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SENSITIVITY, PROXIMAL EXTENSION AND HIGHER ORDER
ALMOST AUTOMORPHY

XIANGDONG YE AND TAO YU

ABSTRACT. Let (X, T) be a topological dynamical system, and F be a family of
subsets of Z4. (X, T) is strongly F-sensitive if there is § > 0 such that for each
non-empty open subset U there are z,y € U with {n € Z4 : d(T"z,T"y) >
0} € F. Let Fy (resp. Fip, Fpip) consist of thick sets (resp. IP-sets, subsets
containing arbitrarily long finite IP-sets).

The following Auslander-Yorke’s type dichotomy theorems are obtained:
(1) a minimal system is either strongly J;,-sensitive or an almost one-to-one
extension of its co-step nilfactor; (2) a minimal system is either strongly F;p-
sensitive or an almost one-to-one extension of its maximal distal factor; (3) a
minimal system is either strongly F;-sensitive or a proximal extension of its
maximal distal factor.

1. INTRODUCTION

Throughout this paper (X, T) denotes a topological dynamical system (t.d.s. for
short), where X is a compact metric space, and 7' : X — X is continuous and
surjective. In this section, we first discuss the motivations of our research and then
state the main results of the article.

The notion of sensitivity (sensitive dependence on initial conditions) was first
used by Ruelle [31]. It is in the kernel of the definition of Devaney’s chaos. Ac-
cording to Auslander and Yorke [B] a t.d.s. (X, T) is called sensitive if there exists
6 > 0 such that for every x € X and every neighborhood U, of x, there exist y € U,
and n € N with d(T"x,T"y) > ¢. For a t.d.s. (X,T), 6 > 0 and an opene (open
and non-empty) subset U C X, put

N0, U)={n € N:3Jz,y € U with d(T"z, T"y) > §}={n € N: diam(T"(U)) > d}.

Then it is easy to see that (X,T) is sensitive if and only if there exists § > 0 such
that N(6,U) # 0 for each opene subset U. A t.d.s. (X,T) is called equicontinuous
if for every € > 0 there is a 6 > 0 such that whenever z,y € X with d(z,y) < ¢,
then d(T"z,T"y) < e for n € N. Auslander and Yorke [5] proved the following
dichotomy theorem: a minimal system is either equicontinuous or sensitive. A
similar result obtained by Glasner and Weiss [I7] states that: a transitive system
is either almost equicontinuous or sensitive.

There have been several attempts to generalize the notion of sensitivity. Akin
and Kolyada [I] introduced the notion of Li-Yorke sensitivity, combining the two
well known notions (sensitivity and Li-Yorke chaos) together. The study of sen-
sitivity related to families of non-negative integers was initiated by Moothathu
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in [30]. Let F be a family. Recall that according to [30] (X,T) is F-sensitive if
there is 6 > 0 such that for any opene subset U, N(§,U) € F. F-sensitivity for
some families was discussed in [7,2125,27,28/[30]. It is known that for a minimal
system {thick}-sensitivity is equivalent to {thickly syndetic}-sensitivity [28]. Very
recently, a striking result obtained by Huang, Kolyada and Zhang |21, Theorem 3.1]
states that: a minimal system is either {thick}-sensitive or an almost one-to-one
extension of its maximal equicontinuous factor.

It is clear that when (X,T) is F-sensitive, then for n € N(J,U), there are
T, Yn € U such that d(T"x,, T"yy) > 0. If we require all z,, (resp. y,) are equal,
then it leads the notion of strong F-sensitivity which will be studied in detail in the
paper. Recall that (X, T) is strongly F-sensitive if there is § > 0 such that for each
non-empty open subset U there are z,y € U with {n € Z : d(T"z,T"y) > 0} € F,
where F is a family of subsets of Z,. We remark that some notions of sensitivity
similar to the strong sensitivity were studied in [7,[26], which appear naturally
when studying mean equicontinuity. It was shown that a minimal system is either
mean-sensitive, or mean equicontinuous.

When investigating strong sensitivity we find that for some families F the require-
ment of all z,, or y, being equal is too strong. So in this paper we also introduce
a notion of sensitivity related to a family &F, called block F-sensitivity. Roughly
speaking, in this definition we require x,, (resp. y,) to be equal for a sequence of
arbitrarily long finite segments from the family F. For example, a t.d.s. (X,T)
is called block {thick}-sensitive (resp. block {IP}-sensitive) if there is § > 0 such
that for each x € X, every neighborhood U, of x and [ € N there are y; € U, with
{ne€Zy :d(Tx, T™y;) > §} containing {m+1,...,m+1} for some m = m(l) € N
(resp. a finite IP-set of length at least ). Thus

strong F—sensitivity C block F — sensitivity C F — sensitivity.

In this paper first we investigate F-sensitivity to warm up. Then we study
block F-sensitivity and some related strong F-sensitivity notions for some families.
Finally we will focus on strong F-sensitivity. Note that for a minimal system we use
Xeq, Xoo and Xp to denote the maximal equicontinuous factor, the maximal oo-
step nilfactor and the maximal distal factor of X respectively (for the definitions see
Section]). It is very interesting that for some well known families strong sensitivity
for the family is closely related to other well known dynamical properties.

The main results of the paper are:

Theorem A. Let (X,T) be a minimal system. Then the following conditions are
equivalent:

(1) (X,T) is block F;-sensitive;

(2) m: X = X., is not prozimal.

Theorem B. Let (X,T) be an invertible minimal system. Then the following
statements are equivalent:

(1) (X,T) is strongly F y;p-sensitive;
(2) (X,T) is block F;p-sensitive;
(3) m: X — X is not almost one-to-one.
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Theorem C. Let (X,T) be a minimal system. Then the following conditions are
equivalent:

(1) (X,T) is strongly F;p-sensitive;

(2) m: X = Xp is not almost one-to-one.

Theorem D. Let (X,T) be a minimal system. Then the following conditions are
equivalent:

(1) (X,T) is strongly F¢-sensitive;

(2) m: X — Xp is not prozimal.

From Theorem B it is natural to ask if we can find some family F such that
strong F-sensitivity is related to a d-step almost automorphy (see Section for
the definitions of the families appearing below), d € N. This leads us to study strong
F poin,-sensitivity (where Fpoy;p, is the family of all d-step Poincaré sequences) for
d € N. We show that if a minimal t.d.s. (X,T) is strongly Fpyin,-sensitive, then
m: X — X, is not an almost one-to-one extension (Theorem [EI9), where X,
is the maximal d-step nilfactor of X. Examples show that the converse statement
does not hold (see Example[5.22)). It is an interesting open question to find a family
F such that for any minimal system (X,7T), (X,T) is strongly F-sensitive if and
only if 7 : X — X, is not proximal.

For a minimal system, Table 1 gives the details of results obtained in the paper
(the results related to sensitivity are essentially obtained in [21]).

TABLE 1. Relationships

not strongly sensitive not block sensitive not sensitive
Fy proximal extension of the | proximal extension of | almost auto-
maximal distal factor maximal equi. factor morphy
Fip almost one-to-one exten- | co-step almost automor- | almost auto-
sion of maximal distal fac- | phy morphy
tor
Ftip oo-step almost automor- | co-step almost automor- | almost auto-
phy phy morphy

We remark that when defining strong sensitivity, except for the definition given
before one may define strong F-sensitivity as follows: if there is 6 > 0 such that
for each © € X and each neighborhood U of z, there is y € U with {n € Z; :
d(T"z, T™y) > §} € F. It is easy to see that the two definitions coincide when F
has the Ramsey property. We also remark that since any sensitive minimal system
is strongly {syndetic}-sensitive [30], we know that if a family F contains the set
of all syndetic subsets, then for a minimal system strong F-sensitivity is equivalent
to sensitivity. This fact restricts the families when we consider strong F-sensitivity
and try to obtain new results, and also explains the reason why we choose F, Fyp,
and Jp;;, et al. to consider strong F-sensitivity in this paper.

We also remark that for a transitive system, we may investigate the same prob-
lem. Because of the restriction on the length of the paper we leave this study to
the readers.

The paper is organized as follows: In Section 2, we recall some definitions and
some related theorems. In Section 3, we discuss sensitivity. In Section 4, we study
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block sensitivity and some related notions of strong sensitivity, and prove Theorem
A, Theorem B and Theorem C. In Section 5, we investigate strong sensitivity and
show Theorem D.

2. PRELIMINARIES

In this section we will recall some basic notions and theorems we need in the
following sections.

