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BRIDGE TRISECTIONS OF KNOTTED SURFACES IN S4

JEFFREY MEIER AND ALEXANDER ZUPAN

Abstract. We introduce bridge trisections of knotted surfaces in the 4–sphere.
This description is inspired by the work of Gay and Kirby on trisections of 4–
manifolds and extends the classical concept of bridge splittings of links in the
3–sphere to four dimensions. We prove that every knotted surface in the 4–
sphere admits a bridge trisection (a decomposition into three simple pieces)
and that any two bridge trisections for a fixed surface are related by a sequence
of stabilizations and destabilizations. We also introduce a corresponding di-
agrammatic representation of knotted surfaces and describe a set of moves
that suffice to pass between two diagrams for the same surface. Using these
decompositions, we define a new complexity measure: the bridge number of a
knotted surface. In addition, we classify bridge trisections with low complex-
ity, we relate bridge trisections to the fundamental groups of knotted surface
complements, and we prove that there exist knotted surfaces with arbitrarily
large bridge number.

1. Introduction

The bridge number of a link in S3 was first introduced by Horst Schubert [28]
in 1954, and in the past sixty years, it has become clear that this invariant is an
effective measure of topological complexity.

Moreover, in the last several decades a significant body of work has revealed
deep connections between bridge decompositions of links and Heegaard splittings
of closed 3–manifolds. Superficially, the analogy between the two theories is clear:
A bridge decomposition of a link L in S3 is a splitting of (S3, L) into the union
of two trivial tangles, while a Heegaard splitting of a closed 3–manifold Y is a
description of Y as the union of two handlebodies. A good motto in dimension
three is that any technique for studying Heegaard splittings of 3–manifolds can be
adapted to produce an analogous technique for studying bridge decompositions of
knots and links in S3 (or in other manifolds). In the present article, we push this
analogy up one dimension.

While a number of foundational questions in 3–manifold topology have now
been resolved, it remains a topic of great interest to develop means of applying 3–
dimensional techniques to 4–dimensional objects. Recently, Gay and Kirby [10] in-
troduced trisections of smooth, closed 4–manifolds as the appropriate 4–dimensional
analogue of Heegaard splittings. A trisection of a closed 4–manifold X is a descrip-
tion of X as the union of three 4–dimensional 1–handlebodies with restrictions
placed on how the three pieces intersect in X. Gay and Kirby prove that every X
admits a trisection, and any two trisections of X are related by natural stabilization
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and destabilization operations in a 4–dimensional version of the Reidemeister-Singer
Theorem for Heegaard splittings of 3–manifolds. As evidence of the utility of tri-
sections to bridge the gap between 3– and 4–manifolds, the authors have shown
in previous work [24] that 3–dimensional tools suffice to classify those 4–manifolds
which admit trisections of genus two.

For the precise details pertaining to trisections of 4–manifolds, we refer the reader
to [10] (see also Subsection 2.6 below). Here, we simply recall the example of the
genus zero trisection of S4, which decomposes the 4–sphere into three 4–balls. Note
that all objects are assumed throughout to be smooth unless otherwise stated.

Definition 1.1. The 0–trisection of S4 is a decomposition S4 = X1 ∪ X2 ∪ X3,
such that

(1) Xi is a 4–ball,
(2) Bij = Xi ∩Xj = ∂Xi ∩ ∂Xj is a 3–ball, and
(3) Σ = X1 ∩X2 ∩X3 = B12 ∩B23 ∩B31 is a 2–sphere.

The goal of the present paper is to adapt the theory of trisections to the study
of knotted surfaces in S4 in order to describe a 4–dimensional analogue to bridge
decompositions of knots in S3. A knotted surface K in S4 is a smoothly embedded,
closed surface, which may be disconnected or non-orientable. When K is homeo-
morphic to S2, we call K a 2–knot. A trivial c–disk system is a pair (X,D) where
X is a 4–ball and D ⊂ X is a collection of c properly embedded disks D which are
simultaneously isotopic into the boundary of the 4–ball X.

Definition 1.2. A (b; c1, c2, c3)–bridge trisection T of a knotted surface K ⊂ S4 is
a decomposition of the form (S4,K) = (X1,D1) ∪ (X2,D2) ∪ (X3,D3) such that

(1) S4 = X1 ∪X2 ∪X3 is the standard genus zero trisection of S4,
(2) (Xi,Di) is a trivial ci–disk system, and
(3) (Bij , αij) = (Xi,Di) ∩ (Xj ,Dj) is a b–strand trivial tangle.

When appropriate, we simply refer to T as a b–bridge trisection. If ci = c for all i,
then we call T balanced, and we say that K admits a (b, c)–bridge trisection.

Several properties follow immediately from this definition. First, Li = ∂Di is a
ci–component unlink in Yi = ∂Xi

∼= S3, and (Yi, Li) = (Bij , αij) ∪Σ (Bki, αki) is a
b–bridge decomposition. (Note that (Bij , αij) is oriented as part of the boundary
of (Xi,Di).) It follows that b ≥ ci for each i. Next, it is straightforward to check
that χ(K) = c1+ c2+ c3− b; thus, the topological type of K depends only on b and
the ci.

Our first result is an existence theorem for bridge trisections, which we prove in
Section 3 using a structure we call a banded bridge splitting.

Theorem 1.3. Every knotted surface K in S4 admits a bridge trisection.

In addition, bridge trisections give rise to a new diagrammatic presentation for
knotted surfaces. A diagram for a tangle (B,α) is a generic projection of α to a disk
E together with crossing information at each double point of the projection, and
any two tangle diagrams with the same number of strands can be glued together
to get a classical link diagram. We define a tri-plane diagram P to be a triple of
b–strand trivial tangle diagrams (P12,P23,P31) having the property that Pij ∪ Pki

is a diagram for an unlink Li, where Pki denotes the mirror image of Pki.
We naturally obtain a tri-plane diagram from a bridge trisection by an appro-

priate projection, and conversely, every tri-plane diagram P gives rise to a bridge
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trisection of a knotted surface K(P) in a prescribed way. Details are supplied in
Section 2, and the following corollary is immediate.

Corollary 1.4. For every knotted surface K in S4, there exists a tri-plane diagram
P such that K = K(P).

A simple example of a non-trivial tri-plane diagram is shown in Figure 1. The
diagram describes the spun trefoil, a knotted 2–sphere obtained from the trefoil
knot. Spun knots and twist spun knots provide us with many interesting examples
of non-trivial bridge trisections and tri-plane diagrams and are explored in Section 5.

Figure 1. A (4, 2)–bridge tri-plane diagram for the spun trefoil.

Remark 1.5. There are several other existing diagrammatic theories for knotted
surfaces in S4. The interested reader may wish to investigate the immersed surface
diagrams in S3 studied by Carter-Saito [5] and Roseman [26], the braid presen-
tations studied by Kamada [16], and the planar diagrams known as ch-diagrams
studied by Yoshikawa [30]. We recommend [6] for a general overview.

As with Heegaard splittings, classical bridge decompositions, and trisections of
4–manifolds, there is a natural stabilization operation associated to bridge trisec-
tions of knotted surfaces. We describe this operation in detail in Section 6, where
we relate this stabilization move to a similar operation on banded bridge splittings.
In Section 7, we use this correspondence and prove the uniqueness result below.
We consider two trisections T and T ′ of a knotted surface K in S4 to be equivalent
if there is a smooth isotopy of (S4,K) carrying the components of T to the cor-
responding components of T ′. (A more detailed description of equivalence can be
found in Section 7.)

Theorem 1.6. Any two bridge trisections of a given pair (S4,K) become equivalent
after a sequence of stabilizations and destabilizations.

By interpreting the stabilization operation diagrammatically, we prove that there
is a set of diagrammatic moves, called tri-plane moves, that suffice to pass between
any two tri-plane diagrams of a given knotted surface. The collection of moves is
described in Subsections 2.5 and 6.1.

Theorem 1.7. Any two tri-plane diagrams for a given knotted surface are related
by a finite sequence of tri-plane moves.

For any knotted surface K in S4, let b(K) denote the bridge number of K, where

b(K) = min{b | K admits a b–bridge trisection}.
A natural first goal is to understand surfaces of low bridge number, the collection
of which we expect to include unknotted surfaces.
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An orientable surface K in S4 is said to be unknotted if it bounds an embedded
handlebody in S4 [15]. A precise characterization of unknotted non-orientable sur-
faces is given in Section 4, where we give a simple argument that surfaces admitting
1– and 2–bridge trisections are unknotted and that the trisections are standard.

Given a knotted surface K in S4, we can consider the double cover X(K) of
S4 branched over K. A (b; c1, c2, c3)–bridge trisection of K gives rise to a (b − 1;
c1 − 1, c2 − 1, c3 − 1)–trisection of the closed 4–manifold X(K). Theorems in [23]
and [24] classify balanced and unbalanced genus two trisections of 4–manifolds,
respectively. In particular, every genus two trisection is standard, and we obtain
the following result as a corollary. (The precise definition of a standard bridge
trisection is given in Subsection 4.5.)

Theorem 1.8. Every knotted surface K with b(K) ≤ 3 is unknotted and any bridge
trisection of K is standard.

More generally, we may consider the collection of all bridge trisections of the
unknotted 2–sphere U ⊂ S4. Theorem 1.8 and work of Otal on 3–dimensional
bridge splittings [25] motivate the following question.

Question 1.9. Is every b–bridge trisection of U standard? Equivalently, is every
b–bridge trisection of U with b > 1 stabilized?

In contrast to the case b(K) ≤ 3, in Section 5 we describe bridge trisections for
certain classes of knotted surfaces, including spun knots and twist-spun knots. From
this it follows that there are infinitely many distinct 2–knots admitting (4, 2)–bridge
trisections. In fact, we prove the following.

Theorem 1.10. Let b ≥ 2. There exist infinitely many distinct 2–knots with bridge
number 3b− 2.

The 2–knots constructed in Theorem 1.10 have balanced (3b − 2, b)–bridge tri-
sections and are formed by applying the spinning operation to torus knots. See
Section 5 for details.

Turning to questions about the knot groups, one of the most interesting conjec-
tures in the study of knotted surfaces is the following.

The Unknotting Conjecture. A knotted surface is unknotted if and only if the
fundamental group of the surface exterior is cyclic.

The Unknotting Conjecture is known to be true in the topological category for
orientable surfaces [9,14,17] and for projective planes [20]. On the other hand, there
are certain higher genus non-orientable counterexamples in the smooth category
[7,8]. For a knotted surface K equipped with a bridge trisection, we have the next
result regarding the fundamental group of the complement of K.

Proposition 1.11. Let K be a knotted surface in S4 admitting a (b; c1, c2, c3)–
bridge trisection. Then, π1(S

4 \K) has a presentation with ci generators and b− cj
relations for any choice of distinct i, j ∈ {1, 2, 3}.

It follows that (b; c1, c2, 1)–surfaces have complements with cyclic fundamental
group. Moreover, by the topological solutions to the Unknotting Conjecture refer-
enced above, we have the next corollary.

Corollary 1.12. Every orientable (b; c1, c2, 1)–surface is topologically unknotted.

Note that the adjective “orientable” is important in Corollary 1.12, since the
Unknotting Conjecture is still open for general non-orientable surface knots.
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Organization. We begin in Section 2 by discussing some classical aspects of bridge
splittings in dimension three, after which we introduce bridge trisections, tri-plane
diagrams, and tri-plane moves in detail and discuss how the branched double cover
provides a connection with trisections. In Section 3 we prove the existence of
bridge trisections and discuss the auxiliary object: banded bridge splittings. In
Section 4, we give a classification of certain types of bridge trisections, including
those up to bridge number three. In Section 5, we describe the spinning and twist-
spinning constructions and use them to produce knotted surfaces with arbitrarily
large bridge number. In Section 6, we give a detailed discussion of the stabilization
and destabilization operation, and in Section 7, we prove that any two bridge
trisections of a fixed surface have a common stabilization.

2. Preliminary topics

We will assume that all manifolds are smooth and compact unless otherwise
specified, and all 3– and 4–manifolds are orientable. We let ν(·) denote an open
regular neighborhood in the appropriate ambient manifold.

For n = 3 or 4, a collection D of properly embedded (n−2)–balls in an n–ball X
is called trivial if all disks are simultaneously isotopic into ∂X. Equivalently, there
is a Morse function h : (X,D) → (−∞, 0] such that hX has one index zero critical
point, h−1(0) = ∂X, and each (n − 2)–ball in D contains exactly one index zero
critical point of hD. When n = 3, we call this pair a b–strand trivial tangle and
denote it (B,α), where b = |α|. In the case that n = 4, we call the pair a trivial
c–disk system, where c = |D|.

2.1. Bridge splittings in dimension three. Suppose (B,α) is a trivial tangle.
For each arc a ∈ α, there is an embedded disk Δa such that Δa∩α = a and Δa∩∂B
is an arc a∗ such that ∂Δa = a ∪ a∗. We call Δa a bridge disk, and we call the arc
a∗ ⊂ ∂B a shadow of the arc a. Note that a given arc a may have infinitely many
different shadows given by infinitely many distinct isotopy classes of bridge disks.
We can always choose a collection Δ of pairwise disjoint bridge disks for α.

For a link L ⊂ S3, a b–bridge splitting of L is a decomposition

(S3, L) = (B1, α1) ∪Σ (B2, α2)

such that (Bi, αi) is a b–strand trivial tangle for i = 1, 2. The surface Σ is called a
b–bridge sphere. We let ΣL denote Σ \ ν(L), and we consider two bridge surfaces
Σ and Σ′ to be equivalent if ΣL is isotopic to Σ′

L in E(L) = S3 \ ν(L) (in other
words, if Σ is isotopic to Σ′ via an isotopy fixing L). It is useful to note that for a
bridge splitting of (S3, L), there is a Morse function g : (S3, L) → R such that gS3

has two critical points, all minima of gL occur below all maxima of gL, and any
level surface which separates the minima from the maxima of gL is a bridge sphere
equivalent to Σ.

