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THE EXTENSION AND CONVERGENCE
OF MEAN CURVATURE FLOW IN HIGHER CODIMENSION

KEFENG LIU, HONGWEI XU, FEI YE, AND ENTAO ZHAO

ABSTRACT. In this paper, we investigate the convergence of the mean curva-
ture flow of closed submanifolds in R™"+9. We show that if the initial subman-
ifold satisfies some suitable integral curvature conditions, then along the mean
curvature flow it will shrink to a round point in finite time.

1. INTRODUCTION

Let Fy : M™ — N™9 be a smooth immersion from an n-dimensional Riemann-
ian manifold without boundary to an (n + ¢)-dimensional Riemannian manifold.
Consider a one-parameter family of smooth immersions F': M x [0,7) — N satis-

fying

(ZF(x,1))" = H(z,t),

F(z,0) = Fy(z),
where (%F(:ﬂ,t))L is the normal component of 2 F(z,t), H(z,t) is the mean
curvature vector of Fy(M) and Fi(z) = F(z,t). We call F: M x [0,T) — N the
mean curvature flow with initial value Fy : M — N. This is the general form of the
mean curvature flow, which is a nonlinear weakly parabolic system and is invariant
under reparametrization of M. We can find a family of diffeomorphisms ¢, : M —
M for t € [0,T) such that F; = Fy 0 ¢, : M — N satisfies 2 F(z,t) = H(z,t). We
will study the (reparameterized) mean curvature flow

%F(x,t) = H(z,t),
1) { F(,0) = Fola).

The mean curvature flow was proposed by Mullins [I4] to describe the formation
of grain boundaries in annealing metals. In [2], Brakke introduced the motion of
a submanifold by its mean curvature in arbitrary codimension and constructed a
generalized varifold solution for all time. For the classical solution of the mean
curvature flow, most work has been done on hypersurfaces. Huisken [9,[10] showed
that if the initial hypersurface in a complete manifold with bounded geometry
is compact and uniformly convex in some sense, then the mean curvature flow
converges to a round point in finite time. Many other beautiful results have been
obtained, and there are various approaches to studying the mean curvature flow of
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hypersurfaces (see [4l[7], etc.). However, relatively little is known about the mean
curvature flows of submanifolds in higher codimensions; see [I8,[19,22H24], etc.,
for example. Recently, Andrews-Baker [I] proved a convergence theorem for the
mean curvature flow of closed submanifolds satisfying a suitable pointwise pinching
condition in the Euclidean space.

For an n-dimensional submanifold M in a Riemannian manifold, we denote by
g the induced metric on M. Let A and H be the second fundamental form and the
mean curvature vector of M, respectively. The tracefree second fundamental form
A is defined by A = A — 19 ® H. Denote by || - ||, the LP-norm of a function or
a tensor field. The volume of a compact manifold ¥ is denoted by Vol(X). In the
present paper, we obtain the following convergence theorems for the mean curvature
flow of closed submanifolds in the Euclidean space.

Theorem 1.1. Let F: M™ — R""% (n > 3) be a smooth closed submanifold. Then
for any fized p > 1, there is a positive constant Cy depending on n,p, Vol(M) and
[|Al|nt2, such that if

1A]l, < €1,

then the mean curvature flow with F as initial value has a unique solution F : M X
[0,T) — R""9 in a finite mazimal time interval, and Fy(M) converges uniformly
\/% converge
in C*-topology to a limiting embedding ﬁT such that ﬁT(M) is the unit n-sphere
in some (n + 1)-dimensional subspace of R"+4.

to a point x € R""4 ast — T. The rescaled immersions Fy =

Theorem 1.2. Let F': M™ — R"%? (n > 3) be a smooth closed submanifold. Then
for any fized p > n, there is a positive constant Cy depending on n,p, Vol(M) and
|| H||n+t2, such that if

1A]l, < Co,

then the mean curvature flow with F as initial value has a unique solution F : M X

[0,T) — R""9 in a finite mazimal time interval, and Fy(M) converges uniformly
. n+q . . T — Fi—x

to a point x € R as t — T. The rescaled immersions F; W) converge

in C*®-topology to a limiting embedding Fr such that Fr(M) is the unit n-sphere

in some (n + 1)-dimensional subspace of R4,

Let S™ denote the unit n-sphere. Using the Chen-Willmore inequality on total
mean curvature [3], we obtain the following convergence theorem for the mean
curvature flow.

Theorem 1.3. Let F': M™ — R"™4 (n > 3) be a smooth closed submanifold. Then
there is a positive constant Cs depending on n, Vol(M) and ||A||nt2, such that if

|Alln < n'2[Vol(SM)]Y/™ + Cs,

then the mean curvature flow with F' as initial value has a unique solution F : M x

[0,T) = R in a finite mazimal time interval, and F;(M) converges uniformly
: n+q . . I — Fi—zx

to a point x € R ast — T. The rescaled immersions F; —\/m converge

in C*®-topology to a limiting embedding Fr such that Fr(M) is the unit n-sphere

in some (n + 1)-dimensional subspace of R"+4.
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As immediate consequences of the convergence theorems, we obtain the following
differentiable sphere theorems. First let C; be as in Theorem [I11

Corollary 1.4. Let F: M™ — R""% (n > 3) be a smooth closed submanifold. If
1Al < ¢4
for some p > 1, then M is diffeomorphic to the unit n-sphere.
Similarly, let Cs be as in Theorem
Corollary 1.5. Let F': M™ — R""% (n > 3) be a smooth closed submanifold. If
1Al < Co
for some p > n, then M is diffeomorphic to the unit n-sphere.
Also, let C3 be as in Theorem [[L3l Then we have the following.
Corollary 1.6. Let F : M™ — R""% (n > 3) be a smooth closed submanifold. If
1Al < n'/2[Vol(S™)]V" + Cs,
then M is diffeomorphic to the unit n-sphere.

We remark that in the above theorems and corollaries, we can replace the volume
Vol(M) by a positive lower bound of |H|, in which case our method works without
change.

The paper is organized as follows. In Section 2, we introduce some basic equa-
tions in submanifold theory and recall the evolution equations of the second fun-
damental form along the mean curvature flow. In Section 3, by using the Moser
iteration and blow-up method for parabolic equations, we prove an extension the-
orem for the mean curvature flow. Theorems 1] and are proved in Section
4. In Section 5, we propose some unsolved problems on convergence of the mean
curvature flow in higher codimension.

2. PRELIMINARIES

Let ' : M™ — N™4 be a smooth immersion from an n-dimensional Riemannian
manifold M"™ without boundary to an (n + ¢)-dimensional Riemannian manifold
N™ 4. We shall make use of the following convention on the range of indices:

1<ijk,...<n, 1<ABC,...<n+g¢q, and n+1<a,8,7,...<n+q.

The Einstein sum convention is used to sum over the repeated indices.

Choose a local orthonormal frame field {e4} on N such that the e;’s are tangent
to M. Let {wa} be the dual frame field of {e4}. The metric g and the volume
form dp of M are g =) w; ®w; and dp = w1 A+ -+ A wy,.

For any x € M, denote by N, M the normal space of M in N at point z, which
is the orthogonal complement of T, M in F*Tr(,)N. Denote by V the Levi-Civita
connection on N. The Riemannian curvature tensor R of N is defined by

R(U, V)W = =VyVyW + VyVyW + VigjW



2234 KEFENG LIU, HONGWEI XU, FEI YE, AND ENTAO ZHAO

for vector fields U,V and W tangent to N. The induced connection V on M is
defined by

VxY = (VxY)'

for X,Y tangent to M, where ( )T denotes the tangential component. Let R be
the Riemannian curvature tensor of M.

