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COMPUTING LOCAL ZETA FUNCTIONS OF GROUPS,
ALGEBRAS, AND MODULES

TOBIAS ROSSMANN

ABSTRACT. We develop a practical method for computing local zeta functions
of groups, algebras, and modules in fortunate cases. Using our method, we
obtain a complete classification of generic local representation zeta functions
associated with unipotent algebraic groups of dimension at most six. We also
determine the generic local subalgebra zeta functions associated with gly(Q).
Finally, we introduce and compute examples of graded subobject zeta func-
tions.

1. INTRODUCTION

Zeta functions counting subobjects and representations. By considering
associated Dirichlet series, various algebraic counting problems give rise to a global
zeta function Z(s) which admits a natural Euler product factorisation Z(s) =
Hp Z,(s) into local zeta functions Z,(s) indexed by rational primes p. For example,
Z(s) could be the Dirichlet series enumerating subgroups of finite index within a
finitely generated nilpotent group, and Z,(s) might enumerate those subgroups of
p-power index only (see [26]). In the special case of the infinite cyclic group, we
then recover the classical Euler factorisation ((s) = [[,1/(1—p~%) of the Riemann
zeta function.

This article is concerned with three types of counting problems and associated
zeta functions; all of these problems arose from (and remain closely related to)
enumerative problems for nilpotent groups.

e Enumerate subalgebras of finite additive index of a possibly non-associative
algebra, e.g., a Lie algebra (possibly taking into account an additive grad-
ing). (See [26].)

e Enumerate submodules of finite additive index under the action of an
integral matrix algebra. (See [43].)

e Enumerate twist-isoclasses of finite-dimensional complex representations
of a finitely generated nilpotent group. (See [27,46].)

Generic local zeta functions. Each of the preceding three counting problems
provides us with a global zeta function Z(s) (namely, the associated Dirichlet series)
and a factorisation Z(s) =[], Z,(s) as above. The goal of this article is to compute
the generic local zeta functions Z,(s) at least in favourable situations—that is,
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we seek to simultaneously determine Z,(s) for almost all p using a single finite
computation. To see why this is a sensible problem, we first recall some theory.

In the cases of interest to us, each Z,(s) will be a rational function in p~* over
Q. In particular, the task of computing one local zeta function Z,(s) using exact
arithmetic is well-defined. Regarding the behaviour of Z,(s) under variation of p,
in all three cases from above, sophisticated results from p-adic integration imply
the existence of schemes Vq,...,V, and rational functions W1,..., W, € Q(X,Y)
such that for almost all primes p,

(1.1) Zy(s) = Z#Vi(Fz)) -Wi(p,p™%);

for more details, see Theorem 1] below. While constructive proofs of (LII) are
known, they are generally impractical due to their reliance on resolution of singu-
larities.

Previous work: Computing topological zeta functions. In [35H37], the au-
thor developed practical methods for computing so-called topological zeta functions
associated with the above counting problems; these zeta functions are derived from
generic local ones by means of a termwise limit “p — 1”7 applied to a formula
(TT). Due to their reliance on non-degeneracy conditions for associated families of
polynomials, the author’s methods for computing topological zeta functions do not
apply in all cases. However, whenever they are applicable, as we will explain below,
they come close to producing an ezplicit formula (I.T]).

Computing generic local zeta functions. In general, we understand the task
of computing Z,(s) for almost all p to be the explicit construction of V,; and W; as
in (LI). While this seems to be the only adequate general notion of “computing”
generic local zeta functions, we will often be more ambitious in practice.

Uniformity problem. Decide if there exists W € Q(X,Y’) such that Z,(s) =
W (p,p~*) for almost all primes p; in that case, we call (Z,(s))p prime uniform. Find
W if it exists.

The term “uniformity” is taken from [I8] §1.2.4]. In practice, a weaker, non-con-
structive form of the Uniformity Problem which merely asks for the existence of W
as above is often easier to solve. For example, if Z,(s) is the zeta function enumer-
ating subgroups (or normal subgroups) of finite index in the free nilpotent pro-p
group of some fixed finite rank (independent of p) and class 2, then (Z,(s))p prime
is shown to be uniform in [26, Thm. 2] even though no explicit construction of a
rational function W is given.

For many cases of interest, a rational function W as in the Uniformity Problem
exists; see e.g. most examples in [I8]. However, no conceptual explanation as to
why this is so seems to be known beyond explicit computations.

Woodward [50] used computer-assisted calculations to solve the Uniformity Prob-
lem for a large number of subalgebra and ideal zeta functions of nilpotent Lie alge-
bras. Unfortunately, few details on his computations are available, rendering them
rather difficult to reproduce.

Results. While explicit formulae (LI]) have been obtained for specific examples
and even certain infinite families of these, all known general constructions of V;
and W; as in (IT]) are impractical. In full generality, we thus regard the Uniformity
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Problem as too ambitious a task. In the present article, we extend the author’s
work on explicit, combinatorially defined formulae (I]) (see [35H37]) in order to
provide practical solutions to the Uniformity Problem in fortunate cases. We will
also consider computations of generic local zeta functions in cases where no W as
above exists.

As the following list illustrates, the method developed here can be used to com-
pute a substantial number of interesting new examples of generic local zeta func-
tions:

e We completely determine the generic local representation zeta functions
associated with unipotent algebraic groups of dimension at most six (§8
Table [II).

e We compute the generic local subalgebra zeta functions associated with
gl5(Q); this constitutes only the second instance (after sl(Q)) where such
zeta functions associated with an insoluble Lie algebra have been computed
(911 Theorem B.T)).

e We compute the generic local submodule zeta functions for the natural
action of the group of upper unitriangular integral n x n-matrices (or,
equivalently, the nilpotent associative algebra of strictly upper triangular
integral n x n-matrices) for n < 5 (§9.4] Theorem O.5]).

e We compute the graded subalgebra and ideal zeta functions associated
with specific Q-forms of each of the 26 “fundamental graded” Lie algebras
of dimension at most six over C (§I0] Tables [2H3).

Outline. In §2] we recall definitions of the subobject and representation zeta func-
tions of concern to us. In §3] as a variation of established subalgebra and ideal zeta
functions, we discuss graded versions of these zeta functions. In §4] we consider for-
mulae such as ([II]) both in theory and as provided by the author’s previous work.
Our work on the Uniformity Problem then proceeds in two steps. First, in §5l we
consider the symbolic determination of numbers such as the #V;(F,) in (L)) as a
function of p. Thereafter, in §6 we discuss the explicit computation of the rational
functions W; as provided by [35H37]; a key role will be played by algorithms of
Barvinok et al. [BH7] surrounding generating functions of rational polyhedra. In §1]
we consider “reduced representation zeta functions” in the spirit of Evseev’s work
[20]; while these functions turn out to be trivial, they provide us with a simple
necessary condition for the correctness of calculations. Finally, examples of generic
local zeta functions are the subject of §§8HIOl

Notation. The symbol “C” indicates not necessarily proper inclusion. For the
remainder of this article, let £ be a number field with ring of integers 0. We write
V. for the set of non-Archimedean places of k. For v € Vi, we denote by k, the v-
adic completion of k and by o, the valuation ring of k,. We further let p, € Spec(o)
denote the prime ideal corresponding to v € Vi and write ¢, = |0/p,|. Finally, we
let | -|, denote the absolute value on k, with |r|, = ¢, * for m € p,\ p2.

We let Q,, and Z, denote the field of p-adic numbers and ring of p-adic integers,
respectively. By a p-adic field, we mean a finite extension of Q,,. For a p-adic field
K, let Ok denote the valuation ring of K and let i denote the maximal ideal of
DK. We write qK = |DK/q3K|



4844 TOBIAS ROSSMANN

2. ESTABLISHED ZETA FUNCTIONS OF GROUPS, ALGEBRAS, AND MODULES

2.1. Subalgebra and ideal zeta functions. Following [26] (cf. [35, §2.1]), for
a commutative ring R and a (possibly non-associative) R-algebra A, we formally
define the subalgebra zeta function of A to be

NOEDYI Vs
U

where U ranges over the R-subalgebras of A such that the R-module quotient A/U
has finite cardinality |A : U|. Additional hypotheses (which are satisfied in our
applications below) ensure that the number a,(A) of R-subalgebras of index n of
A is finite for every n > 1 and, in addition, a,(A) grows at most polynomially as a
function of n. Under these assumptions, CA< (s) defines an analytic function in some
complex right half-plane.

Now let A be a finite-dimensional possibly non-associative k-algebra, where k
is a number field as above. Choose an o-form A of A whose underlying o-module
is free. For v € Vg, let A, := A ®, 0,, regarded as an 0,-algebra. We then have
an Euler product (3 (s) = [Loev, C/i (s); see [35, Lem. 2.3]. While the global zeta
function ¢ A< (s) is an analytic object, as we will recall below, the local zeta functions
(Ai (s) are algebro-geometric in nature. Note that up to discarding finitely many
elements, the family (C/i(s))
not on the o-form A.

If, instead of enumerating subalgebras, we consider ideals, we obtain the global
and local ideal zeta functions (5(s) and (3 (s) of A, respectively; these are also
linked by an Euler product as above.

VeV, of local zeta functions only depends on A and

2.2. Submodule zeta functions. Submodule zeta functions were introduced by
Solomon [43] in the context of semisimple associative algebras. In the following
generality (based upon [35 §2.1]), they also generalise ideal zeta functions of al-
gebras. For a commutative ring R, an R-module V, and a set Q C Endg(V), we
formally define the submodule zeta function of Q acting on V to be

Canv(s) = Z\V U7,
u

where U ranges over the Q-invariant R-submodules of V with finite R-module quo-
tients V/U. The name “submodule zeta function” is justified by the observation
that we are free to replace £ by its enveloping unital associative algebra within
Endg(V).

Let V' be a finite-dimensional vector space over k and let Q@ C End (V) be given.
Choose an o-form V of V' which is free as an o-module. Furthermore, choose a finite
set Q C End,(V) which generates the same unital subalgebra of Endy (V) as §.
Writing V,, = V ®, 0,, we obtain an Euler product (g~v(s) = Hvevk Canv, (s). As
in §2.71 up to discarding finitely many factors, the collection of local zeta functions
on the right-hand side of this product only depends on (€2, V') and not on the choice
of (Q,V).

2.3. Representation zeta functions associated with unipotent groups. Fol-
lowing [271[44], for a topological group G, we let 7,(G) denote the number of con-
tinuous irreducible representations G — GL,(C) counted up to equivalence and
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tensoring with continuous 1-dimensional complex representations. We formally de-
fine the (twist) representation zeta function of G to be

Let G be a unipotent algebraic group over k; see [10, Ch. IV] for background.
Let U,, denote the group scheme of upper unitriangular n x n-matrices. We choose
an embedding of G into some U, ®k and let G < U,, ®0 be the associated o-form
of G (viz. the scheme-theoretic closure of G within U, ®o). By [44] Prop. 2.2], the

Euler product Qg(ro (8) = [lyev, C‘Gr(ro“ (s) connects the representation zeta function

of the discrete group G(o) and those of the pro-p, groups G(o,), where p, is the
rational prime contained in p,,.

2.4. Motivation: Zeta functions of nilpotent groups. We briefly recall the
original motivation for the study of subalgebra and ideal zeta functions from [26]
and representation zeta functions in [27,[46] (cf. [44]). For any topological group G,
the subgroup zeta function Cé(s) (resp. the normal subgroup zeta function (5(s))
of G is formally defined to be ) |G : H|™°, where H ranges over the closed
subgroups (resp. closed normal subgroups) of G of finite index. Let G be a discrete
torsion-free finitely generated nilpotent group. Then Cé(s) =11, Cép(s), where

p ranges over primes and Gp denotes the pro—p completion of G. Moreover, the
global and local zeta functions Cé (s) and C S ( ) all converge in some complex right

half-plane. Analogous statements hold for the normal subgroup and representation
zeta functions of G.

Apart from finitely many exceptions, the local subobject and representation
zeta functions attached to G are special cases of those in §§2.IH2.3l Recall that
the Mal’cev correspondence attaches a finite-dimensional nilpotent Lie Q-algebra,
L say, to G. As explained in [26], if L is a Z-form of £ which is finitely generated
as a Z-module, then C\ (s) = CL®Z (s) and Cq (s) = gz, (s) for almost all p.

Moreover, if G is the umpotent algebraic group over Q with Lie algebra L and if
G is a Z-form of G arising from an embedding G < U, ®Q, then Gp = G(Z,) for
almost all primes p (see [44]).

3. GRADED SUBALGEBRA AND IDEAL ZETA FUNCTIONS

In this section, we introduce variations of the subalgebra and ideal zeta functions
from §2.0] which take into account a given additive grading of the algebra under
consideration.

3.1. Definitions. Let R be a commutative ring and let A be a possibly non-
associative R-algebra. Further suppose that we are given a direct sum decom-
position

(3.1) A=A @ DA,

of R-modules. As usual, an R-submodule U < A is homogeneous if it decomposes
asU=U;&---®U, for R-submodules U; < A; for i =1,...,r. We formally define
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the graded subalgebra zeta function of A with respect to the decomposition B to
be

SS(s) =D JA: U
U

where U ranges over the homogeneous R-subalgebras of A such that the R-module
quotient A/U is finite. We also define the graded ideal zeta function C,’c_g\m(s) in
the evident way. Note that we do not require ([BI)) to be compatible with the
given multiplication in A. As in the non-graded context, given a finite-dimensional
possibly non-associative k-algebra A together with a vector space decomposition
A=A & - P A,, we obtain associated global and local graded subalgebras and
ideal zeta functions generalising those from §2.11 by choosing appropriate o-forms.

Example 3.1. Let A=7Z" & --- @ Z"" be regarded as an abelian Lie Z-algebra
for ny,...,n,. > 1. It follows from the well-known non-graded case (r = 1; see
126, Prop. 1.1]) that ¢&"(s) = []/_, H;;Bl ¢(s — j), where ¢ denotes the Riemann
zeta function.

Remark 3.2. Let R, V, and © C Endg(V) be as in §22 Fix an R-module de-
composition V = V; & --- @ V,. In analogy to the above, we define the graded
submodule zeta function ¢§ \/(s) of by enumerating homogeneous Q-invariant
R-submodules of V.

3.2. Reminder: Graded Lie algebras. Let R be a commutative Noetherian
ring. All Lie R-algebras in the following are assumed to be finitely generated as
R-modules. Recall that an (N-)graded Lie algebra over R is a Lie R-algebra g
together with a decomposition g = @;-, g; into R-submodules g; < g such that
[9:,0;] < git; for all 4,5 > 1. Since g is Noetherian as an R-module, g; = 0 for
sufficiently large ¢, whence such an algebra g is nilpotent. Following [31], §2, Def. 1],
we say that g is fundamental if (g1, g;] = gi+1 foralli > 1. If R = R or R = C, then
the fundamental graded Lie R-algebras of dimension at most 7 have been classified
in [3I]. In the case of dimension at most 5, the classification in [31] is in fact valid
over any field of characteristic zero; see [31] §2.2, Rem. 1].

Let g be a finite-dimensional Lie algebra over a field. Let g = g' D g% D
.-+ be the lower central series of g. As is well-known, commutation in g endows
gr(g) := Dio, g /9"t with the structure of a graded Lie algebra; note that gr(g) is
fundamental by construction. We call gr(g) the graded Lie algebra associated with
g.