At any point of L∩Σ, we may isotope g (homotope through Morse functions) to
introduce an additional pair of canceling critical points for gL, resulting in a new
Morse function g′ and (b+1)–bridge sphere Σ′. We call Σ′ perturbed and say that Σ′

is an elementary perturbation of Σ. The reverse operation is called unperturbation.
The bridge sphere Σ′ is perturbed if and only if there is a pair of bridge disks Δ1

and Δ2 on opposite sides of Σ′ such that Δ1 ∩Δ2 is a single point contained in L.
Equivalently, Σ′ is perturbed if and only if there are arcs a1 ∈ α1 and a2 ∈ α2 with
shadows a∗1 and a∗2 such that a∗1 ∪ a∗2 is an embedded arc in Σ′. Finally, if Σ∗ is
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obtained by a sequence of elementary perturbations performed on Σ, we call Σ∗ a
perturbation of Σ. Note that elementary perturbations are not unique; perturbing
Σ at two different points of L ∩ Σ may induce two distinct (b+ 1)–bridge spheres.
However, if J is a component of L, then perturbations about each point of J ∩ Σ
yield equivalent bridge spheres.

As might be expected, the structure of the collection of all bridge spheres for the
unknot is rather simple; this is made precise by the next theorem.

Theorem 2.1 ([25]). Every bridge sphere for the unknot is a perturbation of the
standard 1–bridge sphere.

We say a b–bridge sphere Σ for a link is reducible if there is an essential curve
γ ⊂ ΣL which bounds disks D1 and D2 in B1 \α1 and B2 \α2, respectively. In this
case, L = L1 ∪ L2 is a split link, and Σ = Σ1#Σ2, where Σi is a bi–bridge sphere
for Li with b1 + b2 = b.

Theorem 2.2 ([3]). Every bridge sphere for a split link L is reducible.

Combining Theorems 2.1 and 2.2, we have the following result.

Proposition 2.3. Every bridge sphere for the n–component unlink is a perturbation
of the standard n–bridge sphere.

Proof. Suppose Σ is a b–bridge sphere for the n–component unlink L = L1∪· · ·∪Ln.
By repeated applications of Theorem 2.2, we may write Σ = Σ1# . . .#Σn, where
Σi is a bi–bridge surface for the unknot Li. If bi = 1 for all i, then Σ is the standard
n–bridge sphere, and the statement holds vacuously. Otherwise, bi > 1 for some i,
in which case Σi, and thus Σ, is perturbed by Theorem 2.1. �

Note that while Theorem 2.1 implies that the unknot has a unique b–bridge
sphere for every b, Proposition 2.3 does not imply the same is true for an un-
link. For instance, a 2–component unlink has two inequivalent 3–bridge splittings
(corresponding to the number of bridges contained in each component).

2.2. Extending bridge splittings to dimension four. Here we adapt the no-
tion of a bridge splitting to a knotted surface K in S4. Näıvely, we may attempt to
write (S4,K) as the union of two trivial disk systems. However, such a decomposi-
tion is severely limiting, as is implied by the following standard proposition.

Proposition 2.4 ([16]). If X is a 4–ball containing collections D1 and D2 of trivial
disks such that ∂D1 = ∂D2, then D1 is isotopic (rel boundary) to D2 in X.

In other words, a trivial disk system (X,D) is determined up to isotopy by the
unlink L = ∂D in ∂X = S3. Thus, if (S4,K) can be decomposed into two trivial
disk systems, then (S4,K) is the double of a single trivial disk system, and as such
K is an unlink. We rectify the situation by decomposing (S4,K) into three trivial
disk systems as discussed in the introduction. Recall that a b–bridge trisection T
of (S4,K) is a decomposition

(S4,K) = (X1,D1) ∪ (X2,D2) ∪ (X3,D3),

where

(1) (Xi,Di) is a ci–disk trivial system,
(2) (Bij , αij) = (Xi,Di) ∩ (Xj ,Dj) is a b–strand trivial tangle, and
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(3) (Σ,p) = (X1,D1) ∩ (X2,D2) ∩ (X3,D3) is a 2–sphere Σ containing a set of
p of 2b points.

We call the subset S = (B12, α12) ∪ (B23, α23) ∪ (B31, α31) the spine of the bridge
trisection, and we remark that two bridge trisections are equivalent if their spines
are smoothly ambient isotopic. Observe that (∂Xi, ∂Di) = (Bij , αij) ∪Σ (Bki, αki)
is a b–bridge splitting of the unlink Li = ∂Di; hence, Proposition 2.4 implies the
following fact.

Lemma 2.5. A bridge trisection T is uniquely determined up to isotopy by its
spine S.

Next, we discuss connected and boundary-connected summation. For a pair M1

and M2 of n-manifolds, the connected sum M1#M2 is constructed by removing a
neighborhood ν(pl) of a point pl ∈ Ml and identifying the boundary of M1 \ ν(p1)
with the boundary of M2 \ν(p2). If M1 and M2 have non-empty boundary, we may
form the boundary-connected sum M1�M2 by a similar construction using points
ql ⊂ ∂Ml.

Given two knotted surfaces K1 and K2 in S4, we form the connected sum K1#K2

by choosing points p1 ∈ K1 and p2 ∈ K2, removing small neighborhoods of p1 and
p2, and gluing (S4\ν(p1),K1\ν(p1)) to (S4\ν(p2),K2\ν(p2)) along their boundaries.
This operation is independent of the choices of p1 and p2 provided that K1 and K2

are connected.
If K can be expressed as K1#K2, then there is a smoothly embedded 3–sphere

which cuts S4 into two 4–balls and meets K in a single unknotted curve. We call
such an S3 a decomposing sphere. The pairs (S4,K1) and (S4,K2) can be recovered
by cutting along the decomposing sphere, and capping off the resulting manifold
pairs with copies of the standard trivial 1–disk system (B4, D2). We say that a
decomposing sphere is non-trivial if neither K1 nor K2 is an unknotted surface in
S4.

Now, suppose that for l = 1, 2 the surface Kl is equipped with a bl–bridge
trisection Tl given by

(S4,Kl) = (X l
1,Dl

1) ∪ (X l
2,Dl

2) ∪ (X l
3,Dl

3),

with (Bl
ij , α

l
ij) = (X l

i ,Dl
i) ∩ (X l

j ,Dl
j) and trisection sphere Σl. To construct the

connected sum of K1 and K2, we may choose points pl ∈ Kl. As such, each point
pl has a standard trisected regular neighborhood ν(pl), so that ∂(Σ1 \ ν(p1)) and
∂(Σ2 \ ν(p2)) are identified, as are ∂(B1

ij \ ν(p1)) and ∂(B2
ij \ ν(p2)) for each pair

of indices.
We leave it as an exercise for the reader to verify that the result is a (b1+b2−1)–

bridge trisection, which we denote T1#T2. This new bridge trisection is given by
the following decomposition of K = K1#K2:

(S4,K) = (X1,D1) ∪ (X2,D2) ∪ (X3,D3),

where

(1) (Xi,Di) = (X1
i ,D1

i )�(X
2
i ,D2

i ), and
(2) (Bij , αij) = (Xi,Di) ∩ (Xj ,Dj) = (B1

ij , α
1
ij)�(B

2
ij , α

2
ij).

Notice that the result K = K1#K2 of the connected summation does not depend
on the choices of points p1 and p2 up to the connected components of K1 and K2

containing each point, but the resulting bridge trisection T = T1#T2 often will.
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2.3. Tri-plane diagrams. We may further reduce the information needed to gen-
erate any bridge trisection by projecting the arcs αij onto an embedded 2–complex.
Consider a b–bridge trisection of a knotted surface K labeled as above, and for
each pair of indices let Eij ⊂ Bij be an embedded disk with the property that
e = ∂E12 = ∂E23 = ∂E31. We call the union E12 ∪E23 ∪ E31 a tri-plane.

Suppose the points p = K ∩ Σ lie in the curve e = E12 ∩ E23 ∩ E31. We assign
each Eij a normal vector field in Bij such that all three vector fields induce a
consistent orientation on their common boundary curve e. The knotted surface K
intersects each 3–ball Bij in a b–strand trivial tangle αij , and this triple of tangles
can be projected onto the tri-plane to yield an immersed collection of arcs; that
is, a 4–valent graph with boundary in e. By viewing each projection from the
perspective of the normal vector field, we can assign crossing information at each
double point of our projection, and we obtain a triple of planar tangle diagrams
P = (P12,P23,P31) with the property that for {i, j, k} = {1, 2, 3}, if Pki is the
mirror image of Pki, then Pij ∪ Pki is a classical link diagram for the unlink ∂Di

of ci components in the plane Eij ∪ Eki.
We define a (b; c1, c2, c3)–bridge tri-plane diagram to be a triple P =

(P12,P23,P31) of planar diagrams for b–strand trivial tangles having the property
that Pij ∪ Pki is a diagram for a ci–component unlink. Given a tri-plane diagram
P, we can build a smoothly embedded surface K(P) in S4 as follows: The triple of
diagrams (P12,P23,P31) uniquely describes three trivial tangles (Bij , αij) as well
as a pairwise gluing of these tangles along their common boundary. Each union
(Bij , αij) ∪ (Bki, αki) is an unlink Li in S3, and by Proposition 2.4, we can cap off
Li uniquely with a trivial disk system (Xi,Di). The result is an embedded surface
K(P) in S4 that is naturally trisected:

(S4,K(P)) = (X1,D1) ∪ (X2,D2) ∪ (X3,D3).

In short, the tri-plane diagram P determines the spine S = (B12, α12)∪(B23, α23)∪
(B31, α31) of the bridge trisected surface K(P).

Remark 2.6. Technically, the union in the preceding paragraph should be written
(Bij , αij) ∪ (Bki, αki). More precisely, we might suppose (Bi,j , αi,j) inherits its
orientation as a component of ∂Xi. Thus, the orientation of (Bki, αki) in ∂Xi is
opposite that which it inherits from ∂Xk. In practice, however, this mirroring is
only evident when we are working with the tri-plane diagrams P; hence, we will
suppress the mirror image notation except when discussing these diagrams.

2.4. Two simple examples. To guide the intuition of the reader, we present
two depictions of low-complexity trisections of unknotted 2–spheres in S4. For our
illustrations, we consider S4 as the unit sphere {(x1, . . . , x5) : x

2
1 + · · · + x2

5 = 1}
in R5. Let Y = {(x1, . . . , x5) ∈ S4 : x5 = 0}, so that Y ∼= S3, and let π : R5 → R2

denote projection to the x1x2–plane. The 0–trisection of S4 is simply a lift of the
obvious trisection of the unit disk D = π(S4) pictured in Figure 2.

In addition, if B12 ∪ B23 ∪ B31 is a spine for this standard trisection, then
the intersection of this spine with Y is the union of three disks E12 ∪ E23 ∪ E31.
Now, if K ⊂ S4 is an unknotted 2–sphere, then S is isotopic into Y , so that
S = K ∩Bij = K ∩ Eij . As such, we may construct a trisection of K by putting it
into a nice position relative to the tri-plane in Y .
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Figure 2. The standard trisection of the unit disk, which lifts to
the standard trisection of S4.

Figure 3. A 1–bridge trisection of an unknotted 2–sphere, de-
picted with the tri-plane in 3–space, along with the corresponding
tri-plane diagram.

Figure 4. A 2–bridge trisection of an unknotted 2–sphere, de-
picted with the tri-plane in 3–space, along with the corresponding
tri-plane diagram.

In Figures 3 and 4, we depict this situation in R
3 by removing a point in e = E12∩

E23 ∩ E31. Figures 3 and 4 show 1–bridge and 2–bridge trisections (respectively)
of an unknotted 2–sphere along with the associated tri-plane diagrams.
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Figure 5. The product of five mutual braid transpositions.

Figure 6. A simple case of one of the stabilization and destabi-
lization operations.

2.5. Tri-plane moves. At the end of Section 7, we prove Theorem 1.7, which as-
serts that any two tri-plane diagrams for a fixed knotted surface K in S4 are related
by a finite sequence of tri-plane moves. There are three types of moves: interior
Reidemeister moves, mutual braid transpositions, and stabilization/destabilization.
We briefly describe these moves here, but we go into more detail regarding stabi-
lization and destabilization in Section 6.

Given a tri-plane diagram P, an interior Reidemeister move is simply the pro-
cess of performing a Reidemeister move within the interior of one of the Pij . These
moves correspond to isotopies of the corresponding knotted surface that are sup-
ported away from the bridge sphere.

A mutual braid transposition is a braid move performed on a pair of adjacent
strands contained in all three diagrams P12, P23, and P31. This move corresponds
to an isotopy that is supported in a neighborhood of two adjacent intersections of
K with Σ along the curve e. See Figure 5 for an example.

Figure 6 shows an example of a stabilization move and its inverse, a destabi-
lization move. These moves are the most complicated, and so we postpone their
discussion until Section 6. Note that a stabilization move turns a b–bridge trisection
into a (b+ 1)–bridge trisection.

We will show in Section 6 that any two tri-plane diagrams P and P ′ corre-
sponding to the same bridge trisection T are related by a sequence of interior
Reidemeiester moves and mutual braid transpositions. More generally, any two
tri-plane diagrams P and P ′ yielding potentially different trisections of a knotted
surface K in S4 are related by a sequence of all three moves.

2.6. Branched double covers of bridge trisections. We conclude this section
by relating bridge trisections to trisections (of 4–manifolds) via the branched double
cover construction. First, we recall the definition of a trisection.

Definition 2.7. Let X be a closed, connected, orientable, smooth 4–manifold. A
(g; k1, k2, k3)–trisection of X is a decomposition

X = X1 ∪X2 ∪X3



BRIDGE TRISECTIONS OF KNOTTED SURFACES IN S4 7353

such that

(1) Xi
∼= �k1(S1 ×B3),

(2) Hij = Xi ∩Xj is a genus g handlebody, and
(3) Σ = X1 ∩X2 ∩X3 is a closed surface of genus g.

The union H12 ∪H23 ∪H31 is called the spine of the trisection.

Note that the trisection (and hence the 4–manifold) is determined uniquely by
its spine (by [19]), which can be encoded as a Heegaard triple (Σ, α, β, γ), where α,
β, and γ are g–tuples of simple closed curves on Σ describing cut systems for the
handlebodies H12, H23 and H31, respectively.

The manner in which a trisection of X gives rise to a handle decomposition of
X is described in detail in [10]. In brief, there is a handle decomposition of X such
that X1 contains one 0–handle and k1 1–handles, X2 contains g − k2 2–handles,
and X3 contains k3 3–handles and one 4–handle. Moreover, we may obtain a Kirby
diagram from this decomposition: The k1 dotted loops come from k1 pairwise
disjoint curves in Σ bounding disks in both H12 and H31, and the attaching curves
for the 2–handles come from g − k2 pairwise disjoint surface-framed curves in Σ
that bound disks in H23 and are primitive in H12. See below for an example.

