borel probability measures.
For maps admitting inducing schemes for some classes of potential functions (some-
times discontinuous), methods in [PS08] prove the existence of unique equilibrium
measures within the class ML(f, Y ) of all liftable measures (to be defined later) on
an invariant subset Y ⊂ X. In some cases (for example, for some unimodal maps f
and the family of geometric potentials ϕt = −t log |f ′|), these equilibrium measures
are shown to be the equilibrium measures in the classical sense.

The inducing schemes introduced in [PS05, PS08] were designed to study non-
uniformly expanding maps and can be thus called inducing schemes of expanding
type. In this paper we mainly consider maps which admit inducing schemes of
hyperbolic type. We shall show that this class of maps includes the diffeomorphisms
introduced by Young in [You98]. They allow a symbolic representation by a Young
tower which yields many interesting applications.
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While maps with inducing schemes of expanding type are modeled by towers over
the full shift of countable type on the space of one-sided infinite sequences, the maps
with inducing schemes of hyperbolic type are modeled by towers over the full shift of
countable type on the space of two-sided infinite sequences. This affects our study
in two directions. First, one needs to extend the thermodynamic formalism for the
full shift on the space of one-sided infinite sequences over a countable alphabet to
the full shift on the space of two-sided infinite sequences over a countable alphabet.
This is done using the techniques due to Bowen [Bow75] and Sarig [Sar99].

Second, one needs to solve the liftability problem for towers of hyperbolic type,
i.e., describe the class of measures that “charge the tower” (i.e., give positive weight
to the base of the tower) and that can be lifted. In [PSZ08], we developed a method
to study the liftability problem for inducing schemes of expanding type; however,
inducing schemes of hyperbolic type require a completely new approach that we
develop here. Roughly speaking it states that if the number Sn of the elements
in the base of the tower with inducing time n grows at most exponentially with
an exponent 0 ≤ h < htop(f), then every measure μ which charges the tower and
whose entropy hμ(f) > h is liftable.

Reducing thermodynamic formalism to measures of large entropy is neither sur-
prising nor artificial. Indeed, beyond the setting of the classical thermodynamics
of uniformly hyperbolic maps and Hölder continuous potentials, measures of small
(or even zero) entropy often appear as somewhat “non-essential” equilibrium mea-
sures that come in pairs with “essential” equilibrium measures of large entropy
(see [PZ06]). The exponent h in the exponential growth rate of the number Sn

is a natural cut-off between the classes of essential and non-essential equilibrium
measures.

The present article is structured as follows. In Section 2 we introduce inducing
schemes of hyperbolic type and their symbolic representation by a tower. In Section
3 we discuss thermodynamics of the full shift on the space of two-sided sequences
over a countable alphabet. The main result in this section is Theorem 3.1 which
provides conditions on the potential functions that guarantee existence and unique-
ness of equilibrium measures and describes their ergodic properties. Theorem 3.4
establishes the exponential decay of correlations and the Central Limit Theorem
(CLT) for equilibrium measures associated to locally Hölder continuous potentials.

We use these results in Section 4 to establish the thermodynamic formalism for
maps with inducing schemes of hyperbolic type. In particular, we present verifiable
conditions on potentials which guarantee existence and uniqueness of the associated
equilibrium measures and allow the description of their ergodic properties (including
ergodicity, exponential decay of correlations and CLT; see Theorems 4.4 and 4.7).

In Section 5 we solve the liftability problem for towers associated with inducing
schemes of hyperbolic type. In Theorem 5.1 two additional conditions (L1) and (L2)
are imposed on the inducing scheme to ensure that any invariant ergodic probability
measure which charges the tower and has sufficiently large entropy is liftable.

In Sections 6 and 7 we apply our results to establish the thermodynamic formal-
ism for Young’s diffeomorphisms. In Proposition 6.1 we construct inducing schemes
for these maps that satisfy all our requirements and prove the existence and unique-
ness of equilibrium measures within the class of liftable measures for the geometric
t-potentials ϕt(x) := −t log | det(df |Eu(x))| with t0 < t ≤ 1 and some t0 < 0 (here
Eu(x) denotes the unstable subspace at the point x; see Theorem 7.1). In par-
ticular, this proves uniqueness of measures of maximal entropy (within the class
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of liftable measures). We also show that for t0 < t < 1 the equilibrium measures
are ergodic, have exponential decay of correlations and satisfy the Central Limit
Theorem (see Theorem 7.7). We comment that in general the equilibrium measure
for t = 1 may not have exponential decay of correlations.

In Sections 8 and 9 we present two particular examples of maps – the Hénon
family at the first bifurcation and the Katok map. The first example is studied in
[ST13,ST16] and the second one in [PSZ16] and both are briefly described here. For
these examples we show how to construct inducing schemes of hyperbolic type and
use our results to establish existence and uniqueness of equilibrium measures for
the corresponding geometric t-potentials and we also show that these equilibrium
measures are ergodic, have exponential decay of correlations and satisfy the Central
Limit Theorem. In these particular examples the inducing time is the first return
time to the base of the tower and hence, every measure that charges the tower is
liftable.

2. Maps with inducing schemes

Let f : X → X be a continuous map of a compact metric space (X, d). Through-
out the paper we shall assume that f has finite topological entropy htop(f) < ∞.

Given a countable collection of disjoint Borel sets S = {J} and a positive integer-
valued function τ : S → N, we say that f admits an inducing scheme of hyperbolic
type {S, τ}, with inducing domain W :=

⋃
J∈S J and inducing time τ : X → N

defined by

τ (x) :=

{
τ (J), x ∈ J,

0, x /∈ W,

provided the following two conditions (I1)–(I2) hold:

(I1) For any J ∈ S we have

fτ(J)(J) ⊂ W and
⋃
J∈S

fτ(J)(J) = W.

Moreover, fτ(J)|J can be extended to a homeomorphism of a neighborhood
of J .

Condition (I1) allows one to define the induced map F : W → W by

F |J := fτ(J)|J, J ∈ S.

For each J ∈ S, the map F |J can be extended to the closure J̄ by continuity.
However, in general the extensions may not agree on points in J̄ ∩ J̄ ′ for some
J, J ′ ∈ S (see Proposition 2.1).

If f is invertible and τ is the first return time to W , then all images fτ(J)(J)
are disjoint. However, in general the sets fτ(J)(J) corresponding to different J ∈ S
may overlap. In this case the map F may not be invertible.

(I2) For every bi-infinite sequence a = (an)n∈Z ∈ SZ there exists a unique
sequence x = x(a) = (xn = xn(a))n∈Z such that
(a) xn ∈ Jan

and fτ(Jan )(xn) = xn+1;
(b) if xn(a) = xn(b) for all n ≤ 0, then a = b.

Condition (I2) allows one to define the coding map π : SZ → ∪J by

(1) π(a) := x0(a).
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Denote by σ : SZ → SZ the full left shift and let

Š := {a ∈ S : xn(a) ∈ Jan
for all n ∈ Z}.

For any a ∈ SZ \ Š there exists n ∈ Z such that π ◦σn(a) ∈ Jan
\Jan

. In particular,
if all J ∈ S are closed, then SZ \ Š = ∅. However, this need not always be the case.

Proposition 2.1. The map π given by (1) has the following properties:

(1) π is well defined, continuous and for all a ∈ SZ one has

π ◦ σ(a) = fτ(J) ◦ π(a)
where J ∈ S is such that π(a) ∈ J̄ ;

(2) π is one-to-one on Š and π(Š) = W ;
(3) if π(a) = π(b) for some a, b ∈ Š, then an = bn for all n ≥ 0.

Proof. The proof follows directly from the definitions of π and Š and Conditions
(I1) and (I2). �

Consider the natural extension (W̃ , F̃ ) of (W,F ) where

W̃ := {x̃ = (xn)n≤0 : F (xn) = xn+1}
and (F̃ (x̃))n := xn+1. Condition (I2) implies that the coding map π̃ : SZ → W̃
defined by

(2) π̃(a) := (xn(a))n≤0

is a bijection. Proving the existence and uniqueness of equilibrium measures re-
quires some additional conditions on the inducing scheme {S, τ}:

(I3) The set SZ \ Š supports no (ergodic) σ-invariant measure which gives pos-
itive weight to any open subset.

(I4) The induced map F has at least one periodic point in W .

Condition (I3) is designed to ensure that every Gibbs measure (defined in (4)) is
supported on Š and its projection by π is thus supported on W and is F -invariant.
This projection is a natural candidate for the equilibrium measure for F . Condition
(I4) is used to ensure the finiteness of the pressure function (see Theorem 4.2).

3. Thermodynamics of two-sided countable shifts

Our goal in this section is to carry out the thermodynamic formalism for count-
able shifts on the space SZ of two-sided infinite sequences. Given n < m ∈ Z and
bn, · · · , bm ∈ S, a cylinder set is defined as

Cn[bn, · · · , bm] = {a ∈ SZ : ai = bi, n ≤ i ≤ m}.
Consider a function Φ : SZ → R. Define the n-variation of Φ by

Vn(Φ) := sup
b−n+1,··· ,bn−1∈S

sup
a,a′∈C−n+1[b−n+1,··· ,bn−1]

{|Φ(a)− Φ(a′)|}.

Φ is said to have summable variations if∑
n≥1

Vn(Φ) < ∞,

Φ has strongly summable variations if

(3)
∑
n≥1

nVn(Φ) < ∞
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and Φ is locally Hölder continuous if there exist C > 0 and 0 < r < 1 such that for
all n ≥ 1,

Vn(Φ) ≤ Crn.

The Gurevich pressure of Φ is defined by

PG(Φ) := lim
n→∞

1

n
log

∑
σn(a)=a

exp (Φn(a)) I[b](a)

for some b ∈ S, where I[b] denotes the characteristic function of the cylinder [b] and

Φn(a) :=

n−1∑
k=0

Φ(σk(a)).

Since the Gurevich pressure only depends on the positive side of the sequences,
PG(Φ) exists whenever

∑
n≥1 Vn(Φ) < ∞ and it is independent of b ∈ S by [Sar99,

Theorem 1].
Let M(σ) denote the set of σ-invariant Borel probabilities on SZ and

MΦ(σ) := { ν ∈ M(σ) :

∫
SZ

Φdν > −∞ }.

A σ-invariant measure ν = νΦ is an equilibrium measure for Φ provided

hνΦ
(σ) +

∫
ΦdνΦ = sup

ν∈MΦ(σ)

{ hν(σ) +

∫
Φdν }.

A measure ν = νΦ is a Gibbs measure for Φ provided there exists a constant
C > 0 such that for any (positive) cylinder set C0[b0, · · · , bn−1] and any a ∈
C0[b0, · · · , bn−1] we have

(4) C−1 ≤ ν(C0[b0, · · · , bn−1])

exp(−nPG(Φ) + Φn(a))
≤ C.

We now present our result describing thermodynamics of the full shift of countable
type on the space of two-sided sequences.

Theorem 3.1. Assume supa∈SZ Φ(a) < ∞ and Φ has strongly summable varia-
tions. Then:

(1) The variational principle for Φ holds, i.e.,

PG(Φ) = sup
ν∈MΦ(σ)

{ hν(σ) +

∫
Φdν }.

