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SELMER RANKS OF QUADRATIC TWISTS OF ELLIPTIC

CURVES WITH PARTIAL RATIONAL TWO-TORSION

ZEV KLAGSBRUN

Abstract. This paper investigates which integers can appear as 2-Selmer
ranks within the quadratic twist family of an elliptic curve E defined over
a number field K with E(K)[2] � Z/2Z. We show that if E does not have
a cyclic 4-isogeny defined over K(E[2]) with kernel containing E(K)[2], then
subject only to constant 2-Selmer parity, each non-negative integer appears
infinitely often as the 2-Selmer rank of a quadratic twist of E. If E has a
cyclic 4-isogeny with kernel containing E(K)[2] defined over K(E[2]) but not
over K, then we prove the same result for 2-Selmer ranks greater than or
equal to r2, the number of complex places of K. We also obtain results about
the minimum number of twists of E with rank 0 and, subject to standard

conjectures, the number of twists with rank 1, provided E does not have a
cyclic 4-isogeny defined over K.

1. Introduction

This paper investigates the integers occurring as 2-Selmer ranks within the qua-
dratic twist family of a given elliptic curve E defined over a number field K. Letting
Sel2(E/K) denote the 2-Selmer group of E (see Section 2 for the definition), we
define the 2-Selmer rank of E/K, denoted d2(E/K), by

d2(E/K) = dimF2
Sel2(E/K)− dimF2

E(K)[2].

Definition 1.1. For X ∈ R+, define a set

S(X) = {Quadratic F/K : NK/Qf(F/K) < X}

where f(F/K) is the finite part of the conductor of F/K. For each r ∈ Z≥0 define
a quantity Nr(E,X) by

Nr(E,X) =
∣∣{F/K ∈ S(X) : d2(E

F/K) = r}
∣∣,

where EF is the quadratic twist of E by F/K.

The 2-Selmer rank of E serves as an upper bound for the Mordell-Weil rank of E,
so understanding its distribution within quadratic twist families yields information
about the rank distribution within the twist family (see Corollaries 1.8 and 1.9,

for example). We are therefore concerned with the limiting behavior of Nr(E,X)
|S(X)|
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as X → ∞. Recent work by Kane, building on work of Swinnerton-Dyer and
Heath-Brown showed that if E is defined over Q, E(Q)[2] � Z/2Z× Z/2Z, and E

does not have a cyclic 4-isogeny defined over Q, then Nr(E,X)
|S(X)| tends to an explicit

non-zero limit αr for every non-negative integer r such that the sum of the αr over
r ∈ Z≥0 is equal to 1 [8], [17], [7]. Additional recent work by the author, Mazur
and Rubin proves that if Gal(K(E[2])/K) � S3, then a similar result holds using
a different method of counting after correcting by some local factors arising over
totally complex fields [11].

Far less is known about the behavior Nr(E,X)
|S(X)| for curves with E(K)[2] � Z/2Z,

and this paper provides a partial answer. One obstacle to obtaining results for
these curves is the presence of a cyclic 4-isogeny, either over K – in which case we
have been unable to say anything – or over the two-division field K(E[2]). If E has
a cyclic 4-isogeny ψ defined over K(E[2]) that is not defined over K, then ψ proves
to be an obstacle only when E(K)[2] ⊂ ker(ψ). Our first theorem assumes that E
does not have such an isogeny, and the theorems which follow it give similar results
for curves which do have such an isogeny ψ. A simple criterion for determining if
E has either of these two problematic isogeny types appears in Section 4.

Theorem 1.2. Let E be an elliptic curve defined over a number field K with
E(K)[2] � Z/2Z that does not possess a cyclic 4-isogeny defined over K(E[2])
with kernel containing E(K)[2]. Then, for all non-negative r ≡ d2(E/K) (mod 2),
we have Nr(E,X) � X

logX . If E does not have constant 2-Selmer parity, then

Nr(E,X) � X
logX for all r ∈ Z≥0.

This result is similar to Theorem 1.4 in [13] concerning curves with E(K)[2] = 0.
Constant 2-Selmer parity is a phenomenon exhibited by certain curves E, where

d2(E
F /K) ≡ d2(E/K) (mod 2) for all quadratic twists EF of E. Dokchitser and

Dokchitser have shown that E/K has constant 2-Selmer parity if and only if K
is totally imaginary and E acquires everywhere good reduction over an abelian
extension of K (Remark 4.9 in [4]).

Constant 2-Selmer parity is one of two known obstructions to a non-negative
integer r appearing as the 2-Selmer rank of some twist of E. A second “lower-
bound” obstruction can occur when E has a cyclic 4-isogeny ψ defined over K(E[2])
with E(K)[2] ⊂ kerψ. The author recently exhibited an infinite family of curves
over any number field K with a complex place such that d2(E

F/K) ≥ r2 for every
curve E in this family and every quadratic F/K, where r2 is the number of complex
places of K [9]. As the next theorem shows, these curves exhibit the worst possible
behavior among all curves without a cyclic 4-isogeny defined over K.

Theorem 1.3. Let E be an elliptic curve defined over a number field K with
E(K)[2] � Z/2Z that does not have a cyclic 4-isogeny defined over K. Then
Nr(E,X) � X

logX for all r ≥ r2 with r ≡ d2(E/K) (mod 2), where r2 is the num-

ber of conjugate pairs of complex embeddings of K. If E does not have constant
2-Selmer parity, then Nr(E,X) � X

logX for all r ≥ r2.

The lower-bound obstruction prevents us from making broad statements about
the quadratic twists EF of E with d2(E

F/K) < r2 when E has a cyclic 4-isogeny ψ
defined over K(E[2]) with E(K)[2] ⊂ kerψ. However, as the next theorems show,
we can do better if we have some specific knowledge about E.
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Theorem 1.4. Let E be an elliptic curve defined over a number field K with
E(K)[2] � Z/2Z that does not have a cyclic 4-isogeny defined over K. Then
Nr(E,X) � X

logX for all non-negative r ≥ ord2T (E/E′) (defined in Section 6)

with r ≡ ord2T (E/E′) (mod 2). If K has a real place or E has a place of multi-
plicative reduction, then Nr(E,X) � X

logX for all non-negative r ≥ ord2T (E/E′).

Remark 1.5. By Theorem 6.5, we know that d2(E/K) ≡ ord2T (E/E′) (mod 2).
This allows us to replace the condition r ≡ ord2T (E/E′) (mod 2) in Theorem 1.4
with the equivalent condition r ≡ d2(E/K) (mod 2).

Theorem 1.6. Let E be an elliptic curve defined over a number field K with
E(K)[2] � Z/2Z that does not possess a cyclic 4-isogeny defined over K. If E has
a twist EF such that d2(E

F/K) = r, then Nr′(E,X) � X
logX for all r′ ≥ r with

r′ ≡ r (mod 2).

The rational point of order two on K gives rise to an isogeny φ : E → E′ with
kernel E(K)[2] and T (E′/E) = T (E/E′)−1. Theorem 1.4 therefore shows that the
lower-bound obstruction cannot apply to both E and E′ simultaneously.

Theorem 1.7. Let E be an elliptic curve defined over a number field K with
E(K)[2] � Z/2Z that does not possess a cyclic 4-isogeny defined over K.

(i) Then either Nr(E,X) � X
logX for all r ∈ Z≥0 with r ≡ d2(E/K) (mod 2)

or Nr(E
′, X) � X

logX for all r ∈ Z≥0 with r ≡ d2(E/K) (mod 2).

(ii) If E does not have constant 2-Selmer parity, then we additionally have that
either Nr(E,X) � X

logX for all r ∈ Z≥0 with r 
≡ d2(E/K) (mod 2) or

Nr(E
′, X) � X

logX for all r ∈ Z≥0 with r 
≡ d2(E/K) (mod 2).

(iii) If either K has a real place or E has a place of multiplicative reduction, then
Nr(E,X) � X

logX for all r ∈ Z≥0 or Nr(E
′, X) � X

logX for all r ∈ Z≥0.

(That is, the choice of E and E′ for parts (i) and (ii) can be taken to be
the same.)

As the 2-Selmer rank of E serves as an upper bound for the Mordell-Weil rank
of E and E and E′ have the same rank, we get the following corollary.

Corollary 1.8. Let E be an elliptic curve defined over a number field K with
E(K)[2] � Z/2Z that does not possess a cyclic 4-isogeny defined over K. If ei-
ther d2(E/K) ≡ 0 (mod 2) or E does not have constant 2-Selmer parity, then the
proportion of twists EF of E having rank zero grows at least as fast as X

logX .

In order to say something about E having twists of rank one, we need to rely
on the parity conjecture which states that d2(E/K) ≡ rank(E/K) (mod 2) for all
elliptic curves E.

Corollary 1.9. Let E be an elliptic curve defined over a number field K with
E(K)[2] � Z/2Z that does not possess a cyclic 4-isogeny defined over K. Assuming
that the parity conjecture holds and either d2(E/K) ≡ 1 (mod 2) or E does not have
constant 2-Selmer parity, then the proportion of twists EF of E having rank one
grows at least as fast as X

logX .

Corollary 1.8 is similar to a result of Ono and Skinner when K = Q and
E(Q)[2] = 0. Corollaries 1.8 and 1.9 are similar to results of Rubin and Mazur for
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general K when E(K)[2] = 0 [13,14]. Similar results when E(K)[2] � Z/2Z×Z/2Z
are due to Skorobogotav and Swinnerton-Dyer [16].

1.1. Layout and methods of proof. The techniques used to prove these theo-
rems grew out of the techniques developed by Mazur and Rubin in [13] to compare
the Selmer ranks d2(E/K) and d2(E

F/K). We begin in Section 2 by descibing these
techniques and using them to identify specific local criteria for fields F/K ramified
at a small number of primes to yield twists EF with d2(E

F/K) = d2(E/K) + d
for d = −2, 0, 2. The local conditions for F/K are dependent on Sel2(E/K) and as
detailed in this work (see Example 2.13), whether any F/K satisfying these local
conditions exist is highly dependent on the image of the φ-Selmer group Selφ(E/K)
(which we define in Section 3) in Sel2(E/K).

Rather than seeking to directly control this image, we instead focus on controlling
the rank of Selφ(E/K). We do this by developing techniques similar to those of
Mazur and Rubin to compare the ranks of Selφ(E/K) and Selφ(E

F/K). These
are detailed over the course of Sections 5, 6, and 7. Paralleling the applications
of the techniques of Rubin and Mazur to 2-Selmer groups in Section 2, Section 7
applies the newly developed technique to give specific local criteria for fields F/K
to yield twists EF with desired values of dimF2

Selφ(E
F/K). We then show how

to construct such extensions in Sections 8 and 9, allowing us to prove Theorem
1.2. Section 8 also includes a detailed numerical example showing how to construct
a specific extension satisfying the necessary local criteria for one of our control
theorems for Selφ(E/K).

As will become clear in the proofs, we need to be concerned about the structure
of the extension K(E[2], E′[2])/K. Therefore, prior to focusing on controlling the
rank Selφ(E/K), we first take a brief detour in Section 4 to show that the structure
we care about can be expressed in terms of the 4-isogeny structure of E. This
characterization is reflected in the main theorems of the paper and in many cases
requires us to present different proofs for the cases when E has a cyclic 4-isogeny
whose kernel contains E(K)[2] defined over K(E[2]) and when it does not. To
maintain unity of presentation, we attempt to group similar technical results for
the two cases together whenever possible.

The case where E has a cyclic 4-isogeny ψ defined over K(E[2]) with E(K)[2] ⊂
kerψ requires certain local computations that have no counterpart in the case where
E does not have such an isogeny. These calculations are contained in Section 10
where we use them to prove Theorems 1.3, 1.4, and 1.7.

1.2. Notation. We lay out some notation used throughout the paper. These terms
are defined in the text, but are included here for the reader’s convenience.

• d2(E/K) = dimF2
Sel2(E/K)− dimF2

E(K)[2].
• dφ(E/K) = dimF2

Selφ(E/K).
• dφ̂(E

′/K) = dimF2
Selφ̂(E

′/K).

• T (E/E′) =
|Selφ(E/K)|
|Selφ̂(E′/K)| .

• C = ker [φ : E → E′], CF = ker
[
φ : EF → E′F ].

• C ′ = ker
[
φ̂ : E′ → E

]
, C ′F = ker

[
φ̂ : E′F → EF

]
.

• ΔE , ΔE′ are discriminants of models of E and E′ respectively.
• κv, κ

′
v are connecting maps whose domain and codomain should be clear from

the context.
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2. The 2-Selmer group

2.1. Background. We begin by recalling the definition of the 2-Selmer group. If
E is an elliptic curve defined over a number field K, then E(K)/2(K) maps into
H1(K,E[2]) via the Kummer map κ, which is given by taking a point P ∈ E(K) to
the cohomology class represented by the cocycle σ �→ σ(R)−R, where R is any point
in E(K) with 2R = P . The 2-Selmer group of E is a subgroup of H1(K,E[2]) that
attempts to bound the part of H1(K,E[2]) cut out by the image of E(K)/2(K).
We can map E(Kv)/2E(Kv) into H1(Kv, E[2]) via the local Kummer map κv for
any completion Kv of K, and the following diagram commutes for every place v of
K:

E(K)/2E(K)

��

κ �� H1(K,E[2])

resv

��

E(Kv)/2E(Kv)
κv �� H1(Kv, E[2])

Definition 2.1. The distinguished local subgroup H1
f (Kv, E[2]) ⊂ H1(Kv, E[2]) is

Image
[
κv : E(Kv)/2E(Kv) ↪→ H1(Kv, E[2])

]
for each place v of K.