Now, let K be a knotted surface in S4, and let X(K) denote the double cover of
S4 branched along K. Any (b; c1, c2, c3)–bridge trisection T of K induces a trisection

T̂ for X(K): This follows almost immediately from the fact that the double cover
of an n–ball branched along a collection of c trivially embedded (n − 2)–disks is
an n–dimensional 1–handlebody of genus c− 1. In particular, the branched double
cover of a trivial c–disk system is �c−1(S1 ×B3), and the branched double cover of
a trivial b–strand tangle is �b−1(S1 ×D2).

Thus, since the (b; c1, c2, c3)–bridge trisection T is determined by its spine, a
triple of trivial b–strand tangles, we need only consider the branched double cover
of this spine, which will be a triple of 3–dimensional handlebodies of genus b − 1.

This triple is enough to determine the trisection T̂ , but we can also see that each

trivial ci–disk system lifts to a copy of �ci−1(S1 × B3). It follows that T̂ is a
(b− 1; c1 − 1, c2 − 1, c3 − 1)–trisection of X(K).

Moreover, a choice of bridge disks for each trivial tangle in T gives rise to a

choice of compressing disks for the corresponding handlebody in T̂ . Note that only
(b−1)–bridge disks are required in each tangle, the last one being redundant in the
handlebody description.

As an example, let K denote the spun trefoil. (See Section 5 for a definition.)
Figure 7 shows how to produce a simple Kirby diagram for X(K). As an exercise,
the reader can check that the tri-plane diagram in Figure 7(a) can be obtained from
the tri-plane diagram in Figure 1 by a sequence of tri-plane moves. Since each tangle
is 4–stranded, a choice of three bridge disks will determine the trisection of X(K).
The shadows of these bridge disks in the bridge sphere are shown in Figure 7(b),
and these arcs lift to curves on a genus three surface specifying three handlebodies.
The corresponding trisection diagram is shown in Figure 7(c). To recover a Kirby
diagram – see [10] for details – we push the γ–curves into the β–handlebody and
notice that γ1 and γ2 are dual to the disks bounded by β1 and β2, respectively.
This allows us to think of the link L = γ1 ∪ γ2 as the attaching circles for a pair of
2–handles, which are surface-framed by Σ. The identification α3 = β3 gives rise to
a 1–handle, and the end result is a description of our manifold as surgery on the
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(a)

(b)

(c)

(d) (e)

Figure 7. (a) A tri-plane diagram for the spun trefoil. (b) A
choice of three bridge disks for each tangle, described via their
intersection with the bridge sphere. (c) A trisection diagram for
the branched double cover of the spun trefoil. (d) Two γ–curves
that are dual to disks in Hβ . (e) The resulting Kirby diagram.
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2–component link L in S1 × S2. See Figure 7(d). The resulting Kirby diagram is
shown in Figure 7(e).

3. Existence of bridge trisections

In this section, we use hyperbolic splittings and banded link presentations (de-
fined below) of knotted surfaces to prove the existence of bridge trisections. We
introduce a special type of banded link presentation, called a banded bridge split-
ting, which we show to be equivalent to a bridge trisection. We will prove that every
knotted surface admits a bridge trisection by showing that it admits a banded link
presentation with a banded bridge splitting. We begin with several definitions.

Let L be a link in S3. A band υ for L is an embedding of the unit square I × I
in S3 such that υ ∩ L = {−1, 1} × I. Let Lυ = (L \ {−1, 1} × I) ∪ (I × {−1, 1}).
Then Lυ is a new link and is said to result from resolving the band υ. We often
let υ denote a collection of pairwise disjoint bands and let Lυ denote the result of
resolving all bands in υ.

Note that a band υ is determined by its core, the arc y = I×{0}, and its framing,
a normal vector field along y that is tangent to ν. If Σ is an embedded surface in
S3 with y ⊂ Σ, we say that y is surface-framed by Σ if the framing of y is either
normal to Σ at every point of y or tangent to Σ at every point of y. Note that this
can happen in two distinct ways: If υ is induced by a surface-framed arc in Σ and
L meets Σ transversely, then the band υ also meets Σ transversely. On the other
hand, if L is contained in Σ near the endpoints of y, then υ will be contained in Σ.

We say a Morse function h : S4 → R is standard if h has precisely two critical
points, one of index zero and one of index four. For a compact submanifold X of S4

(of any dimension), let X[t,s] = h−1 ([t, s])∩X and let Xt = h−1(t)∩X (for any t, s

falling between the critical values of h). In particular, S4
[t,s] = h−1([t, s]) ∼= S3×[t, s].

Similarly, for any compact subset Y ⊂ S4
t with t ∈ [s, r], we let Y [s, r] denote the

vertical cylinder Y ×[s, r] obtained by pushing Y along the gradient flow of h during
time [s, r]. We extend these definitions in the obvious way to any interval or point
in R.

Now, we recall that for every knotted surface K, there exists a Morse function
h : (S4,K) → R such that

(1) The function hS4 is standard.
(2) Every minimum of hK occurs in the level h−1(−1).
(3) Every saddle of hK occurs in the level h−1(0).
(4) Every maximum of hK occurs in the level h−1(1).

Following [21], we call such a Morse function h a hyperbolic splitting of (S4,K).
In this case, each of K±ε is an unlink in the 3–sphere S4

±ε. In addition, if hK
has n saddle points, there are n framed arcs y = {y1, . . . , yn} (which can be chosen
to be disjoint) such that attaching the corresponding bands υ to K−ε yields Kε. In
this case, we may push the bands into S4

0 , after which K0 = K−ε ∪ υ. To simplify
notation, we will usually write L = K−ε, so that Kε = Lυ. We call (L, υ) a banded
link, noting that our definition requires that both L and Lυ are unlinks. Observe
that every hyperbolic splitting yields a banded link.

Conversely, if (L, υ) is a banded link, then we may construct a knotted surface
K = K(L, υ), called the realizing surface as follows:

(1) K(−ε,0) = L(−ε, 0),
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(2) K0 = L ∪ υ,
(3) K(0,ε) = Lυ(0, ε),
(4) K−ε and Kε are collections of disks that cap off K along L and Lυ, respec-

tively.

Note that the disks capping off L and Lυ are unique up to isotopy in B4 by Propo-
sition 2.4. If follows that if a hyperbolic splitting h of (S4,K) induces a banded
link (L, υ), then K = K(L, υ).

Next, we introduce a decomposition of a banded link (L, υ), which gives rise to
a canonical bridge trisection of K(L, υ). A banded b–bridge splitting B of a banded
link (L, υ) is a decomposition

(S3, L, υ) = (B12, α12) ∪Σ,y∗ (B31, α31),

where

(1) (S3, L) = (B12, α12) ∪Σ (B31, α31) is a b–bridge splitting of L,
(2) the bands υ are described by the surface-framed arcs y∗ ⊂ Σ,
(3) there is a collection α∗

12 of shadows for the arcs in α12 such that α∗
12 ∪ y∗ is

a collection of embedded, pairwise disjoint arcs in Σ.

The collection of shadow arcs in condition (3) is said to be dual to y∗. We will
usually let c1 denote the number of components of L, let c2 = b − |y∗|, and let c3
denote the number of components of Lυ. In the case that c1 = c2 = c3, we say that
the banded bridge splitting B is balanced.

Given a banded bridge splitting B with components labeled as above, we will
describe a process which builds a bridge trisection T (B). For the first step, consider
S3 = B12 ∪B31 as the equator S4

0 of S4 and let X = B12[−ε, ε]. We may push the
bands υ along α12[0] into the interior of B12[0] and define a subspace D of X by

(1) D[−ε,0) = α12[−ε, 0),
(2) D0 = α12[0] ∪ υ[0],
(3) D(0,ε] = (α12)υ(0, ε],

where (α12)υ denotes the result of banding the strands of α12 along υ. Note that
(α12)υ[0] ⊂ D0. We also observe that D may be considered to be K(L, υ)∩X using
our definition of the realizing surface K(L, υ). In the next lemma, we examine
(X,D) and its subspaces more closely.

Lemma 3.1. The arcs (α12)υ are trivial in B12, and D is a trivial c2–disk system.

Proof. Consider a band υi ∈ υ, and recall that υi = I × I, with {−1, 1} × I ⊂ α12.
Isotope υi into B12 so that a single arc of ∂υi is contained in Σ, label this arc υ+

i ,
and give the other arc of I × {−1, 1} the label υ−

i . Extending this convention to
the collection υ of bands gives two collections υ+ and υ− of associated boundary
arcs.

After pushing υ into the interior of B12, let Δ be a set of bridge disks for α12

yielding the shadows α∗
12 dual to the framed arcs y∗ ⊂ Σ, and let C be a connected

component of α12 ∪ υ. Since no component of α∗
12 ∪ y∗ is a simple closed curve, it

follows that if C contains bC arcs of α12, then C must contain a collection υC ⊂ υ
of bC − 1 bands (possibly bC − 1 = 0) of υ, and each band separates C, so that
attaching υC yields bC arcs of (α12)υ.

Recall that the arcs y∗C associated to υC have the surface framing, so that there
is an isotopy of υC in B12 which pushes υ+

C onto y∗C ⊂ Σ. By way of this isotopy, we
see that bC −1 of the bC arcs of (α12)υ are trivial; the bridge disks are given by the
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Figure 8. At left, a band connecting two bridge disks. At middle,
a bridge disk for one of the arcs resulting from attaching the band.
At right, a bridge disk for the other resulting arc after canceling
the first resulting arc.

trace of the isotopy. Let ΔC ⊂ Δ denote the bC dual bridge disks corresponding
to the arcs of α12 in C. Assuming υC has been isotoped so that υ+

C ⊂ Σ, we have
that a slight pushoff of ΔC ∪ υC is a bridge disk for the remaining arc in (α12)υ
arising from attaching υC to α12. We conclude that all arcs of (α12)υ are trivial.
See Figure 8.

For the second part of the proof, we first note that D is isotopic to D′ given by

(1) D′
[−ε,ε) = α12[−ε, ε),

(2) D′
ε = α12[ε] ∪ υ[ε].

The collection D′ is further isotopic to the set D′′ given by

(1) D′′
−ε = Δ[−ε],

(2) D′′
(−ε,ε) = α∗

12(ε, ε),

(3) D′′
ε = Δ[ε] ∪ υ[ε].

Cutting D′′ along υ[ε] yields a collection of b pairwise disjoint disks, and since no
component of α∗

12 ∪ y∗ is a simple closed curve, each band in υ[ε] separates D′′. It
follows that D′′ ⊂ ∂X is a collection of b− |υ| disks, and (X,D) is a trivial c2–disk
system. �

Lemma 3.2. A banded bridge splitting B for a banded link (L, υ) gives rise to a
bridge trisection T (B) for K(L, υ).

Proof. It suffices to describe the manner in which B induces a spine S(B) for a bridge
trisection of K(L, υ). As above, consider the decomposition S3 = B12 ∪Σ B31 of
the equatorial 3–sphere S4

0 . We define the three pieces of our spine as the following
subsets of the product neighborhood S3[−ε, ε]:

(B′
12, α

′
12) = (B12[−ε], α12[−ε]) ∪ (∂B12[−ε, 0], ∂α12[−ε, 0]),

(B′
23, α

′
23) = (B12[ε], (α12)υ[ε]) ∪ (∂B12[0, ε], ∂α12[0, ε]),

(B′
31, α

′
31) = (B31[0], α31[0]).

By definition, (B′
12, α

′
12) and (B′

31, α
′
31) are trivial tangles, and by Lemma 3.1,

(B′
23, α

′
23) is also a trivial tangle. In addition, (B′

12, α
′
12) ∪ (B′

31, α
′
31) is isotopic

to (S3[−ε], L[−ε]) and (B′
31, α

′
31) ∪ (B′

23, α
′
23) is isotopic to (S3[ε], Lυ[ε]), and so

these two unions describe unlinks. Finally, by Lemma 3.1, the union (B′
12, α

′
12) ∪

(B′
23, α

′
23) is also an unlink, namely (∂X, ∂D), and thus S(B) = (B′

12, α
′
12) ∪

(B′
31, α

′
31) ∪ (B′

23, α
′
23) is the spine of a bridge trisection of T (B). By construc-

tion, T (B) is a bridge trisection for the knotted surface K(L, υ), as desired.
We note for completeness that the rest of the bridge trisection of (S4,K(L, υ)) can

be described as follows: (X2,D2) = (X,D), (X1,D1) and (X3,D3) can be described
as (B31[−ε, 0], α31[−ε, 0]) ∪ (S4

(−∞,−ε],K−ε) and (B31[0, ε], α31[0, ε]) ∪ (S4
[ε,∞),Kε),

respectively. See the schematic in Figure 9. Note that the bridge surface for T (B)
may be described as Σ[0]. �
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(X3,D3)

(X1,D1)

(X2,D2) Σ

ε

−ε

Figure 9. A schematic diagram of the bridge trisection induced
by a banded bridge splitting.

This process may also be reversed, as we see in the next lemma.

Lemma 3.3. A bridge trisection T of (S4,K) induces a banded link presentation
(L, υ) of K and a banded bridge splitting B of (S3, L, υ).

Proof. Suppose that T has spine S = (B12, α12) ∪ (B23, α23) ∪ (B31, α31). By
Proposition 2.3, the bridge splitting (B12, α12)∪Σ (B23, α23) is standard, so we can
choose collections of shadows α∗

12 and α∗
23 for α12 and α23, respectively, so that

α∗
12 ∪ α∗

23 is a union of c2 = |L2| pairwise disjoint simple closed curves in Σ. For
each component Ci of α

∗
12 ∪ α∗

23, fix a single arc a∗i ∈ α∗
23. For each i, 1 ≤ i ≤ c2,

let γi = Ci \ a∗i . By a standard argument, if a′i is a slight pushoff of γi which shares
its endpoints, then α∗∗

23 = α∗
23 \ {a∗1 ∪ · · · ∪ a∗c2} ∪ {a′1 ∪ · · · ∪ a′c2} is also a set of

shadows for α23 with the property that α∗
12 ∪α∗∗

23 is a collection of pairwise disjoint
simple closed curves.