2.1. Topological dynamical systems. In the article, sets of integers, non-neg-
ative integers and natural numbers are denoted by Z, Z and N respectively. By a
topological dynamical system we mean a pair (X,7T), where X is a compact metric
space with a metric d and T : X — X is continuous and surjective. A non-vacuous
closed invariant subset Y C X defines naturally a subsystem (Y,7T) of (X,T). A
system (X, T) is called minimal if it contains no proper subsystem. Each point
belonging to some minimal subsystem of (X,T) is called a minimal point. The
orbit of a point x € X is the set Orb(x,T) = {T"x: n € Z4}.
For x € X and U,V C X, put

Nz, U)={n€Zy : Ttz €U} and N(UV)={ne€Zy:UNT "V #0}.

Recall that a dynamical system (X,T) is called topologically transitive (or just
transitive) if for every two opene subsets U, V of X the set N(U, V) is infinite. Any
point with dense orbit is called a transitive point. Denote the set of all transitive
points by Trans(X,T). It is well known that for a transitive system, Trans(X,T)
is a dense G5 subset of X.

Let M(X) be the set of all Borel probability measures on X. We are interested
in those members of M (X) that are invariant measures for T', denoted by M (X, T).
This set consists of all p € M(X) making T' a measure-preserving transformation of
(X, B(X),u), where B(X) is the Borel o-algebra of X. By the Krylov-Bogolyubov
Theorem, M(X,T) is non-empty. The support of a measure u € M(X), denoted
by supp(p), is the smallest closed subset C' of X such that u(C) = 1. We say that a
measure has full support or is fully supported if supp(u) = X. If (X, T) is a minimal
system, every T-invarant measure has full support.

2.2. Distal, proximal, regionally proximal. Let (X,7T) and (Y, .S) be two dy-
namical systems. If there is a continuous surjection 7 : X — Y with moT = Som,
then we say that 7 is a factor map, the system (Y, S) is a factor of (X,T) or (X, T)
is an extension of (Y,S). If w is a homeomorphism, then we say that 7 is a conju-
gacy and dynamical systems (X, T) and (Y, S) are conjugate. Conjugate dynamical
systems can be considered the same from the dynamical point of view.

Let (X, T) be a dynamical system. A pair (z1,23) € X x X is said to be prozimal
if for any € > 0, there exists a positive integer n such that d(T™z1, T"x2) < €. Let
P(X,T) denote the collection of all proximal pairs in (X,T). P is a reflexive
symmetric 7" invariant relation, but is in general not transitive or closed. If (z,y)
is not proximal, it is said to be a distal pair. A system (X, T) is called distal if any
pair of distinct points in (X, T') is a distal pair.

Recall that the regionally proximal relation Q(X,T) is the set of all points
(x1,22) € X x X such that for each ¢ > 0 and each open neighborhood U; of
x;, © = 1,2, there are 2} € U;,i = 1,2, and n € N with d(T™(z}), T"(x%)) < €. Note
that Q(X) is a reflexive symmetric T invariant closed relation, but is in general
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not transitive. However for each minimal system (X, T'), Q(X) is a closed invariant
equivalence relation.

Every topological dynamical system (X,7T') has a maximal distal factor (Xp,T)
and a maximal equicontinuous factor (X, 7). That is, (Xp,T) is distal and
every distal factor of (X,T) is a factor of (Xp,T). (Xeq,T) has the corresponding
property for equicontinuous factors. Thus there are closed T-invariant equivalence
relations Sp and Seq such that X/Sp = Xp and X/Seq = Xeq. Sp is the smallest
closed T-invariant equivalence relation containing P(X), and X., is the smallest
closed T-invariant equivalence relation containing Q(X).

An extension ¢ : (X,T) — (Y,S5) is prozimal if R, C P(X,T) and is distal if
Ry N P(X,T) = Ax, where Ry = {(z,y) € X? : ¢(x) = #(y)}. Observe that
when Y is trivial (reduced to one point) the map ¢ is distal if and only if (X, T)
is distal. An extension ¢ : (X,T) — (Y,T) is almost one-to-one if the G5 set
Xo={z € X :¢7(¢(x)) =z} is dense.

2.3. Nilmanifolds and nilsystems. Let G be a group. For g,h € G, we write
[g9,h] = ghg~'h~! for the commutator of g and h and we write [A, B] for the
subgroup spanned by {[a,b] : a € A,b € B}. The commutator subgroups G;, j > 1,
are defined inductively by setting G1 = G and Gj41 = [G;,G]. Let k > 1 be an
integer. We say that G is k-step nilpotent if Gy is the trivial subgroup.

Let G be a k-step nilpotent Lie group and I' a discrete cocompact subgroup of
G. The compact manifold X = G/ is called a k-step nilmanifold. The group G
acts on X by left translations and we write this action as (g,z) — gz. The Haar
measure p of X is the unique probability measure on X invariant under this action.
Let 7 € G and T be the transformation z — 72 of X. Then (X, T, u) is called a
basic k-step nilsystem. When the measure is not needed for results, we omit it and
write that (X,T) is a basic k-step nilsystem.

We also make use of inverse limits of nilsystems and so we recall the definition
of an inverse limit of systems (restricting ourselves to the case of sequential inverse
limits). If (X;,T;)ien are systems with diam(X;) < M < oo and ¢; : X;11 — X;
are factor maps, the inverse limit of the systems is defined to be the compact
subset of [[;cn Xs given by {(z;)ien : ¢i(wiy1) = 24,4 € N}, which is denoted by
@{Xi}ieN- It is a compact metric space endowed with the distance p(z,y) =
> ien 1/2di(wi, yi). We note that the maps {T;} induce a transformation 7 on the
inverse limit. Let (X;,T;) = (X,T) and ¢; = T’; then the inverse limit of systems
(X, T) is called the natural extension of (X, T).

If (X,T) is an inverse limit of basic (d — 1)-step minimal nilsystems, (X,T) is
called a (d — 1)-step nilsystem or a system of order (d — 1).

2.4. Regionally proximal relation of order d, RPY. Let (X,T) be a t.d.s.
and let d > 1 be an integer. A pair (z,y) € X x X is said to be regionally proximal
of order d if for any § > 0, there exist 2’,% € X and a vector n = (ny,...,ng) € Z%
such that p(z,2’) < 8, p(y,y’) <, and

p(T™a’ T™y') < 6 for any € € {0,1}7, ¢ £ (0,...,0),

where n - € = Z?Zl €;n;. The set of regionally proximal pairs of order d is denoted
by RP (X), and is called the regionally prozimal relation of order d.
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This notion was first introduced by Host-Kra-Maass in [19]. It is clear that
(2.1) P(X)C...c RPIU crPM c ... cRPP c RPMY = @(X).

It was shown [I9)32] that for each minimal system (X,T), RPI(X) is a closed
invariant equivalence relation for any d € N. When d = 1, RP!¥(X) is nothing but
the classical regionally proximal relation which determines the maximal equicontin-
uous factor for any minimal system. We remark that recently Glasner-Gutman-Ye
[16] defined a new regionally proximal relation of order d for any group G (coin-
ciding with the previous definition when G is abelian) and showed that it is an
equivalence relation for any minimal system (X, G).

Now we state a proposition from [19,[32] which we need in what follows.

Proposition 2.1. Let (X,T) be minimal systems and d € N. Then the following
statements are equivalent:

(1) (X,T) is a d-step nilsystem;

(2) RP(X) = Ax.

Let RP™(X) = N RP(X); then RP™/(X) is a closed invariant equivalence
d=1
relation.
Definition 2.2. A minimal system (X,T) is an oco-step nilsystem or a system
of order oo, if the equivalence relation RP[™! s trivial, i.e., coincides with the
diagonal.

The following proposition was proved in [§].

Proposition 2.3. A minimal system is an co-step nilsystem if and only if it is an
inwverse limit of minimal nilsystems.

Let (X,T) be at.d.s. and deN. Put X;=X/RP¥(X) and X, = X/RP™)(X).

Definition 2.4. Let (X,7T) be a minimal system and d € N U {co}. A point
x € X is called a d-step almost automorphic point (or d-step AA point for short) if
RP(X)[a] — {x}.

A minimal system (X,T) is called d-step almost automorphic (d-step AA for
short) if it has a d-step almost automorphic point.

d-step almost automorphic systems were studied systematically in [23]; in par-
ticular we have

Proposition 2.5 ([23] Theorem 8.13]). Let (X,T) be a minimal system. Then
(X,T) is a d-step almost automorphic system for some d € NU {oo} if and only if
it is an almost one-to-one extension of its maximal d-step nilfactor (X4, T).

