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A CLASSIFICATION OF FINITE ANTIFLAG-TRANSITIVE
GENERALIZED QUADRANGLES
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ABSTRACT. A generalized quadrangle is a point-line incidence geometry Q
such that: (i) any two points lie on at most one line, and (ii) given a line
¢ and a point P not incident with ¢, there is a unique point of ¢ collinear
with P. The finite Moufang generalized quadrangles were classified by Fong
and Seitz [Invent. Math. 21 (1973), 1-57; Invent. Math. 24 (1974), 191-239],
and we study a larger class of generalized quadrangles: the antiflag-transitive
quadrangles. An antiflag of a generalized quadrangle is a nonincident point-
line pair (P, ¢), and we say that the generalized quadrangle Q is antiflag-
transitive if the group of collineations is transitive on the set of all antiflags.
We prove that if a finite thick generalized quadrangle Q is antiflag-transitive,
then Q is either a classical generalized quadrangle or is the unique generalized
quadrangle of order (3,5) or its dual. Our approach uses the theory of locally
s-arc-transitive graphs developed by Giudici, Li, and Praeger [Trans. Amer.
Math. Soc. 356 (2004), 291-317] to characterize antiflag-transitive generalized
quadrangles and then the work of Alavi and Burness [J. Algebra 421 (2015),
187-233] on “large” subgroups of simple groups of Lie type to fully classify
them.

1. INTRODUCTION

A generalized n-gon (polygon) is a geometry of points and lines whose incidence
graph has girth 2n and diameter n. Alternatively, a generalized n-gon is an ir-
reducible spherical building of rank 2. If we reverse the role of points and lines
of a generalized n-gon, then we obtain another generalized n-gon, its dual. We
say a generalized n-gon is thick if every vertex of the incidence graph has valency
at least 3. By a result of Feit and Higman [14], a thick generalized n-gon has
n € {2,3,4,6,8}. For n = 2, the incidence graph is nothing more than a complete
bipartite graph, and a generalized 3-gon is precisely a projective plane. In this
paper, we will be primarily concerned with generalized 4-gons (quadrangles), and
we classify the finite generalized quadrangles having an automorphism group that
acts transitively on antiflags, that is, nonincident point-line pairs.

Theorem 1.1. Let Q be a finite thick generalized quadrangle and suppose G is a
subgroup of automorphisms of Q acting transitively on the antiflags of Q. Then
Q s isomorphic to a classical generalized quadrangle or to the unique generalized
quadrangle of order (3,5) or its dual.

Received by the editors April 16, 2016 and, in revised form, May 14, 2016.

2010 Mathematics Subject Classification. Primary 51E12, 20B05, 20B15, 20B25.

The first author was supported by an Australian Research Council Future Fellowship
(FT120100036).

This paper forms part of an Australian Research Council Discovery Project (DP120101336)
that supported the third author during his time at The University of Western Australia.

©2017 American Mathematical Society

1551


http://www.ams.org/tran/
http://www.ams.org/tran/
http://dx.doi.org/10.1090/tran/6984

1552 JOHN BAMBERG, CAI HENG LI, AND ERIC SWARTZ

This result relies on the Classification of Finite Simple Groups [20] and ex-
tends the well-known results both of Fong and Seitz [I5] and of Buekenhout and
Van Maldeghem [7.[8]. By the deep result of Fong and Seitz [15], the finite general-
ized polygons satisfying a symmetry property known as the Moufang condition are
precisely the known generalized polygons arising from simple groups of Lie type.
The Moufang condition has a group theoretic counterpart known as a split (B, N)-
pair: a (B, N)-pair of rank 2 such that there exists a normal nilpotent subgroup U
of B with B=U(BNN).

Ostrom and Wagner [30,[31] proved that if a group G of automorphisms of a
projective plane II of order ¢ acts transitively on the antiflags of II, then II is
Desarguesian and PSL3(¢) < G. The incidence graph T' of a generalized n-gon
has diameter n, and hence for n > 4, the automorphism group of I' cannot act
antiflag-transitively since there are nonincident lines at distinct distances from a
given point. So Theorem [[1] gives a complete classification of finite generalized
n-gons having a group of automorphisms G acting antiflag-transitively on their
incidence graphs, although we should note that a more natural generalization for
n > 4 would be transitivity on point-line pairs at maximal distance.

There are two notable generalizations of the result of Fong and Seitz [15] that
are due to Buekenhout and Van Maldeghem [7,[8]. They classified the generalized
polygons that are point-distance-transitive and those that are geodesic-transitive.
For generalized quadrangles, these results can be reinterpreted using the language
of local symmetry; their results imply the classification of the finite generalized
quadrangles whose incidence graphs are locally 4-arc-transitive. An s-arc of a
graph T is a sequence of vertices (g, a1, ..., as) such that a;_; is adjacent to oy
and a;—1 # ayqq for all 0 < ¢ < s. The graph I' is locally s-arc-transitive with
respect to G < Aut(T") if for each vertex v € VT, the group G, acts transitively
on the set of s-arcs originating at v. In this language, a generalized quadrangle is
Moufang if it satisfies:

For each 2-path (vg,v1,vs), the group GLIO] N GLll] N GLl,J acts transi-
tively on I'(vg) \ {v1}.

(If the reader is unfamiliar with the above notation, then we refer to section [3] for
the necessary background.) We will be considering a much weaker condition — lo-
cal 3-arc-transitivity — which is equivalent to transitivity on antiflags (Lemma [B1))
for generalized quadrangles. It is not difficult to see that every Moufang general-
ized quadrangle is locally 3-arc-transitive; the converse does not hold, however. A
counter-example is the unique generalized quadrangle of order (3,5) and its dual
which arise from the construction Ty (O) (see [32] §3.1.3]) where O is a regular
hyperoval of the projective plane PG(2,4) of order 4. Its full automorphism group
is isomorphic to 26 : (3.44.2) and it acts locally 3-arc-transitively.

By the definition of a generalized quadrangle, each antiflag determines a unique
flag, and hence antiflag-transitivity implies flag-transitivity. Kantor [23] conjec-
tured that the finite flag-transitive generalized quadrangles are known, and our
result gives some evidence for the validity of this conjecture. All of the classical
generalized quadrangles are flag-transitive, and there are only two other examples
known up to duality: the unique generalized quadrangle of order (3,5) and a gen-
eralized quadrangle of order (15,17), the Lunelli-Sce quadrangle, obtained by the
construction Ty (£) where £ is the Lunelli-Sce hyperoval of the Desarguesian pro-
jective plane PG(2,16) of order 16. The latter example is not antiflag-transitive,
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and hence Kantor’s Conjecture simplifies: a finite flag-transitive generalized quad-
rangle that is not antiflag-transitive is isomorphic to the Lunelli-Sce quadrangle or
its dual.

The strategy for proving the main result of our paper is summarized as follows.
Let T" be the incidence graph of a finite thick generalized quadrangle Q, and let G
be a locally 3-arc-transitive group of automorphisms of T'.

e We prove (Theorem (1)) that G acts quasiprimitively on at least one of the
set of points or the set of lines of Q.

e It is shown (Theorem F3]) that if G acts primitively on points but imprim-
itively on lines, then @ is isomorphic to the unique generalized quadrangle
of order (3,5).

e We then establish that apart from the above case, we have G acting prim-
itively on both points and lines of almost simple type (Lemma 4] and
Theorem [.3]).

e The stabilizer of a point P is then shown to be a large subgroup of G
(Corollary 7)), and we use the characterization of large subgroups of simple
groups of Lie type by Alavi and Burness [I] to determine possibilities for
G and Gp.

2. FINITE GENERALIZED QUADRANGLES

In this section we give the necessary background on finite generalized quadran-
gles. For a far more thorough treatment of the combinatorics of finite generalized
quadrangles, see [32]. Throughout this paper, we will let @ = (P, L) denote a finite
generalized quadrangle with point set P and line set L.

2.1. Parameters of generalized quadrangles. A generalized quadrangle Q is
said to have order (s,t) if every line is incident with s+ 1 points and every point is
incident with ¢ + 1 lines. The following lemmas summarize some basic results con-
cerning the parameters s and ¢, where Q = (P, £) is a finite generalized quadrangle
of order (s,t) with s,¢ > 1.

Lemma 2.1 ([32] 1.2.1, 1.2.2, 1.2.3, 1.2.5]). The following hold:
(i) IP|=(s+1)(st+1) and |L] = (t+ 1)(st + 1);
(ii) s+t divides st(s+ 1)(t +1);
(iii) t < 8% and s < t%;
(iv) if s <t2, then s <t? —t, and if t < %, then t < s% — s.
Lemma 2.2. Let G be a group that is transitive on both P and L. Then, for P € P
and l € L,
s+1 . |G4|
t+1  |Gp|
Proof. Using Lemma [271](i), we see that
s+1  (s+1)(st+1) @ |G Gp| |Gy
t+1 (t+1)(st+1) |Z| |G: Gy |Gp|’
as desired. O

Lemma 2.3. Assuming s < t, the following inequalities hold:
(i) t+1)2<|P| < (t+1)3,
(i) s?(t+1) < |P| < s(t+1)%.
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Proof. To show (i), we use Lemma 2.1)i) and (iii):
t+1)2 <4 (2 4+t2)+1=(t2 +1)(t? +1) < (s + 1) (st + 1)
=|P| <+ 1) +1) < (t+1)>%
The proof of (ii) is similar:
S2t+1) =82t +s> < s’t+st+s+1=|P|<st?+st+st+s=s(t+1)>
0

2.2. The known examples. Here we provide data on the known examples of
antiflag-transitive generalized quadrangles which enable us to quickly identify them.
During the course of this paper, we will be considering an almost simple group G
and a maximal subgroup H that will serve as a point stabilizer in a primitive
action. For most of the known examples, the action of G on the right cosets of H
has permutation rank 3 and the generalized quadrangle can be readily identified.
We will elaborate below.

For a group G and a subgroup H of G, the group G acts on {Hg | g € G}
by right multiplication, and the kernel of the action is the core gec H? of H in
G. Let G be a group with A and B proper subgroups of G. The coset geometry
Cos(G; A, B) has point set {Az | € G} and line set {By | y € G} such that a
point P := Az and a line ¢ := By are incident if and only if Az N By # @. In
particular, G is a flag-transitive group of automorphisms of this geometry and we
have the following converse:

Lemma 2.4 ([22] Lemma 1]). Let G be a geometry of points and lines, and let G <
Aut(G). Then G acts transitively on the flags of G if and only if G = Cos(G; A, B)
where A is the stabilizer of a point P and B is the stabilizer of a line £ incident
with P.

Hence, if G acts flag-transitively on a generalized quadrangle Q, then we can
recognize the isomorphism type of Q by knowing the triple (A, B, AN B). In the
case that G is a primitive permutation group of rank 3 on the points of Q, we
only need to know the stabilizer of a point or line to establish the type of Q,
since the rank 3 primitive actions of the classical groups were classified by Kantor
and Liebler [24]. Moreover, the finite classical generalized quadrangles are precisely
those admitting a rank 3 primitive group on their points (see also [23] p. 252]). The
infinite families of finite generalized quadrangles associated with classical groups are
known as the classical generalized quadrangles. In each case, the full collineation
group — i.e., automorphisms sending points to points and lines to lines, preserving
incidence — is a classical group, and the point and line stabilizers are maximal
parabolic subgroups of the appropriate index (the point/line incidence structure
corresponds to the incidence of totally singular subspaces). The classical generalized
quadrangles are briefly summarized in Table [l The notation soc(G) denotes the
socle of a group G, which is the product of the minimal normal subgroups of G.
We write £ (and sometimes just ¢*) for the elementary abelian group of order ¢*
(where ¢ is a prime power), and we write Eg“‘b (and sometimes just ¢®*?) for a
special group of order ¢®** with center of order ¢%. If we do not need to specify
the structure of a subgroup, we will sometimes write [n] to denote an undetermined
subgroup of order n.
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TABLE 1. The classical generalized quadrangles given by certain
rank 3 classical groups.

Q ‘ Order ‘ soc(G) ‘ Point stabilizer in soc(G)
W(3,9), g odd | (g,9) | PSps(a) | By (GL1(q) o Spy(a))
W(saQ)7 q even (q7q) Sp4(Q) Eg . GL2( )
Q.q).godd | (2.0) | PRsle) | Ej: <<<qg” X 23(0)-2)

- 2 - 4
H(3, %) (¢.q) | PSUs(q) | E}*: (s : gcdq(qﬁl 5)
H(L, ) (¢%0°) | PSUs(@) | EX*: (SUs(a) : ooy )
H(4,¢%)P (¢°,¢%) | PSUs(q) | E;™" : GLa(q?)

The classical generalized quadrangles come in dual pairs: W(3,¢q) is isomorphic
to the dual of Q(4, q), Q (5, q) is isomorphic to the dual of H(3, ¢?), and H(4, ¢*)”
denotes the dual of H(4, ¢?).

We will also make use of the following classification of small generalized quad-
rangles.

Lemma 2.5 ([32] §6]). Let Q be a finite generalized quadrangle of order (s,t).

(i) If (s,t) = (2,2), then Q is isomorphic to W(3,2).
(i) If (s,t) = (2,4), then Q is isomorphic to Q™ (5,2).
(iii) If (s,t) = (3,3), then Q is isomorphic to W(3,3) or Q(4,3).
(iv) There is (up to isomorphism) a unique generalized quadrangle of order

(3,5).

Apart from a single exception, the only known finite generalized quadrangles
that are antiflag-transitive are the classical generalized quadrangles. The lone ex-
ception (along with its dual) is the unique generalized quadrangle of order (3, 5) [11],
henceforth referred to as GQ(3,5). In this case, the collineation group is isomorphic
to 20:(3.46.2), the stabilizer of a point is isomorphic to 3.44.2, and the stabilizer
of a line is isomorphic to (As x A4).2. It should be noted that GQ(3,5) is point-
distance-transitive [8], but it is not line-distance-transitive. Indeed, GQ(3,5) is the
only known example of a finite generalized quadrangle that is antiflag-transitive
but not Moufang.

3. PERMUTATION GROUP THEORY AND GRAPH SYMMETRY

In this section we review the permutation group theory and graph symmetry
results necessary for this paper. For a more complete discussion of these notions,
the reader is referred to [I7]. Let the group G act on the set €, and let w € Q.
We denote the G-orbit of w by w, and we refer to the stabilizer of w in G by G.,.
Given a set X C 2, the subgroup of G that fixes 3 setwise is denoted by Gy and
the subgroup of G that fixes every element of ¥ is denoted by G x).

An automorphism of a graph I is a permutation of the vertices that preserves
adjacency and nonadjacency. The set of all automorphisms of a graph I' forms a
group and is denoted by Aut(T"). Let « be a vertex of a graph ', and let G < Aut(T).
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We denote the vertices adjacent to a in I' by I'(«), and the permutation group

induced by G,, on I'(«) will be denoted by GL) . For any two vertices «, 5 of ', we
define the distance function d(a, 8) to be the length of the shortest path between
a and B in I'. Given a natural number ¢, we define

G([};] ={g € G| B9 =0 for all § satistying d(a, 5) < i}.

Note that G[al] is a normal subgroup of G, and GE‘“) = Ga/G[al].

An s-arc of a graph I" is a sequence of vertices (ag, o, ..., as) such that a;_1
is adjacent to a; and ;1 # «a;41 for all 0 < i < s. Note that vertices can be
repeated as long as a;_1 # ;11 for all 0 < ¢ < s. Given a subgroup G < Aut(T"), T
is (G, s)-arc-transitive if T’ contains an s-arc and any s-arc in I' can be mapped to
any other s-arc in I" via an element of G. The graph is locally (G, s)-arc-transitive
if I' contains an s-arc and, for any vertex « of I', any s-arc starting at « can be
mapped to any other s-arc starting at « via an element of GG. In the cases that such
a group G exists, the graph I is said to be s-arc-transitive or locally s-arc-transitive,
respectively. Note that it is possible for a graph to be locally (G, s)-arc-transitive
but for G to be intransitive on the set of vertices. (As an example, one could take
the complete bipartite graph Ks 3 with G the full automorphism group.) On the
other hand, when T is locally (G, s)-arc-transitive and every vertex in I' is adjacent
to at least two other vertices, G is transitive on the edges of I". By definition, a
locally (G, 3)-arc-transitive graph is locally (G, 2)-arc-transitive. It is easily seen

that a graph T is locally (G, 2)-arc-transitive if and only if Gl,;(a) is a 2-transitive
permutation group for all vertices a.

Let I" be a graph with a group of automorphisms G. If G has a normal subgroup
N that acts intransitively on the vertices of T', define the (normal) quotient graph
I'y to have vertex-set the N-orbits of vertices of I', and two N-orbits X1 and Yo
are adjacent in 'y if and only if there exist vertices @ € ¥ and 8 € X5 such that
« is adjacent to 8 in T'. Giudici, Li, and Praeger [I7] showed that if T is a locally
(G, s)-arc-transitive graph, then I'y is a locally (G/N, s)-arc-transitive graph unless
I'y is a star.

A transitive group G acting on a set ) is called quasiprimitive if every non-
trivial normal subgroup N of G is transitive on (). Indeed, the nontrivial normal
subgroups of any primitive group are transitive, and hence primitive groups are
quasiprimitive. Locally s-arc-transitive graphs with a group of automorphisms act-
ing quasiprimitively on at least one orbit of vertices have been studied extensively;
see [12], [13], [I7), [18], [1I9], [271, [35].

A generalized quadrangle Q = (P, L) is called locally (G, 2)-transitive if for each
P € P and each ¢ € L, the stabilizer Gp is 2-transitive on the lines which are
incident with P and Gy is 2-transitive on the points which lie on . A generalized
quadrangle being locally (G, 2)-transitive is equivalent to its incidence graph being
locally (G, 2)-arc-transitive by [I7, Lemma 3.2]. Observe that for an antiflag (P, ¢)
in a generalized quadrangle, there is a unique 3-arc between P and ¢, since by the
definition of a generalized quadrangle there is a unique point on ¢ collinear with P.
We thus have the following conclusion.

Lemma 3.1. Let I' be the incidence graph of a generalized quadrangle G, and
G < Aut(G). Then G is G-antiflag-transitive if and only if T is locally (G,3)-
arc-transitive. In particular, an antiflag-transitive generalized quadrangle is flag-
transitive and locally 2-transitive.
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Let I' be a connected G-edge-transitive graph. For vertices ag, a1, ..., q, let
Gl =Gl ncln...ncll

The following simple lemma was first obtained in [34], showing that some infor-

mation of (G, Gg,Gap) can be obtained from the permutation groups GE(O‘)

r(9)
G

and
. For completeness, we give a proof here.

Lemma 3.2. Let T' be a connected graph, and let G < Aut(T") be transitive on the
edge set. Let {a, B} be an edge of r. Then each composition factor of G, is a
composition factor of Ga'®, Ggg , or G . Moreover, if |[T'(a)| = |T(8)|, then
IT(a)| is at least as large as the smallest permutatz'on degree of any composition

factor of G.

Proof. Since G < Aut(T") and I is connected, there exists a path ap = o, a1, ...,
such that Gg(],alma,, = 1. Thus we have

1=Gl, . <G

1 1
Mo W ey <Gl acll =6l aq,.

[e71es ]

Suppose that T is a composition factor of G,. Then there exist subgroups M <
N <1 <G, such that T~ N/M. If T is a composition factor of Gg(a), then we are
done.

We thus assume next that T is not a composition factor of GE(“). Then T is a
composition factor of GQ] since Gr(a) =~ Ga/GE]. Let ¢ be the largest integer such

that N Ggf])al NeT Then N % GOtoOé1 and

Q41

NGl cl

Qoo ...0G41 /Gaoal SOG4l < Gaoal Ne?) / Qo ... 041"
. .. 1] 1] .
So T is a composition factor of Ga0a1'~-ai/GaOa1-uai+1' Since

elty! " /G

Qo .