Given a normal vector field ¢ along M, the induced connection V+ on the normal
bundle is defined by

vg_(é- = (vxg)Lu
where ( )+ denotes the normal component. Let R' denote the normal curvature

tensor.
The second fundamental form is defined to be

A(X,Y) = (VxY)?t

as a section of the tensor bundle T*M Q@ T* M Q@ NM, where T*M and N M are the
cotangential bundle and the normal bundle over M. The mean curvature vector H
is the trace of the second fundamental form.

The first covariant derivative of A is defined as

(VxA)(Y,Z) = VX A(Y, Z) - A(VxY,Z) — A(Y,Vx Z),

where V is the connection on T*M @ T*M ® NM. Similarly, we can define the
second covariant derivative of A. Under the local orthonormal frame field, the
components of A and its first and second covariant derivatives are

hiy = (Alei€)),ea),
(eekA)(ei’ €j)€a);
(Ve Ver A)(eir e5), €a).
The Laplacian of A is defined by AR, =37, hityy.

We define the trace-free second fundamental form A by A=A- % g® H, whose
components are Af; =h{; — %h%k(sij' Obviously, we have AZO; =0.

Let

e = A

g =

Rijki g(R(es, ej)ex, er),
Rapecp = (R(ea,ep)ec,ep),
Ri.s = (R(ei €5)ea, es).

Then we have the following Gauss, Codazzi and Ricci equations:

Rijrr = Rijra + hiyhjy — highfy,
« o _ D .
ijk — Nikj =  —Raijks
L _ D a B a B
Rijap = Rijap + hiphlj, — hiihy,.

Suppose F' : M x [0,T) — N is the mean curvature flow with initial value
Fy: M — N. We have the following evolution equations.
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Lemma 2.1 ([22]). Along the mean curvature flow we have

0
(2.1) §dlﬁt = —|H*dp,

ah% = AL+ Raijik + Raokik,j

—2Ruijihfy + 2Rapiihly + 2Rapih,
—Ripirhf; — Rukjiehf; + Rakﬁkhfj

— G (R iy = 1)

—hg (W2 no —hP

gm' ik km'%ij
— R (hyhgy — Bk
(2.2) —hS kg + hP (e, Vies),

where RABCD,E are the components of the first covariant derivative VR of R.

3. THE EXTENSION OF MEAN CURVATURE FLOW

In this section, we prove the extension theorem for the mean curvature flow of
submanifolds in arbitrary codimension. Throughout this section, we assume that
the ambient space N has bounded geometry. Recall that a Riemannian manifold
is said to have bounded geometry if (i) the sectional curvature is bounded; (ii) the
injective radius is bounded from below by a positive constant. We always assume
that N is a Riemannian manifold with bounded geometry satisfying —K; < Ky <
K> for nonnegative constants K;, Ko, and the injective radius of N is bounded
from below by a positive constant ix.

In [9,[I0], Huisken showed that if the second fundamental form is uniformly
bounded, then the mean curvature flow can be extended over the time. Le-Sesum
[12] and Xu-Ye-Zhao [27] obtained some integral conditions to extend the mean
curvature flow of hypersurfaces in the Euclidean space independently. Later, Xu-
Ye-Zhao [28] generalized these extension theorems to the case where the ambient
space is a Riemannian manifold with bounded geometry. In the present paper,
we generalize the extension theorems in [I2,2728] to the mean curvature flow of
submanifolds in a Riemannian manifold with bounded geometry.

The following Sobolev inequality can be found in [8], which is a generalization
of the remarkable work of Michael-Simon [13].

Lemma 3.1 ([8]). Let M™ C N™t9 be an n(> 2)-dimensional closed submanifold in
a Riemannian manifold N" T4 with codimension ¢ > 1. Denote by iy the positive
lower bound of the injective radius of N restricted on M. Assume the sectional
curvature Ky of N satisfies Ky < b%. Let h be a nonnegative C function on M.

Then
M M

b2 (1 — a)_%(wgl\/ol(supp h))% <1 and 2py <,

provided
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where
~f b tsinTib(1 — ) (w;; Vol (supp h))w for b real,
o= (1 — a)~# (w;; *Vol(supp h))= for b imaginary.
Here w,, is the volume of the unit ball in R™, « is a free parameter, 0 < a < 1, and
1 1 1
C(n,a) = 3T 2"a" (1 —a)™n - i Twn "

For b imaginary, we may omit the factor %w in the definition of C(n, ).

Lemma 3.2. Let M™ C N"? be an n(> 3)-dimensional closed submanifold in a
Riemannian manifold Nt with codimension q > 1. Assume Ky < Ky, where Ky
is a nonnegative constant. Let f be a nonnegative C' function on M satisfying

(3.1) Ka(n+1)% (w, 'Vol(supp )7 <1,
(3.2) 2K, ? sin~' K7 (n +1)% (w;  Vol(supp f))F < iy.
Then

2 (n—2)* 1 2 2 1 2
where Hy = max,ecp |H|, C(n) = C(n,

WL_H) and s > 0 is a free parameter.

Proof. For all g € C*(M), g > 0 satisfying (1) and (32), Lemma B implies

(3.3) . < C(n) / (IVg| + gl H|)du

Substituting g = f %= fnto B3) gives

()"

2n—1 n
2=V [ g9+ o) [ 1155 dg.
n—2 M M
By Holder’s inequality, we get

(o rtrm) = = em[Smg (o) ([ iwra)
H2f%d : = %.
o) ([, %) |
Then

()™ sco = (e (L]

This implies

Y
1P, < €200 |2 ST w4 3 (145 ) 1B

which is desired. O

2(n—1)

IN

Now we establish an inequality involving the maximal value of the squared norm
of the mean curvature and its L™ T2-norm in the space-time.



MEAN CURVATURE FLOW IN HIGHER CODIMENSION 2237

Lemma 3.3. Suppose that Fy : M™ — N"T4 (n > 3) is the mean curvature flow
solution fort € [0, Ty, where N has bounded geometry. Then

To n+2
max |H2(x,8) < C / / H"2dpdt |
(z,t)eM x [0 Ty 0o JM,

where C is some constant depending only on n, Ty, SUD (5, 4)e M x[0, 0] |A|, K1, K
and iy.

Proof. In the following proof, we always denote by C the constant depending on
some quantities, including n, To, Sup, yyemx(o,1) |4l K1, K2 and iy, which may
not be the same in different lines. We make use of Moser iteration for parabolic
equations. Here we follow the computation in [6]. From the evolution equation
of the second fundamental form in Lemma 2], we have the following differential
inequality:

0
(3.49) SIH < AJHP + 5IHP,

where 3 is a positive constant depending only on n, sup(, yenrxo,m 4], K1 and
Ks. For 0 < R< R < oo and 9 € M, we set

1, (S Bg(O)(x07R)a
n=1< n€l0,1] and [Vn|y0) < ﬁ, x € By (o, R') \ Byo)(z0, R),
0, reM \ Bg(o)(fﬁo,R/).

Since supp 7 € Byo)(wo, R'), we assume that R’ is sufficiently small such that 7
satisfies (B.I)) and ([B2) with respect to ¢g(0). On the other hand, the area of some
fixed subset in M is nonincreasing along the mean curvature flow; hence 7 satisfies
@) and [@B.2) with respect to each g(t) for t € [0,7p]. Putting f = |H|? and
B(R') = By(o)(z0, R'), the inequality (3.4) implies that, for any m > 2,

19 ,
- Z mp24
m ot /B(R/)f 1 afty
< / (P2 F™ A fdpy + BF™P) dysg + /
B(R’) B(R')

1
- / (P F™ A fdpy + B5™ ) dyae — / L pmitagy,
B(R')

B(R') m

1 .. 50
Ef nadut

(3.5) S/B(R,) (PP f™ P Afdpe + BF™) dys.