The study of graded zeta functions seems quite natural in the context of nilpotent
Lie algebras. It would be interesting to find group-theoretic interpretations, in the
spirit of 241 of such zeta functions associated with graded nilpotent Lie algebras.

3.3. Graded subobject zeta functions as p-adic integrals. In order to carry
out explicit computations of local graded subobject zeta functions, we will use the
following straightforward variation of [I5] §5]; we only spell out the enumeration of
graded subalgebras, the case of ideals being analogous.

Theorem 3.3. Let 9 be the valuation ring of a non-Archimedean local field. Let
A be a (possibly non-associative) D-algebra whose underlying O-module is free with
basisa = (a1,...,aq). Let0 = p1 < -+ < Bry1 = d and decompose A = A1D- - - DA,
by setting A; = Oaiyp, © -+ ® Oag,, .
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Let T denote the D-module of block diagonal upper triangular d x d-matrices over
O with block sizes By — P1,...,Bry1 — Br. Let M(X) be the generic matriz of the
same shape over O; in other words,

X171 R X17g2 X1+5T71+ﬁr Ce X1+ﬁr,d
M(X) = diag : ey . :
XB8,,6 Xd,d

Let R = O[X] and let x: R x R? — R? be induced via base estension by
multiplication in A with respect to a. Let F' C R consist of all entries of all d-
tuples (M;(X) * M;(X))adj(M (X)) for 1 < i,j < d, where adj(M (X)) denotes
the adjugate matriz of M(X) and M;(X) the ith row of M(X). Define V= {x €
T :det(M(x)) | f(x) for all f € F}. Let q denote the residue field size of O, let p
denote the normalised Haar measure on T ~ O>i=1 (ﬁi“;ﬁﬁl), and let | -| denote
the absolute value on K such that |t| = g~ for any uniformiser ©. Then

T ﬁw+l /Bz

02 @ =0-a ) [T T lenonl™ auto)

Remark 3.4. As in [I5] §5], a matrix @ € T belongs to the set V' in Theorem if
and only if its row span is a subalgebra of 9%, regarded as an algebra via the given
identification A = O,

The following illustrates Theorem [3.3] for an infinite family of graded algebras.

Proposition 3.5. Letn > 1 and let m(n) = my(n) ®--- dm,(n) be the graded Lie
Z-algebra of additive rank n + 1 and nilpotency class n with my(n) = Zey @ Zey,
my(n) = Ze; for i = 2,...,n, and non-trivial commutators [eg,e;] = e;11 for
1 <i<n—1 Letk be a number field with ring of integers o. Then for each
v € Vg,

Cir(jl)@@%(s) = 1/((1 — 4y )(1 - q S)(l - q;ss)(l — q;45) . (1 _ q;(nJrl)s)),

where m(n) ® o, is regarded as an 0,-algebra. Denoting the Dedekind zeta function
of k by Cr(s), we thus have

Coimeo(8) = Cul(8)Cr(s — 1)Cr(35)Ck(4s) - - G ((n +1)s).

Proof. Tt is an elementary consequence of Theorem [3.3] and Remark [34] (both ap-
plied to the enumeration of ideals instead of subalgebras) that for any v € Vy,

(5 (8) = (1= gy )

X/\xl\i_l|$3|i_2|y1\i_l'”\yn—l\i_ldu(ﬂfl,@,mwb---,yn—l),
v

where V' = {(z1,22, 3,91, yn-1) € 0072 sy 1 [y | - | w1 | 1,20, 33}
indeed, (z1,...,yn—1) € V if and only if the row span ofdiaug([gc1 ﬁﬂ,yl, ey Yn—1)is
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an ideal of m(n) ® o, (identified with o”*! via (eg,...,e,)). Define a bianalytic
bijection
¥ (I%X)THr2 - (kj)nwa (@1, 2,23, Y1, -+ Yn—1) = (T1Y1** Yn—1s T2Y1 " Yn—1,
L3Y1 - Yn—1,
Y1 Yn—-1,

Y2 "'yn—17~-~ayn—1)-

Note that the Jacobian determinant of ¢ is det¢'(z1,22,Z3,Y1, s Yn—1) =
yiys - yni1. Since VN (kY)"2 = o(opt? 0 (k1)) and p(ky \ (k3)") = 0,
by performing a change of variables using ¢ and using the well-known fact that
Jo l2lo dp(z) = (1= ¢;)/(1 = ¢; '), we obtain

r<
Crgn(n)®ou (8)

—1\—n— —1 —2 3s—1 1)s—1
=@l el e )
[

v

The final claim follows by taking the product over all v € V. 0

Remark. To the author’s knowledge, not a single example of a non-graded subobject
zeta function of a nilpotent Lie algebra of nilpotency class > 5 is known explicitly.

Integrals such as those in (8:2) are special cases of those associated with “toric
data” in [36] §3]. Hence, the author’s methods for manipulating such integrals as de-
veloped in [36] apply directly without modification, as do the techniques explained
below.

4. EXPLICIT FORMULAE

4.1. Theory: Local zeta functions of Denef type. The following is a variation
of the terminology employed in [35] §5.2]. As before, we assume that k is a fixed
number field. Suppose that we are given a collection Z = (Zx(s))x of analytic
functions of a complex variable s (each defined in some right half-plane) indexed
by p-adic fields K D k (up to k-isomorphism). We say that Z is of Denef type
if there exist a finite set S C Vi, k-varieties Vi,...,V,, and rational functions
Wi,...,W, € Q(X,Y) such that for all v € V; \ S and all finite extensions K/k,,

(4.1) Zi(s)= Z#Vi(DK/mK)'Wi(QK’CI?)
=1

is an identity of analytic functions; here, we write V; = V; ®, 0/p,, for a fixed but
arbitrary o-model V; of V;.

The following result formalises our discussion surrounding (L)) from the intro-
duction; it summarises [15, §§2-3] (cf. [35, Thm. 5.16]) and [44, Thm. A].

Theorem 4.1. Let (ZK(S))K be one of the following collections of local zeta func-
tions indexed by p-adic fields K D k (up to k-isomorphism).

() Zk () = CRa,0,(5) 07 Zi(5) = Glo,0, () (resp Zic(s) = (F50,(5)
or Zg(s) = CRo.o, (8)), where A is an o-form of a finite-dimensional

(possibly non-associative) k-algebra as in §2.11 or §3.101, respectively.
(i) Zk(s) = Can(ve,0x)(8), where Q and V are as in §2.2
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(iil) Zg(s) = §DK>(S); where G is an o-form of a unipotent algebraic group
over k as in §2.3|
Then (ZK(S))K is of Denef type.

The known proofs of Theorem 4] are constructive but impractical due to their
reliance on resolution of singularities. We note that the exclusion of finitely many
primes implicit in Theorem [l is one of the main reasons for our focus on generic
local zeta functions.

4.2. By-products of the computation of topological zeta functions. The
computation of topological zeta functions is often considerably easier than that
of local ones. In [35H37], the author developed practical methods for computing
topological zeta functions associated with the local zeta functions in Theorem .k
these methods are not algorithms because they may fail if certain non-degeneracy
conditions are violated. While we will recall the specific notion of non-degeneracy
in question in 23] we will essentially treat the methods from [35H37] as “black
boxes”. In particular, from now on, we will assume the validity of the following.

Assumption 4.2. In the setting of Theorem [} the method from [36] §4] (resp.
[37, §5.4]) for computing topological subalgebra and submodule zeta functions (resp.
topological representation zeta functions) succeeds.

Remark 4.3. The author is unaware of a useful intrinsic characterisation of those
groups, algebras, and modules such that Assumption [£.2]is satisfied. The local zeta
functions in Theorem H.1] can be described in terms of p-adic integrals associated
with a collection of polynomials; see, in particular, Theorem 3.3l A sufficient
condition for the validity of Assumption 2 is (global) non-degeneracy of said
collection of polynomials in the sense of [35] §4.2] (cf. [36 Lem. 5.7] and [37, §5.4.1]);
see §4.3 below for a definition.

The first stages of the methods for computing topological zeta functions asso-
ciated with the local zeta functions in Theorem B as described in [36,87], come
close to constructing an explicit formula ([@I]). In detail, using [35, Thm. 4.10] (see
[36, Thm. 5.8] and [37, Thm. 5.9]), whenever they succeed, these methods derive a
formula (1) such that the following Assumptions are satisfied.

We write T" := Spec(Z[X:',..., XF']). For a commutative ring R, we write
T} := T" ® R and we identify T"(R) = (R*)". In particular, T} is the split
algebraic torus of dimension n over k.

Assumption 4.4. Each V; in {J)) is given as an explicit subvariety of some T}
defined by the vanishing of a finite number of Laurent polynomials and the non-
vanishing of a single Laurent polynomial.

The appearance of tori is closely related to the previously mentioned concept of
non-degeneracy; some further details will again be given in §4.3]

Assumption 4.5. Up to multiplication by explicitly given rational functions of the
form (X —1)2X? (for suitable a,b € Z), each W; in (@) is described explicitly in
terms of generating functions associated with half-open cones and convex polytopes.

We will clarify the deliberately vague formulation of Assumption 3] in §6l
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In summary, whenever they apply, the methods for computing topological zeta
functions in [36,37] fall short of “constructing” an explicit formula ([@I]) only in
the sense that the W; are characterised combinatorially instead of being explicitly
given, say as fractions of polynomials.

In §§5HGl assuming the validity of Assumptions 2] 14 and [£35] we will de-
velop techniques for performing further computations with a formula of the form
(@1 with a view towards solving the Uniformity Problem from the introduction in
fortunate cases.

4.3. Reminder: Non-degeneracy. In order to shed some light on Assumptions
(via Remark [3]) and 4l we now briefly recall the notion of non-degeneracy
from [35] §4.2].

Initial forms. Let f € k[ X+ := k[X;', ... X+, say f = > aczn CaX*, where
Ca € k, cq = 0 for almost all & € Z", and X® := X" --- X2, The Newton
polytope of f is the convex hull of {a € Z™ : ¢, # 0} within R™. Suppose that
f # 0. Let (-, ) denote the standard inner product on R™. Given w € R", let
m(f,w) € R be the minimal value attained by (a,w) for a € Z™ with ¢, # 0.
Define the initial form in,(f) € k[X*!] of f in the direction w to be the sum of
those ¢, X* (a € Z™) with ¢, # 0 and (o, w) = m(f,w).

Non-degeneracy. Fix an algebraic closure k& of k. We say that a collection
(f1,---, fr) of non-zero elements of k[X*!] is (globally) non-degenerate [35, Def.

4.2] if the following holds: for all w € R™ and all J C {1,...,r}, if ¢ € T"(k)
satisfies iny,(f;)(x) = 0 for all j € J, then the rank of

[&nw(fj)(fv)]
6Xi i=1,...,n,

.....

is |J].

Remark.

(i) The author’s computations in [35H37] actually rely on a slightly less restric-
tive relative notion of non-degeneracy; see [35] Def. 4.2(i)]. For a discussion
of related notions of non-degeneracy in the literature, see [35], §§4.2,4.4].

(ii) The different tuples of the form (ing(f1),...,in,(fr)) for w € R™ cor-
respond naturally to the faces of the Newton polytope of f;--- f.; see
35, §4.1].

Subvarieties of tori. We may now indicate the origin of Assumptiond4l Suppose
that the Zg (s) in ([@]) are all given by a “suitable” (see [35], Def. 4.6]) type of p-adic
integral defined in terms of a fixed family (f1,..., f) of (non-zero) Laurent poly-
nomials f; € k[X*']; examples of such integrals are e.g. provided by Theorem .3l
Given w € R" and J C {1,...,r}, let V,, s be the subvariety of T} defined by the
vanishing of in,(f;) for all j € J and the non-vanishing of [, ; in,(f;). Then, as-
suming non-degeneracy of (f1,..., f.), the varieties V; in a formula ([@I]) produced
using [35H37] are all of the form V,, ; and hence satisfy Assumption [£4]
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5. COUNTING RATIONAL POINTS ON SUBVARIETIES OF TORI

Assuming the validity of Assumption[4.4] this section is devoted to “computing”
the numbers #V;(Ox /Px) in [@I). Using the inclusion-exclusion principle, we
may reduce to the case that each V; is a closed subvariety of an algebraic torus
T)". Note that the non-constructive version of the Uniformity Problem from §II
has a positive solution whenever each #V;(Of /B x) is a polynomial in qx (after
excluding finitely many places of k). The following method is based on the heuristic
observation that the latter condition is often satisfied for examples of interest.

Setup. As in 3, we write T" = Spec(Z[X', ..., XF']) and T% = T" ® R. For
a finite set S C Vg, let 05 := {x € k: z € 0, for all v € Vi \ S} denote the usual
ring of S-integers of k. For fi,..., f € og[Xlﬂ7 ey X,fl], define

(fioeos fr)& = Spec(os[XT, ..., X E/(f1, ..., fr)) C TR

For v € Vi, \ S and a finite extension & of o/p,, let |f1,..., fr|% denote the number
of R-rational points of (f1,..., fr)%.

Objective: Symbolic enumeration. From now on, let fy,..., f. € os[Xlil, e
X 1] be given as above. Our goal in the following is to symbolically “compute” the
numbers |f,..., fr“; as a function of K. More precisely, the procedure described
below constructs a polynomial, H (X, ¢y, ..., ce) say, over Z such that, after possibly
enlarging S, for all v € V}, \ S and all finite extensions R of o/p,,

(fh .. -afr)% = H(|ﬁ|7 #Ul(ﬁ)> BERE) #Uf(ﬁ))y

where each U; is an explicitly given closed subscheme of some Tyi. We could of
course simply take H = ¢; and Uy = (f1,. .., f-)%, but we seek to do better. Indeed,
in many cases of interest, H can be taken to be a polynomial in X only. In the
following, we describe a method which has proven to be quite useful for handling
such cases.

Dimension < 1. We first describe two base cases of our method. Namely, if
n = 0, then, after possibly enlarging S, (fi1,..., fr)% is either & or Tgs = Spec(og)
depending on whether some f; # 0 or not; thus, |fi,..., fr[s € {0,1} for & as
above.

Secondly, if n = 1, then we use the Euclidean algorithm over k (thus possibly
enlarging S) to compute a single square-free polynomial f € o0g[X;] such that
(fi,-, fr)s = (f)L. If f splits completely over k, then, after possibly enlarging S
once again, |f |}§ = deg(f) for all & as above. If f does not split completely over k,
then we introduce a new variable, c; say, corresponding to the number of solutions
of f =0 in R*.

Simplification. It is often useful to “simplify” the given Laurent polynomials
fiy--+, fr; while this step was sketched in [36] §6.6], here we provide some further
details. As before, the set S may need to be enlarged at various points in the
following. First, we discard any zero polynomials among the f;. We then clear
denominators so that each f; € k[X7,...,X,] is an actual (not just Laurent) poly-
nomial. Next, we replace each f; by its square-free part in k[X;,...,X,]. For
each pair (i, 7) of distinct indices, we then compute the (square-free part of the)
remainder, 7 say, of f; after multivariate polynomial division by f; with respect to
some term order (see e.g. [Il §1.5]). If » consists of fewer terms than f;, we replace
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fi by r. Next, for each pair (i, j) as above and each term ¢; of f; and ¢; of f;, we
are free to replace f; by (the square-free part of) %j fi— % fj, where g = ged(t;,t;)
(computed over k), which we again do whenever it reduces the total number of
terms. After finitely many iterations of the above steps, fi,..., f, will stabilise, at
which point we conclude the simplification step.