~ (il lait1) T(ait1)
(G ) G

Qo1 ...Qj41 QoQay...x Q041 ?

Tis a comp051t10n factor of Ga. ajﬁ). Further, as G is edge-transitive on I', we

have Galalﬂ is isomorphic to G O‘) or GF(’B)

So T is a composition factor of Gggg ) or Gl;gl). It follows that T has a faithful

permutation representation on a set of size |I'(a)| or |I'(8)|. Thus an orbit of T is
not bigger than |I'(a)| or [T'(5)]. O

For locally 2-arc-transitive graphs, the unsolvable composition factors of the
stabilizers are determined in the following lemma.

Lemma 3.3. Let T be locally (G, 2)-arc-transitive, and let {c«, 5} be an edge. Then
the following statements hold.

(i) Any composition factor of G, that is not solvable is one of the following
groups: A, PSLy(q), PSUs(q), PSp,(q), PQE(2), Sz(q), Ree(q), Ga(q),
HS, Cosz, McL, or My where k € {11,12,22,23,24}.

(ii) If PQE(2) with n = 2m > 8 is a composition factor of Gup, then PSp,,(2)
is a composition factor of Go or Gg.

(ili) For n > 3, PSU,(q) is not a composition factor of Gog unless (n,q) =
(3,3).
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Proof. Let T be an unsolvable composition factor of the stabilizer G,,. By Lemma
B2 T is a composition factor of GE(“), Gl;(;), or Gg(ﬁﬁ). Since I is locally (G, 2)-
arc-transitive, both GE(C” and GZ(’B ) are 2-transitive. Inspecting the 2-transitive
permutation groups and their stabilizers [28], Table 2.1], we conclude that S lies in
the list in part (i).

Now suppose that S = Pfo (2) is a composition factor of Go3. Then T appears
as a composition factor of the stabilizer of the 2-transitive group GE(“) or Gg(ﬁ )
with socle PSp,,(2). This proves part (ii).

The statement of part (iii) follows from an inspection of the Classification of
Finite 2-Transitive Groups [9, Tables 7.3 and 7.4]. O

4. A CHARACTERIZATION OF ANTIFLAG-TRANSITIVE
GENERALIZED QUADRANGLES

Throughout this section we will assume that @ = (P, L) is a thick finite gener-
alized quadrangle of order (s,t) with incidence graph I'. Abusing notation slightly,
we will also refer to the biparts of the bipartite graph I" as P and L. If S is a set of
points, then S+ is the set of all points at distance 0 or 2 from every point of S (in
the collinearity graph). Recall from Lemma B.1] that a generalized quadrangle Q
having a group of collineations G that acts transitively on antiflags is equivalent to
the incidence graph T" being locally (G, 3)-arc-transitive. Hence we will use the con-
ditions of G-antiflag-transitivity and local (G, 3)-arc transitivity interchangeably in
this section.

Theorem 4.1. If T is locally (G, 3)-arc-transitive for some group of collineations
G, then G acts quasiprimitively on P or L.

Proof. Assume that G is a group of collineations of Q such that I" is locally (G, 3)-
arc-transitive. We will show first that every normal subgroup of G is transitive on
either P or L. Suppose that G contains a normal subgroup N that is intransitive
on both P and £. By [I7, Lemma 5.1], N acts semiregularly on both P and L.

Let ¢Y,..., X be the orbits of N on L, where ¢1,...,¢, € L. Let P € P.
Since T is locally (G, 3)-arc-transitive, Gp is 2-transitive on I'(P), and so for each
1, P has at most one neighbor in the orbit va . Without loss of generality, we may
assume that P is incident to £ € /Y. Let 1 # n € N. Since P is incident with /,
we have that P is not incident with ¢™. Since T is of girth 8, there exists a unique
3-arc beginning at P and terminating at ¢”. On the other hand, since |€§V| > 1
where 1 < j < k, for some m € Z;V , there exists a unique 3-arc beginning at P and
terminating at m. Since T is locally (G, 3)-arc-transitive, there exists g € Gp such
that m9 = ¢*. This implies that P is incident with the line m9" 9 ' € 5. Hence
P is incident with exactly one line in each orbit, which means that k¥ =t + 1 and
|N| = st + 1. In particular, for any P € P, PV is an ovoid and the point set P is
a union of ovoids.

Fix a flag {P,¢} and let (P,¢, P1,¢1) and (P,¢, Py, ¢5) be two 3-arcs beginning
with the arc (P,¢). Neither ¢; nor {5 can be incident with P since T" has girth 8.
On the other hand, both ¢; and ¢, must be incident with a point in PV. They
cannot be incident with the same point since the girth of I" is 8. Since there are

LAn ovoid of a generalized quadrangle Q is a set S of points such that every line of Q is
incident with exactly one element of S.
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exactly st 3-arcs beginning with the arc (P,f) and st points in PN\{P}, for any
n € N, there exists a unique 4-arc beginning with the arc (P,¢) and ending at
P™. Note further that if (P, ¢, Py, {y) is the unique 3-arc such that P™ is incident
with £y, we have that (P,¢, Py, ¢y, P, 0", ... ,6871) is a cycle of length 4k, where
k is the order of the element n. (Since N acts semiregularly on both P and L,
P =P o = Py = Py, and £ = ¢3 all imply that n* = n’.) This
cycle is completely determined by the choice of 3-arc (P, ¢, Py, {y), and, since T is
locally (G, 3)-arc-transitive, every such cycle must have the same length. However,
this means that every nonidentity element of N has the same order. Hence |N| = p?
for some prime p and some integer d.

Now, fix a point P and another point P™ in the orbit PV. By the arguments
in the previous paragraph, for each line ¢; incident with P, there is a unique point
P; and line ¢, such that (P,¢;, P;,¢;, P") is a 4-arc, and, since the girth of I" is 8,
the P; are pairwise distinct. Hence the only points at distance 0 or 2 from both
P and P™ are {P1, Ps,..., P11} and hence (P, P™) is a so-called regular pair (see
[32, §1]). By the dual argument, we also obtain a regular pair of nonconcurrent
lines. By [32, 1.3.6(i)], if Q has a regular pair of noncollinear points and s > 1,
then ¢ < s. Hence s = t. By [32], 1.8.5], since the generalized quadrangle Q of order
s has a regular pair of noncollinear points and the point set P can be partitioned
into ovoids, s must be odd. Since st +1 = s> +1 = |N| = p? and s is odd, we have
that p = 2 and s> + 1 = 2. On the other hand, if d > 2, then we have that s =
(mod 4), a contradiction. Hence d = 1 and s = 1, a final contradiction. Therefore,
if T is locally (G, 3)-arc-transitive, then every normal subgroup N of G is transitive
either on P or on L.

Finally, [I7, Lemma 5.4] gives us immediately that G acts quasiprimitively on
at least one of P or L. ]

Remark 4.2. We remark that Theorem 1] does not depend on the Classification of
Finite Simple Groups [20], whereas the following result does depend on the CFSG.

Theorem 4.3. Let G be a group such that T is locally (G, 3)-arc-transitive. Assume
that G acts quasiprimitively on P but does not act primitively on L. Then Q is
isomorphic to GQ(3,5).

Proof. Let B = {¥1,X2,...,%,,} be a nontrivial block system of G on L, and let
K = Gy be the kernel of G acting on B. Let P € P. Since Gp is primitive on
T'(P), P has at most one neighbor in each ;. Without loss of generality, we may
assume that |[I'(P) N X1] = 1, and, since B is a nontrivial block system, for each
i there exists ¢; € %, such that (P,¢) is an antiflag. Let £ € T'(P) N ¥;. Since
T is locally (G, 3)-arc-transitive, there exists g; € Gp such that (P, ¢})% = (P,0}).
This implies that ¢9¢ € 3; is incident with P, and hence |[T'(P) N %¥;| = 1 for
each 7 and |B| = t + 1. Moreover, Gp is thus 2-transitive on B and G% is a 2-
transitive permutation group. We let I'(P) = {{1,..., 041}, where ¢; € ;. Each
¥; necessarily must have the same size, and so |X;| = |£|/(t+1) = st+ 1. Since Gp
is transitive on L\I'(P), (Gp)x, is transitive on X;\{¢;}. Since I'(P) N E; = {{;},
it follows that (Gp)s, = (Gx,)p < (Gx,)e,. Thus (Gx,)e, is transitive on 3,;\{¢;}
and the block stabilizer Gy, is 2-transitive on the block ¥;. Hence we have shown
that the following hold:

(i) |B| =t + 1, and GB is 2-transitive;

(ii) |2 = st + 1, and Gy’ is 2-transitive for 1 <4 <t 4 1;

i
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(iii) for P € P, the intersection I'(P) N ¥; contains exactly one element for
I<i<t+ 1L

We now show that G7 is an affine group; i.e., G has a unique elementary abelian
minimal normal subgroup that acts regularly on the point set P. Suppose first that
K = 1. Since GB = G/K, this implies that G is a 2-transitive permutation group.
If G is an affine 2-transitive group, then we are done. Otherwise, G is an almost
simple group with a faithful 2-transitive representation on ¢ + 1 elements, and the
stabilizer Gx, is 2-transitive on 3; with degree st + 1. Looking at the possibilities
for G (see [9) Table 7.4]), the only possibility with s > 1 is soc(G) & As, Gy = Az,
and st + 1 = 15. However, this implies that s> = 4 < 7 = ¢, a contradiction.

We may thus assume that K # 1 and assume further that G” is not affine. Let M
be a minimal normal subgroup of G contained in K. Then M is nonabelian. Since
M?¥i is a (minimal) normal subgroup of the 2-transitive permutation group Gg,
we conclude that Gg is almost simple and that M>i is a simple group. Suppose
that M(x,) # 1. Then M ) has a nontrivial action on some ; and M(Zil) is thus

a nontrivial normal subgroup of M>¢, which implies that M, (=) is transitive on ;.
However, for a given ¢ € X1, there are exactly s+ 1 < st +1 lines in ¥; that meet ¢
in a point, and M(x,) cannot be transitive on ¥;, a contradiction. Thus M(x,) = 1,
and hence for all i, M*> is a simple group. That is to say, the quasiprimitive
permutation group G = G¥ has a normal subgroup T = M7” which is nonabelian
simple. Therefore, either

(a) Cer(T) =1, and G7 is almost simple, or

(b) Cqr(T) =T, and soc(G) =T x T.

Suppose that G is almost simple. Then G /M is a subgroup of Out(M) and has
a 2-transitive permutation representation representation of degree t+1, and Gy, is
2-transitive on X1 of degree st + 1 <t 4+ 1. By the Classification of Finite Simple
Groups, this is not possible.

The latter case thus occurs. Since Gy, > K > T and Gy, is a 2-transitive
permutation group of ¥; of degree st + 1, and G/K is a 2-transitive permutation
group on B of degree t 4+ 1, we have that Gy, and G/K have isomorphic socle
M. Inspecting the 2-transitive permutation groups with nonabelian socles (see
[9, Table 7.4]), this is not possible. Therefore, in any case, G is an affine group on
P, as desired.

Since G acts primitively of affine type on the points and acts transitively on the
lines of Q, we can immediately deduce from [3] Corollary 1.5] that Q is isomorphic
to one of GQ(3,5) or the generalized quadrangle of order (15,17) arising from the
Lunelli-Sce hyperoval. However, the latter is not antiflag-transitive, and therefore

Q is GQ(3,5). O

Lemma 4.4. Assume that G is quasiprimitive on both P and L. Then G acts
primitively on both P and L.

Proof. Assume that G does not act primitively on £. By Theorem €3] G must
be an affine group on P. Since G acts quasiprimitively on both P and £ and T’
is locally (G, 3)-arc-transitive, by [I7, Theorem 1.2], G is affine on £. However,
affine groups that act quasiprimitively on a set act primitively on that set [33] 2.1],
a contradiction. Therefore, G must act primitively on £, and, by duality, G must
therefore act primitively on both P and L. (]
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Theorem 4.5. If G is a group of collineations that is transitive on antiflags of Q
and Q is not GQ(3,5) or its dual, then G is an almost simple group of Lie type that
acts primitively on both points and lines.

Proof. Suppose that G is a group of collineations that is transitive on the antiflags
of @. By Theorem L1l G must act quasiprimitively on P or £. Since Q is not
GQ(3,5) or its dual, by Theorem 3], G must act quasiprimitively on both P and
L. By Lemma[dd] G acts primitively on both P and L. By [2} Corollary 1.3], G is
an almost simple group of Lie type. O

The following results give us bounds on the size of a point stabilizer.

Proposition 4.6. Let G be a group that is transitive on the antiflags of a finite
thick generalized quadrangle Q, assume s < t, and let P € P. If s < t, then
|G| < |Gp|?. If s =t, then |G| < |Gp|"/°.

Proof. Note first that since G is antiflag-transitive, this means that G p is transitive
on 3-arcs that begin at P in the incidence graph, i.e., |Gp| > st(t + 1). Assuming
that s < t, we have

|Gp|> > |Gp|st(t+1) > |Gpls(s + 1)(t +1) > |Gp|(s+1)(st +1) = |G]|.

On the other hand, if s = ¢, we note first that since s > 2, s'/3 > 1 + 1/52. Hence
we have

Gp170 > |Gpls?(s +1) (s2(s + 1)) > |Gpls3(s + 1)s?
1
> |Gp|82(8 + 1) (1 + 8_2) = ‘Gl,
as desired. O

Corollary 4.7. Let G be an almost simple group of Lie type that acts transitively
on the antiflags of a finite generalized quadrangle Q with s < t, and let T = soc(QG).
If P € P, then |T| < |Tp|?.

Proof. Let G = T.A, where A is the group of outer automorphisms of 7. By
the Classification of Finite Simple Groups, we know that asymptotica 18
he Classificati f Finite Simple G k h y ically |A] i
O(Clog(|T)) for some constant C, and in fact we have that |A| < 2log,(|T) [26].
Note first that when |T'| > 1006796 that
A% < logy(IT)) ¥ <71,
which implies that
AT < |6 <|Gpl¥
by Proposition &6, and hence |A|% < |Gp| and |A|% < |Tp|. Again using Proposi-
tion .6l we have
IT| < |Tp| #|A]% < |Tp| ¥ |Tp|7 = |Tp ",

as desired.
This implies that if G acts transitively on the antiflags of a generalized quadrangle
and |Tp|® < |T)|, then |T| < 1006795. By Proposition EL6] this means that

Tp|*> < |T| < |Tp|>°|AI".
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Using GAP [16], we find the only possibility for (T,7p) is (PSUs(4), C13:Cs3).
However, this choice of Tp does not have a 2-transitive action, and therefore
IT| < |Tp|?. O

Following Alavi and Burness [I], a proper subgroup H of a group G is said to be
large if the order of H satisfies the bound |H|? < |G|. Corollary 7] shows that the
point stabilizer Tp is a large subgroup of T', where T is the socle of an almost simple
group of Lie type acting transitively on the antiflags of a generalized quadrangle.
In the forthcoming sections, we will utilize the work of [I] that determined all the
large maximal subgroups of finite simple groups.

5. GEOMETRIC MAXIMAL SUBGROUPS OF CLASSICAL GROUPS

In view of Theorem [£3] in order to classify the finite thick antiflag-transitive
generalized quadrangles, we need to show that all antiflag-transitive generalized
quadrangles arising from almost simple groups of Lie type with large point stabilizer
are classical or dual classical. Corollary 4.1 gives an immediate restriction on the
possibilities for the point stabilizer, and throughout the following sections we will
assume the following:

Hypothesis 5.1. Let G be an almost simple group of Lie type with T := soc(QG)
acting primitively on the points and primitively on the lines of a finite generalized
quadrangle Q of order (s,t), s < t, where, for any point P and line ¢, Tp acts 2-
transitively on lines incident with P, T, acts 2-transitively on points incident with
0, and |T| < |Tp|3.

The following lemma will be important when considering the indices of parabolic
subgroups of classical groups.

Lemma 5.2 ([0, Lemma 9.4.1]). Let k be a natural number, and let e be 1,1,0, 2,
3. L in the respective cases of Spag(q), Q2d+1(q), Qay(q), 5,(), U2a11(q), and Uza(q)
acting on the natural vector space V' equipped with the appropriate quadratic or bilin-
ear form. Then the number of totally singular k-spaces in'V is [g] Hle(rd"’e_i—i—l),
where in the first four cases r = q and in the last two cases r = ¢ and [Z] 1$ the

q-ary Gaussian binomial coefficient.

In each case below, we will use the notation afforded by Aschbacher’s classifica-
tion of the subgroups of classical groups. That is, a maximal subgroup of a classical
group will fall into one of nine classes C; (i = 1,...,9) in the standard way (see
Bl 2.1.2, 2.1.3]). The first eight classes are the geometric subgroups, whereas Cq
contains the ‘nearly simple subgroups’ that do not fall into the other classes.

5.1. Linear groups.

Proposition 5.3. Assume Hypothesis Bl If T is isomorphic to PSL,(q) for some
n,q = 2, then the point stabilizer Tp cannot be a mazximal geometric subgroup.

Proof. Recall that s < t by our assumption. By Corollary [£7, the stabilizer of a
point Tp satisfies |T| < |Tp|®. The geometric subgroups satisfying this condition
are listed in [T, Proposition 4.7], and we proceed down the list.

Case 1. We first consider subgroups of type Ci, and, in particular, we will start
with the parabolic subgroups P; of T, where P; is the stabilizer of an i-dimensional



ANTIFLAG-TRANSITIVE GENERALIZED QUADRANGLES 1563

TABLE 2. Ruling out examples for Case 1 of the proof of Proposi-

tion (.3
(n,q) | (n—i,q) | t+1 P |P| < (t+1)37 | Integral solution to
(s+1)(st+1)=]|P|?

4,4) |(2,4) 6 357 false

(4,5) | (2,5) 5 | 806 false

(4,7) |(2,7) 7 2850 false

(4,8) | (2,8) 28 4745 true false

(4,9) | (2,9) 6 7462 false

(4,11) | (2,11) 11 | 16226 false

(5,2) | (3,2) 8 155 true false

(6,2) |(3,2) 8 1395 false

(6,2) | (4,2) 8 651 false

(7,2) | (4,2) 8 | 11811 false

(8,2) | (4,2) 8 1200787 false

subspace. Without loss of generality, we may assume that ¢ < n — i. Then the
stabilizer G p satisfies

o 1
Tp — i(n—1) .
p=a ged(n, g — 1)

and the order of the point set is

= f] - Bt
i (¢ =1--(¢—-1)

Noting that G has rank 3 in its action on P and T is 2-transitive on 1-dimensional

subspaces, we have ¢ > 2 and then, in particular, n > 4.

