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HEEGNER POINTS ON MODULAR CURVES

LI CAI, YIHUA CHEN, AND YU LIU

ABSTRACT. In this paper, we study the Heegner points on more general mod-
ular curves other than Xo(N), which generalizes Gross’ work “Heegner points
on Xo(N)”. The explicit Gross-Zagier formula and the Euler system property
are stated in this case. Using such a kind of Heegner points, we construct
certain families of quadratic twists of X¢(36), with the ranks of Mordell-Weil
groups being zero and one respectively, and show that the 2-part of their BSD
conjectures hold.
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1. INTRODUCTION

Let ¢ =) 7 | a,q™ be a newform of weight 2, level I'g(N), normalized such that
a1 = 1. Let K be an imaginary quadratic field of discriminant D and x a (primitive)
ring class character over K of conductor ¢, i.e., a character of Pic(O.) where O, is
the order Z+ cOk of K. Let L(s, ¢, x) be the Rankin-Selberg convolution of ¢ and
X Assume the Heegner condition:

(1) (¢, N)=1.

(2) Any prime p|N is either split in K or ramified in K with ord,(N) = 1 and
x([p]) # ap, where p is the unique prime ideal of Ok above p and [p] is its
class in Pic(QO,).

Under this condition, the sign of L(s, ¢, x) is —1 and Gross studies the Heegner
points on Xo(N) in [7]. It’s well known that Xo(N)(C) parameterizes the pairs
(E,C), with E an elliptic curve over C and C a cyclic subgroup of E of order N.
By the Heegner condition, there exists a proper ideal N of O, such that O./N =
Z/NZ. For any proper ideal a of O, let P, € Xo(IN) be the point representing
(C/a,aN~1/a), which is defined over the ring class field H., the abelian extension
of K with Galois group Pic(O,) given by class field theory. Such points are called
Heegner points over K of conductor ¢ and only depend on the class of a in Pic(O,.).
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Let Jo(N) be the Jacobian of Xo(N). The cusp [0o] on Xo(N) defines a mor-
phism over Q from Xo(N) to Jo(N) given by P+ [P — oo]. Let P, be the point

Po= Y [Pa—oc]@x([a]) € Jo(N)(H.) ®zC
[a]ePic(Ox)

and let P)‘? be the ¢-isotypical component of P,.. Under the Heegner condition, Cai-
Shu-Tian [3] give an explicit form of Gross-Zagier formula which relates the height
of P;f to L'(1, ¢, x). In fact, they give an explicit form of Gross-Zagier formula in
the general Shimura curve case.

Let the data (¢, K, x) be as above, and generalize the Heegner condition to the
following one (x):

(i) (e, N) =1,

(ii) if a prime p|N is inert in K, then ord,N is even; if p|N is ramified in K,
then ord, N = 1 and x([p]) # ap, where p is the unique prime ideal of Ok
above p and [p] is its class in Pic(O,).

Under these assumptions, we can write N = NoN?, with p|N; if and only if p is
inert. Given an embedding K — M>(Q) such that KN M3(Z) = KNRy(Ng) = O,
where

Ro(Ny) = {A € Mg(Z)’A = ((”; :) (modNo)} .
We will consider the order R of M3(Z) given by R = O, + N1Ro(Np). Define

*
Ik (N)=R*NSLy(Z) = { A € SLy(Z) 0 (mod Ny)
AmodN; € R/N1R

Now we have to consider the modular curve X (N) = I'x (N)\ 7 U {cusps}, where
H ={z€C:Im(z) > 0}.

This modular curve is not the usual modular curve of the form Xy(M) any
longer, if N7 # 1. X (N) parameterizes (E,C, ) where E is an elliptic curve over
C, C is a cyclic subgroup of E of order Ny and « is an H-orbit of an isomorphism
(Z/N1Z)* ~ E[Ny], where

H= (OK/NIOK)X - GLQ(Z/NIZ)

The readers are referred to [9] theorem 7.1.3. Let hg be the fixed point of % under
the action of K*. Note that since Z + Zhy"' is an invertible ideal of O, then

h
the triple P = <(C/Z + Zhy, <NLO>,H <z§)> is a Heegner point on X (V) in the
N1

sense of Definition By CM theory, P € Xy (N)(K?2P). The conductor of P is
also defined to be ¢, the conductor of O.. For details, see Section 2.

Assume ¢ corresponds to an elliptic curve E/Q, by modularity of elliptic curves,
Jacquet-Langlands correspondence and [27, Theorem 3.8], there is a modular
parametrization f : Xg(N) — E, taking [o0o] to identity in E. It is unique in
the sense that given two parametrizations f1, fo, there exist integers ni,ns such
that nq fo = nafa [3l Proposition 3.8]. Now we can formulate the following Gross-
Zagier formula:

Theorem 1.1 ([3]). Under the assumption (x)
w0y 879, o) hc(Py())

u?cy/|Dk| deg f '

a=(;

(GZ) L'(1,E,x) =2
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where (1, )p,(n) is the Petersson inner product, iLK is the Néron-Tate height over
K, u(N, D) is the number of prime factors of (N, D), u=[OF : {£1}].

As an application of such a kind of parametrization, we will construct a family
of quadratic twists of an elliptic curve with Mordell-Weil groups of rank one. The
action of complex conjugation on the CM-points of the modular curve is a crucial
point in the proof of the nontriviality of the Heegner point. For the usual modular
curve Xo(N), complex conjugation is essentially the Atkin-Lehner operator. How-
ever, it does not hold for the modular curve X (N). We will find that the action
of complex conjugation is given in terms of a combination of local Atkin-Lehner
operators and the nontrivial normalizer of K* in GL2(Q). Denote this operator
by w. Then f + f* is a constant map with its image a nontrivial 2-torsion point;
see Lemma This phenomenon and the norm compatible relation control the
divisibility of Heegner cycles. Together with the Gross-Zagier formula, the divisi-
bility of Heegner cycles implies the 2-part of the BSD conjecture for our family of
quadratic twists.

For each square free nonzero integer d # 1, we write E(® for the twist of an
elliptic curve E/Q by the quadratic extension Q(v/d)/Q. The results of [26], [2],
[5], [14] show that there are infinitely many d such that L(E(%, s) is nonvanishing
at s = 1, and infinitely many d such that L(E(d), s) has a simple zero at s = 1.

The work of [21], [22] for the elliptic curve (Xo(32), []) : y? = 23 — & constructs
explicitly families of d with ord,—; L(E® s) = 1. The work of [4] deals with the
elliptic curve E = (X(49), [0o]) which has CM by v/—7, gets similar results to [21].