We next describe two procedures which, if applicable, allow us to express
|fis-- o, fr|}§ in terms of the numbers of rational points of subschemes of lower-
dimensional tori. We then recursively attempt to solve the symbolic enumeration
problem from above for these.

Reduction of dimension I: Torus factors. As explained in [36, §6.3], using
the natural action of GL,(Z) on T", a Smith normal form computation allows us
to effectively construct g1, ..., g, € 05[X 1i17 . ,Xfltl] and an explicit isomorphism
(fiooo o )& = (915 9r) & Xog T2, where d is the dimension of the Newton
polytope of fi--- f. (see §43). Tt follows that for all R as above, |f1,..., fr

lg1, ... ,gr|(é -(|&] = 1)~ 4. In the following, we may thus assume that n = d.

n
R

Reduction of dimension II: Solving for variables. Whenever it is applicable
(after first suitably permuting the variables, if required), the following lemma allows
us to replace the problem of symbolically computing | f1,..., fr|z by four instances
of the same problem in dimension n — 1.

Lemma 5.1. Let F C US[Xlil, cee Xf;ll]. Further let f = u — wX,, for non-zero
u,w € og[ XL, ..., XEL]. Then for all v € Vi, \ S and all finite extensions & of
0/p,

n n—1 n—1 n—1 n—1
|F7f‘ﬁ:|F|ﬁ _|F7u|ﬁ _|F7w|ﬁ +|ﬁ"‘F7u7w‘ﬁ :

Proof. Projection onto the first n — 1 coordinates induces an isomorphism of og-
schemes (F, f)2\ (F, f,w)% ~ (F)& "\ (Fuw)™' As (F, f,w)d = (Fu,w)? ~
(F,u,w)a ' x os T, the claim follows since for all v € V;\ S and all finite extensions
R of 0/py,

(F)E N\ (Fuw)g (&) =Pl = [Fuly ' = [Fwly + [Fuwly . O

The evident analogue of Lemma [5.1] for Euler characteristics of closed subvari-
eties of T} has already been used in the author’s software package Zeta [40] for
computing topological zeta functions. The same is true of the following straight-
forward generalisation of the special case that w € 0§ in Lemma 5.1 (cf. [36] §6.6]).

Lemma 5.2. Let F C og[X{',..., X, X, ]. Further let f = u — wX,, for

u € og[XEY, ., X and w € 0. Let F = {f(X1,.... X1, wtu) : f € F}.
Then for allv € Vi \ S and all finite extensions R of 0/p.,,

|F, f

Final case. Finally, if none of the above techniques for computing or decomposing
(fi,-.., fr)% applies, we introduce a new variable corresponding to |f1,..., fr|&.
In order to avoid this step whenever possible, we first attempt to apply the above
steps (including all possible applications of Lemmas[5.IH5.2) without ever invoking
this final case.

on—1 7 —1
§:|F|Z: _|F7u; :
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Example 5.3. We illustrate the symbolic enumeration of rational points using an
example which features in the author’s calculation of the generic local subalgebra
zeta functions associated with gl,(Q) (see §0.1). Let R := Z[1/2] and let V C T}
be defined by f = 0, where

fi=2X4 X2 Xg—2Xo X5 X7 Xg+ X1 X6 X7 Xg—4X3X2Xo+4X0X5X6Xo— X1 X2 Xo.

We will now compute #V (F,), where ¢ > 1 is an arbitrary odd prime power,
as a polynomial in ¢g. Note that X719 does not appear in f so that #V(F,) is
certainly divisible by ¢ — 1. Less obviously, one can check (e.g. using Sage [13])
that the Newton polytope of f has dimension 4, whence V admits T% as a direct
factor. Indeed, by performing a change of coordinates using the automorphism of
R[X{, ..., XE! given by

X; =X X6 X7 ' X5 2 X2 X1, X5 — X, Xg — X7,
Xy —X2XeXg ' X10, Xo =Xy X5 ' X7 X5, Xg —Xg,
X3 = X3X5 ' X7 X0, X7 —Xs, X190 —Xs,
X4 =Xy,

the polynomial f is transformed into X7X&X10 - f'(X1, X2, X4, X3) where
fl=—X1X2+ X1 X5 +4XoX3 — 2X, —4X, +2 € RIXE . X,

Hence, if V' C T% is defined by f' =0, then V ~ T$, xp V.
Regarding V', we observe that f/ = 0 is equivalent to X4 = g(X1, X3, X5)/4,
where

g=—-X1 X2+ X1 Xy +4XoX5 —2X3 + 2.

Lemma [5.2] thus shows that for all odd prime powers ¢ > 1, #V’(F,) = (¢ — 1)® —
#V'"(F,), where V" C T% is defined by g = 0.

In order to determine #V"(F,), we write g = u — wX3, where u := —X; X3 +
X1Xo+2 and w := 2 — 4X,, and invoke Lemma [5. 11 We thus find that for odd
prime powers q > 1,

#VH(Fq) =(q— 1)2 - #A(Fq) - #B(Fq) +q- #C(Fq),

where A, B, and C are the subschemes of T% defined by v = 0, w = 0, and
u = w = 0, respectively. By rewriting w = 0 as X5 = 1/2, Lemma shows that
#B(F,) = ¢ — 1. Moreover, #C(F,) = #D(F,), where D C Tk is defined by
0=wu(X1,1/2) = X1 /4 + 2, so that #C(F,) = 1.

Finally, in order to compute #A(F,), we write v = v’ —w’'(X2) X1, where v’ := 2
and w'(X2) := X3 — X5, and use Lemma [5.I] once more. Since the numbers of F -
rational points of the subschemes of T}, defined by v’ = 0 and w'(X;) = 0 are 0
and 1, respectively, we thus find that #A(F,) = ¢ — 2.

IThe variables are renumbered in order to be able to invoke Lemmas [F.IH5.2] verbatim later
on.
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In summary, if ¢ > 1 is an odd prime power, then
#V(Fg) = (¢ — 1) #V'(Fy) = (¢ = 1)° (¢ = 1)* = #V"(F,))
= (a1 ((a=1° = (4= 1) — #A(F) - #B(F,) +¢- #C(F,)) )

( )
=(q¢—1)° ((q—l) ((q—l)Q—(q—2)—(q—1)+q))
=(¢—1)°(¢* — 44> + 6g - 5).

6. LOCAL ZETA FUNCTIONS AS SUMS OF RATIONAL FUNCTIONS

Suppose that Assumptions 2] 4] and are satisfied. Our first task in this
section is to rewrite () as a sum of explicitly given rational functions. With the
method from 5] at our disposal, this problem reduces to finding such an expression
for each W;. We will see that Barvinok’s algorithm from convex geometry solves
this problem. Our second task then concludes the computation of the generic
local zeta functions in Theorem [T} it is concerned with adding a potentially large
number of multivariate rational functions. We describe a method aimed towards
improving the practicality of this step, which, while mathematically trivial, often
vastly dominates the run-time of our computations.

6.1. Barvinok’s algorithm: Generating functions and substitutions. Let
P C RY, be a rational polyhedron and let A = (A1, ..., ) be algebraically inde-
pendent over Q. It is well-known that the generating function |P|:= " przn A®
is rational in the sense that within the field of fractions of Q[A1,. .., A,], it belongs
to Q(A1,...,An). The standard proof of this fact (see e.g. [4, Ch. 13]) proceeds
by reducing to the case that P is a cone, in which case an explicit formula for |P|
can be derived from a triangulation of P via the inclusion-exclusion principle. This
strategy for computing |P| is, however, of rather limited practical use.

A far more sophisticated approach is given by “Barvinok’s algorithm”; see [BL[7]
for details and [49] for a high-level overview. Barvinok’s algorithm computes |P| for
each (suitably encoded) rational polyhedron P C RY as a sum of rational functions
of the form eA® /((1 — A®1) - (1 — A*n)) for suitable ay,...,a, € Z" and ¢ € Q.
For a fixed ambient dimension n > 1, his algorithm runs in polynomial time so that
|P| is computed as a short sum of short rational functions in a precise technical
sense. Beyond its theoretical strength, Barvinok’s algorithm is also powerful in
practice as demonstrated by the software implementation LattE [3].

In the setting of Assumption 5] we are not primarily interested in generating
functions associated with polyhedra themselves but in rational functions derived
from such generating functions via monomial substitutions. In detail, let & =
(&1,...,&m) be algebraically independent over Q and let o1, ...,0, € Z™. Suppose
that P C RY, is a rational polyhedron such that W := [P|(£7,...,£7") is well-
defined on the level of rational functions. In principle, we could compute W by
first using the output of Barvinok’s algorithm in order to write |P| in lowest terms,
followed by an application of the given substitution. This method is, however,
often impractical due to the computational cost of (multivariate) rational function
arithmetic.

A theoretically favourable and also practical alternative is developed in [6l §2]
(cf. [5 §5]). There, a polynomial time algorithm is described which takes as input a
short representation of |P| (as, in particular, provided by Barvinok’s algorithm) and
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constructs a similar short representation for W. The important point to note here
is that while we assumed the substitution A; — &% to be valid for |P] itself, it may
be undefined for some of the summands in the expression provided by Barvinok’s
algorithm.

6.2. Computing the W, in ([4I). We may now clarify the vague formulation of
Assumption 5 Namely, up to a factor (X —1)?X?, the W; in ([@I)) are obtained by
applying suitable monomial substitutions (see [35, Rem. 4.12] and [37, Thm. 5.5]) to
rational functions of the form Z€0-P1-Pm (&, . &) from [35, Def. 3.6]. The latter
functions can, by their definitions, be written as sums of rational functions obtained
by applying suitable monomial substitutions to generating functions enumerating
lattice points inside rational half-open cones; as explained in [36, §8.4], we may
replace these half-open cones by rational polyhedra. We may thus use Barvinok’s
algorithm as well as the techniques for efficient monomial substitutions from [0, §2]
in order to write each W; as a sum of bivariate rational functions of the form

(6.1) FXY)/ (1= X9YPr) o (1= Xomybm))
for suitable integers a;,b; € Z, m > 0, and f(X,Y) € Q[X,Y].

6.3. Final summation. In the following, we allow f(X,Y) in (6] to be an ele-
ment of Q[X,Y, ¢y, ca,...]. By taking into account the polynomials obtained using
g8l at this point, we may thus assume that we constructed a finite sum of ex-
pressions ([G.I]) such that, after excluding finitely many places of k, the local zeta
functions in Theorem 1] are obtained by specialising X +— ¢x, Y — ¢°, and
ci — #U;(Ok /PBx) for certain explicit subschemes U; of tori over o (or over og).
All that remains to be done in order to recover the local zeta functions of interest
is to write the given sum of expressions (6.I)) in lowest terms.

While our intended applications of Barvinok’s algorithm lie well within the prac-
tical scope of LattE [3], it will often be infeasible to pass the rational functions (6.1])
to a computer algebra system in order to carry out the final summation. In ad-
dition to the sheer number of rational functions to be considered, a key problem
is due to the fact that the number of distinct pairs (a;,b;) arising from summands
(1) often obscures the relatively simple shape of the final sum (i.e., the local
zeta function to be computed). This is consistent with the well-known observation
(see e.g. [I1], §2.3]) that few candidate poles of local zeta functions as provided by
explicit formulae ([@I) survive cancellation.

In order to carry out the final summation, we proceed in two stages. First, we use
an idea due to Woodward [50, §2.5] and add and simplify those summands (6.1]) such
that distinguished pairs 1—X°¢Y ¢ occur in their written denominators; our hope here
is that some rays (a;, b;) will be removed via cancellations. While this step is not
essential, it might improve the performance and memory requirements of the final
stage. Here, we first construct a common denominator of all the remaining rational
functions (G.II). We then compute the final result by summing (G1]) rewritten over
our common denominator, followed by one final division. In addition to being
trivially parallelisable, by adding only numerators, we largely avoid costly rational
function arithmetic.

6.4. Implementation issues. The method for computing generic local subobject
or representation zeta functions described above has been implemented (for £ = Q)
by the author as part of his package Zeta [40] for Sage [I3]. The program LattE [3]
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(which implements Barvinok’s algorithm) plays an indispensable role. Moreover,
the computer algebra system Singular [25] features essentially in the initial stages
of our method (as described in [36,37]).

The author’s implementation is primarily designed to find instances of positive
solutions to the Uniformity Problem; its functionality and practicality are both
quite restricted in non-uniform cases. Furthermore, the author’s method supple-
ments Woodward’s approach [50] for computing local (subalgebra and ideal) zeta
functions as well as various ad hoc computations carried out by others without
replacing them. In particular, various examples of local zeta functions computed
by Woodward cannot be reproduced using the present method. In addition to the
theoretical limitations of the techniques from [35H37], this is also partially due to
practical obstructions: while some computations of topological zeta functions in
[35H3T] were already fairly involved, the present method is orders of magnitude
more demanding.

6.5. An example: “Graded” subalgebras of Z[T]/T3. Many of the techniques
developed in the present article as well as many of those described in [35H37] can be
traced back to the computation of the (previously known) subalgebra zeta function
of sly(Z,) for p # 2 in [35, §7.1]. Said computation, in particular, illustrates
the overall structure of the present method while avoiding the more sophisticated
ingredients. For instance, we may regard the ad hoc enumeration of rational points
in [35], §7.1] as a simple application of §5l While the use of LattE is mentioned in
[35], §7.1], subsequent computations with rational functions are not spelled out there
as they are ill-suited for manual work. Zeta computes Ci (Zp)(s) (for sufficiently
large p) by adding about 400 rational functions in p and p~*.

We now discuss a non-trivial example of an application of the method developed
here in which the final summation of rational functions can be performed by hand.
For n < 4, the subalgebra zeta function of Z,[T]/T™ (for sufficiently large p) is given
in Theorem @21 below. While the case n = 2 is essentially trivial, Zeta computes the
formula for n = 3 by evaluating a sum of about 60 rational functions in p and p~*°.
In order to obtain an easier calculation, we fix a suitable additive decomposition of
Z[T)/T? and consider the associated graded local subalgebra zeta functions.

Let t denote the image of T in Z[T]/T3. Define A to be Z[T]/T? together with
the additive decomposition A = (1,t) @ (t?); note that this decomposition is not a
grading of the Z-algebra A in the usual sense. Using Theorem (with © = Z,,),
for all primes p,

< —1\— -1 -2 -1
£ ()= (1—p™1) /V [ ]2 el di(),
P

where Vj, = {@ € Z} : w3 | w122, x4 | 23, 24 | 23}. It follows (sce e.g. [35] Prop. 3.9])
that if C denotes the polyhedral cone

C:{QGR;OIOQ < ag + ag, ag < 200, ay <20¢3},

then Qf\g@gzp (s) can be expressed in terms of the generating function |C| € Q(A4, ...,

A1) (see §6.10) as

(6.2) Rz (9) = (1 =p™ 1) [Cl(p~"p~ 0" p 7).
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Using Barvinok’s algorithm via LattE, we obtain

(6.3)
|C| = 1 1 !
(L= A5 ) = A0 )1 = A2A3A3)(1 — A1 ds)
1
* (1 =2 A3)(1 = A2X3) (1 = A3H) (1 — M)
1
A=A = 2D (= A=A
1
TR (S S WY T VO VO
64+ L L

=) =)A= T A0~ M)~ A~ A

Observe that while each summand in ([6.3]) is (up to a sign) the generating func-
tion associated with a (unimodular) cone, these cones are not contained in C—this
is typical for formulae obtained using Barvinok’s algorithm.