Since ¢*("~% is the unique minimal normal subgroup of Gp and GIFD(P) is 2-
transitive, it follows from the Classification of Finite (affine) 2-Transitive Groups
that Gl;,(P) is almost simple. By Lemma [3.3] we conclude that Gl;,(P) > PSL,,—;(q).
Note that we may also conclude that t +1 = |T'(P)| = (¢"*—1)/(¢ — 1), since the
other possible values of ¢ + 1 are ruled out by Table 2l By Lemma 23]

i(nfifl) _ qn71 e qn*’i (qn _ 1) L (qn7i+1 . 1)

(GLi(g) o GLy—i(q)),

. < . =P

4q qz...ql (qz_l)...(q_l) | |
(¢" " —1)? 3n—3i
<(t+1P=— L <3

which implies that i(n — ¢ — 1) < 3n — 3i. Since i < n — 4, we have 2i < n <
i(i —2)/(i — 3) if ¢ > 3, which implies that ¢ < 4, a contradiction. If ¢ = 3, then we
have
("~ V(@ —D(¢"*—1) _ (@' -1
(¢ -1)(¢* -1)(¢—1) (¢—1)* ~

which implies that

(¢" =@ =@ =1 _ (¢ =1 -D(g—1)
(¢"3 —1)3 (4 =1)°

¢ < =(q+1)(¢*+q+1),
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a contradiction for ¢ > 2. This leads to i = 2; in particular, n > 2i = 4. Thus we
have Tp = Py = ¢?("=2); m(GLg(q) o GL,—2(q)), T}E(P) =PGL,_2(¢q), and

_ @ =" -1
Pl =D
Note that in this case we have t +1 = (¢"~2 — 1)/(¢ — 1) since exceptions are

ruled out by Table 2l Furthermore, the flag stabilizer is
1
GP,Z _ q2(n72)+(n73) . (
| AN RSy
The line stabilizer G, is a maximal subgroup of G' which contains Gp,. It follows

that Gy is a parabolic subgroup of type P, or Ps.
If G, is parabolic of type Ps3, then we have

_[n] (" =D -1 (" *-1)
4= {3] (@ - -1)(@-1)
Noting that |£] = (¢t +1)(st+1) and t +1 = (¢"? — 1)/(q — 1), this implies that
(" ="' -1)
(¢ -1)(¢*—1) ~

and since |P| = (s+1)(st + 1), we have s+ 1 = ¢® + ¢+ 1. On the other hand, this
means that

(GLa(g) o (GLi(g) x GLn_3<q>>>) |

st+1=

(" —1)(¢" ' —1) "2 —q
@ - D@1 _St“_(qz*‘”< a1 )“’

which in turn implies that

@+ (@ -+ =)+ (@ -1 -1)=(¢" - 1)(¢" " = 1).

From here, we see that

@+a)@ - D@+ D))+ (- 1)(@#-1)=1 (mod ¢"?).

Simpliflying, we see that ¢3(1 + ¢ — 2¢® — ¢*) = 0 (mod ¢"~2). Since G, has type
P3, n > 6; however, this means that ¢* divides ¢®(1 + ¢ — 2¢® — ¢*) and ¢ divides
14 g —2¢> — ¢*, a contradiction. Hence G, must be of type Ps.

If G, is parabolic of type P, then we have |£| = |P|, and so s+ 1 =t+1 =
(¢"=2—1)/(g—1). Note first that since there are P, subgroups, n > 4. By Lemma
Z3)(ii), s2(t + 1) < |P|, which here means that

<qn—2 _ q)2 qn—2 -1 (qn _ 1)(qn—1 _ 1)
q—1 q—1 (?-1(g-1)
Simplifying, this means that

qn—l -1
)

2/ n—3 2 n
-1 < —1)——
a-(q )" <(q O

<(¢"-1)(g+1),

which in turn implies that

1 1/ ¢ —1 1
n—>s n—>s 3
-1< - < === 1) <« — 1 1
q q PR <qn—3_1>(‘J+ ) q4(q +1)(g+1)
1

1
:(1+q—3)(1+5)<2.
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If n > 5, this last equation only holds if n = 6 and ¢ = 2; however, going back to
our original inequality of s?(¢ + 1) < |P|, this implies that

24 —2\? 24 1 PRCAES IR
2-1) 2-1 - (22-1D2-1)
a contradiction. We may now examine the cases of n = 4 and n = 5 individually
by examining the exact value of |P|. On the one hand, if n = 5, we know that

|P| = %; on the other hand, |P| = (s +1)(st + 1), and so

2
(@ -1 -1 (-1 ¢ —q
2 - +1)
(> —1)(¢—1) q—1 q—1
a contradiction since a primitive prime divisor of ¢*> — 1 does not divide the left

hand side, and so n # 5. Finally, if n =4, s+ 1 =1t¢t+4 1= ¢+ 1, and proceeding as
in the n = 5 case we find that

2940 = ( =651,

(¢' - 1)@ - 1)
(¢ =1De—1)
which implies that ¢ = 0, a contradiction. Therefore, Tp cannot be a parabolic
subgroup.

(@ +D(P+q+1) = =Pl =(¢+1)(¢* +1),

Case 2. Suppose Tp is a Ca-subgroup of type GL,, /;(q) wr S;. We will first rule out
t = 3. By [II, Proposition 4.7], we have that either ¢ € {5, 8,9} and ged(n,q—1) =1
or (n,q) = (3,11). Note when ¢ = 9 we have Out(T) = Cy x Cy, and otherwise
Out(T) = Cy. If (n,q) = (3,11), then Tp = C%,:S3 and Gp = C%;:53.2. This
implies that ¢+ 1 < 3, but then (t+1)® < |T:Tp|, a contradiction to Lemma Z3]i).
Otherwise, by [25, Proposition 4.2.9],

If n > 6, then G'p is not solvable, and so PSLn/g(q)3 is in the kernel of the action of

Tp on I'(P). However, this means that t+1 < (¢—1)? and thus, using [I, Corollary
4.3,

1 202
(t+ DM < (q=1)° < g 7 <|TeTl = [P

a contradiction to Lemma [23[i). Hence we may assume that n = 3, in which case
Tp = (g—1)%:S53. This implies that t+1 < ¢—1, but then (t+1)3 < ¢ < |T:Tp| =
|P|, a contradiction to Lemma 23)(i), and hence ¢ # 3.

Hence we have that T is of type GL,,/2(q) wr S2. Suppose that G'p is not solv-
able. Then SL,, /5(q) o SLy,/2(¢q) must be in the kernel of the action of Tp on I'(P),

and GI;(P) is a factor group of (Cy_1 x Cy_1).[2f], where ¢ = p/ for some prime

p and integer f. Since Gl;,(P) is 2-transitive, it implies that Gl;,(P) > Ciyq1: Cy
where ¢ 4+ 1 divides ¢ — 1 and ¢ divides 2f. Thus the valency [I'(P)| =t+1 <
min{qg — 1,2f + 1}, which is smaller than the smallest permutation degree for
PSL, /2(q) (namely (¢"/? —1)/(q — 1)), a contradiction. Thus Gp is solvable, and
either n =2 orn =4 and ¢ =2 or 3.

We first examine the case n = 2. In this case, Tp = D, if ¢ is odd and
Tp = Dy4—1y if q is even. This implies (in either case) that [P| = q(q + 1)/2.
Furthermore, if ¢ = pf, then Gp is a subgroup of Dy(4-1).Cy, and Gp contains all
of Tp and the full group of outer automorphisms in G. On the other hand, since Gp
acts 2-transitively on I'(P), by the Classification of the Finite (affine) 2-Transitive
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Groups, we have GII;(P) 2 (Cy41: Cr, which implies that t < 2f (and t +1 < g—1).
Hence by Lemma [Z3]i), we have

P +1)
2

This implies that the only possible values of p and f are: p=2and f < 6; p=3
and f < 2;p=5and f=1. If f =1, then t + 1 < 3, which implies that Q is
the unique generalized quadrangle of order (2,2) (see Lemma [2Z3]). However, Gp is
a subgroup of Dy(4_1).Cy, and the generalized quadrangle of order (2,2) has point
stabilizer isomorphic to Cy x Sy, ruling this case out. If f =2, then p = 2 implies
that t +1 < ¢ — 1 < 3, a contradiction as in the case f = 1, and p = 3 implies that
G p is isomorphic to D14.2, which has no 2-transitive representations on more than
2 elements, a contradiction. Hence p =2 and 3 < f < 6. If f = 3, then Gp is a
subgroup of D14.C5 containing Dq4. The only possibility here is GI;(P) =~ Cr: C,
which implies that ¢t + 1 = 7. However, this means that

(t+1)% =49 > 36 = |P|,

a contradiction to Lemma 23(i). If f = 4, then Gp is a subgroup of D3.Cy. The
r(P)

=|P| < (2f +1)3.

only p0551b111tles here are: G’ = C3: (s, which is a contradiction as in the f =1

case, or GP (P) o C5: Cy, which implies that ¢ + 1 =5 and
(t+ 1) =125 < 136 = |P|,

a contradiction to Lemma 23|(i). If f = 5, then Gp is a subgroup of Dgy.Cs,
which has no subgroups with 2-transitive representations on more than 2 elements,
a contradiction. Finally, if f = 6, then Gp is a subgroup of Dj26.Cs. The only
possibilities here are GI;(P) =~ (3 : (5, which is ruled out as in the f = 1 case
above, or Gl;,(P) & (C7 : Cg, which implies that t +1 = 7, a contradiction since then
(t+1)3 < |P| as in the f = 4 case. Therefore, n # 2.

Finally, we examine the cases of n = 4 and ¢ = 2 or ¢ = 3. If ¢ = 2, then by
[25, Table 3.5.H], we have that a Ce-subgroup of type GLa(2) wr Sy is contained
in the Cg-subgroup Sp,(2), a contradiction to maximality. If ¢ = 3, then Tp =
(SL(2, 3) o SL(2, 3)).22, which implies that |P| = |T" : Tp| = 10530. However, G p is
then a subgroup of (SL(2,3) o SL(2,3)).22, which implies that ¢ + 1 < 4 and

(t+1)® < 64 < 10530 = |P|,
a contradiction. Therefore, Tp cannot be a maximal subgroup of type C,.

Case 3. Assume that Tp is a C3-subgroup of type GLn/k(qk), where k > 1. Suppose
first that & < n. Then (by the Classification of Finite 2-Transitive Groups [J, Tables
7.3 and 7.4]) either

(a) the valency t +1 = |I‘( )| =

(b) (n/k,q" t+1) = (2,4,6), (2, ) (2 8,28), so that (n,q) = (4,2), (4,3),
or (6,2).

In the first case, t = gkj qu;—i;l, which implies that st 4+ 1 is coprime
to g. Therefore, s + 1 is divisible by the g-part of (s +1)(st+1) = |P| = |T : Tp|,

(k—)n

which is equal to ¢"(*~1/2/(¢*)# (¥ =1/2 = ¢~ =& . This implies that s > ¢, which
is not possible.
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In the exceptional case, (n,q) is equal to (4,2), (4,3), or (6,2). If (n,q) = (4,3)
and t+1# (¢" —1)/(¢®> — 1), then t +1 = 6 and

[P| = |T: Tp| = 8424 > 216 = (¢t + 1)°,

a contradiction to Lemma Z3(i). If (n,q) = (4,2) and t + 1 # (¢" — 1)/(¢®> — 1),
thent+1 =6 and

|P|=|T: Tp| = 56,
which implies that

(s+1)(5bs+ 1) = 56.
This equation has no integral solution for s, a contradiction. Likewise, if (n,q) =
(6,2), then |Tp| = 10584, |T'| = 20158709760, and ¢ + 1 = 28, which implies that

(s+1)(27s + 1) = [P| = |T:Tp| = 1904640.

This equation has no integral solution for s, a contradiction.

We thus have k¥ = n. Note that by [I, Proposition 4.7], either n = k = 2 or
n = k = 3. Suppose that n = k = 3. By Proposition [£.6] we have ¢ = 5, 8,9,
or 11. However, in each of the cases ¢ = 5,8,9,11, by [5, Table 8.3] we have that
Tp = (¢*> + ¢+ 1) : 3, which implies that ¢ + 1 < ¢* + ¢ + 1. This means that

(t+1)° < (¢*+q+1)° <q" <|PSLs(q)|

by [I, Corollary 4.3], a contradiction to Lemma [23)i).

We therefore have n = 2. Then Tp is isomorphic to Dyt if ¢ is odd and is
isomorphic to Dyg41) if g is even. So Gp is a subgroup of Dy441).Cy, where
q = p/, and we proceed as in the Cy case above. Immediately, this implies that
GE(P) ~Ciyq1: Cyand sot < 2f and t+1 < 2f + 1. Moreover, |P| = |T: Tp| =
p/(p/ —1)/2, and so by Lemma [Z3(i) we have that

P -1
2

This implies that the only possible values of p and f are: p =2 and f < 6; p =3 and
f<2;p=band f=1;p=Tand f=1. If f =1, then t+1 < 3, which implies that
Q is the unique generalized quadrangle of order (2,2) (see Lemma [Z5]). However,
G p is a subgroup of Dy(441).Cy, and the generalized quadrangle of order (2,2) has
point stabilizer isomorphic to Cy x Sy, ruling this case out. If f = 2, then p = 2
implies that Gp is a subgroup of Dig.2, which would imply that Gl;;.(P) >~ Cs: Oy
and t = 4. However, this means that (s + 1)(4s + 1) = |P| = 2%(22 — 1)/2 = 6,
a contradiction to s being an integer. If f = 2, then p = 3 implies that Gp is

=|P| < (2f +1)3.

a subgroup of Dsy.2, and so this again implies that GII;(P) >~ (C5: Cy and t = 4.
However, this means that (s+1)(4s+1) = |P| = 36, which has no integral solutions
for s, a contradiction. Hence p = 2 and 2 < f < 6. If f = 3 or f = 4, then
Gp is a subgroup of one of D15.C3 or D34.Cy. The only possibility here is that
GII;(P) >~ (C5: C9, but then t + 1 = 3, which is a contradiction as above. If f = 5,
then G p is isomorphic to a subgroup of Dgg.Cs, which means that G;(P) ~ (O3: Cq

(ruled out as above) or GI;(P) > (C1: Cip. This means that ¢t = 10 and that
(s+1)(10s+ 1) = |P| = 496, which has no integral solutions for s, a contradiction.
Finally, if f = 6 and p = 2, we have that Gp is a subgroup of Dj39.Cs. Here,
|P| = 2016. The possibilities for Gl;,(P) are C5: Cy, which is impossible since then
(t+1)% = 125 < 2016 = |P|, a contradiction to Lemma3|i), or C13: C12. However,
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TABLE 3. Ruling out examples for Case 4 of the proof of Proposi-

tion (.3

(n,q) |(n,g2)|t+1| P |[@t+1)%<|P| Positive integral solution
< (t+1)% [to (s+1)(st+1) =|P|?

(2,16) |(2,4) |6 68 true false

(2,25) [(2,5) |5 65 true false

(2,49) |(2,7) |7 175 true false

(2,64) |(2,8) |28 520 false

(2,81) [(2,9) |6 369 false

(2,121)| (2,11) [11 | 671 true false

(3,4) 1(3,2) |8 120 true false

(4,4) |(4,2) |8 48960 false

this means that ¢ = 12, and so (s+1)(12s+ 1) = [P| = 2016, which has no integral
solutions for s, a contradiction. Therefore, Gp cannot be a Cz-subgroup.

Case 4. Suppose now that Tp is a C5 subgroup of type (}Ln(q%)7 where k£ > 1, and
suppose first that T is not solvable. Then either the valency ¢ +1 = 2= or one
qk

(n=1)

of the exceptional cases in Table [ occurs. For the former, ¢t = q% AL —L Thus
gk —1
st + 1 is coprime to g. The number of points (s + 1)(st + 1) = |P| = |T : Tp| is
divisible by
qn(n—l)/Z

— (1= \n(n=1)/2
(q/*)ntn=D72 ~ (g =)™" ;

and so is s+ 1. Since s < t, we conclude that k =n =2, and t = q% and s = q% —1.
In this case, T = PSLa(q) and Tp = PSLg(q%). Therefore, g2 (¢ — q: + 1) =
(s+1)(st+1)=|P| = |T:Tp| = q2(q+ 1), a contradiction.

The exceptional cases are ruled out as shown in Table [3

Hence Tp must be solvable. So we must have n = 2 and ¢ = 4,9. If ¢ = 4, then
Gp < S4. We rule out t + 1 < 3 as above and conclude that ¢t + 1 = 4. However,
in this case

(s+1)(3s+1)=|P| =5,
a contradiction to s being an integer. Finally, if ¢ = 9, then Gp < (C%: Cg): Cy and
|P| = 10. Again, (s+ 1)(st + 1) = 10 forces s + 1 < 2, a contradiction. Therefore,
Tp cannot be a Cs subgroup.

Case 5. Suppose that Tp is a Cg-subgroup. The possibilities for (T,Tp) are
(PSL4(5),2%. Ag), (PSL3(4),32.Qs), (PSL2(23), S4), (PSL2(17), S4), (PSL2(13), Ay),
(PSLy(11), Ay), (PSLy(7),Ss), and (PSLa(5), Aq). If T = PSLy4(5), then |P| =
1259375 and ¢t + 1 < 6, a contradiction to Lemma 23|i). If T = PSL3(4), then
|P| =280 and t + 1 = 9 (since there is a contradiction as above if ¢t + 1 < 3). How-
ever, (s+1)(8s+1) = 280 has no integral solutions, a contradiction. If T' 2 PSLs(q)
for ¢ = 13,17,23, then t +1 < 4 and (t+ 1) = 64 < |P|, a contradiction to Lemma
23(i). If T = PSLy(11), then t+1 = 4 and |P| = 55. However, (s+1)(3s+1) =55
has no integral solutions, a contradiction. Finally, if T' = PSLs(q) for ¢ = 5,7, then
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|P| = 5,7, respectively, a contradiction to (s + 1)(st + 1) = |P|. Hence Tp cannot
be a Cg-subgroup.

Case 6. Suppose that Tp is a Cg-subgroup. Assume first that Tp is not solvable.
By Lemma B3(i), we have that Tp = PSU3(q'/?) or Tp = Sp,,(2). Suppose first
that Tp = PSU3(¢'/?). We note that Tp = PSU3(¢'/?) cannot be in the kernel of
the action of Gp on I'(P), since this would then imply that

(t+1)<qg—1<q? +1,

a contradiction to Lemma [B3(iv). Hence we have that t + 1 = ¢3/2 4 1. However,

this implies that

_ 171 _ PSL@l _
[Tp|  [PSUs(q"/?)]

Nlw

(s+1)(sq* +1) = |P| (q+1)(g? - 1).

This implies that q% divides s + 1, and, since s + 1 < t + 1, this means that
s+1= q%. Plugging in this value of s, we find that there are no integral solutions,
a contradiction.

Now suppose that Tp = Sp,,(2). First, if n = 4, then Tp = Sg, Gp < Sg X Ca,
and

(s+1)(st+1)=|P|=|T:Tp| =28.

Since s+ 1 > 2, we must have that s+1 =4 and st+1=7. Thuss =3,3t+1=7,
and t = 2, a contradiction to s < t (and to the fact that there is no generalized
quadrangle of order (2,3) or (3,2) [32, §1.2.2,§1.2.3]). Suppose that n > 6. We
note that Tp 2 Sp,,(2) cannot be in the kernel of the action of Gp on I'(P), since
this would then imply that ¢ + 1 = 1, a contradiction to Lemma B3iv). Hence we
have that ¢ +1 = 27~ +2%/2-1 By [Il Lemma 4.2, Corollary 4.3], we must have

that
2n2 —2

n(n+1)
(5-277)
which implies that n = 6. When n = 6, we have that |P| = 13888 and ¢t +1 is either
28 or 36. This means that either (s+1)(27s+1) = 13888 or (s+1)(35+1) = 13888,
which is a contradiction since neither of these equations has an integral root. Hence
Tp must be solvable.
If Tp is solvable, then either n = 2 and Tp is of type 02jE (q) = Dy(gg1) or n = 3,
q =2, and Tp = S;. However, Tp cannot be a dihedral maximal subgroup of
T = PSLy(q) by the arguments used above in the Cs and C3 cases. If Tp = Sy, then
(s +1)(st+ 1) = |P| = 7, which has no solutions with s,¢ positive integers. Hence
Tp cannot be a Cg-subgroup.
This exhausts all possibilities for Tp, and therefore Tp cannot be a maximal
geometric subgroup of T'= PSL,(q), as desired. O

<|T:Tp|=|P| < (t+1)2 < (2" +2271)3

5.2. Unitary groups. For unitary groups, the following proposition shows that Q
is a classical generalized quadrangle H(4,¢?) or Q™ (5, q).