Here we have used the evolution equation of the volume form in Lemma 2] Inte-
grating by parts we obtain

4(m—1 . 4 m
Am —1) [ vt [ VR
B(R') m= JB(Rr")

m

[ rmiagdn = -
B(R)
Am—2)

m2

2 m 2
(3.6) <2 vt e+ > / Yl dp.
m B(R') m B(R’)

+ / (V(FE ), £EVn)du
B(RY)
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Thus by B3] and [B.6) we obtain
10 m, 2 2 e 2
—— duy < —— d
— 5 /B(R/)f ndp < V(=2 m)Pdp

m B(R')
m, 2 2 2 rm
+8 frntdpy + — IVnl= f™ dpy.
B(R’) m JB(R")
This implies
8 m m
ET frPdpe + / IV (f%n) | du
B(R') B(R')

< 2 / Vol dus + Bm / Frdp.
B(R’) B(R')

For any 0 < 7 < 7/ < T}, define a function v on [0, Ty] by

(3.7)

0 0<t<T,
Yt) =4 = r<t<7,
1 7'/ <t< TO
Then from B7) we get
0 m
o (w/ f’”nzdut> +¢/ IV(f %) du
B(R') B(R')
(3.8)

<2 / V2 dp + (B + o) / FrPdp.
B(R') B(R’)

For any ¢ € [/, Tp], integrating both sides of (88) on [7,t] implies

t
/ fmn2dut+// IV(f2n) | dudt
B(R') + JB(R)
To
<2 [ vl
T B(R')

1 To m, 2
+ | Bm+ M dudt.
=T T B(R’)

By the Sobolev inequality in Lemma [3.2] we obtain

(3.9)

n—2
mn  _2n " m
</ f“n“dut) = |If7 0l
B(R’) n-2

4(n—1)%(1+5)C?(n m 9
T

2 1 m o2
+CC(m) (14 ) IIF £,

(3.10)
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where C depends on n and sup(, y)enrxo,1,] |4]- Combining (3.9) and (8.10) implies

that
To 2 2
T/ B(R’)
n—2

T 2 o =
/ / S dpy / [z, dt
T/ B(R’) B(R’)

e YT T A= 1D+ 9)Cm)
< max </B(R/)f 772th> X/T { (n—2)? V(=)

IN

tel[r’,To)

+0C20) (14 )£ F 0l

IN

2 Ty
C max (/ fmnzdut) X/ [IIV(f?n)H%HIf?nH% dt
B(R") r

te(r!,To)

To
< C[z// [V|? ™ dpgdt
r JB®R)

1 To 1+2
(3.11) +<Bm+ , )/ / f’"n2dutdt] ,
T =T T B(R')

where s =1 and C' is a constant depending only on n and sup, 4)earx [0, 7] |Al.

Note that [Vn|ge¢) < |Vn|§(0)e”, where [ = maxo<i<Ty, Hg—fﬂg(t). Thus

To To
T B(R’ T B(R'

eCTO To
[ M dpdt
- (W-R)2? /T /B(R’) 1™

for some positive constant C' depending on n and sup(, yenrxo, 7] [4l- This to-
gether with (BIT)) implies that

To 1 2€CT0 1+;
mEDdpdt < C
/T /B(R) / = et (R = R)?

1+2

n

812 ([, )

where C'is a positive constant depending on n and sup(, e arxjo,r,] [4l-
Putting L(m,t,R) = tTO fB(R) S™dpdt, we have from [B.12)

2 1 2¢CTo \'Fw
o+ 2) ) < o
m +n T - ﬂm+r’—7+(R’—R)2
(3.13) xL(m, T, R,
We set
2 my2, 1 R 1
M—lﬁ‘g, mi = 5 y Tk (1_k_+1)t’ Rk—7(1+m).
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Then it follows from [BI3)) that

1
L(mps1, Thpt1, Riyr) ™o+

2 CT, m.
Scﬁﬂ (n+2)6+ 1% .1+46 0. " k
2 w—1 t R? (g —1)2
X K L(m, Ty Ri) 7.
Hence
L(mat1, Tas1, Ragr) ™o+
d 1
< szzo ﬁ (n + 2)6 + ,U2 ) 1 n 4eCTo . I 2 k=0 my,
B 2 p—1 t R?  (u—1)?
Shoo L
(3.14) X 1 >=5=0 7 L(mo, 7o, Ro) ™ .
As d — 400, we conclude from (BI4) that
n 1 eCTO
flxo,t) < Cn#2 (C—|— n + =T )

2\ % To 2 i
3.15 x(1+ = //deudt
@1 OV

for some positive constant C' depending on n, sup(, yyenrxjo,r) [4], K1 and Ka.
Note that we choose R’ sufficiently small such that

(3.16) Ka(n+ 1) (wy, 'Voly o) (B(R')))* <1
and
(3.17) 2K, * sin™! K3 (n+1)% (wy ' Volyo) (B(R))F < ix.

For g(0), there is a nonpositive constant K depending on n, max,en, |Al, K1 and
K such that the sectional curvature of My is bounded from below by K. By the
Bishop-Gromov volume comparison theorem, we have

Volg(o)(B(R/)) < VOIK(B(R/))v

where Volg (B(R')) is the volume of a ball with radius R’ in the n-dimensional
complete simply connected space form with constant curvature K. Let R’ be the
largest number such that

K(n+1)7 (wy Vol (B(R))* < 1
and
2065 ¥ sin~! K3 (n+ 1) (wy, WVolge (B(R)) ¥ < i,

Then R’ depends only on n, Ky, K2, in and sup , ;e nxo, 1] |41, and Volyo) (B(R'))
satisfies (BI6) and BIT). This together with (BI5) implies

T(] ﬁ
max |H|*(x,t) < C / / |H|™ 2 dpydt ,
(z,t)€M x[ 20 Ty 0o JMm,

where C' is a constant depending on n, Ty and sup, ;yenrxjo,n) |4l K1, K2 and
iN. O
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Now we give a sufficient condition that assures the extension of the mean curva-
ture flow of submanifolds in a Riemannian manifold.

Theorem 3.4. Let Fy : M™ — Nt (n > 3) be the mean curvature flow solution of
closed submanifolds in a finite time interval [0,T), where N has bounded geometry.

If
(i) there exist positive constants a and b such that |A|*> < a|H|?> +b fort € [0,T)
and

. T
(ii) [|H||a,nx[0,1) = (fo J"Mt \H|O‘dutdt) < oo for some o > mn + 2,
then this flow can be extended over time T .

Q=

Proof. By Holder’s inequality, it is sufficient to prove the theorem for a = n + 2.
We will argue by contradiction.

Suppose that the solution of the mean curvature flow can’t be extended over T
Then the second fundamental form becomes unbounded ast — T'. From assumption
(i), |H|? is unbounded also.

We choose a sequence of points (z(V,¢() € M x [0,T) such that t©) T as
i — oo and for each i, (") satisfies

HPEO4D) = max  [H[(x,1).
(z,t)EM x[0,t(D]
Put
QW = [H[ (@, ¢0).
Then {Q®}2, is a nondecreasing sequence and lim; o, Q® = co. This together
with lim; o t® = T > 0 implies that there exists a positive integer i¢ such that
Q(i)t(i) > 1 and Q(i) > 1 for i > ig. Let h be the Riemannian metric on N. For
i > o and t € [0, 1], we consider the rescaled mean curvature flows
. t—1 _ _ _

PO = 1 (U 460 01.900) - (N.Qn),
where ¢ (t) = FO()*(QWh). Let H, and A®) = hgzk) be the mean curvature
vector and the second fundamental form of F(*)(t) respectively. Then we have
(3.18) |Hi[*(z,t) <1 on M x [0,1].