In this specific example, the substitution in ([6:2)) can actually be applied to each
of the summands in (3]). The final summation is then easily carried out, even
without the techniques from §6.3 and yields

1 _p—4s
(1—p=5)2(1 —p=3)(1 —p'=25)’

<
Ei@\z}, (s) =

7. INTERLUDE: REDUCED REPRESENTATION ZETA FUNCTIONS

Reduced zeta functions arising from the enumeration of subalgebras and ideals
were introduced by Evseev [20]. They constitute a limit “p — 1”7 of suitable local
zeta functions distinct from but related to the topological zeta functions of Denef
and Loeser [12] (which were later adapted to the case of subobject zeta functions
by du Sautoy and Loeser [16]). Informally, Evseev’s definition can be summarised
as follows in our setting. Let A be an o-form of a k-algebra as in §2I1 For each
v € Vg, we may regard C§®oav(s) as a (rational) formal power series in Y = ¢ *.
The reduced subalgebra zeta function of A (an invariant of A ®, C, in fact) is
obtained by taking a limit “q, — 1” applied to the coefficients of (E@)n o, (5) as a
series in Y. The rigorous definition of reduced zeta function in [20] involves the
motivic subobject zeta functions introduced by du Sautoy and Loeser [16].

In this section, we show that “reduced representation zeta functions” associated
with unipotent groups are always identically 1. In addition to imposing restrictions
on the shapes of generic local representation zeta functions of such groups, this fact
provides a simple necessary condition for the correctness of explicit calculations of
local zeta functions such as those documented below.

We begin with a variation of a result from [39]. Let V be a separated k-scheme of
finite type. For any embedding k& C C, the topological Euler characteristic x (V' (C))
is defined and well-known to be independent of the embedding; cf. [29].

Lemma 7.1. Let Vq,...,V, be separated o-schemes of finite type and Wy, ..., W, €
Q(X,Y1....,Y,,). Suppose that for almost all v € Vi and all integers [ > 0, each
W; is regular at (¢f,Y1,...,Yy,). Let P C Vi, have natural density 1 and suppose
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that
Z#v (0/po) - Wilgu, Y1,..., Ym) =0

for allv e P. Then Z x(V;(C))-W;(1,Y3,...,Y,,) =0.

i=1
Proof. Using [41l, Ch. 4], in the setting of [39, Thm. 2.8], we may assume that
a(lpg) = x(V(C)). The claim is now an immediate consequence of [39, Thm. 2.3]
and its proof. |

Remark 7.2. Given a formula ([@I) for local subalgebra or ideal zeta functions
such that the regularity conditions in Lemma [(.]] are satisfied, we may read off the
associated reduced zeta function as >\, x(V;(C)) - W;(1,Y") without using motivic
zeta functions.

The following is a consequence of the explicit formulae in [19].

Theorem 7.3. Let G be a unipotent algebraic group over k. Let G be an o-form
of G as an affine group scheme of finite type. There are separated o-schemes
U1,..., U, of finite type and rational functions Wl, W e Q(X,Y) such that

(i) for almost all v € Vg, Cg(ro () —1= Z #U;(0/py) - Wilqw, 5°),

(ii) each W; is regular at each point (q, ) for qg>=1, and
(iii) W3(L,Y) =0 fori=1,...,¢.

Proof. We adopt the notation of [19]. By [I9] Props. 2.2 and 3.4], for almost all
v € Vg,

&on ()= 1= 3 cilo/p) Wilaun 4;°),

iew’
where
d—1 -1 —B:vA;
- Uil 4 1—-X LN |41 X iY i
(7.1) Wi(X,Y) := XV (2)'HW'(1_X R | 1-X-Biya "
u= JEM;

The numbers ¢;(o/p,) are already of the form #U,(o/p,) for suitable U; (cf. [19,
§3.1]). Next, we may assume that the rational numbers A; and B; in [19, Prop.
3.4] and in () are actually integers so that W;(X,Y) € Q(X,Y). This follows
e.g. by taking square roots of principal minors and rewriting the integral [19] (2.3)]
similarly to [37, (4.3)] (so that, in particular, the fraction “—s/2” in [I9] (2.2)] is
replaced by “—s7).

Clearly, each W;(X,Y) is regular at each point (¢,Y") with ¢ > 1. Moreover, it
follows from the definitions of M; and U; in [19, §3.1] that |M;| < |U;| + 1 for each
i€ W' Aseach (1—X"1)/(1-X"%) and (1 - X~1)/(1 — X~ BiY4) is regular
at (1,Y), the same is true of each W;(X,Y). Moreover, (1 — X~1)/(1 - X~ Biy4s)
vanishes at (1,Y) whenever A; # 0. Finally, by [19, Rem. 3.6], for each i € W',
there exists jo € M; with A;, > 0, whence W;(1,Y) = 0. O

Remark 7.4. Theorem [T refines the simple observation that for almost all v € V,

the coefficients of C‘Gr(r o (s) — 1 as a series in ¢, ® are non-negative integers divisible

by ¢, — 1, a simple consequence of the Kirillov orbit method. (Indeed, (0/p,)*
acts freely on non-trivial characters while preserving the two types of radicals in
[44, Thm. 2.6].)
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By combining Lemma, [7.J] and Theorem [.3] we obtain the following.

Corollary 7.5. Let G be as in Theorem[[3l Let V1,...,V, be separated 0-schemes
of finite type and let W1,..., W, € Q(X,Y) such that for almost all v € Vy,

grg) Z#V 0/p’U : (q’uqu )

If each W; is regular at (q,Y) for each ¢ > 1, then Z x(V;(C))-W;(1,Y) =

=

Corollary 7.6. Let G be as in Theorem [[3 Let W(X,Y) € Q(X,Y) such that

(i) W(X,Y) can be written over a denominator which is a product of non-zero
factors of the form 1 — XYY for integers a >0 and b > 1 and

(i) CE{O (s) =Wiq,,q,°) for almost all v € Vy.
Then W(1,Y) = 1.

The assumptions in Corollary [.6] are satisfied for many examples of interest; see
Table[Il In fact, even the following much stronger assumptions are often satisfied.

Corollary 7.7. Let G be as in Theorem[T3l. Suppose that there are integers a; > 0,
b =21, and g; € {£1} fori=1,...,m such that for almost all v € Vy,

m

COR | (R

=1
Then > e; =0 and the multisets {b; : ¢, = 1} and {b; : ¢; = —1} coincide.
i=1
Proof. Corollary [T.6]shows that 1 = [~ (1 —Y")%. By considering the vanishing
order of this function in Y at 1, we see that Y.~ &; = 0. Let ¢ = max(b; : &; = 1)

and d = max(b; : &, = —1). If ¢ € C is a primitive cth root of unity, then 1 —¢b =0
for some i with ai = —1, whence ¢ < b; < d. Dually, d < ¢, and the final claim
follows by induction. O

Remark 7.8. The above results carry over verbatim to the case of representation
zeta functions of “principal congruence subgroups” G™(o,) := exp(p'g ®, 0,) at-
tached to an o-form of a perfect Lie k-algebra in [2]. For example, by [2 Thm. E],
the ordinary representation zeta function of SL3(Z,) (p # 3) is W (p,p~*) for

(XY 4+ XY+ Y3+ X2+ XY +Y) x (X2 -Y)(X —Y)X3
(1—X2Y3)(1 - XY?2)

W(X,Y) =

and indeed W(1,Y) =1

8. APPLICATIONS I: REPRESENTATION ZETA FUNCTIONS
OF UNIPOTENT GROUPS

In this and the following two sections, we record explicit examples of generic local
zeta functions of groups, algebras, and modules of interest which were computed
using the method developed in the present article and its implementation Zeta [40].
The explicit formulae given below, as well as others, are also included with Zeta.

It is well-known that, up to isomorphism, unipotent algebraic groups over k
correspond 1-1 to finite-dimensional nilpotent Lie k-algebras; see [10, Ch. IV].
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Nilpotent Lie algebras of dimension at most 6 over any field of characteristic zero
were first classified by Morozov [32]; various alternative versions of this classification
have been obtained.

As one of the main applications of the techniques developed in the present ar-
ticle, for an arbitrary number field k, we can compute the generic local (twist)
representation zeta functions associated with all unipotent algebraic groups of di-
mension at most 6 over k. The results of these computations are documented in
Table[Il (p. @862]). The structure of Table [l mimics the list of associated topological
representation zeta functions in [37, Table 1]. In detail, the first column lists the
relevant Lie algebras using de Graaf’s notation [J]; an algebra Lg ; has dimension d.
For each Lie algebra g, we choose an o-form G of the unipotent algebraic group over
k associated with g. The second column in Table [Il contains formulae for the rep-
resentation zeta functions of the groups G(o,) which are valid for almost all v € V,
(depending on G). Note that Corollary [[7] applies to the majority of examples in
Table[ll As we previously documented in [37) §6], generic local representation zeta
functions associated with various Lie algebras in Table [Tl were previously known
(but sometimes only recorded for k = Q), as indicated in the third column. For
the convenience of the reader, the more detailed references to the literature from
[37, Table 1] are reproduced in Remark

Remark 8.1 (From Q to k). Apart from the four infinite families (see the following
remark), all Lie algebras in Table [I] are defined over Q. By the invariance of (1)
under local base extensions (Theorem []), it thus suffices to compute associated
generic local representation zeta functions for £ = Q.

Remark 8.2 (Computations for infinite families). The method for computing generic
local zeta functions developed in this article takes as input a global object such as
a nilpotent Lie k-algebra. In order to carry out computations for the four infinite
families Lg 19(a), Lg21(a), Le22(a), and Lg 24(a) in Table [I] additional arguments
are required.

First, as explained in [9], we are free to multiply the parameters a from above
by elements of (k*)? < k* without changing the k-isomorphism type of the Lie
algebra, g(a) say, in question. We may thus assume that 0 # a € o in the following.
The definition of g(a) in [9] then provides us with a canonical o-form, g(a) say,
of g(a) which is in fact defined over Z[a]. Let G, be an o-form of the unipotent
algebraic group over k associated with g(a). As explained in [44] §2], the structure
constants of g(a) (with respect to its defining basis from [9]) give rise to a formula
for {iGr;( 0v)(s) in terms of certain explicit o-defined p-adic integrals (see [44], Cor.
2.11]); this formula is valid for almost all v € V.

It is an elementary exercise to verify that if g = Lg19(a) or g = Lg21(a), then
the polynomials featured in the aforementioned integral formulae for CiGr;( 00) (s) are
all monomials in a and the variables Y7, ..., Yy (in the notation of [44] §2.2] and up

to signs). It follows that up to excluding finitely many v € Vy, ng( uU)(s) does not
depend on a. We may therefore simply carry out our calculation for £ = Q and
a =1, say.

Let g(a) be Lg 22(a) or Lg 24(a). Another simple calculation reveals that (again
up to signs) a single non-monomial polynomial occurs in the associated integral
formulae from above, namely Y;?> —aYs. For any fixed a, by applying the procedure
from [37, §5.4] as well as the steps described in the present article, we produce a
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rational function W, (X,Y, Z) such that CiGrf(av)(s) = Wa(qw, q, °, ca(v)) for almost
all v € Vi, where c,(v) denotes the number of roots of X2 — a in o/p,. It is
well-known that if a ¢ ()2, then for almost all v € Vg, cq(v) = 0 or ¢ (v) = 2
according to whether p, remains inert or splits in k(y/a), respectively. The critical
observation (which follows easily from [37, §5.4]) is that W := W, is independent
of a and also of k. We may thus compute W explicitly by e.g. taking k¥ = Q and
a=2.

Remark 8.3. Explicit references for the known instances of generic local represen-
tation zeta functions in Table [[l are as follows (cf. [37, Table 1]):

algebra  reference algebra reference

L3’2 [34, Thm. 5]) L473 M3 [217 (4224)]
L5,4 B4 [42, Ex. 63]) L575 G5)3 [21, Tab. 52])
Lsn My 21, (4.2.24)] | Lss Ms.5 21 (5.3.7)]
L579 F372 [21, Tab. 52]) = G3 [427 Ex. 62])
L6710 G6712 [2]., Tab. 52]) L6,18 M5 [21, (4224)]
L6’19(0) G6’7 [21, Tab. 52]) L6719(a) (a S kx) G6’14 [21, Tab. 52]
L6’22 (0) [42, Ex. 65] L6722(a) (a € k* \(kx)2)[22]

L6,25 M473 [21, (537)] L6,26 Fl,l [44, Thm. B}

The author would like to emphasise that all the formulae in Table [I] were ob-
tained using the method developed here. In particular, our computations provide
independent confirmation of the aforementioned (sometimes computer-assisted but
predominantly manual and ad hoc) calculations found in the literature.

For an example in dimension > 6, recall from §2.3] that U,, denotes the group
scheme of upper unitriangular n x n-matrices. Using the notation from [9] as in
Table [ U3 ®Q (the Heisenberg group) and Uy ®Q are the unipotent algebraic
groups over Q associated with the Lie algebras Lz o and Lg19(—1), respectively.
The following result obtained using the method from the present article illustrates
that the simple shapes of the corresponding local representation zeta functions in
Table [[] may mislead.

Theorem 8.4. For almost all primes p and all finite extensions K/Q,,

Ve 00 (8) = Wilar, ax”),
where

W= (XY - XV - 2X°V® + XOY7 + X®Y® — XTY7 - 2X"YC + XTYP

+6X0Y5 —4XPYC — 44XV + 6 XYV + X3V - 2X3Y?t - X3Y?
+XPY2 4+ XY? —2XY? - XY +1) x (1-Y?) x (1-Y)/
(1= X%Y")(1 - X3*?)(1 - XY?)(1 - X?V?)(1 - X?Y)?).

The topological representation zeta function of Ug cannot be computed using
[37]. Consequently, the corresponding local zeta functions cannot be computed
using the method developed here.

Observe that the numerator of each W(X,Y) in Table [l is divisible by a poly-
nomial of the form 1 —Y*®. Experimental evidence provided by these examples and

those in Zeta suggests that the following p-adic version of [37, Ques. 7.4] might have
a positive answer.
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Question 8.5. Let G be an o-form of a non-abelian unipotent algebraic group
over k. Does the meromorphic continuation of C‘“ (s) always vanish at zero for
almost all v € V7

Remark. By [24, Cor. 2], if p is odd, then the meromorphic continuation of the
ordinary (= non-twisted) representation zeta function of a compact FAb p-adic
analytic group vanishes at —2.

TABLE 1. Generic local representation zeta functions associated
with all indecomposable unipotent algebraic groups of dimension
at most six over a number field.

Lie algebra W(X,Y) s.t. ClGr(ro )(8) = W(gu, g, *) for almost all v € Vi, known
abelian 1 v
L3 1-Y)/(1-XY) v
Lis (1-Y)?/(1-XY)? v
Lss 1-Y%/(1- XYQ) v
Lss (1-XY*)(1-Y)/((1 - X?*Y?)(1-XY)) v
Lse (1-X2YH(1 - 2/( 1- X3Y2)( - XY)?)
Ls7 (1—Y)2/((1—X2 )(1 - XY)) v
Ls g (lfY)/(le Y) v
Lso (1-Y)*/((1-X?Y)(1-XY)) v
L 10 1-Y?)1-Y)/((1-XY?*(1-XY)) v
Le 11 (=x3v*4x3y3 —2x2y343x%v2 3XY242XY-Y+1)(1-Y)

) (1-Xx4Yy3)(1-X2Y2
L 12 (1-X2YH(1 - Y)2/((1 - X°Y?)(1 - XY)?)
Le 13 (X2YOS4+x4y5 X3y _2x2y3 _Xy24+Y+1)(1-Y)?