2.5. Families. Let P = P(Z) be the collection of all subsets of Z,. A subset F
of P is a family if it is hereditary upwards, i.e., F; C F5 and Fy € F imply F; € F.
A family F is proper if it is a proper subset of P, i.e., neither empty nor all of P. It
is easy to see that F is proper if and only if Z, € F and § ¢ F. A family F has the
Ramsey property if FF € F and F = Fy U Fy imply that F; € F for some i € {1,2}.
Any subset A of P generates a family

Al ={F €?P:F > Afor some A € A}.
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If a proper family F is closed under finite intersection, then JF is called a filter. For
a family &, the dual family is

F*={FeP:Z \FgF={FecP:FNF #{forall F' € F}.

F* is a family, proper if F is. It is well known that a proper family has the Ramsey
property if and only if its dual F* is a filter [12]. Clearly, for a family F

(F)*=Fand F; C Fy = F; C F7.
We say that a subset F' of Z is

(1) thick if it contains arbitrarily long blocks of consecutive integers, that is,
for every d > 1 there is n € N such that {n,n+1,...,n+d} C F;

(2) syndetic if it has bounded gaps, that is, for some N € N and every k € N
we have {k,k+1,....k+ N} N A # (;

(3) piecewise syndetic if it is the intersection of a syndetic set with a thick set;

(4) thickly syndetic if it has non-empty intersection with every piecewise syn-
detic set

The collection of all syndetic (resp. thick) subsets is denoted by Fs (resp. Fy).
Note that F* = F; and F; = F,. The collection of all piecewise syndetic (resp.
thickly syndetic) subsets is denoted by Fps (resp. Fis).

Let {b;}icr be a finite or infinite sequence in Z. One defines

FS({b;}icr) = {sz : a is a finite non-empty subset of I}.
i€a
F is an IP-set if it contains some FS({p;}2,) where p; € N. The collection of
all IP-sets is denoted by JF;,. A subset of Z, is called an IP*-set, if it has non-
empty intersection with any IP-set. IP-sets are important in the study of dynamical
properties; see [6[12].

If I is finite, then one says FS({p;}icr) is a finite IP-set of length |I|. The
collection of all sets containing finite IP-sets with arbitrarily long lengths is denoted
by ?fzp

Let E be a finite or infinite set in P(Z,), One defines

AE)={a—-b:a>b,a,be E}.

A subset F' of Z is called a difference set if it contains some A(FE) with | F| infinite.
The collection of all difference sets is denoted by Fa. A subset of Z, is called a
A*-set, if it has non-empty intersection with any difference set.

If F is a finite set, then one says that A(FE) is a finite difference set of length
|E|. The collection of all sets containing finite difference sets with arbitrarily long
lengths is denoted by Fya.

2.6. Technical lemmas. Note that a factor map is semi-open if it sends any opene
set to a set containing an opene set. To end the section we state an easy lemma
which follows from the continuity of 7.

Lemma 2.6. Letw: (X,T) — (Y, S) be a semi-open factor map between two t.d.s.
and let F be a family. If (Y,5) is F-sensitive (resp. block F-sensitive, strongly F-
sensitive), so is (X, T).

The following proposition is easy to check.
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Proposition 2.7. Let (X,T) be a dynamical system, and ()Z',T) be the natural
extension of (X,T). Then (X,T) is F-sensitive (resp. block F-sensitive, strongly

F-sensitive) if and only if ()NC,T) is F-sensitive (resp. block F-sensitive, strongly
F-sensitive).

The next lemma is from [21] Proposition 4.4] or [10, Lemma 2.4].

Lemma 2.8. Let 7 : (X,T) — (Y, S) be a factor map with (X,T) minimal and
(Y, S) invertible. If 7 is not almost one-to-one, then | = inf,cy diam(r~*(y)) > 0.

3. SENSITIVITY FOR FAMILIES

To start our research we begin to study F-sensitivity. The goal is to show the
notion of F-sensitivity is rough, meaning that for many families the notions are
equivalent in the minimality setup.

Recall that the authors in [21I] proved that: a minimal system is either F-
sensitive or an almost one-to-one extension of its maximal equicontinuous factor.
Moreover, they showed in [20] that for minimal systems all of the following no-
tions: Fys-sensitivity, multi-sensitivity (see [30] for a definition) and F;-sensitivity
are equivalent. In this section, we prove that for minimal systems all of the follow-
ing notions: Fy,-sensitivity, Fyp,-sensitivity, I ;p-sensitivity and Fya-sensitivity are
equivalent (the equivalence to Fpgin,-sensitivity will be given in Section 5).

First we need a proposition which is basically due to Furstenberg [12, Proposition
9.8]. Let (X,T) be a t.d.s. and let F be a family. Note that we say that z € X is F-
recurrent, if for each neighborhood U of z, N(z,U) € F; and (X, T) is F-recurrent
if each point of z € X is F-recurrent.

Proposition 3.1. Let (X,T) be a minimal equicontinuous system. Then (X,T) is
F%a-recurrent.

Proof. Since (X,T) is minimal and equicontinuous, we can assume that (X,T) is
a Kronecker system. That is, X = G, an abelian compact group, and Tz = ax for
a fixed a € G. Let xg be any point of X and let U be any open neighborhood of
x9. Let V be any neighborhood of xy such that VV 'z, C U. Since X is minimal,
there are [y, ...l € N such that {a"V,a'2V,---  a’*V} is a cover of X.

Let {S,,}™ ; be any finite sequence with m > k; then there are a”+, a®> contained
in the same subset a*V. Then a%+~v x4 € U, which implies that (X, T) is Fin-
recurrent. O

Using Proposition B1] and some theorem in [2I], we have the following result.

Theorem 3.2. Let (X,T) be minimal. Then the following statements are equiva-
lent:

(X,T) is Fis-sensitive.

(X,T) is Fy-sensitive.

(X,T) is Fip-sensitive.

(X,T) is F yip-sensitive.

(X,T) is Fya-sensitive.

There exists § > 0 such that for every x € X there isy € X such that (z,y)
is regional prozimal and d(x,y) > 6.

(7) (X,T) is not an almost one-to-one extension of X.,.
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Proof. 1t is clear that Fys C F; C Fyp C Fpip C Fpa. By [2I) Theorem 3.1], it
remains to show (5) = (7) and (7) < (6)

(5) = (7) Assume that (X,T) is Fya-sensitive with a sensitive constant 6 > 0
and 7 : (X,T) — (Xeg, Teq) is almost one-to-one. Since (X4, Teq) is a minimal
equicontinuous system, there is a compatible metric d’ such that d'(T.qx, Teqy) =
d'(z,y), for all z,y € X.,. Let yo € X, with 771(yo) singleton. We take an open
set W C X containing 7~ !(yo) such that diam(W) < 4, and then there is an open
set V C X, containing yo such that 771V C W.

Let B(yo,e) C V for some ¢ > 0 and U = 7 1(V}) with Vi = B(yo,€¢/2). By
Proposition Bl N(yo, V1) € Fja-

For n € N(yo, V1), we have d'(T;;y0,y0) < €/2. Since d'(T;yy, Tiyyo) < 5 for all
m € Nand y € Vi, we deduce that T (V;) C V for n € N(yo,V1). For U = n~1 (V1)
and n € N(yo, V1) we get

T"(U)=T"r"'(V) ca (ToV) Cca ' (V) C W.

This means that N (U, d) N N(yo, V1) = 0, which implies N (U,0) & Fya.
(6) = (7) is obvious.
(7) = (6) follows from Lemma 28 O

4. BLOCK SENSITIVITY AND STRONG Jp;p, Fip-SENSITIVITY

In this section we study block sensitivity and some related notions of strong
sensitivity, and prove Theorems A, B and C. This will be done in the following
three subsections.

4.1. Block F;-sensitivity. In this subsection, we discuss block F;-sensitivity and
give a proof of Theorem A.

Recall that a t.d.s. (X, T) is called block F;-sensitive if there is & > 0 such that
for each x € X, every neighborhood U, of x and I € N there are y; € U, with
{n € Zy :d(T"z, T"y;) > 0} containing {m + 1,...,m + [} for some m € N. In
fact we will show the following theorem which covers Theorem A.

Theorem 4.1. Let (X,T) be a minimal dynamical system. Then the following
conditions are equivalent:
(1) (X,T) is block Fy;-sensitive;
(2) there exists 6 > 0 such that for every x € X there exists y € X such that
(x,y) is regional provimal and inf,cz, d(T"x,T"y) > 6;
(3) m: X = X4 is not prozimal.

We start with

Proposition 4.2. Let (X,T) be a t.d.s. andm: (X, T) — (Xcq, Teq) be the factor
map. If (X, T) is block Fy-sensitive, then 7 is not prozimal.

Proof. Let d,d’ be the compatible metrics of X, X, respectively. Let ¢, > 0 with
€ — 0. Then for each k € N, there is 0 < 73, 7}, < € such that if d’(w,ws) < 7
with wq,ws € Xeq, then d’(quwl,Téqwg) < ¢ for any i € Z,; and if wy,ws € X
with d(wq,ws) < 71, then d'(m(w1), m(ws)) < .