(2) If PG(Φ) < ∞, then there exists a unique σ-invariant ergodic Gibbs measure
νΦ for Φ.

(3) If, furthermore, hνΦ
(σ) < ∞, then νΦ ∈ MΦ(σ) and it is the unique equi-

librium measure for Φ.

The proof of the theorem will require the two lemmas stated below.
Consider a potential Φ∗ : SN → R and define its n-variations Vn(Φ

∗) and its
Gurevich pressure PG(Φ

∗) as well as Gibbs and equilibrium measures as above but
using one-sided sequences.
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Lemma 3.2 ([Sar03,BuzSar03]). Assume supa∈SN Φ∗(a) < ∞ and
∑

n≥2 Vn(Φ
∗) <

∞. Then:

(1) The variational principle for Φ∗ holds, i.e.,

PG(Φ
∗) = sup

ν∈MΦ∗ (σ)
{ hν(σ) +

∫
Φ∗dν }.

(2) If PG(Φ
∗) < ∞ and

∑
n≥1 Vn(Φ

∗) < ∞, then there exists a unique σ-
invariant ergodic Gibbs measure νΦ∗ for Φ∗.

(3) If, furthermore, hνΦ∗ (σ) < ∞, then νΦ∗ ∈ MΦ∗(σ) and is the unique equi-
librium measure for Φ∗.

Extending results for the full shift of countable type on the space of one-sided
sequences to the full shift of countable type on the space of two–sided sequences
can be achieved by a method inspired from [Bow75] and [Sin72].

Lemma 3.3. Assume Φ : SZ → R has strongly summable variations. Then there
exists a bounded real-valued function u : SZ → R such that the function defined by

Ψ(a) := Φ(a) + u(σ(a))− u(a)

satisfies:

(1) Ψ(a) = Ψ(a′) whenever ai = a′i for all i ≥ 0;
(2) Ψ has summable variations, i.e.,

∑
n≥1 Vn(Ψ) < ∞;

(3) if Φ is locally Hölder continuous, then so is Ψ;
(4) PG(Ψ) = PG(Φ).

Proof. Statements (1) and (2) can be proven under weaker assumptions (see [CQ98]
for finite shifts and [Dao13] for countable shifts). We provide the proof nonetheless
aiming at clarifying the proof of (3). Given a sequence (rk)

0
k=−∞ with rk ∈ S,

define r : SZ → SZ by (r(a))k = ak for k ≥ 0 and (r(a))k = rk for k < 0 and set

u(a) :=

∞∑
j=0

Φ(σj(a))− Φ(σj(r(a))).

Since ∣∣Φ(σj(a))− Φ(σj(r(a)))
∣∣ ≤ Vj+1(Φ),

the function u is well defined and uniformly bounded. For

a, a′ ∈ C−n+1[b−n+1, . . . , bn−1]

one has

(5)

|u(a)−u(a′)|

≤
[n−1

2 ]∑
j=0

|Φ(σj(a))− Φ(σj(a′))|+ |Φ(σjr(a))− Φ(σjr(a′))|

+
∞∑

j>[n−1
2 ]

|Φ(σj(a))− Φ(σjr(a))|+ |Φ(σj(a′))− Φ(σjr(a′))|

≤ 4
∑

j≥[n−1
2 ]

Vj(Φ).
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The strong summability of Φ yields∑
n≥1

Vn(u) < ∞.

To prove the first statement, note that

Ψ(a) =

∞∑
j=0

Φ(σj(r(a)))− Φ(σjr(σ(a)))

only depends on ai with i ≥ 0. To prove the second statement, observe that for
a, a′ ∈ C−n+1[b−n+1, . . . , bn−1] the definition of Ψ together with the arguments in
(5) yield

|Ψ(a)−Ψ(a′)| ≤ Vn(Φ) + 8
∑

j≥[n−2
2 ]

Vj(Φ)

and thus ∑
n≥1

Vn(Ψ) < ∞.

This also proves the third statement of the lemma, since if Vn(Φ) < Crn, then
Vn(Ψ) < C ′r′n for some 0 < r′ < 1 and C ′ > 0.

The last statement follows from the definition of the Gurevich pressure. �

Proof of Theorem 3.1. Consider a function Φ satisfying the hypothesis of Theo-
rem 3.1, and let Ψ∗ : SN → R be defined by Ψ∗(a) := Ψ((π∗)−1(a)), where
π∗ : SZ → SN is the canonical projection, and Ψ = Φ + u ◦ σ − u is defined in
Lemma 3.3. The function Ψ∗ is well defined since Ψ only depends on the positive
elements of the sequence (π∗)−1(a).

In order to check that Ψ∗ satisfies the hypothesis of Lemma 3.2, observe that

- the boundedness of u and supa∈SZ Ψ(a) = supa∈SN Ψ∗(a) imply that supΨ∗

< ∞ if and only if supΦ < ∞.
- Ψ∗ has summable variations (over SN) since Ψ has summable variations
(over SZ) by Lemma 3.3.

- The Gurevich pressure PG(Ψ
∗) (over SN) exists and PG(Ψ

∗) = PG(Ψ) =
PG(Φ) since by definition the Gurevich pressure (over SZ) only depends on
the positive side of the sequences.

Hence, if Φ satisfies the hypothesis of Theorem 3.1, then Ψ∗ satisfies the hypothesis
of Lemma 3.2.

Since Φ and Ψ are cohomologous,
∫
Φ dν =

∫
Ψ dν for any ν ∈ M(σ) and, in

particular, MΦ(σ) = MΨ(σ). Also, if ν∗ := (π∗)∗ν, then
∫
SZ Ψ dν =

∫
SN Ψ

∗ dν∗

and hν(σ) = hν∗(σ). Moreover, for any given invariant Borel probability measure
ν∗ on SN there exists a unique invariant Borel probability measure ν on SZ with
ν∗ = (π∗)∗ν.

The variational principle then holds since PG(Φ) = PG(Ψ
∗) and

sup
ν∈MΦ(σ)

{hν(σ) +

∫
Φ dν} = sup

ν∗∈MΨ∗ (σ)
{hν∗(σ) +

∫
Ψ∗ dν∗}.

Let ν∗Ψ∗ be the unique Gibbs measure for Ψ∗ and denote its natural extension to the
two-sided shift by νΦ. The one-to-one entropy preserving correspondence between
invariant measures and their natural extensions implies that νΦ is the unique Gibbs
and equilibrium measure for Ψ as well as for the cohomologous function Φ. �
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We now describe some ergodic properties of equilibrium measures. Consider a
continuous transformation T . Recall that a T -invariant Borel probability measure
μ has exponential decay of correlations with respect to a class H of functions if
there exists 0 < θ < 1 such that, for any h1, h2 ∈ H,∣∣∣ ∫ h1(T

n(x))h2(x) dμ−
∫

h1(x) dμ

∫
h2(x) dμ

∣∣∣ ≤ Kθn,

for some K = K(h1, h2) > 0. The measure μ satisfies the CLT with respect to the

class H if there exists σ ∈ R such that
1√
n

n−1∑
i=0

(
h(T ix)−

∫
h dμ

)
converges in law

to a normal distribution N (0, σ). Given a measure μ, a function h is cohomologous
to a function h′ if there exists g ∈ L2(μ) with h− h′ = g ◦ f − g, μ-almost surely.

The following theorem describing some ergodic properties of the equilibrium
measure νΦ is a corollary of the well-known results by Ruelle [Rue78] (see also
[Gor69], [Liv96] and [Aar97]).

Theorem 3.4. Assume that the conditions of Theorem 3.1 hold and that Φ is
locally Hölder continuous. Then the unique ergodic equilibrium measure νΦ has
exponential decay of correlations, and satisfies the CLT with respect to the class
of bounded locally Hölder continuous functions with σ > 0 if and only if h is not
cohomologous to a constant.

4. Thermodynamics of inducing schemes of hyperbolic type

Assume the continuous map f : X → X of the compact metric space (X, d) with
htop(f) < ∞ admits an inducing scheme {S, τ} of hyperbolic type. Set

(6) Y := {fk(x) : x ∈ W, 0 ≤ k ≤ τ (x)− 1}.
Note that Y is forward invariant under f . Denote the set of f -invariant ergodic
Borel probability measures on Y by M(f, Y ) and the set of F -invariant ergodic
Borel probability measures on W by M(F,W ). For any ν ∈ M(F,W ) let

Qν :=

∫
W

τ dν.

If Qν < ∞ the lifted measure L(ν) is defined as follows: for any E ⊂ Y ,

L(ν)(E) :=
1

Qν

∑
J∈S

τ(J)−1∑
k=0

ν(f−k(E) ∩ J).

Proposition 4.1. If ν ∈ M(F,W ) and Qν < ∞, then L(ν) ∈ M(f, Y ), L(ν)(W )=
1
Qν

.

Consider the class of measures

(7)
ML(f, Y ) := {μ ∈ M(f, Y ) : there is ν := L−1(μ) ∈ M(F,W )

with L(ν) = μ}.
A measure μ ∈ ML(f, Y ) is called liftable and L−1(μ) is an induced measure for μ.

Remark 1. The class of liftable measures depends on the choice of the inducing
scheme {S, τ}: a given measure in M(f, Y ) may be liftable with respect to one
inducing scheme but not with respect to another. One can show (see [Zwe05]) that
if τ ∈ L1(Y, μ), then μ ∈ ML(f, Y ).
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A measure μϕ ∈ ML(f, Y ) will be called an equilibrium measure for ϕ (in the
space ML(f, Y ) of liftable measures) if

PL(ϕ) := sup
ML(f,Y )

{hμ(f) +

∫
X

ϕdμ} = hμϕ
(f) +

∫
X

ϕdμϕ.

This definition of equilibrium measures differs from the standard one as it only
considers liftable measures and hence on the inducing scheme.

Condition (I4) on the inducing scheme of hyperbolic type implies:

Theorem 4.2 ([PS08], Theorem 4.2). Assume that the inducing scheme {S, τ} sat-
isfies Condition (I4), the function Φ has strongly summable variations and PG(Φ) <
∞. Then −∞ < PL(ϕ) < ∞.

The existence of a unique equilibrium measure for ϕ is proven by first studying
the problem for the induced system (F,W ) and the induced potential ϕ : W → R

defined by

ϕ(x) :=

τ(x)−1∑
k=0

ϕ(fk(x)).

The crucial relation between the original and induced systems is given by Abramov’s
and Kac’s formulæ which extend verbatim to inducing schemes of expanding type

Proposition 4.3 ([PS08, Theorem 2.3]). Let ν ∈ M(F,W ) and Qν < ∞. Then

hν(F ) = Qν · hL(ν)(f).

Let ϕ be a potential and ϕ the corresponding induced potential. If
∫
W

ϕdν < ∞,
then

−∞ <

∫
W

ϕdν = Qν ·
∫
X

ϕdL(ν) < ∞.