(That is, κv gives an isomorphism from coker

[
E(Kv)

[2]−→E(Kv)

]
to H1

f (Kv, E[2]).)

Definition 2.2. The 2-Selmer group of E/K, denoted Sel2(E/K), is defined as

Sel2(E/K) = ker

(
H1(K,E[2])

⊕resv−−−−→
⊕

v of K

H1(Kv, E[2])/H1
f (Kv, E[2])

)
.

That is, the 2-Selmer group is the group of cohomology classes in H1(K,E[2])
whose restrictions locally come from points of E(Kv) in each completion Kv of K.

The 2-Selmer group is a finite dimensional F2-vector space that sits inside the
exact sequence of F2-vector spaces

(2.1) 0 → E(K)/2E(K)
κ−→ Sel2(E/K) → X(E/K)[2] → 0,

where X(E/K) is the Tate-Shafaravich group of E.
We would like to examine the behavior of Sel2(E/K) under the action of twisting

by a quadratic extension.

Definition 2.3. Let E be given by E : y2 = x3 + Ax2 + Bx + C and F/K be

a quadratic extension given by F = K(
√
d). The quadratic twist of E by F

denoted EF is the elliptic curve given by the model y2 = x3 + dAx2 + d2Bx+ d3C.

There is an isomorphism E → EF given by (x, y) �→ (dx, d3/2y) defined over
F . Restricted to E[2], this map gives a canonical GK-isomorphism E[2] → EF [2],
allowing us to view H1

f (Kv, E
F [2]) as sitting inside H1(Kv, E[2]).

Definition 2.4. The distinguished local subgroup H1
f (Kv, E

F [2]) ⊂ H1(Kv, E[2])

is the image of κv(E
F (Kv)) in H1(Kv, E[2]).

We will study Sel2(E
F/K) by using the following lemmas to compare

H1
f (Kv, E[2]) and H1

f (Kv, E
F [2]).
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Lemma 2.5. (i) If v � 2∞, then dimF2
H1

f (Kv, E[2]) = dimF2
E(Kv)[2].

(ii) If v | 2, then dimF2
H1

f (Kv, E[2]) = dimF2
E(Kv)[2] + [Kv : Q2].

(iii) If Kv = R, then dimF2
H1

f (Kv, E[2]) = dimF2
E(Kv)[2]− 1.

(iv) If Kv = C, then dimF2
H1

f (Kv, E[2]) = 0.

(v) For all v, dimF2
H1

f (Kv, E[2]) = dimF2
(K×

v )/(K×
v )2 + dimF2

E(Kv)[2]− 2.

Proof. Parts (i) and (ii) are Lemma 3.1 in [2]. Part (iii) is an immediate conse-
quence of the fact that E(R) � S1 if E(R)[2] � Z/2Z and E(R) � Z/2Z × S1 if
E(R)[2] � Z/2Z× Z/2Z. Part (iv) holds trivially since H1(C, E[2]) = 0. Part (v)
comes from examining dimF2

(K×
v )/(K×

v )2 (say, by using Proposition 6 in Section
II.3 of [12]) and comparing it with parts (i) - (iv). �

Lemma 2.6. If v � 2∞ and E has good reduction at v, then we have an evaluation
isomorphism

ev : H1
f (Kv, E[2])

∼−→ E[2]/(Frobv − 1)E[2]

given by ev(c) = ĉ(Frobv), where ĉ is any cocycle representative for c and Frobv is
the Frobenius automorphism of v.

Proof. This is part (ii) of Lemma 2.2 in [13]. �

Lemma 2.7. Let E be an elliptic curve defined over K, v a place of K, and F/K
a quadratic extension. Then

(i) H1
f (Kv, E[2]) = H1

f (Kv, E
F [2]) if either v splits in F/K or v is a prime

where E has good reduction that is unramified in F/K;
(ii) H1

f (Kv, E[2]) ∩ H1
f (Kv, E

F [2]) = 0 if v � 2∞, E has good reduction at v,

and v is ramified in F/K.

Proof. Part (i) is Lemma 2.10 in [13], and part (ii) is Lemma 2.11 in [13]. �

Lemma 2.8. Let E be an elliptic curve defined over K, v a prime of K away from
2 at which E has good reduction, and F/K a quadratic extension ramified at v.
Then EF (Kv) contains no points of order 4, and it follows that H1

f (Kv, E
F [2]) is

the image of EF (Kv)[2] under the Kummer map.

Proof. Since E had good reduction at v, v � 2, and F/K is ramified at v, Tate’s
algorithm gives us that EF has reduction type I∗0 at v. Let EF

0 (Kv) be the group of
points on EF (Kv) with non-singular reduction at v, EF

1 (Kv) the subgroup of points
with trivial reduction, and kv the residue field of Kv. The formal group structure
on EF

1 (Kv) shows that E
F
1 (Kv) is uniquely divisible by 2. As EF

0 (Kv)/E
F
1 (Kv) �

k+v , E
F
0 (Kv) is uniquely 2-divisible as well. Since EF has reduction type I∗0 at v,

Tate’s algorithm then shows that EF (Kv)/E
F
0 (Kv) – and therefore EF (Kv)[2

∞]
– injects into Z/2Z × Z/2Z. It therefore follows that EF (Kv) has no points of
order four and that EF (Kv)[2] injects into H1

f (Kv, E
F [2]). By part (i) of Lemma

2.5, EF (Kv)[2] and H1
f (Kv, E

F [2]) have the same dimension, which shows that the

image of EF (Kv) under κv is generated by EF (Kv)[2]. �

2.2. The method of Rubin and Mazur. In [13], Mazur and Rubin developed a
method to compare the Selmer groups Sel2(E/K) and Sel2(E

F/K) by comparing
the local conditions for E and EF . The following theorem is the primary tool they
developed and it will be an important tool for us as well.

Let ΔE be the discriminant of some model of E.
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Theorem 2.9. Let E be an elliptic curve defined over a number field K. Suppose
F/K is a quadratic extension such that all places above 2ΔE∞ split in F/K. Let T
be the set of (finite) primes p of K such that F/K is ramified at p and E(Kp)[2] 
= 0
and define a map

(2.2) LocT : H1(K,E[2]) →
⊕
p∈T

H1(Kp, E[2])

as the sum of the sum of the restriction maps over the places p in T . Letting
VT = LocT (Sel2(E/K)), we then have

d2(E
F/K) = d2(E/K)− dimF2

VT + d

for some d satisfying

(2.3) 0 ≤ d ≤ dimF2

⎛
⎝⊕

p∈T

H1
f (Kp, E[2])

⎞
⎠ /VT

and

(2.4) d ≡ dimF2

⎛
⎝⊕

p∈T

H1
f (Kp, E[2])

⎞
⎠ /VT (mod 2).

Proof. This is Proposition 3.3 in [13]. �

Theorem 2.9 has some corollaries which will allow us to produce twists of E with
a desired 2-Selmer rank.

Corollary 2.10. Suppose F/K is a quadratic extension ramified only at p1 and
p2 in which all places above 2ΔE∞ split completely. If E(Kpi

)[2] � Z/2Z and
dimF2

Loc{p1,p2}(Sel2(E/K)) = 1, then d2(E
F/K) = d2(E/K).

Corollary 2.11. Suppose that F/K is a quadratic extension in which all places
above 2ΔE∞ split completely. If F/K is ramified at exactly four primes, p1, p2,
p3, and p4, such that E(Kpi

)[2] � Z/2Z and dimF2
Loc{p1,p2,p3,p4}(Sel2(E/K)) = 3,

then d2(E
F/K) = d2(E/K)− 2.

Corollary 2.12. Let E/K be an elliptic curve with E(K)[2] � Z/2Z and suppose
that F/K is a quadratic extension in which all places above 2ΔE∞ split completely.
If F/K is ramified at exactly two primes, p1 and p2, such that E(Kpi

)[2] � Z/2Z
and respi

(Sel2(E/K)) = 0, then d2(E
F/K) = d2(E/K) + 2.

Proof. Unlike Corollaries 2.10 and 2.11, this result does not follow immediately
from Theorem 2.9. Indeed, Theorem 2.9 shows that either d2(E

F/K) = d2(E/K)
or d2(E

F /K) = d2(E/K) + 2 but does not help us discriminate between the two
cases. We therefore argue as follows.

Since respi
(Sel2(E/K)) = 0, we have Sel2(E/K) ⊂ Sel2(E

F/K). Let P be
the point of order two in EF (K) and c its image in Sel2(E

F/K). By Lemma
2.8, we see that P maps non-trivially into EF (Kpi

)/2EF (Kpi
), and therefore that

c maps non-trivially into H1(Kpi
, EF [2]). By Lemma 2.7, we therefore get that

c 
∈ Sel2(E/K). This shows that Sel2(E/K) � Sel2(E
F/K) and that it must be

the case that d2(E
F/K) = d2(E/K) + 2. �
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If it were always possible to produce extensions satisfying Corollaries 2.10, 2.11,
and 2.12, then proving Theorem 1.2 would be straightforward. However, as this
next example shows, there are elliptic curves for which no quadratic extensions
satisfy the hypotheses of these corollaries. Proceeding in these situations requires
technical effort that occupies much of this paper.

Example 2.13. Take E to be the elliptic curve defined over Q by the equation
y2 = x3 − 15x2 + 5x and let c be the image of P = (0, 0) in Sel2(E/Q) under
the Kummer map. A calculation using magma [1] shows that Sel2(E/Q) is three-
dimensional and is generated by c and the cocycles represented by the quadratic
characters χ−1 and χ5, where

χa(σ) =

{
P if σ ∈ GQ(

√
a),

0 if σ 
∈ GQ(
√
a).

If T is a set of primes where E has good reduction with E(Qp)[2] � Z/2Z for each
p ∈ T , then Lemma 2.6 tells us resp(χ−1) = resp(χ5) = 0 for all p ∈ T . We therefore
get that LocT (Sel2(E/Q)) is given by LocT (c), and it follows that LocT (Sel2(E/Q))
is at most one-dimensional.

The next section will help us gain a fuller understanding about what is happening
in Example 2.13. We will elaborate on this point in Remark 3.5.

3. The φ-Selmer group

When E(K) has a point P of order two, it gives rise to an isogenous curve E′

and an isogeny φ : E → E′ with kernel C = 〈P 〉. If we define C ′ = φ(E[2]), then
we get a short exact sequence of GK modules

0 → C → E[2]
φ−→ C ′ → 0.

This short exact sequence gives rise to a long exact sequence of cohomology groups:
(3.1)

0 → C → E(K)[2]
φ−→ C ′ κ−→ H1(K,C) → H1(K,E[2])

φ−→ H1(K,C ′) → . . . .

The map κ : E′(K)/φ(E(K)) → H1(K,C) is given by taking a point P ′ ∈ E′(K)
to the cohomology class represented by the cocycle σ �→ σ(R) − R, where R is
any point in E(K) with φ(R) = P ′. We similarly have local connecting maps
κv : E′(Kv)/φ(E(Kv)) → H1(Kv, C) for each place v of K giving the following
commutative diagram:

E′(K)/φ(E(K))

��

κ �� H1(K,C)

resv

��

E′(Kv)/φ(E(Kv))
κv �� H1(Kv, C)

Definition 3.1. The distinguished local subgroup H1
φ(Kv, C) ⊂ H1(Kv, C) is

Image
[
κv : E′(Kv)/φ(E(Kv)) ↪→ H1(Kv, C)

]
for each place v of K.
(That is, κv gives an isomorphism from coker [φ : E(Kv) → E′(Kv)] to H1

φ(Kv, C).)
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If v � 2 is a prime where E has good reduction, then H1
φ(Kv, C) is given by the

(one-dimensional) unramified local subgroup

H1
u(Kv, C) = ker[H1(Kv, C) → H1(Iv, C)],

where Iv is the inertia subgroup of Gal(Kv/Kv) (see Lemma 4.1 in [3]).

Definition 3.2. The φ-Selmer group of E/K, denoted Selφ(E/K), is defined as

Selφ(E/K) = ker

(
H1(K,C)

⊕resv−−−−→
⊕

v of K

H1(Kv, C)/H1
φ(Kv, C)

)
.

That is, the φ-Selmer group is the group of cohomology classes in H1(K,C) whose
restrictions locally come from points of E′(Kv) in each completion Kv of K.

The φ-Selmer group Selφ(E/K) is a finite dimensional F2-vector space and we
denote its dimension dimF2

Selφ(E/K) by dφ(E/K).

The isogeny φ on E gives rise to the dual isogeny φ̂ : E′ → E with kernel

C ′ = φ(E[2]). Exchanging the roles of (E,C, φ) and (E′, C ′, φ̂) in the above defines

the φ̂-Selmer group of E′, Selφ̂(E
′/K), as a subgroup of H1(K,C ′). We likewise

denote its dimension dimF2
Selφ̂(E

′/K) by dφ̂(E
′/K).

The following theorem allows us to relate the φ-Selmer group, the φ̂-Selmer
group, and the 2-Selmer group.