Here, we construct a family of quadratic twists of E = (X(36), [0o]) such that
the ranks of the Mordell-Weil groups for these twists are one. In this paper, we have
made a new argument different from [], [2I] and [22], which is much shorter and
simpler. The new argument relies on a norm compatible relation between Heegner
points of different conductors. See Theorem

Theorem 1.2. Let £ be a prime such that 3 is split in Q(v/—£) and 2 is unramified
in Q(v/—£). Let M = qy ---q, be a positive square-free integer with prime factors
¢ all inert in Q(v/=3), ¢i = 1 (mod4) and g; inert in Q(v/—F). Then
(1) ordg—y L(s, ECM)) = 1 = rank E(-*M)(Q);
(2) #II(EM) /Q) is odd, and the p-part of the full BSD conjecture of E(—M)
holds for pt3tM, i.e.,

. L/(E(-4M)) = ond HIT(E(-M))
o ”<Q<E<4M>>Reg<E<fM>>> =N\ T cd ECODY(HECOD Q) )2 )

The nontriviality of Heegner cycles and Gross-Zagier formula also imply the rank
part of BSD conjecture for E(™) | namely,

ordg—1 L(s, E(M)) =0 = rankE(M) (Q).

We are also interested in the full BSD conjecture for EM). In fact, the part (2)
of Theorem depends on the similar assertion for E(*) which is the part (2) of
Theorem [[.3]

A new feature of this paper is that we give a parallel proof of the BSD conjecture
for EM) as we have mentioned above, that is, using the Waldspurger formula and
the norm property of Gross points. For the induction method used in [4], [23],
there is an embedding problem of imaginary quadratic fields to quaternion algebras
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which is related to the problem of representing integers by ternary quadratic forms
(see also the argument before [, Definition 5.5], [23] Section 2.1] and [13]). The use
of the norm compatible property of Gross points avoids this embedding problem.

If, for the data (¢, K, x), the root number (¢, x) equals +1, by [3] we can choose
an appropriate definite quaternion algebra B over QQ containing K, an order R of B
of discriminant N with RNK = O and a “unique” function f : BX\EX /ﬁx — C.
Assume the conductor ¢ of x satisfies (¢, N) = 1. Let z, € KX\BX/RX be a Gross
point of conductor ¢, that is, x. satisfies that x, Rmfl NK = (9 Denote by

(= D flo-z)x(o).

c€Gal(H./K)

Then with similar notation as for Gross-Zagier formula, we have the Waldspurger
formula (see Theorem 2.T6I)

LB, x) = 2-evn) 870 Do) B
u?y/|De?| (£, 1)
Moreover, the Gross points of different conductors also form an “Euler system” (see

Section 2). The following theorem can be viewed as the rank zero version of Theo-
rem

Theorem 1.3. Let M = ¢ - - - ¢, be a positive square-free integer with prime factors
q; all inert in Q(v/—3) and ¢; = 1 (mod 4); then

(1) ords—1 L(s, EM)) = 0 = rank EM)(Q);
(2) #1I (E(M)/Q) is odd, and the p-part of the full BSD conjecture of E(—tM)
holds for p # 3.

2. THE MODULAR CURVE AND HEEGNER POINTS

1. The modular curve Xg(N). Let K be an imaginary quadratic field with
discriminant D. Let N = NoN? be a positive integer such that p|N; if and only if p
is inert in K. Let ¢ be another positive integer coprime to N. Take an embedding
K — M5(Q) which is admissible in the sense that

K N My(Z) = K N Ry(Ny) = O..

Let R be the order of M5(Z) given by R = O.4 N1 Ry(Np). Then R has discriminant
N with RN K = O,.

Let T(N) = R* N SLy(Z) and Xk (N) be the modular curve over Q with
level I'(N). It’s well known that X(NoN;)(C) parameterizes (E, (Z/NoN1)? ~
E[NyN;])) where E is an elliptic curve over C. By [9] chapter 3.5, it parameterizes
(E,(Z/No)? ~ E[Ny],(Z/N1)? ~ E[N1])). Then by [9] chapter 7, X (N) param-
eterizes (E,C,a : (Z/N1)? ~ E[N1])), where C is a cyclic subgroup of E[Ny] of
order Ny, and « is an H-orbit of a basis of E[N;] where H := (Og/N10g)*
GL2(Z/N1Z). Precisely, the class of z € 7 in X (N) corresponds to the triple

<(C/Z-z+Z,<NLO>,H<§>>.



HEEGNER POINTS ON MODULAR CURVES 3725

Recall that hg = #5”. For X a field, a quaternion algebra over Q (the situa-
tions involved in this paper), or an order in them, we denote X = X ®z [[,. . Ze.

Lemma 2.1. Ifm is a positive integer and (m,cNDg) = 1, then for any invertible

fractional ideals a, N of Ocm, satisfying N~a/a ~ Z/NoZ, there exist a Z-basis

{u,v} of a and g € GL3(Q), such that N~'a = ZNi + Zov, v g 'ho, and
0 u

KNgRg™ ! = Oup.

Proof. Consider the natural projection between curves over Q: X (N) — Xo(No),
which is the forgetful functor in the moduli aspect (F,C, [a]) — (E,C). a, N define
a Heegner point (C/a, N~"'a/a) on Xo(Np). Then there exists a Z-basis {u,v} of

“ Z) € GL3(Q), such that N 'a = Z(i,w, % = g 'hg, and
0

N
KN ng)g’l = O If we choose another basis, g will differ by an element in
I'o(No) on the right and an element in K* on the left. So we have to prove there
exists g’ € Tg(Np), such that K N 99'Rg~1g~1 = O,,.
Denote by O' = g~ 'O, g, it suffices to prove that there exists g’ € T'o(Ng), such
that for any ¢| Ny, O] C g'Reg —'. In fact, if it holds, then

a and g =

O, Cg ' KigNg'Reg ",
hence they are equal, since 00} is the maximal compact subring of 7' K,g. This
implies that @’ = g7 'KgN g Rg . i.e., KNggdRg 19! = Opn.
Note that Oy C Ry, by Lemma [27] there exists a g, € SLa(Zy), such that
O} = 9:0yg; ' By Lemma 0] there exists a g’ € T'o(Np), such that

g = go (mod £°74¢N1) i Ny

Let 8 : My(Z¢) — M2(Z¢/N1Zy), be the natural projection. We see that g Reg ' =
B1(B(O})). This induces O} C ¢'Rpg . O

Definition 2.2. Let a, N and u,v,g be as in Lemma [ZIl A Heegner point on
Xk (N) of conductor e¢m is a triple

pP= (C/a,Nla/a,H (%))
Ny

Remark 2.3. This point corresponds to the point = € J7.

The order O, is of the form Z+ Zw, where w, = 4CD+20 VD Denote by (: 3) €

GL2(Q) the image of w, under the fixed embedding K — M>(Q). Since K is a
field, yz # 0.