Let y∗ = α∗∗
23 \ {a′1 ∪ · · · ∪ a′c2}, and let υ be a set of bands for the unlink

(S3, L1) = (B12, α12)∪(B31, α31) corresponding to the arcs y∗ ⊂ Σ with the surface
framing. We may push υ into B12 and consider the arcs (α12)υ resulting from their
attachment. By Lemma 3.1, there is a collection of shadows for (α12)υ isotopic to
α∗∗
23; hence, (α12)υ is isotopic rel boundary to α23. It follows that the link Lυ is

isotopic to α23 ∪ α31 and is also an unlink, so that (L, υ) is a banded link.
We claim that

(S3, L, υ) = (B12, α12) ∪Σ,y∗ (B31, α31)

is a banded bridge splitting, which we call B, and the realizing surface for (L, υ)
is K. The first claim follows immediately from the definition of a bridge trisection
and from our construction of the arcs y∗, since α∗

12 ∪ y∗ = γ1 ∪ · · · ∪ γc2 .
To prove the second claim, it suffices to show that T (B) = T using the proof

of Lemma 3.2. This also follows from the constructions of α′
12 and y∗: If S ′ =

(B′
12, α

′
12)∪(B′

23, α
′
23)∪(B′

31, α
′
31) is a spine for T (B), then (B′

31, α
′
31) and (B′

12, α
′
12)

are isotopic in S4 to (B31, α31) and (B12, α12), respectively, by the proof of Lemma
3.2. Moreover, a set of shadows for (B′

23, α
′
23) is given by the union of the arcs in
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y∗ and pushoffs of the components γi of α∗
12 ∪ y∗. But these traces are precisely

y∗ ∪ {a′i} = α∗∗
23 . Since two tangles with sets of identical traces must be isotopic rel

boundary, we have (B′
23, α

′
23) is isotopic to (B23, α23); therefore, S ′ is isotopic to S

and T is equivalent to T (B), as desired. �
Notice that in the proof of Lemma 3.3 there are often many pairwise non-isotopic

choices for the arcs y∗, and thus we see that a bridge trisection may induce many
different banded links (L, υ) and banded bridge splittings B. However, if we convert
a bridge trisection T to a banded bridge splitting B via Lemma 3.3, then the bridge
trisection T (B) given by Lemma 3.2 is isotopic to T .

Remark 3.4. Lemma 3.3 reveals that a (b; c1, c2, c3)–bridge trisection T for K in-
duces a particular handle decomposition of K: The lemma produces a banded link
presentation (L, υ), where L is a c1–component unlink, Lυ is a c3–component un-
link, and υ consists of b − c2 bands. Thus, K has a handle decomposition with
c1 0–handles, b − c2 1–handles, and c3 2–handles. However, notice that the entire
construction is symmetric in the Bij , so a (b; c1, c2, c3)–bridge trisection induces a
handle decomposition with ci 0–handles, b−cj 1–handles, and ck 2–handles for any
{i, j, k} = {1, 2, 3}.
Remark 3.5. For a link L in S3, if g : (S3, L) → R is a Morse function such that a
level 2-sphere Σ is a bridge sphere for (S3, L), we may accomplish a perturbation
of Σ by isotoping L so that it meets Σ in two additional points. On the other hand,
it will often be useful to treat L as fixed and instead change our perspective by
altering the Morse function g. Any isotopy of L may be equivalently viewed as a
1-parameter family of functions g, each of which is Morse except at a finite number
of times at which canceling critical points are introduced or deleted. In an abuse of
language, we will refer to a homotopy of g induced by an isotopy of L as an isotopy
of g.

We are ready to prove the main result of this section – the existence of bridge
trisections – by showing that for every knotted surface K in S4, there is a banded
bridge splitting of a banded link presentation (L, υ) for K.

Theorem 1.3. Every knotted surface (S4,K) admits a b–bridge trisection for
some b.

Proof. Choose a banded link presentation (L, υ) such that K = K(L, υ), and let
g : (S3, L) → R be a Morse function such that a level 2–sphere Σ is a bridge sphere
for L. We will show that there is an isotopy of g resulting in a level bridge sphere
for L which yields a perturbation of Σ and which, when paired with a collection
of surface-framed arcs y∗ giving rise to υ, yields a banded bridge splitting B for
(L, υ). In an attempt to avoid an abundance of unwieldy notation, we will let g and
Σ denote the Morse function and level bridge sphere which result from a specified
isotopy, despite the fact that they are different from our original g and Σ. We also
note that any perturbation of Σ may be achieved by an isotopy of g, and so if we
specify such a perturbation, it will be implied that we isotope g accordingly.

Fix a collection y of framed arcs which give rise to υ. By following the flow of
g, we may project y onto immersed arcs πg(y) in the bridge surface Σ. We wish
to isotope g so that πg(y) is a collection of pairwise disjoint embedded arcs in the
bridge surface Σ. By perturbing Σ, we may ensure that arcs in πg(y) have disjoint
endpoints. Moreover, we may remove crossings of πg(y) by perturbing further, as
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Figure 10. Crossings of arcs in πg(y) may be removed by perturbing.

Figure 11. After perturbing, we may assume that the surface
framing of each arc in πg(y) agrees with the surface framing of the
corresponding arc in y.

Figure 12. The result of perturbing near the endpoints of each
arc in πg(y).

in Figure 10, after which we may assume πg(y) is a collection of embedded arcs in
Σ, and thus there is an isotopy carrying y to πg(y).

Finally, if the surface framing of an arc πg(yi) in Σ does not agree with the
framing of yi, we perturb Σ near the endpoints of πg(yi), and push πg(yi) off of
and back onto Σ with the surface framing. See Figure 11. Note that this entire
process may be achieved by isotopy of g, after which we may assume that the
surface framings of arcs in πg(y) agree with the surface framings of arcs in y.

The next step in this process is to further isotope g to get a banded bridge
splitting of (L, υ). The bridge sphere Σ splits S3 into two 3–balls, which we call
B12 and B31. For each arc πg(yi) ∈ πg(y), perturb Σ near the endpoints of πg(yi)
so that there are bridge disks Δi and Δ′

i for L in B12 on either end of πg(yi), and
such that {Δi} ∪ {Δ′

i} is a collection of pairwise disjoint bridge disks. See Figure
12. Let y∗ = πg(y), and let δ∗ be the union of the shadows Δi ∩ Σ and Δ′

i ∩ Σ for
1 ≤ i ≤ n. Then δ∗ intersects y∗ only in points contained in L, and each connected
component C of δ∗ ∪ y∗ contains three arcs and is not a simple closed curve.
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Let Di be the frontier of ν(Δi ∪ y∗i ∪Δ′
i) in B12, so that {Di} is a collection of

n pairwise disjoint disks. By a standard cut-and-paste argument, we may choose a
collection Δ of pairwise disjoint bridge disks for α12 = L∩B12 such that Δ∩Di = ∅
for all i. Thus, Δ gives rise to a set of shadow arcs α∗

12 for α12 such that α∗
12 ∪ y∗

is a collection of pairwise disjoint embedded arcs. (Note that the collection Δ may
contain more disks than the collection {Di}, since some disks bridge disks for α12

are not adjacent to any arcs of y∗.)
Let α31 = L ∩B31. We conclude that

(S3, L, υ) = (B12, α12) ∪Σ,y∗ (B31, α31)

is a banded bridge splitting B, and thus (S4,K) admits a bridge trisection T (B),
by Lemma 3.2. �

4. Classification of simple bridge trisections

In this section, we discuss several facts about surfaces that admit low-complexity
bridge trisections. Although the cases are introduced as c1 = b, c1 = b − 1, and
c2 = 1, the conclusions apply for any reindexing of the ci’s.

4.1. The case c1 = b.

Proposition 4.1. If T is a (b; b, c2, c3)–bridge trisection of a knotted surface K in
S4, then c2 = c3, and K is the unlink of c2 unknotted 2–spheres.

Proof. By Remark 3.4, T induces a handle decomposition with c2 0–handles, b −
c1 1–handles, and c3 2–handles. If c1 = b, it follows that K admits a handle
decomposition with no 1–handles, and must be the union of two trivial disk systems.
By Proposition 2.4, K is an unlink of c2 = c3 unknotted 2–spheres. �

One corollary of this proposition is that bridge number detects the unknot.

Corollary 4.2. Let U denote the unknotted 2–sphere in S4. Let K be a knotted
surface with b(K) = 1. Then K = U .

4.2. The case c1 = b− 1. Suppose that K admits a (b; b− 1, c2, c3)–bridge trisec-
tion. Following the discussion in Subsection 2.6, the double branched cover X(K)

of K admits a (b− 1; b− 2, c2 − 1, c3 − 1)–trisection, T̃ . In this case, we may apply
the main theorem of [23], which asserts that X(K) is the connected sum of copies

of S1 × S3 and at most one copy of CP2 or CP
2
, and T̃ is the connected sum of

standard genus one trisections.
Thus, since the branched double cover of T is standard, it seems reasonable to

conjecture that T is also standard and K is an unlink.

Conjecture 4.3. Every (b; b−1, c2, c3)–surface is an unlink of unknotted 2–spheres
and at most one unknotted projective plane.

Note that if K has such a trisection, then it has a handle decomposition with a
single band. Hence, the conjecture is related to the question of whether attaching a
single non-trivial band to an unlink ever yields an unlink. It follows from Remark
3.4 that c3 = c2 or c3 = c2 − 1.



7362 JEFFREY MEIER AND ALEXANDER ZUPAN

Figure 13. A tri-plane diagram for a (b, 1)–bridge trisection, with
the standard trivialization of the first two tangles.

Figure 14. The standard trivialization has the property that the
form of the first two tangle diagrams is preserved under the con-
nected sum.

4.3. The case c2 = 1. Suppose that K admits a (b; c1, 1, c3)–bridge trisection
T . Since the bridge splitting of the unknot (S3, L2) = (B12, α12) ∪Σ (B23, α23) is
standard, there is a tri-plane diagram P for T such that P12 ∪ P23 is the stan-
dard diagram pictured in Figure 13. This choice of trivialization has the desirable
property that it is preserved under the connected sum, as shown in Figure 14. If
T is balanced, then by considering the Euler characteristic, we know that either
K ∼= #b−1RP

2 or K ∼= #b′T 2, where b′ = b−1
2 . (In the second case, b must be odd.)

First, consider the case b = 2. In this case, each (Bij , αij) is a rational tangle with
property that the union of any pair is unknotted or unlinked. It follows that the
slopes of the three tangles must have distance zero or one pairwise. Our assumption
that the first two tangles are standard tells us that they correspond to slopes 0 and
∞. Thus, the slope of the third tangle must be 0, ∞, or ±1. If the slope of the third
tangle is 0 or ∞, the bridge trisection is equivalent to the unbalanced trisection of
the unknot shown in Figure 4. In the balanced case, the third slope is ±1, and
there are precisely two surfaces admitting (2, 1)–bridge trisections, denoted P+ and
P− and pictured in Figure 15(b). Each of these is homeomorphic to RP

2, and they
are distinguished as embeddings in S4 by the Euler number of their normal bundle:
e(P±) = ±2. A movie for P+ is shown in Figure 15(a).

Let Ki,j = (#iP+)#(#jP−). Following [15], we will say that a non-orientable
surface knot K is unknotted if K is ambient isotopic to Ki,j for some i, j ∈ Z.
Figure 16 shows the surface K3,2. In other words, there are precisely two unknotted

projective planes (P+ and P−), and precisely n + 1 unknotted #nRP
2, which are

formed as connected sums of P+ and P− and are distinguished by the Euler class
of the normal bundles [22].

4.4. Unknotted surfaces and tri-plane diagrams without crossings. One
obvious way to measure the complexity of a tri-plane diagram is to count the number
of crossings. Crossing number may be a useful way to catalogue knotted surfaces,
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(a) (b)

Figure 15. (a) A moving picture description of the unknotted
projective plane P+. (b) The two possible (2, 1)–bridge surfaces,
P+ and P−.

Figure 16. One of the standard unknotted non-orientable sur-
faces homeomorphic to #5RP

2.

just as it has been useful to organize classical knots in S3. As in the classical case,
zero crossing diagrams represent simple spaces.

Proposition 4.4. An orientable knotted surface K is unknotted if and only if it
admits a tri-plane diagram P without crossings.

Proof. First, suppose that K has a tri-plane diagram P which contains no crossings.
As in Figure 3, we can embed a tri-plane in S3, and since P has no crossings, the
tangles αij embed in the tri-plane. Moreover, the tri-plane cuts S3 into three 3–
balls, Z1, Z2, and Z3, and the trivial disks Di embed in Zi. Hence, the entire
surface K is isotopic into S3 ⊂ S4. By [15], K is unknotted if and only if K is
isotopic into S3 ⊂ S4, completing one direction of the proof.

For the reserve implication, observe that Figure 17 contains a zero-crossing dia-
gram of a torus T 2, which must be unknotted by the above arguments. If K is an
unknotted surface of genus g, K is unique up to isotopy in S4, and thus we may
construct a zero-crossing tri-plane diagram for K by taking the connected sum of g
copies of the 3–bridge diagram for T 2. �
4.5. Classifying 3–bridge trisections. Having classified 1–bridge and 2–bridge
trisections, we turn our attention to 3–bridge trisections. Following the discus-
sion above, there are three unknotted Klein bottles, and 3–bridge trisections for
these three surfaces are shown in Figure 17, along with a 3–bridge trisection of the
unknotted torus.

So far, we have discovered seven simple balanced bridge trisections: the unique
1–bridge trisection (corresponding to U), the two balanced 2–bridge trisections
(corresponding to the two unknotted RP

2s), and the four balanced 3–bridge trisec-
tions in Figure 17. We will henceforth refer to these seven trisections as standard.
Moreover, any trisection obtained as the connected sum of some number of these
standard trisections, or any stabilization thereof, will also be called standard.

If K admits a 3–bridge trisection, then Σ2(K) admits a 2–trisection, as discussed
above in Subsection 2.6. In [24], it is shown that every balanced 2–trisection is
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Figure 17. Tri-plane diagrams for the four standard 3–bridge surfaces.

standard, and in [23] the unbalanced case is resolved. These results imply a classi-
fication of 3–bridge surfaces.

Theorem 1.8. Every knotted surface K with b(K) ≤ 3 is unknotted and any bridge
trisection of K is standard.

Proof. Let K be a knotted surface in S4 and let T be a 3–bridge trisection of K. Let

T̃ denote the genus two trisection of X(K). Let (B12, α12)∪ (B23, α23)∪ (B31, α31)
be the spine of T . The branched double cover of this spine is a triple of handlebodies

with common boundary surface H12 ∪H23 ∪H31, which determine T̃ . A triple of
choices of bridge disks for the three tangles (Bij , αij) lift to give a triple of cut
systems for the three handlebodies Hij .