Theorem 3.3. The φ-Selmer group, the φ̂-Selmer group, and the 2-Selmer group
sit inside the exact sequence

(3.2) 0 → E′(K)[2]/φ(E(K)[2]) → Selφ(E/K) → Sel2(E/K)
φ−→ Selφ̂(E

′/K),

where the map φ is the restriction of the map φ in (3.1) to Sel2(E/K).

Proof. This is a well known diagram chase. See Lemma 2 in [6] for example. �

Corollary 3.4. Let ι : H1(K,C) → H1(K,E[2]) be the map in (3.1). Then
Sel2(E/K) ∩ ι(H1(K,C)) = ι(Selφ(E/K)).

Proof. The fact that ι(Selφ(E/K)) ⊂ Sel2(E/K) ∩ ι(H1(K,C)) is a direct conse-
quence of Theorem 3.3. Let c ∈ Sel2(E/K) ∩ ι(H1(K,C)). The exactness of (3.1)
tells us that φ(c) = 0. As the map φ in (3.2) is the same as that in (3.1), the
exactness of (3.2) tells us that c ∈ ι (Selφ(E/K)). �

Remark 3.5. We may use Theorem 3.3 and Corollary 3.4 to gain a fuller under-
standing of Example 2.13. Lemma 2.6 shows that if c ∈ ι

(
H1(K,C)

)
∩Sel2(E/K),

then resv(c) = 0 whenever E has good reduction at v and E(Kv)[2] � Z/2Z. If T
is a set of prime places such that E has good reduction and E(Kv)[2] � Z/2Z for
all v ∈ T , then by Corollary 3.4, the map LocT : Sel2(E/K) →

⊕
v∈T H1

f (Kv, E[2])

factors through Sel2(E/K)/ι (Selφ(E/K)).
A computation in magma shows that for the curve E in Example 2.13, the

quotient Sel2(E/K)/ι (Selφ(E/K)) is one-dimensional. It therefore follows that
the image of LocT must be at most one-dimensional as well.
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4. Characterization of curves with E(K) � Z/2Z

The results obtained in this paper are dependent on whether E possesses certain
isogenies defined over K or over K(E[2]), and we now take a brief detour in order
to characterize such curves. In this section, we will assume that E(K)[2] � Z/2Z.

We recall that if E is defined over a field N , then a subgroup H ⊂ E(N) is called
rational over N if σ(H) ⊂ H for all σ ∈ GN , where GN = Gal(N/N). Standard
results show that an isogeny ψ with kernel H is defined over N if and only if H is
rational over N . We then have the following.

Lemma 4.1. Let E be an elliptic curve defined over a field N , C4 = 〈R〉 ⊂ E(N)
a cyclic subgroup of order four, and ψ : E → A an isogeny with kernel 〈2R〉. The
subgroup C4 is rational over N if and only if 2R ∈ A(N) and ψ(C4) ⊂ A(N)[2].

Proof. Suppose that C4 is rational over N . Since 2R is the unique point of order
two in C4, we get that 2R ∈ E(N). This shows that ψ is defined over N and
σ(ψ(R)) = ψ(σ(R)) for all σ ∈ GN . Taking σ ∈ GN , σ(R) ∈ C4 means that
σ(R) ∈ R + kerψ, so σ(ψ(R)) = ψ(σ(R)) = ψ(R). As all σ ∈ GN fix ψ(R), we get
that ψ(R) ∈ A(N). As 2ψ(R) = ψ(2R) = 0, we further have ψ(R) ⊂ A(N)[2].

Now suppose that ψ(R) ∈ A(N) and 2R ∈ E(N). For all σ ∈ GN , we then have
ψ(R) = σ(ψ(R)) = ψ(σ(R)), showing that σ(R)− R ∈ kerψ = 〈2R〉. We therefore
get that σ(R) ∈ C4 and that C4 is rational over N . �

Let φ : E → E′ be the degree-two isogeny with kernel E(K)[2], M = K(E[2]),
and M ′ = K(E′[2]).

Lemma 4.2. Let E be an elliptic curve defined over K with E(K)[2] � Z/2Z.
(i) E has a cyclic 4-isogeny defined over K if and only if M ′ = K.
(ii) E has no cyclic 4-isogenies defined over K but has a cyclic 4-isogeny whose

kernel contains E(K)[2] defined over M if and only if M = M ′.

Proof. If C4 ⊂ E[4] is a cyclic subgroup of order four which contains E(K)[2], then
we may take ψ and A in Lemma 4.1 to be φ and E′ respectively. We then get
that C4 is rational over K (respectively M) if and only if φ(C4) ⊂ E′(K) (resp.
φ(C4) ⊂ E′(M)). As C ′ = φ(E[2]) and φ(C4) are distinct order two subgroups of
E′[2], this condition is equivalent to E′ having full two-torsion over K (resp. M).

Part (i) then follows because the kernel of any cyclic 4-isogeny defined over K
must contain E(K)[2]. Part (ii) follows because M = M ′ if and only if M ′ 
= K
and E′ has full two-torsion over M . We have shown that E′ has full two-torsion
over M if and only if E has a cyclic 4-isogeny whose kernel contains E(K)[2] defined
over M , and it follows from part (i) that M ′ 
= K if and only if E does not have a
cyclic 4-isogeny defined over K. �
Remark 4.3. As M = K(

√
ΔE) and M ′ = K(

√
ΔE′), the condition that E have a

cyclic 4-isogeny defined over K is equivalent to ΔE′ being a square in K×, and the
condition that E does not have a cyclic 4-isogeny whose kernel contains E(K)[2]
defined over K but acquires such an isogeny over M is equivalent to ΔE and ΔE′

differing by a square in K×.

The following corollary follows immediately.

Corollary 4.4. With E as in Lemma 4.2: If E does not have a cyclic 4-isogeny
whose kernel contains E(K)[2] defined over K but acquires such an isogeny over
M , then dimF2

E(Kv)[2] = dimF2
E′(Kv)[2] for all places v of K.
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5. Controlling 2-Selmer rank

In this section, we will assume that E(K)[2] � Z/2Z and let M = K(E[2]).
This section will show how to construct extensions satisfying the hypotheses

of Corollaries 2.10 and 2.11 when the codimension of the image of Selφ(E/Q) in
Sel2(E/K) is sufficiently large. We begin with the following two lemmas.

Lemma 5.1. Suppose that c ∈ Sel2(K,E[2]) and that N/K is a Galois extension
containing M such that resN (c) = 0. If p is a prime where E has good reduction
and γ ∈ Gal(N/K) is in the conjugacy class of the Frobenius Frobp in Gal(N/K),
then the restriction resp(c) is given by resp(c) = ĉ(γ) ∈ E[2]/(γ − 1)E[2], where ĉ
is any cocycle representative for c.

Proof. Since c ∈ Sel2(E/K) and E has good reduction at p, Lemma 2.6 tells us
that resp(c) is given by ĉ(Frobp) ∈ E[2]/(Frobp − 1)E[2]. As N contains M , the
action of Frobp on E[2] is given by γ and since resN (c) = 0, we get that ĉ(Frobp)
is given by ĉ(γ). �

Lemma 5.2. Define S to be the image of H1(K,C) in H1(K,E[2]) under the map
in (3.1) and let V ⊆ H1(K,E[2]) be a dimension r subspace of H1(K,E[2]) such
that V ∩ S = 0. Then there exist σ1, . . . , σr ∈ GK such that σi

∣∣
M


= 1 and Loc(V )

has dimension r where the localization map Loc : H1(K,E[2]) →
⊕r

i=1 E[2]/C is
defined by c �→ (c(σ1), . . . , c(σr)).

Proof. Let Q̃ ∈ E[2]/C be the image of a pointQ ∈ E[2]\C. Take Ṽ ⊆ H1(K,C ′) to

be the image of V in H1(K,C ′) = Hom(GK , C ′) and observe that Ṽ has dimension

r since V ∩ Image
(
H1(K,C)

)
= 0. Take a basis {c1, . . . , cr} for Ṽ . Since the image

of the dual map GK → Hom(Ṽ , C ′) is surjective and has dimension r as well, we
can find τ1, . . . , τr ∈ GK such that

ci(τj) =

{
Q̃ if i = j,
0 if i 
= j.

Suppose τi ∈ GM for all i. Then the map GM → Hom(Ṽ , C ′) must be surjective
as well. So taking any τ ∈ GK −GM , we can therefore find γ1, . . . , γr ∈ GM such
that

ci(γj) =

{
Q̃+ cj(τ ) if i = j,

cj(τ ) if i 
= j.

Thus,

cj(γiτ ) = cj(γi) + cj(τ ) =

{
Q̃ if i = j,
0 if i 
= j.

Taking σi = γiτ then gives the result.
Otherwise, we have τk /∈ GM for some k. Define σ1, . . . , σr by

σi =

{
τi if τi /∈ GM ,
τiτk if τi ∈ GM .

We then get that

c(σi) = 0 ∀i ⇔ c(τi) = 0 ∀i,
which means that the localization map is injective on V giving us the result. �
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We now apply Lemma 5.2 to the following two situations.

Proposition 5.3. If dφ(E/K)− dimF2
E′(K)[2]/φ(E(K)[2]) ≤ d2(E/K), then the

number of quadratic extensions F/K in S(X) satisfying the hypotheses of Corollary
2.10 grows at least as fast as X

logX .

Proof. The assumption that dφ(E/K) − dimF2
E′(K)[2]/φ(E(K)[2]) ≤ d2(E/K)

tells us that by Theorem 3.3, there exists some c0 ∈ Sel2(E/K) that is not in
the image of Selφ(E/K). Applying Corollary 3.4, we find that c0 is not in the
image of H1(K,C). Applying Lemma 5.2 with V = 〈c0〉, we find σ with σi

∣∣
M


= 1
and c0(σ) 
= 0 ∈ E[2]/C. Let N be any finite Galois extension of K containing
MK(8ΔE∞) such that the restriction of Sel2(E/K) to N is zero, where K(8ΔE∞)
is the ray class field modulo 8ΔE∞ and pick two primes p1, p2 away from 2ΔE such
that the conjugacy class of Frobp1

in Gal(N/K) contains σ
∣∣
N

and the conjugacy

class of Frobp2
in Gal(N/K) contains σ−1

∣∣
N
. This gives Frobp1

Frobp2

∣∣
K(8ΔE∞)

= 1

and therefore the ideal p1p2 has a totally positive generator π ≡ 1 (mod 8ΔE). Set
F = K(

√
π).

We then get that all places dividing 2ΔE∞ split in F/K and that p1 and p2

are the only primes ramified in F/K. Because Frobpi
restricts non-trivially into

M , we additionally get that E(Kpi
)[2] � Z/2Z. By Lemma 5.1, Loc{p1,p2}(c)

is given by (ĉ(Frobp1
), ĉ(Frobp2

)) =
(
ĉ(σ), ĉ(σ−1)

)
⊂ E[2]/C × E[2]/C for every

c ∈ Sel2(E/K), where ĉ is any cocycle representative for c. It follows from this
that Loc{p1,p2}(Sel2(E/K)) is contained in the one-dimensional diagonal subspace
of E[2]/C × E[2]/C, and it follows that dimF2

Loc{p1,p2}(Sel2(E/K)) = 1 since
resp1

(c0) 
= 0 due to our choice of p1. The extension F/K therefore satisfies the
hypotheses of Corollary 2.10.

To see the density result, we observe that we have complete freedom in terms of
choosing p1 and p2 subject only to the conditions on Frobenius in Gal(N/K), and
the result then follows from the Chebotarev density theorem. �

Lemma 5.4. Suppose that C = 〈P 〉. If c ∈ Sel2(E/K) is the image of P under the
map κ in (2.1), then φ(c) = κ̂(P ) where φ is the map Sel2(E/K) → Selφ̂(E

′/K) ap-

pearing in (3.2) and κ̂ is the connecting map κ̂ : E(K) → H1(K,C ′). In particular,
if E′(Kv)[2] � Z/2Z, then resv(c) and resv(φ(c)) are non-trivial.

Proof. Take R ∈ E(K) with 2R = P . The class c is represented by the cocycle
c̃(σ) = σ(R)−R and φ(c) is represented by the cocycle

ĉ(σ) = φ(σ(R)−R) = φ(σ(R))− φ(R) = σ(φ(R))− φ(R).

As φ̂(φ(R)) = 2R = P , we get that ĉ(σ) = σ(φ(R))−φ(R) is a cocycle representative
for κ̂(P ). When E′(Kv)[2] � Z/2Z, κ̂(P ) restricts non-trivially intoH1(Kv, C). We
then get resv(c) 
= 0 from the commutativity of the diagram

H1(K,E[2])

��

φ
�� H1(K,C ′)

resv

��

H1(Kv, E[2])
φ

�� H1(Kv, C
′) �

Corollary 5.5. If E does not have a cyclic 4-isogeny defined over K, then
d2(E/K) ≥ dφ(E/K)− 1 and E satisfies the hypotheses of Proposition 5.3.
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Proof. By Theorem 3.3, the dimension of the image of Selφ(E/K) in Sel2(E/K)
is given by dφ(E/K) − dimF2

E′(K)[2]/φ(E(K)[2]). As E does not have a cyclic
4-isogeny over K, Lemma 4.2 tells us that dimF2

E′(K)[2]/φ(E(K)[2]) = 1 and E
will satisfy the conditions of Proposition 5.3 as long as d2(E/K) ≥ dφ(E/K)− 1.