The study of the existence and uniqueness of equilibrium measures for the in-
duced system (F,W ) is carried out by conjugating the induced system to the two-
sided full shift over the countable alphabet S. This requires that the potential
function Φ := ϕ̄ ◦ π be well defined on SZ, where π is the coding map defined by
(1) (see also Proposition 2.1). To this end we require that

(P1) the induced potential ϕ can be extended by continuity to a function on J̄
for every J ∈ S.

Denote the potential induced by the normalized potential ϕ− PL(ϕ) by

ϕ+ := ϕ− PL(ϕ) = ϕ− PL(ϕ)τ

and let Φ+ := ϕ+ ◦ π where π is the coding map from (1).

Theorem 4.4. Let {S, τ} be an inducing scheme of hyperbolic type satisfying Con-
ditions (I3) and (I4) and ϕ a potential satisfying Condition (P1). Assume that Φ
has strongly summable variations and PG(Φ) < ∞. Assume also that PG(Φ

+) < ∞
and supa∈SZ Φ+(a) < ∞. Then

(a) there exists a σ-invariant ergodic Gibbs measure νΦ+ for Φ+;
(b) if hνΦ+ (σ) < ∞, then νΦ+ is the unique equilibrium measure for Φ+;
(c) if hνΦ+ (σ) < ∞, then the measure νϕ+ := π∗νΦ+ is a unique F -invariant

ergodic equilibrium measure for ϕ+;
(d) if PG(Φ

+) = 0 and Qνϕ+ < ∞, then μϕ = L(νϕ+) is the unique ergodic

equilibrium measure in the class ML(f, Y ) of liftable measures.
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Proof. Statements (a) and (b) follow from Theorem 3.1 after noting that by The-
orem 4.2, PL(ϕ) is finite and that Vn(Φ) = Vn(Φ

+).

To prove Statement (c), consider the function φ : W̃ → R defined by φ((xn)n≤0)

:= ϕ(x0) and Φ = φ ◦ π̃ and Φ+ = φ+ ◦ π̃ where φ+ = φ−PL(ϕ)τ and π̃ : SZ → W̃
is the projection defined by (2). By Condition (I3), the measure νΦ+ gives full
weight to the set Š. Proposition 2.1 then implies that the measure ν̃φ+ := π̃∗νΦ+

is the unique F̃ -invariant ergodic equilibrium measure for φ+, i.e.,

hν̃φ+ (F̃ ) +

∫
φ+ dν̃φ+ = sup

ν∈M(F̃ ,W̃ )

{hν(F̃ ) +

∫
φ+ dν},

where M(F̃ , W̃ ) denotes the set of ergodic F̃ -invariant Borel probabilities on W̃ .
Recall now that there is a one-to-one entropy preserving correspondence between

M(F,W ) and M(F̃ , W̃ ). Also, for any ϕ ∈ L1(ν) the function φ on W̃ satisfies∫
ϕdν =

∫
φ dν̃. Statement (c) follows since νϕ+ is the image of ν̃φ+ under this

correspondence.
To prove Statement (d) observe that Qνϕ+ < ∞ and Proposition 4.3 imply

hνΦ+ (σ) < ∞. Statement (c) and Proposition 4.3 imply

0 = hϕ+(F ) +

∫
ϕ+ dνϕ+ =

1

Qνϕ+

(
hμϕ

(f) +

∫
ϕdμϕ − PL(ϕ)

)

hence

hμϕ
(f) +

∫
ϕdμϕ = PL(ϕ).

�

To describe the ergodic properties of equilibrium measures assume that νϕ+ has
exponential tail : there exist C > 0 and 0 < θ < 1 such that for all n > 0,

νϕ+({x ∈ W : τ (x) ≥ n}) ≤ Cθn.

Theorem 4.5. Assume the conditions of Theorem 4.4 hold. Assume also that the
induced function ϕ on W is locally Hölder continuous. If νϕ+ has exponential tail,
then the unique equilibrium measure μϕ has exponential decay of correlations and
satisfies the CLT with respect to the class of functions whose induced functions on
W are bounded locally Hölder continuous.

Proof. See [PS08, Theorem 4.6]. �

We describe some verifiable conditions on the potential function ϕ under which
the assumptions of Theorem 4.4 hold:

(P2) there exist C > 0 and 0 < r < 1 such that for any n ≥ 1

Vn(φ) := Vn(Φ) ≤ Crn;

(P3) ∑
J∈S

sup
x∈J

exp ϕ̄(x) < ∞;

(P4) there exists ε > 0 such that∑
J∈S

τ (J) sup
x∈J

exp(ϕ+(x) + ετ (x)) < ∞.
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Theorem 4.6. Let {S, τ} be an inducing scheme of hyperbolic type satisfying Con-
ditions (I3) and (I4). The following statements hold:

(1) Condition (P2) implies that the function Φ has strongly summable varia-
tions.

(2) Condition (P3) implies the finiteness of the Gurevich pressure PG(Φ) < ∞
and supa∈SZ Φ(a) < ∞.

(3) Condition (P4) implies that supa∈SZ Φ+(a) < ∞ and PG(Φ
+) = 0.

(4) If Φ has strongly summable variations, then Condition (P3) implies Qνϕ+ <
∞.

Proof. See the proof in [PS08, Theorem 4.5]. �

The existence and uniqueness of equilibrium measures is now an immediate corol-
lary of Theorems 4.4, 4.5 and 4.6.

Theorem 4.7. Let {S, τ} be an inducing scheme of hyperbolic type satisfying Con-
ditions (I3) and (I4). Assume that the potential function ϕ satisfies Conditions
(P1)-(P4). Then

(1) there exists a unique equilibrium measure μϕ for ϕ among all measures in
ML(f, Y ); the measure μϕ is ergodic;

(2) if νϕ+ = L−1(μϕ) has exponential tail, then μϕ has exponential decay of
correlations and satisfies the CLT with respect to a class of functions which
contains all bounded locally Hölder continuous functions on Y .

5. Liftability of invariant measures

In this section we describe some conditions under which all ergodic invariant
measures of sufficiently large entropy are liftable.

Denote the set of elements of the inducing scheme {S, τ} for which the inducing
time is the first return time by

S′ = {J ∈ S : f i(J) ∩W = ∅ for 0 < i < τ (J)}

and the set of those whose return time is not a first return time by S∗ := S \ S′.
Let

S(n) := {J ∈ S : τ (J) = n}
and S′(n) := S′ ∩ S(n) and S∗(n) := S∗ ∩ S(n). Also let Sn := 
 S(n) denote the
cardinality of S(n) and define S∗

n and S′
n similarly.

Theorem 5.1. Assume the following conditions hold:

(L1) For any ε > 0, there exist numbers l = l(ε) and N = N(ε) such that for
any τ (J) > N ,

diam(fk(J)) < ε for k =
l

2
, . . . , τ (J)− l

2
− 1.

(L2) There exists h > 0 such that for all sufficiently large n,

(8) S∗
n ≤ ehn.

Then any ergodic μ ∈ M(f,X) with μ(W ) > 0 and hμ(f) > h is liftable.

The proof follows ideas from Keller [Kel89] and Zweimüller [Zwe05].
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Proof. Define Ŷ := {(x, k) : x ∈ W, 0 ≤ k ≤ τ (x)− 1} ⊂ W ×N and f̂ : Ŷ → Ŷ by

f̂(x, k) :=

{
(x, k + 1), k < τ (x)− 1,

(F (x), 0), k = τ (x)− 1.

Define μ̂0 := i∗μ|W where i : W → Ŷ is given by i(x) = (x, 0) and

μ̂n :=
1

n

n−1∑
j=0

f̂ j
∗ μ̂0.

Let μ̄0 = π∗
1μ, where π1(x, k) = x is the projection to the first component. One

can show as in the proof of Theorem 1.1 of [Zwe05] that μ̂n  μ̄0 and dμ̂n

dμ̄0
≤ 1

implying the existence of a function χ̂ ∈ L1(μ̄0) and a subsequence nk such that
dμ̂nk

dμ̄0
|Ê

weakly→ χ̂ for any bounded set Ê, where Ê is bounded if there exists M > 0

such that sup{k : (x, k) ∈ Ê} ≤ M . As a consequence, for μ̂ := χ̂ · μ̄0, one has

that μ̂nk
(Ê) → μ̂(Ê) for any bounded Ê. Moreover, if χ̂ �= 0, then the measure ν

defined by

ν(E) :=
∑
J∈S

μ̂((J ∩ E)× {0})

satisfies L(ν) = μ (see [Zwe05], (3.2)).
Therefore the statement follows from the following:

Proposition 5.2. Given μ ∈ M(f,X), suppose there exists a sequence nk such

that
dμ̂nk

dμ̄0
|Ê

weakly→ 0 for any bounded set Ê. Then hμ(f) ≤ h.

The proof of the proposition follows from Lemmas 5.5 and 5.6. But in order to
prove these lemmas, one needs the following:

Lemma 5.3. Let

ÊN :=
{
(x, k) : x ∈ W and 0 ≤ k ≤ N

}
and

F̂ ′ :=
{
(x, k) : x ∈

⋃
J∈S′

J and 0 ≤ k ≤ τ (J)− 1
}
.

Suppose
dμ̂nk

dμ̄0
|Ê

weakly→ 0 over all bounded set Ê. Then lim
k→∞

μ̂nk
(ÊN ∪ F̂ ′) = 0 for

all N .

Proof. The sets ÊN are bounded, therefore lim
k→∞

μ̂nk
(ÊN ) = 0.

Since for any J ∈ S′(n) the first return time is n, Kac’s formula yields∑
n≥1

∑
J∈S′(n)

nμ(J) ≤ 1 < ∞

and thus

lim
N→∞

∑
n>N

∑
J∈S′(n)

nμ(J) = 0.
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Also, the fact that
dμ̂nk

dμ̄0
≤ 1 implies

μ̂nk
(F̂ ′ \ ÊN ) = μ̂nk

( ⋃
n>N

⋃
J∈S′(n)

n−1⋃
k=N

(J × {k})
)

≤ μ̄0

( ⋃
n>N

⋃
J∈S′(n)

n−1⋃
k=N

(J × {k})
)
≤

∑
n>N

∑
J∈S′(n)

nμ(J).

The proof now follows by contradiction: assume lim
k→∞

μ̂nk
(F̂ ′) = c > 0. Choose

N ∈ N so large that ∑
n>N

∑
J∈S′(n)

nμ(J) ≤ c

2
.

Therefore μ̂nk
(F̂ ′∩ÊN ) ≥ c

2 for all nk, contradicting the fact that lim
k→∞

μ̂nk
(ÊN ) = 0

for any N . �

Lemma 5.4. Consider AN
n (x) : W → R defined by

AN
n (x) :=

1

n

 {0 ≤ j ≤ n− 1 : f̂ j(i(x)) ∈ ÊN ∪ F̂ ′}.

If lim
k→∞

dμ̂nk

dμ̄0
= 0, then for every ε > 0 there exists Z = Z(nk, ε) ⊂ W independent

of N such that μ(Z) ≥ (1 − ε)μ(W ) and limk→∞ AN
nk
(x) = 0 uniformly on Z for

all N .

Proof. By formula (10) of [PZ07] limk→∞ μ̂nk
(ÊN ∪ F̂ ′) = 0 implies

lim
k→∞

∫
W

AN
nk
(x) dμ(x) = 0.