From assumption (i) again, inequality I8) implies |A®)| < C, where C is a
constant independent of i. Since (N, h) has bounded geometry and Q) > 1 for

i > g, (N, Q(i)h) also has bounded geometry for ¢ > iy with the same bounding
constants as (N, h). It follows from Lemma B3] that for i > i,

2
! nt2
max H; 21'7t < C / / H,. n+2d ] dt) ’
(x7t)6M(i)><[%71]| (z)| (z,1) < ( o Jan, | (z)‘ g (£)

where C' is a constant independent of 7.
By [5], there is a subsequence of pointed mean curvature flow solutions

FO(t): (M, g9 (t),a") = (N,QWn), t €[0,1]
that converges to a pointed mean curvature flow solution

F(t): (M,§(t),%) — R™™, ¢t €[0,1].
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Denote by H the mean curvature vector of F , t €1]0,1]. Then we have

~ 1 e
max  |H[*(z,t) < lim C </ / H(i)|n+2d“g“)(t)dt>
o Jm,

(z,t)eM x[1,1] i—ro0
104 ()1 i
< limC ( / ‘ / |H(i)|”+2dudt>
1—00 $(i) M,
(3.19) = 0.

The equality in ([B.I9) holds because fOT S, |H " 2dpydt < +oo and (QW)~1 — 0
as ¢ — 00. On the other hand, according to the choice of the points, we have

|H|*(%,1) = lim |[H;[*(z9,1) = 1.
71— 00
This is a contradiction. O

Remark 3.5. When ¢ = 1, Theorem [B.4] generalizes the theorems in [12127,28]. In
fact, for N1 = R"*!, we have the following computations.
(i) If h;; > —C for (z,t) € M x [0,T) with some C' >0, let \;, i =1,...,n, be
the principal curvatures. Then A\; + C' > 0, which implies that
S i+ 0)? <nd (M +0))* < 2mH? +20°C2.

? (2

On the other hand,
3 A+ C)? = |A]P + 2CH + nC? > |AP? — H? + (n — 1)C*.

Hence |A]? < (2n + 1)H? + (2n3 —n + 1)C? for t € [0, 7).
(ii) If H > 0 at t = 0, then there exists a positive constant C such that |A|? <
CH? at t = 0. By [9], we know that H > 0 for t > 0 and

0 (AP AP, 2 |A]? 2 >

By the maximum principle we obtain that |A|?/H? is uniformly bounded from
above by its initial data. Hence |A|? < CH? for t € [0, 7).

For general N"*! with bounded geometry, we have similar computations. Hence
our Theorem [34]is a generalization.

At the end of this section, we would like to propose the following.

Open Problem 3.6. Let F; : M — N be the mean curvature flow solution of
closed submanifolds in a finite time interval [0,7). Suppose ||H||a,arx[0,1) < 00
for some o > n + 2. Is there a positive constant w such that the solution exists in
[0, T+ w)?

4. THE CONVERGENCE OF MEAN CURVATURE FLOW

In this section we obtain several convergence theorems for the mean curvature
flow. The extension theorem proved in Section 3 will be used to give a positive
lower bound on the existence time of the mean curvature flow.

We need the following Sobolev inequality for submanifolds in the Euclidean
space, which is a consequence of the famous Sobolev inequality due to Michael-
Simon [13].
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Lemma 4.1. Let M be an n(> 3)-dimensional closed submanifold in R"*%. Then
for all Lipschitz functions v on M, we have

n—2
M M M M

where Cy, is a positive constant depending only on n.

Proof. The proof of the lemma for ¢ = 1 was given in [12]. Using the same method
we can prove the lemma for g > 1. ]

Now we begin to prove Theorem [[LT] which is restated as follows.

Theorem 4.2. Let Fy : M™ — R"4 (n > 3) be a smooth closed submanifold. Then
for any fixed p > 1, there is a positive constant Cy depending on n, p, Vol(My) and
[|Allnt2, such that if

14]], < C1,

then the mean curvature flow with Fy as initial value has a unique solution F : M X

[0,T) — R"*? in a finite mazimal time interval, and Fy(M) converges uniformly

to a point x € R as t — T. The rescaled immersions Fy = —2=2_ converge
\2n(T—t)

in C'°°-topology to a limiting embedding Fr such that ﬁT(M) is the unit n-sphere
in some (n + 1)-dimensional subspace of R"14.

Proof. We set A = ||A||n+2- Denote by Tiax the maximal existence time of the
mean curvature flow with Fy as initial value. It is easy to show that Ty . < +00
(see [24] for a proof).

We split the proof into several steps.

Step 1. For any fixed positive number &, we first show that if
Al <€

for some p > 1, then Ty, satisfies Tiyax > Tp for some positive constant Ty depend-
ing on n, p, A and independent of &, and there hold ||A(t)|[n12 < 2A, [JA(t)||, < 2¢
for ¢t € [0, Tp].

Put

T = sup{t € [0, Tona) : [[AW®)[lnrz < 28, [JA()]}, < 2¢}.

We consider the mean curvature flow on the time interval [0, 7).
By the definition of T we have [, |A["*?du, < (2A)"*? for ¢ € [0,T). From
Lemma [£.1] we have for a Lipschitz function v,

n—2
(4.1) </ vﬁdm) ' < Cn</ |Vv|2d#t+nnT+2(2A)"+2/ v2dut>.
My M, M

From (2.2), we have

0
o[ APP < AJAP + Al
ot
for some positive constant ¢; depending only on n. Putting u = |A|?, we have

(4.2) %u < Au+ cu’.
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From ([@2) and ([2I) we have

8 +2 n+2 n+2 6 n+42 8
— 2 = 2 d 2 —(d
ot /Mtu /Mt 5 8tu ”t+/Mtu ot

2 n n
< n—2|— / u%2—1(Au+cu2)dut—/ H2u"# dy,
M, My
4’/7, 2 n+2
4.3 < - Vu 7+ |%d g
(4.3) < n+2/|u Pdp, + = Cl/Mt Lt

For the second term of the right hand side of (@3]), we have by Holder’s inequality

_2 _n_
n n n+2 n n n+2
/ U%Hdﬂt < (/ U%dﬂt> : (/ (U%)%dﬂt)
M, Mt My
= = ==
(/ ) (/ e ) (/ (u"f),f"zdﬂt>
M, M
== ==
(o) (L)
My
n+2 n+2 7L+2 nt2 n+2
Cul [, 190 Pt ™2 20) Wy,
M,
n+2 ”LH _n_ nt2 o =
< / P ) - |Crt / Va5 2y,
My M
2n_
n —n_ n+2 n+2
n5(2A)"Cﬁ‘+2(/ quut) }
M,

n 2 n .,
<n%(2A)"C7{‘+2(/ e ) + Ot 2 e%(/ e n
M, n+2 M,

(4.4) O e / Va5 P
M

:

n+2
for any € > 0. Combining (@3]) and [@4]), we have

a +2 n —n —n_ 2 n+42 n+42 2
—_ 2 2 (2M"Cp2 + Cpt2 . 2 ) =2
8t/Mtu Cl(n 24) - nt2° </Mtu Mt)

n _n_ n+ 4n n+2
4.5 + (— € v — )/ Vu
(45) g n+2 Mt'

Py

iz \ miE
Picking € = (%) , inequality (H]) reduces to

8 2
(4.6) 5/ |A|"+2dutg@( / |A|”+2dut),
My My

where ¢y = n_+201 (’n%(QA)”C;{“ Cn+2 . n_ (%

2 2
From (.6)), we see by the maximum principle that, for ¢ € [0, min{7T,T1}), where
_(2\n+2
T = 1-(3) there holds

c2 Ant2

(1.7) IA®lhnsz < SA.
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Now we consider the evolution equation of |A|2 By a simple computation, we
have

9 - : . .
(4.8) 511417 < AJAP = 2[VAP + 5|47 AP,

where c3 > ¢ is a pgsitive;onstant depending only on n.
Define a tensor A by Al Aa + on®d;;, where n® = 1. Set h, = |4] =
(JA|? + ndo?)z. Then from [R) we have

(4.9) %hg < Ahy + c3|Ah,.