(1-X3Y3)(1— X2Y2)(1 XY?2)(1— XY)
Lo 14 (x*yS— X4§;4+3X3Y" 32}; y3 +X§2’ Y241)(1-Y)?
(1I—X3Y3)(1-X3Y2)(1-XY2)(1-XY)
Le 15 (X% —x4y3 4 x3y2_X?y24 XY +1)(1-Y)?
(I—X5Y3)(1—X3Y2)(1-XY)

Lo 16 (L=Y)(1-¥)/((1 = X*Y)(1 = XY?)(1 - XV))
Lo a7 (1- X3Y2)( ) /(1= XY (1 - X?Y)(1 - XY))
Le,1s (1- ) /((1 )(1 — XY)) v
Le,19(0) (1-Y)*/((1-X*Y)(1 - XY)) v
Leo(a) (a € k™) |(1— Yz)(l Y)/((l - X?Y)(1-XY?)) v
L 20 (1- XY2)( Y)/((1—-X?Y?)(1 - X?Y))
Lg,21(0) (1- ) /(1= X?Y)?
Le2i(a) (a€ k™) |(1-X Y2)( )2/((1 X°Y?)(1 - X?Y)(1 - XY))
Le,22(0) (1 - X2Y?)( )/((1— X3Y2)(1 XY)) v
L 22(a) if p, splits in k(\/_) (1-Y)%/(1-XY)? v

(@ € KX\ (E*)*)?2 |if p, is inert in k(v/a): (1 —Y?)/(1 - X?Y?) v
Le 23 1-X*Y)(1-Y)/((1 - X*'Y?)(1 - X?Y))
L6 24(0) (X*v*—x*v34x3y?—2X?Y24+XY-Y+1)(1-Y)

) (1-X3Y2)2(1-XY) R
Le 24(a) if a € (k)2 or p, splits in k(y/a): “Xl(/lj;f;g(?ff;}),(;*y)

(a € k) if a g (k*)? and p, is inert in k(y/a): (1(i;{X;2)><(11:;;,)
Le 25 (1-XY)1- )/( - X?%y)? v
Le,26 (1-Y)/(1-X7Y) v

®For a € (k*)?, Le,22(a) = L3 5 decomposes.
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9. APPLICATIONS II: CLASSICAL SUBOBJECT ZETA FUNCTIONS

9.1. Subalgebras: gl,(Q). The first computations of the subalgebra zeta func-
tions of sly(Z,) are due, independently, to du Sautoy [14] (for p # 2, relying heavily

n [28]) and White [48]. These zeta functions have later been confirmed by dif-
ferent means in [I7], [30, §4.2], and [35, §7.1] (for p # 2). Up until now, sl(Q)
has remained the sole example of an insoluble Lie Q-algebra whose generic local
subalgebra zeta functions have been computed. Using the method developed in the
present article, we obtain the following.

Theorem 9.1. For almost all primes p and all finite extensions K/Q,,
< —s
9[2(DK)(S) = W(QquK )s
where
W(X,Y)=(-X%Y" - X®Y° - X7y? —2X"V® + X'V — XOy®
— X%V7 +2X0Y6 —2X5Y7 4 2X5Y° — 3X4YV 6 + 3X*v?
—2X3Y5 +2X3Y3 —2X?v4 4+ X2y3 4+ X?Y? - XY?
FOXY2 4 XY 4Y + 1)/((1 — XTYO)(1 - X3Y3)(1 — X2v2)2(1 — Y)).

The topological subalgebra zeta function
<
3L (Q).op(8) = (275 = 14)/(6(6s — 7)(s — 1)°s)
of gl (Q) was first recorded in [35, §7.3] (relying on techniques from [36]); the result
given there is consistent with Theorem Theorem is particularly interesting
since the simple shape of C;z Q) tOp(s) might seem indicative of a local zeta function

which is a product of “cyclotomic factors” 1 — q?{bs or their inverses, which is in

fact not the case.

We note that the computations underpinning Theorem used that gly(R) ~
slo(R) @ R for any commutative ring R in which 2 is invertible; here we regarded R
as an abelian Lie R-algebra. Theorem therefore also illustrates the potentially
wild effect of direct sums on subalgebra zeta functions. In contrast, [18] contains ex-
amples of subalgebra and ideal zeta functions associated with nilpotent Lie algebras
which are very well-behaved under this operation.

The rational function W(X,Y") in Theorem [0.] satisfies the functional equation

WX LYy = XVW(X,Y)
predicted by [46, Thm. A] (cf. [39, §5]). Moreover, the reduced subalgebra zeta
function of gly(Q) is W(1,Y) = (1 - Y?)/((1 = Y)3(1 — Y?)?), as predicted by
[20, Thm. 3.3] (using the fact that the reduced subalgebra zeta function of sly(Z)
is (1-Y3)/((1=Y)%(1 —Y?)?) (by [20, Prop. 4.1])).

9.2. Subalgebras: k[T]/T" for n < 4. Most examples of local subalgebra zeta
functions in the literature are concerned with (often nilpotent) Lie algebras. An
important exception is given by the subalgebra zeta functions of Z; endowed with
component-wise multiplication; explicit formulae for these zeta functions are known
for n < 3 (see [33]). In the following, we consider another natural family of asso-
ciative, commutative algebras, k[T]/T", for n < 4.

Due to the simplicity of the associated “cone integrals” as in [I5], the formulae
for n = 2, 3 recorded in the following can be obtained by hand with little difficulty.
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Using a substantially more involved computation, the techniques developed in the
present article also allow us to consider the case n = 4. For n = 5, the author’s
techniques for computing topological subalgebra zeta functions do not apply; i.e.,
Assumption is violated.

Theorem 9.2. For almost all primes p and all finite extensions K/Q,, writing
q=4K,
—2s

< _ l—q
CDK[T]/TQ(S) T (1—q)2(1—q¢'"25)’

1— q274s

$5etryrs() = Fairyrs(a,47) x (1—q=5)(1 — g>~%)? (1—q1 2)(1—q*)
)

(S gy (5) = Fauryyra(a,¢7°)/ (1= ¢ 71%) (1= ¢° %) (1 — ¢* %) (1 — ¢° %)
X (1_q5*63)(1—q )(1_q )(1_(]75))’

where Fqurrs = —X*Y7 — X4Y® — X3Y® 4+ X3Y* — X2y 4+ X?2Y% — XV3 +
XY2+Y +1 and Fqur)yra = 1+---— XYY" € Q[X,Y] are given in Appendiz [Al

The topological subalgebra zeta function of Q[T]/T* can be found in [36] §9.2].
As in §9.7], the zeta functions in Theorem satisfy the functional equations pre-
dicted by [46, Thm. A], and the associated reduced subalgebra zeta functions co-
incide with those computed using [20]. While Evseev only considered reduced
zeta functions of Lie algebras, his reasoning also applies to more general, pos-
sibly non-associative, algebras. For example, using Theorem [0.2] after consider-
able cancellation, we find the reduced subalgebra zeta function of Q[T]/T* to be
(YO+Y*+2Y2+Y2+1)/((1 -Y5)(1 - Y?)(1-Y)?), as predicted by Evseev’s
results.

9.3. Subalgebras: Soluble, non-nilpotent Lie algebras. Taylor [45, Ch. 6]
computed local subalgebra zeta functions associated with soluble, non-nilpotent Lie
algebras of the form k%xk (semidirect sum) for d = 2,3, where k% and k are regarded
as abelian Lie algebras. In particular, he (implicitly) computed the subalgebra zeta
function of the Lie algebra tvo(Z,) of upper triangular 2 x 2-matrices over Z,, (see
[18, §3.4.2]). Klopsch and Voll [30] computed subalgebra zeta functions of arbitrary
3-dimensional Lie Z,-algebras in terms of Igusa’s local zeta functions attached to
associated quadratic forms. Regarding the enumeration of ideals of soluble, non-
nilpotent Lie algebras, Woodward [51] computed local ideal zeta functions of tv4(Z,,)
and certain combinatorially defined quotients of these algebras.

Since, to the author’s knowledge, no examples of generic local subalgebra zeta
functions associated with soluble, non-nilpotent Lie algebras of dimension 4 have
been recorded in the literature, we now include some examples.

Theorem 9.3. Let M? denote an arbitrary but fized Z-form of the soluble Lie Q-
algebra M* of dimension 4 from [8]. Then for almost all primes p and all finite
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extensions K/Q,, writing ¢ = qx,
Cl\ﬁg @0 — (q8—7s _ q7—5s 4 q6—5s _ 2q5—4s 4 q4—4s + q4—3$ _ 2q3—3s + q2—2$
¢+ 1) /(=)A= )1 - ¢ )P (1 - q7Y),
CA;S@QK — (q577s _ 3q475s + q474s + 2q375s _ 2q374s + q373s + q274s
_ 2q2—38 + 2q2—25 + q1—3s _ 3ql—2s + 1)/

((1 _ q675s)(1 _ q272s)(1 _ q175)3(1 _ qfs))7
< 1— q2—3s
CMizpo e = Q- 21— ) (1- )1 )(1-q>*)

C< B _q475s _ q374s + q373s _ 2q273s + 2q2725 _ q172s + qlfs +1
M[1)3®DK - (1 _ q4—35)(1 _ q3—28)(1 _ q2—2s)(1 _ ql—s)(l _ q—s)

Remark 9.4. Let g be the non-abelian Lie Q-algebra of dimension 2. Define a Z-
form g of g by g = Za ® Zy and [x,y] = y. Then it is easy to see that for all p-adic
fields K, Cg@DK( s) = 1/((1 = ¢5°)(1 — ¢ ®)). Using the notation from [§] as in
Theorem [0.3] M® ~ g ® g and M}? ~ g ®q Q[X]/X2.

9.4. Submodules: U, for n < 5 and relatives. For any commutative ring R,
we consider

1 R - R
U,(R) = |”
: .. . R

together with its natural action on R™ by right-multiplication. For n < 4, the
determination of submodule zeta functions associated with U,, in the following is
quite straightforward, even without the techniques developed here. The case n =5,
however, is rather more complicated, as is the resulting formula.

Theorem 9.5. For almost all primes p and all finite extensions K/Q,, writing
q=4K,

1
~92(8) = ’
CUQ(DK) DK( ) (1 _ ql—zs)(l _ q—s)

1— gl—4s
Cus(0)~0g (8) = 1— )1 - q1—3sq)(1 T )1 - g)’
CUs(0i0)~0i () = Fu,(g,¢7°) /(1= ¢ ) (1 = > ) (1= > %) (1 - ¢*)

X (1= )1 —g"*) (1= ¢ )1 -¢' )1 -q7),
CUs(01)~03 (5) = Fuy(g,47°) /(1= ¢°7*) (1 = ¢*19) (1 = ¢* ')
(1 o q4—108)(1 o q3—108)(1 o q4—98)(1 o q3—95)(1 o q4—8s)
X (1=¢" )1 =)A= )1 - ™)1 - %)
X (L=g> )1 =¢">) (1= ¢* )1 —¢"")(1 - ¢"%)
x (
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where

FU _ —X10Y30+X9Y26 +X9Y25+X9Y24—X9Y23+2X8Y23—X8Y22

4
+ 2x7y22 —2X7Y21 _2)(7y20 +X6Y21 _zx7yl9 —|—X6Y20 _Xﬁyls —X6Y17
o X5Y18 —X5Y17+2X6Y15 —X5Y16 +X5Y14—2X4Y15 +X5Y13 +X5Y12
+ X4Y13 +X4Y12 —X4Y10 —|—2X3Y11 —X4Y9+2X3Y10+2X3Y9 _2)(3y8
+ XY 2X?Y T+ XY - XY - XYP—XV'+1

and Fy, = 1+ -+ XY is given in Appendiz [Al These formulae for n <5
satisfy the functional equation

n (M= ("+Ys
(U, (D)o (8) ot (—1)ng(x)-("2") QUL (O x)~O7 (8).

Despite the increasing complexity of the formulae in Theorem [B.5], we note that
the “reduced submodule zeta function” of U, (Z) acting on Z" (defined and com-
puted using a straightforward variation of [20]) is given by the simple formula
1/(1-Y)1-Y?) ... (1=Y")) forall n > 1.

Remark 9.6.

(i) Let g be an n-dimensional nilpotent Lie k-algebra. By Engel’s theorem,
after choosing a suitable basis, we may regard ad(g) as a subset of the
enveloping associative algebra k[U, (k)] of U, (k) within M, (k). Suppose
that n > 1. It is easy to see that the minimal number of generators
of k[U,(k)] as a unital, associative k-algebra is n — 1 (use, for instance,
[23] p. 263]). Let 3 denote the centre of g. Then, as a Lie algebra, ad(g) ~
g/3 is generated by dimy(g/([g, g] + 3)) many elements. Hence, if g has
class > 3, then ad(g) is generated by fewer than n — 1 elements. If, on
the other hand, g has class 2, then n > 3 and ad(g) is an abelian Lie
algebra while k[U,, (k)] is non-commutative. We conclude that ad(g) never
generates all of k[U, (k)] for n > 1.

(ii) We may sharpen the final statement of (i) as follows. Let n > 1. By [38]
Prop. 6.1], the abscissa of convergence of (y,, (0)~on () is 1. It follows that
there does not exist a nilpotent Lie o-algebra g which is finitely generated
as an o-module such that (u, (0,)~on(5) = (5g, 0, (s) for almost all v €
Vi. Indeed, it is easy to see that for every finite S C Vi, the abscissa
of convergence of [[,cy,\s (5,0, () is at least d := dimk(g/[g, 9] ®0 k)
(cf. [26 Prop. 1]), and we may clearly assume d > 1.

For another illustration of the generally wild effect of direct products of algebraic
structures on associated zeta functions, we now consider generic local submodule
zeta functions associated with products U,, x --- x U,, , diagonally embedded into
Unl +-tng -
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Theorem 9.7. For almost all primes p and all finite extensions K/Q,, writing
9= 4K,
Cuzo0)~oi (8) = (1 =¢7%) /(1= ¢* )1 = )2 (1 - ¢ )1 - ¢7)),
Cugox)~os () = Fuz(g,47°) /( ¢*=) q5 ) (1= (1-¢>)?
x(1=¢*") (1~ )(I—Q’S)),
C(Us x U) (0 x) 03, (8) = Fuy x U, (4,4 3)/((1 —¢"%) ¢ — ")

(1-
q2 2s 2( 175)(1 o qfs)),
8—

X(1=¢*>)(1=¢*)(1 - )

Cuz(00)~08. () = Fuz(q,¢7°)/(1=¢""")(1—=¢**)(1-¢"")(1-¢""™)
(1_q6 65)(1_q4 63)(1 4 55)(1 3 53)( 3 45)
(1= 7)1 = ¢* )1 - q2 )21 - q1 (1 —-q7%),

where
FU% _ _X14yl2 4 3X11Yg _ XllyS _ 2X10Y9 4 2X10Y8 _ X8Y7 4 2X7y7
—2X7Y? 4+ XOY5 —2X4y?t 42Xy + X3Y? — 3X3Y3 41,
FU3 XUy = X13Y18—X11Y15—2X11Y14—|—X11Y13—|—X10Y14—2X10Y13+X9Y12

—2X°Y"? 4 3X°Y M —2XTYM 4 XPYP 4+ XTY0 4 XOVE 4 XOY?
—2X0Y7T 4+ 3X5YT - 2X°YS + X1Y°® — 2Xx3Y® + X3y 4 X?YS
—2X2%2y* — X?2Y3 41,

and FU§ = —XBYS 4 ... 41 is given in Appendiz [Al
These generic local zeta functions satisfy the following functional equations:

Cuz(o )04 (5) a1 0°7% - Cuz(00)n~ 01 (5);
Cuz(ox) 08 (5) et 7" 7% - Cus(o,0)~ 08 (5);

C(Us x Ua) (0 )~ 03, (8) et ¢ (U, x Uy (050~ 07, (5);
Cuz(05)~08. (5) et g7 Cuz (0,00~ 00 (5)-

Further examples of the above form are included with Zeta; here, we only record
the following functional equations.