As E(K)[2] � Z/2Z, we have d2(E/K) = dimF2
Sel2(E/K) − 1 and therefore

d2(E/K) ≥ dφ(E/K)−1 as long as dimF2
Sel2(E/K) > dφ(E/K)−1. As dφ(E/K)−

1 is the dimension of the image of Selφ(E/K) in Sel2(E/K) and (3.2) is exact, it
therefore suffices to show that φ(Sel2(E/K)) is non-trivial. By Lemma 4.2, if E
does not have a cyclic 4-isogeny defined over K, then there exists some place v such
that E′(Kv)[2] � Z/2Z. By Lemma 5.4, we then have that resv(φ(Sel2(E/K))) 
= 0
and the result follows. �

Corollary 5.5 allows us to prove Theorem 1.6.

Proof of Theorem 1.6. We follow the proof of Theorem 1.4 in [13].

Suppose d2(E
F/K) = r. Every twist (EF )L

′
of EF is also a twist EL of E and

f(L/K)|f(F/K)f(L′/K),

so Nr(E,X) ≥ Nr

(
EF , X

NK/Qf(F/K)

)
.

Since possession of a cyclic 4-isogeny defined over K is fixed under twisting, EF

does not possess a cyclic isogeny of degree 4 defined over K. Corollary 5.5 allows
us to apply Proposition 5.3 to EF yielding the result. �

We can also apply Lemma 5.2 when the codimension of the image of Selφ(E/Q)
in Sel2(E/K) is at least three.

Proposition 5.6. If dφ(E/K)− dimF2
E′(K)[2]/φ(E(K)[2]) ≤ d2(E/K)− 2, then

there is a quadratic extension F/K satisfying the hypotheses of Corollary 2.11. In
particular, E has a twist EF with d2(E

F/K) = d2(E/K)− 2.

Proof. Our proof is extremely similar to that of Proposition 5.3 so we only include
key details.

By assumption, there is a 3-dimensional subspace V ⊂ Sel2(E/K) that intersects
the image ofH1(K,C) trivially, and we can therefore pick σ1, σ2, σ3 ∈ GK satisfying
the conclusion of Lemma 5.2 and set σ4 = (σ1σ2σ3)

−1. Letting N be as in the proof
of Proposition 5.3, we pick primes p1, p2, p3, and p4 such that the conjugacy class of
Frobpi

in Gal(N/K) contains σi

∣∣
N
. It follows that the ideal p1p2p3p4 has a totally

positive generator π ≡ 1 (mod 8ΔE) and we set F = K(
√
π).

As σ1, σ2,and σ3 were chosen to satisfy the conclusion of Lemma 5.2 and the
class of Frobpi

in Gal(N/K) contains σi

∣∣
N
, Loc{p1,p2,p3}(Sel2(E/K)) has dimension

three. Since σ4 was chosen as σ4 = (σ1σ2σ3)
−1, ĉ(σ1) + ĉ(σ2) + ĉ(σ3) + ĉ(σ4) ∈ C

for all c ∈ Sel2(E/K), where ĉ is any cocycle representative for c. It follows that

Loc{p1,p2,p3,p4}(Sel2(E/K)) is contained in a codimension-1 subspace of (E[2]/C)
4

and therefore that Loc{p1,p2,p3,p4}(Sel2(E/K)) has dimension three. The extension
F/K therefore satisfies the hypotheses of Corollary 2.11. �

Unlike Proposition 5.3, Proposition 5.6 does not apply to all curves without a
cyclic 4-isogeny over K. We will deal with this issue in Section 7.
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6. Local conditions for the φ-Selmer group

6.1. Notation. Before continuing, we recall the definitions of the various distin-
guished local subgroups encountered thus far.

• H1
f (Kv, E[2]) ⊂ H1(Kv, E[2]) is the image of E(Kv) under the local connecting

map κv : E(Kv) → H1(Kv, E[2]) and is isomorphic to coker : E(Kv)
[2]−→ E(Kv).

• H1
φ(Kv, C) ⊂ H1(Kv, C) is the image of E′(Kv) under the local connecting map

κv : E′(Kv) → H1(Kv, C) defined in Section 3 and is isomorphic to the cokernel
of the map φ : E(Kv) → E′(Kv).

• H1
φ̂
(Kv, C

′) ⊂ H1(Kv, C
′) is the image of E(Kv) under the local connecting

map κ′
v : E(Kv) → H1(Kv, C

′) which is defined by exchanging the roles of
E and E′ in the definition of κv : E′(Kv) → H1(Kv, C) and is isomorphic to

coker : E′(Kv)
φ̂−→ E(Kv).

6.2. Duality between H1
φ(Kv, C) and H1

φ̂
(Kv, C

′). In addition to Theorem 3.3,

a second relationship between the φ-Selmer group and the φ̂-Selmer group arises
from a duality between their respective local conditions.

Proposition 6.1. With the maps as in (3.1), the sequence

(6.1) 0 → C ′/φ (E(Kv)[2])
κv−→ H1

φ(Kv, C) → H1
f (Kv, E[2])

φ−→ H1
φ̂
(Kv, C

′) → 0

is exact.

Proof. It is easy to see that the diagram

0 �� C ′/φ (E(Kv)[2]) ��

��

�� E′(Kv)/φ(E(Kv))

κv

��

φ̂
�� E(Kv)/2E(Kv)

κv

��

�� E(Kv)/φ(E(Kv)) ��

κ′
v

��

0

0 �� C ′/φ (E(Kv)[2]) �� �� H1(Kv, C) �� H1(Kv, E[2])
φ

�� H1(Kv, C
′)

is commutative, where the three rightmost vertical maps are the connecting maps
recalled in Section 6.1 and the top sequence well known to be exact. (See Remark
X.4.7 in [15] for example, where the statement is given for number fields but applies
equally well to local fields.) The result then follows, since the distinguished local
subgroups in (6.1) are defined to be the images of the three rightmost vertical maps
in the diagram. �

Lemma 6.2 (Local duality). For each place v of K there is a local Tate pairing
H1(Kv, C)×H1(Kv, C

′) → {±1} induced by a pairing [ , ] : C ×C ′ → {±1} given

by [Q, R̃] = 〈Q,R〉, where 〈Q,R〉 is the Weil pairing and R is any pre-image of R̃
under φ. The subgroups defining the local conditions H1

φ(Kv, C) and H1
φ̂
(Kv, C

′)

are orthogonal complements under this pairing.

Proof. Equation (7.15) and the immediately preceding comment in [3] tell us that
the pairing H1(Kv, C) × H1(Kv, C

′) → {±1} is non-degenerate. The fact that
H1

φ(Kv, C) and H1
φ̂
(Kv, C

′) are orthogonal to each other under this pairing is equa-

tion (7.17) in [3]. Counting dimensions of the terms in (6.1), we get that

dimF2
H1

φ(Kv, C) + dimF2
H1

φ̂
(Kv, C

′) = dimF2
H1

f (Kv, E[2]) + 2− dimF2
E(Kv)[2].
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By part (v) of Lemma 2.5,

dimF2
H1

f (Kv, E[2]) + 2− dimF2
E(Kv)[2] = dimF2

K×
v /(K×

v )2 = dimF2
H1(Kv, C).

Combined with the non-degeneracy of the pairing, this shows that H1
φ(Kv, C) and

H1
φ̂
(Kv, C

′) are not only orthogonal, but are in fact orthogonal complements. �

Definition 6.3. The ratio

T (E/E′) =

∣∣Selφ(E/K)
∣∣∣∣Selφ̂(E′/K)
∣∣

is called the Tamagawa ratio of E.

The Tamagawa ratio can be computed using a local product formula.

Theorem 6.4 (Cassels). The Tamagawa ratio T (E/E′) is given by

T (E/E′) =
∏

v of K

∣∣∣H1
φ(Kv, C)

∣∣∣
2

.

Proof. This is a combination of Theorem 1.1 and equations (1.22) and (3.4) in [3].
Alternatively, this follows from combining Lemma 6.2 with Theorem 2 in [18]. �

We further have the following parity condition.

Theorem 6.5 (Dokchitser, Dokchitser). The 2-Selmer rank of E/K and
ord2T (E/E′) satisfy the parity condition

d2(E/K) ≡ ord2T (E/E′) (mod 2).

Proof. This follows from Corollary 5.8 in [4]. The ratio
CE/K

CE′/K
appearing there is

defined by a local product over places of K whose terms are given by
|H1

φ(Kv,C)|
2

(see Notation 5.1 there and recall from Section 6.1 that H1
φ(Kv, C) is isomorphic

to the cokernel of φ : E(Kv) → E′(Kv)). �
6.3. Relationship between H1

φ(Kv, C) and H1
φF (Kv, C). As noted earlier, if

F/K is quadratic, then there is a canonical GK-isomorphsim E[2] → EF [2]. If
C is a subgroup of E(K) of order 2, then we denote the image of C in EF (K)[2]
by CF . As the map CF → C is GK invariant, we can view H1

φ(Kv, C
F ) as a

subgroup of H1(Kv, C) and Selφ(E
F/K) as a subgroup of H1(K,C). This can

be thought of as identifying both H1(K,C) and H1(K,CF ) with K×/(K×)2 and
both H1(Kv, C) and H1(Kv, C

F ) with K×
v /(K×

v )2. To avoid confusion, we make
the following definition.

Definition 6.6. The distinguished local subgroup H1
φF (Kv, C) ⊂ H1(Kv, C) is

the image of E′F (Kv) in H1(Kv, C) under the map κv. The distinguished local
subgroup H1

φ̂F
(Kv, C

′) ⊂ H1(Kv, C
′) is the image of EF (Kv) in H1(Kv, C

′) under

the map κ′
v.

The following four lemmas are analogues of Lemma 2.7 that allow us to compare
H1

φ(Kv, C) and H1
φF (Kv, C).

Lemma 6.7. Suppose v is a prime away from 2 where E has good reduction and
v is ramified in F/K. Then H1

φF (Kv, C) = E′F (Kv)[2]/φ(E
F (Kv)[2]).
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Proof. The proof is very similar to that of Lemma 2.8 and we therefore omit it. �
Lemma 6.8 (Criteria for equality of local conditions after twist). If any of the
following conditions hold:

(i) v splits in F/K,
(ii) v is a prime away from 2 where E has good reduction and v is unramified

in F/K,
(iii) v is a prime away from 2 where E has good reduction, v is ramified in F/K,

and both E(Kv)[2] � Z/2Z and E′(Kv)[2] � Z/2Z,
then H1

φ(Kv, C) = H1
φF (Kv, C) and H1

φ̂
(Kv, C

′) = H1
φ̂F

(Kv, C
′).

Proof.

(i) In this case E � EF over Kv.
(ii) If v is a prime away from 2 where E has good reduction and v is unramified

in F/K, then EF also has good reduction at v. It then follows that both
H1

φF (Kv, C) and H1
φ(Kv, C) are equal to H1

u(Kv, C) and both H1
φ̂
(Kv, C

′)

and H1
φ̂F

(Kv, C
′) are equal to H1

u(Kv, C
′).

(iii) Since both E(Kv)[2] � Z/2Z and E′(Kv)[2] � Z/2Z, Lemma 6.7 tells us
that H1

φF (Kv, C) is given by the image of C ′F in H1(Kv, C). We claim

that this image is identical to that of C ′. Indeed, if 〈P 〉 = C ′F , then
H1

φF (Kv, C) is generated by the cocycle c(σ) = σ(R)−R where R ∈ EF [2]

with φ(R) = P . As σ(R) ∈ EF [2], we see that c(σ) = 0 if and only if σ fixes
E[2] and therefore c = χΔE

. A similar calculation shows that the image of
C ′ is generated by χΔE

as well. As H1
φ(Kv, C) and H1

φF (Kv, C) both have

dimension one, we get that they are equal. Exchanging the roles of E and
E′ then completes the result. �

Lemma 6.9. Let v � 2 be a prime at which E has good reduction and suppose both
E(Kv)[2] � Z/2Z× Z/2Z and E′(Kv)[2] � Z/2Z× Z/2Z.

(i) If F/K is ramified at v, then dimF2
H1

φF (Kv, C) = dimF2
H1

φ̂F
(Kv, C

′) = 1

and both H1
φ(Kv, C)∩H1

φF (Kv, C) = 0 and H1
φ̂
(Kv, C

′)∩H1
φ̂F

(Kv, C
′) = 0.

(ii) If F1/Kv and F2/Kv are distinct ramified quadratic extensions of Kv, then
H1

φF1
(Kv, C) ∩H1

φF2
(Kv, C) = 0 and H1

φ̂F1
(Kv, C

′) ∩H1
φ̂F2

(Kv, C
′) = 0 as

well.

Proof. The fact that H1
φF (Kv, C) and H1

φ̂F
(Kv, C

′) both have F2 dimension 1 is an

immediate consequence of Lemma 6.7.
In the proof of Lemma 5.8 in [10], it is shown that the local subgroups

H1
f (Kv, E[2]), H1

f (Kv, E
F1 [2]), and H1

f (Kv, E
F2 [2]) have trivial pairwise intersec-

tion. Because E(Kv)[2] � Z/2Z × Z/2Z, (3.1) shows that the map H1(Kv, C) →
H1(Kv, E[2]) is injective, and Proposition 6.1 therefore shows that H1

φ(Kv, C),

H1
φF1

(Kv, C), and H1
φF2

(Kv, C) have trivial pairwise intersection as well. Exchang-

ing the roles of E and E′ completes the result. �
Lemma 6.10. Suppose E has good reduction at a prime v � 2 and F/K is a
quadratic extension ramified at v. If E(Kv)[2] � Z/2Z × Z/2Z, and E′(Kv)[2] �
Z/2Z, then H1

φF (Kv, C) = 0 and H1
φ̂F

(Kv, C
′) = H1(Kv, C).