Pick € X and put Uy = B(7],z). By the assumption (X,T) is block F;-
sensitive, thus for each j € N, there is yi € Uy such that F' = {n € Z, :
d(T”x,T”yi) > §} containing {ai,ai +1,.. .,ai + j} (with § the sensitive con-
stant).
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Without loss of generality we assume that Tz — zi and T% yi — 27 when
J — oo. It is clear that d(T"z},, T'2%) > ¢ for each i € Z. Now let 21 = limp 00 2}
and zo = limy,_, 27. We have d(T%z1,T%25) > 4 for each i € Z .

Now we show that 7(21) = 7(22). Since yl € Uy, it is clear that d'(n(z), 7(y])) <
73, and thus we have d'(T?, m(x), quﬂ(yi)) < ¢, for each i € Z, . Particularly,

d/(Téf (o), Tofn(4])) < e
for each j € N. This implies that d’'(7(2}.), m(22)) < €, and hence d’(7(21), 7(22)) =

0. We have proved that m(z1) = m(z2). This indicates that 7 is not proximal,
finishing the proof. O

Proof of Theorem Il (1)=(3) follows from the above proposition.

(3)=(2) There exists a regional proximal pair (21, z2) which is not proximal.
Let 6 = %infnez+ d(T™z,T"z9) > 0. Fix a point z € X. As z; is a mini-
mal point of (X,T), there exists a sequence of positive numbers {n;} such that
lim; oo T™ 21 — x. By the compactness of X, without loss of generality, assume
that lim; ,oo T™ 29 — y. Then (x,y) is regional proximal, since Q(X,T) is closed
and T x T-invariant. We also have inf, ez, d(T"z,T"y) > inf ez, d(T"21,T"22) >
d.

(2)=(1) Fix ¢ € X and a neighborhood U of z and | € N. There exists
y € X such that (z,y) is regional proximal and inf,cz, d(T"z,T"y) > §. Choose
small enough neighborhood V' C U of z and neighborhood W of y such that
minogigl d(T”/, TZW) > %5

As (z,y) is regional proximal, N(z, W) is a A-set [21] Proposition 4.7]. We also
have that N(V,V) is a A*-set [12], Page 177]. Then N(x, W) intersects N(V,V).
Pick n € N(z, W)NN(V,V) and 2’ € VNT~"V. Then T"x € W, T"z' € V. This
implies that d(T" "z, T""2') > ming<,<; d(T'V,T°'W) > 16 for i = 0,1,...,1.
Therefore, (X, T) is block F;-sensitive. O

We have the following corollary.

Corollary 4.3. There is a minimal system which is Fi-sensitive and not strongly
Fi-sensitive.

Proof. There is a minimal system such that 7 : X — X, is a proximal extension
and not an almost one-to-one extension [I8]. Then (X,T) is Fi-sensitive by [21]
Theorem 3.1], and is not strongly F;-sensitive by Proposition O

4.2. Block J;,-sensitivity and strong J;,-sensitivity. In this subsection, we
investigate block Fj,-sensitivity, strong Fy;,-sensitivity and show Theorem B. In
this subsection we assume that T is a homeomorphism (since some results we use
are stated for homeomorphisms and it will take some pages to show they are true
for continuous and surjective maps).

Recall that a t.d.s. (X,T) is called block JF;p-sensitive if there is 6 > 0 such
that for each = € X, every neighborhood U, of z and [ € N there is y; € U such
that {n € Zy : d(T"x,T™y;) > Jd} contains a finite IP-set of length [. By the
Ramsey property of F¢;p, an equivalent definition can be stated as follows: there
is 0 > 0 such that for any opene U of X and [ € N there are y;,z; € U such that
{n€Zy :d(T"y;,T"z) > 0} contains a finite IP-set of length [. As before we will
show the following theorem which covers Theorem B.
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Theorem 4.4. Let (X,T) be a minimal system. Then the following statements are
equivalent:
(1) (X,T) is strongly F y;p-sensitive;
(2) (X,T) is block F;p-sensitive;
(3) there exists 6 > 0 such that for every x € X there exists y € X such that
(z,y) € RP™! with d(z,y) > 9;
(4) ¢ : X — X 1is not almost one-to-one.

To prove Theorem 4] we need some preparation. The following lemma is from
[14].

Lemma 4.5. Let (X, B,u) be a probability space, and {E;}2, be a sequence of
measurable sets with u(E;) > a > 0 for some constant a. Then for any k > 1 and
€ > 0 there is N = N(a,k,€) such that for any tuple {s; < sz < -+ < s} with
n > N there exist 1 <t1 <tg <--- <t <n with

(4.1) w(Es, NEs, N---NEs )>ad" —e
We will use the next lemma derived from Lemma

Lemma 4.6. Let (X,T) be a t.d.s. with p € M(X,T). Let U € Bx with a =
w(U) > 0. Then there is n = n(a) such that for any finite IP-set F'S({p;}—,) there
is ¢ € FS({pi}1,) such that n(UNT~U) > 1a?.

Proof. Apply Lemma tok=2,¢e= %aQ and consider the finite tuple
Try,... T PPy,
O

The notion of a central set was introduced in [12]. It is known that a central set
contains an IP-set [12, Proposition 8.10].

Proposition 4.7. Let (X,T) and (Y,S) be minimal. If 7 : X — Y is prozimal
and not almost one-to-one, then (X,T') is strongly F;,-sensitive.

Proof. By Lemma 28 | = inf,cy diam(r~!(y)) > 0. For each y € Y, choose
21(y), 22(y) € 7 (y) with d(21(y), z2(y)) = (y) > L.

For z € X, let y = w(z). Then we have d(z,z1(y)) >
Without loss of generality, we assume that d(z,z1(y)) >
proximal.

Let 6 = é and let U’, V be open neighborhoods of z,z;(y) with diam(U"),
diam(V) < é respectively. Then d(U’,V) > §. Choose a smaller U with the
same properties and U’ D U. We know that N(x,V) is a central set and hence it
contains an IP-set F'S({p;}32,). We are going to show that there is z € U’ such
that d(T'z, T'z) > ¢ for all [ in a sub IP-set of F.S({p;}2;).

To do this let p € M(X,T); then a = u(U) > 0. Applying Lemma to U.
There are ny and ¢1 € FS({p;}*,) such that p(UNT~1U) > a*

Let Uy = UNT %U and apply Lemma to U;. There are no and ¢o €
FS{pi}i2,, ;1) such that u(UyNT~%2U;) > ta*. Note that we have UNT U N
T—-R2yNT N9y 7& 0.

Inductively for any £ € N we obtain nq,...,ng, Uy,...,Ux and q1, ..., g such
that g1 € FS({pi}?z;;H), Ujp1 = U; NT~%+(U;) with p(Ujq1) > C; > 0 for

or d(z,xa(y)) > %
Then (z,z1(y)) is

Nl ~po|~
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j=0,...,k—1 (set Uy =U and ng = 0). This implies that
Uy () T'U)y>o.
leFS({ai}s_,)

Thus, for each k € N there is z;, € U such that T'(z;) € U for alll € FS({g;}F_,).

Without loss of generality, assume that z = klim 21; then TH(2) € cl(U) C U’ for | €
—00

FS({q;}32,). We know d(T'x,T'z) > 6 for | € FS({g;}32,). Since FS({g;}52,) C

FS({p;}521), this implies that (X, T) is strongly F;,-sensitive.

O

By [32 Theorem 3.2] we know that for any d € N and any minimal t.d.s. (X,T),
(z,y) € RP (X) if and only if for any neighborhood V of y, N(x,V) contains a

finite IP-set of length d + 1. As RPI™(X) = dE]OlRP[d] (X), so we have

Lemma 4.8. Let (X,T) be minimal and (z,y) € X x X. Then (z,y) € RP[™(X)
if and only if for any neighborhood V' of y, N(x,V) € Fpsp.

With the help of the above lemma and Lemma we are able to show

Proposition 4.9. Let (X, T) be minimal and 7 : X — X is not proximal. Then
(X,T) is strongly Fy,-sensitive.

Proof. Since 7 is not proximal, there are (r1,22) € R, which is a distal pair. It

follows that (z1,z,) € RP™ = m RP!Y and d(T"zy, T"xs) > 1 for any n € N.

Let U,V be closed nelghborhoods of :Cl, 2o with diam(U), diam (V') < i respectively.
Then d(U,V) > % and we let § = L. By Lemma B8, N(z1,V) € Fp;. We are
going to show that there is z € U such that d(T'z;,T'2) > 6 for alll € F € Fyy,
with FF C N(z1,V).

