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ON EXISTENCE OF GENERIC CUSP FORMS
ON SEMISIMPLE ALGEBRAIC GROUPS

ALLEN MOY AND GORAN MUIC

ABSTRACT. In this paper we discuss the existence of certain classes of cus-
pidal automorphic representations having non-zero Fourier coefficients for a
general semisimple algebraic group G defined over a number field k such that
its Archimedean group G is not compact. When G is quasi-split over k, we
obtain a result on existence of generic cuspidal automorphic representations
which generalize results of Vignéras, Henniart, and Shahidi. We also discuss:
(i) the existence of cuspidal automorphic forms with non-zero Fourier coeffi-
cients for congruence of subgroups of G, and (ii) applications related to the
work of Bushnell and Henniart on generalized Whittaker models.

1. INTRODUCTION

Possibly degenerate Fourier coefficients of automorphic cuspidal forms are im-
portant for the theory of automorphic L—functions ([30], [12], [31], [I7]). Recent
classification of discrete global spectrum for classical groups due to Arthur [I] can-
not be used directly to study Fourier coefficients of cuspidal automorphic forms.
The goal of the present paper is to adjust methods of compactly supported Poincaré
series as developed in [24] in order to show existence of various types of cuspidal
automorphic forms with non-zero Fourier coefficients for a general semisimple alge-
braic group G over a number field k. We warn the reader that compactly supported
Poincaré series are of a quite different nature than more classical Poincaré series
considered in [7], [8], [2], where the Archimedean group G, must possess represen-
tations in discrete series (see [16], [22], [23], [25], [26]).

Now, we explain the results of the present paper. We let G be a semisimple
algebraic group defined over a number field k. We write V; (resp., Vo) for the
set of finite (resp., Archimedean) places. For v € V = Vo UV, we write k,
for the completion of k£ at v. If v € V}, we let O, denote the ring of integers of
k,. Let A be the ring of adeles of k. For almost all places of k, G is a group
scheme over O,, and G(O,) is a hyperspecial maximal compact subgroup of G(k,)
(B3, 3.9.1)); we say G is unramified over k,. The group of adelic points G(A) =
[, G(k,) is a restricted product over all places of k of the groups G(k,). The
group G(A) is a locally compact group and G(k) is embedded diagonally as a
discrete subgroup. The group Go = [[, ¢y, G(ky) is a semisimple Lie group with
finite center but possibly disconnected. We assume that G, is not compact. We
denote by L2,,,(G(k)\ G(A)) a unitary representation of G(A) on the space of all
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cuspidal L*functions on G(k) \ G(A) (see Section [ for details). It decomposes
into a direct sum of irreducible unitary representations of G(A) called cuspidal
automorphic representations. As opposed to [26], where we deal with underlying
Fréchet spaces, in this paper we mostly deal with L? spaces.

Let U be a unipotent k-subgroup of G. Let ¢ : U(k) \ U(A) — C* be a
(unitary) character. We warn the reader that ¢ might be trivial. In Section [ we
define a (¢, U)-Fourier coefficient of ¢ € L*(G(k) \ G(A)) by the integral

(1) Foo @@= [ gyl

U(k)\U(A)
which converges almost everywhere for g € G(A). We say that ¢ is (¢, U)-generic if
Fep,v) (@) # 0 (a.e.) for g € G. According to [29], if G is quasi-split over k, U is the
unipotent radical of a Borel subgroup of G defined over k, and 1 is non-degenerate
in the appropriate sense, then we use the term —generic instead of (¢, U)-generic.
We refer to these settings as the ordinary generic case.

In Section B we adapt the arguments of ([24] §4, Theorem 4.2] to construct
compactly supported Poincaré series with non-zero (¢, U)-Fourier coefficients. We
give some details. As input we take a finite set of places S, containing V,,, large
enough such that G, U, and v are unramified for v € S, and for each v € V; we
have f, € C°(G(k,)) and an open compact subgroup L, C G(k,) satisfying the
following conditions:

(Ira) fu(1) #0, for all v € Vy,
(I-b) fu = 1g(o,) and L, = G(O,) for all v € S,

_b)
(I-c) for v € S — V, we have fU(kv) Jo ()t (uy)duy, # 0,
(I-d) and, for each v € S — V,, we require that f, is right—invariant under L,.

Then, as output, we find that fo, € C2°(Goo), so that if we let f = foo @uev, fo €
C°(G(A)), then the compactly supported Poincaré series

(1.2) P(Alg)= > flvg), geGA)

v€G(k)
satisfies:

) Fpon (P(f)(1 0. In particular, P(f) is a non-zero element of
(¥,U)
L?(G(k) \ G(A))E, where the open compact subgroup L is defined by
L= Huevf L,, and P(f) is (¢, U)-generic.
i) P(f)|g. # 0 and is an element of L2(I', \ G, ), where I'y, is a congruence
(I-ii) - g
subgroup which corresponds to L from (i) (see (22)).

(T-iii) fFLﬁUOC\UOC P(f)(too) Voo (Uoo ) doe # 0, where Use = [[, oy, U(ky).
The reader may observe that among conditions (I-a)—(I-d), only the conditions
(Irc) and (I-d) are delicate. First, we explain how to assure (I-c) and what the
consequences are of (I-i). Later we explain how to deal with (I-d) and what the
consequences are of (I-ii) and (I-iii).