Proposition 5.4. Assume Hypothesis B1l Assume that T = soc(G) = PSU,(q)
for any n > 3,q > 2, and the point stabilizer Tp is a maximal geometric subgroup.



1570 JOHN BAMBERG, CAI HENG LI, AND ERIC SWARTZ

Then either
i)n =4, Tp = P = gttt m(GLl(qz) o GUa(q), Tr = Py =
q4: mGLQ(qQ)) (57t) = (q7q2)7 and Q = Q7(57Q)) or
(ii)n =5 Tp = P, = ¢'*6: m(@&l(qz) o GUs(q), Ty = P, =
q4+4: W(GLQ(Q2) © GUl(q))7 (Svt) = (q27q3)7 and Q = H(47q2)

Proof. By Corollary 7] the stabilizer of a point Tp satisfies |T'| < |Tp|>. The
geometric subgroups satisfying this condition are listed in [I, Proposition 4.17],
and we proceed down the list.

Case 1. We suppose first that Tp is a maximal parabolic subgroup Py, namely,

1
Tp=Py=q" " —— (GLi(¢?) 0 GU,,—
p=P,=q" g gcd(n,q-+])( k(q7) 0 2(q)),

where 2 < 2k < n. By Lemma 33 n — 2k < 3.

Subcase 1.1. Assume first that n — 2k = 3. Suppose that T;(P) > PSU;3(q). Then
IT(P)| = ¢ + 1. Suppose further that k > 2. Then PSL;(¢?) is a composition

factor of Gl;(ﬁ), and by Lemma [33] one of the following occurs:

(a) TZF(Z) > p™: SLy(q?) with p™ = ¢%*, or TZF(O > PSLg41(q?), or
(b) (k,q?) = (2,4), and T; ") = Ag, with s +1 =6, or
(c) (k,q*) = (2,9), and TZ(Z) = Ag or 2*: Ag, with s+1 = 6 or 16, respectively.

(»F -1
r p)

For case (a), the valency s + 1 = |T'(¢)| equals ¢%* o ——, which is bigger
than ¢3 =t + 1, a contradiction. For case (b), n = 2k +3 = 7, and ¢ = 2. Thus
t =23 =8, and s = 5. Therefore, 6-41 = (s + 1)(st + 1) = |T : Tp|, which is not
possible. For the third case, n = 7 and ¢ = 3. Hence t = 33 = 27, and s = 5 or 15,
which do not satisfy the equality (s+ 1)(st+ 1) = |T : Tp].

We therefore have k = 1 and n = 2k + 3 = 5. In this case, the point stabilizer is

6 1

: W(GLl(qz) o GU3(q))a

Tp =q9
and thus [P| = (¢ +1)(¢° +1). Since t = ¢* and |P| = (s + 1)(st + 1), we conclude
that s+1=¢>+1,s=¢>% and |[£L]| = (t+ 1)(st + 1) = (¢> + 1)(¢° + 1). Tt implies
that the line stabilizer is

Ty =Py = ¢*.¢* (GL2(¢%) 0 GU1(q)).

‘ged(5,¢+ 1)
This gives rise to the only possibility that Q is the classical generalized quadrangle
H(4, ¢?) of order (g2, ¢%).

Now assume that soc(Gl;,(P)) # PSU3(q). Then PSUs(q) is a composition factor
of GI;,E?. By Lemma [3.3] we have ¢ = 3 and Gg(l) = 26: PSU3(3). Then either

(i) k=1, G5 is solvable, T = PSU5(3), and Tp = 3.3%: (GL1(32)0GUj(3)),
or
(i) k> 2, and Gn") > PSLy(32). Then t+1 = |[(P)| = $=1, and s+ 1 = 26.
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TABLE 4. Ruling out examples for Subcase 1.2 of the proof of

Proposition (.4
q||P| s+ 1 | Positive integral solution to t<s??
(s+1)(st+1)=|P|?
4 11105 11 false
5 | 3276 11 false
7117200 |15 false
11162504 | 12 true false

To rule out case (i), we note that by [5, Tables 8.20, 8.21], there is no such
subgroup Gy. To rule out case (ii), since ¢t < s2, we have 9;%19 < 632, which
implies that k£ < 4. This means that n = 7,9, 11, and by [5 Tables 8.37, 8.38, 8.56,
8.57, 8.72, 8.73], no such subgroup Gy exists in any of these cases either. Hence, if

n — 2k = 3, then Q is classical.

Subcase 1.2. Assume now that n — 2k = 2. By assumption,

2 1
Tp = q" .¢**:

: m(GLk(QQ) o GLa(q)).

Suppose that GIFD(P) is solvable. If k > 2, then both PSLy(q) and PSLg(q?) are
composition factors of Gl;ff), which is impossible by the Classification of Finite
2-Transitive Groups [9, Tables 7.3, 7.4]. Hence k = 1, which implies that n = 4,
Tp = q.q*: m(GLl(qz) o GLa(q)), and |P| = (¢* + 1)(¢® + 1). Let ¢ = p/,
where p is a prime and f is a positive integer. Note further that apart from the
exceptional cases when g = 4,5,7,11, since PSLa(q) < G;f?, t+1>s5+12> ¢
However, this implies that

@+ 1@ +1) =[Pl = (s +1)(st +1) > ¢*((¢* — 1)* +1),

which is false for ¢ > 2. When ¢ = 2, we have |P| =45 = (s + 1)(st + 1), and we
know that s, > 22 — 1 = 3. However, this implies that st +1 > 10 is a divisor
of 45, i.e., st +1 > 15 and s+ 1 < 3 < s, a contradiction. Hence we need only
examine the cases ¢ = 4,5, 7,11, which is done in Table @l

Next we assume that G;(P) is not solvable. Then either GE(P) > PSUy(q)
PSLa(q), or Gl;;.(P) > PSL(¢?).

For the former, if k > 2, then PSLy(¢?) is a composition factor of G;Ef); it follows
that s > t, a contradiction. Thus k£ = 1, and n = 2k + 2 = 4. In this case,
) 1
T ged(4,q+ 1)

and hence (s + 1)(st+1) = [P| = (Z+ (¢ +1). Ift+1=|T(P)] <q+1,
it implies that s > ¢, which is a contradiction. Thus one of the exceptional cases
occurs: ¢ =4 or ¢ = 8. If ¢ =4, then (s + 1)(5s + 1) = |P| = 1105, which has no
integral solutions for s, and if ¢ = 8, then (s + 1)(27s + 1) = 33345, which also has
no integral solutions for s; both are contradictions.

Tp = q.¢* (GL1(¢?) 0 GUx(q)),
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Assume now that GII;(P) >PSLk(¢?), PSLk(g?) not solvable. Then t+1 < q:::ll <
¢**~1, and, using Lemmas [Z3(i) and B2, we have

2b41) _ 1 ko
q 2 2
H(ngﬂ +1)> el q(k+1) U= gk ek,

Jj=1

6k=3 5 (4 4 1) > _
2 (141 > Pl = T

Hence 6k — 3 > k? + 4k, which implies that —2 > (k — 1)2, a contradiction.
Therefore n — 2k # 2.

Subcase 1.3. Next, suppose that n — 2k = 1. Then

1
Tp = ¢* .¢>*: GLi(¢%) 0 GU1(q)).
Pp=q g gcd(2k;—|—1,q—|—1)( k(q7) o 1(9))
Note also that |P| = H;?:l(qu“ + 1) by Lemma Suppose first that G;(P)
is solvable. Let ¢ = p/, and assume k > 2. We know by Lemma Z3i) that
(t+1)3 > |P| > ¢*+tD°~1 and hence
k(k+2) k(k+2)f
t+1>q 3 =p 3 .
On the other hand, since Gl;(P) is solvable, G;(P) > Fiy1: Cy, where Eyyq is an
elementary abelian group of order ¢ + 1. By the structure of Tp (and hence Gp),

we know that ¢ < m(q2 —1)-2gcd(2k +1,¢+1)f = 2f(p*/ —1). Hence

2fp? > 2f(p — 1)+ 1ztH+1>p o,

(k(k+2)—6)f (k(k+2)76)f

and p— 5 < 2f. If k > 3, this means that 23/ < p < 2f, Wthh no
real value of f satisfies, a contradiction. Hence k = 2, which means that p ¥ <
2f. The only possible solutions are p = 2 and f < 5. This means that |P| =
(23 +1)(2°F +1) and Gp = 24/ .24 . GLy(2%f).f, which means that t < f(227 —1)
and t+1 < f-2%f. Sincet+1 > 2% as above, we have 2% < f -2/ which implies
that 2% < f, an equation that has no real solutions. Hence k = 1. However, this
means that n = 3 and G would be 2-transitive on P, a contradiction. Thus G;(P)
cannot be solvable and k£ > 2.

Since k > 2 and G;(P) is not solvable, we have that PSLg(¢?) is a composition
factor of GF(P or Gl;.ff). Noting that Tp = ¢*”.¢%*: mGLk(qz), by the
Classification of Finite 2-Transitive Groups the most that ¢t + 1 can be in this case
is ¢>*, and by Lemmas 2.3|(i) and 5.2 we have

k
P2+ > Pl = @ 1) > gt
j=1
This means that 6k > k? + 2k, and so k = 2, 3.

Assume first that k = 2. In this case, |P| = (¢° + 1)(¢® + 1). By the structure
of Tp and the Classification of Finite 2-Transitive Groups, there are exactly three
possibilities: t +1=¢* t+1=¢?>+1,ort+1=6and ¢=3. If t + 1 = ¢*, then

@+ 1)@ +1) =[Pl =(s+1)(s(¢" = 1) +1) = s°(¢" = 1) +s¢" + 1.
Since 52 > t, 52 > ¢* — 1; in fact, s2 > ¢* since s is a positive integer. Thus

CH+EP+E =Pl -1>2¢"(" —1)+¢"+1,
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which 1mphes that ¢> + 1 > ¢ — ¢, which is false for ¢ > 2, a contradiction. If
t+1=¢>+1, then

(@ +1)(@° +1) = |P| = (s +1)(s¢* + 1),
which implies that s = ¢ > ¢, a contradiction. Finally, if t+ 1 =6 and ¢ = 3, we
have

B+ +1)=[P|=(s+1)(5s+ 1),
which has no integral roots, a contradiction.

Assume now that k = 3. This means that Tp = ¢%.¢%: WGLg((f) Note
that t+1=¢% or t +1 = ¢* +¢® + 1, since Tp is 2-transitive on ['(P). If t +1 = ¢°,
then by Lemma 22 s + 1 = ¢5|T;|/|Tp|. Since s + 1 is a positive integer, this
implies that ¢*° divides |Ty|. Looking at the possibilities for T} [5, Tables 8.37, 8.38]
and noting that |Ty| < |Tp| since

|T:Tp|=|Pl=(s+1)(st+1) < (t+1)(st+1)=|L|=|T: Ty,
we see that T, = Tp or Tp = WGUG( q). Since PSUg(g) cannot be the
composition factor of a 2-transitive group, we get that Tp = Ty, which implies that
s =t =¢% — 1 by Lemma 22l However, this implies that

(@" + (¢ +1)(@* +1) = [Pl =¢°((¢° = 1)* + 1),
a contradiction since the left hand side is coprime to g. Hence t + 1 = ¢* + ¢ + 1.
We apply Lemma as above to conclude that ¢?! divides T;. Looking at the

possibilities for T, with |T;| < |Tp| [Bl Tables 8.37, 8.38], we see that Ty = Tp,
which implies that s+ 1=t+1=¢*+¢*>+ 1, and so

@+ + 1@ +1) =[P = (¢" + ¢+ 1)((¢" +¢*)* + 1),
which has no real roots for ¢ > 2, a contradiction. Hence n — 2k # 1.

Subcase 1.4. Finally, assume that n — 2k = 0, namely, n = 2k. Then k > 2
2 .
Tp =q" : mGLk (¢?), and the number of points

Pl = (¢ + 1)+ 1) (g4 1) > qRRDFER=DTd - gk

Suppose that k > 3. Since Gl;,(P) is 2-transitive, either GF(P) is affine of degree

t+ 1 = ¢** or almost simple with socle PSLy(¢?) and degree t + 1 = :11. By

Lemma Z3(i), ¢** < [P| < (t+1)3 < (¢**)3, and so k = 3,4 or 5. Moreover, by
LemmaZZ we have that ¢*” T5¢+=1/2 divides (t+1)|Ty|. If t+1 = (¢2*—1)/(¢?—1),
then ¢*” T5(=1/2 divides |Te|, and since |T;| < |Tp| and G;(e) is a 2-transitive group
(i.e., it has no projective special unitary group of degree 4 or more as a composition
factor), by [5l Tables 8.26, 8.27, 8.46, 8.47, 8.62, 8.63], we must have Ty = Tp, which
by Lemma 22 implies that s = t = (¢** — ¢?)/(¢?> — 1). This means that

2% _q 2k 2\ 2
((qqz_(f ) +1> =Pl= (" + D)@ +1) (g + 1)

> -1

This equation has no real roots for k = 3,4,5, so we must have ¢t + 1 = ¢**. When
k = 3, we have

@+ +D(g+1)=|P|=(s+D)(s(¢" =D+ 1) > (¢ +1)(¢" — ¢’ + 1),

since s> > t and s? is a positive integer. However, this is false for q = 2, a
contradiction.
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Now assume that k£ = 4, which means that n = 8. By Lemma 2.2] we have that
¢?? divides (t + 1)|Ty| = ¢® - | Ty, and so ¢** divides |Ty|. By [5, Tables 8.46, 8.47],
noting that |Ty| < |Tp|, and by Lemma B3(i) that PSU,,(¢) is not a composition
factor of either Gp or Gy for n > 4, we are left with only two possibilities: Ty = Tp,
or Ty = mSpS(q).[ng(q +1,4)] and ¢ = 2 (hence T; = Spg(2)). If Ty = Tp,
then s = ¢, and so s + 1 = ¢® divides |P|, a contradiction since |P| is coprime to
q. If T, = Spg(2), then s +1 =27+ 23 =136 or s + 1 = 27 — 23 = 120 by the
Classification of Finite 2-Transitive Groups. In particular, s + 1 is even, while |P]
is odd, a contradiction.

Assume next that k = 5, which means that n = 10. We proceed as in the k = 4
case. By Lemma 2.2 we have that ¢®° divides (t + 1)|Ty| = ¢*° - |T¢|, and so ¢*°
divides |Ty|. By [5l Tables 8.62, 8.63] and noting that |Ty| < |Tp| and by Lemma
B3I(i) that PSU,,(¢) is not a composition factor of either Gp or G, for n > 4, we are
left with only two possibilities: Ty = T'p, or T = m(gcd(q—l— 1,5) x Sp14(q))
and ¢ = 2 (hence Ty = Spy(2)). If T; = Tp, then s = ¢, and so s + 1 = ¢'° divides
|P|, a contradiction since |P| is coprime to g. If Ty = Spy(2), then s+1 = 29424 =
528 or s+ 1 = 27 — 2% = 496 by the Classification of Finite 2-Transitive Groups. In
particular, s + 1 is even, while |P| is odd, a contradiction.

We therefore conclude that k=2 and n=2k=4. Hence Tp =¢*. mGLQ (¢?)
and (s+1)(st+1) =|T:Tp| = (¢+1)(¢* +1). Suppose that t +1 # ¢* + 1. Then
eithert+1=6and g=2o0r g =3, or t + 1 = ¢*. Assume first that t + 1 = ¢*.
Then by Lemma [23(ii)

¢+ +q+1=(g+1)(@+1)=|P|>5"-¢*,

which implies that s < 1+ 1/¢+1/¢> + 1/¢* < 2, a contradiction. If t +1 = 6
and ¢ = 2 or ¢ = 3, then

(s+1)(5s+1) =[Pl = (¢+ 1)(¢* + 1),

which has no positive integral solutions in either case. Thus ¢t +1 = ¢?> + 1. The
equation

(s+1)(sq® +1) =P = (¢ +1)(¢’ + 1)
implies that s = ¢ and Ty = P, = q.¢*: m(GLl(qz) o GUz(g)) by Lemma
and [5 Tables 8.10, 8.11]. Since Tp = P, and Ty & P;, we may identify the

points and lines with totally singular subspaces, and the values of s and ¢ imply

that @ = Q™ (5, q).

Case 2. Suppose now that Tp is a Ci-subgroup of type GU,,(q) X GU,—,(q), the
stabilizer of a nonsingular m-space, where m < n/2. By Lemma B3] we have
m,n —m < 3, and it implies that m =1 or 2. Thus n < 5, and n = 3,4 or 5.
Suppose that n = 3. Then T' = PSUj3(q), and Tp = mGUg(q). Hence
t+1=|I(P)|=q+ 1 unless ¢ =4,5,7,8,9. If t +1 < ¢+ 1, then (s+1)(st +1) =
|P| = |T : Tp| = ¢*(¢* — 1), which implies that s > ¢, a contradiction. This leaves
only the cases ¢ =4 andt+1 =6 or ¢ =8 and t + 1 = 28. In each case, we see
that (s + 1)(st + 1) = ¢*(¢> — 1) has no integral solutions for s, a contradiction.
For the case where n = 4, the stabilizer Tp = WGUg(q). Thus t + 1 =
IT(P)|=¢*+1,and (s+1)(st+1) = |P| =|T: Tp| = ¢*(¢* + 1)(¢ — 1). It implies
that ¢* divides s + 1 and st + 1 divides (¢ + 1)(¢ — 1), which is not possible.
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We therefore have n = 5, and Tp = m(SUg( q) x SUa(q)): (g + 1) (note
that Tp # —t—r7GUs(q) by Lemma[B3(i)). Then Tp'") = PSUs(q), and t+1 =

IT(P)|=¢’+ 1, and (s +1)(st + 1) = [P| = |T : Tp| = ¢°(¢° + 1)(¢* + 1)/(q + 1).
It follows that ¢% divides s + 1, which is a contradiction since s < t = ¢°.

Case 3. Let Tp be a Cy-subgroup.

Suppose first that T is a Co-subgroup of type GU, ;(q) wr Sg. By Lemma
B3(i), n/k < 3. By [1, Proposition 4.17], if & > 4, then 4 < n = k < 11 and
either ¢ = 2 or (n,q) € {(6,3),(5,3),(4,3),(4,4),(4,5)}. First assume that ¢ = 2.
By [25, Proposition 4.2.9], Tp = (3} : Sn, and in these respective cases we
have |P| = |T': Tp| = 40, 1408, 157868, 61997056, 84315996160, 410113005322240,
7160244982522052608, and 455256187165096674328576. However, in each case, by
the Classification of Finite 2-Transitive Groups, we know that the normal subgroup

mi’)” ! is in the kernel of the action, which implies that Tp T(P) is a section of
Sy,. This implies that the value of ¢ + 1 is 4 when n = 4, which is ruled out since
Q is not the unique generalized quadrangle of order (3,3) (see Lemma 28], and
too small in all other cases, since (¢ + 1)3 < |P| for all possible values of n, a
contradiction to Lemma 23)i).

Next, assume that k = 3. By [I, Proposition 4.17], we have ¢ = 2,3,4,5,7,9,13
or 16. Since n/3 < 3, n = 3,6, or 9. By [25, Proposition 4.2.9],

~ {(q +1)?ged(g +1,n/3)
Tp =
ged(g+1,n)

] PSU,,5(q)% [ged(q + 1,1/3)?].53,

which means that

G [(q+ 1)2 ged(q + 1,n/3)
P ged(g+1,n)

} PSU,3()* [ged(+1,7/3)2).55 2 ged(g+1,m) f],

where f =1 unless ¢ =9 or ¢ = 16, in which case f = 2 and f = 4, respectively.
These cases are ruled out by calculation in each case by examining the possible
values of ¢ + 1 and noting that (s +1)(st + 1) = |P| = |T': Tp|.