Proof. This follows immediately from Lemmas 6.2 and 6.7. �



SELMER RANKS OF QUADRATIC TWISTS OF ELLIPTIC CURVES 3371

7. Controlling φ-Selmer rank under quadratic twist

In order to understand how Selφ(E/K) and Selφ̂(E
′/K) change under quadratic

twist, we prove a pair of analogues of Theorem 2.9 for the φ-Selmer and φ̂-Selmer
groups. Let T be a set of primes of K and define a pair of maps

LocT : H1(K,C) →
⊕
p∈T

H1(Kp, C) and Loc′T : H1(K,C ′) →
⊕
p∈T

H1(Kp, C
′)

as the sum of the restriction maps over the places p in T .
Define restricted Selmer groups

Selφ,T (E/K) = ker

(
LocT : Selφ(E/K) →

⊕
v∈T

H1(Kv, C)

)
and

Selφ̂,T (E
′/K) = ker

(
LocT : Selφ̂(E

′/K) →
⊕
v∈T ′

H1(Kv, C
′)

)

and relaxed Selmer groups

SelTφ (E/K) = ker

⎛
⎝H1(K,C) →

⊕
v 
∈T

H1(Kv, C)/H1
φ(Kv, C)

⎞
⎠ and

SelT
φ̂
(E′/K) = ker

⎛
⎝H1(K,C ′) →

⊕
v 
∈T

H1(Kv, C
′)/H1

φ̂
(Kv, C

′)

⎞
⎠ .

We then have

Lemma 7.1. Suppose that T is a set of places of K not containing any places
dividing 2∞. Then

dimF2
SelTφ (E/K)/Selφ,T (E/K) + dimF2

SelT
φ̂
(E′/K)/Selφ̂,T (E

′/K) = 2|T |.

Proof. We first observe that by Lemma 6.2, the local conditions for SelTφ (E/K) are

exactly dual to those of Selφ̂,T (E
′/K) and that the local conditions for SelT

φ̂
(E′/K)

are exactly dual to those of Selφ,T (E/K). We may therefore apply Theorem 2 in
[18] and Theorem 6.4, which tell us that

|SelTφ (E/K)|
|Selφ,T (E/K)| ·

|SelT
φ̂
(E′/K)|

|Selφ̂,T (E′/K)| =
|SelTφ (E/K)|
|Selφ̂,T (E′/K)| ·

|SelT
φ̂
(E′/K)|

|Selφ,T (E/K)|

=
∏
v 
∈T

|H1
φ(Kv, C)|

2

|H1
φ̂
(Kv, C

′)|
2

∏
v∈T

|H1(Kv, C)|
2

|H1(Kv, C
′)|

2
.

By Lemma 6.2, |H1
φ(Kv, C)||H1

φ̂
(Kv, C

′)| = |H1(Kv, C)| and for v ∈ T , we have

|H1(Kv, C)| = 4. We therefore get

∏
v 
∈T

|H1
φ(Kv, C)|

2

|H1
φ̂
(Kv, C

′)|
2

∏
v∈T

|H1(Kv, C)|
2

|H1(Kv, C
′)|

2

= 4|T |
∏
v 
∈T

|H1(Kv, C)|
4

= 4|T |
∏
v

|H1(Kv, C)|
4

= 4|T |
∏
v

|K×
v /(K×

v )2|
4

.
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By Proposition 6 in Section II.3 of [12], |K×
v /(K×

v )2| = 4
||4||v . The product formula

then gives
∏

v
|K×

v /(K×
v )2|

4 =
∏

v

∣∣∣∣ 1
4

∣∣∣∣
v
= 1, yielding the result. �

Theorem 7.2. Let E be an elliptic curve defined over a number field K with
E(K)[2] � Z/2Z and suppose that F/K is a quadratic extension such that all places
above 2ΔE∞ split in F/K and E′(Kp)[2] � Z/2Z for all primes p ramified in F/K.
Let T be the set of primes ramified in F/K where E(Kp)[2] � Z/2Z×Z/2Z. Letting
VT = LocT (Selφ(E/K)), we get that

dφ(E
F /K) = dφ(E/K)− dimF2

VT and(7.1)

dφ̂(E
′F /K) = dφ̂(E

′/K)− dimF2
VT + |T |.(7.2)

Proof. By Lemmas 6.8 and 6.10, the local conditions for Selφ(E
F/K) are identical

to those for Selφ(E/K) for all places not in T and equal to zero for all places in
T . We therefore see that Selφ(E

F /K) = Selφ,T (E/K) and it then follows that
dimF2

VT = dimF2
Selφ(E/K) − dimF2

Selφ,T (E/K), giving (7.1). By Theorem 6.4,
we get that

dφ(E
F/K)− dφ̂(E

′F /K)

= dφ(E/K)− dφ̂(E
′/K)−

∑
v of K

dimF2
H1

φF (Kv, C)− dimF2
H1

φ(Kv, C).

By Lemma 6.8, we get that dimF2
H1

φF (Kv, C)−dimF2
H1

φ(Kv, C) = 0 for all v 
∈ T .

By Lemma 6.10 combined with the fact that H1
φ(Kv, C) = H1

u(Kv, C) at primes

v � 2 where E has good reduction, we see that dimF2
H1

φF (Kv, C)−dimF2
H1

φ(Kv, C)

= −1 for v ∈ T . Combined with (7.1) we get (7.2). �

Theorem 7.3. Let E be an elliptic curve defined over a number field K with
E(K)[2] � Z/2Z and suppose that F/K is a quadratic extension such that all places
above 2ΔE∞ split in F/K and dimF2

E(Kp)[2] = dimF2
E′(Kp)[2] for all primes p

ramified in F/K.
Let T be the set of primes ramified in F/K where E(Kp)[2] � Z/2Z × Z/2Z.

Letting VT = LocT (Selφ(E/K)) and V ′
T = Loc′T (Selφ̂(E

′/K)), we then have

dφ(E
F/K) = dφ(E/K)− dimF2

VT + d and

dφ̂(E
′F/K) = dφ̂(E

′/K)− dimF2
V ′
T + d′

for some d and d′ satisfying

(7.3) 0 ≤ d+ d′ ≤ dimF2

⎛
⎝⊕

p∈T

H1
u(Kp, C)

⎞
⎠ /VT + dimF2

⎛
⎝⊕

p∈T

H1
u(Kp, C

′)

⎞
⎠ /V ′

T

and

(7.4) d− d′ = dimF2
VT − dimF2

V ′
T .

Proof. Define V F
T = LocT (Selφ(E

F /K)) and V ′F
T = Loc′T (Selφ̂(E

′F /K)). By

Lemma 6.8 the local subgroups H1
φ(Kv, C) and H1

φ(Kv, C
F ) are equal for all v

not in T and the same holds for the local subgroups H1
φ̂
(Kv, C

′) and H1
φ̂F

(Kv, C
′).
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We therefore get that the four sequences

0 → Selφ,T (E/K) → Selφ(E/K) → VT → 0,(7.5)

0 → Selφ,T (E/K) → Selφ(E
F/K) → V F

T → 0,(7.6)

0 → Selφ̂,T (E
′/K) → Selφ̂(E

′/K) → V ′
T → 0,(7.7)

0 → Selφ̂,T (E
′/K) → Selφ̂(E

′F /K) → V ′F
T → 0(7.8)

are exact. Combining (7.5) and (7.6), we get

(7.9) dφ(E
F/K) = dφ(E/K)− dimF2

VT + dimF2
V F
T ,

and combining (7.7) and (7.8), we get

(7.10) dφ̂(E
′F/K) = dφ̂(E

′/K)− dimF2
V ′
T + dimF2

V ′F
T .

By Lemma 6.8, the local conditions for Selφ(E/K) and Selφ(E
F/K) are the same

for all places not in T so Selφ(E/K) + Selφ(E
F/K) ⊂ SelTφ (E/K). By Lemma 6.9,

we also get that Selφ(E/K) ∩ Selφ(E
F/K) = Selφ,T (E/K). We therefore have

(7.11) dimF2
VT + dimF2

V F
T

= dimF2
Selφ(E/K)/Selφ,T (E/K) + dimF2

Selφ(E
F/K)/Selφ,T (E/K)

≤ dimF2
SelTφ (E/K)/Selφ,T (E/K).

We similarly get that dimF2
V ′
T +dimF2

V ′F
T ≤ dimF2

SelT
φ̂
(E′/K)/Selφ̂,T (E

′/K), and

Lemma 7.1 then shows that

(7.12) dimF2
V F
T + dimF2

V ′F
T ≤ 2|T | − dimF2

VT − dimF2
V ′
T .

Set d = dimF2
V F
T and d′ = dimF2

V ′F
T . For each p ∈ T , the unramified local

subgroups H1
u(Kp, C) and H1

u(Kp, C) have dimension one. We therefore have that

dimF2

⎛
⎝⊕

p∈T

H1
u(Kp, C)

⎞
⎠ /VT + dimF2

⎛
⎝⊕

p∈T

H1
u(Kp, C

′)

⎞
⎠ /V ′

T

= 2|T | − dimF2
VT − dimF2

V ′
T .

Combining this with (7.12) leads to (7.3).
To see (7.4), we observe that dimF2

H1
φ(Kv, C) = dimF2

H1
φF (Kv, C) for every v

of K. Theorem 6.4 then tells us that

dφ(E
F/K)− dφ̂(E

′F/K) = dφ(E/K)− dφ̂(E
′/K)

and (7.4) follows immediately. �
We get a few easy corollaries.

Corollary 7.4. Let F/K be a quadratic extension in which all places above 2ΔE∞
split completely and suppose F/K is ramified at exactly two primes, p1 and p2, such
that E(Kpi

)[2] � Z/2Z× Z/2Z and E′(Kpi
)[2] � Z/2Z.

If dimF2
Loc{p1,p2}(Selφ(E/K)) = 1 and dimF2

Loc{p1,p2}(Sel2(E/K)) = 2,

then dφ(E
F/K) = dφ(E/K) − 1, dφ̂(E

′F/K) = dφ̂(E
′/K) + 1, and either

d2(E
F /K) = d2(E/K) or d2(E

F/K) = d2(E/K)− 2.

Proof. By Theorem 2.9, either d2(E
F/K) = d2(E/K) or d2(E

F/K) = d2(E/K)−2.
Applying Theorem 7.2 with T = {p1, p2} gives the result. �
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Corollary 7.5. Let F/K be a quadratic extension in which all places above 2ΔE∞
split completely and suppose F/K is ramified at exactly two primes, p1 and p2, such
that E(Kpi

)[2] � Z/2Z and E′(Kpi
)[2] � Z/2Z×Z/2Z. Assuming that resp1

(c) 
= 0
if and only if resp2

(c) 
= 0 for every c ∈ Sel2(E/K) and c ∈ Selφ̂(E/K), we get

dφ(E
F/K) = dφ(E/K)+2− i and dφ̂(E

′F/K) = dφ̂(E
′/K)− i for some i ∈ {0, 1},

and either d2(E
F/K) = d2(E/K) or d2(E

F/K) = d2(E/K) + 2.

Proof. The assumption that resp1
(c) 
= 0 if and only if resp2

(c) 
= 0 for every
c ∈ Sel2(E/K) and c ∈ Selφ̂(E/K) ensures that both Loc{p1,p2}(Sel2(E/K)) and

Loc′{p1,p2}(Selφ̂(E
′/K)) have codimension at least one. Applying Theorem 2.9, we

therefore get that either d2(E
F/K) = d2(E/K) or d2(E

F/K) = d2(E/K) + 2.
We next apply Theorem 7.2 with the roles of E and E′ reversed and T = {p1, p2}.

Because the codimension of Loc′{p1,p2}(Selφ̂(E
′/K)) is at least one, we get that

dimF2
Loc′T (Selφ̂(E

′/K)) ∈ {0, 1} and the result follows. �

Corollary 7.6. Let F/K be a quadratic extension in which all places above 2ΔE∞
split completely and suppose F/K is ramified at exactly three primes, two of which,
p1 and p2, have E(Kpi

)[2] � E′(Kpi
)[2] � Z/2Z and the third of which, p3, has

E(Kp3
)[2] � E′(Kp3

)[2] � Z/2Z × Z/2Z. If both Selφ(E/K) and Selφ̂(E
′/K)

restrict non-trivially at p3 and dimF2
Loc{p1,p2,p3}(Sel2(E/K)) ∈ {2, 3}, then we

have dφ(E
F/K) = dφ(E/K) − 1, dφ̂(E

′F/K) = dφ̂(E
′/K) − 1, and we either get

d2(E
F /K) = d2(E/K) or d2(E

F/K) = d2(E/K)− 2.

Proof. First off, we note that by Theorem 2.9, we either get d2(E
F/K) = d2(E/K)

or d2(E
F/K) = d2(E/K) − 2. We then apply Theorem 7.3 with T = {p3}. The

result follows from observing that d+ d′ = 0. �

Corollary 7.7. Suppose that F1/K and F2/K are quadratic extensions in which
all places above 2ΔE∞ split completely with F1/K ramified as a single prime q and
F2/K ramified at three primes q, p1, and p2, with E(Kpi

)[2] � E′(Kpi
)[2] � Z/2Z,

E(Kq)[2] � E′(Kq)[2] � Z/2Z× Z/2Z. Further suppose that the two ramified local
extensions F1,q1

/Kq and F2,q2
/Kq of Kq are distinct.