Lemma 2.4. K = Q+ Qhg and O, = Z + Zyhy*.

c2(D* - D)

Proof. We have x + w = Dc, 2w — yz = 1

. As hg is fixed by (i Z)
l‘h0+y -

p—— ho and zhZ 4 (w — x)ho —y = 0.
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Hence
— D 2 — —cvD
ho = —(I w) + C\/_ c K\Q and ho_l = c = (.I U)) C\/_,
2z (r —w)+ eV D 2y
SO
yho_l — wa De +20\/5'

O

Lemma 2.5. Let a =Z+Z -hy' and N~ = Z+Z- Ny 'hy'. Then End(a) :=
{r € K:zaCa} =0, and EndN ') = O,.

Proof. Let (a4 bhy')a C a. Tt is equivalent to that
(a+bhgt) €a and (a+bhy')hy! €a.

The first condition implies a,b € Z; then the second one is equivalent to bhy e
But

bhy? =y 'b((w —x)hg * + 2) € a.
The condition RN K = O, tells (w — z,z,y) = 1, so the above condition implies
b € yZ, which tells us that End(a) = O.. The assertion for N~ is similar, noticing
that N0|Z [l

Clearly, a and N\ are invertible ideals of O., and N~1/a ~ Z/NyZ. Summing
up:

Proposition 2.6. Let K < M(Q) be an admissible embedding and ho € HX™.
Denote by a=Z+7Z -hy' and N~' =Z+7Z- Ny 'hy!; then

.
P= (C/a,Nl/a,H< J]_:’11>>
e

is a Heegner point on X (N) of conductor c.
Now we prove lemmas needed in Lemma 2.1

Lemma 2.7. For any two embeddings ; : Zy,2 — My(Zy),i = 1,2, there exists
g € SLa(Z,), such that o1 = g~ pag.

Remark 2.8. If we change Z, to Qp, Zy> to Q,> and SLy to GLj, this lemma is
well-known as a consequence of Noether-Skolem theorem.

Proof. Consider V = Z,, & Z,,, with the natural action of Ms(Z,). Via ¢;, we view
V' as a Zy2-module, denoted by V;,i = 1,2. Since Z,> is a discrete valuation ring
and V; are torsion free, both Vi, Vs are free Z,2-modules of rank one. So there
exists an isomorphism gy : Vi — V3 of Z,2-modules, this isomorphism corresponds
to an element of GL2(Z,), also denoted by go. The fact go is an isomorphism of
Z,2-modules means that
gow1(x) = pa(x)go V& € Zyp2.
Note that Nz, , /ZPZ;<2 = Z,, choose t € Z;z, such that Ny, , /7,t = (det go)7 %, ice.,
det ¢y (t) = (det go) ~*. Therefore
goe1(t)e1(x) = gop1(@)p1(t) = p2(x)gopr(t).

So g = gop1(t) € SL2(Z,,) is the desired element. O



HEEGNER POINTS ON MODULAR CURVES 3727

Lemma 2.9. Let My, My be two coprime positive integers, and let ¢ : SLa(Z) —
SLo(Z/M17Z) be the natural projection. Then ¢o(To(Ms)) = SLo(Z/M1Z).

Proof. By Chinese remainder theorem, we have
SLo(Z/ (M1 MsZ)) ~ SLo(Z/M1Z) x SLo(Z/M3Z).

Given any g € SLo(Z/M1Z), let ¢ € SLa(Z/(M1M2Z)) correspond to (g,1) €
SLo(Z/M1Z) x SLa(Z/M3Z) via the above isomorphism. It’s well-known that for
any integer M, SLy(Z) — SLo(Z/MZ) is surjective. So we choose a matrix G
such that G = ¢’ (mod M7 M3). Then G € I'(M;) C T'o(Mz) and ¢(G) = g. O

Example 2.1. Now we construct an admissible embedding K < M5(Q) as follow-
ing. Since ¢| Ny implies that ¢ is split in K, there exists an integral ideal 9y of Ok
such that Ok /Mg ~ Z/Ny, which implies Z + 9y = Ok . Then there exists n € Z
and m € Mg such that

D++VD

Taking trace and norm, we get

D? -
4

D=2n+ (m+m) and = n? 4 n(m 4+ m) + mm.

Since mm € NNy = NyOx and it is an integer, we have mm = Nyb for some
beZ. Let a =D — 2n. We see that
D = a® — 4Nyb.

It’s easy to check that (a,b, Ng) = 1. Given an integer ¢ such that (¢, N) = 1, we
let the embedding i. : K — B be given by

D++VD (M —c1> Dec +VDe? (% -1 )
_— , or | .

2
2 Nybce D;a 2 Nobc2 %

We can see this embedding is normalized in the sense of [I8] p. 104], and
a+ \/5
2N0bc '

We should mention that, for the normalized embedding, we have Shimura’s reci-
procity law, which interpretes the Galois action on Heegner points.

ho =

The modular curve X (N) depends on the admissible embedding K — M3(Q).
However, we will prove that all those modular curves given by admissible embed-
dings are isomorphic over Q. Let i : K < M5(Q) be an admissible embedding. Let
H =i(Okg /N10k) C GLo(Z/N1Z), and let Hy be the upper-triangular matrices in
GL2(Z/NoZ); then H =[], Hp, where H), C GLy(Z/p°*%N17Z). Then

If i’ is another admissible embedding, and for any p| Ny, H), and H,, are conjugate
in GLy(Z/p°*%»N17), we obviously have

X(NoNl)/(H X H()) ~ X(NoNl)/(H/ X Ho)
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In fact, H, is the image of the composition homomorphism of Z;z — GL2(Zp)
and GLy(Z,) — GLa(Z,/p°rd»(M)Z,). Lemma 27 implies that H, and H) are
conjugate in GLa(Z/p°*4»N17Z). Thus,

Proposition 2.10. The modular curve Xk (N) is unique up to an isomorphism
over Q.
Cusps. Now we study the cusps on Xg(N).

Lemma 2.11. Let {x, be a primitive Ni-th root of unity. Then the cusp [00] of
Xk (N) is defined over Q((n,)-

Proof. In the adelic language, we have the following complex uniformization:
Xk (N)(C) = GL (Q)\H x GLa(Z)/R* U {cusps},
where the cusps are
GL3 (Q)\PY(Q) x GL(Z)/R*.