For k = 1, using the same argument as in Proposition 7, we get n} € N

1

such that for any finite IP-set of length n} with FS{p!}}"t, C N(x1,V), there is
qi € FS{p}}; _1 such that u(U NT~9U) > 1a?. Set U' =UNT~ 9.

For k = 2, using the same argument as in Propos1t10n|ﬂ (with respect to U*), we

2
get n3 € N such that for any finite IP-set of length n3 with FS{p?};2, C N(z1,V),
2
there are ¢?,q3,q + ¢35 € FS{p? ?:21 such that if we set U2 = Ul N T-4U! N
T-GUY N T4 ~%UL, then u(U?) > 0. So we have
pW(UNT 9 AT GUNT 2UNT 945 %U) > 0

Inductively, for any k& € N we obtain n{, e
1 < j < k such that
efor 0<m<j—1, qm_|r1 e FS({p! Z”‘Jlﬂ) C N(x1,V) (set n = 0).
o Uit =i ﬁmleFS{qf}Zzl T='U7 for 0 < j < k — 1 satisfy that p(U71) > 0 (set
UY =U). So we have u(Ay) > 0, where

k
A, =UnN ﬂ ﬂ T-'U.

I=liersialy_,

1 j J J
, j,U . U7 and qq,...,q; for
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Set FF = Upe, FS{¢F}r_,. Then F C N(z1,V) and F € Fy;. Take z €
Mie, Ag; then T'z € U for all | € F. This implies that d(T'zq,T'z) > 6 for all
leFeTyy.

For u € X there is a sequence {n;} such that T"zy — u and T™zy — v. Then
(u,v) € RP™) and (u,v) is a distal pair with d(T"u,T"v) > 1. Let W, W’ be
closed neighborhoods of u and v respectively with diam(W), diam(W’) < ﬁ. By
the proof above, we know that there is w € W such that d(T'u, T'w) > § for all
l € F, where F' € Fy;, with F C N(u, W') € Fy;p. So we have proved that (X, T)
is strongly Jf;,-sensitive. O

The following lemma is well known.

Lemma 4.10. Let F be a finite IP-set of length n and F = Fy U Fy. Then there is
i € N such that F; is a finite IP-set of length l(n) with [(n) — oo when n — oo.
This also implies that F ¢y, has the Ramsey property.

To end the proof we need another proposition.

Proposition 4.11. Let (X,T) be a minimal block F;p-sensitive t.d.s. with the
sensitive constant 105. Assume that x € X and U is any neighborhood of x. Then
there are z € U and y € X such that (y,z) € RPI™ with d(z,y) > 6.

Proof. Since (X,T) is block F;,-sensitive, there is § > 0 such that for any zo € X,
any neighborhood V of z¢ and any n € N there is yg, 20 € V such that {m € N :
d(T™yo, T™zp) > 10} contains a finite IP-set of length n.

Let Uy = B(x,40) and U; = B(z,d). Without loss of generality, we assume
U C Uy. Then for n; € N large enough there are 21,z € U such that [} = {n €
N: d(T"x1, Tm2)) > 106} contains a finite IP-set of length n;. By the method of
Proposition 7 there is z; € U satisfying T"z; € U for n € F| C Fy, where F]
is a finite IP-set of length k(n1). Then d(T"x1,T"2) > 56 or d(T"x3,T"21) > 5§
for n € F|. Without loss of generality, we assume that d(T"z},T"2;) > 56 for
n € F{' C F{, where F] is a finite IP-set of length [(k(n1)) (Lemma EI0). Then
Trz} & Uy for n € FY'. Let Uy C U be an open neighborhood of x] with diameter
small enough such that 77U, N Uy = ) for n € FY'.

Then for n; <« ny € N large enough there are x%,x% € U such that F, = {n €
N : d(T"x?,T"z3) > 106} contains a finite IP-set of length ny. By the method of
Proposition [I7 again, there is zo € Us satisfying T"zy € U for n € Fi C F5, where
F} is a finite IP-set of length k(n2). Then d(T"x%,T"z3) > 55 or d(T™z3,T"22) >
55 for n € Fj. Without loss of generality, we assume d(T"z3%,T"z) > 5§ for
n € Fj C F}, where F} is a finite IP-set of length [(k(nz2)). Then T"z% & Up.
Let Uz C U be an open neighborhood of 22 with diameter small enough such that
T"U3 NUy = () for n € FY.

To continue the process, we get Fy, 2 F D F}/, zi, ng and Uy, with diam(Uy) —
0 as k — co. We have

(1) d(T"zy,, T"ak) > 56 for n € F{' with z, € Uy, a% € Upy1 C Uy;

(2) T"Up41 NUy # 0 for n € FY'.

o —_
Assume that lim z; = z; then lim x’f = z. Since z € () Uk, we have T"z & Uy
k—oo k—oo k=1

for n € Fj/. Thus, N(z,U§) € Fyip, for l(k(n)) — 0o as n — oo.
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Let W = B(x, 36). Since U§ is compact, we can cover U§ by finitely many closed
!
balls {V}', V3, -+, V;' } with diameter less than 1 and Lj Vil ¢ We. By the Ramsey

k=1
property of Fpip, there is 1 < my < Iy such that N(z,V,}, ) € Fryp. Since V) is
compact, we can cover V,}, by finitely many closed balls {V,V&,---,V2} with

la
diameter less than % and | V,f C We¢. By the Ramsey property of Jy;, again,
k=1

there is 1 < mg < Iy such that N(z, V,%z) € Jip. To continue the process, we get
V% such that

1
N(z,VE )€ Fpyp, diam(Vys ) < - and Ve CcWe.

Lety € N lefbk. Then for any open neighborhood W’ of y, we have N (z, W') € Fy;p,
k=1

since W’ contains V,% for some k € N. Lemma .8 implies that (y,z) € RP>.
Since y € W¢ and z € U;, we conclude that d(z,y) > 26 > 4. This ends the
proof. O

Proof of Theorem 4. (1) =(2) is obvious.

(2)= (3) Assume that (X,T) is block JF;,-sensitive. Fix z € X. By Propo-
sition 1] for every n € N, there exists x,, € B(x, %) and y, € X such that
d(Zp,yn) > 6 and (2,,,y,) € RP™(X). Without loss of generality, assume that
Yn — y. Then d(z,y) > 6 and (z,y) € RPI™(X) as RP!®/(X) is closed.

(3) = (4) is obvious.

(4) = (1) Since ¢ is not almost one-to-one, ¢ is either not proximal, or prox-
imal and not almost one-to-one. If ¢ : X — X is not proximal, then by
Proposition 9 we get that (X,T') is strongly Fyp-sensitive. If ¢ : X — X
is proximal, not almost one-to-one, by Proposition 17 we get (X,T) is strongly
J ¢ip-sensitive. [l

4.3. Strong J;,-sensitive. In this subsection, we study strong F;,-sensitivity and
give the proof of Theorem C. Recall that we say a t.d.s. (X,T) is strongly F;,-
sensitive if there is § > 0 such that for each opene subset U of X, there are z,y € U
with {n € Z4 : d(T"z,T™y) > 0} € F;p. In fact we will show a stronger form of
Theorem C.

Theorem 4.12. Let (X,T) be a minimal system. Then the following conditions
are equivalent:
(1) (X,T) is strongly F;y-sensitive;
(2) there is § > 0 such that for every non-empty open subset U of X there
exists a proximal pair (z,y) with x € U and d(z,y) > 0;
(3) m: X = Xp is not almost one-to-one, where (Xp,T) is the mazimal distal
factor of (X, T).
We say that x is strongly prozimal to y if (y,y) € w((x,y), T x T), where w(z, y)

is the w-limit set of (x,y). Note that if (z,y) is proximal and y is a minimal point,
then x is strongly proximal to y. We need two results from [24].

Lemma 4.13 ([24, Lemma 4.8]). Let (X,T) be a dynamical system and x,y € X.
Then x is strongly prozimal to y if and only if for every neighborhood U of y,
N(z,U)N N(y,U) contains an IP-set.
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Proposition 4.14 (|24, Proposition 5.9]). Let (X, T) be a dynamical system, x € X
andY C X be a closed subset of X. If N(x,Y) contains an IP-set, then there exists
y €Y such that x is strongly proximal to y.

Now we show a proposition.

Proposition 4.15. Let (X,T) be a minimal system. Then (X,T) is strongly Fyp-
sensitive if and only if there is § > 0 such that for every non-empty open subset U
of X, there isx € U and y € X with d(x,y) > ¢ and x is strongly prozimal to y.