For N = 1, by passing to a subsequence if necessary, there exists a set Z1 with
μ(Z1) ≥ (1− ε

2 )μ(W ) and A1
nk
(x) → 0 uniformly on Z1. Since

lim
k→∞

∫
Z1

A2
nk
(x) dμ(x) = 0,

again by passing to a proper subsequence, there exists Z2 ⊂ Z1 with μ(Z2) ≥
(1− ε

2−
ε
4 )μ(W ) and limk→∞ A2

nk
(x) = 0 uniformly on E2. By a diagonal argument,

there exists a subsequence, still denoted by nk, and a set ZN ⊂ W with

μ(ZN ) ≥ (1−
N∑
j=0

ε

2j
)μ(W )

such that limk→∞ AN
nk
(x) = 0 uniformly on ZN . Let Z =

⋂
k≥1 Zk. We have that

μ(Z) ≥ (1− ε)μ(W ) and AN
nk
(x) → 0 uniformly on Z for every fixed N . �

The claim now follows from

(9) hμ(f) ≤ htop(f, Z) ≤ h

where htop(f, Z) is the topological entropy of the map f |Z restricted to the non-
compact set Z. For the reader’s convenience, we briefly recall the definition of
this notion of topological entropy from [Bow73] as presented in [Pes97, Section 11]
before proving the inequalities in Lemmas 5.5 and 5.6.



8532 Y. PESIN, S. SENTI, AND K. ZHANG

The set Bn(x, ε) := {y ∈ Y : d(f ix, f iy) < ε, 0 ≤ i ≤ n − 1} for x ∈ Y , n > 0
and ε > 0 is called a Bowen ball. Given a set E ⊂ Y and numbers λ ∈ R, ε > 0
and K ∈ N, let

M(E, λ, ε,K) := inf
G

{ ∑
Bn(x,ε)∈G

e−λn
}
,

where the infimum is taken over all covers G of E whose elements are Bowen balls
Bn(x, ε) with n ≥ K. We stress that different balls Bn(x, ε) in the cover G may
have different length n. Then write

m(E, λ, ε) := lim
K→∞

M(E, λ, ε,K)

and let

htop(f, E, ε) := inf
λ∈R

{
m(E, λ, ε) = 0

}
.

Finally define

htop(f, E) := lim
ε→0

htop(f, E, ε).

Lemma 5.5. Let μ ∈ M(f,X) with μ(E) > 0. Then hμ(f) ≤ htop(f, E).

Proof. If μ(E) = 1, the statement follows from the inverse variational principle (see
[Pes97]):

hμ(f) = inf{htop(f, E) : μ(E) = 1}.
If 0 < μ(E) < 1, the set

⋃∞
i=0 f

i(E) is invariant and thus has full measure and

htop

(
f,

∞⋃
i=0

f i(E)

)
= sup

i≥0
htop

(
f, f i(E)

)
= htop(f, E).

The last equality is due to the fact that htop (f, f(E)) ≤ htop(f, E). �

The first inequality in (9) now follows from Lemmas 5.4 and 5.5. It remains to
prove the second inequality in (9).

Lemma 5.6. htop(f, Z) ≤ h.

The strategy is to obtain an appropriate upper bound estimate of M(Z, λ, ε, nk)
for a particular covering.

Given ε > 0, choose a sufficiently large N > N(ε) such that (8) holds for all
n > N . To simplify notation write τi = τ (Ji).

A designation is defined as a pair of (s+ 1)-tuples

(ξ, η) = (ξ = (m0, . . . ,ms), η = (J0, . . . , Js))

satisfying the following conditions:

• 0 ≤ m0 < m1 < · · · < ms ∈ N.
• For each 0 ≤ j ≤ s, Jj ∈ S∗ and τj > N .
• For each 0 ≤ j ≤ s− 1, we have mj + τj ≤ mj+1.

A designation (ξ, η) defines a subset V (ξ, η) of X by designating the mj-th iterate
of x to be contained in Jj , i.e.,

V (ξ, η) = {x ∈ X : fmj (x) ∈ Jj for all 0 ≤ j ≤ s}.
This can be viewed as a partial coding of the dynamics using only sets from S∗

with inducing time larger than N .
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We say that 0 ≤ i ≤ ms + τs is designated if there exists 0 ≤ j < s satisfying
mj ≤ i < mj + τj . Otherwise, it is called undesignated. The total number of
undesignated indices from 0 to ms is

m0 +

s−1∑
j=0

(mj+1 −mj − τj) = ms −
s−1∑
j=0

τj .

For a small δ > 0 let C := C(ε,N, δ, nk) denote the set of all designations (ξ, η)
satisfying

(10) ms−1 + τs−1 < nk ≤ ms + τs,

and the total undesignated space is small:

(11) ms −
s−1∑
j=0

τj < δnk.

Lemma 5.7. For k ∈ N sufficiently large one has

Z ⊂
⋃

(ξ,η)∈C
V (ξ, η).

Proof. It follows from the definition of C that for any x ∈ W with AN
nk
(x) ≤ δ one

has x ∈ V (ξ, η) for some (ξ, η) ∈ C. By Lemma 5.4 AN
nk
(x) → 0 uniformly on Z

yielding the statement. �

Proof of Lemma 5.6. Fix ε,N, δ and the sequence nk. Write C = C1 ∪ C2 where

• (ξ, η) ∈ C1 if nk is undesignated, i.e., ms−1 + τs−1 ≤ nk < ms;
• and (ξ, η) ∈ C2 if nk is designated, i.e., ms ≤ nk < ms + τs.

We shall cover the set Z with Bowen balls by covering each set V (ξ, η) with (ξ, η) ∈
C1 and (ξ, η) ∈ C2. We begin by covering V (ξ, η) with (ξ, η) ∈ C1. Let

β(ε) := min
G


G,

where the minimum is taken over all coverings G of X by ε-balls B (in the original
metric d). Since the space X is compact β(ε) is finite. For x ∈ V (ξ, η) for any
(ξ, η) ∈ C, each undesignated iterate can be covered by β(ε) number of ε-balls.
There are at most δnk such iterates from the definition of C. For the remaining
iterates, the hypothesis (L1) implies that for J ∈ S with τ (J) > N > N(ε) and for

j = l(ε)
2 , . . . , τ (J) − l(ε)

2 − 1 the sets f j(J) are contained in a single ball of radius
ε. Given any (ξ, η) ∈ C1, the minimum number of (nk, ε)-balls needed to cover
V = V (ξ, η) is bounded by the product of the minimum number of ε-balls needed
to cover each iterate, i.e.,

nk∏
j=0

min{ � :
�⋃

i=1

B(xi, ε) ⊃ f j(V ) }

which in turn is bounded by

(12) β(ε)δnk+(1−δ)
nk
N l(ε) < β(ε)nk(δ+

l(ε)
N ).

For the collection C2 the situation is different: although each set V (ξ, η) with
(ξ, η) ∈ C2 can be covered by a finite number of (nk, ε)-balls, the total number of
elements in C2 is infinite (there is no upper bound for ms + τs). One therefore
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needs to proceed differently. For any (ξ, η) ∈ C2 the set V (ξ, η) is covered by
(ms + τs, ε)-balls where the “length” of each ball will depend on τs.

By the same counting argument as in the C1 case presented above, for any (ξ, η) ∈
C2 each V (ξ, η) can be covered by at most

(13) β(ε)nk(δ+
l(ε)
N )

(ms + τs, ε)-balls.
Let G = G1∪G2, where G1 is the collection of (nk, ε)-balls covering all sets V (ξ, η)

with (ξ, η) ∈ C1 and G2 is the collection of (ms+ τs, ε)-balls covering all sets V (ξ, η)
with (ξ, η) ∈ C2. Then

M(Z, λ, ε, nk) ≤
∑

Bnk
(x,ε)∈G

e−λnk =
∑

Bnk
(x,ε)∈G1

e−λnk +
∑

Bnk
(x,ε)∈G2

e−λnk .

The two sums in the above formula are estimated separately. All Bowen balls of
the collection G1 have the same length nk. Equation (12) yields∑

Bnk
(x,ε)∈G1

e−λnk ≤ 
 (C1) β(ε)nk(δ+
l(ε)
N ) e−nkλ.

One therefore only needs to estimate the cardinality of C1. Consider an element
(ξ, η) ∈ C1 with l undesignated spaces, i.e.,

l = ms −
s−1∑
j=0

τj < δnk

where the inequality follows from equation (11). The elements of C1 are counted
as follows. First partition (0, . . . , nk − l) into intervals of minimal length N , cor-
responding to the partition of {0, · · · , τ0 + · · · + τs−1} into intervals of designated
iterates of length τ0, · · · , τs−1. By Condition (L2) there are at most ehτi choices of
elements with Ji ∈ S∗ and τi > N . Then insert a total of at most l intervals corre-
sponding to the undesignated space. With the convention that undefined binomial
formulas are zero, one then has


 (C1) ≤
nk∑
i=1

δnk∑
l=1

nk−l

N∑
s=1

(
l

i− s

)(
nk − l

s

)
eh(nk−l)

≤
nk∑
i=1

δnk∑
l=1

nk/N∑
s=1

(
l

i− s

)(
nk

s

)
eh(nk−l).

By Stirling’s formula (see e.g. [Fel68]),

(14)

(
n

m

)
≤ Ceσ(m/n)·n,

where σ(x) = −x log x − (1 − x) log(1 − x). Since limx→0 σ(x) = 0 and σ′(x) =
log( 1x − 1), we have that 0 ≤ σ(x) ≤ log 2 for any 0 < x < 1 and σ is increasing for

x ≤ 1
2 . Since s ≤ nk

N and i− s ≤ l < δnk, choosing nk and N large enough yields


 (C1) ≤C
δn3

k

N
exp

{
h(nk − l) + σ(

s

nk
)nk + σ(

i− s

l
)l
}

≤ C
δn3

k

N
exp

{
nk(h+ σ(1/N) + δ log 2)

}
.
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It follows that

(15) log
( ∑

Bnk
(x,ε)∈G1

e−λnk

)
≤ const + 3 log(nk)

+ nk

(
(δ +

l(ε)

N
) log β(ε) + σ(1/N) + δ log 2− (λ− h)

)
.

Since δ, l(ε)/N and σ(1/N) can be chosen arbitrarily small, the dominant term in
(15) is the term −(λ− h)nk. This implies that the sum

∑
Bnk

(x,ε)∈G1

e−λnk

is uniformly bounded if λ > h and nk is large enough. We will make this precise
later.

We now deal with the sum over G2. For an element (ξ, η) ∈ C2, let m = ms−1 +
τs−1. For a fixed m, there are infinitely many choices for τs, and for each τs there
are ehτs choices of elements J ∈ S with τ (J) = τs. On the other hand, similar
to the case of C1, the number of different V (ξ, η) for which m = ms−1 + τs−1 is
bounded by

nk∑
i=1

δnk∑
l=1

m/N∑
s=1

(
δnk

i− s

)(
m

s

)
eh(ms−l)

≤ C
δn2

km

N
exp

{
δnk log 2 + (σ(1/N) + h)ms

}
.