The cusps are all defined over Q*. By [I6, p. 507], if we let r : @X/QX —
Gal(Q*®/Q) be the Artin map, then 7(z) € Gal(Q*/Q) acts on the cusps by left

multiplication the matrix g (1)> Since @X/(@X ~ ZX, if z € Z* is such that
r(z)-[00, 1] = [00, 1], there exists o B € GL} (Q), such that a B (z 0 €
’ B 0 ~ 230 0 v/\0 1

~

R*, which implies

YEL, axy € L), B € N1Z, for all p, and ax, =~ (mod Ny) for all p|N;.
Hence @ = v = %1, and z, = 1(mod N7). So the definition field of [c0, 1] corre-
sponds to

@X/@XZX(J\H) H (1 +lep)7

p|N1
via class field theory, this is Q(Cny )- O
In the following, we fix the embedding i, : K — M>(Q) given in Example 211
Atkin-Lehner operator. For each p | Ny, let

0 1
Wp = (porde 0> € GLQ(QZD)

be the local Atkin-Lehner operator.
Although it will not be used later in this paper, to compare with equation (5.1)

of [7], we give a description of w,P for p|Ny and P = ((C/a,/\/_la/a, H (T))
Ny
Write Ng = p*m with (p,m) = 1. We can choose a, b € Z such that p*a+mb = 1.

k
_ p 1 + -1 DX
Let g = (—Nob pka> € GL3 (Q) N M3(Z), such that g~ 'w, € R*, so

g w/u
wpP = [v/u,wy] = [g7 v /u, 1] = (C/Z~glv/u+Za<Nio>’H< i >>

Ny
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Modifying it, we get

av—u/p"
w,P = | C/a’,N'~'d' /o', H N1
P ) ) mbvtu
Ny

where o/ = Z(v,u/p*F) and N'~'a’ = Z(v/p*,u/(p*m)). Considering the quotient
map & : Xg(N) = Xo(Ny) induced by I'x (N) C T'y(Np), which is defined over Q,
the above argument says that £ o w, = w,, 0§, where the action of w, on Xy (Ny) is
defined by [T, p. 90].

Take j = (alc _01), then kj = jk for all k € K where~is the complex conjuga-

tion of K and coincides with the nontrivial element in Gal(K/Q).
Define

w=jWN HMPEGLz(@)ﬂM2( ).

p|No

Since w normalizes R*, it acts on Xk (N). To study the action of w on Xg(N),
we can prove the following lemma:

Lemma 2.12. There exists tg € K* and u € R* such that w = toju.

Proof. For p|Ny, let k = ord,Ng > 1, K = (Q, —l—Qp(\/ﬁ))X. Let z,y € Qp; then

—2pFy T+ ay
YD)y = (i) ot og) o)
So we choose ord,y = —k —ord,2, x4+ ay € Z, and such that a(x+ay) € Z, . Then

let to, = =+ yvD.
For pt Ny, let tg,, = 1. Then such choice of ¢y works. O

Remark 2.13. By Shimura reciprocity law, if we use [z] — m to denote the complex
conjugation on Xk (N)(C), then

[ho, g] = [ho,jg] Vg € GLa(Ay).

Lemma [2.T2] in fact tells us that the action of w on certain Heegner points is a
combination of a Galois action and complex conjugation. For details, we can see
the proof of Lemma 3111

Hecke correspondences. Let £+ N be a prime. The Hecke correspondence Ty on
Xy is defined by

T B ‘ ‘ ‘ x1 mod Cj
(s (2)) -5 (e (56

where the sum is taken over all cyclic subgroups C; of E of order ¢, «; is given by
(Z/N17Z)> 25 E[Ni] ~ (E/C;)[N1]. E[Ni] ~ (E/C;)[N1] is because (£, N) = 1.
This is just by definition.
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2.2. Gross-Zagier formula. Let E be an elliptic curve of conductor N, let K be
an imaginary quadratic field of discriminant D and let x be a ring class character
over K of conductor ¢. Assume
E, K, x satisfy the condition ().

Then we can write N = NgN?Z, where p|N is inert in K if and only if p|N;.

Embed K in M5(Q) by é.. There is a modular parametrization f : Xx(N) = F
mapping [oo] to the identity of E. If fi, fo are two such morphisms, then there
exist integers nq,no such that ny fi = nafo. Let hg be the point in H fixed by K*;
then O. = Z + Zhy', N = Z + ZN; 'hy' is an invertible ideal of O, such that
N /O, 2 Z/NyZ. Consider the following Heegner point on Xk (N) of conductor c:

1

p= <<C/(’)C,/\/'/(’)C,H (i)) € Xx(N)(H,).

N;
Form the cycle:
P(f)= Y f(P)x(o) € E(H.) @z C.
c€Gal(H./K)

Theorem 2.14 (Explicit Gross-Zagier formula [3]). We have the following equa-
tion:

872(¢, d)ry(n) hic (Py(f))
u?ey/|D| deg f
Here ¢ is the normalized newform associated to E, (N, D) is the number of prime

factors of (N, D), u = [0} : Z*], hx is the Néron-Tate height pairing over K and
(¢, @)ro(nvy is the Petersson inner product defined by

(GZ) L'(1,B,x) = 2700

(@@mm:/, 6(z + iy) [Pdudy.

To(N)\H

2.3. Euler system. Let S be a finite set of primes containing the prime factors of
6¢N D,

Ng = {n is an integer : ¢{|n = ¢ ¢ S}.
For any ¢,m € Ng with ¢ a prime and ¢ { m, let P, = (C/am, N, am/dm, m)
be a Heegner point of conductor cm. Let P, = ((C/Clmg,./\/;;l}amg/am(, Qme), such
that N = Nop N O, e = a N Ope, and ayyye is the composition

(Z)N\Z)* 22 Ny ap,/am — Ny tame/ame.

Theorem 2.15. We have that [Hpme : Hp] = (0 + 1) /upy, if € is inert in K and
(€ —1)/um if € is split and

U,

Z . {TZPW if £ is inert in K,

me = . . L.
c€Gal(Hpme/Hm) (Te — Zw‘z Froby,) P, if £ is split in K,

where Ty is the Hecke correspondence, Frob,, is the Frobenius at w|{ in Gal(H,,/K),
and Uy, =1 if m # 1 and vy =[O : Z*].

This theorem is proved in general by [10, Proposition 4.8] or [20, Theorem 3.1.1].
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2.4. Waldspurger formula and Gross points. Let ¢ = Ziozl anq™ be a new-
form of weight 2, level I'g(NN), normalized such that a; = 1. Let K be an imaginary
quadratic field of discriminant D and x a ring class character over K of conductor
c. Let L(s, ¢, x) be the Rankin-Selberg convolution of ¢ and x.
Assume that (¢, N) = 1. Denote by S the set of primes p|N satisfying one of the
following conditions:

e pis inert in K with ord,(N) odd;

e p|D, ord,(N) =1 and x([p]) = a, where p is the prime of Ok above p and
[p] is its class in Pic(O.);

e p|D, ord,(N) > 2 and the local root number of L(s,¢,x) at p equals
—np(—1) where 7, is the quadratic character for K,/Q,.