If dimF2
Loc{p1,p2}Sel2(E/K) = 1 and Sel2(E/K), Selφ(E/K), and Selφ̂(E

′/K)

all have trivial restriction at q, then d2(E
Fi/K)− d2(E/K) ∈ {0, 2} and either

dφ(E
F1/K) = dφ(E/K) + 1, dφ̂(E

′F1/K) = dφ̂(E
′/K) + 1

and

dφ(E
F2/K) = dφ(E/K), dφ̂(E

′F2/K) = dφ̂(E
′/K)

or

dφ(E
F1/K) = dφ(E/K), dφ̂(E

′F1/K) = dφ̂(E
′/K)

and

dφ(E
F2/K) = dφ(E/K) + 1, dφ̂(E

′F2/K) = dφ̂(E
′/K) + 1.

Proof. The fact that d2(E
Fi/K)− d2(E/K) ∈ {0, 2} follows from Theorem 2.9.

We now apply Theorem 7.3 to both EF1 and EF2 with T = {q}, showing that
dφ(E

Fi/K) = dφ(E/K) + di and dφ̂(E
′Fi/K) = dφ̂(E

′/K) + d′i for some di and d′i
satisfying di+d′i ≤ 2 and di−d′i = 0. We would like to show that either d1 = d′1 = 1
and d2 = d′2 = 0 or d1 = d′1 = 0 and d2 = d′2 = 1.
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We note that by Lemma 7.1, we have

dimF2
SelTφ (E/K)/Selφ,T (E/K) + dimF2

SelT
φ̂
(E′/K)/Selφ̂,T (E

′/K) = 2.

We further note that as resq(Selφ(E/K)) = 0, we get Selφ(E/K) = Selφ,T (E/K),
and therefore

dimF2
SelTφ (E/K)/Selφ,T (E/K) = dimF2

SelTφ (E/K)/Selφ(E/K) ≤ 1.

Similar reasoning shows that dimF2
SelT

φ̂
(E′/K)/Selφ̂,T (E

′/K) ≤ 1, and we there-

fore get that

dimF2
SelTφ (E/K)/Selφ,T (E/K) = dimF2

SelT
φ̂
(E′/K)/Selφ̂,T (E

′/K) = 1.

Because Selφ,T (E/K) ⊂ Selφ(E
Fi/K) ⊂ SelTφ (E/K), we see that di = 1 exactly

when Selφ(E
Fi/K) = SelTφ (E/K). As dimF2

SelTφ (E/K)/Selφ,T (E/K) = 1, we see

that resq(Sel
T
φ (E/K)) is a one-dimensional subspace of H1(Kq, C) and we therefore

have Selφ(E
Fi/K) = SelTφ (E/K) exactly when H1

φFi
(Kq, C) = resq(Sel

T
φ (E/K)).

Moreover, since resq(Selφ(E/K)) = 0, we see that resq(Sel
T
φ (E/K)) is one of the

two one-dimensional ramified subspaces of H1(Kq, C). The result then follows
from Lemma 6.9, which shows that H1

φF1
(Kq, C) and H1

φF2
(Kq, C) are distinct one-

dimensional ramified subspaces of H1(Kq, C). �

8. Twists with reduced 2-Selmer rank

In this section, we will assume that E(K)[2] � Z/2Z and let M = K(E[2]) and
M ′ = K(E′[2]).

As we saw with Proposition 5.6, if the image of Selφ(E/K) in Sel2(E/K) has
codimension at least three, then we can construct a quadratic twist EF of E with
d2(E

F /K) = d2(E/K)− 2. We will show that in most cases, it is possible to find
a quadratic twist EL of E such that either d2(E

L/K) = d2(E/K) − 2 or that
d2(E

L/K) = d2(E/K) and EL satisfies the hypotheses of Proposition 5.6.

Lemma 8.1. Suppose that c ∈ Selφ(E/K) is not in the image of C ′ under the
map κ in (3.1). If N is the quadratic extension cut out by the character c, then
N ∩M = K.

Proof. Observe that C ′ = φ(E[2]). By the exactness of (3.1), the restriction of
the image of C ′ in H1(K,C) to M is trivial. We therefore see that the non-trivial
element of C ′ maps to the quadratic character in Selφ(E/K) which cuts out the
extension M . Therefore, if c is not in the image of C ′, it must be the case that
N 
= M . As both are quadratic extensions of K, we then get that N ∩M = K. �

Proposition 8.2. Suppose that E does not have a cyclic 4-isogeny ψ defined over
M with E(K)[2] ⊂ kerψ. If dφ(E/K) ≥ 2, then there is a quadratic extension F/K
satifying the hypotheses of Corollary 7.4.

In particular, E has a quadratic twist EF such that dφ(E
F/K) = dφ(E/K)− 1

and either d2(E
F/K) = d2(E/K) or d2(E

F/K) = d2(E/K)− 2.

Proof. Let C = 〈P 〉 take c ∈ Sel2(E/K) to be the image of P under the map
κ in (2.1) and take the cocycle representative ĉ : GK → E[2] for c defined by
ĉ(σ) = σ(R)−R where R ∈ E(K) with 2R = P .
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Because we are working under the assumption that E does not have a cyclic 4-
isogeny defined over M whose kernel contains E(K)[2], there is some τ ∈ GM such
that ĉ(τ ) 
∈ C. Applying φ to ĉ(τ ) = τ (R)− R, we then see that τ (φ(R)) 
= φ(R).
As φ(R) ∈ E′[2], this shows that τ

∣∣
M ′ 
= 1.

Because dφ(E/K) ≥ 2, we can find b ∈ Selφ(E/K) such that b is not in the
image of C ′ under the map κ in (3.1). Let Nb be the quadratic extension cut out
by the character b. Applying Lemma 8.1, we therefore have Nb ∩M = K and we
can therefore find γ ∈ GK such that γ

∣∣
MM ′ = τ and γ

∣∣
Nb


= 1.

Let N be a finite Galois extension of K containing MM ′NbK(8ΔE∞) such that
the restrictions of Sel2(E/K) and Selφ(E/K) toN are zero. Let p1 and p2 be primes
of K away from 2 where E has good reduction such that Frobp1

in Gal(N/K) is the
conjugacy class of γ

∣∣
N

and Frobp2
in Gal(N/K) is the conjugacy class of γ−1

∣∣
N
.

Since γγ−1
∣∣
K(8ΔE∞)

= 1, p1p2 has a totally positive generator π ≡ 1 (mod 8ΔE).

Letting F = K(
√
π), we get that all places dividing 2ΔE∞ split in F/K, and that

p1 and p2 are the only primes that ramify in F/K.
As Frobp1

∣∣
M

= γ
∣∣
M

= 1, we get that E(Kp1
)[2] � Z/2Z × Z/2Z and as

Frobp1

∣∣
M ′ = γ

∣∣
M


= 1, we get that E′(Kp1
)[2] � Z/2Z. A similar argument with

γ−1 shows that E(Kp2
)[2] � Z/2Z × Z/2Z and E′(Kp2

)[2] � Z/2Z using the fact
that Frobp2

∣∣
N

= γ−1.
By our choice of γ, we have b(γ) 
= 0, and as Frobp1

in Gal(N/K) is the
conjugacy class of γ

∣∣
N
, we therefore get that resp1

(b) 
= 0 and therefore that

dimF2
resp1

Selφ(E/K) 
= 0. Since resp1
(Selφ(E/K)) ⊂ H1

u(Kv, C) and H1
u(Kv, C)

is one-dimensional, it follows that dimF2
resp1

Selφ(E/K) = 1.

Let b̃ be the image of b in Sel2(E/K). As b̃(γ) = b(γ) 
= 0, we see that b̃(γ)

generates C ⊂ E[2]. As c(γ) = c(τ ) 
∈ C, we therefore see that b̃(γ) and c(γ)
generate E[2]. As Frobp1

in Gal(N/K) is the conjugacy class of γ
∣∣
N
, Lemma 5.1

tells us that the map resp1
is given by evaluation at γ. We therefore get that

dimF2
resp1

Sel2(E/K) = 2.
As Frobp2

in Gal(N/K) is the conjugacy class of γ−1
∣∣
N
, Lemma 5.1 tells us

that the restriction map resp2
is given by evaluation at γ−1 and the localization

map Loc{p1,p2} : Sel2(E/K) → E[2]×E[2] is therefore given by c �→ (ĉ(γ), ĉ(γ−1)),

where ĉ is any cocycle representative for c. As E[2] has exponent 2, ĉ(γ) = ĉ(γ)−1 =
ĉ(γ−1), and we therefore get that Loc{p1,p2}Sel2(E/K) is contained in the diagonal
subgroup of E[2] × E[2]. A similar argument show that Loc{p1,p2}Selφ(E/K) is
contained in the diagonal subgroup of C × C.

Therefore,

dimF2
Loc{p1,p2}Selφ(E/K) = 1 and dimF2

Loc{p1,p2}Sel2(E/K) = 2,

yielding the result. �

Corollary 8.3. Suppose that E does not have a cyclic 4-isogeny ψ defined over
M with E(K)[2] ⊂ kerψ. If d2(E/K) ≥ 2, then E has a twist EF such that
d2(E

F /K) = d2(E/K)− 2.

Proof. We iteratively apply Proposition 8.2 until either d2(E
F/K) = d2(E/K)− 2

or dφ(E
F/K) = 1. (Note that the total number of iterations may be zero in the

case where dφ(E/K) = 1 and the hypotheses of Proposition 8.2 are not satisfied.)
If we terminate with d2(E

F/K) = d2(E/K)− 2, then we are done.
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Otherwise, if dφ(E
F/K) = 1 and d2(E

F/K) = d2(E/K) − 2, we observe that

EF satisfies the hypotheses of Proposition 5.6 and EF therefore has a twist EF ′

such that d2(E
F ′
/K) = d2(E

F/K)− 2 = d2(E/K)− 2. �
We now give a numeric example to show how the proof of Proposition 8.2 can

be used to construct an extension in practice.

Example 8.4. Take E given by the equation y2 = x3 − 15x2 + 5x as in Example
2.13. In this instance, d2(E/Q) = 2, dφ(E/Q) = 3, and dφ̂(E/Q) = 1.

We have M = Q(
√
205), M ′ = Q(

√
5). By the calculation in Example 2.13,

we see that Sel2(E/Q) is generated by the quadratic characters χ−1, χ5, and the
element c which is the image of the point P = (0, 0) under the Kummer map κ. As
explained at the beginning of Section 2, c is represented by the cocycle ĉ defined
by ĉ(σ) = σ(R)−R, where R is any point in E(Q) with 2R = P . The cohomology
class c therefore trivializes in any extension of Q which contains a two-division
point of P . A calculation in magma shows that the minimal such extension is the
field K = Q[x]/(x4 +150x2 + 5125). The splitting field L of the set of polynomials
S = {x2 + 1, x2 − 5, x2 − 41, x4 + 150x2 + 5125} is therefore a Galois extension
containing M and M ′ in which Sel2(E/Q) trivializes.

As a subgroup of Q×/(Q×)2, Selφ(E/Q) is generated by {−1, 5, 41}, and the
image of C ′ is generated by the class of 205 = 5·41. We therefore take b ∈ Selφ(E/Q)
to be the class of −1. If we take p1 = 7, we see that

(
205
7

)
= 1,

(
5
7

)
= −1, and(−1

7

)
= −1, telling us that Frob7

∣∣
M

= 1, Frob7
∣∣
M ′ = −1, and Frob{7}

∣∣
Nb

= −1.

This shows us that dimF2
Loc{7}Selφ(E/Q) = 1.

We now wish to show that dimF2
Loc7Sel2(E/Q) = 2. Letting b̃ be the image

of b in Sel2(E/Q), we see that res7b̃ is non-trivial and res7b̃ therefore generates
C = 〈P 〉 ⊂ E[2] � H1

u(Q7, E[2]). We therefore only need to show that res7(c) as
given by ĉ(Frob7) generates E[2]/C. Let τ be in the class of Frob7 in Gal(L/Q)
and fix a two-division point R of P ∈ K. A computation in magma shows that
Q = φ(R) ∈ E′[2] is defined over the extension H = Q[x]/(x2 − 5) ⊂ K but not
over Q. Since 7 is inert in OH , we see that τ (Q) 
= Q. We then get that

φ(ĉ(τ )) = φ(τ (R)−R) = τ (φ(R))−R = τ (Q)−Q 
= 0,

and it follows that res7(c) = ĉ(τ ) generates E[2]/C.
We now need to find p2. The primes where E has bad reduction are given by

2, 5, and 41. We therefore need to find p2 such that p1p2 ≡ 1 (mod 8 · 5 · 41) and
Frobp1

∣∣
L
= Frobp2

∣∣
L
. The latter condition is equivalent to the polynomials in S

having the same splitting behavior modulo p2 as they do modulo 7. We find that
taking p2 = 5263 satisfies all of these conditions.

Taking d = 7 · 5623 = 39361, we get d2(E
d/Q) = 2, dφ(E

d/Q) = 2, and
dφ̂(E

′d/Q) = 2, a result consistent with Proposition 8.2.