Combining the above estimate with (13) and (L2) and summing over all possible
ms keeping in mind that nk ≤ ms + τs yields

∑
Bnk

(x,ε)∈G2

e−λnk

≤
nk∑

ms=1

∞∑
τs=max{N+1,nk−ms}

C
δn2

kms

N
eδnk log 2+(σ(1/N)+h)msehτse−(ms+τs)λ

× β(ε)nk(δ+ l(ε)
N ).

Assuming λ > h and reordering terms yields

nk∑
ms=1

Cδn2
kms

N
eδnk log 2+σ(1/N)mse−(λ−h)ms

⎛
⎝ ∞∑

τs=max{N+1,nk−ms}
e−(λ−h)τs

⎞
⎠

≤
nk∑

ms=1

Cδn2
kms

N
eδnk log 2+σ(1/N)mse−(λ−h)ms

1

λ− h
e−(λ−h)(nk−ms)

≤ Cδn3
k

N
eδnk log 2 1

λ− h
e−(λ−h)nk

eσ(1/N)(nk+1)

eσ(1/N) − 1
.
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It follows that

(16)

log
( ∑

Bnk
(x,ε)∈G2

e−λnk

)

≤ const + 3 log nk − log(λ− h)− log(eσ(1/N) − 1)

+ nk

(
(δ +

l(ε)

N
) log β(ε) + σ(1/N) + δ log 2− (λ− h)

)
.

Since δ, l(ε)/N and σ(1/N) can be chosen arbitrarily small, the dominant term is
−nk(λ− h) hence ∑

Bnk
(x,ε)∈G2

e−λnk

is uniformly bounded for sufficiently large nk. Now M(Z, λ, ε, nk) is estimated as
follows: given ε > 0, choose λ > h and then N > N(ε) (which depends on l(ε)) so

large that both l(ε)
N and σ(1/N) are small enough to ensure

l(ε)

N
log β(ε) + σ(1/N) <

1

3
(λ− h).

Pick δ > 0 so small that

δ log β(ε) + δ log 2 <
1

3
(λ− h).

With ε,N, δ fixed, for each large enough nk consider the collection C(ε,N, δ, nk) and
use it to estimate M(Z, λ, ε, nk) as above. Moreover, notice that the terms that
are linear in nk in both (15) and (16) are bounded by − 1

3 (λ − h)nk and hence as
nk → ∞ both (15) and (16) approach −∞. It follows that m(Z, λ, ε) < 0 for any
λ > h. Hence, htop(f, Z) ≤ h and the desired result follows. �

By Lemmas 5.5 and 5.6, Proposition 5.2 holds. This completes the proof of
Theorem 5.1. �

The following statement is an immediate corollary of Theorems 5.1 and 4.4.

Theorem 5.8. Let f be a continuous map of a compact metric space X with
htop(f) < ∞ and ϕ a potential function. Assume that f admits an inducing scheme
{S, τ} of hyperbolic type satisfying Conditions (I3), (I4) and (L1), (L2). Assume
also that ϕ satisfies the conditions of Theorem 4.4. Let μϕ be the measure con-
structed in Theorem 4.4 and let h be the constant in Condition (L2).

If hμϕ
(f) > h, then μϕ is the unique equilibrium measure for ϕ among all ergodic

invariant measures μ with μ(Y ) = 1 (see (6) for the definition of the set Y ) and
hμ(f) > h.

Remark 2. In the one dimensional setting inducing schemes satisfying Condition
(L1) are often constructed for maps with a set of critical/singular points C satisfying
the natural assumption that there exists a critical/singular point c∗ ∈ C whose
set of pre-images {f−n(c∗)}n∈N is dense and does not intersect C (see Condition
(H3) in [DOHL06]). The inducing scheme can then be constructed by taking as
the inducing domain a small enough neighborhood (c∗ − δ∗, c∗ + δ∗). Condition
(L1) can then be shown to hold as in [DOHL06, Lemma 1]. More precisely, by
assumption, for every δ > 0 there exists N > 0 such that the set {f−n(c∗)}Nn=0 is
δ-dense and uniformly bounded away from the set C. One can choose δ so small
that for any interval I with |I| ≥ ε there exists f−k(c∗) with k < N close to the
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center of I. Thus, by choosing δ∗ small enough, one can ensure that any fn(I)
with |fn(I)| ≥ ε contains a diffeomorphic pre-image with bounded distortion of the
inducing domain. Condition (L1) follows by contrapositive: assume |fn(J)| ≥ ε for
some J ∈ S and n < τ (J)−N . Then the above argument shows that c∗ ∈ f i+n(J)
for some n < N contradicting the fact that fτ(J) is a diffeomorphism.

In general in the higher dimensional setting this argument cannot be carried out
as one lacks a proper identification of the critical/singular set C.

6. Inducing schemes of hyperbolic type for Young’s diffeomorphisms

Theorem 4.7 provides a way to construct equilibrium measures for maps with
inducing schemes of hyperbolic type. Here we show that maps introduced by L.-S.
Young [You98] admit inducing schemes of hyperbolic type that satisfy our condi-
tions.

6.1. Young’s diffeomorphisms. Consider a C1+ε diffeomorphism f : M → M
of a compact smooth Riemannian manifold M . Following [You98] we describe a
collection of conditions on the map f .

An embedded disk γ ⊂ M is called an unstable disk (respectively, a stable disk) if
for all x, y ∈ γ we have that d(f−n(x), f−n(y)) → 0 (respectively, d(fn(x), fn(y)) →
0) as n → +∞. A collection of embedded disks Γu = {γu} is called a continuous
family of C1 unstable disks if there exists a homeomorphism Φ : Ks ×Du → ∪γu

satisfying:

• Ks ⊂ M is a Borel subset and Du ⊂ R
d is the closed unit disk for some

d < dim M ;
• x → Φ|{x} ×Du is a continuous map from Ks to the space of C1 embed-
dings of Du into M which can be extended to a continuous map of the
closure Ks;

• γu = Φ({x} ×Du) is an unstable disk.

A continuous family of C1 stable disks is defined similarly.
We allow the sets Ks to be non-compact in order to deal with overlaps which

appear in most known examples, including those in Sections 8 and 9.
A set Λ ⊂ M has hyperbolic product structure if there exists a continuous family

Γu = {γu} of unstable disks γu and a continuous family Γs = {γs} of stable disks
γs such that

• dim γs + dim γu = dim M ;
• the γu-disks are transversal to γs-disks by an angle uniformly bounded
away from 0;

• each γu-disk intersects each γs-disk at exactly one point;
• Λ = (∪γu) ∩ (∪γs).

A subset Λ0 ⊂ Λ is called an s-subset if it has hyperbolic product structure and
is defined by the same family Γu of unstable disks as Λ and a continuous subfamily
Γs
0 ⊂ Γs of stable disks. A u-subset is defined analogously.
For an s-subset Λ0 ⊂ Λ and a u-disk γu ∈ Γu the set Λ0∩γu may not be compact.

By the definition of the family Γu, for any x in the closure Λ0 ∩ γu there exists a
unique s-disk γs(x) ∈ Γs. We define the s-closure scl(Λ0) of Λ0 by

scl(Λ0) :=
⋃

x∈Λ0∩γu

γs(x) ∩ Λ.
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It is easy to see that the s-closure does not depend on the choice of γu and that it
is an s-subset over a continuous family of stable disks which we denote by Γs

0. We
define the u-closure ucl(Λ1) of a given u-subset Λ1 ⊂ Λ similarly:

ucl(Λ1) :=
⋃

x∈Λ1∩γs

γu(x) ∩ Λ.

Assume the map f satisfies the following conditions:

(Y0) There exists Λ ⊂ M with hyperbolic product structure such that
μγu(γu ∩ Λ) > 0 for all γu ∈ Γu, where μγu is the leaf volume on γu.

(Y1) There exists a countable collection of continuous subfamilies Γs
i ⊂ Γs of

stable disks and positive integers τi, i ∈ N such that the s-subsets

(17) Λs
i :=

⋃
γ∈Γs

i

(
γ ∩ Λ

)
⊂ Λ

are pairwise disjoint and satisfy
(a) invariance: for every x ∈ Λs

i

fτi(γs(x)) ⊂ γs(fτi(x)), fτi(γu(x)) ⊃ γu(fτi(x)),

where γu,s(x) denotes the (un)stable disk containing x.
(b) Markov property : Λu

i := fτi(Λs
i ) is a u-subset of Λ such that for all

x ∈ Λs
i ,

f−τi(γs(fτi(x)) ∩ Λu
i ) = γs(x) ∩ Λ,

fτi(γu(x) ∩ Λs
i ) = γu(fτi(x)) ∩ Λ.

It is easy to see that Conditions (Y1)(a) and (Y1)(b) also hold for x ∈ scl(Λs
i ) after

replacing Λ by its s-closure.

(Y2) For every γu ∈ Γu one has

μγu ((Λ \ ∪Λs
i ) ∩ γu) = 0 and μγu ((scl(Λs

i ) \ Λs
i ) ∩ γu) = 0.

For any x ∈ Λs
i define the inducing time by τ (x) := τi and the induced map

F :
⋃

i∈N
Λs
i → Λ by

F |Λs
i
:= fτi |Λs

i
.

(Y3) There exists 0 < α < 1 such that for any i ∈ N we have:
(a) For x ∈ Λs

i and y ∈ γs(x),

d(F (x), F (y)) ≤ αd(x, y).

(b) For x ∈ Λs
i and y ∈ γu(x) ∩ Λs

i ,

d(x, y) ≤ αd(F (x), F (y)).

For x ∈ Λ denote

Eu(fk(x)) := Tfk(x)f
k(γu(x)) = DfkTxγ

u(x)

and denote by Juf(x) := | detDf |Eu(x)| the restriction of the modulus of the
Jacobian of f to Eu (the definition of JuF (x) is analogous).

(Y4) There exist c > 0 and 0 < β < 1 such that:
(a) For all n ≥ 0, x ∈ F−n(∪i∈NΛ

s
i ) and y ∈ γs(x) we have∣∣∣∣log JuF (Fnx)

JuF (Fny)

∣∣∣∣ ≤ cβn.
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(b) For any i0, . . . , in ∈ N, F k(x), F k(y) ∈ Λs
ik
for 0 ≤ k ≤ n and y ∈ γu(x)

we have ∣∣∣∣log JuF (Fn−kx)

JuF (Fn−ky)

∣∣∣∣ ≤ cβk.

Observe that the induced map F can be extended to the s-closure scl(Λs
i ) in such

a way that Conditions (Y3) and (Y4) hold with the same constants.

(Y5) There exists γu ∈ Γu such that
∞∑
i=1

τiμγu(Λs
i ) < ∞.

For any γ, γ′ ∈ Γu denote by Θ the holonomy map (along the stable leaves) associ-
ated with γ, γ′:

Θ : γ ∩ Λ → γ′ ∩ Λ
x �→ γs ∩ γ′.