Assume S has odd cardinality; then the sign of L(s,¢,x) is +1. Let B be the
definite quaternion algebra defined over Q ramified exactly at primes in S U {co}.
Fix an embedding from K into B. Let R be an order in B with discriminant N
and such that RN K = O.. Denote by R=R®;Z and U = R* which is an open
compact subgroup of B*. Consider the Shimura set Xy = BX\BX/U which is a
finite set. A point in Xy represented by 2 € B* is denoted by [x]. Note that for
p|(D, N), K¢ normalizes U and then K¢ acts on Xy by right multiplication. Let

> f(a:)zO}.

rzeXy

ClXyl° = {f € ClXy]

For each p 1 N, there are Hecke correspondences T}, and S,. In this case, B, is split
while U, is maximal. Then the quotient B, /U, can be identified with Z,-lattices
in Q2. Then for any [z] € Xy,

Spla] = [aWs,],  Tpla] =Y 2@ hy),
hT’

where if x, corresponds to a lattice A, then s, is the lattice pA and the set {h,}
is the set of sublattices A’ of A with [A : A’] = p. There is then a line V (¢, x) of
C[Xy]" characterized as follows:

e for any p{ N, T, acts on V (¢, x) by a, and S, acts trivially;
e for any p|(D, N) with ord,(N) > 2, K© acts on V (&, x) by xp-

Let f be a nonzero vector in V (¢, x) and consider the period
(= Y o)),
oc€Gal(H./K)

where the embedding of K into B induces a map

Gal(H,/K) = K*X\K*/OX — X.
Theorem 2.16 (Explicit Waldspurger formula [3]). We have the following equa-
tion:

—u(N,D) 8772(¢7 (b)Fo(N) ‘P)((f)l2

u2e\/|D] (£,0

L(1,¢,x) =2
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where the pairing is given by
(o= > If@)fPuw(la)) ™
[z]eXy
and w([x]) is the order of the finite group (B* NaUz~')/{+1}.

There is an analogue to Heegner points, the so-called Gross points. Let S and
Ng be the same as in Section 2.3]

Definition 2.17. Let m € Ng. A point z,,, € K*\B* /U is called a Gross point
of conductor em, if z,,Uz;! N K* = O, .

Each element in K X\I? x/ @CXm acts on x,, by left multiplication. This induces
an action of Gal(H,,,/K) on x,,, also called the Galois action.

For each prime ¢ € Ng, fix an isomorphism B, : By = M>(Qy), such that
Be(Up) = GLa(Zy), and, under this isomorphism, we have

o Bu(Ky) = {<3 2) :a,be@g}, if ¢ is split in K;

o [i(Ky) = {(Z bj) ta,b € Qg}, where § € Z;\Z;2, if £ is inert in K.

For m € Ng, define z,,, € Bx by

_ gordem 0

1

@me=14 % o 1) frm,
1 Ztm.

Then the image of x,, in KX\EX/U, still denoted by z,,, is a Gross point of
conductor cm.

Theorem 2.18. For any ¢,m € Ng with £ a prime and { { m, we have that

Ty[m), if £ is inert in K,
tm Z lo-@me] = (Ty — >, Froby) [zm] if £ is split in K
o€Gal(Heme/Hem) ¢ wle w ) [Tm s )

where the equality holds as divisors on Xy, with Frob,, and u,, the same as Theorem

2. 10|

The proof is the same as the norm relation of Heegner points on Shimura curves.
One can refer to [10, Proposition 4.8] or [20, Theorem 3.1.1].

3. QUADRATIC TWISTS OF X;(36)

The modular curve X,(36) has genus one and its cusp [0o] is rational over Q so
that £ = (X(36), [0c]) is an elliptic curve defined over Q. The elliptic curve E has
CM by Q(v/—3) and has minimal Weierstrass equation

yr =+ 1.
Note that its Tamagawa numbers are co = 3,¢3 = 2 and E(Q) = Z/6Z is generated
by the cusp [0] = (2,3). We use T to denote the nontrivial 2-torsion point in the
following. Denote by L*#(E,s) the algebraic part of L(E,s). Then L¥8(E, 1) =
1/6.
For a nonzero integer m, let E(™) : y? = 23 + m? be the quadratic twist of E by
the field Q(y/m). Then E(™ and E(—3™) are 3-isogenous to each other.
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Lemma 3.1. Let D € Z be a fundamental discriminant of a quadratic field. Then
the sign for the functional equation of EP), denoted by e(EP)), is

(_1)#{p\D~,p:2,3’00},
where co|D means that D < 0.
Proof. For each D, denote by K = Q(v/D); then
L(s,Ex) = L(s,E)L(s, E®P)),

where L(s, Ek) is the base change L-function and it suffices to determine the sign
of L(s, Fx). Note that the local components of the cuspidal automorphic rep-
resentation for F at places 2 and 3 are supercuspidal with conductor 2; then by
[19, Proposition 3.5], the local root number for the base change L-function at places
2 (resp. 3) is negative if and only if 2|D (resp. 3|D). Meanwhile, the local root
number at oo is positive if and only if D is positive and for any place not dividing
600 it is positive. Summing up, the result holds. O

3.1. The Waldspurger formula. Let B be the definite quaternion algebra over
Q@ ramified at 3, co; then we know that

B=Q+Qi+Qj+Qk, i*=-1,°=-3k=1ij=—ji.

Let Op = Z[1,4,(i+7)/2, (1 + k)/2] be a maximal order of B. The unit group O}
of Op is equal to

{1, i, +(i + §) /2, 2(i — §)/2, 21 + k) /2, £(1 — k) /2} .

Let K = Q(v/=3) and  : Q* /Q* — {#1} be the quadratic character associated to

K. Embed K — B by sending v/—3 to k, this induces an embedding K* < BX.
Let m = ®,7, be the automorphic representation of B; corresponding to E via

the modularity of E' and the Jacquet-Langlands correspondence. Let R = Hp Ry

be an order of B* defined as follows. If p=2, then Ry = Ok 2 +20p,. If p=3,
then R3 = Ok 3 + AOp,s where A € B* is a uniformizer of Bs; for example, we
may choose A\ = k, which is also a uniformizer of K3. For p 6, R, = Op,. Denote
by U = R*. Then U is an open compact subgroup of Bx.
The local components of 7 have the following properties:
® T, is trivial;
e 7, is unramified if p # 2,3, 00, i.e., 7955 is one dimensional;

3

Ok . . . o . . .
e 7, % is one dimensional and 75 *** is two dimensional.

The first two properties are standard, while the last property comes from [3], propo-
sition 3.8]. Then 7V is a representation of B;* with dimension 2. As K;-modules,
¥ = Cx4 ® Cx— where x4 is the trivial character of K;* and x_ is the nontrivial
quadratic unramified character on K.

This representation 7Y is naturally realized as a subspace of the space of the
infinitely differentiable complex-valued functions C°°(B>*\B* /Q*). The space 7V
is contained in the space C*°(B* \ﬁx/(@X U) and is perpendicular to the spectrum
consisting of characters (the residue spectrum). In fact, we have the following more
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detailed proposition, which are easy calculations on automorphic representations,
based on the discussion above:

Proposition 3.2. (1) 7Y has an orthonormal basis fi, f— under the Peters-
son inner product defined by

Isr=f o P

with the Tamagawa measure Vol(BX\EX/@X) =2.