By Theorem 1.3 of [24], T̃ is standard. This means that there is a sequence of
triples of cut systems for the Hij , each of which arises from the previous via a single
handleslide in one of the handlebodies, such that the terminal triple is one of the
standard trisections described in [24].

Because we are working on a genus two surface, we can apply [12], which states
that every cut system can be arranged to respect the hyperbolic involution of the
handlebodies. It follows that each triple of cut systems descends to a triple of collec-
tions of bridge disks for the (Bij , αij). In other words, each handleslide performed
upstairs descends to a bridge disk slide downstairs.

Since the terminal triple of cut systems in this sequence is standard, the bridge
disk systems in the quotient must be standard. It follows that T is standard. �

Now that we have dispensed of b–bridge trisections for b ≤ 3, we naturally
turn our attention to 4–bridge trisections. We resume this thread in Section 5,
where we prove that there are infinitely many non-trivial b–bridge surfaces with
b ≥ 4. Before proceeding further, we must discuss the fundamental group of knotted
surface complements.

4.6. The fundamental group of a knotted surface. LetK be a knotted surface
in S4, and let π1(K) = π1(S

4\K). The next proposition results from the techniques
used in Section 3.

Proposition 4.5. Let T be a (b; c1, c2, c3)–bridge trisection of K. Then π1(K) has
a presentation with ci generators and b− cj relations, for any {i, j, k} = {1, 2, 3}.

Proof. Lemma 3.3 and Remark 3.4 tell us how to turn T into a banded link presen-
tation of K whose corresponding handle decomposition K has ci 0–handles, b − cj
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1–handles, and ck 2–handles for any bijection {i, j, k} ↔ {1, 2, 3}. This decompo-
sition, in turn, induces a handle decomposition of S4 \ ν(K) with one 0–handle, ci
1–handles, b−cj 2–handles, ck 3–handles, and one 4–handles. (See [11] for details.)
In any handle decomposition of a manifold with one 0–handle, the 1–handles give
rise to generators of the fundamental group, while the 2–handles give rise to rela-
tions. It follows that we have a presentation for π1(S

4 \ ν(K)) with ci generators
and b− cj relations. �

Returning to the case in which K admits a (b; c1, 1, c3)–bridge trisection, we
notice that, for any such K, we have that S4 \ K has a presentation with one
generator. It follows that π1(K) is cyclic. The group will be Z or Z2 according with
whether K is orientable or non-orientable, respectively. Using this, we obtain the
following fact.

Proposition 4.6. If K is orientable and admits a (b; c1, 1, c3)–bridge trisection,
then K is topologically unknotted.

Proof. Since π1(K) ∼= Z, the result follows from [14] and Kawauchi’s revision of his
earlier proof [17]. �

Notice also that if K ∼= RP
2 and π1(K) ∼= Z2, then K is topologically unknotted

by a result of Lawson [20]. The general non-orientable case seems to be unknown.
This raises the following question.

Question 4.7. Can a surface admitting a (b; c1, 1, c3)–bridge trisection be smoothly
knotted?

5. Non-trivial examples

In this section, we consider bridge trisections with b ≥ 4. In particular, we
show how the spinning and twist-spinning constructions can be used to produce
interesting b–bridge surfaces for arbitrarily large b.

5.1. Spun knots and links. The first examples of knotted 2–spheres were the
spun knots constructed by Artin [2]. The construction is as follows: Let (S3,K) be
a knot, and let (B3,K◦) be the result of removing a small, open ball centered on
a point in K, so that K◦ is a knotted arc in B3 with endpoints on the north and
south poles, labeled n and s, respectively. Then, the spin S(K) of K is given by

(S4,S(K)) = ((B3,K◦)× S1) ∪ ((S2, {n, s})×D2).

This gives the familiar description of S4 as (B3×S1)∪ (S2×D2) and realizes S(K)
by capping off the annulus K◦ × S1 with a pair of disks {n, s} ×D2, one at each
pole.

There is an alternate description that splits (S4,S(K)) into two pieces: First,
consider the pair (B4, D) = (B3,K◦)× I. Here ∂(B4, D) = (S3,K#(−K)), where
−K denotes the mirror reverse of K. In fact, D is the standard ribbon disk for
K#(−K), which we call the half-spin of K. (See Figure 18.) The double of this
ribbon disk gives the spin of K:

(B4, D) ∪ (B4, D) ∼= (S4,S(K)).

The half-spun disk D can be obtained by attaching bands to K#(−K). Al-
ternatively, we can turn this picture upside down and think of D as the result of
attaching bands to an unlink L to produce K#(−K), as shown in Figure 19(a).
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Figure 18. (a) The punctured knot (B3,K◦), where K is the
plat closure of the braid β. The half-spun disk D shown (b) as
the product (B3,K◦) × I and (c) as the standard ribbon disk for
K#(−K) in B4.

Figure 19. (a) A description of the half-spin of K, where K is
the knot or link given as the plat closure of the braid β. (b) A
banded link diagram for the spin S(K). A perturbation of the
bridge sphere produces the banded bridge splitting shown in (c).

The bands appearing in this latter view are dual to those appearing in the former.
To double D, we take two copies of this picture, one of which has been turned
upside down, and glue them together. This corresponds to adding a dual band for
each band in Figure 19(a). Doing so, we arrive at the banded link description (L, υ)
of S(K) shown in Figure 19(b), where half of the bands in υ come from each of the
copies of D, and one set has been dualized.

The next step is to transform this banded link presentation into a banded bridge
splitting. This is accomplished by perturbing the link L so that the bands of υ are
level in the bridge sphere and dual to a subset of the bridge disks for one tangle.
The resulting banded bridge splitting is shown in Figure 19(c).
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Figure 20. A (3b − 2, b)–bridge tri-plane diagram for the spin
S(K) of the b–bridge knot or link K given as the plat closure of
the braid β.

Figure 21. (a) A description of the m–twisted half-spin of K,
where K is the knot or link given as the plat closure of the braid
β. (b) A banded link diagram for the m–twist spin S(K). A per-
turbation of the bridge sphere produces the banded bridge splitting
shown in (c).

Lemma 3.2 describes how to transform this banded bridge splitting into a bridge
trisection. The associated tri-plane diagram is shown in Figure 20. (See Section 3
for details.)

5.2. Twist-spinning knots and links. In 1965, Zeeman gave a generalization
of Artin’s construction called twist-spinning [31]. Again, we refer the reader to [6]
for the standard development. From our viewpoint, instead of doubling the half-
spun disk as before, we will glue two copies of the half-spun disk together with a
twisting diffeomorphism of the boundary. We can realize this diffeomorphism as
the time-one instance of an isotopy of K◦ in B3. To form the half-spin of K, we
take the product (B3,K◦) × I, which we can think of as the trace of the identity
isotopy of K◦ in B3. Now, we exchange the identity isotopy for one that rotates
K◦ around its axis m times.

The result is a new knotted disk Dm. Just like the half-spin D, the disk Dm is
obtained by attaching bands to an unlink L to form K#(−K). However, in the
twisted case, the components of the unlink have been twisted m times, as shown in
Figure 21(a). Note that ∂D = ∂Dm = K#(−K) and that D and Dm are actually
isotopic as properly embedded disks in the 4-ball although they are not isotopic
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Figure 22. A (3b−2, b)–bridge tri-plane diagram for the m–twist
spin Sm(K) of the b–bridge knot or link K given as the plat closure
of the braid β.

rel ∂. Also, we recover the original half-spun disk when m = 0; i.e., D0 = D. It
follows that S0(K) = S(K).

Because D and Dm have a common boundary but are not isotopic rel boundary,
we can form a new knotted sphere by gluing these two disks along K#(−K). The
result is the m-twist spin of K, which is denoted Sm(K):

(S4,Sm(K)) = (B4, D) ∪ (B4, Dm).

A handle decomposition for Sm(K) is shown in Figure 21(b). As before, half of
the bands correspond to each disk in the decomposition of Sm(K) = Dm ∪D. In
Figure 21(c), we have perturbed the bridge splitting of L to obtain a banded bridge
splitting. The induced bridge trisection is shown in Figure 22.

5.3. Non-trivial bridge trisections. Now that we have shown how to construct
and trisect the spin S(K) and twist spin Sm(K) associated to a knot K ⊂ S3, we
can produce non-trivial surfaces in S4 with arbitrarily large bridge number. The
following proposition is an immediate consequence of the discussion above and is
shown in Figures 20 and 22.

Proposition 5.1. Let K be a b–bridge knot or link. Then, for m ∈ Z, Sm(K)
admits a (3b− 2, b)–bridge trisection.

A natural question to ask is whether or not a minimal bridge splitting of K gives
rise to a minimal bridge trisection of Sm(K) or T (K).

Question 5.2. If K is a b–bridge knot, does it hold that b(Sm(K)) = 3b− 2?

Note that if m = ±1, then Sm(K) is unknotted [31], so b(S±1(K)) = 1 for all K
in S3. In this case one can ask, with an eye toward Question 1.9, whether or not
the resulting bridge trisection is stabilized.

On the other hand, we will show that Question 5.2 has an affirmative answer for
spun torus knots. Thus, for every b ≥ 1 there are spun knots with b(S(K)) = 3b−2.
In order to prove this, we need to obtain a better understanding of the fundamental
group of the complement of a knotted surface in S4 from the perspective of bridge
trisections.

Let K be a knotted surface in S4. A meridian for K is a curve isotopic in ∂ν(K)

which is isotopic to {pt} × S1, viewing ν(K) as K ×D2. A generator x ∈ π1(K) is
called meridional if x is represented by a meridian of K. A presentation of π1(K)
is meridional if each generator in the presentation is meridional. The meridional
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rank of K is the minimum number of generators among meridional presentations
of π1(K) and will be denoted mrk(K).

Note that the presentation produced in Proposition 4.5 above is meridional.

Corollary 5.3. If K admits a (b; c1, c2, c3)–bridge trisection, then mrk(K) ≤
min{ci}.

We can define meridional generators and meridional rank analogously for knots
in S3, and we have the following question, which generalizes a question posed by
Cappell-Shaneson and appearing as Problem 1.11 in [1].

Question 5.4. If K is a b–bridge knot, then does mrk(K) = b?

It is clear that b(K) ≥ mrk(K). As a corollary to their work on the π–orbifold
group of a knot, Boileau-Zimmermann [4] proved that mrk(K) = 2 for 2–bridge
knots, while Rost-Zieschang [27] showed that mrk(Tp,q) = b(Tp,q) = min{p, q}.

As a final preliminary, we offer the following.

Proposition 5.5. Let K be a knot in S3. Then mrk(K) = mrk(S(K)).

Proof. Recall the standard decomposition from the beginning of this section:

(S4,S(K)) = ((B3,K◦)× S1) ∪ ((S2, {n, s})×D2).

Consider the inclusion ι : (B3,K◦) ↪→ (S4,S(K)) that maps (B3,K◦) to (B3,K◦)×
{0}. Let μ1, . . . , μr be a collection of meridians of K representing a meridional gen-
erating set for π1(K). Then ι(μi) is a meridian of S(K) for each i, and the induced
map ι∗ : π1(K) → π1(S(K)) is an isomorphism. It follows that ι∗(μ1), . . . , ι∗(μr)
is a meridional generating set for π1(S(K)), so mrk(S(K)) ≤ mrk(K).

Conversely, let μ′
1, . . . , μ

′
s be a collection of meridians to S(K) representing a

meridional generating set for π1(S(K)). Let Γ be the union of a base point x0,
the curves μ′

1, . . . , μ
′
s, and s arcs connecting x0 to μ′

i. Note that each μ′
i bounds a

disk Di in ν(S(K)). There exists a 2-sphere S in S4 containing n and s such that
(S4,S(K)) \ ν(S) ∼= (B3,K◦) × S1. After a small perturbation, we may assume
that Γ ∩ S = ∅, so that Γ ⊂ (B3,K◦) × S1. Let ρ denote the natural projection
of (B3,K◦) × S1 onto the first factor. After another small perturbation, ρ(Γ) is
embedded in B3 \ ν(K◦), and Γ is isotopic to ρ(Γ) in S4 \ ν(S(K)).

Now, each disk Di ⊂ ν(S(K)) projects to an immersed disk ρ(Di) in ν(K◦). It
follows from Dehn’s Lemma that ι−1(μ1), . . . , ι

−1(μr) is a collection of meridians of
K, and since ι−1

∗ is an isomorphism, this is a generating set of meridians for π1(K).
It follows that mrk(K) ≤ mrk(S(K)), and the proof is complete. �

We are now well equipped to prove our next result.

Theorem 1.10. There exist infinitely many distinct 2–knots with bridge number
3b− 2 for any b ≥ 2.

Proof. Let K be the torus knot Tb,q with b < q, so mrk(K) = b(K) = b. Let
K = S(K). By Proposition 5.1, K admits a (3b − 2, b)–bridge trisection, and by
Corollary 5.3, mrk(K) ≤ b.

On the other hand, by Proposition 5.5, mrk(K) = mrk(K) = b. It follows that
b(K) = 3b− 2. Since there are infinitely many torus knots of the form Tb,q for each
b ≥ 2, the result follows. �
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We remark that one could easily prove an analogous result involving knotted tori
using the turned torus construction, showing that there are infinitely many knotted
tori with bridge number 3b for each b ≥ 2. On the other hand, it is a little less clear
how one would extend these results to non-orientable surfaces. This would be the
final step in showing that there are infinitely many knotted surfaces with bridge
number b for each b ≥ 4.

6. Stabilization of bridge trisections and banded bridge splittings

In this section, we define stabilization operations for both bridge trisections and
banded bridge splittings and prove that our definitions are equivalent. We will
use the banded bridge splitting version of stabilization to prove Theorem 1.6 in
Section 7.

6.1. Stabilization of bridge trisections. Suppose K is a knotted surface in
S4 equipped with a b–bridge trisection T , where components of T are labeled
as above. Choose one of the trivial disk systems, say (X1,D1). Recall that in
Subsection 2.4, we considered S4 to be {(x1, . . . , x5) : x

2
1 + . . . x2

5 = 1} in R5, and
we let Y = {(x1, . . . , x5) ∈ S4 : x5 = 0}, so that Y ∼= S3. Suppose ρ : S4 → Y
is the natural projection map, and let Zi = ρ(Xi). We may arrange the standard
trisection of S4 so that if Eij = ρ(Bij) = Bij∩Y , then E12∪E23∪E31 is a tri-plane
in S4 which cuts Y into the three 3–balls Z1, Z2, and Z3, and Σ∩Y = ρ(Σ) = ∂Eij .