Conditions (Y1), (Y3) and (Y4) and standard arguments (see, for example, [BP07])
yield the following:

Proposition 6.1. For x, y ∈
⋂∞

n=0 F
−n(∪i∈NΛ

s
i ) the holonomy map Θ associated

with γ = γu(x), γ′ = γu(y) is absolutely continuous and its Jacobian is given by the
formula

d(Θ−1
∗ μγ′)

dμγ
(x) =

∞∏
n=0

JuF (Fnx)

JuF (Fn(Θ(x)))

and is uniformly bounded from above and below.

6.2. Construction of the inducing scheme. Let f be a C1+ε diffeomorphism
satisfying Conditions (Y1) and (Y3). Let

(18) W :=
∞⋂

n=−∞
ucl

(
Fn

(⋃
i∈N

Λs
i

))
be the non-empty maximal F -invariant set contained in ucl(Λ). Set

(19) S = {Λs
i ∩W}i∈N and τ (Λs

i ∩W ) = τi.

For any two-sided sequence a = (. . . , a−1, a0, a1, . . .) ∈ SZ, n ∈ N and denote

(20)
Λa0,...,an

: = {x ∈ Λs
a0
: F j(x) ∈ Λs

aj
0 ≤ j ≤ n}

Λa−n,...,a0
: = {x ∈ Λs

a0
: F−j(x) ∈ Λs

a−j
0 ≤ j ≤ n}.

By Condition (Y1), the sequence {Λa0,...,an
}n∈N is a nested sequence of s-subsets

and {Λa−n,...,a0
}n∈N is a nested sequence of u-subsets and the same holds for their

u-closures.

Proposition 6.2. The pair {S, τ} is an inducing scheme of hyperbolic type for f
satisfying Condition (I4). If, in addition, the sets scl(Λs

i ) are pairwise disjoint,
then {S, τ} also satisfies Condition (I3).

Proof. {S, τ} is an inducing scheme of hyperbolic type for f provided it satisfies
Conditions (I1) and (I2). Condition (I1) follows from Condition (Y1) and the F -
invariance ofW . We now prove Condition (I2). By the hyperbolic product structure
of Λ, the intersection

⋂∞
n=0 Mn �= ∅ where

(21) Mn := ucl(Λa−n,...,a0
) ∩ scl(Λa0,...,an

).
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To prove that this intersection consists of a single point we show that lim
n→∞

diamMn

= 0. Indeed, for any x, y ∈ Mn let z = γs(x) ∩ γu(y). By Condition (Y1), we have
F k(z) = γs(F kx) ∩ γu(F ky) for −n ≤ k ≤ n. By Condition (Y3),

d(z, y) = d(F−n(Fnz), F−n(Fny)) ≤ cαn

and

d(x, z) = d(Fn(F−nx), Fn(F−nz)) ≤ cαn

for some constant c > 0. Then d(x, y) ≤ d(x, z) + d(z, y) ≤ 2cαn and Condition
(I2) follows.

Condition (I4) follows from the fact that the coding map π is a (semi-)conjugacy
(see Proposition 2.1).

If the sets scl(Λs
i ) are pairwise disjoint, then SZ \ Š = ∅ and Condition (I3)

follows. �

6.3. Liftability problem. In general, solving the liftability problem requires veri-
fication of Conditions (L1) and (L2). In our examples of Young’s diffeomorphisms in
Sections 9 and 8 the inducing time is the first return time and hence, any measure
charging the tower is liftable. Nevertheless, a strengthened version of Condition
(L2) (see (22)) is used to establish the thermodynamical formalism (see Theo-
rem 7.1).

7. Thermodynamics of Young’s diffeomorphisms

with the geometric potential

The results of the previous sections allow one to establish the thermodynamic
formalism for Young diffeomorphisms for a broad class of potentials. Here we
consider the special but very important family of geometric t-potentials for t ∈ R:

ϕt(x) := −t log Juf(x).

Theorem 7.1. Let f : M → M be a C1+ε diffeomorphism of a compact smooth Rie-
mannian manifold M satisfying Conditions (Y0)-(Y5). Then the following state-
ments hold:

(1) There exists an equilibrium measure μ1 for the potential ϕ1 which is a
unique SRB measure.

(2) Assume that the inducing scheme {S, τ} for f satisfies Conditions (I3) and
(I4) and the following condition (see Condition (L2)):

(22) Sn = 
 {J ∈ S : τ (J) = n} ≤ ehn

with 0 < h < −
∫
ϕ1 dμ1. Then there exists t0 < 0 such that for every

t0 < t < 1 there exists an ergodic measure μt ∈ M(f, Y ) which is a unique
equilibrium measure for the potential ϕt among measures in ML(f, Y ), i.e.,

hμt
(f) +

∫
Y

ϕt dμt = sup
μ∈ML(f,Y )

{hμ(f) +

∫
Y

ϕt dμ},

where Y is defined in (6).
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(3) If, in addition, the inducing scheme {S, τ} satisfies Condition (L1) and
hμt

> h, then μt is the unique equilibrium measure for ϕt among all mea-
sures μ with hμ(f) > h, i.e.,

hμt
(f) +

∫
Y

ϕt dμt = sup
μ∈M(f,Y )

hμ(f)>h

{hμ(f) +

∫
Y

ϕt dμ}.

The proof of this theorem occupies the rest of this section.

Proof. In view of Theorem 4.7 it is sufficient to prove that the potential function
ϕt satisfies conditions (P1)–(P4) for t0 < t < 1 with some t0 < 0. Since ϕt(x) =
−t log JuF (x), Condition (P1) is straightforward and, in fact, holds for ϕt + ct for
any constant ct ∈ R. Lemma 7.3 below implies that ϕt+ ct satisfies Condition (P2)
for any constant ct ∈ R. It follows from Lemma 7.4 below that for all t ∈ R there
exists some ct ∈ R such that ϕt + ct satisfies Condition (P3). The existence of the
measure μ1 in Statement (1) is a well-known result (see [You98]). We prove it in
view of our construction in Lemma 7.5. The fact that μ1 is an SRB measure follows
from [LS82]. Lemma 7.6 shows that under Condition (22) there exists some t0 < 0
such that ϕt (and hence ϕt + ct) with t0 < t < 1 satisfies Condition (P4). Since ϕt

and ϕt+ct are cohomologous they admit the same equilibrium measures. Statement
(2) follows from Theorem 4.7. Statement (3) then follows from Theorem 5.8. This
completes the proof of Theorem 7.1. �

Lemma 7.2. There are constants C1>0 and λ1>1 such that for any (a0, . . . , an−1)
∈ Sn, any x ∈ scl(Λa0,...,an−1

) (see (20)), and γ ∈ Γu,

C−1
1 (Ju(Fn)(x))−1 ≤μγ(γ ∩ Λa0,...,an−1

)

=μγ(γ ∩ scl(Λa0,...,an−1
)) ≤ C1(J

u(Fn)(x))−1,

Ju(Fn)(x) ≤ λ
τa0

+···+τan−1

1 .

Proof. Observe that Fn maps γ∩Λa0,...,an−1
homeomorphically onto γ′∩Λ. Hence,

μγ′(γ′ ∩ Λ) =

∫
γ∩Λa0,...,an−1

Ju(Fn)(x) dμγ(x).

By Condition (Y0) and Proposition 6.1, there exists a constant A > 0 (which does
not depend on the choice of γ′) such that

A−1 ≤ μγ′(γ′ ∩ Λ)

μγ(γ ∩ Λ)
≤ A.

For x, y ∈ γ ∩ scl(Λs
i ), Condition (Y4)(b) yields that

B−1 ≤ Ju(Fn)(x)

Ju(Fn)(y)
≤ B

for some B > 0. This together with Condition (Y2) proves the first part. The
last inequality follows by setting λ1 := maxx∈Λ Juf(x) and observing that this
maximum is finite due to the continuity of the family of unstable disks over the
compact set Ks. �

Lemma 7.3. The potential ϕt satisfies Condition (P2) for all t ∈ R.
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Proof. To prove Condition (P2) consider (a−n+1, . . . , an−1) ∈ S2n−1 and x, y ∈ Mn

(see (21)). If z = γs(x)∩ γu(y), then F−n(z) ∈ γs(F−n(x)) and Condition (Y4)(a)
yields

|ϕ̄t(x) − ϕ̄t(z)| = |t|
∣∣∣∣log JuF (x)

JuF (z)

∣∣∣∣ = |t|
∣∣∣∣log JuF (Fn(F−nx))

JuF (Fn(F−nz))

∣∣∣∣ ≤ c|t|βn.

A similar argument that uses (Y4)(b) instead of (Y4)(a) yields

|ϕ̄t(y)− ϕ̄t(z)| ≤ c|t|βn

and the desired result follows since x and y were chosen arbitrarily. �

Lemma 7.4. The potential function ϕt + c satisfies Condition (P3) for all c ≤ 0
and all t ≥ 1. Additionally, if Condition (22) is satisfied, then for all t ∈ R there
exists ct ∈ R such that ϕt + c satisfies Condition (P3) for all c < ct.

Proof. It suffices to prove the existence of some ct ∈ R such that for all c < ct one
has

∞∑
i=1

sup
x∈Λs

i

|JuF (x)|−tecτi < ∞.

For t ≥ 1 and all c ≤ ct = 0, Lemma 7.2 and (Y5) yield

∞∑
i=1

sup
x∈scl(Λs

i )

(JuF (x))−tecτi ≤ C1

∞∑
i=1

μγ(γ ∩ Λs
i )

t ≤ C1

∞∑
i=1

μγ(γ ∩ Λs
i ) < ∞.

For 0 ≤ t < 1, Lemma 7.2 and (22) yield for any c < ct = −h,

∞∑
i=1

sup
x∈scl(Λs

i )

(JuF (x))−tecτi ≤ μγ(γ ∩ Λ)t
∞∑
i=1

ecτi ≤ μγ(γ ∩ Λ)t
∞∑

n=1

e(c+h)n < ∞.

For t ≤ 0 and ct = t log λ1 − h, Lemma 7.2 and (22) yields

∞∑
i=1

sup
x∈scl(Λs

i )

(JuF (x))−tecτi ≤
∞∑

n=1

e(c−t log λ1+h)n < ∞.

�

Lemma 7.5. Let PL(t) := PL(ϕt). Then PL(1) = 0, and there exists a unique
measure μ1 such that

hμ1
(f) +

∫
Y

ϕ1 dμ1 = PL(1).

Moreover, for all t ∈ R one has

PL(t) ≥ (t− 1)

∫
Y

ϕ1 dμ1.
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Proof of the lemma. Let Φ1 := ϕ̄1 ◦ π, where the coding map π is defined in (1).
For any b ∈ S, Lemma 7.2 yields

PG(Φ1) = lim
n→∞

1

n
log

∑
σn(a)=a

exp
n−1∑
i=0

Φi
1(a)I[b](a)

= lim
n→∞

1

n
log

∑
Fn(x)=x∈scl(Λs

b)

(Ju(Fn)(x))−1

= lim
n→∞

1

n
log

∑
a0,··· ,an∈S
a0=an=b

μγ(γ ∩ scl(Λa0,...,an−1
))

= lim
n→∞

1

n
log μγ(γ ∩ scl(Λs

b)) = 0.