(2) Moreover, fy (resp. f_) is the function on B*\B*/Q*U, supported on
those g € B* with xo(g) = +1 (resp. = —1), valued in 0,%1 with total
mass zero, where xo is the composition of the following morphisms:

BX\B*/Q*U <% Q% 1 £1.

(3) For any t € K, n(t)fy = x+()f+ and m(t)f— = x_ (D).
The values of f+ on Gross points essentially induce Theorem [[3] via explicit

Waldspurger formula, as we will see later.
Since the class number of B with respect to Op is 1 by [24] p. 152], one has

B* = B*0} = B*By 0},
Therefore,
B*\B* /Q*U = BX\B*B; 03 JU,U;05® = H\B} 0%, /UsUs,

where H = B* N By (’32(3) = O5\E C B Of , and the last inclusion is given by
the diagonal embedding.

Lemma 3.3. The double coset H\O ,/Us is trivial and HNU\By /U3 =0p 5 /Us.

Proof. The proof is elementary. First, we prove that H \032 /Us is trivial. Recall
that Uy = Ok (1 + 2M(Zs)). As GLo(Z2)/(1 4+ 2M2(Z3)) = GLa(F2), for any
g € GLy(F2), one may find 2 € H and u € O , such that g = hu (mod 2Z3). For
the second claim, note that

1+k

R

For any z € By, 271+ Az = 1 + 27 'A\z € Us where X is any uniformizer of
Bj. In particular, the action of H N U on By /Us is equal to the action of the

group generated by some uniformizer. Hence HNU2\B3 /Us = HNU\ (B3 /Us) =
O§’3/U3. (]

HNU = (k,—1,

If we denote Zg the integer ring for the unramified quadratic extension field of
Q3, then

B = Ly (1+AZy);Us = O 5(1+ AOp3) = pa(1 + 3Zy) (1 + AZy),
where py = {£1}. Hence
H\B} 0},/UsUs < H N Us\B /Us
— Olg,g/US

& Ly [ua(1 + 3Zo) = Z/4Z,
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and we can identify CW(BX\B\X/@XU) with C[Z/4Z).
The image of B*\B* /U under the norm map is QX \Q*/NtU. If p # 3, NrU, =
Z, while if NrUz = 1 + 3Z3. Therefore, by the approximation theorem,

QA\Q*/N1U = Z} /NtUs = Z /1 + 3Z3.

In paticular, the cardinality of Q_T_\QX/NrU is 2. Forms in C>(B*\B* /Q*U) of
the form g o Nr for some Hecke character p corresponds to characters on C[Z/4Z]
of order dividing 2. Summing up, we obtain

Lemma 3.4. There is a natural bijection
Z§ 121+ 3Z9) = B\B* JQ*U

which is induced by the embedding Zs — By — EX, and the left hand side of the

above bijection is isomorphic to the cyclic group of order 4. Via this bijection, the

space 7V is spanned by characters on the cyclic group with order not dividing 2.

Since (9}?3 C Us, fis xs-eigen if and only if w3(ws)f = £f, if and only if
f(C%wm3) = £f(¢*) for a =0,--- ,3 where ( is a primitive 8-th root of unity in Zg .
Moreover, we may assume ¢ = 1+ v/—1 (mod 1 + 3Zg).

To compute f(¢%w3), since k € HN Uy and f € 7V, we have

f(¢Om3) = f(k™ ¢ w3) = f(k; ' ws),

where k3 denotes the 3-component of k.
Take w3 = /-3 € K. Then

flky '¢ms) = fky '¢ks) = £(¢*), a € Z/AZ,

because the conjugate action of k3 on Zg is the Galois conjugation. Thus

m(@3) f(C) = f(¢*), m(ws)f(¢?) = f(¢") if2a=0.
Thus, one may take fy and f_ by

) =1, f(P)=~1  fi(Q) = f+(¢%)=0and
f~QO=1 f(F)=-1 [f-(1)=[-(¢)=0.

Finally, we show that x( is the nontrivial element in the residue spectrum of
C>=(B*\B*/Q*U) and xo(¢%) = (=1)* for a = 0,---,3. Thus, up to +1, fy
(resp. f-) is the function on Bx\ﬁx/@XU, supported on those g € B* with
Xo(g) = +1 (resp. = —1), valued in 0,41 with total mass zero. It is clear that f
and f_ is an orthonormal basis of 7¥. We have completed the proof of Proposition

Now let M = ¢;1...q. with ¢; = 5(mod12). For any ¢|M, we take an iso-

morphism ¢, : B, = M2(Q,) given by i — (é _01> and k — (? g) In
particular,i.,(Op ) = M2(Z,). Denote by x, € B an element such that ,(z,) =
(q 1). Then £,0p qx;' N Kq = Oprq. Take xp =[], 24, € B*. Denote by

fy(xar) if ris even;
fvm = e
f-(zpr) if ris odd.
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Let xar be the quadratic Hecke character of K associated to K(vM)/K; then
Xm(ws) = (=1)". Then fus is in the line V(rm, xas) defined in Section 24l In
particular, it satisfies that

(1) VpJ(6M,Tpr = apr;
(2) far is integer-valued with minimal norm;

(3) m(@s3)far = xn(@3) fur-

Let Hj; be the ring class field of K of conductor M, ie., tlle abelian extension
of K with Galois group Gal(Hy/K) ~ Pic(Oy) = K*/K*Oj;. The embedding
K — B induces a map

K*\K*/O}, — B*\B*/U.
Consider

Po (fa) = > fu(®xm(t).

tePic(Onm)
Denote by
L¥8(s, E) = L(s, E)/QE),

where for any elliptic curve A over Q, 2(A) is the real period for the Neron differ-
ential of A; and for simplicity, we let Q = Q(F); then the imaginary period of FE is

Q- =Q/v-3.
Proposition 3.5. Up to +1, L38(1, EM)) =271P  (far).
Proof. By Theorem 2.16]

872(, D)o (36) | Py (far)]?
V3M (fars far)

L(17E7X]\/[) = 2_1

Here,

_ Ifmll?
{far, far) = =5 Vol(Xv)
and Vol(Xy) is the mass of U. By [3, Lemma 2.2],
Vol(Xy) = 2(4r?) "' Vol(U) 1,

where Vol(U) is with respect to Tamagawa measures so that for any finite p # 3,
Vol(GLa(Zy)) = L(2,1,) 71, Vol(Op 5) = 271 L(2,13) " Therefore Vol(Xy) = 4/3,
and (fur, far) = 2/3. On the other hand,

87% (¢, d)ry (36) = 87 / |p(z + iy) [Pdedy = iQQ .
To(36)\H

As EM) and E(—3M) are isogenous over Q, L(s, E, xar) = L(s, EM)L(s, B(—3M))
= L(s, EM)2, Denote by QM) the real period for E?): then QM) = Q/v/M.
Thus, L¥e(1, EM)2 = (L(1, EMD)/QMN2 = ML(1, E, xar)/Q? and

L¥(1, BAD)2 =272 Py, (far)|*.
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3.2. Rank zero twists. Keep the notation from the last section. Denote by &/ =
Gal(Hy /K); then 2o/ = Gal(Hy /HY,), where HY, = K(\/q : q | M). Let &/

(resp.<7 /24/) be a group of characters on & (resp. on «/ which factors through
247). Then

Z Px(fM) = 2ry0, Where Yo ‘= Z f]y[(U)
Xem oce2d

Note that each x € 421/’//-2\,0/ corresponds to an integer d|M, in the sense that x
corresponds to the extension K (vd)/K.
Proposition 3.6. If y € .;zf//?d corresponds to an integer d # M, then P, (fur) =
0.
Proof. Choose a prime g € Ng such that gd|M. Then

Po(fm) =Y fulo)x(o)

ocod

- ¥ S fuler)x(or)

UEG&I(HM/Q/K) TEG&l(H}u/H]\J/q)

S oxe) Y floraw).