Theorem 9.8. For almost all primes p and all finite extensions K/Q,, writing
q=d4K,

C(Us X Ul)(DK)mD‘;’((S) = q15—163 'C(U5 x Ul)(DK)mog((S),

q—q~1!

C(U3 x Uz x Up)(Dr)O% (8) g—q-1 = q15—103 'C(Ug x Uz x Up)(D )OS (S)a

C(Us x U)(© )~ () 7" Cuy x U0 )~ 08 (5);

C(us x U2)(© )07 (5) = ="' v, x vy o) ~07 (5)-
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We note that the Uniformity Problem has a positive solution for each of the four
families of local zeta functions in Theorem We further note that the functional
equations recorded in Theorems @.5] 0.7 and are explained by [47, Thm. 5.5].

10. AprPLICATIONS III: GRADED SUBOBJECT ZETA FUNCTIONS

By [31 §5.1], up to isomorphism, there are exactly 26 non-abelian fundamental
graded Lie C-algebras (see §3.2) of dimension at most six. All of these algebras
are defined in terms of integral structure constants which thus provide us with
“natural” Q-forms. It turns out that for each of the resulting 26 graded Lie Q-
algebras, we can use the techniques developed here to compute their associated
generic local graded subalgebra and graded ideal zeta functions. We note that for
various of these Lie algebras, the associated non-graded subalgebra and ideal zeta
functions are unknown.

Examples of graded ideal zeta functions. Table [2 lists the generic local ideal
zeta functions associated with the aforementioned 26 graded Lie Q-algebras. The
first column contains the names of the associated C-algebras as in [31]; here, an
algebra called “md_c_i” has dimension d and nilpotency class c.

Given a Z-form g of a graded Lie algebra g as indicated by an entry in the first
column, the rational function W(X,Y) in the corresponding entry of the second
column satisfies the following property: for almost all rational primes p and all finite
extensions K/Q,, §f®§3K(s) = W(qk,qx’). An entry £XY? in the third column
of Table B indicates that the corresponding W (X,Y) satisfies W(X 1, Y~1) =
+ XYY W(X,Y); an entry “X” signifies the absence of such a functional equation.

The algebras m6_3_2 and m6_3_3 are precisely the graded Lie algebras associated
with L(3,9) in [I8, Thm. 2.32] (also called Ly [50, Thm. 3.4] and L 25 [9]) and ge,7
in [I8, Thm. 2.45] (called L¢ 19(0) in [9]), respectively. The non-graded local ideal
zeta functions of these algebras do not satisfy functional equations of the above form
either. The algebra m6_4_1 is the graded Lie algebra associated with Lg 21(0) from
[9]; to the author’s knowledge, the non-graded local (and topological) subalgebra
and ideal zeta functions of this algebra are unknown.

We note that the formulae for m3_2, m4_3, m5.4_1, and m6_5_1 in Table 2] are
consistent with and explained by Proposition

Examples of graded subalgebra zeta functions. While the methods developed
here can be used to compute the generic local graded subalgebra zeta functions of all
26 algebras in Table 2] we chose to only include the smaller ones of these examples
in Table B (and Appendix [Bl); for a complete list, we refer to Zeta [40].

Open questions. Voll [46, Thm. A] established local functional equations under
“inversion of p” for generic local subalgebra zeta functions without any further
assumptions on the algebra in question. It is reasonable to expect the following
question to have a positive answer; the precise form of ([I0L]) below was suggested
to the author by Voll.

Question 10.1. Let A=A; @ --- ® A, be an o-form of a possibly non-associative
finite-dimensional k-algebra together with a direct sum decomposition into free
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TABLE 2. Examples of generic local graded ideal zeta functions.

g W(X,)Y)st ¢85, (s) = Wigr, gx’) FEqn
m32 1/(1-XY)1-Y?)(1-Y)) —XY?
m42 1/((1-X°Y)(1-XY)(1-Y?)(1 Y)) X3y®
m4_3 1/( (1-XY (1—Y4 (61 Y?)(1-Y)) Xv?
4+,8

mb.2.1 (1-xv3)(1-x2Y)(1— XY)(l Y5 (1-v3)(1-Y) -XY
m522 1/((1-X’Y)(1-X°Y)1-XY)(1-Y*)(1-Y)) -Xoy7
m523 1/((1-X°Y)(1-X%*Y)1-XY)(1-Y°)(1-Y)) -X°y?
1-v8 24,10

mb.3.1 (1-xy 1) (1-Xy)(1-v5) (1-v4) (1-¥3)(1-Y) —XY
m532 1/((1-X?Y)1-XY)1-Y*")(1-Y?)(1-Y)) -X°y'0
ms41 1/(1-XY)(1-Y°)(1-YH(1-Y?)(1-Y)) Xy
XY34XvOo4yS4xy34y341 61,9

m6.2_1 (1-x2y5)(1-x2y3)(1- X2Y)(1 XY)(1-Y6)(1-Y) XY
1-y$ 7v9

m6_2.2 (1-xv3)(1-x3Y)(1-Xx2Y)(1-XY)(1-Y3) (1-Y3)(1-Y) XY
Ya4yS34v2iy 4 7y 10

m6.2.3 (1-xv5)(1-x3y)(1-x2Y)(1— XY)(I Y3) XY
1-xYy8 7v,10

m6.2.4 (1-xv6)(1-xv3)(1- X3Y)(1 X2Y)(1-XY)(1-Y3)(1-Y) XY
10,8

m6.2.5 (1-x4y)(1-x3v)(1- X2Y)(1 xy)(1-v3)(1-v) XY
10y,10

m6.2_6 (1-x1y)(1-x3v)(1- X2y)(1 xy)(1-v3)(1-Y) XY
4v-11

m6.3_1 (- XY4)(1 x2y)(1- XY)(1 v5)(1-v4)(1-v3)(1-Y) XY

Y84y +2Y842vP4oviioyvi34y34y 41
m6-3-2 ) (1o X7y ) (1-X V) (1 V) (1-v5) (1-v) X

m6.-3.3 same as for m6_3_2 X
m634 1/(1-XY?)1-XY)1-XY)1-Y’)1-Y*)(1-Y)) X*'v"

m6.3.5 same as for m6_3 4 Xty
m636 1/((1-X°Y )( V) 1-XY)1-YH(1-Y*)(1-Y)) Xy
m6.4.1 (1-xvy4)(1— XYY)(l YS)( Y5)(1-Y)? X

m6.4.2 (1-xv4)(a- XY)(l YG)(— 1— Y4)(1 Y3)(1-Y) X2y
m643 1/((1-X%Y)(1-XY) ( Y)(1-Y*)(1-Y*(1-Y)) Xy
m651 1/((1-XY)(1— Yﬁ) Y)(1-YH)(1-Y*(1-Y)) Xy?°
m6_5_2 same as for m6_5_1 Xy?0

T
o-submodules. Let n =rk,(A) and m = ) (rk"éAi)). Is it always the case that
i=1

(10.1) (Koo, (5)

for almost all v € V.7

L = (D" s, ()

9y —qv

v

The following three questions are graded analogues of conjectures due to Voll
(cf. [47), §1.3]).

Question 10.2. Let g =g, D--- D g, be a finite-dimensional graded Lie k-algebra
of class ¢. Let d; = dim(g;) and d = dim(g). Let 0 = 3, C --- C 3. = g be the
upper central series of g and write e; = dim(g/3,). Let g be an o-form of g as a
graded Lie algebra.
(i) Does (55, (s) have degree —(eg+- - -+e€c_1) in g, * for almost all v € V;?
(ii) Suppose that there exists W € Q(X,Y) such that 57, (s) = W(qw, q,®)

for almost all v € Vi. Does W have degree —((‘121) + -4+ (2“)) in X7
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(iii) Suppose that for almost all v € Vg,

—b.
boa0.(8)] = ey (RN, (5),

v v

where ¢ = +1 and a,b € Z. Do we have ¢ = (—1)%, a = (‘121) + 4 (df),
andb=eqg+---+e._17

Finally, the following is closely related to the questions raised in [35] §8.2].

Question 10.3. Let g = g1 ®- - - Dg. be a graded nilpotent Lie o-algebra of class c,
where each g; is free and of finite rank as an o-module. Do Cgéﬁov (s) and ngi% (s)
always have a pole of order ¢ at zero for v € V7

As in [35] §8.2], a natural follow-up question would be to interpret or predict
the leading coefficients of the zeta functions in Question [[0.3] expanded as Laurent
series in s. However, perhaps unexpectedly, the examples in Tables BH3] show that
these leading coefficients are not functions of v and the numbers rk,(g1), . . ., ko (gc)
alone.

TABLE 3. Examples of generic local graded subalgebra zeta functions.

r< —s
g W(X3 Y) s.t. C§®\DK(S) = W(QK»‘ZK ) FEqgn
1-XY3 3
m3-2 =XV (I-XY)(1-Y ) (1-Y) -XY
1-XY 3y-4
m4.2 (1 X2Y) (- XV ) (- XY) (1-v2)(1-Y) XY
m4.3 X2y94 x2y74 x2y6_xvO0 _oaxvi oxvi_xv34y34v241 Xy4
- (1—XY35)(1—XY2)(1—XY)(1—Y4)(1—Y2)(1—Y)
m5.2.1 —x2y5_x2y3 _xv34xv24vZi _x4ys
- (1-x2Y)(1-Xv2)(1-X2Y2)(1-XY)(1-Y3)(1-Y)
m5_2_2 1-Xy3 _XSy$
- (1-xv2)(1-x3Y)(1-X2Y)(1—XY)(1-Y2)(1-Y)
m5.2.3 =X2¥7T-x3y6_xSyd_x2yS4x3y3 _xv4ix2yv2ixySixyan _Xx6y5
- (1-x3y3)(1-x2Y3)(1-x3Y)(1-X2Y)(1-Y3)(1-Y)
m5.3.1 Wsa -X?y*®
X2v94x2v7T4x2y6 _xy6_oxv5 oxv4 _xv34y34yvy24 _ yw3y5
m5-3.-2 (1-xv3)(1-Xxv2)(1-x2Y)1-XY)(1-Y4)(1-Y2)(1-Y) XY
m5.4.1 Wsa: (B2) —-XY5®
w621 Wezn (B3 25 2y3 3 2., 2 X0y
—x2y5_x2y3_xy34xy24v241 7y 6
m6.2.2 (1-x2v2)(1—-xv2)(1-x3Y)(1—-X2Y)(1—-XY)(1-Y3)(1-Y) XY
m6_2_3 W623 m 3 X7YG
1-XY 1016
m6.2.5 (1-xv2)(1-x4Y)(1-x3Y)(1-X2Y)(1—-XY)(1-Y2)(1-Y) XY
m6.2.6 —x4yT _x3y6_x3y4_x2Zy5 4 x3y3 _xv44x2y24Xy34XY 1 x10y6
- (1=x3Y3)(1-Xx2v3)(1-x4y)(1-Xx3Y)(1-Xx2Y)(1-Y3)(1-Y)
m6.3.1 Wesz1 (BD) Xx4y*®
m6.3.2 Wese (B0) Xx4y*®
m6.3.3 Wess (B0 X4y©
m6.3.6 x2y94x2y74 x2y0 _xvO0 _oxyS axyi-_xv34y34yvy241 x6y6
- (1-xv3)(1-xv2)(1-x3Y)(1-X2Y)(—-XY)(1-v4)(1-Y2)(1-Y)
m6.4.3 Weas (B3 x3y*®

APPENDIX A. LARGE NUMERATORS OF LOCAL SUBOBJECT ZETA FUNCTIONS

Fu, = X3y 124 | xd2y 121 pd2y120  pd2y110 9 pd2p 118 | o ydly 118 gyl 107
b2y s g xdly 116 | d2y 104 gyrdly 115 o xd0y 116 32,113 prdlyelid
Joxd0y 115 |y xdly 118 o0y lld | 393115 oy d0y 113 o y39y 114 ydlylld
46X 10y 112 | gx39y 113 | pdly 110 | yd0y 11l 393,112 | g yrd0y 110 | 6 gr39y111
X8y 1IZ | gxBOy 110 | B8y 11l 404108 | g B9y109 | o B8y 110 oy d0y,107
G+ 4x30y 108 | 5x38y109 g BTy 110 | 393,107 | g 383,108 4 391,106 | g 338y,107
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+ X37Y108 _ 4X39Y105 + 3X38Y106 + 6X37Y107 _ 2X36Y108 _ X39Y104 _ 5X38Y105

+ 13X37Y106 + 2X36Y107 _ 8X38Y104 + 9X37Y105 + 3X36Y106 _ X35Y107 + 2X39Y102

_ 7X38Y103 _ 3X37Y104 4 8X36Y105 4 X35Y106 _ 6X38Y102 _ 15X37Y103 4 5X36Y104

_ X35Y105 + 4X38Y101 _ 15X37Y102 + 6X36Y103 + 12X35Y104 _ X38Y100 _ 16X37Y101
_ 10X36Y102 + 7X35Y103 _ 2X34Y104 + 3X38Y99 + 4X37Y100 _ 22X36Y101 + 8X35Y102
+ 5X34Y103 + X38Y98 _ 28X36Y100 _ 8X35Y101 + 8X37Y98 _ 8X36Y99 _ 19X35Y100