The case where E has a cyclic 4-isogeny defined over M whose kernel contains
E(K)[2] is more complicated, but we are able to prove the following.

Proposition 8.5. Suppose E has a cyclic 4-isogeny whose kernel contains E(K)[2]
defined over M but not over K. If both dφ(E/K) ≥ 2 and dφ̂(E

′/K) ≥ 2, then there

is a quadratic extension F/K satifying the hypotheses of Corollary 7.6. In particu-
lar, E has a twist EF with dφ(E

F/K) = dφ(E/K)−1, dφ̂(E
′F /K) = dφ̂(E

′/K)−1,

and either d2(E
F/K) = d2(E/K) or d2(E

F/K) = d2(E/K)− 2.
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Proof. As above, let C = 〈P 〉, let c ∈ Sel2(E/K) be the image of P under the map
κ in (2.1) and let ĉ : GK → E[2] defined by ĉ(σ) = σ(R)−R where R ∈ E(K) with
2R = P be a cocycle representative for c.

Since E does not have a cyclic 4-isogeny defined over K, there exists τ1 ∈ GK

with ĉ(τ1) 
∈ C. Applying φ to ĉ(τ1), we find that τ1(φ(R)) 
= φ(R) and therefore
that τ1 
∈ GM ′ , as φ(R) ∈ E′[2]. However, by Lemma 4.2, we have M = M ′ and
therefore τ1

∣∣
M


= 1.

As both dφ(E/K) ≥ 2 and dφ̂(E
′/K) ≥ 2, we are able to find b ∈ Selφ(E/K) and

b′ ∈ Selφ̂(E
′/K) such that b and b′ are not in the images of C ′ and C respectively

under the map κ in (3.1). Letting Nb and Nb′ be the (not necessarily distinct)
quadratic extensions cut out by the characters b and b′ respectively, we therefore
get Nb ∩M = K and Nb′ ∩M = K by applying Lemma 8.1. We can therefore find
τ3 ∈ GK such that τ3

∣∣
M

= 1, τ3
∣∣
Nb


= 1, and τ3
∣∣
Nb′


= 1. We next set τ2 = (τ3τ1)
−1

and observe that τ2
∣∣
M


= 1.
Let N be a finite Galois extension of K containing MNbNb′K(8ΔE∞) such that

the restrictions of Sel2(E/K) and Selφ(E/K) to N are zero. Let p1, p2, and p3 be
primes ofK away from 2 where E has good reduction such that Frobpi

in Gal(N/K)
is the conjugacy class of τi

∣∣
N
.

As τ1τ2τ3
∣∣
K(8ΔE∞)

=1, p1p2p3 has a totally positive generator π≡1 (mod 8ΔE).

Letting F = K(
√
π), we get that all places dividing 2ΔE∞ split in F/K, and that

p1, p2, and p3 are the only primes that ramify in F/K.
By our choice of τ3, we see that resp3

(b) and resp3
(b′) are non-trivial and therefore

that resp3
Selφ(E/K) and resp3

Selφ̂(E
′/K) are both non-trivial.

Next, as Frobpi

∣∣
M

= τi, we have E(Kp1
)[2] � Z/2Z, E(Kp2

)[2] � Z/2Z, and
E(Kp3

)[2] � Z/2Z×Z/2Z, and by Lemma 2.6 we get that H1
f (Kp1

, E[2]) � E[2]/C,

H1
f (Kp2

, E[2]) � E[2]/C, and H1
f (Kp3

, E[2]) � E[2]. Applying Lemma 5.1, we get

that the localization map Loc{p1,p2,p3} : Sel2(E/K) → E[2]/C × E[2]/C × E[2] is
given by c0 �→ (ĉ0(τi)), where ĉ0 is any cocycle representative for c0.

Let b̃ ∈ Sel2(E/K) be the image of b under the map κ in (3.1). As b̃(τi) = b(τi),

we see that b̃(τi) ∈ C ⊂ E[2]. It therefore follows that resp1
(b̃) = resp2

(b̃) = 0, since
both H1

f (Kp1
, E[2]) and H1

f (Kp2
, E[2]) are isomorphic to E[2]/C. As τ3

∣∣
Nb


= 1, we

therefore get that b(τ3) generates C and therefore that b̃(τ3) = P . We therefore get

that Loc{p1,p2,p3}(b̃) = (0, 0, P ).
The element τ1 was chosen so that resp1

(c) 
= 0. In particular, this says that
Loc{p1,p2,p3}(c) 
∈ 〈(0, 0, P )〉, which ensures that dimF2

Loc{p1,p2,p3}(Sel2(E/K))≥2.

However, because τ1τ2τ3
∣∣
N

= 0, we see that Loc{p1,p2,p3}(Sel2(E/K)) is contained

in a codimension-1 subspace of E[2]/C × E[2]/C × E[2] and we therefore get that
dimF2

Loc{p1,p2,p3}(Sel2(E/K)) ≤ 3. �

Corollary 8.6. Suppose E has a cyclic 4-isogeny whose kernel contains E(K)[2]
defined over M but not over K. If d2(E/K) ≥ 2+ord2T (E/E′) and d2(E/K) ≥ 2,
then E has a twist EF with d2(E

F/K) = d2(E/K)−2 and T (EF/E′F ) = T (E/E′).

Proof. We begin by iteratively applying Proposition 8.5 until either d2(E
F/K) =

d2(E/K) − 2, dφ(E
F/K) = 1, or dφ̂(E

′F /K) = 1. (Note that the total number

of iterations may be zero in the case where either dφ(E/K) = 1 or dφ̂(E
′/K) = 1
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and the hypotheses of Proposition 8.5 are not satisfied.) If we terminate with
d2(E

F /K) = d2(E/K)− 2, then we are done.
If we terminate with dφ(E

F/K) = 1 and d2(E
F /K) = d2(E/K), then the

hypotheses of Proposition 5.6 are satisfied by EF since d2(E/K) ≥ 2.
Now suppose that we terminate with dφ̂(E

′F/K) = 1 and d2(E
F/K) = d2(E/K).

Combining the conditions that d2(E/K) ≥ 2 + ord2T (E/E′) with the fact that
ord2T (E/E′) = ord2T (EF/E′F ) we have

d2(E
F/K) = d2(E/K) ≥ 2 + ord2T (E/E′) = 2 + ord2T (EF/E′F )

= 2 + dφ(E
F/K)− dφ̂(E

′F/K).

As dφ̂(E
′F/K) = 1, the hypotheses of Proposition 5.6 are satisfied by EF .

As Proposition 8.5 shows that T (EF/E′F ) = T (E/E′), we now only need to
show that the extension constructed in Proposition 5.6 does not change the Tama-
gawa ratio. This will follow from the next lemma. �
Lemma 8.7. Suppose E has a cyclic 4-isogeny whose kernel contains E(K)[2]
defined over M but not over K. If F/K is the quadratic extension constructed in
Proposition 5.6, then Selφ(E

F/K) = Selφ(E/K) and Selφ̂(E
′F/K) = Selφ̂(E

′/K).

Proof. We will show that H1
φF (Kv, C)=H1

φ(Kv, C) and H1
φ̂F

(Kv, C
′)=H1

φ̂
(Kv, C

′)

for all places v of K. Note that this is trivially true for all places away from
2∞ where E and EF both have good reduction, since H1

φF (Kv, C) and H1
φ(Kv, C)

are both equal to the unramified local subgroup H1
u(Kv, C) and H1

φ̂F
(Kv, C

′) and

H1
φ̂
(Kv, C

′) are both equal to the unramified local subgroup H1
u(Kv, C

′). We there-

fore only need to focus on the places above 2ΔE∞ and those ramified in F/K.
We recall from the proof of Proposition 5.6 that all places above 2ΔE∞ split

in F/K. Part (i) of Lemma 6.8 then tells us that H1
φ(Kv, C) = H1

φF (Kv, C) and

H1
φ̂F

(Kv, C
′) = H1

φ̂
(Kv, C

′) at all of these places.

We also recall from the proof of Proposition 5.6 that F/K is ramified at exactly
four places, p1, p2, p3, and p4 (all away from 2ΔE∞) and that E(Kpi

)[2] � Z/2Z
for each pi. By Corollary 4.4, we therefore get that E′(Kpi

)[2] � Z/2Z as well.
Part (iii) of Lemma 6.8 then tells us that H1

φ(Kpi
, C) = H1

φF (Kpi
, C) and that

H1
φ̂F

(Kpi
, C ′) = H1

φ̂
(Kpi

, C ′) for each pi. �

9. Twists with increased 2-Selmer rank

While Corollary 2.12 seems to provide an easy recipe for finding twists EF of E
with d2(E

F ) = d2(E) + 2, finding extensions satisfying its hypotheses turns out to
be impossible when χΔE

∈ φ (Sel2(E/K)) ⊂ Selφ̂(E
′/K). Because this possibility

cannot be discounted without including additional assumptions on E, we take a
different path, using Corollaries 7.5 and 7.7 instead.

Proposition 9.1. If E does not have a cyclic 4-isogeny defined over M whose
kernel contains E(K)[2], then there exists a quadratic extension F/K satifying
the hypotheses of Corollary 7.5. In particular, E has a quadratic twist EF with
dφ(E

F/K)− dφ(E/K) ∈ {1, 2} and d2(E
F/K)− d2(E/K) ∈ {0, 2}.

Proof. Since E does not have a cyclic 4-isogeny defined over M whose kernel con-
tains E(K)[2], Lemma 4.2 tells us that M and M ′ are disjoint quadratic extensions
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of K. We may therefore find σ ∈ GK such that σ
∣∣
M


= 1 and σ
∣∣
M ′ = 1. Let N be a

finite Galois extension of K containing MM ′K(8ΔE∞) such that the restrictions
of both Sel2(E/K) and Selφ̂(E/K) to N are trivial. Let p1 and p2 be primes of

K away from 2 where E has good reduction such that Frobp1
in Gal(N/K) is the

conjugacy class of σ
∣∣
N

and Frobp2
in Gal(N/K) is the conjugacy class of σ−1

∣∣
N
.

Since σσ−1
∣∣
K(8ΔE∞)

= 1, p1p2 has a totally positive generator π ≡ 1 (mod 8ΔE).

Letting F = K(
√
π), we get that all places dividing 2ΔE∞ split in F/K, and that

p1 and p2 are the only primes that ramify in F/K.
Since σ

∣∣
M


= 1 and σ
∣∣
M ′ = 1, E(Kpi

) � Z/2Z and E′(Kpi
) � Z/2Z × Z/2Z.

Further, p1 and p2 satisfy the condition that resp1
(c) 
= 0 if and only if resp2

(c) 
= 0
for every c ∈ Sel2(E/K) and c ∈ Selφ̂(E/K) because the restrictions of both

Sel2(E/K) and Selφ̂(E/K) to N are trivial and the Frobeniuses of p1 and p2 in

Gal(N/K) are inverses of each other. �

Proof of Theorem 1.2. By Theorem 1.6, it suffices to exhibit a single twist EF of
E with d2(E

F/K) = r.
If r < d2(E/K) and r ≡ d2(E/K) (mod 2), then we iteratively apply Corollary

8.3 until we obtain a twist EF of E with d2(E
F/K) = r.

If r > d2(E/K) and r ≡ d2(E/K) (mod 2), we may iteratively apply Proposition
9.1 to get a twist EF of E with d2(E

F/K) = r. Observe that while any one
application of Proposition 9.1 is not guaranteed to increase d2(E

F/K) relative to
d2(E/K), enough applications of Proposition 9.1 will necessarily result in a twist
EF with dφ(E

F/K) > d2(E/K) + 2. As d2(E
F/K) ≥ dφ(E

F /K) − 2, it must
be the case that iteratively applying Proposition 9.1 to E will eventually result in
increasing d2(E

F/K) relative to d2(E/K).
If E does not have contant 2-Selmer parity, then the result follows from applying

the above procedure to any twist EL of E with d2(E) 
≡ d2(E
L/K) (mod 2). �

Proposition 9.2. If E does not have a cyclic 4-isogeny whose kernel contains
E(K)[2] defined over K but acquires such an isogeny over M , then there is a pair
of quadratic extensions F1/K and F2/K satifying the hypotheses of Corollary 7.7.
In particular, E has a quadratic twist EF such that dφ(E

F/K) = dφ(E/K) + 1,
dφ̂(E

′F /K) = dφ̂(E
′/K) + 1 and d2(E

F/K)− d2(E/K) ∈ {0, 2}.

Proof. By assumption, Lemma 4.2 shows that M = M ′ 
= K. We can therefore find
γ ∈ Gal(M/K) with γ

∣∣
M


= 1. Let N be a finite Galois extension of K containing

MK(8ΔE∞) such that the restrictions of Sel2(E/K), Selφ(E/K), and Selφ̂(E
′/K)

to N are all trivial. Choose σ ∈ Gal(N/K) such that σ1

∣∣
M

= γ. Now choose two

primes, p1 and p2, away from 2ΔE such that Frobp1

∣∣
N

= σ and Frobp2

∣∣
N

= σ−1.

As Frobp1
Frobp2

∣∣
K(8ΔE∞)

= 1, we get that p1p2 has a totally positive generator π′

with π′ ≡ 1 (mod 8ΔE). Define L = K(
√
π′).