For any r > p > 1, we have

0
hid = hrt —hed hP d
, 815/ Mt s pYRRaalt + - / o g
A(r—1 .
(410) < - (T2 )/ |Vh3\2dut+03/ |A\2h2dut.
T M, M
For the second term of the right hand side of (&I0)), we have the following
estimate:
= =
n T_n+2 n
| japmane < ( / A|"+2dut) - ( s dut)
M M M
2 n=-2 _n_
n+2 n n n+2
< ([ man) ™ ([ anma)
M M
_2
25 .
< (2A)2</ h;dut) [Cn</ |Vhe |2du
M, My
" E=
+n" (2A)”Jr2 hgd,ut>}
M
_2 _n_
nt2 n - nt+z
< en2( [ i) [er ([ ndpau)
M, My
n I n"ib
+nz (2A)"Cy*? (/ hgdut> ]
M
= nEA)20TE / i
M
2 _ _n_
_n_ nt+2 z nt+2
+(2M)2C7 2 (/ hgdut> : (/ Vh§|2d,ut)
M, M
< nE@ERA)20E / i
M
_n_ 2 nt2
+(20)2C 2 | hid
( ) ’I’L+2 M, o Mt

4.11 aA)2C e . *"32/ VhZ|2d
(a.11) ) WL
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for any p > 0. Therefore, combining (£I0) and ([@II) we have

1 (’9 _n_ n 4 _ 1 r
__/ hydpy < <03(2A)2Cﬁl+2 n M—% _ Q) / IVh [2du
My M,

r Ot n+2 r
(4.12) +es <n5(2A)"+26’7’;+2 + (20)%C 2 - —,u%> / hidpy.
Choose 1 = (%) m, where ¢4 = 03(2A)2C’ﬁ - -45. Then from ([£12)), we
have
1 r
2/ hodpe + (1 - —) / IVh2 [2du
ot Jum, /I,
r?p 3

4.13 < (5"
( ) >~ <C5+CG 37’p—4p—|—7’ )

- / hi dp,
M

where ¢5 = ¢3(28)2C ™ and ¢ = can® (20)" T2 - 25 -cf.

If we pick r = p, then (@I3]) reduces to

(4.14) %/ hldpy < 07/ hLdpy,
M, M

n

2

where ¢7 = <c5 + ¢ (35—:3) > -p. Letting o — 0, (£14) becomes

9 . .
E/ |APdpy < 07/ |A[Pdpu.
M, M

This implies by the maximum principle that, for ¢ € [0, min{T,T>}), where T =
3
plng , there holds

cr

o 3
(4.15) A®@)|p, < €
Set To = min{Ty,T>}. We claim that T' > Ty. We prove this claim by contradic-
tion. Suppose that T' < Ty. Then (A1) and (£.I5) hold on [0,T).
If T < Thax, from the smoothness of the mean curvature flow we see that there
exists a positive constant ¢ such that on [0,7 + ¢) we have

5 o 5
Az < S, A, < Se.
This contradicts the definition of T'.
If T = Tiax, we will show that the mean curvature flow can be extended over
time Thax-

From ({I3]), we have

0 1 r
(4.16) E/ BT dpe + (1 - —)/ IVh2 [2du; < csr™*! / R dyy,
M, P’ Jm, M
_ cs ce
where cg = max{ %, -9% }.

As in the proof of Lemma[3.3] for any 7,7’ such that 0 < 7 < 7/ < Tjax — 6, and
for any t € [7/, Tinax — 0], where 6 is a small positive constant, we have from (@.I6)
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that

1 ¢ r
W+ (1——)// VhE [2dpdt
M, P77 Jr Jm,

1 Trnax—0
(4.17) < (Cgr"H + /—)/ hi dpdt.
T M,

T -7

As in (BI1), we have by (1)

/TW_G/ R 4y, dt
T/ Mp
Tmax_9 2 nr "’*2
[ () ()™
T/ M, M,
2 Thae—0 -
ma hrd : ha2d dt
ety ([ pone) - [ (0
< O, hrd
< C, te[T',n%ifxfe] (/Mt o ut)

Tmax—0 . .
(4.18) ></ (/ |Vh3\2dut+n¥(2/\)”+2/ h;d,ut> dt.
[l M M

From (LI7) and (AI8), we have

Timax—0 142) 1\ =
/ hoe  ™dudt < g (Cg?“n+1 + —)
T/ My

IA

IN
3

3o

T —T

Tinax—0 1+2
(4.19) X (/ hgdutdt) ,
T M,

n+2
2

where cg = C,, - max{p%l, n
We put

(20)" 2Ty}

T‘max_g
J(T,t):/ / hi dydt.
t M,

Then from ([I9) we have

2 1 1+3 ,
(4.20) J(T‘<1 + ﬁ>,T') <cg (CST"“ + - > J(r, 7).

T —T
We let
2 i 1
p=14— me=put, T = (PW)t
Notice that g > 1. From (20) we have

1 - 2 1\ ™% k. n
J(Thet1, Toan) 40 < g™ <C8P"+1 + # ' ?) e T T (g ) 7

2247



2248 KEFENG LIU, HONGWEI XU, FEI YE, AND ENTAO ZHAO

Hence

J(rav1, Tapa) " < g —1°3

T 1)

d 2 Sho
1 k=0 rkl+1 (Csanrl I 'u‘u 1> k=0 Tp

As d — +00, we conclude that

n(n+1)(n+2)
4p

n4+2
2 2 2)2\ =
he(z,t) < (1 + —) ey’ (Cgp"H + (n+27 )
n

2nt
Tinax—0 i
(4.21) x(/ / hgdutdt) .
0 M,

Now let ¢ — 0 and # — 0. Then we have for t € [T“;" s Trax),

AP (2,1) < C(n,p, A &, Tinax) < 400,
This implies that
|A]? < a|H|? +0

on [0, Trax) for some positive constants a and b independent of ¢t. On the other

hand, we also have
Tmax
/ / |H|" 2 dpdt < +o0,
0 M,

since Thax < +00. Now we apply Theorem 3.4l to conclude that the mean curvature
flow can be extended over time T,.x. This is a contradiction. This completes the
proof of the claim.

By the definition of T, for ¢t € [0, Tp], we also have

(4.22) AW sz < 28, [A@Il, < 22.
This completes Step 1.

Step 2. We denote by Vol(X) the volume of a Riemannian manifold ¥ and set
V = Vol(Mp). In this step we show that if we choose ¢ sufficiently small, then at
some time T3 € [%, To], the mean curvature is bounded from below by a positive
constant depending on n, p, V and A.

Since the area of the submanifold is nonincreasing along the mean curvature
flow, we see that for ¢ € [0, Tinax), there holds

(4.23) Vol(M;) < V.

Since M; is a closed submanifold in the Euclidean space, by the Chen-Willmore
inequality for the total mean curvature (for the proof see [3]), we have

vMWMS/MWMSWWGMMMSW”wV

max max
M,

Here |H |max(t) = maxyy, |H|(-,t). This implies that for ¢ € [0, Tinax), there holds
(4.24) |H|2 (1) > n"Vol(S")V ™! = cp0.

max
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On the other hand, by [20] there is a positive constant ¢17 depending only on n
such that for t € [0, Tinax), we have

dlam(Mt) S Cll/ |H|”71dut,
M
where diam(M;) denotes the diameter of M;. This together with the Hélder in-
equality, (@22) and (£23)) implies for ¢ € [0, Tiax)
(4.25) diam(M;) < cllnnT_l(QA)"flV% = C12.
Since T > Ty, we consider the mean curvature flow on [22, Ty].
As in ([@2I)), we have for t € [£2, Tp]

n(nt+1)(n+2)

n+2
. 2 p o n+2)2\ 2z 1
4] < <I—F;;> C?’(Csp"+l4-£—g§%l‘) Ty -2

(4.26) = C(C13€.