If K = 2, then we first note that n = k = 2 has already been ruled out in
the proof of Proposition Since n/k < 3, we have that n = 4 or n = 6,

and Tp = %} .PSUn/g(q)Q.[gcd(q + 1,n/2)].S2. Suppose first that

n = 6. Then, unless ¢ = 2, Gp is not solvable. However, PSU3(¢q)? must be in
the kernel of the action by the Classification of Finite 2-Transitive Groups, and

since Tp is transitive on I'(P), t +1 < W ~ged(g+1,3) -2 < 6(¢g+1).

However, by Lemma B.3(iv), t + 1 > ¢ + 1, a contradiction. If ¢ = 2, then
Tp = 31+4Z (Qg X Qg): 5’3, Gp < 31+4Z (Qg X Qg): 5353 and |P| = 98560. Since
(t+1)% > |P| by Lemma [Z3(i), t + 1 > 47; however, Gp has no 2-transitive action
on 47 or more elements, a contradiction. Thus n = 4, and unless ¢ = 2 or ¢ = 3,
G p is not solvable. This means that PSLy(g)? must be in the kernel of the action.
Since Tp is transitive on I'(P), this means that ¢ +1 < 4(¢ + 1). Hence

(@ —qg+1)(*+1)
2

which implies that ¢ = 2,3. These final cases are ruled out by calculation by
examining the possible values of ¢t + 1 and noting that |P| = (s + 1)(st + 1).

=|T: Tp| = [P| = (s + 1)(st +1) < (4g +4)((4g + 3)* + 1),
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Assume now that Tp is a Ca-subgroup of type GL,, /2 (¢%).2. Suppose that t +
1 # ’é’::i. Then by the Classification of Finite 2-Transitive Groups, (n,q) =
(4,2) or (4,3) and t + 1 = 6. However, these cases are ruled out by examining
(s+1)(5s+1)=|P| =|T: Tp|. Thust+1 = Z;—:i, and so t = quZ;izl. Then
(s+1)(st+1) = |P| = |T : Tp| is divisible by ¢"" /4. It implies that s+ 1 is divisible

by q”Q/4 since ged(st + 1,q9) = 1. Thus s > ¢, a contradiction.

Case 4. Assume that Tp is a Cz-subgroup, an extension field subgroup. By [1L
Proposition 4.17] and Lemmal[3.3] we have Tp = mGUnN (¢)-3withn/3 =3
and ¢ = 27. Thus t + 1 = |[(P)| = 273 + 1, and (s + 1)(st + 1) = |P| = |T|/|Tp|
forces s > t, which is a contradiction.

Case 5. Suppose that Tp is a Cs-subgroup. There are several candidates to be
considered. If Tp is a C5 subgroup of type GU,,(qo), where ¢ = g3, then n = 3 and
t=¢qs =q Now (s+1)(st+1) = |P| = |T : Tp| is divisible by ¢*/q5 = ¢>. Tt
follows that s + 1 is divisible by ¢2, which contradicts s < t.

For other candidates, Tp is a symplectic group or an orthogonal group of dimen-
sion n. By Lemma [3.3] noticing that PQ3(q) = PSL2(q), P} (q) = PSLa(¢?), and
PQ (q) = PSLy(q), we conclude that

T, = PSp,,(2), PQs(q), PQy (¢).[d] with ¢ odd, or PQg‘(q),

where d = 2 or 4.
For the first case where Tp = PSp,,(2), we have t + 1 = |T(P)| = 2?m~1 £ 2m~1,
where 2m = n. The number of points has the form

(s+1)(st+1)=|P|=|T:Tp| = 2m(m=1(22m=1 L 1)(22m=3 1 1)...(241)
> 2771(7n71)+m2 _ 22m27m.

Since |P| < (t+1)3, it implies that m < 3. If m = 3, then a more precise calculation
shows that |P| > (¢ + 1)3, which is not possible. For m = 2, we have T' = PSU4(2),
and Tp = PSp,(2) = Se. This implies that |P| = |T: Tp| =36 and t +1 = 6 or
t 4+ 1 = 10. Neither (s 4 1)(5s + 1) = 36 nor (s + 1)(9s + 1) = 36 have integer
solutions for s, a contradiction.

For the second case where T' = PSUj3(q) and Tp = PQ3(q) = PSLa(q) (¢ = 7
odd), we have t +1 =g+ 1 unless ¢ = 7,9,11, and (s + 1)(st + 1) = |P| = |T : Tp|
is divisible by ¢%. Then t = ¢, and it implies that s + 1 is divisible by ¢2, which is
not possible. The sporadic cases are ruled out by inspection.

Suppose that T = PSUy(q) and Tp = PQ; (q).[d] = PSLz(¢?).[d], where q is
odd and d divides ged(4,q + 1). Then t + 1 = |[T'(P)| = ¢* + 1 unless ¢ = 3, and
(s+1)(st+1) = |P| is divisible by ¢*. It implies that s+ 1 is divisible by ¢*, which
is not possible. The sporadic case is ruled out by inspection.

Assume that T = PSUs(q) and Tp = PQ{ (q).2 =2 PSLy(q).2. Then t + 1 =
ID(P)| = (> +1)(¢+1), and (s+1)(st+1) = |P| = 3¢°(¢° + 1)(¢* +1)* > (t+1)?,

a contradiction.
Case 6. Finally, suppose that Tp is a Cg-subgroup. Then
(T7 Tp) = (PSU4(7),24.SP4(2)), (PSU4(3),24.A6)7 or (PSU3(5),322 Qg),

by [1, Proposition 4.17(vii)]. A simple calculation shows that there is no proper
integral solution to (s + 1)(st + 1) = |T|/|Tp|, which is a contradiction.
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Therefore, the result holds for Tp any maximal geometric subgroup, as desired.
O

5.3. Symplectic groups. Symplectic groups give rise to two families of general-
ized quadrangles and a sporadic example.

Proposition 5.5. Assume Hypothesis Bl Assume that T = soc(G) = PSp,,,(q)
for any n > 2,q > 2 and the point stabilizer Tp is a maximal geometric subgroup.
Then one of the following holds:
(i) n =4, q even, Tp = P = ¢* : GLa(q), Tt = P> = ¢* : GLa(q), (s,t) =
(¢,9), and Q = W(3,q), or
(i) n = 4, q odd, Tp = P, = ¢*2 : (GL1(q) o Spy(q)), Tt = P, = ¢*
(5% x 23(9))-2), (5,1) = (¢,9), and Q = W(3,q), or
(ili) n = 4, ¢ odd, Tp = ¢* : ((%5* x 3(9))2), Tt = P = ¢**2 : (GL1(q) o
Spy(q)). (s,t) = (¢,9), and @ = Q(4,q), or
(iV) T = PSp4(3) = PSU4(2), Tp = 24.A5, Ty = 2(A4 X A4).2, (S,t) = (2,4),
and @ = Q7 (5,2).
Proof. By Corollary 7] the stabilizer of a point Tp satisfies |T'| < |Tp|>. The
geometric subgroups satisfying this condition are listed in [I, Proposition 4.22],
and we proceed down the list.

Case 1. We first consider the case when Tp is a parabolic subgroup of type Py,
where 0 < k < k+m =n. Then

3k2—k
Tp = Py = [¢*"*" 77 ]: (GLk(q) © Spy,, o1 (2));
and by Lemma [(5.2]

=] Tl + 1),

qi=1
In particular, (s+ 1)(st +1) = |P| = |T : Tp| is coprime to ¢g. Note that

pi=[1] T+

qi=1
> qn_l ) qn_z ..... qn_k . qn e qn_(k_l)
k k—1 1

_ ghn— k() /2= k(1) /24 kn—k(k—1)/2

_ q2nkfk(3k+1)/2.

Moreover, using the Classification of Finite 2-Transitive Groups, we see that one of
the following must hold:

(a) TF(P) is solvable;

(b) Tp) > g™ Spy,,,(g), and t +1 = ¢

(c) T Pl g GLy(q), and t + 1 = ¢*;

(d) soc( ”P)) PSL(q), and t +1 = (¢* = 1)/(q — 1);

(e) soc(T (P)) >~ Sp,,,(2), and ¢ + 1 = 22m~1 4 om—1,
We first examine case (a) and assume that T};(P) is solvable. Suppose further that
k,2n—2k > 2. By Lemma[3.2] both PSLy(q) and PSp,,,_4;(q) are composition fac-

tors of Gl;-,(ﬁ), which is impossible by the Classification of Finite 2-Transitive Groups.
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Thus we have either that k = 1 or n = k. If n = k, then Tp = ¢"(**t1/2: GL,(q),
and by Lemma [Z3|(ii) we have
(t+1)3>|P| = H(qi +1) > gninth/2,
i=1

and so t + 1 > ¢"("+1/6_ On the other hand, since n > 2, PSL, (q) lies in T3, and
looking at the structure of Tp (and hence Gp), we see that t <
df (pf — 1) ged(pf — 1,n), where ¢ = pf and d = 2 unless ¢ is even and n > 3.
Thus p/(*+1D/6 < anf(pf — 1) < 2nfpf. If n > 2, then we must be in one of the
following cases, which are each ruled out via inspection: n=4,p=2, f =1;n=3
and either p=2and f <4,p=3and f <2,orp=>5and f =1. Hence n = 2,
Pl = (g4 1)(¢* + 1), and Tp = ¢*: mGLg(q). However, this still means
that s > ¢ + 1 since PSL2(q) is a section of Gl;ff) (unless ¢ = 5, ¢ =7, or ¢ = 9,
which are ruled out by inspection), which means by Lemma 23|(ii) that

(+ (@ +1) =P > (¢+2)°

a contradiction.

Hence we have k = 1 and |P| = (¢*" — 1)/(¢ — 1). Assume first that ¢ >
2. Ifn—1 > 2, then PSp,, 5(q) is a composition factor of Gg? and s >
(¢>=2 —1)/(q — 1). However, by Lemma 23(ii),

2n—2 3

2 q -1

= t+1 e
7?|>s(+)>< q_1>,

q2n_1

q—1
which implies that

q2n+2 > (q _ 1)2(q2n _ 1) > (q2n—2 _ 1)3 > q3(2n—3)7

which only holds when n < 2. If n = 2, then |P| = (¢* — 1)/(¢ — 1) and PSLz(q)

is a composition factor of GP(Z), which implies that s > ¢+ 1 (unless ¢ = 5,7, 9,

which are ruled out by inspection). However, this means that
CHE+g+1=|Pl=(s+1)(st+1) = (g+2)((g+1)>+1),

a contradiction. Finally, we assume that ¢ = 2. If n — 1 > 3, then proceeding as
above we have

22n > 22n _ 1 — |P| > 82(t + 1) > 23n—6(2n—1 _ 1)3 > 2671—12,

and so n < 3, a contradiction. If n = 3, then (s+1)(st+1) = |P| = 63, which has no
solutions in integers satisfying s < t < s2. Finally, if n = 2, then T' = Sp,(2) = S,
and |P| = 15, which implies that s =t = 2, and Q = W(3, 2)7 the unique generalized
quadrangle of order (2,2) (see Lemma 2.1)).
For case (b), t4+1 = ¢, and (t+1)% = ¢5»=*). Since |P| < (t+1)* by Lemma
231(i), this implies that 2nk — k(3k +1)/2 < 6(n — k). If k — 2 > 0, then
3k? —11k  3k*—11k+10 3k—5 i
"SBk-2 - 6k-2 6 °F
a contradiction. Hence k < 2. However, if k < 2, then s?(t+1) < |P| forces s% < t,
a contradiction.
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Assume that case (c) occurs. Then t + 1 = ¢*, and (t + 1)®> = ¢**, and so
2nk — k(3k + 1)/2 < 3k, which implies that

k
k§n<3 2_7,

which holds only if £ < n < 7. However, as above, in this case we have
(¢ — 1).(PGL5(q) x PSps,_10(¢)) < Tpy, where here £ is a line incident with P.
Unless k = 2 and ¢ = 3 and T; = 2.(PSpy(3) x PSp,,,_5(3)), we have that Ty is
a subgroup of a group isomorphic to Tp and ¢ divides s + 1, a contradiction since
|P| = (s + 1)(st + 1) is coprime to q. If k¥ = 2 and ¢ = 3, then the full subgroup
[32n75] < T;(P), which has socle isomorphic to 3*. This means that n < 4, and the
remaining options are ruled out via inspection of the specific groups.

In case (d), t+1 = (¢"*—1)/(¢g—1) < ¢*, and we know immediately as in the cases
above that k < n < 7. In fact, using the slightly better bound of (t+1)3 < ¢3!, we
obtain that n < (3k%+7k—2)/(4k), which implies that 2 < k =n < 6. Ifk =n > 5,
then s(t+1)% > |P|, a contradiction to LemmaZ3(ii). If n = k = 2, then t+1 = ¢+1
and |P| = (¢ + 1)(¢> + 1), which forces s = ¢. Examining the possible maximal
subgroups of PSp,(q) [0], we see that the only possibility is the classical generalized
quadrangle W(3,q) or its dual, the classical generalized quadrangle Q(4,q). If
k=n=3, thent+1=¢*+q+1and [P| = (¢+1)(¢*+1)(¢*+1). By LemmalZ3ii),
s(t+1)? > |P|, which implies that s > ¢®—q. Moreover, (s+1)(st+1) = |P| implies
that ¢ divides s. Since s < t = ¢g%+¢, this implies that either s = ¢% or s = t = ¢®+q.
If s = ¢, then (> +1)(¢* +¢*+1) = (s+1)(st+1) = |P| = (> +1)(¢* + ¢ +q+1),
a contradiction. If s = ¢, then (¢ +1)(¢*+ )(¢* +1) =[P =(t+1)(#*+1) =1
(mod ¢ + 1), a contradiction. Finally, if k =n =4, then t +1 = (¢* —1)/(¢ — 1)
and |P| = (¢ +1)(¢* +1)(¢* + 1)(¢* + 1). By Lemma [Z3|ii), s(t + 1)2 > |P|, which
implies that ¢ > s > ¢* — ¢> + ¢ — 1. This holds only when ¢ = 2, and examination
of the specific group Spg(2) rules it out.

Finally, for case (e), ¢ = 2 and t+1 = 22(*=*k) =14 on=k=1. then (t4-1)3 < 26(n—k),
and 2nk —k —k(k—1)—k(k+1)/2 < 6(n — k) implies that k = 1,2. If k = 1, then
227 > 22 — 1 =|P| > (t+1)? > 2777, which implies that n < 3.5. However, this
implies that m = n — 1 = 2, and we must have m > 3 for this 2-transitive action, a
contradiction. Thus k =2, t +1 =275 £ 2773 and |P| = (22" — 1)(2*"~2 - 1).
We know that ts?+(t+1)s+1 = |P| and that s is an integer; hence the discriminant
(t+1)2—4¢(1—|P|) must be a perfect square. When n > 5, the discriminant divided
by 213 is 142773 4307 - 2279 £ 77. 23710 _ 1181 . 24n—13 4 95n—6 | 43n—4 4 it
is not a square for n > 5. For n = 2, 3,4, none of the values of the discriminant are
perfect squares, a contradiction. Hence Tp is a maximal parabolic subgroup only
when Q is classical.

Case 2. Next, we have that Tp is a C;-subgroup isomorphic to
ged(2,q — 1).(PSpy(q) X PSpy, 1 (q)),

where k is even. Since Tp has a 2-transitive action, this implies that either ¢ = 2,
k=2 or2n—k = 2. Note that £ < n and 2n — k = 2 imply that k£ = 2, so
whenever g # 2 we may assume that &k = 2. Except for the specific exception n = 2
and ¢ = 3, by Lemma B.3[iv) we have that t + 1 > (¢*"~2 — 1)/(¢ — 1). On the
other hand, except for the specific exceptions when ¢ = 4,5,8,9,11, we also have
t+ 1= g+ 1, which implies that 2n —2 < 2,ie, n=k=2. If n =k = 2 and
t = q, then |T| = |Tp|(s + 1)(st + 1) implies that ¢ divides s + 1, a contradiction
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to s < t, and the exceptions above are ruled out by inspection. If ¢ = 2, then
Tp = Sp;.(2) X Spy,,_1(2), leaving the following possibilities for ¢4 1: 281 4 2k/2-1
and 22n—F=1 4 on=k/2=1 Tp any case, t + 1 < 22"~* and, by [I, Corollary 4.3],
|P| = |T: Tp| > 22"=¥’~1_ Thus Lemma[Z3(ii) implies that 2nk—k2—1 < 6n—3k.
If k£ > 3, then this implies that
k2 —3k+1 k 1 k 1

%6 2 2%-6 2 "
a contradiction. Since k < 3 is even, we have k = 2. We note, however, in this
situation that T, > Tp, > Spy(2) x PQ5,,_5(2). This implies that T, = Tp and
s = t; however, then s%(t + 1) > |P|, a contradiction to Lemma 211

k<n<

Case 3. Suppose that Tp is a Co-subgroup of type Spy,, /;(q) wr S, where 2n/k is
even and k > 2. In particular, this means that Sp,, /k(q) is not solvable. Note
that T has k composition factors isomorphic to PSpy, /4(¢), and, since Spy,, /4 (¢)"
is a normal subgroup of Tp, either all are composition factors of GI;(P) or all are
composition factors of G;Ef). In either case, there is no such 2-transitive group, a
contradiction.

We next assume that Tp is a Ca-subgroup isomorphic to (¢ — 1)/2.PGL,(q).2,
where ¢ is odd. In this case, after ruling out the few sporadic possibilities for (n, q)
via inspection, we have that t + 1 = (¢" — 1)/(¢ — 1) < ¢". By [I, Lemma 4.2,
Corollary 4.3], we have that |P| > g™ *"=3. This implies that n2 +n — 3 < 3n, a
contradiction for n > 3. If n = 2, then t+1 = ¢+ 1; however, this is a contradiction
to (t+1)2>|P|=|T: Tp|.

Case 4. Suppose that Tp is a C3-subgroup. By [1, Proposition 4.22] and Lemma[33]
we have

(T,Tp) = (PSp4(q), PSp2(4?)), (PSps(q), PSp2(¢?)), or (PSUs(q), PSUs(q)).

In the case where Tp =PSp,(¢?) 2 PSLa(¢?), the number of points (s+1)(st+1)
= |P| =|T : Tp| = ¢*(¢®> — 1), and either the valency t + 1 = |['(P)| = ¢*> + 1 or
g=2or 3, and t +1 = 6. For the former, st + 1 = s¢® + 1 is coprime to ¢, and
hence s + 1 is divisible by ¢2. Since s < t, we have s = ¢?> — 1. However, this is a
contradiction to (s + 1)(st + 1) < ¢*(¢*> — 1) = |P|. Therefore, ¢ =2 or 3, t = 5,
and T = PSp,(2) or PSp,(3). If ¢ = 2, then

|P| = |T: Tp| =12 < 25 = (t + 1),
a contradiction to Lemma 23((ii). If ¢ = 3, then
(s+1)(5s+1) =|P| =72,

which has no integral solutions.