By Proposition 2.3, the bridge splitting (∂X1, ∂D1) = (B12, α12) ∪Σ (B31, α31)
is standard, and as such, there is an isotopy of D1 so that L1 = ∂D1 ⊂ E12 ∪ E31.
In other words, we are reasserting the fact that K has a tri-plane diagram P =
(P12,P23,P31) such that P12 and P31 contain no crossings. It follows that L1

may be capped off with disks D1 ⊂ Z1, which implies, by Proposition 2.4, that
D1 is isotopic to D1. Stated another way, we may isotope K so that for a small
neighborhood ν(Z1) in Y , we have K ∩ ν(Z1) = ρ(K) ∩ ν(Z1).

Now, let Δ be a disk embedded in Z1 which has the following properties:

(1) The boundary ∂Δ is the endpoint union of arcs δ1 ⊂ D1, δ12 ⊂ E12 and
δ31 ⊂ E31.

(2) Δ ∩D1 = δ1.
(3) Δ ∩ ∂Z1 = δ12 ∪ δ31.

It follows that Δ meets ρ(Σ) in a single point p, and we call Δ a stabilizing disk. To
define stabilization, we will consider the standard trisection of S4 to be fixed and
isotope K. For a stabilizing disk Δ, there is an isotopy of K supported in ν(Z1)
that consists of pushing D1 across Δ into Z2 ∪ Z3. Let K′ be the result of this
isotopy, and let D′

i = K′ ∩Xi. See Figures 23 and 24.

Lemma 6.1. The decomposition T ′ given by (S4,K′) = (X1,D′
1) ∪ (X2,D′

2) ∪
(X3,D′

3), is a (b+ 1)–bridge trisection of (S4,K′).

Proof. First, we will show that each (Xi,D′
i) is a trivial disk system. The collection

D′
2 is obtained from D2 by dragging a disk component of D2 along the arc δ12 in

ν(Z1) ∩ X2; thus, (X2,D′
2) is a trivial c2–disk system (see Figure 24). Similarly,

D′
3 is obtained from D3 by dragging a component along δ31, so that (X3,D′

3) is
a trivial c3–disk system. The collection D′

1 is obtained from D1 by surgering a
disk component of D1 along the disk Δ. (Such an operation is commonly called
boundary-compressing.) The result of this boundary compression on D1 is a pair
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Figure 23. An example of the stabilization operation, which can
be thought of as a boundary compression along Δ that transforms
D1 into D′

1 ∪D′′
1 .

Figure 24. Compressing along a stabilizing disk in Z1 corre-
sponds to dragging a portion of a diskD2 through the bridge sphere
in Z2 (and similarly in Z3).

of disks D′
1 and D′′

1 . See Figure 23. Since D1 is isotopic to a collection of c1–disks
properly embedded in the 3–ball Z1, the result D′

1 of boundary compressing D1

along Δ is a collection of (c1 + 1)–disks in Z1. These disks are necessarily trivial,
and it follows that (X1,D′

1) is a trivial (c1 + 1)–disk system.
Let α′

ij ⊂ Bij denote D′
i ∩ D′

j . To complete the proof, we must show that each
(Bij , α

′
ij) is a trivial tangle. Note first that α′

23 differs from α23 by a single trivial
arc, the boundary of a small neighborhood in E23 of the point p = Δ ∩ ρ(Σ), and
thus (B23, α

′
23) is a trivial tangle. Considering α′

12, we note that the arc δ12 ⊂ E12

meets α12 in a single point, and as such there is a bridge disk Δ12 for α12 which
contains δ12. In addition, α′

12 results from doing surgery on α12 along δ12, which
splits Δ12 into two bridge disks and leave all other bridge disks for α12 intact.
It follows that (B12, α

′
12) is a trivial tangle, and a parallel argument shows that

(B31, α
′
31) is trivial as well. Finally, we have |K′ ∩Σ| = |K ∩Σ|+2, completing the

proof. �

We say the (b + 1)–bridge trisection T ′ is stabilized. Since this construction
is not symmetric in the indices i, j, k, when necessary we will say that T ′ is an
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Figure 25. The arrangement of shadow arcs necessary and suffi-
cient for a bridge trisection to be stabilized, as shown in Lemma
6.2.

elementary stabilization of T toward B23. We call any bridge trisection which is
the result of some number of elementary stabilizations a stabilization of T . Note
that stabilization depends heavily on the choice of the stabilizing disk Δ.

Observe that the stabilization process described in Lemma 6.1 creates a new
bridge disk Δ′ ⊂ E23 for the new arc in α′

23. This disk has the property that
Δ′ ∩Δ = {p}, and if we isotope K′ along Δ′ (i.e. perform a boundary-compression
of K′ ∩ ν(Z1) along Δ′), we recover our original surface K and original b–bridge
trisection of K. For this reason, we will call Δ′ a destabilizing disk.

Destabilizing disks play a role in the next lemma, which characterizes stabiliza-
tion in terms of collections of shadow arcs (see Figure 25).

Lemma 6.2. A (b+ 1)–bridge trisection T ′ (with components labeled as above) is
stabilized if and only if there exist

(1) sequences of shadows a∗1, . . . , a
∗
n for arcs in α′

ij and b∗1, . . . , b
∗
n for arcs in

α′
ki such that a∗1 ∪ b∗1 ∪ · · · ∪ a∗n ∪ b∗n is a simple closed curve in Σ, and

(2) a shadow c∗ for α′
jk that meets a∗1 ∪ · · · ∪ b∗n in a single point which is one

of its endpoints.

Proof. Suppose first without loss of generality that T ′ is an elementary stabilization
of another bridge trisection T in X1. Arranging T as above, there is a disk Δ
embedded in Z1 with the property that Δ ∩ Σ is a single point p. To obtain a
collection of bridge disks for α′

12 and α′
31 in T ′, we surger bridge disks for α12 and

α13 along the arcs δ12 and δ31 in ∂Δ. Let D denote the component of D1 which
meets Δ. Since D is isotopic into E12 ∪ E31, we may find a collection of shadows
for the arcs in D whose union is a simple closed curve in Σ. This is not quite the
collection of shadows we will need to perform the surgery; let a1, b1, . . . , am, bm be
a collection of shadows such that al is a shadow for α12, bl is a shadow for α31, and
a1∪ b1∪ . . . am∪ bm is the wedge of two circles, a simple closed curve pinched along
the point p in the interior of arcs ar and bs.

In this setting, we may view the construction of T ′ as splitting the point p into
two points, p1 and p2. This splits the shadow ar into two arcs a′r and a′′r and splits
bs into b′s and b′′s , where each of these new arcs is a shadow for α′

12 or α
′
31. Moreover,

this stabilization process creates a new trivial arc in α′
23, which has a shadow c∗

connecting p1 to p2 and avoiding the arcs al and bl. Since this process also splits
the wedge of two circles a1∪ b1∪ · · ·∪am∪ bm into two disjoint curves, we conclude
that there are sequences of shadow arcs a∗1, . . . , a

∗
n and b∗1, . . . , b

∗
n whose union is a
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Figure 26. A simple closed curve of shadow arcs (left) which is
pinched into two curves and a new arc c∗ during the stabilization
process (right).

simple closed curve meeting c∗ in a single point of K∩Σ. In fact, the proof reveals
that there are two such sequences. See Figure 26.

For the reverse direction, suppose that there are sequences of shadows a∗1, . . . , a
∗
n

for α′
12 and b∗1, . . . , b

∗
n for α′

31 whose union is a curve in Σ which meets a shadow c∗

for α′
23 in a single endpoint. Then there is a component D of D′

1 which is isotopic
to a disk D∗ in Σ bounded by a∗1 ∪ b∗1 ∪ · · · ∪ a∗n ∪ b∗n. After a standard cut-and-
paste argument (see the proof of Theorem 1.3), we may assume that the interior
of D∗ contains no point of K′ ∩ Σ. By Proposition 2.3, the splitting (∂X1, ∂D1) =
(B12, α

′
12) ∪Σ (B31, α

′
31) is standard. By assumption, the endpoint of the arc c∗

that is not contained in D∗ must be contained in another component D′ of D1,
and again using cut-and-paste techniques, we see that D′ is isotopic to a disk (D′)∗

contained in Σ such that (D′)∗∩D∗ = ∅ and the interior of (D′)∗ contains no points
of K′ ∩ Σ.

Finally, we may arrange Y ∼= S3 ⊂ S4 and a tri-plane E12 ∪ E31 ∪ E23 so that,
after pushing D∗ and (D′∗) into Z1, ∂D

∗ ∪ ∂(D′)∗ ⊂ E12 ∪E31, and the shadow c∗

arises from a bridge disk Δ′ for an arc c′ ∈ α′
23 which is a slight pushoff of c∗ into

E23 contained in ν(Z1). Boundary-compressing K′∩ν(Z1) along Δ′ into Z1 merges
D∗ ∪ (D′)∗ into a single disk D′′ and gives rise to a new boundary compressing
disk Δ which satisfies the conditions above. We leave it to the reader to check the
details that Δ′ is a destabilizing disk and that this is precisely the inverse operation
of stabilization. The result is a b–bridge trisection T such that stabilizing T along
the disk Δ again yields T ′. �

We call the operation described in Lemma 6.2 destabilization. Succinctly, if
T ′ is a (b + 1)–trisection with shadows satisfying the conditions of Lemma 6.2,
destabilization is the process of boundary-compressing K′ along a bridge disk giving
rise to the shadow c∗, yielding a b–bridge trisection. By Lemma 6.2, we see that
stabilizations may be quantitatively different, depending on the cardinality n of the
sequences a∗1, . . . , a

∗
n and b∗1, . . . , b

∗
n of shadow arcs. To emphasize the value of n,

we will sometimes say that a stabilized bridge trisection T is n–stabilized.
We may also depict stabilization and destabilization on the level of tri-plane

diagrams. To n–stabilize a tri-plane diagram P, suppose that D1 is a component
of D1 such that D1 ∩ (E12 ∪ E31) is the standard diagram pictured in Figure 13,
bounding a disk D in E12 ∪ E31. Let Δ be a stabilizing disk, observing that Δ
cuts D into two components D′ and D′′. By the proof of Lemma 6.2, we need only
consider one of the components, since the existence of one implies the existence of
the other. We may construct a new tri-plane diagram P ′ for the stabilized bridge
trisection T ′ by surgering P12 along the arc δ12, surgering P31 along the arc δ31,
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Figure 27. A general depiction of the stabilization and desta-
bilization operation. Distinct operations result from varying the
number of arcs represented by the dots.

and adding the boundary arc (∂ν(p))∩E23 to P23. If D
′ contains 2n points of K∩Σ,

then P ′ is n–stabilized. See Figure 27. Note that a stabilized bridge trisection is
both n′–stabilized and n′′–stabilized, for parameters n′ and n′′ coming from each
component D′ and D′′ of the disk D cut along Δ.

In the reverse direction, we also see how to destabilize a tri-plane diagram:
Suppose that a bridge trisection T ′ has a diagram P ′ = (P ′

12,P ′
23,P ′

31) with the
property that P ′

12 ∪ P ′
31 contains a standard component as in Figure 13, giving

rise to a sequence of shadows a∗1, b
∗
1, . . . , b

∗
n−1, a

∗
n whose union is an embedded arc

in e = ∂Eij , and P ′
31 contains a crossing-less arc with shadow c∗ which meets

a∗1 ∪ b∗1 ∪ · · ·∪ b∗n−1 ∪ a∗n in a single endpoint of a∗n. Then there is an arc in P31 with
shadow b∗n such that a∗1 ∪ b∗1 ∪ · · · ∪ a∗n∪ b∗n is an embedded curve in Σ meeting c∗ in
a single endpoint, and we see that T ′ is n–stabilized by Lemma 6.2. Further, the
bridge disk yielding c∗ in P ′

23 is a destabilizing disk, and we may destabilize the
diagram P ′ by pushing this arc through Σ as shown in Figure 27.

As an example, the 2–bridge diagram pictured in Figure 4 is 1–stabilized, and
destabilizing yields the diagram in Figure 3. A more general 1–stabilization is
shown in Figure 6. For an interesting example, consider the 4–bridge trisection T4
of the unknot shown in the bottom half of Figure 28. Note that if a bridge trisection
T is n–stabilized, then a component of some Li contains n–bridges. For the bridge
trisection T4, each component of L1, L2, and L3 is in 2–bridge position; therefore,
T4 cannot be 1–stabilized. However, the diagram is 2–stabilized, and destabilizing
yields the 3–bridge diagram at the top of Figure 28. This particular stabilization
corresponds with the operation shown in Figures 23 and 24.

6.2. Stabilization of banded bridge splittings. Suppose that B is a banded
b–bridge splitting given by (S3, L, υ) = (B12, α12) ∪Σ,y∗ (B31, α31), and consider
a point p ∈ L ∩ Σ. We may perturb Σ at p to obtain a new banded (b + 1)–
bridge splitting B′ given by (S3, L, υ) = (B′

12, α
′
12) ∪Σ′,y′ (B′

31, α
′
31). We call B′ an

elementary stabilization of B, and we call any banded bridge splitting which is the
result of some number of elementary stabilizations a stabilization or stabilized.

If the point p ∈ L∩Σ at which the perturbation is carried out is not an endpoint
of an arc in y∗, then up to isotopy, elementary stabilization is unique. However, if p
is an endpoint of an arc yp ∈ y∗, then there are two distinct ways in which we may
construct B′: Let y′p denote the arc in y′ corresponding to yp, and let a′12 ∈ α′

12 and
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Figure 28. An example of a 2–stabilization. The bottom diagram
is a (4, 2)–tri-plane diagram for the unknotted 2–sphere and is not
1–stabilized.

Figure 29. The two ways to perturb the banded link L near an
endpoint of y∗. At left, a stabilization toward B′

31, and at right, a
stabilization toward B′

12.

a′31 ∈ α′
31 be the canceling pair of arcs created by perturbation. Then y′p shares

an endpoint with either a′12 or a′31. If y′p shares an endpoint with a′12, we say B′

is stabilized toward B′
31. On the other hand, if y′p shares an endpoint with a′31, we

say B′ is stabilized toward B′
12. See Figure 29.

At this point, we have defined stabilization for both banded bridge splittings and
bridge trisections; hence, now we must show that our definitions are equivalent via
the correspondences between these objects introduced in Section 3.

Proposition 6.3. Suppose that T is a bridge trisection of (S4,K). Then T is
stabilized if and only if there is a banded link (L, υ) with a stabilized banded bridge
splitting B such that T = T (B).