Proof. First assume that (X,T) is strongly F;,-sensitive with sensitive constant
80 > 0. Fix a non-empty open subset U of X. Pick z € U and let V = U N B(z,9).
There are x1,22 € V such that F = {n € Z: d(T"x1,T™z2) > 85} contains an
IP-set. Let W = X \ B(z,20). By the Ramsey property of JF;,, either N(x1, W)
or N(zg, W) contains an IP-set. By Proposition T4l there exists y € W such
that either x1 or x5 is strongly proximal to y. It is clear that d(z1,y) > ¢ and
d(l‘g, y) > 4.

Now we show the sufficiency. Fix a non-empty open subset U of X. There is
xz € U and y € X with d(z,y) > ¢ and =z is strongly proximal to y. By Lemma [£.13]
N(z, B(y,d/3)) contains an IP-set F/S({p;}$2,). By the method of Proposition 1]
there exist z € B(z,d/3) and an IP subset F'S({g;}32,) such that F'S({g;}32,) C
N(z, B(z,6/3)) and FS({g;}32,) C FS({pi}ey). Then FS({g;}3%,) C {n €
Zy: d(T™x,T™z) > 6/3}, which implies that (X, T) is strongly F;,-sensitive with
the sensitive constant ¢/3. O

We are in the position to give:

Proof of Theorem E12l (1)=(2) follows from Proposition

(2)=(3) For every point = € X, there exists a sequence y,, and z, such that
limy, 00 Y = = and (yn, 2,,) is proximal and d(y,, z,) > J. Without loss of gener-
ality, assume that lim,_,o 2, = z. Then d(z, z) > §. Note that (z,z) € Sp, where
Sp is the distal relation, X/Sp = Xp. Let m: X — Xp. Then {z,2} € 7 (r(z)).
So 7 is not almost one-to-one.

(3)=(1) If 7 is proximal, then by Proposition[7 (X, T) is strongly F;,-sensitive.
So we assume that 7 is not proximal. This implies that P(X) is not closed. So
there is a distal pair (y,z) and proximal pairs (y;, z;) such that (y;,2z;) — (y, 2).
Let inf,cz, d(T"y,T"z) = 44.

Fix a non-empty open subset U of X. As y is a minimal point, there exists
k € N such that T*y € U. There exists n € N such that T"%y,, € U N B(T*y,§) and
d(T*z,,T*2) < 6. Let 1 = T*y,, and x5 = T*z,. Then z; € U, d(x1,72) > & and
(z1,x2) is proximal. As x5 is a minimal point, z; is strongly proximal to z5. Then
the result follows from Proposition |

5. STRONG SENSITIVITY FOR OTHER FAMILIES

In this section we study strong sensitivity for other families and shall prove
Theorem D. Namely, we will investigate the properties of strong F;- and strong
F poin,-sensitivity.

5.1. Strong JF;-sensitivity. In this subsection, we discuss strong F;-sensitivity,
and prove Theorem D. Recall that for a t.d.s. (X,T), we say (X, T) is strongly F;-
sensitive if there is § > 0 such that for each opene subset U of X, there are x,y € U
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with {n € Zy : d(T"z,T"y) > 6} € F;. So (X, T) is not strongly F;-sensitive if
there are §,, — 0 and opene subsets U, such that for any z,,y, € U,, there is a
syndetic subset F' of Z, with d(T™x,, T™y,) < 0, for all m € F.

To prove Theorem D, we first show that strong F;-sensitivity passes through
proximal extensions.

Proposition 5.1. Let 7 : (X, T) — (Y,S) be a proximal extension of minimal
systems. If (Y, S) is not strongly Fi-sensitive, then neither is (X, T).

Proof. Let d,d’ be the compatible metrics of X,Y respectively. Since (Y,S) is
not strongly JF;-sensitive, there are J, — 0 and opene subsets Uy of Y such
that if x,yr € Uy, then there is a syndetic subset F' (depends on zy,yi) with
d'(S™xy, S"yr) < Oy for every n € F.

Assume the contrary that (X, T') is strongly F;-sensitive with a sensitive constant
6 > 0. Then for each opene subset U, there are x,y € U such that {n € Z, :
d(T"z, T"y) > §} € F;. Thus, there are uy, vy € 7~ 1(Uy) such that Fj := {n €
Zy : d(T"ug, T™vy) > 8} € Fy. Note that Ey, := {n € Z4 : d'(S"w(uy), S"m(vg)) <
O} is a syndetic set. This implies that there exists by € N such that

d'(S®*m(ug), S w(vy)) < 6 and  d(T(ug), T’ (vy)) > 6

for j € [by —k, b, +k]. Without loss of generality, assume that T%uy, — u, T% vy —
v. Then d(T"u, T"v) > 6,Yn € Zy. Since 7(T%uy) — 7 (u), (T v;) — m(v) and
d'(S%m(ug), S®*7(vy)) < Ok, we conclude that m(u) = m(v), a contradiction. This
indicates that (X, T) is not strongly F;-sensitive, ending the proof. O

Proposition 5.2. Let (X,T) be a minimal system. If m: X — Xp is proximal,
then (X,T) is not strongly Fy-sensitive.

Proof. By Proposition B.1] and Theorem a

To prove the converse of Theorem D, we need the structure theorem. So we
assume that 7' is a homeomorphism first. When (X, T) is not invertible, we use
natural extension to prove Theorem D.

Recall that an extension 7w : X — Y of minimal systems is a relatively incon-
tractible (RIC) extension if it is open and for every n > 1 the minimal points are
dense in the relation

Ry ={(z1,...,2n) € X" :7m(z;) =m(x;) V1 <i<j<n}

We say that a minimal system (X, T) is a strictly PI system if there is an ordinal
n (which is countable when X is metrizable) and a family of systems {(W,, w,)},<y
such that (i) Wy is the trivial system, (ii) for every ¢ < n there exists a homomor-
phism ¢, : W,11 — W, which is either proximal or equicontinuous, (iii) for a limit
ordinal v < 7 the system W, is the inverse limit of the systems {W,},<,, and (iv)

W, = X. We say that (X,T) is a PI system if there exists a strictly PI system X

and a proximal homomorphism 6 : X — X.
We have the following structure theorem for minimal systems.
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Lemma 5.3 (Structure theorem for minimal systems, [I1]). Given a homomor-
phism m : X =Y of minimal dynamical system, there exists an ordinal n (count-
able when X is metrizable) and a canonically defined commutative diagram (the
canonical PI-Tower)

0y 0F 07
X+ X, ! X, - X, = Xop1 o Xp=Xeo
R N RN l |
T 0 1 Ty Ty41 Too
Y 0o Yo P1 Z 01 Y1 Y Put1 1 01 Y41 - Yy =Y

where for each v < n,m, is RIC, p, is isometric, 0,0} are prorimal and T 1S
RIC and weakly mixing of all orders. For a limit ordinal v, X,,Y,,7,, etc., are
the inverse limits (or joins) of X,,Y,,m,, etc., for v < v.

Thus if Y 1is trivial, then X is a proximal extension of X and a RIC weakly
mixing extension of the strictly PI system Yo,. The homomorphism ms 1S an iso-
morphism (so that X = Yoo ) if and only if X is a PI system.

Lemma 5.4 ([9, Lemma 7.16]). Let 7 : X — Y be a weakly mizing and RIC
extension of minimal systems. Then there is a dense Gs subset Yy of Y such that,
for each y € Yy and each v € 7= 1(y), Py[z] is dense in 7~ 1(y), where P.[z] = {2 €
7 Y (x)) : (x,2) € P(X)}.

Proposition 5.5. Let (X,T) be minimal. If (X,T) is not strongly F;-sensitive,
then (X,T) is PL

Proof. First we claim: if (X,T) is minimal, and there is « € X such that (z,y) is
a distal pair, and y is proximal to z; € X with z; — x, 2; # z, i € N, then (X, T)
is strongly F;-sensitive.

Let § = %infneN d(T™z, T™y) and fix an opene set U of X. Then there is [ € N
with T'x € U by the minimality of X. This implies that (T'x, T'y) is a distal pair
and Ty is proximal to T'z; with T'z; — T'x, T'z; # T'x. There is i € N such that
T'z € U. Since (T'y, T'z;) is proximal, we get that {n € Z, : d(T" Ty, T z) <
8} € F;. This implies that {n € N : d(T"* !z, T"*!z;) > §} € F;. We conclude that
(X,T) is strongly F;-sensitive, finishing the proof of the claim.

Assume that (X,T) is not PI. By Lemma B3 6* : X, — X is proximal,
Too @ Xoo — Yoo is weakly mixing, RIC and not an isomorphism. By Lemma [5.4]
there are s € Yo, and u € 7w(s) such that P,_[u] is dense in the 7 !(s). Since
Teo 18 nOt proximal, there is v € X, such that (u,v) is distal and 7 (v) = Too (u).
Since 0* is proximal, we know that (6*(v),0*(u)) is distal. As P,_[u] is dense in
the m!(s), there are v; — v such that v; # v and (v;, u) is proximal. This implies
that (0*(v;),0%(u)) is proximal. It is clear that 8*(v;) # 6*(v) and 0*(v;) — 6*(v).
Applying the claim we just proved, we conclude that (X, T') is strongly F;-sensitive,
a contradiction. ]

Before proving the following key result for Theorem D we need two well known
lemmas.