Here ¢13 depends on n,p, V, A and is independent of ¢.
For u = |A|?, since ¢; < c3, we have by ([@2)

(4.27) %u < Au+ c3]Alfu.

Then by a standard Moser iteration process as for h, in Step 1, we have for ¢ €
[%a TO]

n(n+1)

2 R n+2\t1  (n+2)2 2
(1+ E) e (014( 5 ) —i——nTO ST 2A

(428) = C(Ci16-

Kl

IN

— 2" 2% _ 2 nf2 2
Here ¢4 = max{ R (63‘3"7}, and ¢15 = C, - max{ ™2 n"3" (2A)"F2Tp}.
Set

_(r_ToN o oA
G = (t : )|VA| + AP
We consider the evolution inequality of G on [ZQQ, To).
As in [1], we have
Vi(VA) = V(V,A) + Ax Ax VA.

Here V is the connection on the spatial vector bundle, which for each t agrees with
the Levi-Civita connection of ¢g(t). The evolution equation of A is

ViA=AA+ AxAx A
On the other hand, we have
V(AA) = A(VA) + Ax Ax VA.
Hence
Vi(VA) = A(VA) + Ax Ax VA.
This implies

d - . )
(4.29) a\VA|2 < AVAP? + ci7] AP IVAP?,
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where cy7 is a positive constant depending only on n. Here we have used the
inequality [VA|? < 2(3 , which was proved in [1].

Combining (£8) and [@29) we have

) T, i .
(4.30)  —G<AG+ ((t - 70)617|A|2 - 1) VA2 + cs| APRJAP.

ot
From ([@26), (A2R) and (@30), we have for ¢ € [12, Ty

ot

Set T3 = min{TO7
@31

0 T i
(4.31) ;G <AG + ((t - 70)017016 - 1) [VA]? + ezerpeise®.

}. Then L& < T3 < Ty,. For t € [£2, T3], we have from

Ci17C16

0
EG < AG + 030166%362.

By the maximum principle, this implies

G(t) — G(%) < c3c1603, <t - %)52

for t € [Z2, T3]. Hence

T o T
(1= S)IVAR < 1AP(F) + csenocks (1= )
T
< 05352 + 036166%3 (t — 70)52.

Then for ¢ € (£, T3], there holds

2
(4.32) VA2 < (L’Tsz’ + c3c16073e%.
- —0)
2

On the other hand, from [1], we know that |[VH|? <
implies that at t = T3, we have

\VA|2 Therefore, ([£32])

2(n 1)

@33)  IVHP < 0 (T el | = e
. < 2(n — 1) e C3C16C13 |€™ ‘= Cig€ .
(- %)

Now we consider the submanifold Mr, at time T5. Let z,y € My, be two points such
that |H|(z, Tg) |H |min (T5) = min g, |H|(-,T3) and |H|(y,T5) = |H|max(T3) :=
max sy, |H|(+,T3). Let I : [0, L] — Mg, be the shortest geodesic such that [(0) = »
and [(L) = y. Define a function 7 : [0, L] — R by n(s) = |H|?(I(s), T3) for s € [0, L].

Then 7(0) = |H|?,;,(T3) and n(L) = |H|2,,.(T3). By the definition of 1, we have
d
)| = | VPG 7| < (TP, 7o) | < [20AI T 0. T
This together with ([@28)) and ([@33]) implies

d 1
%77(5) < 23 cigerse.
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Then we have

L

d 1

(4.34) n(L) —n(0) = / Ends < diam(Mrp,) - 2n2cipcise.
0

Combining (£24), (@25]) and ([@34]), we obtain
(4.35) | H 2in (T3) 2 c10 — cr9e,
where c1g = 2n%01601gc12. We put

o — C10

! 2019 '

Then if € < g1, (@35) implies that
(4.36) (25, (1) > 2.

Step 3. In this step, we finish the proof of Theorem
Consider the submanifold Mp,. Set

1 1

b 2
g9 = #1 fOI' n 2 4, a,nd Eo = 610 fOr n = 3.
2n(n — 1)]3ers 3v2¢13

By (£26) and ([@36]), we see that if ¢ < min{e,e2}, then

1 H|*(T
AP(T) < cye + Hr(ny < ETD)

for n >4,
and
4
|A]2(T3) < §|H|2(T3) for n=3.

We pick C; = min{ey, e}, which depends only on n, p, V and A. Then by the
uniqueness of the mean curvature flow and the convergence theorem proved in [IJ,
we conclude that the mean curvature flow with initial value Fy converges to a round
point in finite time. This completes the proof of Theorem O

Corollary 4.3. Let Fy : M™ — R"? (n > 3) be a smooth closed submanifold.
Suppose that the mean curvature is nowhere vanishing. Then for any fized p > 1,
there is a positive constant Cf depending on n, p, miny, |H| and ||A||nt2, such
that if

1Allp < C1,

then the mean curvature flow with Fy as initial value has a unique solution F : M X

[0,T) — R""9 in a finite mazimal time interval, and Fy(M) converges uniformly

to a point x € R""4 aqs t — T. The rescaled immersions E = L2 converge
v 2n(T—t)

in C*-topology to a limiting embedding Fr such that }?’T(M) is the unit n-sphere
in some (n + 1)-dimensional subspace of R"+4.

Proof. 1t is easy to see that we can choose C;7 in Theorem such that Cy =
Ci(n,p,V,||A||n+2) depending on n, p, ||A||n+2 and the upper bound V of the
volume of Mjy. Since

[[Allns2 = n#||H]|ns2 > n* Vol(Mo) 7= min|H|,
0

we have

Vol(M) < n™ "% (min [H|)~ (2| 4|11 = V.
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Then by Theorem 2] we can pick C7 = C1(n,p, V', ||A||n+2), which depends on

n, p, miny, |H| and || A||n42- O
We restate Theorem and give the proof as follows.

Theorem 4.4. Let Fy : M™ — R"4 (n > 3) be a smooth closed submanifold. Then
for any fized p > n, there is a positive constant Cy depending on n, p, Vol(My) and
|| H||nt2, such that if

1Al < Cs,
then the mean curvature flow with Fy as initial value has a unique solution F : M x

[0,T) — R""9 in a finite mazimal time interval, and Fy(M) converges uniformly

to a point & € R"9 ast — T. The rescaled immersions F, = —=%_ converge
vV 2n(T—t)

in C*-topology to a limiting embedding ﬁT such that ﬁT(M) is the unit n-sphere
in some (n + 1)-dimensional subspace of R"+4.

Proof. The idea to prove Theorem 4] is similar to the proof of Theorem We
set A = ||H||n+2. Suppose

1Allp <e
for some fixed p > n and assume ¢ € (0, 100]. Set
T' = sup{t € [0, Tomax) : || H|lns2 < 27, ||A]], < 2¢}.

As in the proof of Theorem 2] we consider the mean curvature flow on the time
interval [0,7").
For |H|?, we have the inequality (see [1,22] for the derivation)

0
5| HI? < AlH|* =2/ VH] + cxol AP|H|*

for some positive constant cag depending only on n. Set w = |H|?. Then

0 o

(4.37) pre < Aw + e AlPw + %w?
From ([{31) we have for r > 1

19 . 4(r—1) o

— d S S — A 2 |4d

r Ot /Mt Wk = r2 /Mt [V Pdp
(4.38) +czo/ |A2w" dpy, + 20 w" T dyy.

M, S,

Now we let r = 242 As in (@), we have

ni2
/ w2 Tdu,
My

2 2
_n_ n _n_ 2 n n
<cop <2A>"< / w'E dut> o AL < / w's dm)
M, n+2 M,

L n _ n+42 n+42
ropt e vt P
M,

(4.39)

for any € > 0.
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As in [@I1]), we have
o n+2
| 1P au
M,

n 2
> n(n+2)

< ((200)2071 (2/\) P + (200)207?10 - nﬂpi’n) / wn;rz dut
p M,

n
p

(4.40) + (200)%Cy; %u—%/ IV 5 2dp
My

for any p > 0.