For the second case, (s + 1)(st + 1) = |T : Tp| is divisible by ¢°~2 = ¢5, and
either t +1=¢>+ 1, or ¢ = 2, and t + 1 = 28. For the former, ged(st + 1,q) = 1,
and so s+ 1 is divisible by ¢®, which contradicts the assumption s < t. Thus ¢ = 2,
and T = PSpg(2). This means that

(s+1)(27s + 1) = |P| = 2830,

which has no integral solutions.
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In the third case where Tp = PSUj3(q), we have t + 1 = ¢ + 1, and t = ¢>. Now
(s+1)(st+1) =|T : Tp| is divisible by ¢'°~3 = ¢'2. It implies that s+ 1 is divisible
by ¢'2, which is a contradiction since s < t.

Case 5. Let Tp be a Cs-subgroup. By Lemma B3] the only possibility is Tp =
SPsn,(2), with ¢ = 2f. The valency is t + 1 = [['(P)| = 2?m~! £ 2™~1 and the
number of points (s+1)(st+1) = |P| = |T : Tp| is divisible by ¢™" /2m" = (2/=1)m"
Since |P| < (t +1)3, we conclude that f =2 and m = 2, namely, T = PSp,(4) and
T, = PSp,(2). In this case, t + 1 = 6 or 10, and |P| = |T : Tp| = 1360 > 10° by
the Atlas [10], which is a contradiction.

Case 6. Let Tp be a Cg-subgroup. By [I, Proposition 4.22] and noticing that
Q5 (2) =2 SLa(4) = As, since Tp has a 2-transitive permutation representation,

(T, Tp) = (PSp,(7),2%.55), (PSp,(5),2%.45), or (PSp,(3),2%.45).

In each of these three cases, the valency t + 1 = |T'(«)| equals 5, 6 or 16.

Suppose that T'= PSp,(7). Then (s+ 1)(st + 1) =|P| = |T : Tp| is larger than
163, and so |P| > (¢ + 1)3, which is a contradiction to Lemma 23]

In the case where T' = PSp, (5), we have (s+1)(st+1) = |P| = |T : Tp| = 3-53-13.
Since |P| < (t + 1)3, it implies that t + 1 = 16 and ¢ = 15. Thus st + 1 is coprime
to 15, and so s + 1 is divisible by 3.52, which contradicts the assumption s < ¢.

We therefore have T = PSp,(3) = PSU4(2). Furthermore, (s + 1)(st + 1) =
|P| = |T : Tp| = 27, which implies that s +1 = 3 and st +1 = 9, so s = 2
and t = 4. By Proposition [5.4] we conclude that Q is Q~(5,2), Tp = 2*. 45, and
Tg = 2(A4 X A4)2

Case 7. Let Tp be a Cg-subgroup. Hence q is even, and, since G;(P) is 2-transitive,
n = 2 and either Tp = Qf (¢) = SLa(q) o SLa(q) or Tp = Q5 (q) = PSLa(¢?) or
n =3 and Tp = PQJ (¢) = PSL4(q). If Tp = Q (q), then unless ¢ = 4,8, we have
t+1 =g+ 1. On the other hand, SLs(q) must be a composition factor of G;(f ,
which implies that s +1 > ¢®> > t + 1, a contradiction. The cases ¢ = 4,8 are
ruled out by inspection. If Tp =Q; (q ), then unless ¢ = 2 (which is ruled out by
inspection), t + 1 = ¢* + 1. On the other hand, |T'| = |Tp|(s + 1)(st + 1) implies
that ¢? divides s +1 < t +1 = ¢% 4+ 1, which implies that s + 1 = ¢2. However,
1Sp4(q)| # ¢*(¢* — 1)(¢* — ¢ + 1), a contradiction. Finally, if Tp = PQ¢ (¢), then
t+1=(¢*—1)/(¢g—1) unless ¢ = 2 (which is ruled out by inspection). On the other
hand, |T| = |Tp|(s+1)(st+1) implies that ¢° divides s+1 < t+1=¢*+¢>+q+1,
which implies that s+1 = ¢3, which is a contradiction to [Spg(q)| = |Tp|(s+1)(st+1)
as above.

Therefore, if Tp is a maximal geometric subgroup, then @ must be classical, as
desired. ]

5.4. Orthogonal groups. We first recall some isomorphism relations between
some small dimensional groups (see [25, Proposition 2.9.1]:

For ¢ odd, Q3(q) = PSLa(q),

02 (q) = D2 (¢F1)>
Qf (q) = SL(q) o SL2(q),
Q; (q) = PSLa(¢?),

PO (q) = PSLa(q).
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TABLE 5. Ruling out examples for Case 1 of Proposition

n | Tp [ t+1 | Tl | I Tplg | (s+1)q
7 |05 (q) xOs(q) | ¢®+1 ¢ | ¢°

7 | Of(q) xOs(q) |g+1 @ |¢ |

7 | Of(q) P+ +a+l|¢ | |

8 | 05 (q9) xOF(q) | ¢* +1 | ¢t |

8 |Od(q) x05(q) | ®++q+1|q? | ¢ |

8 | 05(q) xO5(q) | ¢*+1 *? | q* ¢

9 | Of(q)x03(q) | +a>+aq+1]q° [¢" |°

10| Of(q) x O3 (q) | +a>+q+1]¢* | ¢ | ¢

121 05(q) xOf(a) |+ +aq+1]¢* | ¢ |¢*®

Proposition 5.6. Assume Hypothesis Bl Assume that T = soc(G) is a simple
orthogonal group of dimension at least 7. Then the point stabilizer Tp cannot be a
maximal geometric subgroup.

Proof. Let Q be of order (s,t). Without loss of generality, assume that s < ¢.
Let T = PQ; (q), where n > 7. By Corollary 7] the stabilizer of a point Tp
satisfies |T'| < |Tp|?. The geometric subgroups satisfying this condition are listed
in [I, Proposition 4.23], and we proceed down the list.

Case 1. Assume first that Tp is a stabilizer of a nonsingular subspace of dimension
2k, where k < n/2. Since G p has a 2-transitive representation, we have

(a) if n = 2m + 1, then either
n =17, and Tp = O; (q) x O3(q), or O (q) x O3(q), or Of (g), or
n =29, and Tp = Of (q) x O3(q);
(b) if n =2m and T = PQ;,,(¢), then either
n =8, and Tp = OF (q) x 05 (q), or OF (q) x O3 (q), or
n =10, and Tp = Of (¢) x O; (q);
(c) if n =2m and T = PQ3, (q), then either
n =28, and Tp = O (¢) x Of (g), or
n =12, and Tp = O (¢) x O¢ (q)-

We proceed uniformly in each case. Except for the finite number of cases when
the action of TE(P) is not the natural action of PSL,,(¢) on 1-dimensional projective
subspaces (each of which is ruled out by inspection), we have ¢ + 1 as in Table
However, this means that ¢ divides ¢, and since |T'| = |Tp|(s + 1)(st + 1), we have
(s+ 1)y = |T|y/|Tp|q as in Table[ In each case except n = 7 and Tp = O (q),
this implies that s > ¢, a contradiction. When n = 7 and Tp = OF (¢), since s < ¢,
we have s + 1 = ¢3. However, this implies that

PQ7 () = 19%(a)| - ¢*((¢* = 1)(¢* + @ + ) + 1),

a contradiction.
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Case 2. Let Tp be the stabilizer Py of a totally singular k-space. Consider first
the case n = 2d + 1. Noticing the isomorphisms listed at the beginning of this
subsection, the possible candidates are as follows:
k=dand Tp = ¢4=1/2 ¢*.GL4(q), or
k=d—1and Tp = ¢l 1@=2)/2 ¢3(d=1) (GL4_1(q) x O3(q)).
By Lemma [5.2] we have

Pl = {d] ﬁ(qd+1—i )= (q2d _ 1) . (q2(d—lc+1) -1)
kgt (¢"=1)---(¢—1)
2d—1 2d—2k+1

4 kq .y
qk-q
On the other hand, examining the structure of T» we note that ¢t + 1 < ¢*. Hence
by Lemma 2:3(ii) we have

k(3k—1)
2dk—T.

k(3k — 1)

2dk —
d 2

< 3k,

which implies that
4d < 3k + 5.

Since k < d, this implies that d < 5 and hence d = 3,4. Substituting these values
back into 4d < 3k + 5 also yields k = d, and hence Tp = ¢*=1/2.¢¢.GL,(q) for
3<k=d<4

Suppose first that k = d = 3. Note that t + 1 =¢> or ¢> + ¢+ 1 and

(s+1D)(st+1)=|P| = (> + 1)(¢*> +1)(g+1).

By Lemma 22 since s + 1 is coprime to ¢, it follows that ¢® must divide |7y,
which implies that T} is a Ci-subgroup. Note that T, # Qét(q) since we have a
contradiction to Lemma B3] in the “—” case and s > ¢ in the “+” case. This
implies that Ty is also a parabolic subgroup. Since s < t, |Tp| > |T¢|, and so
Ty = Py or P. If T; = Tp, then Lemma Z 2 implies that s +1 =t +1=¢%> +q+1,

since s + 1 is coprime to q. On the other hand, this implies that
(@ +1)(¢* + D@ +1) = |P| = (¢° +q+1)((¢° +a)* + 1),

which has no real roots for ¢ > 3. Hence T; = P,. This implies that |[£| =
(¢® —1)(¢* +1)/(q — 1) is coprime to ¢ by Lemma[5.2] and so t +1 = ¢® + ¢ + 1.
Hence
(@ +aq+1)(s(¢® +q) +1) = |£] = (¢° = )(¢* +1)/(a— 1),
which implies that s = (¢* + ¢*> + ¢)/(¢+ 1) > ¢®> + ¢ = t, a final contradiction.
Suppose now that k =d=4. Thust+1=¢* or (¢* —1)/(¢— 1) and

Pl =(¢" +1)(¢* + (> + (g +1)

by Lemma 52 If t + 1 = (¢* —1)/(¢ — 1), then (¢t + 1)3 < |P|, a contradiction to
Lemma[Z3)(ii). Hence t+1 = ¢*. In this case, Lemma[I](ii) implies that (s+q*—1)
divides s(¢* — 1)¢*(s + 1). Now,

s(" = 1)g*(s+1) = (s +¢* = )(sq*(¢* = 1) + ¢*(¢* = 1)) = —2¢"(¢" — 1),

so0 s+ ¢* — 1 must divide 2¢*(¢* —1). Examining (s+1)(st+1) = |P|, we see that ¢
divides s2, and so ¢ is coprime to s+¢*—1, and s+¢*—1 must divide 2(¢*—1). Thus
for some positive integer m, m(s + ¢* — 1) = 2(¢* — 1) and ms = (2 — m)(¢* — 1).
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This implies that m = 1 and s = ¢, but then s%(t + 1) > |P|, a contradiction to
Lemma [23((ii).

Next we consider the case n = 2d and T = PQ,,(¢). Upon consideration of the
isomorphisms listed at the beginning of this subsection, the possible candidates are
as follows:

k=d—1and Tp = q4=Dd=2)/2 g2(d=1) (GL4_1(q) x O3 (q)), or
k=d—2and Tp = q(=2(d=3)/2 ¢4(d=2) (GL4_2(q) x 05 (¢)).
We start as in the n = 2d + 1 case and find by Lemma that

[P| > gk
Noting again that t+1 < ¢¥, by Lemma[Z3(ii) we have 4d < 3k+7. Since k < d—1,
this means that 4d < 3(d — 1) + 7 and d < 3, a contradiction to n > 7.

Finally, we consider the case n = 2d and T = PQ;d(q). Noticing the isomor-
phisms listed at the beginning of this subsection, the possible candidates are as
follows:

k=dand Tp = ¢"=1/2 12GLy(g), or

k=d—2and Tp = ¢(1=2d=3)/2 ¢4d=2) (GL4_5(q) x Of (¢)), or

k=d—3and Tp = ¢@=3d=1/2 ¢6(d=3) (GL4_3(q) x Of (¢)).
We start again as in the n = 2d + 1 case and find by Lemma that

~ o~

[Pl > g2 52,

Noting again that t + 1 < ¢¥, by Lemma 2.3)(ii) we have 4d < 3k +9. If k < d — 2,
then 4d < 3d+3, a contradiction to d > 4. Hence we have k = dand 4 < k =d < 8.
In each case, t +1=¢q%ort+1= (¢ —1)/(¢— 1) and

Pl =2(¢" + (g " +1)--- (g +1).
We rule out k =d =7 and k = d = 8 by noting that
(t+1)° < <|P|,

a contradiction to Lemma 223((ii).

Suppose that k = d = 4. If t + 1 = ¢*, then (¢ + 1)2 > |P|, a contradiction to
Lemma 2Z3](ii). Hence t +1 = ¢* + ¢> + ¢+ 1, and by Lemma 22 |T3|, = ¢*? and
Ty is a parabolic subgroup. Since s < t, |Tp| = |Ty|, and k # 3, we have Tp = T} or
Ty = P,. If Ty = P,, since s > t, we see that s + 1 = ¢2, which is a contradiction
since |P| = (s + 1)(st + 1) is coprime to ¢q. If Tp = T, we see that s+1=¢t+1
by Lemma [22] a contradiction to |P| = (s + 1)(st + 1) since |P| = 2 (mod g) but
(s+1)(st+1)=1 (mod q).

Suppose that k = d = 5. If t + 1 = ¢°, then since |P| is coprime to ¢ by Lemma
221 we see that |Ty|, = ¢'°. However, this and Lemma B3] rule out all possible
maximal subgroups (see [5, Tables 8.66, 8.67]). Hence t +1 = (¢° —1)/(q —1). We
reach a contradiction by precisely the same reasons as the case k = d = 4.

Finally, suppose that k = d = 6. First, if t +1 = (¢ — 1)/(q — 1), then
(t+1)3 < |P|, a contradiction to Lemma Z3|(ii). Second, if t + 1 = ¢°, then since
|P| is coprime to ¢ by Lemma 22 |Ty|, = ¢**. However, this and Lemma B3] rule
out all possible maximal subgroups (see [5, Tables 8.82, 8.83]).
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TABLE 6. Ruling out examples for Case 4 of Proposition

n | Tp | t+1 | 1Tlg [ 1Tplq | (s +1)q
8 | Of (¢ | *+1 *? |t |
8 |05(¢) | ¢*+1 | ¢ ¢
12 08(?) | (@ =1)/(®-1) | ¢ | ¢ |¢*®

Case 3. Suppose that Tp is a Co-subgroup. Then:
(a) T =PQ(q), and Tp = O3(q) wr Sa;
(b) T = PQy(q), and Tp = OF (q) wr S;

)
(¢) T =PQ3(q), and Tp = OF (q) wr Sa;
(d) T =PQg (¢), and Tp = OF(q) wr Sy;
e) T =PQy (q), and Tp = OF (¢) wr Sa;

(
() T =PQL,(q), and Tp = OF (q) wr Sa.

In particular, in each case Of,(g) is not solvable. Note that T» has two composi-
tion factors isomorphic to PQy(g), and, since Of,(g) x O%,(¢) is a normal subgroup
of Tp, either all are composition factors of GF(P) or all are composition factors of

GF(E) In either case, there is no such 2-transitive group, a contradiction.

Case 4. Let Tp be a Cs-subgroup. By [Il Proposition 4.23], we have the candidates
(a) T =PQg(q), and Tp = Of (¢ 2),
(b) T =PQyg (q), and Tp = O (¢ ),
(c) T =PQf(q), and Tp = O+( ).

We proceed uniformly in each case. We have t + 1 as in Table [6] except possibly
for the cases ¢ = 2,3 when n = 8 and Tp = Of (¢?), and these are ruled out by
inspection. However, this means that g divides ¢, and since |T| = |Tp|(s+1)(st+1),
we have (s + 1), = |T|,/|Tp|, as in Table[dl In each case, this implies that s > t,
a contradiction.

Case 5. If Tp is a C4-subgroup, then n = 8 and Tp = Sp,(2) X Spy(2) or n = 12 and
Spg(2) x Spy(2). In each case, we have t+1 = 27/2-1 +£27/4=1 and (s+1)(st+1) =
[P| = [Sp,(2): Sp,,/2 X Spo(2)| implies s > ¢, a contradiction.

Case 6. The subgroup Tp is not a Cs-subgroup since G p has a 2-transitive permu-
tation representation.

Case 7. For the case that we have a Cg-subgroup, we have T = PQ{(3), and
Tp = 26.0F(2). However, (t +1)3 < 2 < |T: Tp| = |P|, a contradiction to
Lemma 2.3((ii).

Case 8. Finally, for C;-subgroups, we have T = PQ{ (¢), and Tp = Sp,(q) wr S3
with ¢ < 27 even. However, this implies that either Gp PP or GF(K) has three
composition factors isomorphic to PSp,(q), a Contradlctlon ]
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Proposition 6.1. Assume Hypothesis Bl Then the point stabilizer Tp cannot be

a Cy-subgroup.

Proof. From [Il, Proposition 4.28], we list the possibilities in Table [ and apply the
simple inequality from Lemma [2Z3|(i). We then look at the leftover cases in Table
B and we can solve for s, since |T' : Tp| = (s + 1)(st + 1). In most cases, the
discriminant A := (¢ + 1)? — 4¢(1 — |T : Tp|) is not a square, and the remaining
case, (T,t+ 1) = (PSL2(19),6), yields no solution for s. Therefore, there are no

JOHN BAMBERG, CAI HENG LI, AND ERIC SWARTZ

6. C9-SUBGROUPS OF CLASSICAL GROUPS

examples in this case.

TABLE 7. Possibilities for (T, Tp) arising from [Il, Proposition 4.28]

in the proof of Proposition

T | Tp | t+1 | E+1)2<|T:Tp| < (t+1)*?
PO, (2) Ass 16 false
PSp5(2) S14 14 false
PO (2) Ais 13 false
PO, (2) A1z 12 false
PSpg(2) S1o 10 false
PQJ(2) Ag 9 false
PO, (3) Spe(2) 28, 36 true
PO (3) Sy 9 false
PSUG (2) M22 22 false
PSpg(2) PSU3(3).2 28 false
PSL4(2) Az 7 false
PSU4(3) Az 7 false
PSU4(3) PSL3(4) 21 false
PSp,(2) As 5,6 false
PSL3(4) Ag 6 true
PSL3(4) Ag 10 false
PSU;5(5) Az 7 true
PSU3(5) M10 10 true
PSU;(3) PSL,(7) 7,8 false
PSL2(9) As 5, 6 false
PSLo(11) As 5,6 false
PSL»(19) As 5, 6 true
PSp,(q) | *Ba(q), ¢ =27, fodd | ¢* +1 true

7. NOVELTY MAXIMAL SUBGROUPS OF CLASSICAL GROUPS

Let S be a finite nonabelian simple group and let A be an almost simple group
with socle S. If M is a maximal subgroup of A, then M NS is not necessarily a
maximal subgroup of S. In the case that M NS is not maximal in .S, we say that
M is a novelty. This section deals with the case that Gp is a novelty subgroup

of G.
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TABLE 8. The remaining possibilities for (T,Tp) in the proof of
Proposition from Table [, after consideration of the discrimi-
nant.

T ’ Tp | t+1 ’ A

PO (3) Spe(2) 28, 36 341848

PSL;(4) Ag 6 443416

PSU;(5) A, 7 1136

PSU;(5) Mio 10 6364

PSL,(19) As 5 921

PSL,(19) As 6 1156

PSp,(q) | ?B2(q), q=27, fodd | ¢*+1 | (¢—1)(¢+1)*(4¢* +q—1)

First we look at the case that Gp is a C;-subgroup. Let n be the dimension of
the natural module for G.

Proposition 7.1. Suppose T = PSL,(q). Then Gp cannot be a novelty C;-
subgroup of G.

Proof. Suppose that T' 2 PSL,,(¢), where n > 3. We have three cases:

(i)

Tp is a Py type subgroup. We may assume without loss of generality that
k < n/2 (since we can apply the standard duality/graph automorphism to
the case k > n/2). We know that t+1 < (¢ —1)/(¢—1). By Lemma23(i)
we must have

(@2 -1 _ (¢*-1)°
(@=1)3 7 (¢—1)3
and this immediately leads to a contradiction.