Lemma 5.6. Let m: X — Y be an open factor map between two t.d.s. Assume
that y € Y and y; — y. Then for any z € 7~ *(y) there are z; € 7~ 1(y;) such that
lim z; = z.

Let E(X,T) be the enveloping semigroup of (X,T).
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Lemma 5.7. Let m: X — Y be a distal factor map between two minimal t.d.s.
Then = is open and 7 (py) = pr~1(y) for any y €Y and any p € E(X).

Theorem 5.8. Let (X3,T) be minimal and X1 &~ Xo & X3, where 7, is a non-
trivial proximal extension, wo is a non-trivial distal extension and X1 is distal. If
P(X3) is not closed, then X3 is strongly F;-sensitive.

Proof. Since P(X3) is not closed, there are a distal pair (z1,23) € X3 x X3 and
proximal pairs (21(7),22(i)) € X3 x X3 for all ¢ € N such that (x1(i),z2(i)) —
(x1,22). Let m = myma. It is clear that (21 (7)) = w(z2(4)) since X7 is distal. This
implies that m(x1) = 7(z2). Moreover, we may assume that (z1,z3) is a minimal
point. As (ma(x1), m2(x2)) is proximal and minimal we know that mo(z1) = mo(x2).
Put § = inf,ez, d(T"xy,T"x3) and let U; be an open neighborhood of z; with
diam(U;) < §/6, 1 <14 < 2.
Set y = ma(21) and y; = m2(x1(7)), @ € N. Then lim; o0 y; = y. Let
M =orb((z1,22), T xT) and K ={r€ X3: (21,2) € M} C ' (y).

It is clear that o € K. Moreover, M is a minimal subsystem of X3 x X3 and for
any (z1,22) € M we have that ma(z1) = ma(22). Let p: M — X3 be the projection
to the first coordinate. Then p~'(z;) = {z;} x K and p is a distal extension. Put
P (a1 (i) = {21 (i)} x Ky, i € N,

Since M N (Uy x Us) is an open neighborhood of (z1,z2) and p is open, by
Lemma [56 there are 4 (i) € K; such that (x1(i), (z)) € M n (Uy x Us) since
lim; o #1(7) = 1. Note that 24 () € K; and thus ma(z5(7)) = v;.

We can choose a sequence {ny} such that 7™ (1) — (x1(¢
z € K such that T (z1,2) — (z1(4),25(1)) € M N (Uy x Us) by
the distality of p.

As (z1(7),z2(4)) is proximal, (x1(i),25(i)) (in the orbit closure of (x1,x3)) is
distal and z2(7), z5(7) € Uz we know that

{ne€Zy:dT"x1(7), T x2(i)) < 0/6} € Ft.
By the definition of § we get infyez, d(T"x1(i), T*z4(i)) > § which implies that
{n€Zy :d(T"xs(i), T"x45(i)) > 6/6} € Fy.

Since this holds for each neighborhood of x5, we conclude that Xj is strongly Fy-
sensitive. (]

)). Then there is
Lemma [5.7] using

Lemma 5.9. Let (Z,41,T) be mmimal and consider the strictly PI-Tower Z, ?—

9 - 9 P , -
Vi 2 72,8, 8 2,8 . &7, bl Y, "E& Z,41, where 0; is a non-trivial

proxzimal extension, p; is a non-trivial distal extension and Zy is distal. If (Zp41,T)
is not strongly Fi-sensitive, then P(Zy,11) is closed.

Proof. We prove this lemma by induction on n. For n = 1 it is just Theorem (.8
Now we assume that the theorem holds for n < k — 1, and we prove it still holds
for n = k. Let Zp be the maximal distal factor of Z5 and let 71 : Zo — Zp be
the factor map. Since P(Z3) is closed, m is proximal. So mo = w162 : Yo — Zp is
proximal. Consider the new PI-Tower

Zn2Y, Bz g Ly g,

and the theorem holds for n < k — 1. We know that P(Zj;4+1) is closed, i.e., the
theorem holds for n = k. O
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We also need the following two lemmas for the proof of Theorem D.

Lemma 5.10. Let 7 : X — Y be a factor map between minimal systems.
(1) If P(X) is closed, then P(Y) is closed.
(2) If 7 is prozimal and P(Y) is closed, then P(X) is closed

Proof. (1) follows from Lemma 2 in [4].

(2) Let (x;,}) be proximal pairs in P(X) such that (z;,z}) — (x,2’). Then
(w(x;), m(x})) are proximal pairs in P(Y") such that (7(z;), m(x})) = (w(z),7(z")).
Since P(Y) is closed, (7(z),m(x")) € P(Y). So there exists p € E(X) (where E(X)

is the Ellis semigroup of X) such that pm(z) = pr(z’), i.e. 7r(pa:) = 7(px’). Since
7 is proximal, there exists ¢ € F(X) such that gpx = ¢p2’, i.e., (z,2") € P(X). So
P(X) is closed. O

Lemma 5.11. Let X be an inverse limit of minimal systems {(X;, T;)}2,. If
P(X;) is closed for each i € N, then P(X) is closed.

Proof. If P(X;) is closed, then by Theorem 2 in [2], P(II2, X;) is closed. By the
definition of inverse limit, P(X) is closed. O

With the above preparation we are ready to give the proof.

Proof of Theorem D. (2) = (1) follows from Proposition (52

(1) = (2) We assume that (X,T) is invertible first.

By Theorem (X,T) is PI. Consider the strictly PI-Tower in the structure
theorem,

2o g,y B s X
By Proposition 5] X, is not strongly F;-sensitive. So each finite tower
vy, gl gy, g
is not strongly F;-sensitive.

Then By Lemma 59, P(Z,,41) is closed. So P(Y,,) is closed by Lemma 510l By
Lemma [ETT] P(X.) is closed. By Lemma B0, P(X) is closed. So P(X) is an
equivalence relation [29]; then 7: X — Xp is proximal.

When (X, T) is not invertible, let (X,T) be the natural extension of (X,T). If
P(X,T) is not closed, then by Lemma F.I0 P(X,T) is not closed. Since (X,T) is
an invertible minimal system, ()~( , T) is strong F;-sensitive. So by Proposition [Z.7]

(X,T) is strong Fi-sensitive, a contradiction. So P(X,T) is closed; then m: X —
Xp is proximal. O

To get a better understanding of Theorem (.8 we give a well known example
which is strongly F;-sensitive.
To do so, first we give some other criteria of strongly F;-sensitivity.

Proposition 5.12. Let (X,T) be minimal and invertible. If there are x # y such
that x,y is prozimal for T~ and infrez, d(T"z,T"y) > 0, then (X,T) is strongly
Fi-sensitive.

Proof. Let inf,cz, d(T"z,T"y) = 26 > 0, let U be any open set of X and [ € N
with T'z € U. Put 1 = Tz and y; = T'y; then (x1,%;) is proximal for 7-! and
infrez, d(T"x1,T"y1) > 26. Since U is a neighborhood of z1, there is € > 0 such
that Be(z1) C U for € < %. Set V = B¢ (x1). Since 1,y is proximal for 71,
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{n <0:d(T"x1,T"y1) < €/2} is thick in Z_. As (X,T) is minimal, we know that
(X, T~1) is minimal. Thus, {n < 0:7T"z; € V} is syndetic in Z_. There is s < 0
such that Tz € V and d(T%x1,T%y1) < €/2. This implies that T%z1,T%y; € U.
Set z; = T®xy and 20 = T°y;. Then {m € Z; : d(T™2z1,T™29) > §} = [—s,00) is
thick. So (X,T) is strongly F;-sensitive. O

We will give an application of Proposition B.12] namely we shall show that the
Morse minimal system is strongly F;-sensitive. The following results related to
Morse system are basic and well known; see for example [15].

The Morse sequence w(n):

0110100110010110- - -

can be described by the following algorithms.

w(0) = 0,w(2n) = w(n),w2n + 1) = 1 —w(n)(n € N). Considering w as an
element of = {0,1}% where w(—n) = w(n — 1), let X C Q be its orbit closure
under the shift o with 0&(n) = {(n + 1). Then (X, o) is a minimal flow called the
Morse minimal set.