Therefore, combining ([@38)), (£39) and (@40) we get

2 8/ =
C o w
n+2 0t Jy, e

on _r C20 _n_ n 42
< 200)2CP - — . n omeE Lt +
> <C20( ) n p o) + - o — 26
(n + 2)2 M, et
n n(n+2) n oy .
ez (<200)20€ (20)"5 + (20020 L= Hp'%") / o,
p M,

2
_n_ _n_ 2 n n
(La) 4+ (c,:“ Ay + o 2 267"’) (/ w%dﬂt) _
M
Now we pick

200)? 2)2 n\ » 9 L\ 7
u:<( EURs L 'Czo@f) ) 6:(n+ '020071*2) '
4p n

Then from (A1), we have

) 0 0 n 2
(4.42) o w ;2d,ut < C21/ w#dut +C22(/ W™ th) ;
t J, M, M,

where

n(nt2) —n [ (200)%(n + 2)2 o\ 77
) P n(( )i; )-czoCﬁ) ]

Co1 = (200)202007? |:(2A)

Cog s 2 n+2 _n_ H]
ol [CTN cenCiF) .
c22 = {( )"+ 2 ( 1. €20 ) ]

Let p(t) be the positive solution to the following Bernoulli equation:

d 2
Eﬂ = C21p + Cca2p”7,
p(0) = A"T2
Then
cont In (% + 1)
pt) = -, te {0, i )
Anrz Ty T et Ca1
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Set

L1 14 g2 A2 '
T1 = a ln (2 n+2 oz Amt2 )
37T HEA

then p(t) < (%A)n+2 for ¢ € [0,77]. By the maximum principle, we see that for

t € [0,min{7”,Ty}), there holds
n 3 n+2
/ w#dut < (—A)
M, 2
or, equivalently,
3
H(lls2 < A
Next, from (@3] we have

) )
(4.43) h < Ahg + 5| APPhy + %3|H\2h[,.

From (£43) we have for r > 1

10 4(7“ — 1) Lo
-9 r < _ 3
9 /M,, hodps < 3 /M,, IVhs [“dp
(4.44) +C3/ AR dpe + S [ | HPR dps.
M n Jm,

As in ([I1]), we have for » > p > n and any v, ¢ > 0 that there hold

/ APRLdpe < ( / |ﬁpdut) ( / (h;)ﬁdut)
M, M, My

1_n n—2

< (25)2< / h;dut) ( / (h;)ﬁdut) t
M, My
12
< (25)2< hgdut)
My
<lon( [ wndPaucsea [ )|
My M,
< (20°C (20)"5F / e
M
(20)2Cy {p_”uﬁ/ hgdut+ﬁu—%(/ |Vh§2dut>}
p M, p M,
n n(n+2)
S P

((QOO)QCH (2A) "5 +(200)2C§2%w”n>/ K du
My

(4.45) (20020 Lpt (/ Vh§|2dut>
p M,
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and
g < @2 ([ wan) " |ext ([ indpan)
My M M
n_ ==
+42chw+2( h;mh) }
My
_n_ n_ 2 n
< @N"P207 | hLdp + (2020 —=—0" | hlduw
M, n+2 M,
n n+2 r
4.46 +eazerE L hZ [P dps.
(4.46) T BT
From ([{Z4), [@45) and [@46]), we have
10 nn _p C3 no o ni2
~= | hldu < 200)%Cy —v~ " + —(2A)2Cy "
T [ < (eo0pel B+ Seapert L,
4(r —1 r
—¥>/ Vh [*dpy
T M,
+<03(200) OF (20) "5 + 3200200 L=yt
p
C_3 n+2 nTiJ;2 2 nrih 2 M) r
(4.47) +2 (2020 + 2a20r g™ ) /Mt B dps.
Pick
s — = <CS(200)20”E R EA?CET ni2> -
32;4
Since r > p > n, then
] 2 27?.2 C_‘JQAQﬁLnL
I/"i2—QS<C3( 00)“C; p3—|- n4( )°C n+2) +2~rn2r2 oy
D —
Then from [@A7), we have
0 x pin
(448) a/ h;dﬂt +/ |Vh§ ‘2d‘LLt S 0247'%"’_"/ ]’L’gd/lt,
M, My My
where
s = e3(200)207 (20)"F 2 4 %3(2/\)”“0;%
nt2 2p—n nt2 g 9 s 2
P e3(200)2CF T— L2 (20200 ——.
+ez3" - c3(200) D + o3 n( ) nt2

Letting r = p, we have from (£48)
0

(4.49) n hPdp < 024p5t_::+"/ hEdpu.
t M, M

Now we apply the maximum principle and let ¢ — 0. Then for ¢ € [0, min{7", T4 }),
where T = cy'p~ P In 2, there holds

o 3
1AWl < 3=
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Set T{ = min{TY,T4}. As in Step 1 of the proof of Theorem 2] we can prove
that T' > T} by contradiction. In fact, from the smoothness of the mean curvature
flow we exclude the case where 77 < Tyax. For the case where T = T} .x, since we
have ([£48), which is similar in form to ([@I6]), we can apply the standard Moser
process to obtain the following estimate for small § > 0:

n(n+2) [ pin S
—dp (h+n) n pEn (n + 2)2 "217
+n I S

2
he(z,t) < [14+Z= ® —n
(z,t) < < + > cob | coap? ot

(4.50) ( / /M, hpdutdt>

Here co5 = C), - max{1, (2A)" 2T} }.
Now we let 0 — 0 and 6 — 0. Then we have for t € [ Smax T ax)s

|AP(z,t) < C'(n,p, A, €, Tinax) < +oc.

2

This implies that

A < d|H*> +V
on [0, Tinax) for some positive constants a’ and b’ independent of t. On the other
hand, we also have fo R w, [H |"*2dusdt < +oo. Applying Theorem B.4] we con-
clude that the mean curvature flow can be extended over time Ty,,x. This is a

contradiction. ,
We consider the mean curvature flow for ¢ € [%, T¢]- As in ([@50), we have

. 2 n(z_:z’)(gtern) 2~ pin o (n+2)? E
|Al(z,t) < (1 + ﬁ) Cas5 <024p"" + W) Ty" -2
(4.51) = Co6E.
By (@31), we have
%w < Aw + 90| AlPw + %U—I\Qw
Then similarly as in [@351]), we get for ¢ € [ TO]
2\ T (n+2)2\, /2,
e < (142) 7 o (o B oap
(4.52) = Ca9.
Here
cor = 20(200)2C,7 (20)" + %(21\)““0;;%
teag - e3(200)2C77 niw top 20 20)205 - i -
and
C20(200)2C - - 4 €0 (20)2C 7 1o 7
8= ( 3n + 2 ) '

By (@E]I) and [@52), we have

|A]2 (2, 1) < 351007 + % == C30
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fort € [TT‘S, T{]. As in Step 2 of the proof of Theorem 2] we have for ¢ € [0, Tiax)
that there hold

(4.53) |H|% 0 () > n"Vol(S™)V ™ := cgy
and
(4.54) diam(M;) < 011(2/\)”_1‘/$ = Caa,

where V' = Vol(Mp).
Using a similar argument, for t € [%,Té], where T4 = min{Tj, % + ﬁ}, we
have

(4.55) VH|? < 3n® . o + e3c300% | €2 = 2ae?

. _Q(n—l) (t_T_(;) 26 . 33 -
Combining (£53), (@54) and ([@355]), we obtain that, at time T}, there is
’ C31

g] =

 2nZesocsacas
such that if ¢ < &f, then

(4.56) [H 25, (1) > S

min

Set
L 1
r_ 3 3
€= 1
[Qn(n - 1)]5027 3\/5027
By (@35I) and ([@56]), we see that if & < min{ef, 5, 100}, then

|H[*(T3)

for n >4, and &) = for n=3.