Tp is a GL,,(q) ® GL,—n(q) type subgroup. Here m < n/2. We know that
n—m>m,sot+1<(¢"™—1)/(¢—1). By Lemmal[Z3|i) we must have

> (t+1)3> [P > [Z] :
q

n
VR T SRV B M
q
and this immediately implies that m = 1,2. Suppose that m = 1. Then
we can be sure about the value of ¢ + 1; it is (¢! — 1)/(¢ — 1). Now
|P| = q"*(¢" —1)/(q — 1), and by Lemma 23|ii), s*(t + 1) < |P| implies
that

n
2 no1 ¢" —1
sT<q —q”_l—l

and hence s < ¢"/?+1. On the other hand, (s+1)(st+1) = |P|, and st 41
is coprime to ¢, which implies that ¢"~! divides s+ 1, a contradiction. Now
suppose m = 2. Necessarily n > 5 and t + 1= (¢""2 —1)/(¢ — 1). Then

oy (@" = D(¢" ' -1 2(n—2
P:q2(n 2) <q(n ).
7 G D@ 1D |
and by Lemma 23|(ii), s?(t + 1) < |P| implies that

n—2)2

q

b

M —1
52 < 22 (q; - 1)(q" - -1 <Pt
(¢ —=1)(¢"2-1)
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(iii)

Tp
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On the other hand, (s+1)(st+ 1) = |P|, and st + 1 is coprime to g, which
implies that ¢2™~2) divides s + 1. Note that s # 2, since otherwise we
would have ¢>("~2) = 3. For s > 3, we have (s 4+ 1)? < 2s% and hence

q4(n72) g (S + 1)2 g 252 < 2q3n74.

The only solution is ¢ = 2 and n = 5. Then |P| = 9920, but there do not
exist s and ¢t with /s <t < s? such that (s+1)(st + 1) = 9920. Therefore,
Tp cannot be a GL,,(q) ® GL,—m(q) type subgroup.

Tp is a Py pn—m type subgroup. We now assume that Tp is a Pp, ,—m type
subgroup in PSL,(¢). Since Tp must have a 2-transitive action on ¢ + 1
points, it follows that ¢+ 1 is either (¢™ —1)/(¢—1) or (¢"~?™ —1)/(¢—1).
Ift4+1=(¢™—1)/(¢ — 1), then again using Lemma 23(i), we see that
[Z]q < |P| < (g™ —1)3/(qg — 1)® < ¢*>*/2. This implies that m = 1,
a contradiction to t > 2. If t +1 = (¢" 2™ — 1)/(q — 1), then a simi-
lar argument immediately implies that m = 1,2. When m = 2, |P| =
(@" = D" = D(¢"? = (" = 1)/((¢*> = 1)(¢* = (g — 1)(g — 1))
and t +1 = (¢"* —1)/(q — 1). However, (t + 1)> < |P| in this case, a
contradiction. Hence we assume that m =1 and t+1 = (¢""2—1)/(¢—1).
We note that |P| = (¢" — 1)(¢" ' —1)/(¢ — 1)?, and by Lemma Z3(ii) we
find that s < ﬂq"/2. We also note that

= [¢*" 7] af 1 o1/ 8ed(g = 1,n)].(PSL1(q)* x PSLin—2(q)).[b1 1 o]

(see |25, Proposition 4.1.22] for details). Note that t+1=(¢""2—1)/(q— 1)
implies that the kernel of the action of Tp on its neighbors contains the
full subgroup [¢>*~3] : PSL,,_3(q), which is a subgroup of T;. Note that
this implies that Ty, > [¢*" 73] : PSL,_3(q), and we deduce that T, is a
Cy-subgroup of T with m < 3. However, in all cases this forces s + 1 to be
larger than V2¢™2, a contradiction. Thus Tp cannot be a Prn—m type
subgroup in PSL,(q). O

Proposition 7.2. Suppose T = PQ (q). Then Tp cannot be a novelty Cy-subgroup
of T, unless Tp is a P,/ type subgroup and n < 12.

Proof. We have the following cases:

(i) Tp is a Py type subgroup, k < n/2. Since Tp must have a 2-transitive

action on ¢ + 1 points, it follows that ¢+ 1 is (¢* —1) /(g —1). We also know
from Lemma [B.2] that |P| is

{"ﬂ f[(q"/ ).

q4=1

Using Lemma [23](i), we see that

k
[nﬂ [I@ > +1) < (¢" - 1)%/ (¢ - 1)*,

qi=1

which impliesEI that £ =n/2 and n < 12.

2P| > (M2 TG (/> + 1) > ¢37/2 > (t+ 1) when n > 13,

n/2 i=1
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(ii) Tp is a GO? (¢9) L GO::?k(q) type subgroup, k < n/2. In order for Tp
to have a 2-transitive action, we must have ¢ = — and either k¥ = 4 or
n—k=4. Hence t + 1 = ¢*> + 1. Now |Tp| is at least

95 () = ged(2,4 = 1)*q*(¢* — 1)?
and |Tp| < (t+1)® (by Lemma23(i)). However, ¢*(¢* — 1)2 < (¢® +1)3 if
and only if ¢? < 1, a contradiction. Therefore, this case does not arise.

(iii) q is even and Tp is a Sp,,_5(q) type subgroup. In order for Tp to have a
2-transitive action, we must have ¢ = 2, n—2 > 6 and t4+1 = 273 +27/2-3,
Now |Tp| is

=22
‘Spn72(2)‘ = 2(7172) /4 H (221 - 1)7
i=1
which in turn is at least 29(2%2 — 1)(2* — 1)(2° — 1) = 1451520 (by taking
n—2=6). The bound |Tp| < (t+1) (Lemma Z3(i)) immediately implies
that n < 10. The bound (¢+1)2 < |Tp| (LemmaZ3(i)) implies that n > 10,
and hence n = 10. Therefore, |T : Tp| = |PQ;(2) : Sps(2)| = 496 and so
we have
(s+1)(st+1) =496

where t = 124 or t = 132. We have two quadratic equations in s, both of
which have no integer solutions. So this case does not arise. ]

Proposition 7.3. For n < 12, Gp cannot be a novelty C1-subgroup of G.

Proof. For a classical simple group 7, we will write T for its preimage in the
associated matrix group. Likewise, for a subgroup H of T, the notation H will
denote the preimage of H in T. By looking through the tables in Bray, Holt,
Roney-Dougal [B], and excluding the examples that do not satisfy the conclusions
of Propositions [Tl and [72] we see that (T,Tp) can only be the following: (i)
(94 (0), sz X Ga(g)) or (if) (2(9), Dio).

For the case (T, Tp,t+1) = (23(9), D10, 5), we have (s + 1)(4s + 1) = 36, which
has no integer solutions for s. In the case that Tp = m x Ga(q), since
Tp must have a 2-transitive action, we must have ¢ = 2. Then ¢ +1 = 28 and
|T : Tp| = 14400. So 14400 = (s + 1)(27s + 1), which has no integer solutions in
S. (]

Lemma 7.4. Let G be a nearly simple subgroup of GL,(q), and let G be the image
of G upon factoring out by the scalars Z of GL,(q). Let T be the socle of G,
let U be a subgroup of T, and let T and U be the full preimages of T and U. If
IT| < |UJ? - |Out(T)|, then

T < [U-[Out(T)] - (g — 1).
Proof. Suppose |T| < |U|? - |Out(T)|. Then
IT| =|T||TNZ| < |U? |Out(T)||T N Z|
=|U:UNZ?-0ut(D)||TNZ| <|U?-|0ut(T)] - (¢ —1).

Proposition 7.5. For n <12, Gp cannot be a novelty subgroup of G.



1590 JOHN BAMBERG, CAI HENG LI, AND ERIC SWARTZ

Proof. By Proposition [[.3] Gp is not a Ci-subgroup. In Table [@ we summarize
the novelties outlined in the tables in Bray, Holt, Roney-Dougal [B], apart from
Ci-subgroups. Let 6 = |T'N Z(GL,(q))|. We first apply the restriction that |T| <

\Tp|2|0ut(T

(g —1)

TABLE 9. Possibilities for (T, Tp) upon consideration of the bound
IT| < |Tp|*|Out(T)|(g — 1) in the proof of Proposition [[H

T | Tp | Conditions | Bound?
O,(¢) | PSL3(3) g = p = £2,+5,46 (mod 13), | false
p==£5 (mod 13)
07,(q) | 2 xPSL3(3) g = p = +1,43,+4 (mod 13), | false
q#3
2:Mis q=p==4547,+11 (mod 24) false
Q5 (5)6.210.85 q=5 false
Q5 (3)6.210.55 q=3 false
Q4 (q) x SO3(q) q>=5,qodd false
SUi2(q) | 606 Ag g=p=11,14 (mod 15) false
SLi2(q) | 606 Ag g=p=1,4 (mod 15) false
12 0 6 Ag g = p* p = 2,3 (modb), | false
pP#2,3
SL11(2) PSL2(23) - false
Q0(q) |2 x Ag g=p=7 (mod 11) false
2 x Ag.21 q=p=7 (mod 11),q#7 false
0 x PSLa(11) g =p= 26,7810 (mod 11), | false
qg#2,7,d=1,2
2'PSLs(4) q="7 false
M2 q=2 false
Q, (3)5.28.55 q=3 false
Q) |2 x Ag g=p=5 (mod 12) false
2 X Ag.21 g=p=1 (mod 12) false
d x PSLo(11) g = p = 1,3,4,5,9 (mod 11), | false
¢+#3,d=1,2
Q5 (5)°.28.55 q=5 false
SLs(q). &5+ - true
SU1o(q) | d 0 2-PSL3(4) qg=p=5,13,17 (mod 28) false
002 PSL3(4).25 g = p = 3,19,27 (mod 28), | false
q#3
SLio(q) | d 0 2’PSL3(4) qg=p=11,15,23 (mod 28) false
002 PSL3(4).29 g=p=1,9,25 (mod 28) false
SUg(2) | 3 x PSL2(19) - false
Qi (q) | 27: A qg=p= =13 (mod 8) true:
q=3
24.26 PSL3(2) q =p odd false
05 (5)4.43.5, q=5 false
Q, (3)%.4%.9, q=3 false
(D g2 11y)-0.52 - false
5




Sps(q)

SUe(q)

SL¢(q)

Qs5(7)

SL5(3)
Q4 (3)
Sp4(2)
SP4(Q),

q>2
even

Sp4(7)
SU4(q)

SL4(q)

Q3(q)

SU3(5)

SL3(4)
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sed(a1:4) o pSTH(7)

1GO; (3)%.55

gcd(a 1) pST,4(7)

LGOS (5)3.95
5GLs(q)
2'A5

2'A7

2 X 3'A6

2 X 3'A6.23
6'A6

3.5
SU,(23).3.2
2 x 3A6

2 x 3'146.23
6'A6

6'A6
6-PSL3(4)
PSLy(7)
PSL,(11)
Do

5:4

Dg X 2

[q*] : 03_1

01271 : Dg
Cq+1 : Dg
Cq2+1 14
SLa(7)
ged(g+ 1,4)0

g=p=3,56 (mod 7), q#3
q=3

g=p=1,2,4 (mod 7), q # 2
qg=>5

q=p==+11,+19 (mod 40)
q=29

q=p==+19,429 (mod 40)
qg=p=11,17 (mod 24)
qg=p=5,23 (mod 24)
q=p=17,23,41,47 (mod 48)
qg=p=11,17 (mod 24)

q=2

q=2

¢g=p="7,13 (mod 24)
g=p=1,19 (mod 24)
g=p=1,7,25,31 (mod 48)
q=p®=5,11,13,19 (mod 24)
qg=p=7,13 (mod 24)

q74

q:p535576 (HlOd 7>7Q§£3

q=3
q=3
q:p515274 (m0d7)7q752

q=5
q=3
q=p=+11,+19 (mod 40)
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false
true

false
false
true
false
false
false
false
false
false
false
true
false
false
false
false
false
false
false
false
true
true
false
true

false
false
false
false
false

true
true
false

false

true
true:
q=11,19
true

true

false

true

true
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TABLE 10. Leftover cases in the proof of Proposition

T |7 B

fo(q) | SLs(9)- s SUL(3) | 43.5,

Q4 (@) | goa—12GLs(a) SL2(9).2

Qd(3) | 27: Ag SL4(3) | SLa(3)%: 2.2

Q5 (3) | $GO; (3)3.95 Q3(11) | Ay

SUs(2) | 3°.56 Q3(19) | Ay

Q,;(3) | Dio SU3(5) | 3 x PSLy(7)

Spa(q) | [a"]: CF 1, ¢ > 2 even 62 : S5

Spy(2) | 5:4 3472 Qs.3
SLs(4) | 21:3

Hence the cases leftover are those given by Table[IOl We now apply the restriction
(t+1)%2 <|T : Tp| < (t+1)3, together with the fact that Gp induces a 2-transitive
subgroup of degree t+ 1. Note that t+1 > 2, so the group of order 2 is ruled out as
a possible 2-transitive permutation group. The cases 2 (3) and SL3(4) are ruled
out as the groups Dig and 21 : 3 do not act 2-transitively on a set of size greater
than 2.

So the only cases (from Table [[Il) we are left with are (T,Tp) = (23(11), Ay)
where the degree is 55 and t+1 =4, and (T, Tp) = (Spy(2),5 : 4) where the degree
is 36 and ¢t + 1 = 5. For both of these cases, we solve for s, since (s + 1)(st + 1) is
equal to the degree d. The discriminant of this quadratic in s is

Ay g = (t—1)% + 4dt.

o (T,Tp) = (Q3(11), A4) where d =55 and ¢t = 3. Here, A; 4 = 664, which is
not a square. So this case does not arise.

o (T,Tp) = (Spu(2),5 : 4) where d = 36 and t = 4. Here, A; 4 = 585, which
is not a square. So this case does not arise either. |

Proposition 7.6. Forn > 13, Gp cannot be a novelty subgroup of G.

Proof. We consider first the subgroups listed in [25, Table 3.5.1]. In the first two
cases, we have Spy(q)wrS, < PQJ.(q), where ¢ > 4 and even. Assuming that
q = 2 and using [I, Lemma 4.3] and Corollary A7l we see that

k2" (2" =1)=3 PO, (2F)| < |Spy(q) wr S, [P < 27 F3kT

which implies that k < 3(r? + 1)/(2"71(2" — 1) — 9r) < 17/28, a contradiction to
4 < g = 2*. The final case in [25, Table 3.5.1], where Sp,(q) wr S, < PQJ.(q), is
ruled out in precisely the same manner.

We now consider the subgroups listed in [25, Table 3.5.H]. We rule out nearly all
cases in a similar manner: we bound ¢+ 1 from above by examining the possible 2-
transitive actions of our putative Tp and show that in fact (t+1)* < |T : Tp| = |P|,
a contradiction to Lemma 2.3 For instance, we consider the case when Tp is a
subgroup of type GL1(2) wrS,,. This means that ¢ + 1 < n, and so by Lemma [2.3]

and [I, Lemma 4.3] we have

n?—2

nd > (t+1)* > |P|=|T:Tp| > .
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TABLE 11. Leftover cases in the proof of Proposition after
consideration of the bound (¢t +1)2 < |T : Tp| < (t + 1)3.

T |Tp | t+1 | |T: Tp| |Bound?
Qo(a) |SLs(@)-zmatomry |(@° = 1)/(a=1)]a (g + D (¢® + 1)(¢* + 1)(¢" + 1)| false
(@) | zaa=rmGlal@) (@ -1)/(a-1) ¢*(a+1)(¢" +1) false
QF(3) |27: As 8 3838185 false
Qg (3) |1GO;(3)%.5: 3,4 8505 false
SUs(2) |3°.56 6 157696 false
Sp,(2) [5:4 5 36 true
Sps(29)|[24]: C2; <24 27 +1)2(2* 4+ 1) false
SU4(3) |43.54 3,4 8505 false
SL2(9).2 10 36288 false
SL4(3) |SL(3)%: 2.2 3 5265 false
Qg(ll) A4 4 55 true
Q3(19) |As 4 285 false
SU3(5) |3 x PSLa(7) 7,8 750 false
3172 Qs.3 9 1750 false
6°: 53 3, 4 1750 false

This implies that on*=2 < n™*3, which does not hold for n > 13.

We will now consider the possible T listed in [25] Table 3.5.H] such that the
group has a 2-transitive action on more than n points. First, we suppose that
T = PSL,(q) and Tp is a GLy,(q¢) ® GL,,—m(q) type subgroup. We know that
n—m>=m,s0t+1< (¢"™—1)/(¢g—1). By Lemma 23|(i) we must have
(@™ —13/)(¢qg—1)3 = t+1)2 > |P| > [:Jq, and this immediately implies
that m = 1,2. Suppose that m = 1. Then |P| = ¢"~!(¢" — 1)/(¢ — 1), and by
Lemma Z3)(ii), s?(t + 1) < |P| implies that s < ¢™/2 4+ 1. On the other hand,
(s +1)(st +1) = |P|, and st + 1 is coprime to ¢, which implies that ¢"~! divides
s+ 1, a contradiction. A similar argument also rules out m = 2, and so Tp cannot
be a GL;,(¢) ® GL,_,(q) type subgroup.

We now assume that Tp is a P, ,—pm type subgroup in PSL,(¢q). Since Tp
must have a 2-transitive action on t 4+ 1 points, it follows that ¢ + 1 is either
(@™ —=1/(g=1) or (¢" " =1)/(¢—1). ft+1=(¢" —1)/(¢g — 1), then again
using Lemma 273(i), we see that [:Jq < |P| < (g™ —1)3/(q — 1)* < ¢*"/2. This
implies that m = 1, a contradiction to t > 2. If t +1 = (¢"72™ — 1)/(q — 1),
then a similar argument immediately implies that m = 1,2. When m = 2, |P| =
(@ = 1)@ = 1)@ 2 - D)@~ /(¢ ~ )@ — (g - 1){g— 1)) and ¢ +1 =
(¢"=* —1)/(g — 1). However, (t+ 1) < |P| in this case, a contradiction. Hence
we assume that m = 1 and t +1 = (¢"? — 1)/(¢ — 1). We note that |P| =
(¢"—1)(¢" ' —=1)/(¢g—1)?, and by Lemma[Z3(ii) we find that s < v/2¢"/2. We also
note that Tp = [¢*"~?] : [af, ,,_1/ ged(q — 1,n)].(PSL1(q)* X PSLy—2(q)).[b1 1, ]
(see [25] Proposition 4.1.22] for details). Note that t+1 = (¢""2—1)/(¢—1) implies
that the kernel of the action of Tp on its neighbors contains the full subgroup
[¢>"~3] : PSL,,_3(q), which is a subgroup of 7;. Note that this implies that 7, >
[¢*"73] : PSL,,—3(q), and we deduce that T} is a Cj-subgroup of T with m < 3.
However, in all cases this forces s 4+ 1 to be larger than v/2¢"/2, a contradiction.
Thus Tp cannot be a Py, ,—n, type subgroup in PSL, (q).
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We now assume that Tp is a P,/ subgroup in POt (g). This forces t + 1 to
be (¢"/?>~' —1)/(q — 1) or ¢"/?>~'. However, by Lemma [52] we see that |P| =

[n%EJ H?ﬁil(qn/%i +1) > ¢*/?73 > (t +1)3, a contradiction.
q

Now assume that Tp is a GL,, /2(q).2 type subgroup of PO (q), where n/2 is odd.