+ 13X34Y101 + 2X33Y102 + X37Y97 _ 2X36Y98 _ 30X35Y99 + X34Y100 + X33Y101

_ X37Y96 + 17X36Y97 _ 19X35Y98 _ 16X34Y99 + 6X33Y100 + 17X36Y96 _ 6X35Y97

_ 34X34Y98 + 2X33Y99 + X32Y100 _ X37Y94 4 7X36Y95 4 16X35Y96 _ 32X34Y97

+ 2X32Y99 _ X36Y94 + 32X35Y95 _ 15X34Y96 _ 21X33Y97 + 2X32Y98 _ 5X36Y93

4 16X35Y94 + 4X34Y95 _ 32X33Y96 _ 2X32Y97 _ X36Y92 + 17X35Y93 4 56X34Y94

_ 22X33Y95 _ 13X32Y96 + 3X31Y97 _ X36Y91 _ 5X35Y92 + 30X34Y93 _ 13X33Y94

_ 22X32Y95 _ 7X35Y91 + 37X34Y92 + 59X33Y93 _ 25X32Y94 _ 5X31Y95 _ 3X35Y90

_ 5X34Y91 + 41X33Y92 _ 29X32Y93 _ 17X31Y94 _ X35Y89 _ 17X34Y90 + 69X33Y91

+ 41X32Y92 _ 22X31Y93 + X30Y94 _ 11X34Y89 + 18X33Y90 +48X32Y91 _ 26X31Y92

_ 5X30Y93 _ 12X34Y88 _ 26X33Y89 4 89X32Y90 4 13X31Y91 _ 10X30Y92 _ X29Y93

+ 2X34Y87 _ 26X33Y88 + 52X32Y89 4 33X31Y90 _ 23X3OY91 _ 3X29Y92 4 3X34Y86

_ 34X33Y87 _ 24X32Y88 + 82X31Y89 _ 4X29Y91 + X34Y85 _ 10X33Y86 _ 38X32Y87

4 88X31y88 + 24X30Y89 _ 11X29Y90 _ 3X33Y85 _ 69X32Y86 4 4X31Y87 4 66X30Y88

_ 6X29Y89 _ 2X28Y90 + 7X33Y84 _ 30X32Y85 _ 31X31Y86 + 101X30Y87 _ 5X28Y89

+ 4X33Y83 _ 11X32Y84 _ 103X31Y85 + 28X30Y86 + 37X29Y87 _ 4X28Y88 + 10X32Y83

_ 77X31Y84 _ 5X30Y85 4 91X29Y86 _ 2X28Y87 4 X33Y81 + 9X32Y82 _ 40X31Y83

_ 99X30Y84 + 53X29Y85 + 21X28Y86 _ 2X27Y87 + 4X32Y81 + 9X31Y82 _ 115X30Y83

4 20X29Y84 + 53X28Y85 _ 6X27Y86 4 4X32Y80 4 32X31Y81 _ 78X30Y82 _ 80X29Y83

+ 56X28Y84 + 5X27Y85 _ 2X32Y79 + 22X31Y80 _ 18X30Y81 _ 148X29Y82 + 44X28Y83
+ 30X27Y84 _ X26Y85 + 11X31Y79 + 42X30Y80 _ 114X29Y81 _ 25X28Y82 + 46X27Y83
+ 3X31Y78 + 56X30Y79 _ 64X29Y80 _ 138X28Y81 + 32X27Y82 + 6X26Y83 _ X31Y77

+ 36X30Y78 + 35X29Y79 _ 143X28Y80 + 10X27Y81 + 22X26Y82 _ 3X31Y76 + 14)(301/77
+ 89X29Y78 _ 118X28Y79 _ 100X27Y80 + 29X26Y81 + 4X25Y82 + X31Y75 _ 3X30Y76
+76X2°YT7 —130X%7y "0 4 33x20y 80 £ 10x%°v 8 — 7X30Y TP 4 50XV 4+ 107Xy 7T
_ 152X27Y78 _ 62X26Y79 + 13X25Y80 + X30Y74 + 6X29Y75 + 121X28Y76 _ 71X27Y77
_ 99X26Y78 4 23X25Y79 4 X24Y80 _ 3X30Y73 _ 19X29Y74 4 100X28Y75 4 88X27Y76

— 137Xy 16Xy 78 48X Y™ — 12Xy 4 34Xy ™ 4 145X 2Ty 7P — 119x26y 76
— 53Xy 416X Y™ —7X?%Y "% — 16Xy ™ £ 167Xyt 4+ 47X?0Y ™5 — 107X%°Y "¢
_ 3X24Y77 + X23Y78 _ X29Y71 _ 28X28Y72 + 84X27Y73 + 118X26Y74 _ 132X25Y75

_ 29X24Y76 + 4X23Y77 _ 2X29Y70 _ 27X28Y71 _ 12X27Y72 + 209X26Y73 + 6X25Y74

— 55X YT 45Xy 70 _ 13Xy 70 _5ax Tyt 4 156X2°Y 7 4 80Xy — 117 x4y ™4
_ 6X23Y75 4 X22Y76 _ X28Y69 _ 57X27Y7O + 38X26Y71 + 213X25Y72 _ 39X24Y73

_ 19X23Y74 + X22Y75 + 2X28Y68 _ 33X27Y69 _ 51X26Y70 + 208X25Y71 + 28X24Y72

— 77Xy _ax??y ™ _13x%7y %8 _ 114X2Y %0 4 107Xy 70 4 164X YTt — 41X 28y "?
_ 2X22Y73 _ 80X26Y68 _ 11X25Y69 + 221X24Y70 _ 5X23Y71 _ 35X22Y72 _ X21Y73

+ 6X27Y66 _ 35X26Y67 _ 132X25Y68 + 154X24Y69 + 87X23Y70 _ 36X22Y71 _ X21Y72
+3X%7TY %% — 131X2°Y %7 4 44X2*y%® 4 200Xy %0 — 22Xy 70 — 14x?y ™ 4 10x20y 6
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— 97Xy % _ 124x%v57 £ 176 X2y % 4 33X 22y % — 21 X2 y70 4 11 X260y % _ 18Xy %S
— 177X Y %% £ 109Xy £ 135X 22y %% —15x21y 0 — x20y 70 4 7x0y % 4 21 x25y 0t
_ 162X24Y65 _ 73X23YGG 4 144X22YG7 _ 3X21Y68 _ 8X20Y69 4 2X2GY62 4 35X25Y63

_ 62X24Y64 _ 189X23Y65 4 145X22Y66 + 71X21Y67 _ 8X20Y68 4 X26Y61 + 16X25Y62

_ X2y 63 _916x 23y 04 _ 7x22y 65 | 101 x2ly®0 _ gx20y 67 _ 9x 19y 08 | 5x25y61
+63X%*Y%? — 131X%y% _ 155X 2%y 4 132X 21y % 4 36X%0v%0 £ 5x2°y %0 4 51 x4y 0!
—32x23y 02 _ 941 x22y 03 4 48X 21y 04 | 53x20y 05 _ gx 19y 06 _ 9x25y 59 | o) x24y60

+ 76Xy 205X 2%y %% — 92Xy £ 86XV + 10X 7Y% 4+ 10XV 4 86X 7Y
_ 92X22Y61 _ 2O5X21Y62 4 76X20Y63 + 21X19YG4 _ 2X18Y65 _ 8X24Y58 4 53X23Y59
+48X22Y %0 241 X%y O — 32X%°v %% 4 51XV 45Xy £ 36Xy 4 132X %2y
—155X21y %0 — 131 X2y £ 63X 10y 62 4 518y 03 _2x2*yPC _9x23y5T 4 101x22Y "8
_7x2ly 9 916X 20y 00 | x19y 6l 4 1518y 62 | 1Ty 63 gy23y56 | oq 224,57

+ 145X21Y58 _ 189X20Y59 _ 62X19Y60 + 35X18Y61 + 2X17Y62 _ 8X23Y55 _ 3X22Y56

+ 144X21Y57 _ 73X20Y58 _ 162X19y59 + 21X18Y60 + 7X17Y61 _ X23Y54 _ 15X22Y55
+135X21y50 4 109X20y 57 — 177x 10y 58 — 18X 8y 5 4 11x Ty 00 — 21Xy 5 4 33x32y 5
+176X20y"% — 124X 9y"7 — 97X 18y £ 10XTY®? — 14X 2y ™% — 22X Y™ 4 200X 20y "
+ 44X19Y56 _ 131X18Y57 + 3X16Y59 _ X22Y52 _ 36X21Y53 + 87X20Y54 4 154X19Y55
132X 18y 56 _ 35X 17y 5T | gx 16y 58 | x22y 51 _ 35x21y52 | 5x 20953 4 99 19954

— 11Xy — 80X 7Y —2x2'y®! — 41X%°v®? 4 164X 0y 7% £ 107X 18yt — 114x'TYP
1316y 56 _ 4x 21y 50 | px20y 5l | o9 519352 4 9qgx18y53 gy x 17y 54 gq 16155
+ 2X15Y56 + X21Y49 _ 19X20Y50 _ 39X19Y51 + 213X18Y52 + 38X17Y53 _ 57X16Y54
_XIByB5 | x2lyA8 | gy 20149 1o v 19y50 | g 18y51 4 e 1Ty 52 gy v 164,53

_ 13X15Y54 + 5X20Y48 _ 55X19Y49 + 6X18Y50 + 209X17Y51 _ 12X16Y52 _ 27X15Y53
—2X My £ ax?0y?T _29x 10y _ 132X 18v*0 4 118X 7Y PO 4 84 x 10yt — 28X 1Py P?
_ X14Y53 + X20Y46 _ 3X19Y47 _ 107X18Y48 + 47X17Y49 + 167X16Y50 _ 16X15Y51
—7XMY®? 116Xy — 53X 1Y T — 119X Y8 £ 145X 10y 4 34X Py R0 —12x My !
4 8X19Y45 _ 16X18Y46 _ 137X17Y47 4 88X16Y48 4 100X15Y49 _ 19X14Y50 _ 3X13Y51
+ X19Y44 + 23X18Y45 _ 99X17Y46 _ 71X16Y47 + 121X15Y48 + 6X14Y49 + X13Y50

+ 13Xy * _ 62X 7Y * — 152X 10V *0 £ 107X YT £ 50X Y — X By *? 4 10x 18y *3
+ 33X17Y44 _ 130X16Y45 + 76X14Y47 _ 3X13Y48 + X12Y49 +4X18Y42 + 29X17Y43

— 100X "0y — 118X 1Py *® £ 89X My 0 £ 1ax YT — 3x 12y 8 £ 2ox Ty £ 10X 0y
_ 143X15y44 + 35X14Y45 4 36X13y46 _ X12Y47 4 6X17Y41 4 32X16Y42 _ 138X15y43
—6axMY ™ 456X 1Y * £ 3x 12y 0 L uex Oyt — 25Xyt — 11ax My ® 4ogax 3y
+ 11X12Y45 _ X17Y39 + 30X16Y40 + 44X15Y41 _ 148X14Y42 _ 18X13Y43 + 22X12Y44

_ 2)(11}/45 4 5X16Y39 4 56X15Y4O _ 80X14Y41 _ 78X13Y42 4 32X12Y43 +4X11Y44

_ 6X16Y38 + 53X15Y39 + 20X14Y4O _ 115X13Y41 + 9X12Y42 + 4X11Y43 _ 2X16Y37

+ 21X15Y38 + 53X14Y39 _ 99X13Y40 _ 40X12Y41 + 9X11Y42 + X10Y43 _ 2X15Y37

+ 91X14Y38 _ 5X13Y39 _ 77X12Y40 + 10X11Y41 _ 4X15Y36 + 37X14Y37 + 28X13Y38

— 103X Y% — 11Xy 4 ax 0yt —5x Y L 101X YT — 31X 12y — 30x 1 Y
+7XI0yA0 oy 15y 34 gy 14y35 | gon13y36 4 x12y3T g9 x 11y 38 5510439
—11xMy34 L ogx18y35 4 ggx 12y 36 | 33 x 11y 3T | 1ox 10y 38 4 xOy39 _ 4 x4y 38

+ 82X12Y35 _ 24X11Y36 _ 34X10Y37 + 3X9Y38 _ 3X14Y32 _ 23X13Y33 + 33X12Y34

1 5ax 1ty 35 _ 0gx 10y 36 4 ox9yBT | x14y Bl 1y 18y32 | 13512933 | gqylly34
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—26x 10y _12x%y30 _ 5x 13yt _26x12y32 448X Y38 4 18X 10v3 — 11 X%y