1
[AP*(T3) < cirel + EIHIQ(Té) < for n > 4,

and
4
|A]?(T3) < §|H|2(T3',) for n=3.

Then we can pick Co = min{e], €5, 100}, which depends only on n, p, V and A,
and this completes the proof of Theorem .4l O

Using a similar argument as in the proof of Corollary L3l we have the following.

Corollary 4.5. Let Fy : M™ — R"™ (n > 3) be a smooth closed submanifold.
Suppose that the mean curvature is nowhere vanishing. Then for any fized p > n,

there is a positive constant C% depending on n, p, minyg, |H| and ||H||nt2, such
that if

A]lp < Ca,

then the mean curvature flow with Fy as initial value has a unique solution F : M x

[0,T) — R in a finite mazimal time interval, and F;(M) converges uniformly
: n+q . . B — Fi—zx

to a point x € R ast — T. The rescaled immersions F; —\/m converge

in C*®-topology to a limiting embedding Fr such that Fr(M) is the unit n-sphere

in some (n + 1)-dimensional subspace of R"+4.

Now we give the proof of Theorem [[.3] which is restated as follows.
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Theorem 4.6. Let Fy : M"™ — R"? (n > 3) be a smooth closed submanifold.
Then there is a positive constant C3 depending on n,Vol(M) and ||A||n+2, such
that if

I|A]]l, < n'/2[Vol(S™)Y/™ + Cs,

then the mean curvature flow with Fy as initial value has a unique solution F : M x
[0,T) — R""9 in a finite mazimal time interval, and Fy(M) converges uniformly

to a point & € R"T9 ast — T. The rescaled immersions F, = —2=%_ converge
vV 2n(T—t)

in C*°-topology to a limiting embedding ﬁT such that ﬁT(M) is the unit n-sphere
in some (n + 1)-dimensional subspace of R"+4.

Proof. The Chen-Willmore inequality says that for a closed submanifold M™ in the
FEuclidean space, the total mean curvature satisfies

/ |H|"dp > n™Vol(S").
M

On the other hand, we have

2. n
[oaran = [ (14p+ 25,
M M n

\%
—
=

3
U
=
_l’_
3
|
N3
=
3
U
=

Pick Cy={ [C1(n,n, V; | Al|ns2)] n+n%V01(S”)}E —nE[Vol(S™)]%. Then if [|Al], <

nz[Vol(S™)]= + Cs, we have [|A||, < C1(n,n,V,||A||ns2). By Theorem B2, Theo-
rem follows. O

Put €4 = { [Cl(n,m,maxas, [H], |4l lns2)] +n¥VoI(S™) | = ni[Vol(s™)]7,

where C] = Cf(n,p, maxyy, |H|,||A||n+2) is as in Corollary B3l We also have the
following corollary.

Corollary 4.7. Let Fy : M™ — R"™4 (n > 3) be a smooth closed submanifold.
Suppose that the mean curvature is nowhere vanishing. Then there is a positive
constant C4 depending on n,minyy, |H| and ||A||nt2, such that if

[1Alln < n'/2[Vol(S™)]/" + C5,

then the mean curvature flow with Fy as initial value has a unique solution F : M x

[0,T) — R in a finite mazimal time interval, and F;(M) converges uniformly
; n+q ; ; o — Iy —x

to a point x € R ast — T. The rescaled immersions F; om0 converge

in C*®-topology to a limiting embedding Fr such that Fr(M) is the unit n-sphere

in some (n + 1)-dimensional subspace of R"+4.

5. OPEN PROBLEMS

In this section, we propose several open problems for the convergence of the
mean curvature flow of submanifolds. Denote by F"%9(c) the (n + ¢)-dimensional
complete simply connected space form of constant sectional curvature c. Let M be
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an n-dimensional closed oriented submanifold in F"*%(¢) with ¢ > 0. Shiohama-
Xu [17] showed that if |A|*> < a(n, |H|,c), then M is homeomorphic to a sphere for
n > 4 or diffeomorphic to a spherical space form for n = 3. Here

n|H|? n—2
2n—1) 2(n—1)

a(n,|H|,¢) = nc+ VIHA +4(n — 1)c|H|2.

In [29], Xu-Zhao proved several differentiable sphere theorems for submanifolds
satisfying suitable pinching conditions in a Riemannian manifold. Recently, Xu-
Gu [26] strengthened Shiohama-Xu’s topological sphere theorem for ¢ = 0 to be a
differentiable sphere theorem. Motivated by these sphere theorems and the conver-
gence theorem for the mean curvature flow due to Andrews-Baker [I], we propose
the following.

Open Problem 5.1. Let M be an n-dimensional (n > 3) smooth closed submani-
fold in F"*9(c) with ¢ > 0. Let M; be the solution of the mean curvature flow with
M as initial submanifold. Suppose M satisfies

AP < a(n,|H],c).

Then one of the following holds.

a) The mean curvature flow has a smooth solution M; on a finite time interval
0 <t < T and the M;’s converge uniformly to a round point as ¢t — 7.

b) The mean curvature flow has a smooth solution M, for all 0 < ¢ < oo and the
My’s converge in the C*°-topology to a smooth totally geodesic submanifold M,
in F"4(c).

In particular, M is diffeomorphic to the standard n-sphere.

In [16], Shiohama-Xu obtained a topological sphere theorem for closed submani-
folds satisfying ||A||,, < C(n) in F"4(c) with ¢ > 0 for an explicit positive constant
C(n) depending only on n. The following problems arise out of this topological
sphere theorem and our convergence theorems.

Open Problem 5.2. Let M be an n-dimensional (n > 2) smooth closed subman-
ifold in R™49. Let M; be the solution of the mean curvature flow with M as initial
submanifold. Then there exists a positive constant D(n) depending only on n, such
that if M satisfies

14]]. < D(n),

then the mean curvature flow has a solution M; on a finite time interval [0,7") and
M, converges uniformly to a round point.
In particular, M is diffeomorphic to the standard n-sphere.

For any 4-dimensional compact manifold M which is homeomorphic to a sphere,
we hope to show that there exists an isometric embedding of the 4-sphere into a
Euclidean space such that ||A||; is small enough in the sense of Theorems [J or
Open Problem In fact, Shiohama-Xu [16] proved that for any 4-dimensional
closed submanifold M in a Euclidean space, we have ||A||; > C(23_,8;)/4, where
C is a universal positive constant and [; is the i-th Betti number of M, i =
1,2,3. Therefore it’s possible to isometrically embed a topological 4-sphere into
a Euclidean space with small upper bound for ||A||s. If this can be done, then
we can deduce that M is diffeomorphic to a sphere. This may open a way to
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prove the smooth Poincaré conjecture in dimension 4, which is now one of the most
challenging problems in geometry and topology.

In general, for a homotopy sphere M, we can try to find its embedding in Eu-
clidean spaces with small integral norm ||A[|,,. Our results on mean curvature flow
of arbitrary codimension reduce the problem of proving whether M is diffeomorphic
to a sphere to the problem of finding the optimal embeddings of M into Euclidean
spaces.

Open Problem 5.3. Let M be an n-dimensional (n > 2) smooth closed submani-
fold in F"*9(c) with ¢ > 0. Let M; be the solution of the mean curvature flow with
M as initial submanifold. Then there exists a positive constant E(n) depending
only on n, such that if M satisfies

|4l < E(n),

then one of the following holds.

a) The mean curvature flow has a smooth solution M; on a finite time interval
0 <t < T and the M;’s converge uniformly to a round point as ¢t — 7.

b) The mean curvature flow has a smooth solution M; for all 0 < ¢ < oo, and the
M,’s converge in the C'°°-topology to a smooth totally geodesic submanifold M,
in F"*4(c).

In particular, M is diffeomorphic to the standard n-sphere.
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