UEG&I(HM/Q/K) TEGal(ij/HNI/q)
By Theorem [2.18] we have

q = = 0.
Ung/ Z flotzy) = agf(oxpr)g) =0
TEGal(H]\/[/H]W/q)

So the proposition holds. O
By Proposition B.6] we have the equality

Py (fm) = 2"yo.
Lemma 3.7. The values of far|gx. are odd. In particular, yo is odd and

UQ(PXM (fM)) =T

Proof. By the definition of far, far|gxe is odd if and only if for any g € §X2,
xo(g9za) = (=1)". Since X is quadratic, xo(g9) = 1. Then xo(92m) = xo(zm) =
[T, xo(zq,) = (—1)" as g; is inert in K. Hence

+1
yo = [Hy: HY) = H 277 — 1 (mod?2).

qIM
O

The Proof of Theorem [[3. By Proposition B3, ve(L*8(1, EM))) = r — 1. The
2-part of BSD is equivalent to

o (55 (1897)) = 3 (o (5) 2 ) s ({9
pl6M

The Tamagawa numbers of EM) are: co(EM)) =3 (resp. = 1) if M = 1 (mod 8)

(resp. otherwise), c3(EM)) = 2 and ¢,(EM)) = 2 for g/M. On the other hand,

EM(Q) = EM(Q)tor = Z/27Z. Finally, using classical 2-descent, III(E™)/Q)[2]

= 0. Combining the results above, it is clear that the 2-part of BSD conjecture

holds.
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By [15, Theorem 11.1], the p-part of the BSD-conjecture for E™) holds for p 1 6,
therefore the first part of Theorem [[.3] holds. O

3.3. The Gross-Zagier formula. Let K = Q(v/—¢) with ¢ = 11 (mod 12). Let
N = 36. Write N = NoN? as before. There are two cases:

(1) if £ = —1 (mod 24), then the Heegner hypothesis holds and N = Ny = 36;
(2) if £ =11 (mod 24), then Ny = 9.
Embed K into M5(Q) as i, with ¢ = 1 in Example 2l Precisely, take an odd
integer a with 4 - Np|(¢ + a?) and embed K into M2 (Q) by

\/_ = ( ZJra ’ ) :
g g
Then M3(Z) N K = Ro(No) N K = Ok. Under such embedding, take R = Ok +
N1 Ry(Np) and consider the modular curve Xy (N). For the first case, X (N) =
X0(36). For the second case, the modular curve X (NN) has genus one and by
Lemma 211} the cusp [oc] is defined over Q. In fact, by [6, Example 11.7.c],
A := (Xg(N),[o0]) is the elliptic curve

y? =23 —-27 (36Q)

which is 3-isogenous to E. We have A(Q) = A(Q)[2] = Z/2Z. For the first case
(resp. the second case), take f to be the identity morphism on E (resp. on A).

Denote by
) 1 0 _
J= (—a _1) e K.

Lemma 3.8. Take w € GLy(Q) the Atkin-Lehner operator defined in Section B2l
More precisely, for the Heegner hypotheszs case, w = jwows while for the second
case, w = j®ws. Then w normalizes R* and w = = toju for some ty € K> and
u € RX. Moreover, f+ % is a constant map and its image is not in 2E(Q) for
the Heegner hypothesis case or not in 2A(Q) = {O} for the other case.

Proof. By Lemma [Z.12] it suffices to prove the “Moreover” part.

For the first case, denote by Hom|y (XO(N ), E) the space of Q-morphisms from
Xo(N) to E taking [oo] to O and Hom[oo] (Xo(N), E) = Homo)(Xo(N), £) @z Q.
By Atkin-Lehner theory, f* = —f in Hom[ool (Xo(N),E). So f* + f is a constant
map. However, f([oc]) = O, f“([occ]) = f([0]) = [0], while [0] is the generator of
E(Q) = Z/6Z. Thus, the image of f + f* is not in 2E(Q).

For the second case, view f € Hom?oo] (XK (N),A). Then fvs =¢(A/Qs)f = f.
As f and f72 are both K, -invariant and such elements in Hom[oo] (XK (N), A) form
a Q-vector space of dimension 1, there is a sign € € {£1} such that f/2 = e f. By
[T, Theorem 4], the sign e; = +1 if and only if €(A/Qs) = (A~ /Q,) = 1. Since
€(A/Qz) = —1, we obtain f/2 = —f. Thus f* = —f and, as a morphism from
Xk(N) to A, f+ f*“ = T for some torsion point T € A(Q). To see T # O, it
suffices to show [o0o] # [0o]®. This is equivalent to saying that w ¢ P(Q)]A%X with
P the upper-triangular matrices in GLy. This holds since ws ¢ P(Q3)R5 . In fact,

P(Qs)ws C {(Z 8) Sbe € Qg}, while R} = {(‘CL Z) € GLy(Z3) : 9|c}. O
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Write Isomg(A) for the group of algebraic isomorphisms of A over Q and Autg(A)
the subrgroup of algebraic isomorphisms over Q which fix O. Then Autg(4) =
Z/2Z7 is generated by multiplication —1 and Isomg(A) = (tr) x Autg(A) where
tr : P— P+ T the translation on A by T.

Lemma 3.9. For any P € A, P"* =tp(P) and pi¥ =_p.
Proof. In the above proof, we have seen that ws ¢ PUs. Thus [oo]*® # [00]. Hence

for any point P, P** = tp(P). On the other hand, P* = tp(—P). Therefore,

pi¥ = (Pvyws' = —P. O

Let M =[], ¢; where ¢; are distinct positive integers = 5 (mod 12). Denoted by
XM the quadratic character of K is associated to the extension K(vM)/K. Let
Py € Xk (N)(Hpr) be the Heegner point defined in Subsection 231 Consider

P ()= Y. f(Pu)’xul(o) € B(K).
GEG&I(HA{/K)
Proposition 3.10. Up to +1,
L'(1, ECODy -
1 M ) _
L¥(1, B¢ ))W = hi(Py,, ().