The last line follows from the fact that the sum is taken over all possible cylin-
ders Λb,a1,...,an−1

of length n contained in Λb. For every μ ∈ ML(f,X) we have
QL−1(μ) < ∞, so Proposition 4.3 yields PL(1) ≤ PG(Φ1) = 0.

To prove the lower bound, note that Lemmas 7.3 and 7.4 (with constant c1 = 0)
imply that ϕ1 satisfies Conditions (P2) and (P3). Since ϕ1 clearly satisfies Condi-
tion (P1), Theorems 4.6 and 3.1 imply the existence of a unique Gibbs measure νΦ1

for Φ1. Then by Relation (4), the measure νϕ̄1
:= π∗νΦ1

satisfies the corresponding
Gibbs property, i.e., there is C0 > such that for any n-tuple (b0, . . . , bn−1) and any
x ∈ Λs

b0...bn−1
we have

C−1
0 ≤

νϕ̄1
(Λs

b0...bn−1
)

exp(−nPG(Φ1) + (ϕ̄1)n(x))
≤ C0.

Setting n = 1 by Lemma 7.2, we find that

νϕ̄1
(Λs

i ) ≤ C0(J
uF (x))−1.

Now Condition (Y5) yields

Qνϕ̄1
=

∑
i∈N

τiνϕ̄1
(Λs

i ) ≤ C0

∑
i∈N

τi(J
uF (x))−1 < ∞.

By Proposition 4.3, hνϕ̄1
(F ) < ∞ and Theorem 3.1 (3) yields

hνϕ̄1
(F ) +

∫
W

ϕ̄1 dνϕ̄1
= PG(Φ1) = 0.

Furthermore,

PL(1) ≥ hL(νϕ̄1
)(f) +

∫
Y

ϕ1 dL(νϕ̄1
) =

hνϕ̄1
(F ) +

∫
W

ϕ̄1 dνϕ̄1

Qνϕ̄1

= 0.

Therefore PL(1) = 0. Hence Φ+
1 = Φ1 and νϕ+

1
= νϕ̄1

. Statement (1) now follows

from Theorem 4.7 for μ1 = L(νϕ̄1
).

To prove the second statement note that

PL(t) = sup
μ∈ML(f,Y )

{hμ(f) +

∫
Y

ϕt dμ} ≥ hμ1
(f) +

∫
Y

ϕt dμ1

= hμ1
(f) + t

∫
Y

ϕ1 dμ1 = (t− 1)

∫
Y

ϕ1 dμ1

and the desired result follows. �
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Lemma 7.6. If Condition (22) is satisfied, the potential ϕt satisfies Condition
(P4) for all t0 < t < 1 where

t0 :=
h+

∫
X
ϕ1 dμ1

log λ1 +
∫
X
ϕ1 dμ1

< 0.

Proof. By Lemma 7.2
∞∑
i=1

τi sup
x∈Λs

i

(JuF (x))−te−(PL(t)−ε)τi ≤ C
∞∑

n=1

ne−(PL(t)−ε)n
∑
τi=n

μγ(γ ∩ Λs
i )

t

for some constant C > 0, so it suffices to prove that the right hand side is finite.
For 0 ≤ t < 1, Jensen’s inequality together with Lemma 7.5 and Condition (22)

yield:

∞∑
n=1

ne−(PL(t)−ε)n
∑
τi=n

μγ(γ ∩ Λs
i )

t

≤
∞∑

n=1

ne−(PL(t)−ε)nS1−t
n

(∑
τi=n

μγ(γ ∩ Λs
i )

)t

≤ (μγ(γ ∩ Λ))t
∞∑

n=1

n e(1−t)(h+
∫
X

ϕ1 dμ1)n+εn < ∞

provided one chooses 0 < ε < (1 − t)(−
∫
X
ϕ1 dμ1 − h) for t < 1 given. For t < 0,

Lemma 7.2 implies

∞∑
n=1

ne−(PL(t)−ε)n
∑
τi=n

μγ(γ ∩ Λs
i )

t ≤
∞∑

n=1

ne−(PL(t)−ε)nSnλ
n|t|
1

≤ C
∞∑

n=1

nλ
n|t|
1 e(h+ε+(1−t)

∫
X

ϕ1 dμ1)n < ∞

if h + ε + (1 − t)
∫
X
ϕ1 dμ1 < t log λ1. Since h < −

∫
X
ϕ1 dμ1 ≤ log λ1, this holds

for
h+

∫
X

ϕ1 dμ1

log λ1+
∫
X

ϕ1 dμ1
< t < 0 and ε sufficiently small. �

We now describe some ergodic properties of the measure μt.

Theorem 7.7. Let f : M → M be a C1+ε diffeomorphism of a compact smooth
Riemannian manifold M satisfying Conditions (Y0)-(Y5). Assume that the induc-
ing scheme {S, τ} satisfies Conditions (I3), (I4) and Condition (22). Then there
exists t0 < 0 such that

(1) for every t0 < t ≤ 1 the equilibrium measure μt is ergodic;
(2) for every t0 < t < 1 μt has exponential decay of correlations and satisfies

the CLT with respect to a class of potential functions which contains all
Hölder continuous functions on M .

Proof. The proof follows from Theorems 4.7 and 7.1 after checking that the mea-
sure L−1(μt) ∈ M(F,W ) has exponential tail. First observe that Lemma 7.6 and
Theorem 4.6 (3) yield 0 = PG(Φ

+) = PG(Φ) − PL(t). Since L−1(μt) is a Gibbs
measure, the Gibbs property (4) and Condition (Y4) imply that for any x ∈ scl(Λs

i )
one has

L−1(μt)(Λ
s
i ) ≤ C0(J

uF (x))−te−PL(t)τi .
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By Lemma 7.2 there exists some C > 0 such that∑
τi≥N

τi L−1(μt)(scl(Λ
s
i )) ≤ C0

∑
τi≥N

τi sup
x∈scl(Λs

i )

(JuF (x))−te−PL(t)τi

≤ C
∑
n≥N

ne−PL(t)n
∑
τi=n

μγ(γ ∩ Λs
i )

t.

For 0 ≤ t < 1, Jensen’s inequality, Condition (22) and Lemma 7.5 yield

∑
n≥N

ne−PL(t)n
∑
τi=n

μγ(γ ∩ Λs
i )

t ≤
∑
n≥N

ne−PL(t)nS1−t
n

(∑
τi=n

μγ(γ ∩ Λs
i )

)t

≤ (μγ(γ ∩ Λ))t
∑
n≥N

nen(1−t)(h+
∫
x
ϕ1 dμ1) < Kθn

for some constants K > 0 and e(1−t)(h+
∫
X

ϕ1 dμ1) < θ < 1 which exist since h <
−
∫
X
ϕ1 dμ1. For t0 < t < 0 with t0 from Lemma 7.6

∑
n≥N

ne−PL(t)n
∑
τi=n

μγ(γ ∩ Λs
i )

t ≤
∑
n≥N

ne−PL(t)nSnλ
−nt
1

≤
∑
n≥N

nλ−nt
1 en(h+(1−t)

∫
X

ϕ1 dμ1) < Kθn

for some constants K > 0 and λ−t
1 eh+(1−t)

∫
X

ϕ1 dμ1 < θ < 1. �

8. Applications I: Thermodynamics of the Hénon family

at the first bifurcation

As an application we outline the result in [ST16] where the thermodynamical
formalism presented in the previous sections is applied in order to establish the exis-
tence and uniqueness of equilibrium measures associated to the geometric potential
for Hénon-like diffeomorphisms of the plane at the first bifurcation parameter. For
parameters a, b ∈ R and (x, y) ∈ R

2 the Hénon map fa,b is defined by

fa,b(x, y) := (1− ax2 +
√
by,±

√
bx).

Hénon-like maps are C2-small perturbations of fa,b. It is proven in [BS04, BS06,
CLR08] that for each 0 < b  1 there exists a uniquely defined parameter a∗ =
a∗(b) such that the non-wandering set for fa,b is a uniformly hyperbolic horseshoe
for a > a∗ and the parameter a∗ is the first parameter value for which a homo-
clinic tangency between certain stable and unstable manifolds appears. The results
presented here apply to fixed parameter values b sufficiently small and a = a∗(b).
The dependency on the parameters is thus usually dropped from the notation and
f := fa∗,b. The (one-dimensional) subspace denoted by Eu(z) for which

lim sup
n→∞

1

n
log ‖Df−n|Eu(z)‖ < 0

is well defined on the non-wandering set (see [ST13, Proposition 4.1]). Recall that
Ju(f) denotes the absolute value of the Jacobian along the unstable direction. The
following result holds.
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α−
0 α−

1 α+
1 α+

0

P

Q

ζ0

αn αn−1

α−
n−1 α +n−1α−

n α+
n

˜ ˜

Figure 1. The rectangle R and the curves {α̃n}, {α+
n }, {α−

n }.
The {α̃n} accumulate on the left stable side of R. Both {α+

n } and
{α−

n } accumulate on the parabola in W s(Q) containing the point
of tangency ζ0 near (0, 0).

Theorem 8.1 ([ST16]). For any bounded open interval I ⊂ (−1,+∞) there exists
0 < b0  1 such that if 0 ≤ b < b0, then there exists a unique equilibrium measure
associated to −t log Ju(f) for all t ∈ I. This measure is ergodic, has exponential
decay of corellations and satisfies the central limit theorem.

The theorem relies on the construction of an inducing scheme obtained through
a first return time function to a given region containing the tangency. This region
must, however, be carefully chosen in order to ensure the control of the distortion.
This is done as follows.

The map f = fa∗(b),b has two hyperbolic fixed points, Q close to (−1, 0) and P

close to ( 12 , 0), and the stable and unstable manifolds of Q intersect at the point of
homoclinic tangency ζ0. The largest rectangular region delimited by (two) pieces
of stable and (two) pieces of unstable manifolds of Q is denoted by R (see Figure
1).

Now define the family {α±
n }n≥0 of stable curves. First, let α̃0 be the component

of W s(P )∩R containing P and define the sequence {α̃n}n≥0 of compact curves in
W s(P )∩R inductively: given α̃n−1, define α̃n as the component of f−1(α̃n−1)∩R
which lies to the left of ζ0. Then denote by α−

n+1 (respectively α+
n+1) the connected

component of f−2α̃n ∩ R which lies closest to ζ0 on the left (respectively on the
right). Denote by Θ the rectangular region whose boundary consists of the curves
α̃0 and α̃1 and the unstable boundary of R and by Θn the region whose boundary
consists of the curves α±

[ 10ε ]n+N
and the unstable boundary of R for some given large
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N . Observe that Θn form a nested sequence of rectangles which accumulate to the
component of W s(Q) ∩R containing ζ0. Then define the (closed) set

Ω∞ := {z ∈ Θ: fn(z) ∈ R \Θn for all n ∈ N},

where J denotes the closure of a set J . An inducing scheme {S, τ} is then defined
on the subset of those points in Ω∞ which return to Ω∞ infinitely often (in finite
time). The inducing time is the first return time to Ω∞ (see [ST16, Section 3.5] for
details). One obtains the following.