Proof. Suppose first that there is a banded link (L, υ) with a stabilized banded
bridge splitting B such that T = T (B), and let B be given by

(S3, L, υ) = (B12, α12) ∪Σ,y∗ (B31, α31).

Suppose that B is stabilized at the point p ∈ L∩Σ, which is an endpoint of canceling
arcs a12 ∈ α12 and a31 ∈ α31 with shadows a∗1 and c∗, respectively, which meet in a
single point (namely, p). By the definition of stabilization, we may assume that a∗1
is contained in the collection α∗

12 of shadows dual to y∗ and that int(c∗)∩ α∗
12 = ∅.

There are three cases to consider: First, suppose that none of the endpoints of a12
nor a31 is the endpoint of an arc in y∗. By the proof of Lemma 3.3, we have α23
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is isotopic rel boundary to (α12)υ (after pushing υ into B12). Thus, if a12 does not
meet a band in υ, we have a12 is in α23 as well, and so a∗1 is also a shadow for α23.
By letting b∗1 be a slight pushoff of a∗1, we see that T is 1–stabilized.

The second case is similar: Suppose that there is an arc y∗p which shares an
endpoint with c∗. Then no arc of y∗ meets a12, so once again a12 ∈ α23 and we can
see that T is 1-stabilized.

Finally, suppose that an arc y∗p shares an endpoint with a∗1, and let y∗1 = y∗p. Since
the shadows α∗

12 are dual to y∗, we have a∗1 and y∗1 are contained in an embedded
arc component C of α∗

12 ∪ y∗. Moreover, since B is stabilized, the other endpoint
of a12 cannot meet y∗, and thus we may describe C as a∗1 ∪ y∗1 ∪ · · · ∪ y∗n−1 ∪ a∗n,
where arcs occur in order of adjacency. By the proof of Lemma 3.2, if y∗n is a slight
pushoff of C away from its endpoints, then y∗n is a shadow for an arc of α23. Finally,
since a∗1 ∪ c∗ meets at most one arc in y∗ and int(c∗) ∩ α∗

23 = ∅, it follows that c∗

intersects the simple closed curve C ∪ y∗n in a single point, its endpoint p, and we
conclude that T is n–stabilized, as desired.

For the reverse implication, suppose that T is n–stabilized for some n, so that
there are three collections of bridge disks for (Bij , αij), subsets of which meet Σ in
arcs {a∗l }, {b∗l }, and c∗ such that a∗1 ∪ · · ·∪ b∗n is a simple closed curve meeting c∗ in
a single endpoint. We suppose further that this endpoint is a∗1 ∩ b∗n. Moreover, by
Proposition 2.3, the bridge splitting (S3, L2) = (B12, α12) ∪ (B23, α23) is standard,
and as such we may choose collections Δ12 and Δ23 of bridge disks for (B12, α12)
and (B23, α23) (possibly after relabeling components of the spine of T ) with the
following properties:

(1) {a∗l } ⊂ α∗
12 and {b∗l } ⊂ α∗

23, where α∗
ij = Δij ∩ Σ,

(2) α∗
12 ∪ α∗

23 is a collection of pairwise disjoint embedded closed curves in Σ,
and

(3) (α∗
12 ∪ α∗

23) ∩ int(c∗) = ∅.
Condition (3) is obtained by a standard cut-and-paste argument.

Following the proof of Lemma 3.3, we may construct a banded link (L, υ) such
that K = K(L, υ) by the following process: Let C1, . . . , Cm denote the components
of α∗

12 ∪ α∗
23 in Σ. After relabeling, we may suppose that C1 = a∗1 ∪ · · · ∪ b∗n. In

addition, we let b̂ denote the arc in α∗
23 which meets an endpoint of c∗ but is not

in C1 (there is precisely one such arc), and suppose C2 contains b̂. For each other

component Cl, fix an arc b̂l ∈ α∗
23. Now, let y∗ = α∗

23 \ {b∗n, b̂, b̂3, . . . , b̂m}, and let υ
be a collection of bands for L = α12 ∪ α31 induced by arcs y∗ ⊂ Σ with the surface
framing. By the proof of Lemma 3.3, (L, υ) is a banded link and K = K(L, υ).
Moreover, (S3, L, υ) = (B12, α12) ∪Σ,y∗ (B31, α31) is a banded bridge splitting we
label B.

We claim that B is stabilized. First, we note that by our choice of α∗
12, the bridge

sphere Σ is perturbed at the point a∗1 ∩ c∗, and by our choice of y∗ and α∗
23, the arc

c∗ does not meet any of the bands in y∗. It will be useful here to consider the bridge
sphere Σ as fixed, isotoping the link L and the arcs y∗. By an isotopy of L, we can
unperturb Σ to get a new bridge splitting (S3, L) = (B12, α

′
12) ∪Σ (B31, α

′
31). If

n = 1, then no arc of y∗ meets a∗1∪ c∗ and y∗ remains a collection of surface-framed
arcs dual to a set of shadows for α′

12; thus, the result is again a banded bridge
splitting and B is stabilized.

Otherwise, n > 1 and the only arc of y∗ meeting the arc a∗1 ∪ c∗ is b∗1, where b∗1
meets this arc at the endpoint of a∗1. Since y∗ does not meet the interior of a∗1 ∪ c∗,
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unperturbing Σ does not disturb the arcs y∗ (as shown in Figure 29). We need only
observe that there is a collection of shadows (α′

12)
∗ for α′

12 so that (α′
12)

∗ ∪ y∗ is a
collection of embedded arcs in Σ′. However, the only difference between this set and
the embedded arcs of α∗

12∪y∗ is that arc components of C1 and C2 have been joined
at their endpoints along c∗. It follows that (S3, L, υ) = (B12, α

′
12) ∪Σ,y∗ (B31, α

′
31)

is a banded bridge splitting, and B is again stabilized, completing the proof. �

7. Stable equivalence of bridge trisections

In this section, we show that there is a sequence of stabilizations and destabi-
lizations connecting any two bridge trisections of the same knotted surface K in S4.
For this, we will require several new concepts not yet discussed in this paper. The
first is a notion of bridge splittings for compact 1–manifolds embedded in compact
3–manifolds. The following definitions are closely related to the material presented
in Subsection 2.1.

Define a punctured 3–sphere to be any 3–manifold obtained from S3 by removing
some number of disjoint open 3–balls. Suppose that Σ is a 2–sphere, and define a
compression body C to be a product neighborhood Σ× [0, 1] of Σ with a collection
of 2–handles attached to Σ × {0}. Note that C is a punctured 3–sphere. (As an
aside, we also note that there is a more general definition of a compression body,
but this one will suffice for our purposes.) Let ∂+C denote Σ × {1} ⊂ ∂C and
∂−C = ∂C \ ∂+C. We say that a properly embedded arc in C is ∂+–parallel if it is
isotopic into ∂+C and vertical if it is isotopic to {x} × [0, 1] for a point x ∈ Σ. An
arc is trivial if it is vertical or ∂+–parallel.

We call a properly embedded 1–manifold T in a punctured 3–sphere B a tangle.
A bridge splitting for a tangle (B, T ) is defined as the decomposition

(B, T ) = (B1, α1) ∪Σ (B2, α2),

where αi is a collection of trivial arcs in the compression body Bi, and Σ = ∂+B1 =
∂+B2. We say that Σ is a bridge sphere for (B, T ). As above, an elementary
perturbation Σ′ of Σ is obtained by adding a canceling pair of ∂+–parallel arcs to
α1 and α2, and a surface Σ∗ which is the result of some number of elementary
perturbations performed on Σ is called a perturbation of Σ.

In Theorem 2.2 of [32], it is shown that any two bridge splittings for a link L in
S3 have a common perturbation. Although Theorem 2.2 is stated for B = S3, the
verbatim proof suffices in the case that ∂B, ∂T = ∅, and so we do not include it
here. See also [13].

Theorem 7.1 ([32]). Suppose that Σ1 and Σ2 are bridge splittings for a tangle
T in a punctured 3–sphere B. Then there is a bridge surface Σ∗ for T that is a
perturbation of both surfaces.

The other tool we will need in this section is a set of moves which allows us
to pass between any two banded link presentations of a knotted surface in S4.
The sufficiency of a natural set of moves was conjectured by Yoshikawa in [30]
and proved by Swenton [29] and Kearton-Kurlin [18]. The moves are most easily
understood by examining Figure 30. We give precise statements of their definitions
below. Although these definitions are cumbersome, they will help to streamline the
proof of Theorem 1.6. For each move, we replace a banded link (L, υ) with a new
banded link (L′, υ′).
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Figure 30. The banded link moves: The cup (top left), cap (top
right), band slide (bottom left) and band swim (bottom right).
Note that all of these moves represent isotopies of the correspond-
ing realizing surface K(L, υ).

• Cup: Let L′ be a split link consisting of L and an unknotted component J ,
and let υ′ be the union of υ and a trivial band connecting J to L.

• Cap: Let L′ = L, and let υ′ be the union of υ and a band υ∗ such that L′
υ∗

is a split link containing L and an unknotted component.
• Band slide: Let L′ = L. Suppose υ1 and υ2 in υ are described by framed
arcs y1 and y2 and that L contains an arc z connecting boundary points
of y1 and y2 which does not meet υ in its interior. Choose a framing on
z which is tangent to y1 and y2 at ∂z, so that the arc y1 ∪ z ∪ y2 has a
coherent framing. Let y′ be the pushoff of y1 ∪ z ∪ y2 along this framing.
Then y′ is a framed arc with ∂y′ ⊂ L, and we replace υ1 with a band υ′

corresponding to y′ to get a new banded link (L′, υ′).
• Band swim: Let L′ = L. Suppose υ1 and υ2 in υ are described by framed
arcs y1 and y2, and let z be a framed arc connecting a point in the interior
of y1 to a point in the interior of y2 so that the framing of z is tangent to y1
and y2 at ∂z and the framings of y1 and y2 are tangent to z at ∂z. Extend
the framing of z ∪ y2 to a 2-dimensional regular neighborhood N , and let
c be the curve boundary of N . Then y1 cuts c into c1 and c2, where c1 is
isotopic into y1. In y1, replace c1 with c2 to get a new framed arc y′, and
replace y1 with y′ to obtain a new banded link (L′, υ′).

The definition of band swim given above seems especially awkward; however, this
definition will become useful when all of the framed arcs included in the definition
are contained in a single surface with the surface framing, in which case the neigh-
borhood N and thus the arc constructed by the band swim are also contained in
the surface with the surface framing. See Figure 31.

Theorem 7.2 ([18,29]). If (L1, υ1) and (L2, υ2) are banded links corresponding to
two hyperbolic splittings of (S4,K), then there is a sequence of cup/cap moves, band
slides, and band swims taking (L1, υ1) to a banded link which is isotopic to (L2, υ2)
in S3.

Remark 7.3. The next theorem may be considered to be a type of Reidemeister-
Singer Theorem for bridge trisections. However, the Reidemeister-Singer Theorem
and its various analogues state that two splitting surfaces have a common stabi-
lization. This seems not to be the case for bridge trisections; rather, the proof of



BRIDGE TRISECTIONS OF KNOTTED SURFACES IN S4 7379

Figure 31. A band swim performed on surface framed arcs. Only
the arcs are pictured; the bands have been suppressed.

Theorem 1.6 reveals that to pass between two trisections T and T̂ of a knotted
surface K, it may be necessary to stabilize, destabilize, stabilize, destabilize, etc.
Likewise, we note that two elementary stabilizations of a bridge trisection T need
not be equivalent and also need not commute (for instance, their respective stabi-
lizing disks may intersect), so that the pair need not have a common elementary
stabilization.

Theorem 1.6. Any two bridge trisections of a given pair (S4,K) become equivalent
after a sequence of stabilizations and destabilizations.

Proof. Suppose that T and T̂ are two bridge trisections of (S4,K), and let B and

B̂ be banded bridge splittings for banded link presentations (L, υ) and (L̂, υ̂) of
(S4,K) induced by Lemma 3.3. By Theorem 7.2, there is a sequence of cup/cap
moves, band slides, and band swims taking (L, υ) to a banded link which is isotopic

to (L̂, υ̂) in S3. Thus, it suffices to show that each of these moves may be induced
by an appropriate sequence of bridge trisection stabilizations and destabilizations.

Since we will need to stabilize and destabilize the banded bridge splitting B nu-
merous times over the course of the proof, we will often abuse notation and preserve
that notation for B and its components despite that these do, in fact, change un-
der stabilization and destabilization. We use this convention to limit the unwieldy
notation that would result from giving each stabilization and destabilization of B
a distinct name.

Suppose first that (L, υ) is related to another banded link (L′, υ′) by a single cup
move, which may be performed in a small neighborhood of a point p ∈ L. Let B
be given by (S3, L, υ) = (B12, α12)∪Σ,y∗ (B31, α31). By definition of the cup move,
the point p is not contained in y∗. Generically, we may also assume that p /∈ Σ so
that p is contained in the interior of an arc a ∈ α12 or α13. If one of the endpoints
of a does not meet y∗, we may slide p along a into Σ. Otherwise, we may stabilize
B toward B12 or B31 at a point of ∂a, after which we may slide p into Σ. Now, in a
small neighborhood of p, we add an unlinked, unknotted component L0 in 1–bridge
position to L to get L′ and add a single unknotted surface-framed arc y0 connecting
L to L0 to the arcs y∗ to get a new collection y′ which yields the bands υ′. Let
a′12 be the arc L0 ∩ B12 and let a′31 = L0 ∩ B31. Letting α′

12 = α12 ∪ {a′12} and
α′
31 = α31∪{a′31}, we have (S3, L′, υ′) = (B12, α

′
12)∪Σ,y′ (B31, α

′
31) is also a banded

bridge splitting, which we denote B′.
Observe that B′ is not a stabilization of B as we have defined stabilization for

banded bridge splittings (since B and B′ are splittings for distinct banded links);
however, we will show that the bridge trisection T (B′) given by Lemma 3.2 is
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Figure 32. After isotopy, we may project z onto πg(z) ⊂ Σ avoid-
ing the bridge arcs α12 and α31.

a stabilization of T (B). Suppose that a spine of T (B′) is given by (B12, α
′
12) ∪

(B23, α
′
23)∪(B31, α

′
31). Then by construction, there are arcs a′12 ∈ α12 and a′31 ∈ α31

which have bridge disks with identical shadows, and these shadows intersect the
arc y′ in a single point, where y′ is the shadow of a bridge disk for an arc in α′

23.
This implies that T (B′) is 1–stabilized, and destabilizing results in canceling these
three arcs, yielding T (B). We conclude that any cup move may be achieved by a
sequence of bridge trisection stabilizations.