Proof. By Theorem 2141

_ 87%(¢, ®)ry(36) =
/Y b (Pyy (f))-

Since L(s, E,xn) = L(s, EM)L(s, E)) and we have proved that L(s, E(M))
is nonvanishing at s = 1,
L'(1,E,xu) = L1, EM)YL/ (1, ECAD),
As in in the proof of Proposition
8720, Olryae) = 877 [ ol iy) Pdady = 199
Do (36)\H

By [25], we know Q(EM)) = Q/v/M and up to sign Q(EM) = Q= //—IM, so
up to sign

L/(l,Ea XM)

Q(E(M))Q(E(JM)) 0 O _87T2(¢, ¢)F0(36)_

T VMM ML

thus up to sign:

L'(1, ECDy
Lalg(l,E(M))W = hK(PXM(f))

]

3.4. Rank one twists. Let ¢ be a prime with ¢ = 11 (mod 12). Denote by K =
Q(v/—¢). We only prove Theorem [[2in the case ¢ = 11 (mod 24), that is, 2 is inert
in K and 3 is split in K, while its proof for the other case is similar.

Let M = ¢ ---q, where ¢; are distinct primes such that ¢; = 5 (mod 12) and
inert in K. Denote by & = Gal(Hy/K). Then 2o/ = Gal(Hy/HY,), where
HY =K(\/q:q|M). Let ,Q?\(resp.,d//\M) be the group of characters on & (resp.
on &/ which factors through Gal(HY,/K)).
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Let A be the elliptic curve y? = 23 —27. Observe that A(HY,)[2%°] = A(Q)[2*°] =
A(Q)[2]. In fact, suppose @ € A(HY,)[2°°] but @ ¢ A(Q)[2°°]. Then the extension
Q(Q)/Q is unramified outside 2 and 3. However, as Q(Q) C HY,, Q(Q)/Q must
be ramified at ¢ or ¢; for some 7. It’s a contradiction. Let T be the nontrivial
element in A(Q)[2], and let C = #A(HY,)tor/2 be the cardinality of the odd part
of A(HY,)tor- Denote by

yv = Py () = Y f(Pu)7xn(0) € A(HS,).
occad
Similar to Proposition 3.6] we have
Ym = 2Ty07 where Yo ‘= Z f(}’]w)a-7
o€

as an equality of divisors in A(HY,). The key point is the following lemma:

Lemma 3.11.
yo + Yo = T.

Proof. By Lemma2IZ one can write w = toju withtg € K*, j = K~ and u € R*.
Take x5 € B* as before such that Py = [ho, xa] € X (N)(Hps) with hg € K
Thus, for any o; € 247 with t € K*

T (Par)? = f([ho, tzartos]).
Note that xps € GL2(Q(N)) while tg € K(XN) C GL2(Qwy). Hence xpto = toxn
and

FY(Par)? = f(lho, xard])7*0.

Finally, we need to show that x5 € jzpU. This reduces to show that for any
q|M, the g-part of ac]T/Ilj_lxMj belongs to Ry = GLa(Z,). It is easy to check this
holds. Thus "
FU(Par)7 = f([ho, jen])?t = f(lho,xad]) .
On the other hand, note that in the proof of Lemma 212 ty, = 1 for any
p{ No =9. Denote by ap = Ng/g(to) € @X. Taking determinant for the equation
w = jtou, we get agp, = 1if p # 3 and ag 3 € 9Z5 . Thus for any prime g|M

O—to(\/a) = Oaq (\/a) = \/a’
where 0,4, € Gal(Q(,/¢)/Q) via the Artin map over Q. Hence, oy, € 2A.

1
Summing up, since [Hys : Hy] = [H : K] H q—;— is odd, we get
alM
Yo+vo= Y (f+[")(Pu)’ = [Hun: Hy]T =T.

oe2d
O

Theorem 3.12. y); € A(K(VM))™ and the 2-index of ypr isr—1 in A(K(VM)).
Proof. Consider the maps
A(K (VM))/2" A(K (VM))

|

0 —— H'(Hy /K(VM), A2"](H},)) ——— H'(K(VM), A[2"]) ——— H'(H},, A[2"])
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where 0 is the Kummer map, which is injective, and the horizontal line is
the inflation-restriction exact sequence. Since yy = 2"yo with yo € A(HY,), the
image of §(yar) is 0 in H*(HY,, A[2"]), hence we see that §(ya) lies in the image
of HY(HY,/K(VM), A[2"|(HY,)), which is killed by 2. Tt follows that 2y €
2" A(K (v/M)); then
yv =2""tz+t,z2=2y+s

for some z € A(K(v/M)) and s,t € A(Q)[2].

Let 0 € Gal(K(v/M)/K) be the nontrivial element. Then by definition, we have
ym +y3; = 0,50 yo+y§ € A(HY)[2"] = A(Q)[2], s0 z+2° = 0. On the other hand

z+7Z=2(yo + 7o) =0,
which implies z € A(Q(v/—fM))~ = AM)(Q). Therefore
yu € 27 TAQ(V—EM))” + A(Q)[2]-

We will show that the 2-index of y,s is exactly » —1. Suppose that yyr =272+t

for some z € A(Q(vV—(M))~ and t € A(Q(V—CM))tor- Then 27(z — yo) + ¢ = 0,
which implies C(z —yo) € A(Q)[2]. Hence C(z —yo) + C(Z —7,) = 0. But we have
24z =0, so C(yo+7,) = 0. But this contradicts the fact that 7, +yo =T #0. O

The Proof of Theorem [L2l Observe that A and E are 3-isogenuous, so to prove
Theorem [[.2] we only need to prove that it holds for A.
By Proposition 310, up to +1,

L'(1, A-£M))
Q(A(flM))
Denote by R(—(M) = h(P_sy) where P_gy is the generator of A-M)(Q)/

AEEM)(Q)or. In particular, by Theorem

hi(yar) = 220D R(—eM).

Lalg(l,A(M)) :/ﬁ[((y]w)

Thus, if we denote by
L’(st(feM))
R(—(M)Q(A(-EM))?
then by the result of the rank zero case, we have
va(L'8(1, AM)) = .,

The Tamagawa numbers of AM) are: cy(ACTM)) = 1 or 3, c3(AM)) = 2
and ¢, (ATM)) = 2 for g|¢M. On the other hand, A—)(Q) = ACM)(Q)4o, =
7,/27. Finally, using classical 2-descent, III(A(—M)/Q)[2] = 0. Combining the
results above, it is clear that the 2-part of BSD conjecture for A(—¢M) holds.
Since A(—*M) has CM, the p-adic height pairing on A(=*M)(Q) is nondegenerate.
Then by [12, Corollary 1.9], p-part of the BSD conjecture for A(—*M) holds for
p16fM. So the second part of Theorem holds for A, and hence for F. O

L/alg(s,A(fﬁM)) _
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