Now take τ ∈ Gal(NL/K) such that τ
∣∣
N

= 1 and τ
∣∣
L


= 1. Since p1 and p2

are ramified in L/K and not in N/K, we have L ∩ N = K and we can there-
fore always find such a τ . Let q be any prime away from 2ΔEp1p2 such that
the image of Frobq in Gal(NL/K) is τ . Because the restrictions of Sel2(E/K),
Selφ(E/K), and Selφ̂(E

′/K) to N/K are trivial, we get that all of resq(Sel2(E/K)),

resq(Selφ(E/K)), and resq(Selφ̂(E
′/K)) are trivial.
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As Frobq in Gal(K(8ΔE∞)/K) is trivial, q has a totally positive generator π with
π ≡ 1 (mod 8ΔE). Define quadratic extensions F1/K and F2/K by F1 = K(

√
π)

and F2 = K(
√
ππ′). Observe that all places above 2ΔE∞ split in both F1/K and

F2/K. The only prime ramified in F1/K is q and the only primes ramified in F2/K
are p1, p2, and q. Further, because Frobq

∣∣
L

= 1, we get that π 
∈ (K×

v )2 and it

follows that F1/Kv and F2/Kv are distinct ramified extensions of Kv.
Lastly, we have dimF2

Loc{p1,p2,q}Sel2(E/K) = dimF2
Loc{p1,p2}Sel2(E/K) be-

cause resq(Sel2(E/K)) = 0. Applying Lemma 5.1, we get that Loc{p1,p2}Sel2(E/K)
is contained in the diagonal of E[2]/C × E[2]/C since the restrictions to N/K
of Frobp1

and Frobp2
are inverses of each other in Gal(N/K). By Lemma 5.4,

respi
(Sel2(E/K)) 
= 0 because E′(Kpi

)[2] � Z/2Z and it therefore follows that
Loc{p1,p2}Sel2(E/K) is one-dimensional. �

10. Curves which acquire a cyclic 4-isogeny over K(E[2])

By Theorem 6.4, the Tamagawa ratio T (EF/E′F ) =
|Selφ(EF /K)|
|Selφ̂(E′F /K)| is given by

T (EF/E′F ) =
∏

v of K

|H1

φF (Kv,C)|
2 . In the event that E does not have a cyclic 4-

isogeny whose kernel contains E(K)[2] defined over K but acquires such an isogeny
over M = K(E[2]), we are able to replace this product with one taken over a finite
set of places which are independent of F/K.

Proposition 10.1. If E has a cyclic 4-isogeny whose kernel contains E(K)[2]
defined over M = K(E[2]) but not over K and F/K is any quadratic extension,
then

(10.1) T (EF/E′F ) =
∏

v|2ΔE∞

|H1
φF (Kv, C)|

2
and

(10.2)

ord2T (EF/E′F )− ord2T (E/E′) =
∑

v|2ΔE∞
dimF2

H1
φF (Kv, C)− dimH1

φ(Kv, C).

Proof. If EF has good reduction at v � 2∞, then |H1
φF (Kv, C)| = 2, as H1

φF (Kv, C)

is equal to H1
u(Kv, C). If E has good reduction at v � 2∞ and v ramified in

F/K, then combining Corollary 4.4 with Lemma 6.7 shows that |H1
φF (Kv, C)| = 2.

Equation (10.1) then follows since the set of places v � 2 where EF has bad reduction
is contained in the union of the set of places where E has bad reduction and the
set of places ramified in F/K.

Equation (10.2) follows immediately from applying (10.1) to both E and EF . �

Corollary 10.2. Let E be as in Proposition 10.1. If E does not have constant 2-
Selmer parity, then there must be some non-complex place v | 2ΔE∞ and quadratic
extension Fw/Kv with dimF2

H1
φ(Kv, C) 
≡ dimF2

H1
φFw (Kv, C) (mod 2).

Proof. Let EF be a twist of E such that d2(E
F /K) 
≡ d2(E/K). By Theorem

6.5, we then get that ord2T (E/E′) 
≡ ord2T (EF/E′F ) (mod 2), so by Proposition
10.1, there is some place v | 2ΔE∞ with dimF2

H1
φ(Kv, C) 
≡ H1

φF (Kv, C) (mod 2).

Note that v must not be complex as H1(C, C) = 0. By part (i) of Lemma 2.7, v
must not split in F/K. Taking w as the unique place of K lying above v gives the
result. �
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Because the product in (10.1) takes place over finitely many places and each
term is bounded, we therefore see that T (EF/E′F ) can only take finitely many
values as F/K ranges over all quadratic extensions. This can affect the possible
values of d2(E

F/K).
Let r1 and r2 denote the number of real and complex places of K respec-

tively. As shown in Theorem 1 of [9], there are curves E defined over K for which
ord2T (EF/E′F ) ≥ r2 for every F/K, which results in d2(E

F/K) ≥ r2 for all qua-
dratic twists of E. We now prove that the curves in [9] exhibit the worst possible
behavior in this regard, made explicit in the following proposition.

Proposition 10.3. If E has a cyclic 4-isogeny whose kernel contains E(K)[2]
defined over M but not over K, then E has a twist EF with ord2T (EF/E′F ) ≤ r2.

Moreover, if E does not have constant 2-Selmer parity, then E has a twist EF ′
such

that ord2T (EF ′
/E′F ′

) ≤ r2 + 1 and d2(E
F ′
/K) 
≡ d2(E

F/K) (mod 2).

Proposition 10.3 is a consequence of the following lemma.

Lemma 10.4. Let E be as in Proposition 10.3. If v is a non-complex place of
K, then we can always find a quadratic (or trivial) extension Fw/Kv such that
dimF2

H1
φFw (Kv, C) ≤ dimF2

H1(Kv, C)− 1.

Proof. The case where E has additive reduction at v � 2 is Lemma 3.3 in [9].
When E has multiplicative reduction at v with Kodaira type In, then by Theorem

5.4 in [5], E′ will either have Kodaira type I2n or In
2
. The result then follows from

Lemma 3.4 in [9].
If Kv = R, we pick a model y2 = x3 + ax2 + bx with coefficients in Kv such that

(0, 0) ∈ kerφ. Up to squares in Kv, the discriminants of E and E′ are given by
a2 − 4b and b respectively. As M = M ′, we therefore get that a2 − 4b and b have
the same sign. By Proposition 7.6 in [5], |H1

φ(Kv, C)| = |E′(Kv)/φ(E(Kv))| = 1 if
both a and b are positive or if b is negative. We therefore see that at least one of
H1

φ(Kv, C) and H1
φC(Kv, C) is trivial.1

When E has additive reduction at v | 2, we begin by showing that E′ has some
twist E′Fw such that E′Fw(Kv) has no points of order four. For any twist E′Fw of
E′, we get that the points of order four on E′Fw(Kv) are contained in E′(Fw)

σ=−1,
where Gal(Fw/Kv) = 〈σ〉. Therefore, E′Fw(Kv) will contain a point of order four
if and only if there is a point R ∈ E′[4] such that R ∈ E′(Fw) with σ(R) = −R.
In such a case, we have Fw = Kv(R). Because Kv has at least eight quadratic
extensions (including the trivial one) and E′[4] only has six cyclic subgroups of
order four, there must be some Fw/Kv such that E′Fw(Kv) has no points of order
four.

As |E(Kv)[2]| = |E′(Kv)[2]|, there exists some Q ∈ EFw(Kv)[2] \ φ̂(E′Fw [2]).

Both pre-images of Q under φ̂ have order four in E′Fw [4]. Since E′Fw(Kv) has
no points of order four, Q has non-trivial image in H1(Kv, C

′), showing that
H1

φ̂Fw
(Kv, C

′) 
= 0. By Lemma 6.2, we then have H1
φFw (Kv, C) 
= H1(Kv, C). �

Proof of Proposition 10.3. For each non-complex v | 2ΔE∞ we use Lemma 10.4 to
find a quadratic (or trivial ) extension Fw/Kv such thatH1

φFw (Kv, C) 
= H1(Kv, C).

1Applying the same logic to E′, we find that at least one of H1
φ̂
(Kv, C′) and H1

φ̂C
(Kv, C′) is

trivial. Combined with Lemma 6.2, this shows that exactly one of H1
φ(Kv, C) and H1

φC (Kv, C) is

trivial.
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Define an idele x of K by x = (xv), where xv is an element of Kv such that Fw is
given by Fw = Kv(

√
xv) for each non-complex place v above 2ΔE∞ and xv = 1 at

all other places v of K. Let d be the formal product of all places v above ΔE∞ and
let γ = [x,MK(8d)] be the image of x under the global Artin map. If p is taken to
be a prime of K away from 2ΔE such that Frobp in MK(8d) is γ, then p is principal
with a generator π such that Kv(

√
π) = Fw for every non-complex place v | 2ΔE∞.

Setting F = K(
√
π), we get dimF2

H1
φF (Kv, C) ≤ dimF2

H1(Kv, C)− 1 for all non-

complex v | 2ΔE∞. Combining this with (10.1), the fact that dimF2
H1(Kv, C) = 2

for all v � 2∞, and some basic algebraic number theory, we obtain

(10.3) ord2T (EF/E′F ) =
∑

v|2ΔE∞

(
dimF2

H1
φF (Kv, C)− 1

)

≤ −(r1 + r2) +
∑
v|2

(
dimF2

H1(Kv, C)− 2
)
= −(r1 + r2) +

∑
v|2

[Kv : Q2]

= −(r1 + r2) + [K : Q] = r2,

where the fact that dimF2
H1(Kv, C) = [Kv : Q2] + 2 for v | 2 follows from the

identification of H1(Kv, C) with K×
v /(K×

v )2 and by applying Proposition 6 in Sec-
tion II.3 of [12]. If E does not have constant 2-Selmer parity, then Corollary 10.2
tells us that there must be some non-complex place v | 2ΔE∞ and quadratic ex-
tension Fw′/Kv with dimF2

H1
φ(Kv, C) 
≡ dimF2

H1
φF ′

w
(Kv, C) (mod 2). The above

construction with Fw′/Kv in place of Fw/Kv gives the result. �

Proof of Theorem 1.4. In the case that E does not have a cyclic 4-isogeny whose
kernel contains E(K)[2] defined over M = K(E[2]), Theorem 1.4 follows from
Theorem 1.2. (If E has a place of multiplicative reduction or if K has a real
place, then the fact that E does not have constant 2-Selmer parity follows from the
discussion immediately following the statement of Theorem 1.2.) We will therefore
assume that E has a cyclic 4-isogeny whose kernel contains E(K)[2] defined over
M but not over K.

By Theorem 1.6, it suffices to exhibit a single twist EF of E with d2(E
F/K) = r.

Suppose that r < d2(E/K) and r ≡ d2(E/K) (mod 2) and let r0 = 0 if d2(E/K)
is even and r0 = 1 if d2(E/K) is odd. If r > Max(ord2T (E/E′), r0), then iteratively
applying Corollary 8.6 gives a twist EF with d2(E

F/K) = r.
If r > d2(E/K) and r ≡ d2(E/K) (mod 2), then we may iteratively apply

Proposition 9.2 to E to find a twist EF with d2(E
F/K) = r. As in the proof

of Theorem 1.2, we observe that while any one application of Proposition 9.2 is
not guaranteed to increase d2(E

F/K) relative to d2(E/K), enough applications of
Proposition 9.2 will necessarily result in a twist EF with dφ(E

F /K) > d2(E/K)+2.
As d2(E

F/K) ≥ dφ(E
F/K)−2, it must be the case that iteratively applying Propo-

sition 9.2 to E will eventually result in increasing d2(E
F/K) relative to d2(E/K).

We next want to show that if K has a real place or E has a place of mul-
tiplicative reduction, then E has a twist EF with d2(E

F /K) 
≡ d2(E/K) and
ord2T (EF/E′F ) − ord2T (E/E′) = ±1. The theorem then follows from applying
the above to EF in place of E. We construct such an EF via an adelic construction.

Let v be either a real place of K or a prime where E has multiplicative reduction.
Let u = −1 if Kv = R and let u be a non-square in K×

v such that Kv(
√
u)/Kv is

unramified if v is prime. Define an idele x of K by x = (xw) where xv = u and
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xw = 1 for all w | 2ΔE∞ different from v. Proceeding as in the proof of Proposition
10.3, we get a quadratic extension F/K such that all w | 2ΔE∞ other than v split
in F/K and Fv = R if v is real and Fv/Kv is unramified if v is prime. By (10.2),

ord2T (EF/E′F )− ord2T (E/E′) = dimF2
H1

φF (Kv, C)− dimH1
φ(Kv, C).

The fact that dimF2
H1

φF (Kv, C)− dimH1
φ(Kv, C) = ±1 follows from footnote 1 for

v real and Lemma 3.4 in [9] for v prime. Finally, we obtain d2(E
F/K) 
≡ d2(E/K)

as a consequence of Theorem 6.5. �

Proof of Theorem 1.3. In the case that E does not have a cyclic 4-isogeny whose
kernel contains E(K)[2] defined over M = K(E[2]), Theorem 1.3 follows from
Theorem 1.2. If E has a cyclic 4-isogeny whose kernel contains E(K)[2] defined
over M but not over K, then Theorem 1.3 follows from combining Theorem 1.4
with Proposition 10.3. �

Proof of Theorem 1.7. Theorem 1.7 is an immediate consequence of combining
Theorem 1.4 with the fact that T (E/E′) = T (E′/E)−1. �
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