The homeomorphism ¢ : € — € where &(n) = £(n) (and 0 = 1,T = 0) preserves X
and commutes with 0. The quotient space Y, of X modulo the group {¢p, ¢? = id}
is a factor of (X, o) in the sense that the natural projection 71 : X — Y satisfies
70 = om. For every £ € X there exists a sequence k; such that o — ¢ and we can
associate with & the dyadic sequence {a,}, 0 < a,, < 2™ — 1, according to the rule
ay, = lim{k;(mod 2™)}. It is easy to check that this limit exists and is independent
of the particular choice of the sequence {k;}. Clearly also the dyadic sequences
corresponding to & and € coincide, so that we can consider the map m : Y — G
where G is the compact group of sequences {{a,} : 0 < a,, < 2"—1,ap41 = an(mod
2")}. Moreover maoy = (may) + 1 where 1 = (1,0,0,...,) € G. In fact it is not
hard to describe 7w explicitly. If n € Q is defined by n(n) = w(n) for n > 0 and
n(n) = W for n < 0, then n € X and denoting y; = m(w),y2 = m1(n) we
have for all n € Z, 7y '(n - 1) = {o"y1,0™y2} while 7, *(g) is a singleton for every
g€ G\{n-1;n € Z}. The map ms is therefore almost one-to-one hence proximal.

Example 5.13. The Morse minimal system is strongly F;-sensitive.

Proof. Let X be the Morse minimal system. Then 7 : X — Y is a group ex-
tension and w5 : Y — G is an almost one-to-one extension. It is easy to see that
inf ez, d(o"w,0™n) > 0 and (w,n) is asymptotic for c~*. By Proposition 512 we
conclude that the Morse minimal system is strongly J;-sensitive. O

5.2. Strong JFpyin, and Fzyo-sensitivity. In this subsection, we discuss strong
Fpoin, and &"Z‘i)o—sensitivity. In this subsection we assume that 7" is a homeomor-
phism.

Definition 5.14. Let (X,T) be a t.d.s. We say (X,T) is strongly Fpoin, (resp.
?Z’O)—sensitive if there is § > 0 such that for each opene subset U of X, there are
z,y € U with {n € Z: d(T"x,T"y) > 6} € Fpoin, (resp. Fj ).

We state some basic notation, definitions and results related to Fpyin, (resp. F50)
first. /

We say that S C Z is a set of d-recurrence if for every measure preserving system
(X, x, 1, T) and for every A € x with u(A4) > 0, there exists n € S\ {0} such that
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p(ANT-"AN...NT~9"A) > 0. Let Fpyin, be the family consisting of all sets of d-
recurrence. By Furstenberg’s multiple ergodic theorem the definition is reasonable.
A striking result due to Furstenberg and Katznelson [13, Theorem C] in our terms
is that F¢ip C Fpoin,. So we have

Proposition 5.15. If a minimal system (X, T) is not strongly Fpein,-sensitive,
then it is an almost one-to-one extension of its maximal co-step nilfactor.

Proof. It follows from the fact Ff;, C Fpoin, and Theorem B. O

A subset A of Z is a Nily Bohry-set if there exist a d-step nilsystem (X, T'), g € X
and an open neighborhood U of zg such that N(zo,U) =:{n € Z: T"xy € U} is
contained in A. Denote by F; o the family consisting of all Nil; Bohrj-sets. Let
Fap, be the family generated by the sets of forms

E

(){n € Z: Pi(n) (mod Z) € (—¢;,€i)},

i=1
where k € N, P;,..., P, are generalized polynomials of degree < d, and ¢; > 0.
For the definition of generalized polynomials, see [23, Page 21]. We have [23|
Proposition 7.21, Proposition 7.24] for each d € N, Fy ¢ is a filter, and Fpeip, has
the Ramsey property.

The following two lemmas will be used in the next theorem.

Lemma 5.16 ([23] Theorem EJ). Let (X,T) be a minimal system and z,y € X.
Then the following statements are equivalent for d € NU {oo}:

(1) (z,y) € RP,

(2) N(x,U) € T} for each neighborhood U of y.

(3) N(x,U) € Fpoin, for each neighborhood U of y.

Lemma 5.17 ([23, Theorem F]). Let (X,T) be a minimal system, z € X and
d € NU{oo}. Then the following statements are equivalent:

(1) z is a d-step AA point.

(2) N(x,V) € Fao for each neighborhood V of x.

(3) N(z,V) € Fp i, for each neighborhood V' of x.

oing
Using Lemma .17 instead of using Proposition 3] we have the following result
by the same proof of Theorem

Theorem 5.18. Let (X,T) be a minimal system and d € N. Then (X,T) is
T poing-sensitive if and only if m: X — X¢q is not almost one-to-one.

Using the idea of the proof of Proposition [£.7] and Proposition LTIl we obtain
the following result.

Theorem 5.19. If (X,T) is a strongly Fpoin,-sensitive minimal system, then 7 :
X — X4 is not an almost one-to-one extension.

Proof. Suppose that (X, T) is strongly Fpein,-sensitive with the sensitive constant
106 and 7 : X — X4 is an almost one-to-one extension. Then there is z € X such
that RP![z] = z.

Let ' < § and U = B(z,¢’); then there are y, z € U such that

F={neZ:d(T"y,T"z) > 106} € Fpoin,-
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By the Ramsey property of Fpoin,, F1 = {n € Z : d(T"z,T"u) > 506} € Fpoin,,
where u = y or u = z. As RP¥[z] = 2, by Lemma [5.16] we have Fy = N(z,U) €
i}i*l:’oind' So

Fs=FRnNFc{neZ:dz,T'v) > 56—} € Fpoin,-

Then by the Ramsey property of Fpyin, and using the same argument as in the
proof of Proposition 11l we deduce that there are v € X with d(u,v) > § and
for each neighborhood V of v, N(u, V) € Fpoin,. It is clear that (u,v) € RP¥(X)
by Lemma [5.161 Moreover, we know that 7(u) = 7(v) since RP¥(X,) = A. This
contradicts the fact that RP [x] = z, showing that 7 is not almost one-to-one. [

Corollary 5.20. If (X,T) is a strongly Fa0-sensitive minimal system, then w :
X — X4 is not a one-to-one extension.

Proof. The proof is similar to Theorem O

It is unexpected that the converse of Theorem B.I9l fails. To give a counter-
example we need the following lemma.

Lemma 5.21 ([23| Theorem B, Corollary D]). For d € N, F;0 = Fgp, and
H:Poind C 3:2’()-

Example 5.22. There is a minimal system which is not an almost one-to-one
extension of the maximal (d — 1)-step nilfactor and the system is not strongly
FPoin,_,-sensitive.

Proof. For d > 2 define T, 4 : T¢ — T? by
Ta,d(ela 027 e 79d) = (91 + «, 92 + 917 e )Hd + 9(1—1)7
where @ € R. When o € R\ Q, (T4, T,.4) is minimal. A simple computation yields
that
1 d
T(Zd(ﬁl, 92, s ,Hd) = (91 + na, 92 + n91 + En(n - 1)0[, ey Eo(d’jz)ﬁz),
7=

where 6y = a,n € Z and (g) :1,(2‘) :Mfori:l,z... .d.

(T, T,.q) is a d-step nilsystem, so we have RPY(T?) = Aga, and for s < d
RPF/(T?) = {(x,y) : the first s coordinates of x,y are the same}.

When o € R\ Q, (T%,T,,4) is minimal and not an almost one-to-one extension of
its maximal (d — 1)-step nilfactor. We will prove that T< is not strongly Fpoin, -
sensitive.

Assume the contrary that it is strongly Fpein,_,-sensitive. That is, thereis § > 0
such that for any x € T¢ and e € R, there is y € T such that ||x — y|| < € and
{n€Z:dT} x,T} jy) > 20} € Fpoin, ,- We can choose x = 0 and € = J; then
we have y = (y1, Yo, - ,yq) With

{n€Z:d(T}; 40,T7 gy) > 20} € Fpoing_,
and |ly|| < d. A simple computation yields that
Tg,dy - Tg,do = (ylu 0,..., O) + (07 T;l’dfl(y27y37 T 7il/d))-
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So we have
Fr={neZ:|T} 4-1(y2,y3,- - ,ya)ll > 0} € Fproin,_,

since F1 D {n € Z:d(T} ;,0, T} ;y) > 26}.
Define

Fy = {n € Z : the absolute value of each coordinate of

Ty a—1(y2,y3, - ,ya) is less thanﬁ}_

We know that Fy € Fgp, , by the definition of generalized polynomials. Moreover,
we have

B CcF={neZ:|T} 41(y2:y3, - s ya)| <0}
Thus, F{ = F3 D F5 which implies that Ff € Fgp, , = Fq_1,0. So F1 & 3"271’0
which implies that Fy € Fpoin,_, by Lemma [5.2T] a contradiction. O
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