Next, suppose that (L, υ) is related to (L, υ′) being a single cap move, which
can also be assumed to be performed in a small neighborhood of a point p ∈ L,
where p /∈ ∂y∗. Possibly after stabilizing B, we may assume that p is contained
in arc a31 ⊂ α31. We may further stabilize B along both boundary points of a31,
stabilizing toward B12 if ∂a31 meets ∂y∗. After stabilizing, there are arcs a12 and
â12 in α12 such that a union of shadows a∗12∪a∗31∪ â∗12 is an embedded arc and ∂a31
does not meet ∂y∗. Let y0 = a∗31 and let y′ = y∗ ∪ {y0}. Then the surface-framed
arcs y′ induce the bands υ′, and the resulting bridge splitting is a banded bridge
splitting B′.

As above, B′ is not a stabilization of B under our rather narrow definition of
stabilization for banded bridge splittings. However, for the corresponding bridge
trisection T (B′), there is a triple of arcs in the three components of its spine, where
these arcs have shadows y∗, a∗31(= y∗), and a∗12. It follows that T (B′) is 1–stabilized,
and destabilizing cancels this triple of arcs, yielding the original bridge trisection
T (B).

Suppose now that (L, υ) is related to (L, υ′) by a single band swim given by a
framed arc z whose endpoints are interior points of surface-framed arcs y∗1 and y∗2 in
y∗. Let g : (S3, L) → R be a Morse function such that g−1(0) = Σ. We claim that
there is an isotopy of g which fixes y∗ and yields a stabilization of the banded bridge
splitting surface Σ such that the flow of g projects z onto a properly embedded
surface-framed arc z∗. As mentioned above, and as in the proof of Theorem 1.3,
we will abuse notation and let g and Σ denote the result of a specified isotopy.

Let πg(z) denote the projection of z to Σ given by the flow of g, where g has
been suitably isotoped so that this projection avoids the bridge arcs α12 and α31

as in the proof of Theorem 1.3 (see Figure 32). By stabilizing, we may remove
crossings of πg(z) and y∗i (Figure 33) and self-crossings of πg(z) (Figure 34), while
y∗i remains fixed.

Thus, after performing some number of stabilizations, we may assume that the
arc πg(z) is embedded in Σ. A priori, the framing of πg(z) may not agree with the
surface framing, but after stabilizing further, there is an isotopy which carries πg(z)
off of Σ and returns it with framing which winds once around the original framing.
See Figure 35. This may be achieved by an isotopy of g, and after a finite number
of repetitions, we may assume that z∗ = πg(z) is embedded in Σ with framing given
by Σ, and int(z∗) ∩ y∗ = ∅.
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Figure 33. By stabilizing, we may remove crossings of πg(z) with
the arcs y∗i .

Figure 34. We eliminate self-crossings of πg(z) by stabilizing.

Figure 35. By perturbing Σ and isotoping the arc πg(z), we may
change the framing of πg(z) induced by Σ.

If necessary, we next stabilize Σ near each point of ∂y∗1 , so that the arc y∗1 is
adjacent to two bridge disks Δ and Δ′ in α12 which do not intersect any other arcs
in y∗. Observe that none of the isotopies performed disturb the arcs y∗; hence, the
resulting decomposition B′, which we label (S3, L, υ) = (B′

12, α
′
12)∪Σ′,y∗ (B′

31, α
′
31),

is a stabilization of our original B. We may perform the band swim specified by z by
replacing y∗1 with a surface-framed arc y′1 as in Figure 31. We let y′ = y∗\{y∗1}∪{y′1},
and we let υ′ denote the set of bands for L induced by y′.

We claim that the decomposition B′′ given by (S3, L, υ′) = (B′
12, α

′
12) ∪Σ′,y′

(B′
31, α

′
31) is a banded bridge splitting. The only property we must verify is that

there is a set of shadows for α′
12 dual to y′, which is accomplished (as in the proof

of Theorem 1.3) by a standard cut-and-paste argument involving a set of bridge
disks yielding traces dual to y∗ and the disk arising from taking the frontier of
∂ν(Δ ∪ y′1 ∪Δ′) in B′

12.
Finally, we claim that the induced bridge trisections T (B′) and T (B′′) are iso-

topic. To see this, note that the band swim represents an isotopy of K which
takes place in a 4–dimensional regular neighborhood of y∗1 ∪ z∗ ∪ y∗2 . After pushing
y∗1 ∪ z∗ ∪ y∗2 slightly into the interior of B′

12 as in the proof of Lemma 3.2, we see
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Figure 36. We may perturb Σ near ∂y∗i and push y∗i off of and
back onto Σ so that z meets ∂y∗i via an arc in B12.

that, for the induced trisection T (B′), the band swim is realized by an isotopy
of D2 supported in int(X2), and thus the result is an isotopic bridge trisection.
We conclude in this case that band swims may be achieved by bridge trisection
stabilization.

The proof that band slides can be realized through stabilizations and destabi-
lizations mirrors the proof above for band swims; however, in this case, we require
both the stabilization and destabilization operations, and so the argument is more
complicated. Suppose that (L, υ) is related to (L, υ′) by a single band slide per-
formed along a framed arc z ⊂ L which connects arcs surface-framed y∗1 and y∗2 in
y∗. First, we may arrange so that z meets y∗1 and y∗2 via arcs contained in B12 as
follows: Stabilize Σ at both endpoints of ∂y∗i so that B12 contains bridge disks Δ1

and Δ2 which meet the arcs y∗ only in ∂y∗i , as shown in Figure 36. Then y∗i may
be pushed off of Σ, over Δ1 and Δ2, and back onto Σ via an isotopy which reverses
the direction of the framing, but which still results in y∗i ⊂ Σ having the surface
framing. We call this process flipping the framed arc y∗i , and we note that flipping
may be achieved by an isotopy of g.

Since z is a union of arcs in α12 and α31, we use the flow of g to project z onto an
immersed arc πg(z) ⊂ Σ away from the other arcs of α12 and α31. By the definition
of a band slide, the interior of z does not contain a boundary point of an arc in
y, and since we began with a banded bridge splitting, πg(z) meets y∗ only in its
endpoints. Thus, the projection has only possible self-intersections. We may get
rid of self-intersections by stabilizations as in Figure 34, so that after some number
of stabilizations, the arc πg(z) is embedded in Σ. It is possible that πg(z) has
framing which disagrees with the surface framing; however, after stabilizing further
as shown in Figure 35, we may arrange so that the framed arc z is isotopic to the
surface-framed arc πg(z) in Σ.

If not done already, stabilize Σ at the endpoints of y∗1 and y∗2 not contained in
z as shown at left in Figure 37. Since z meets y∗1 via arcs in B12, we have that gz
has n minima and n− 1 maxima for some n > 0. Furthermore, there is a collection
Δ ⊂ B12 of n bridge disks and a collection Δ′ ⊂ B31 of n − 1 bridge disks such
that (Δ ∪Δ′) ∩ Σ = πg(z). Thus, we may unperturb Σ precisely n− 1 times until
gz has a single minimum and no maxima; that is to say, z is a single arc in α12

isotopic to a surface-framed arc z∗ = πg(z) ⊂ Σ. In addition, our stabilizations of
Σ at ∂y∗i guarantee that each unperturbation remains a banded bridge splitting, so
that these unperturbations realize n− 1 destabilizations.

As above, none of the isotopies, stabilizations, and destabilizations disturb the
arcs y∗, and thus the result is a banded bridge splitting B′ which is stably equivalent
to our B. Now, we may perform the band slide of y∗1 over y∗2 along z so that the
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Figure 37. After perturbing Σ (left), we may perform the band
slide (middle) and flip the resulting band (right) to see that the
result of the slide is a banded bridge splitting.

resulting band y′1 is isotopic into Σ with the surface framing (ignoring y∗2). However,
this isotopy pushes a point of ∂y′1 onto a point of ∂y∗2 (as in the middle frame of
Figure 37). We resolve this issue by flipping y′1 (as in the right frame of Figure 37),
the result of which is a banded bridge splitting B′′ obtained by replacing y∗1 with
y′1 in y∗. Finally, as in the case for band swims, we claim that the trisections T (B′)
and T (B′′) are equivalent: By construction the band slide may be realized by an
isotopy of K supported in the interior of X2, and as such, it preserves the induced
bridge trisection.

So far, we have shown that all of the moves of Theorem 7.2 may be carried
out by stabilizing and destabilizing the banded bridge splitting B. Suppose now

that the banded links (L, υ) and (L̂, υ̂) for B and B̂ are isotopic in S3. Since the

corresponding bridge surfaces Σ and Σ̂ may be distinct, there is still work left to
do.

Once again, we remedy the situation by stabilizing. Let B be given by (S3, L, υ) =

(B12, α12) ∪Σ,y∗ (B31, α31) and let B̂ be given by (S3, L̂, υ̂) = (B̂12, α̂12) ∪̂Σ,ŷ

(B̂31, α̂31). We will consider the banded link (L, υ) to be fixed, so that (L,υ) =

(L̂, υ̂), and let T denote the tangle T = L \ ν(υ) in S3 \ ν(υ). Stabilize Σ enough
times so that each arc of α12 is incident to only one arc in y∗. Now, since the arcs y∗

are dual to a set of shadows for α12, pushing υ into the interior of B12 and removing
ν(υ) yields that Σ is a bridge surface for T in S3 \ ν(υ). Similarly, after sufficiently

many stabilizations, the surface Σ̂ becomes a bridge surface for T in S3 \ ν(υ) after
pushing υ into the interior of B̂12. By Theorem 7.1, there is a bridge surface Σ∗
for T in S3 \ ν(υ) which is a perturbation of both Σ and Σ̂. By gluing the bands
υ back into T , we may construct a banded bridge splitting B∗ with bridge surface

Σ∗ such that B∗ is a stabilization of both B and B̂.
We conclude that any two bridge trisections of K are related by a sequence of

stabilizations and destabilizations, as desired. �
7.1. Tri-plane moves. In this section, we use Theorem 1.6 to show that a calculus
of moves is sufficient to pass between any two tri-plane diagrams for a fixed knotted
surface K in S4.

Lemma 7.4. Suppose that P and P̂ are two tri-plane diagrams for equivalent bridge

trisections T and T̂ of a knotted surface K in S4. Then P and P̂ are related by a
sequence of interior Reidemeister moves and mutual braid transpositions.

Proof. If T and T̂ are equivalent bridge trisections, then their respective spines are

isotopic in S4. Thus, we may suppose that P and P̂ are tri-plane diagrams for a
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fixed bridge trisection T . In this case, there is a spine S = (B12, α12)∪ (B23, α23)∪
(B31, α31) for T and isotopic tri-planes E and Ê in S, projections onto which yield

P and P̂, respectively. Let E = E12 ∪ E23 ∪ E31 and Ê = Ê12 ∪ Ê23 ∪ Ê31. Then

for each pair (i, j) of indices, there is an isotopy taking Eij to Êij , and these three
isotopies agree on Σ.

Therefore, we may change our perspective further: Instead of fixing the tangles
and moving the tri-plane, we could just as well fix the tri-plane and move the
tangles. Thus, suppose that αij is isotopic to α̂ij in Bij , where the three isotopies
agree on Σ and the three projections of α̂ij onto Eij induce the tri-plane diagram

P̂. We will let Γ denote α12 ∪ α23 ∪ α31 as an abstract topological 1–complex, and
let V ⊂ Γ denote the 0–skeleton of Γ; that is, the points ∂α12 = ∂α23 = ∂α31. By
the discussion above, there is a continuous family of embeddings ft : Γ ↪→ S such
that f0(Γ) = α12 ∪ α23 ∪ α31, f1(Γ) = α̂12 ∪ α̂23 ∪ α̂31, and ft(V ) ⊂ Σ for all t.

We may also assume that αij and α̂ij meet Σ in the same set of points, which
are contained in the equator e = ∂Eij of the tri-plane E. This implies that f0(V ) =
f1(V ), so that ft|V is a loop in the configuration space of 2b points; that is, the
restriction of ft to V is a braid σ of 2b points in Σ. Let gt : Γ → S be a continuous
family of embeddings that agrees with ft on Σ and is the constant map gt(Γ) =
α12 ∪ α23 ∪ α31 away from a small neighborhood of Σ, so that g0(Γ) = f0(Γ). In
addition, let Γij ⊂ Γ such that g0(Γij) = αij , and let α′

ij = g1(Γij). Then there is
a tri-plane diagram P ′ given by the projection of α′

ij to Eij such that P and P ′ are
related by a sequence of mutual braid transpositions (namely, σ).

Finally, let ht = −gt + ft. More specifically,

ht =

{
g1−2t if t ∈ [0, 1/2],

f2t−1 if t ∈ [1/2, 1].

The restriction of ht to V is isotopic to the identity in Σ, and thus there is an isotopic
family of embeddings h∗

t such that h∗
0 = h0 = g1, h

∗
1 = h1 = f1, and h∗

t restricted to
V is the identity. As such it follows that α′

ij is isotopic to α̂ij rel boundary, which

implies that P ′
ij is related to P̂ij by a sequence of interior Reidemeister moves.

We conclude that P and P̂ are related by mutual braid transpositions and interior
Reidemeister moves, as desired. �

Theorem 1.7. Let P and P̂ be two tri-plane diagrams for a knotted surface K ⊂ S4.

Then P and P̂ are related by a sequence of tri-plane moves.

Proof. Let T and T̂ be the bridge trisections corresponding to P and P̂. By

Theorem 1.6, T and T̂ are stably equivalent. Thus, it suffices to show that if T
and T̂ are related by a single stabilization or destabilization, then P and P̂ are
related by a sequence of tri-plane moves.

Following the discussion in Section 6, a stabilization or destabilization of T
may be carried out diagrammatically; that is, there are tri-plane diagrams P ′ and

P̂ ′ for T and T̂ , respectively, so that P ′ is related to P̂ ′ by a stabilization or
destabilization move. As P and P ′ are diagrams for the same bridge trisection
T , Lemma 7.4 asserts that they are related by interior Reidemeister moves and

mutual braid transpositions. Similarly, P̂ ′ is related to P̂ by interior Reidemeister

moves and mutual braid transpositions. Therefore, we may pass from P to P̂ by a
sequence of tri-plane moves, as desired. �
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