+ XISYSO _ 22X12y31 +41X11Y32 + 69X10Y33 _ 17X9Y34 _ XSYSS _ 17X12Y30

_ 29X11Y31 + 41X10Y32 _ 5X9Y33 _ 3X8Y34 _ 5X12Y29 _ 25X11Y30 + 59X10Y31

+37x°732 —7x®y3® _2ox My —13x10v30 4 30Xy — 5x8Y32 - Xy

+ 3X12Y27 _ 13X11Y28 _ 22X10Y29 + 56X9Y30 + 17X8Y31 _ X7Y32 _ 2X11Y27

— 32X L ax%v? 4 16X%Y30 — 55XV 4 2x Y0 — 21x0v?T — 15Xy

+ 32X8y29 _ X7Y30 + 2X11Y25 _ 32X9Y27 + 16X8Y28 + 7)(7),29 _ X6Y30

+ X11Y24 + 2X10Y25 _ 34X9Y2G _ 6X8Y27 + 17X7Y28 + 6X10Y24 _ 16X9Y25

_ 19X8Y26 + 17X7Y27 _ X6Y28 + X10Y23 4 X9Y24 _ 30X8Y25 _ 2X7Y26

+ X6Y27 + 2X10Y22 + 13X9Y23 _ 19X8y24 _ 8X7Y25 + 8X6Y26 _ 8X8Y23

—28X7Y? + X%Y?0 4 5X%Yv? 4 8x8Y %2 — 22XV 4 4xCy* 4 3x5y?®

—2x%7?° 4 rx8y? _10xX7TY? — 16X%Y 0 — X5yt 4+ 12x8Y %0 46XV

_ 15X6Y22 + 4X5Y23 _ X8Y19 + 5X7Y20 _ 15X6Y21 _ 6X5Y22 + XSYIS

+ 8X7Y19 _ 3X6Y20 _ 7X5Y21 + 2X4Y22 _ X8Y17 + 3)(7),18 + 9X6Y19

_ 8X5Y20 + 2X7Y17 + 13X6Y18 _ 5X5Y19 _ X4y20 _ 2X7Y16 + 6X6Y17

+ 3X5Y18 _ 4X4Y19 +XGY16 +8X5Y17 _ 4X4Y18 +9X5Y16 +X4Y17 _ 3X6Y14

JF 5X5Y15 + 4X4Y16 _ 2X3Y17 + 2X5Y14 + 8X4Y15 _ X3Y16 _ 6X5Y13 + 3X4Y14

+ X5Y12 + 6X4Y13 + 5X3Y14 _ 4X4Y12 + XSYIS _ X2Y14 _ 3X4Y11 +6X3Y12 + X2Y13

—ox*y0 _ox3ytt _ x*y? —oxSyl0 puax?yt 4 2x3y? — X?y0 — xyM —ax?y®

—3X2Y 4+ Xy —2x?yv® + XY? —3Xx%yT 42Xy — 22Xyl — XV - XY* 4+ XY 41
FQ[T]/T4 — _ X49Y54 _ X49Y53 _ 2X48Y52 _ X47Y52 _ 3X47Y51 _ 2X46Y51 _ 3X46Y50
_ 4X45Y50 + X46Y48 _ 4X45Y49 + X45Y48 _ 4X44Y49 + X45Y47 _ 2X44Y48
+ 3X44Y47 _ 8X43Y48 JF X44Y46 _ X43Y47 + 8X43Y46 _ 9X42Y47 + X43Y45
+ 3X42Y46 + 9X42Y45 _ 12X41Y46 + X42Y44 + 10X41Y45 + 10X41Y44 _ 13X40Y45
+ 23)(40)/44 + 7X40Y43 _ 19X39Y44 _ 3)(401,42 + 35X39Y43 + 3X39Y42 _ 19X38Y43
_ 3X39Y41 + 54X38Y42 _ 15X38Y41 _ 24X37Y42 _ 6X38Y40 + 74X37Y41 _ 31X37Y40
_ 25X36Y41 _ 5X37Y39 + 95X36Y40_55X36Y39_30X35Y40_4X36Y38+110X35Y39
_ X36Y37785X35Y38728X34Y39+10X35Y37+131X34Y3873X35Y367127X34Y37
—31X3Y3® 4 2ox 3y 30 4 143X 33y 37 — ax34y 35 _ 160x33Y 36 — 29x32y 37
+46X33Y3 4 154X3%y30 — 8x 33y 34 _ 204x32y3° — 30Xx31y 36 4 73x 32y 34
+159X31 Y35 — 11x3%y3% _ 246 X3y 3 — 26 X307 4 xP2y 3% 4 113X 3y
+169X39y3% — 19x31y32 _ 290x30y33 — 27X 20y 3 4 X3y 3! 4 148X 30y 32
+166X2°Y33% — 26x30y3! — 314X 29y 3? — 23x28y3 4 3x30y30 4 193Xy
+162X28y32 — 39x 29y 30 _ 344X 28y 3! — 22x2Ty3? 4 3x29y 20 4 230x28Yy 30
+153X27y31 — 49x 28y _ 354X 27y 30 — 17x20y3! 46Xy 28 4+ 271XV
+142X25y3°% 68X 27y ?® — 350X 2%y — 16X2°Y3° 4+ 6X27Y?" 4+ 301Xy
+121X25y29 — 85X 20y ?7 — 344X %5y ?® — 11Xy 4 10x2°Y 2 4 332X %°y?7
+104X 24y —104X2°Y2 — 332X 24 7?7 — 10Xy ?® +11X2°Y?° 4 344X 24y
+ 85X YT _ 121 X%y _ 301Xy 20 — 6X22Y?" 4+ 16X 242 4 359X 23y ?°
+68X22Y 26 _ 142Xy _ 271X%2v %5 — 66Xy 4 17Xy 4 354Xy
+49Xx2'Y?5 153X 2%y _ 230X %'y — 3X29V?° 4 22X 22y ?? 4 344Xy
+39x20y 2 _ 162X %y?? — 193X 20y 2 _ 3x 19y 4 23x 2 vy 4+ 314x20v 22
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+26X2Y? —166x20y?t — 148X 10Y?% — x18y23 4 27X 20y 20 4 290x 10y 2!
+19XM8y?? _169x 19y 2° — 113X 18y — X7y 4 26X 19! 4 246X 18y 20

+ 11Xy —150x 18y — 73x 17y 4 30x 18y 18 4 204X TY !0 4 8 x 10y 20

— 154Xy _ 46X 10y £ 29XV 4 160X 0y 8 4 ax Y0 — 143X 0y

— 22X 10y 18 4 31x 10y 10 4 127X 5y T 4 3x MY — 131 x Py e — 10x YT

+28X 1Py 85X My t0 4 XxByT _110x My 4 ax Pyt 4 30x Myt 4 55x By
_ 95X13Y14 + 5X12Y15 + 25X13Y13 + 31X12Y14 _ 74X12Y13 + 6X11Y14 + 24X12Y12
+ 15X11Y13 _ 54X11Y12 + 3X10Y13 + 19X11Y11 _ 3X10Y12 _ 35X10Y11 + 3X9Y12
+ 19Xyt _7x% M _23x%y10 4 13x%Y° — 10x3Y?0 — 10x3Y? — XTy?0
+12X8%Y® —ox7yY? —3X7y® - XOv°? 4+ oxTyY" —8x°%y® 4 X°y7 — x5y® 4 8xCy*
—3X°%YT 4 2x%Y® - Xy 44x%Yy® — x'yS 4 ax?y® — x3y*

+axy? 4 3x3v* 1 2x%Y® 4 3X%Y3 + XY 4 2XYP 4 Y 4+ 1.

O XABYOT g x4y B3 | x4y 52 _ gxd0y 53 o ydly Sl | 40y52 | dly 50 |y 40y 51
_ X39y52 _ gx40y 50 | gx39y 51 | p39y,50 | w38y 51 g x38y,50 w37y 51 o y39y,48
_gX38Y49 | 3BTy B0 | B9y AT | B8y A8 | p BTy 40 g B8y AT | gyBTy 48 436440
1 3X38y 46 4 430y 8 | gx 3Ty A6 _ oy 36y4T | 35148 3Ty A5 436y,46 o 35,47
1ox3Ty | g x30y 45 | 4 xB5y A0 | gy By AT | gyBOy Al gy35yd5 | 4 B4y46 436,43
4 8x30y 4 _gxBiy s | x38y 6 | 30y 48 _ gxBay e |y y33y45 | yB35yd2 ) 434,43
X3y | xB2y 45 ox35yAl | g Bayd2 | 33pa3 | o yB2y4d | o Bdydl g p33y,42
X2y 43 4 ogxBlydd _ 4 x 3y 0 | o33y Al 4 g B2y 42 | g x3ly a3 | 1(x33y40
+19X32y 4t _gxBly 42 | xB30y 43 gy 33y39  15y52y40 o) x3lyAl o x30y42 5 y52y,39
L40XPIY0 L gx 30y Al L 20y 42 | gy B2y B8 | 1gxB1y89 1, \B0y40 | g432y,8T g4y 31y38
_gx30y39 _gx29y40 _ox 28y 4l | oy By BT | g9y 30y38 | 90y 20y,89 | o 28140 4 o y30y,37
—10X2%y38 _19x28y39 _13x30y 36 _ o529y 3T 4 15X 28y 38 _ x 27Ty 39 | 1929136 4 4o x28y-37
1 X20y39  xB0y B4 gy29y85 g1 28136 52Ty 8T 526138 9g 328135 | o 27y36
+14X20y37 | x29y 38 | ox 28y B34y 17y 2Ty 35 525387 L gy 28y 83 g0y 2Ty 34 9 x26y35
4 5X25Y 36 L 3x 28y 32 x2Ty 33 | 0gx26y34 | 33 25y35 oy 24y36 19526333 o0y 25y34
_gX2y35 2Tyl 4 x20y 82 g 25y 33 | 15 24y34 | oy 28y85 | g 2Ty 80 | g o 526,31
LOX25Y2 {342y 3 x23y By 26330 | 25331 4g24y82 o 423y33 | 2234

L X26y29 4 13x25y30 _ 1424y 3 4 1923y 32 | 10x 22y 44 x5y 20 4 13X 24y %0
_4X2y3l {5x22y2 _gx 20y _ x4y 29 o)y 23y 30 _ggx22y 81 gy 21y 32 4 1524y,28
+20X23Y29 4 3x22y30 4 ogx 21y 3l 4 x20y32 | 42y 2T | gx23y28 _ oy 22y29

01X 21y30 _3x20y 3l | 99y 22y28 9o x21y29 | gy 23126 | o) 22327 4 oy 2128
+8X20y29 4 gx 19y 30 | x28y25 gy 22126 gy 21y27 g x20y28 15 y19y29
+3X22y %5 4 36x21y20 4 90 x20y 27 4 4x 10y 28 4 5x18y20 | 5x 21y 25 | 42026

13X 10y _4x 18y _10x2ty 2t _ 18x20y25 4 14x19y26 _ 13x 18y 27 _ x 17y 28
 X21y 23 4 17x20y 24 | 4gx 19y 25 | x18y26 | oy 1Ty 2T | 209,23 g, 51924

_gx 18y _ 1ox1Ty26 | gx16y27 _ oy 20922 1519923 4 g\ 18y,24 | 1Ty25

4 X10y26 | gx19y22 4 ogx 18y 23 | 1oy 1Ty24 | oy 19321 gy 18122 o y17y23

4+ X16y24 _gx15y25 | 5y 18y21 4 ogy1Ty22 | g5 16y,23  gy15y24 4 5 x18y,20

17X 6y _ox 1By 28 xl4y2d g nlTy20 | 9gyl6y2l 4 ogn15y,22 | g y1Ty 19
+15X10y20 4 31 x 15y 21 | gx 14y 22 | x 13y 23 1Ty 18 | o x15120  gldy21
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+ X16Y18 _ 18X15Y19 + 26X14Y20 + 13X13Y21 + 19X15Y18 + 1OX14Y19 _ 2X13Y20

_ 2X15Y17 _ 32X14Y18 _ 32X13Y19 _ 2X12y20 + 2X15Y16 + 9X14Y17 + 9X13Y18

+ 30X12Y19 4 3X11Y20 4 14X13Y17 _ 19X12Y18 _ 8X11Y19 4 X14Y15 _ 6X13Y16
740X12Y17+7X11Y18+2X13Y15+21X12Y16+16X11Y17+2X10Y187X13Y14+8X12Y15
_ 19X11Y16 _ 10X10Y17 + 4X12Y14 _ 10X11Y15 + 2X10Y16 + 4X9Y17 _ 3X12Y13

+ 6X11Y14 + 11X10Y15 _ 7X9Y16 4 2X11Y13 _ 4X10Y14 _ 13X9Y15 + 2X8Y16 4 X11Y12
+6X10Y13 +4X9Y14 +X8Y15 _ 4X10Y12 + 9X9Y13 _ 6X8Y14 _ Xloyll + 6X9Y12
C8XBY B XTY X0y xSy 243X Y18 _3x Oy 104 axByl _axTy 2 _axCy 13
+2X8Y10 +X7Y11 +X6Y12 _ X8Y9 +2X7Y10 +6X6Y11 _ 4X7Y9 _ 3X5Y11 +X7Y8
+3X%Y 243Xy 10 —5xOYE 4 XOY? — X'y —3XCy 43Xy 42Xy 4 XOy O axPy T
—4x°Y e XY T 43X YO 43Xy T 4 XY —axPY - X2y T —ax®y® y2x?y S 43xPy?
+ X%Y® —ax?v* +1.

APPENDIX B. FORMULAE FOR LOCAL GRADED SUBALGEBRA
ZETA FUNCTIONS

(Bt./'vlg,)gl = (XY - X°y"0 - XY - Xy - Xy - XY oxty ! 4 Xy
+X4Y12 + 2X3y13 +X4Y11 +X3Y12 +X2Y13 +X4Y10 + XSyll +X4Y9
+3X°Y" 4 2X%Y? 4 X2y - XPY® —2X?Y? - 3X7YS — XYY - X%YT
—XY® - X3y - X?yS — Xy7 —2x?Y® — Xy© — X?y* —2XYV® 4+ XV?
Y XY Y Y4 1)/((1- XYP)

x (1-XY)1-XY)(1-XY) Q- XY)1-Y)(1-YH(1-Y))

(3}5231 _ (7X3Y21 — X3y _3x3y10 _ 5x3y 18 _7x3y 17y x2y 18 _gx3y 6 4x2y 17
—7XPYP 49Xy —6XPYM 416 X%V —6X7Y P 419XV — XY
—4X3Y? 421Xy —axy™ - 3X3YvM 421Xy —gXY ! — xBy0
+20X°Y" — 14XV +18X2Y 10 — 18X Y 4+ 14X%Y? — 20XV + Y
+8X%Y® —21XY? + 3V 4 4X?Y" —21XY® +4Y° + X?Y° —19XY7 +6Y®
—16XY°+6Y —9XY°+7Y° —4XY ' +8Y° — XY 4+ 7Y +5Y° +3Y  +Y +1)/
(I-XxY)(1-XY)1-XY) Q- XY)1-Y)(1-YH)(1-Y*)(1-Y?))

(B.Ii}(m =XV P+ XY+ XY - XY+ XY - XYY - XY - XPYP - XY
XWXV 4+ XY - XY+ XYP Y+ 1) (XYP +1)/
(1-X*Y*)(1-XY*)(1-X°Y?) (1 - X*Y?) (1 - X*Y)(1 - XY)

x (1-Y*)(1-Y))
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(B;/)fm _ (X9Y14 + X0V 4 XOy12 _ 3x Byl _oxByl0 _ xSyl _ x6yl0 4 x Ty
—3X%V? — XPY? — X'V 4 XOyT 4 2x0Y® 4 XOyC 4 oxPYT 4 2Xx*Y®
+2X°YV e 42X Y T+ XY P o X YO XY T XY - XY -3 XY P+ XY C
— XY XPYP Xyt - B3XY P+ YR+ Y +1)/((1- XY (1 - XPY?)
x (1= XY?) (1= XY?)*(1 - X*Y) (1 - X?Y)(1 — XY)(1 - Y?)?)

(P‘)/iz)m _ (_X5Y18 _ XOY0 _ Oyl _ xdy 16 _ xSyl xdy 15 oxdy1s 4 3yl
+ XY pox?y B XY 4 XY 4 XY XY 4 Xy 4 Xty?
+3Xx3710 1 ox%y? 4 X2y — xPY® —2X?Y? —3X?Y® — XYY — XPYT
— XY - X?Y® - X?y% — Xy7 —2X?Y® — XY°® - X?Yv* —2XY® + XY?
Y XYY+ YR+ 1) /(- XY (1 - XYY (1 - XPYP) (1 - XY?)
x(1-XY)1-XY)1-Y°)1-Y?)(1-Y))

(BV.IEG)SQ _ (X3yl6 + 2X3Y15 + 4X3Y14 + 7X3y13 + X2y14 + 10X3y12 + 2X2y13
+11X°YM — Xy 410Xy - 3x2yM — 33Xy 47Xy Y — gxPy !0
—6XY" +4x?Y® 11Xy —oxY' 4 2x?YT —11X%Y® —10XY? + YO
+ XY 10Xy 11X Y342V 7 —9X YO —11XY " +4Y® —6X?Y°—8XY"
+7YT—3X2Y* _3XY 410V - XY 411V 42X VP 410V + X Y2 473
+4Y? 42V +1) x (1-Y)/((1 - XY?) (1 - X*V?)(1 - XY?)(1 - X?Y)
x(1-XY)1-Y)1-YH(1-Y*)(1-Y?)

(?/szi?) :(X3Y14 +X3Y13 +3X3yl2 +4X3Y11 +X2Y12 —|—5X3Y10 +4X3Y9 _ X2Y10
— XYM 43X°%Y® - 3x%Y? - XV 4 XY - 5XPY® —4xy? + X°PY°
—5X%YT —4XY® —4Xx?Y® —5XYT +V® —4x?Y® —5XY° 4 YT - X*v*?
—3XY° +3Y° - X?Y? - XV +4Y° 4+ 5V + XV 4 4Y° + 3V 4+ Y + 1)/
(1- XY (1= XY (1 - XY (1 - X2V)(1 - XY)(1 - V) (1-Y")?)
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8)

W643 :(—X3Y21 _ X3Y20 _ 3X3Y19 _ 5X3Y18 _ 7X3Y17 + X2Y18 _ 8X3Y16

+4X2Y1T _7x3Yy L 9xPY 0 —6XPY M 16XV — 6XPY T 419X Y M
— XYY axPy 21Xy oaxyM 3 Xy o1 xPy g xy i x Py 10
+20X2Y M — 14X Y 418XV —18 XY M 414XV —20X YO+ Y 48X 2Y®
—21XY? 43V 4 ax?yT —21XY® +4Y° + X?Y°® — 19XV +6Y® — 16XY°
+6Y" —9XY® + 7Y% —4XY +8Y° — XV 4 7Y 45 +3Y° + Y +1)/
(1-XxY")(1-XY*)(1-XY*)(1-X’Y)(1 - XY)
x(1-Y)1-YH(1-Y*)(1-Y?)
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