Proposition 8.2 ([ST16, Proposition 3.2]). For any small ε > 0 there exists b0 > 0
such that if 0 < b < b0, there exists a collection S of pairwise disjoint Borel subsets
and a function τ : S → N such that {S, τ} is an inducing scheme of hyperbolic type
satisfying (I3) and (I4) for f = fa∗(b) and such that

lim
n→∞

1

n
logSn ≤ ε,

where Sn := #{J ∈ S : τ (J) = n}. In particular, any measure μ ∈ M(f,R2) with
h(μ) ≥ 2ε is liftable to the inducing scheme {S, τ}.

The proof that {S, τ} is an inducing scheme of hyperbolic type is carried out in
[ST16, Section 3.5]. Note that (I4) follows from the fact that the fixed saddle P
belongs to one of the elements of the inducing domain S. Also, since the intersection
of the closures of elements of S are contained in the stable manifolds of P , one
obtains a stronger Condition than (I3) (see Condition (A3) in [ST16]). The rest of
the proof of Proposition 8.2 is carried out in Sections 3.5 and 3.6 of [ST16].

Proposition 8.3 ([ST16, Corolary 4.8]). For any bounded open interval I ⊂
(−1,+∞) there exists 0 < b1  1 such that if 0 ≤ b < b1, then for all t ∈ I
the potential function −t log Ju(f) has strongly summable variations, finite Gure-
vic pressure and is positive recurrent.

There exist −1 < t− < 0 < t+ (defined explicitly in [ST16, Section 4.3]) with
limb→0 t− = −1 and limb→0 t+ = ∞ and such that for any t− < t < t+ the induced
potential −t log Ju(f) associated to the inducing scheme of Proposition 8.2 has
strongly summable variations and finite Gurevic pressure (see Lemmas 4.1 and 4.2
in [ST16, Section 4.1]) and is positive recurrent (see [ST16, Lemma 4.7]).

Theorem 8.1 now follows from Theorem 4.4 after observing that for all bounded
open I ⊂ (−1,∞) and ε > 0 sufficiently small there exists b1 such that for all
0 ≤ b < b1 one must have I ⊂ (t−, t+) and the entropy of any equilibrium measure
must be larger than 2ε. By Proposition 8.2, such measures are liftable to the
inducing scheme {S, τ} and Theorem 8.1 follows.

9. Applications II: Thermodynamics of the Katok map

We will outline another application of our results to effect the thermodynamics of
the Katok map f (see [PSZ16] for a detailed presentation). This map was introduced
in [Kat79] and is an area-preserving non-uniformly hyperbolic C∞ diffeomorphism
of the 2-torus. We shall show existence and uniqueness of equilibrium measures for
the geometric potential ϕt = −t log Juf(x) for 0 ≤ t ≤ 1 and describe some of their
ergodic properties.
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9.1. Definition of the Katok map. Consider the automorphism of the two-
dimensional torus T

2 = R
2/Z2 given by the matrix T := ( 2 1

1 1 ) and then choose a
function ψ : [0, 1] �→ [0, 1] satisfying:

(K1) ψ is of class C∞ except at zero;
(K2) ψ(u) = 1 for u ≥ r0 and some 0 < r0 < 1;
(K3) ψ′(u) > 0 for every 0 < u < r0;
(K4) ψ(u) = (ur0)

α for 0 ≤ u ≤ r0
2 where 0 < α < 1

2 .

Let Dr = {(s1, s2) : s12+s2
2 ≤ r2} where (s1, s2) is the coordinate system obtained

from the eigendirections of T . Choose r1 > r0 such that

(23) Dr0 ⊂ IntT (Dr1) ∩ IntT−1(Dr1)

and consider the system of differential equations in Dr1

(24) ṡ1 = s1 log λ, ṡ2 = −s2 log λ,

where λ > 1 is the eigenvalue of T . Observe that T is the time-one map of the flow
generated by the system of equations (24).

We slow down trajectories of the system (24) by perturbing it in Dr1 as follows:

(25)
ṡ1 = s1ψ(s1

2 + s2
2) logλ,

ṡ2 =− s2ψ(s1
2 + s2

2) logλ.

This system of equations generates a local flow. Denote by g the time-one map of
this flow. The choices of ψ and r0 and r1 guarantee that the domain of g contains
Dr1 . Furthermore, g is of class C∞ in Dr1 except at the origin and it coincides
with T in some neighborhood of the boundary ∂Dr1 . Therefore, the map

G(x) =

{
T (x) if x ∈ T

2 \Dr1 ,

g(x) if x ∈ Dr1 ,

defines a homeomorphism of the torus T
2, which is a C∞ diffeomorphism every-

where except at the origin.
The map G preserves a probability measure ν, which is absolutely continuous

with respect to the area. The density of ν is a C∞ function that is infinite at 0. One
can further perturb the map G to obtain an area-preserving C∞ diffeomorphism f .
This is the Katok map (see [Kat79] and also [BP13]).1

We mention the following important properties of the map f .

Proposition 9.1. The map f has non-zero Lyapunov exponents almost everywhere
and zero Lyapunov exponents at the origin. Moreover, it is topologically conjugated
to the hyperbolic automorphism T via a conjugacy homeomorphism H.

9.2. An inducing scheme for the Katok map. We begin building an inducing
scheme for the hyperbolic automorphism T . Consider a finite Markov partition P
for T and let P ∈ P be a partition element which does not contain the origin. Note
that P is a rectangle with hyperbolic product structure. Moreover, given ε > 0 we
can always choose the Markov partition P in such a way that diam(P ) < ε and
P = IntP for any P ∈ P. For a point x ∈ P denote by γs(x) (respectively, γu(x))

1Our construction of the Katok map differs from Katok’s original construction in that the
latter allows an arbitrary function ψ which is C∞ everywhere but at the origin, is zero at the

origin and satisfies
∫ 1
0

du
ψ(u)

< ∞.
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the connected component of the intersection of P with the stable (respectively,
unstable) leaf of x, which contains x.

We construct an inducing scheme for T as follows. Given x ∈ P , let τ (x) be the
first return time of x to IntP . For all x with τ (x) < ∞, the connected component
of the level set τ = τ (x) containing x is

Λs(x) =
⋃

y∈Uu(x)\Au(x)

γs(y)

where Uu(x) ⊆ γu(x) is an interval containing x and open in the induced topology
of γu(x), and Au(x) ⊂ Uu(x) is the set of points which either lie on the boundary
of the Markov partition or never return to the set P . Note that Au(x) has zero
Lebesgue measure. By construction, Λs(x) is an s-subset whose image under T τ(x)

is a u-subset containing T τ(x)(x). Furthermore, for any x, y ∈ P with finite first
return time the sets Λs(x) and Λs(y) either coincide or are disjoint.

Proposition 9.2. The following statements hold:

(1) The collection of sets {Λs
i} and numbers {τi} generate an inducing scheme

{S, τ} for T which satisfies Conditions (I3) and (I4).
(2) There exists h1 < htop(T ) such that

Sn ≤ eh1n.

The first statement is straightforward. For the second statement, it suffices
to estimate the number of sets Λs

i with a given i. This number is less than the
number of periodic orbits of T of minimal period τi that originate in P . Using the
symbolic representation of T as a subshift of finite type induced by the Markov
partition P, one can see that the latter equals the number of symbolic words of
length τi for which the symbol P occurs only as the first and last symbol (but
nowhere in between). The number of such words grows exponentially with exponent
h1 < htop(T ).

Using Proposition 9.2 and applying the conjugacy map H from Proposition 9.1,
one obtains an inducing scheme {H(S), τ} for the Katok map f , where H(S) =

{J̃ = H(J)}J∈S , which satisfies Conditions (I3) and (I4). Since H preserves topo-
logical and combinatorial information about T (in particular, its topological en-
tropy), the inducing schemes for f and T have the same number Sn of basic elements
with inducing time τi = n.

On the other hand, one can obtain the same inducing scheme by representing the
Katok map f as a Young diffeomorphism associated with the collection of s-subsets
H(Λs

i ).
We further restrict the choice of the partition element P . Given Q > 0, we can

take the number r0 in the construction of the Katok map so small and, by refining
the Markov partition if necessary, we can choose a partition element P such that

(26) fn(x) /∈ Dr0 for any 0 ≤ n ≤ Q

and any point x for which either x ∈ P or x /∈ Dr0 while f−1(x) ∈ Dr0 .

Proposition 9.3. There exists Q > 0 such that for the chosen inducing scheme,
the collection of s-subsets H(Λs

i ) satisfies Conditions (Y0)–(Y5).
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9.3. Equilibrium measures for the Katok map. The following result describes
existence, uniqueness and ergodic properties of the equilibrium measures associated
to the geometric potential for the Katok map f .

Theorem 9.4. For every t0 < 0 there exists ε > 0 such that for all r0 < ε and
every t0 < t < 1 there exists a unique ergodic equilibrium measure μt associated
to the geometric potential ϕt = −t log Juf . This measure has exponential decay
of correlations and satisfies the CLT with respect to a class of potential functions
which includes all Hölder continuous functions on T

2.

Proof. First, observe that by statement (2) of Proposition 9.2 h1 < htop(T ) = log λ.
For sufficiently small r0>0 and every ε>0 one can choose r1>0 from (23) such that∣∣∣∣

∫
log Juf dm− log λ

∣∣∣∣ < ε.

It follows that h1 < −
∫
ϕ1 dμ1 where μ1 = m is the area. Theorems 7.1 and 7.7

and the fact that the inducing time is the first return time imply the existence
of t0(P ) < 0 such that for every t0(P ) < t < 1 there exists a unique equilibrium
measure μt associated to the geometric potential ϕt among all measures μ for which
μ(P ) > 0. Note that μt(U) > 0 for every open set U ⊂ P . Using Lemma 7.6 one
can show that t0 → −∞ as ε → 0.

To prove uniqueness first observe that given another element P̃ of the Markov
partition which satisfies Condition (26), one can repeat the above argument: there

hence exists t̃0 = t0(P̃ ) such that for every t̃0 < t < 1 there exists a unique
equilibrium measure μ̃t associated to the geometric potential among all measures
μ for which μ(P̃ ) > 0. Moreover μ̃t(Ũ) > 0 for every open set Ũ ⊂ P̃ . Since

the map f is topologically transitive, for every open set U ⊂ P and Ũ ⊂ P̃ there
exists an integer k such that fk(U) ∩ Ũ �= ∅. Therefore, μt = μ̃t. Note that if the
number r0 in the construction of the Katok map is sufficiently small, the union of
partition elements that satisfy Condition (26) form a closed set whose complement
is a neighborhood of zero. The desired result follows by observing that the only
measure which does not charge any element of the Markov partition that lies outside
this neighborhood is the Dirac measure δ0 at the origin whose pressure is P (δ0) = 0
whereas P (μt) > 0 for every

t0 := max
P∈P,P∩Dr1

=∅
t0(P ) < t < 1.

The desired result follows. �
Remark 3. It follows from the entropy formula that the area is an equilibrium
measure for ϕ1. However there is another equilibrium measure that is the Dirac
measure at zero. It is expected that the equilibrium measure μ1 (the area) has
polynomial decay of correlations.
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