However, this implies that t+1=(¢"/2—1)/(¢—1) and |P| > [Z;g] H?:/?(q"ﬂ_i—l—l)
q

> ¢®/2 > (t +1)% when n > 13, a contradiction to Lemma 23(i).

Next, we assume that Tp is a subgroup of type Sp,(2) x Sp,,»(2) in PO (2).
This implies that ¢ + 1 < 27/471(2%/4 4+ 1) < 27/2. Again, we use [T, Lemma 4.3]
to see that

2
3nZ _3n__
2 6_

1P| =|T:Tp| > 2"
By Lemma 23] this means that
n2 n n

R P < (b4 1) < 27,
which does not hold for n > 13.

We now consider the case that Tp is a subgroup of type O (¢) ® 02/4((1), where
q is odd. By Lemma[33] since n > 13, n/4 must be 4 or 5. However, if n = 20, then
PSp,(q) with g odd is a composition factor, which does not happen in a 2-transitive
action that is not affine. Thus n = 16 and Tp is of type O} (¢) ® O;/4(q). Thus
t+1 < ¢®+ 1, but by [I, Lemma 4.3] |P| > (¢'%°/4)/((¢*)? - ¢®) > (t +1)3, a
contradiction to Lemma 2.3

Finally, for all other novelty subgroups listed in [25], Table 3.5.H] with a 2-
transitive action and no composition factor that is not allowed by Lemma 3.3 we
find that ¢t + 1 < n when the degree of T is at least n. These groups are all ruled
out in similar fashion to those considered above, and we conclude that Gp cannot
be a novelty subgroup of G when n > 13. (]

2

8. EXCEPTIONAL GROUPS OF LIE TYPE

The purpose of this section is to rule out exceptional groups from acting primi-
tively on both the points and lines of a finite antiflag-transitive generalized quad-
rangle. As for the classical groups, we will assume Hypothesis 5.1l

Proposition 8.1. Assume Hypothesis b1l Then T cannot be an exceptional group
of Lie type.

Proof. Let G be an almost simple exceptional group of Lie type, and let T' = soc(G).
Let P be a point of Q. By [I, Theorem 7], one of the following holds:
(A) the pair (T,Tp) lies in [I, Table 3],
(B) Gp is a novelty maximal subgroup of GG, where Tp is a nonmaximal para-
bolic subgroup of T,
(C) the pair (T, Tp) lies in [I Table 2], or
(D) Gp is a maximal parabolic subgroup of G.

Case (A). We consider first the possibility that the pair (T, Tp) lies in [I, Table 3].
By Lemma B3] (and noting that the local action is not affine), the only possibility
is T = F4(2) and Tp = Sgwr Sy. However, this implies that ¢ + 1 < 10, and by
Lemma [23(i) that |T: Tp| < 1000, a contradiction.



ANTIFLAG-TRANSITIVE GENERALIZED QUADRANGLES 1595

Case (B). Next, we consider the possibility that Tp is a nonmaximal parabolic
subgroup of T'. Any such subgroup Tp arises from a graph automorphism, and the
only possibilities are:
(i) T =E¢(q) and Tp = [¢**].3(OF (¢).Cy—1), where d = ged(3,q — 1);
(i) T = Eg(q) and Tp = [¢*].5((SLs(q) x SLa(q) x SL2(q)).C2_,), where
d = ged(3,q—1);
(iii) T = F4(q) and Tp = [¢*°].Sp,(q).C?_,, where q = 2";

Cz .y,
(iv) T =F4(q) and Tp = [¢**].(SL2(q) x SL2(q)).CZ_,, where ¢ = 2";
(v) T = Ga(q) and Tp = [¢°] : C%_,, where ¢ = 3".

The first case (i) is ruled out by Lemma B3l In the second case (ii), by the
Classification of Finite 2-Transitive Groups we have that ¢t + 1 < ¢3. However,
|T : Tp| > ¢°, a contradiction to LemmaZ3(i). In the third and fourth cases where
T = Fa(q) and Tp = [¢°°].py(q).C¢_; or [¢**].(SLa(q) x SLa(q)).C;_y, by the
Classification of Finite 2-Transitive Groups we have that ¢t + 1 < ¢*. However,
|T : Tp| > ¢'2, a contradiction to Lemma 23|i). Finally, if T = Gz(g) and
Tp = [¢°] : C2_,, then by the Classification of Finite 2-Transitive Groups, we
have that t +1 < ¢ and |T : Tp| > ¢3, a contradiction to Lemma 2.3|(i). Therefore,
Tp is a maximal subgroup of T'.

Case (C). We now look at the candidates from Table 2 of [I].
(C1): T = soc(G) = Es(q), Ez(q), Ee(q), or 2Eg¢(q): By Lemmas and [3.3]
these candidates are excluded except for T = E;(¢q) and T > PSLg(g). In this

case, t +1=|I'(P)| = qqg_—_ll, and

(" = D" =1)(¢” = 1)(¢" = )(¢® = D)(¢°* =) (¢* = 1)
q*8(® = 1)(¢" = (g% = 1)(¢® = )(¢* = 1)(¢® = 1)(¢*> - 1)

] 3
q°—1 3
=(t+1
>(q_1) (t+1)°

a contradiction to Lemma 23]

(C2): T = Fy(q): The only possibilities are when ¢ = 2 and Tp = Spg(2) or
PSL4(3). For the former, t + 1 = [['(P)| = 27 4+ 23, and
224212 —1)(28 — 1)(25 - 1)(22 - 1)
916(28 — 1)(26 — 1)(24 — 1)(22 — 1)

which is not possible. Similarly, the latter candidate is not possible.
(C3): T = 2F4(q): Then either Tp = Sz(q) x Sz(q), or ¢ = 2 and Tp = Sp,(2).
For the former, t + 1 = |T'(P)| = ¢*> + 1, and
?(¢°+1)(¢° = D(¢* + D(g—1)
g'(¢* +1)%(¢ - 1)?
which is not possible. For the latter, Tp = Sp,(2) = S, and t + 1 = |T'(P)| =

6 or 10. A simple calculation shows that [P| = |T : Tp| > 103, which is a
contradiction.

[Pl =T :Tp| =

Pl =T Tp| =

> (27 +2%)3,

Pl =|T: Tp| = > (@ +1)%

(C4): T = 3Dy4(q): In this case, by Lemma 3.3 we need only consider the cases
when T'p is one of 2.(PSL2(¢®) xPSLa(q)).2, SL3(q).Cy24g+1-2, SU3(q)-Coz 412,
or 72 : SLy(3) when q = 2. If Tp = 2.(PSLy(¢®) x PSLa(q)).2, then t +1 = ¢ +1
by Lemma32 If Tp = SL3(q).Cy2q41-2, then t + 1 < ¢*> + g+ 1 (unless ¢ = 2,
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in which case ¢t +1 < 8). If Tp = SU3(q).Cp2—_g11.2, then t +1 < ¢® + 1. If
Tp = 7% : SLy(3), then t + 1 < 49. In any case, we have that

|P|=|T:Tp| > (t+ 1)
a contradiction to Lemma [Z3)(i).

(C5): T = Ga(q), ¢ > 2: Again using Lemma B3] to narrow down the possibilities
and noting that T;(P) is not affine, we have that Tp = SL3(q) : 2, SU3(q) : 2,
PSLa(q) x PSLa(q) if ¢ = 2™, 2.(PSLa(q) x PSL2(q)) : 2 if ¢ is odd, Ree(q) if
q = 32"+ PSU4(3) : 2 if ¢ = 5,7, PSLo(13) if ¢ = 3,4, or 2% : SL3(2) if ¢ = 3.

If Tp = SL3(q) : 2, then t + 1 =¢%> + ¢+ 1 and

¢*(¢> +1)
2
This implies that ¢® (or ¢3/2 if ¢ is even) divides s + 1, a contradiction since
s<t. IfTp=SU3(q):2, thent+1=¢>+1and
3(.3
_ @ -1)
Py = T
This implies that ¢® (or ¢3/2 if ¢ is even) divides s + 1, a contradiction since
s2(t+1) < |P| by Lemma Z3ii). If Tp = PSLa(q) x PSLa(q) or 2.(PSLa(q) x
PSLa(q)) : 2, then |P| = ¢*(¢* + ¢®> +1) > (t +1)® (we have t +1 < ¢ + 1 unless
(g,t+1) = (4,6), (8,28)), a contradiction to Lemma[Z3|(i). If Tp = Ree(q), then
t+1=¢>+1and

Pl =a*(@® —1)(qg+1)=(s+1)(s¢> + 1).

However, this implies that ¢* divides s+ 1, which in turn implies that s +1 = ¢>
since s < t. Substituting this value of s back in yields ¢*(¢> — 1)(¢ + 1) =
(¢*(¢> — 1) + 1), which has no positive integral solutions. Finally, in the
remaining cases, we have: t +1 = 28 if Tp = PSU3(3) : 2, t +1 = 14 if
Tp = PSLy(13), and t + 1 = 8 if Tp = 23 : SL3(2). In each of these cases,
|T : Tp| > (t+ 1)3, a contradiction to Lemma 23|(i).

(C6): T = Sz(q): In this case, we get ¢ = 8 and Tp = Cy3 : Cy. However, this
means that ¢ +1 = 13, and (s + 1)(12s + 1) = |T : Tp| = 560 has no integral
roots, a contradiction.

(C7): T = Ree(q): In this case, we have Tp = Cy x PSLy(q), where ¢ = 3271
This implies that t +1 = ¢+ 1, and so [T : Tp| = ¢*(¢> — ¢+ 1). Thus
(s+1)sq+ (s+1)=(s+1)(st+1) =|P| =¢*(¢*> — ¢+ 1). This implies that ¢
divides s + 1 and then ¢2 divides s + 1, which is not possible since s < t = q.

|P| = =(s+1)(s(¢” +q) +1).

= (s+1)(s¢®> +1).

Therefore, we have ruled out the candidates from Table 2 of [I].

Case (D). Now suppose that Gp is a maximal parabolic subgroup of G. Then
Gp is an extension of a p-group by the Chevalley group determined by a maximal
subdiagram of the Dynkin diagram of G.

(D1): T = Esg(q): Since a composition factor of G'p is not Ez(q), Es(q), PQfo(q), or
PQ;,(q) by Lemma32 we conclude that Gp = R.K.O, where R is the solvable
radical of Gp, O < Out(K), and K is one of the following groups:

PSL4(q) x PSL5(q), PSLa(gq) x PSL3(q) x PSL5(q), PSLs(q), PSLa(q) x PSL7(q).
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By Lemma 3.2 the corresponding value of ¢ + 1 is equal to

O At S et ST et S N (et
7q_17 7q_1) ’q_17 7q_1'

Calculation shows that index |T : Tp| is larger than ¢®° — 1, which is not possible
since |T : Tp| should be less than (¢t + 1)3.

(D2): T = E7(q): By Lemma B2 a composition factor of Gp is not Eg(g),
PQ7(10,q), or PQT(12,¢), so we conclude that Gp = R.K.O, where R is the
solvable radical of Gp, O < Out(K), and K is one of the following groups:

PSLs(q) x PSL5(q), PSL2(q) x PSLs(q) x PSL4(q), PSL7(q), PSL2(q) x PSLe(q).
By Lemma [3:2] the corresponding value of ¢ + 1 is equal to

5 q5_1 q4 q4_1
7q_17 ’q—l

, 8 (with ¢ = 2), ¢", ——
Calculation shows that index |T': Tp| is larger than (¢*® — 1)(¢** — 1), which is

not possible since |T : Tp| should be less than (¢ + 1)3.

(D3): T = Eg(q): A parabolic subgroup Gp = R.K.O, where R is the solvable
radical of Gp, O < Out(K), and K is isomorphic to one of the following groups:

PQ;(q), PSLa(q) x PSLs(q), PSLa(g) x PSL3(g) x PSL3(q), PSLe(q).

By Lemma[3.2] the first candidate is not possible, and the other three have values
of t + 1 as below:

5 3 6
-1 q° —1 . ¢ -1
q°, q_l,q?’, o1 8 (withg=2), q°, .

Calculation shows that index |T" : Tp| is larger than (¢'2 —1)(¢°+¢*>+1)(¢* +1),
which is larger than (¢ + 1)3, which is not possible.

(D4): T =F4(q): By Lemma B2 the candidates for Tp are R.Spg(q) with g even,
R.Spg(2) with ¢ = 2, and R.(PSL2(q) x PSL3(q)).O, where R is the solvable
radical of Tp and O < Out(PSLy(q) x PSL3(q)).

If the third case occurs, then ¢ = 2 and t + 1 = ¢3,¢> + ¢ + 1, or 8, and
IT : Tp| > (¢'? — 1)(¢® — 1), which is greater than (¢ + 1)3, not possible. If we
are in the second case, then the valency t 4+ 1 = 26, 25 — 22 or 25 + 22 and the
index

(s+1)(st+1)=|T:Tp| = (22 - 1)(2* +1).

Suppose that t+1 = 26. Then s*t+st+s+1 = 216421224 1, It implies that 26
divides 22 +2+s. Since s <t = 26 —1, we conclude that 26 = 244+ 2+ s, namely,
s =20 —2% — 2. Inserting this value of s into (s + 1)(st +1) = (212 - 1)(2* - 1)
leads to a contradiction. If t+1 = 25—22 or 25422 then |P| = (2!2-1)(2*+1) >
(2° +22)3 > (t + 1)3, which is a contradiction.

Finally, if we are in the first case, then ¢t + 1 = ¢® and by [36] we have
Tp = (¢% x ¢**8) : Spg(q).(¢ — 1). This means that

(¢ -1)(¢®-1)

(¢* = 1D(g—-1)

[P|=IT:Tp| = =(s+1)(s(¢" — 1) +1).
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Furthermore, from the structure of Tp and Tg(P), we know that ¢° divides |Ty],
since the ¢'*® must be in the kernel of the local action. Moreover,

L] =q¢°((¢° = 1)s+ 1)

is coprime to (¢®—1), and since |£| = |T : Ty|, we have also that (¢ —1)?(¢° —1)?
divides |T,|. This implies that |T| < |T¢|3, and so T is a large maximal subgroup
of T. Reasoning as above for the nonparabolic maximal subgroups of F4(q), we
conclude that ¢ = 2, which was ruled out above. This leaves only parabolic
subgroups. Since s > 1/¢% — 1 by Lemma 21J(iii), examining the possibilities for
T, we see that this implies that s + 1 = ¢, ¢*, or ¢°. However, none of these
values of s gives a real solution to (s+1)((¢° —1)s+1) = (¢"2—=1)(¢*+1)/(¢—1),
a final contradiction.

(D5): T = 2Eg(q): By Lemma 3.2 the candidate for Tp is R.(SL3(¢?) x SL2(q))
or R.(SLa(q?) x SL3(q)); refer to 21, p. 101]. Then ¢t + 1 < ¢%, and |P| =
|T:Tp| > (¢° +1)(¢° + 1)(¢* + 1), which is not possible by Lemma 2.3l

(D6): T = 2F4(q), where g = 2?"*1: By [29], a maximal parabolic subgroup of T'
is isomorphic to either [¢*!]: (PSL2(q) x Cy—1) or [¢'°]: (Sz(q) x Cy—1). For the
former case, the valency t+1 = |I'(P)| equals ¢%, or g+1, or ¢ with ¢ = 5, 7 or 11,
or 6 with ¢ = 9, and the number of points |T": Tp| = (¢5+1)(¢*—1)(¢*+1)/(g—1).
For the second case, t +1 = |P| = ¢®> + 1 and

T Tp| = (¢° + 1)(¢* = )(¢* + 1) (g +1).
In each case, we have |P| = |T : Tp| > (t + 1)3, which is a contradiction.

(D7): T=3D4(q): In this case, Tp = ¢**®: SLy(¢?).Cy—1 or ¢**3%6: SLy(q).Cys_;.
If we have Tp = ¢*™37C¢: SLy(q).Cys_1, then by the Classification of Finite 2-
Transitive Groups, we have that ¢t + 1 < ¢3. However, in this case [T : Tp| =
(®+q¢*+1)(¢®+1) > (t+1)3, a contradiction to Lemma23(i). Hence we have
Tp = q'8: SLa(¢?).Cy—1. In this case, t +1 = ¢° or ¢ + 1 (note that t + 1 # ¢
by Lemma [B2), and so ¢t = ¢® — 1 or ¢*. The cardinality |P| = (s+ 1)(st +1) =
@ +q¢t+1.Ift=¢% — 1, then s > ¢, and thus

¢+ +1=(s+1)(st+1) > *(@*(¢° — 1) + 1),
which is not possible. For t = ¢%, we have
G+ +1=P|=(s+1)(s¢® +1) =s2¢> +5¢° + 5+ 1,
so ¢®+q* = s2¢>+s¢>+s. It implies that s is divisible by ¢%, and hence s = ¢> = t.
Therefore, ¢® + ¢* +1 = |P| = (¢* + 1)(¢® + 1), which is a contradiction.

(D8): T=Ga(q): In this case, Tp=[q°] : GL2(g). This implies that |P|=|T : Tp]|
= (¢° —1)/(q — 1). By the Classification of Finite 2-Transitive Groups, we have
that t+1 =q¢? ort+1 < g+1. If t+1 < g+1, then (t+1)3 < |P|, a contradiction
to Lemma [Z3(i). Hence t + 1 = ¢%. Now, since T;(P) is affine, we know that
TI[D1 ] < Ty contains a group of order ¢3. Moreover, since

T:Ty| = [£] = ¢*((¢* = s+ 1)

is coprime to ¢ — 1, we have also that (¢> — 1)? divides |T;|. Hence ¢3(q? — 1)?
divides |Ty|. However, examining the list of subgroups of T' (see, for instance,
[36, Table 4.1]), none satisfies this property, a contradiction.
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D9): T =Sz(q): In this case, Tp =¢*t1.C,_1, t+1=g¢, and the index |T : Tp
q
=¢%>+ 1. Then

CH1=|T:Tp|=|P|=(s+1)(st+1) = (s+1)(s(g—1) +1).

It implies that sq(s+ 1) — s> = ¢®. Thus s divides ¢? = 22", so s = 2™ for some
m < 2n. Hence 2mT7(2™ + 1) = sq(s + 1) = s? + ¢* = 2™ + 22" which is not
possible.

(D10): T = Ree(q): In this case, Tp = ¢! : C,_;. By the Classification of
Finite 2-Transitive Groups, we have that ¢t + 1 < ¢. This implies that

Pl=|T:Tp|=¢*+1> (t+1)%
a contradiction to Lemma 2Z3[(i).

Therefore, T cannot be an exceptional group of Lie type. |

Proof of Theorem [LIl Suppose that G acts transitively on the antiflags of a finite
thick generalized quadrangle Q. By Theorem .5l if Q is not the unique generalized
quadrangle of order (3,5) or its dual, then G is an almost simple group of Lie type
acting primitively on both the points and lines of Q. By Propositions [£.3] 5.4 B.5]
B0l 6.1 [7.5] [7.6], and [BI], we have that any finite thick generalized quadrangle with
a collineation group that is an almost simple group of Lie type acting primitively
on points, primitively on lines, and transitively on antiflags is a classical generalized
quadrangle, as desired. ([l

9. CONCLUDING REMARKS

In this paper, our classification was made possible due mostly to Theorems (4.1
and 3] which reduce the problem to the case that G acts primitively on both
points and lines of almost simple type. From there, we showed that the point
stabilizer is large and used the work of Alavi and Burness [I] to determine the
possibilities for the almost simple group and its point stabilizer. For the much
weaker hypothesis of local 2-arc-transitivity, we can still give strong structural
information. In a forthcoming paper [4], we show that if G acts locally-2-arc-
transitively on the incidence graph I' of a generalized quadrangle Q, and if G acts
quasiprimitively on both points and lines of Q, then G is almost simple.
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