In Section @ we fix v € V; and consider local (¢,,U(k,))-generic representa-
tions. Using Bernstein theory [3], we show how to construct functions f, satisfying
the conditions (I-c) while at the same time we control the smooth module gen-
erated by f, under right translations. Lemma contains the result regarding
the relation between non-vanishing of Fourier coefficients and theory of Bernstein
classes (it generalizes (|24, Lemma 5.2]). We end Section [ with an application (see
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Theorem [£.9) about the decomposition of the compactly induced representation
C—Indggzz;(wv) (its smooth contragredient is Indggzzg(ﬂv)) according to Bernstein
classes in the ordinary generic case (see above). The proof of Theorem [0is a sim-
ple consequence of our very general global results (see Lemma and Corollary
ER) and sufficient understanding of local theory in the ordinary generic case to be
able to globalize the local situation (see the proof of Theorem [£9)). The reader
should note that the result is the most important case of a result of Bushnell and
Kutzko [10], but the proof here is simpler and in our opinion more natural than the
one in [10].

In Section [ we improve on the result of [I0], considering a more complicated

case of the decomposition into Bernstein classes of Indggllz:; (v,,) (see Theorem B.7T]).
This section is local, and we work in the settings of [10].

In Section Bl we prove the main global results. Before describing them, we
introduce some notation. In Section [}l we define the notion of a (1, U)-generic
G(A)-irreducible closed subspace of LZ,,,(G(k)\ G(A)) as follows. First, we define
a closed subrepresentation

Liusp,(w, U)fdegenerate(G(k) \G(A)) = {90 € Lgusp(G(k) \ G(A))a
¢ is not (3, U)—generic} .

Then, an irreducible closed subrepresentation & of L2,.,(G(k)\ G(A)) is (¢,U)~
generic if

q ¢ Lgusp7 (¢, U)fdcgcncratc(G(k) \ G(A))

The reader might be surprised with this definition, but passing to K—finite vectors
g (K is a maximal compact subgroup of G(A)) we obtain the usual definition
[29]. In particular, if we decompose ik into a restricted tensor product of local
representations Uy = 7 Quev; To, then all local representations m, (v € V) are
(¥4, U(ky))—generic in the usual sense (see Lemma [5.1)). Introducing the notion of
(v, U)—generic representation in this way makes it possible to detect the existence
of (1, U)—generic representations contributing to the spectral decomposition of the
Poincaré series P(f) (defined by (L2)).

We remark here—and this is crucial for considerations in Section [B}—that by
combining local results of Section @l with (|24 Proposition 5.3]) we may control local
components in (I-c) not only to assure that the Poincaré series P(f) has a non-
zero Fourier coefficient (see (I-i) above) but also that P(f) € L2,,,(G(k)\ G(A)).
Finally, after all of these preparations, the main result of the present paper is the
following theorem (see Theorem [5.9)):

Theorem 1.3. Assume that G is a semisimple algebraic group defined over a num-
ber field k. Let U be a unipotent k-subgroup. Let ¢ : U(k) \ U(A) — C* be a
(unitary) character. Let S be a finite set of places, containing Vo, large enough
such that G and ¢ are unramified for v € S (in particular, ¥, is trivial on U(O,)).
For each finite place v € S, let M, be a (¢, U(k,))—generic Bernstein’s class (i.e.,
there is a (Y, U(ky))—generic irreducible representation which belongs to that class;
see Definition 1)) such that the following holds: if P is a k—parabolic subgroup of G
such that a Levi subgroup of P(k,) contains a conjugate of a Levi subgroup defining
M, for all finite v in S, then P = G. Then, there exists an irreducible sub-
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space in L2, (G(k)\ G(A)) which is (¢, U)-generic such that its K—finite vectors

cusp
Too Quev; Ty satisfy the following:
(i) m, is unramified for v & S.
(ii) m, belongs to the class M, for all finite v € S.
(iil) 7y is (o, U(ky))—generic for all finite v.

In the ordinary generic case, the local results of Rodier ([27], [28]) are used to
reformulate the requirement that the classes 9, are (¢, U(k,))—generic in its stan-
dard form (see Lemma[L8)). In this particular case, the theorem is a vast generaliza-
tion of similar results of Henniart, Shahidi, and Vignéras ([15], [32], [30, Proposition
5.1]) about existence of cuspidal automorphic representations with supercuspidal
local components. (See Corollary B0 for details.) This is because our assumption

If P is a k—parabolic subgroup of G such that a Levi subgroup of P(k,) contains a
conjugate of a Levi subgroup defining 9, for all finite v in S, then P = G.

is satisfied if one of the classes is supercuspidal. In general, none of the classes
needs to be supercuspidal (see [24] for examples).

A final remark regarding the theorem is about the case in which U is the unipo-
tent radical of a proper k—parabolic subgroup of G, and 1) is trivial. In this case, the
assumptions of the theorem taken together do not hold (see the text after Lemma
for explanation). Therefore, the theorem cannot be applied to this case. Of
course, this is expected since constant terms along proper k—parabolic subgroups of
cuspidal automorphic forms vanish (they are Fourier coefficients in this particular
case).

In Section [6l we deal with (I-d). For v € S — Vi, we construct very specific
matrix coefficients f, of generic local supercuspidal representations of G(k,) and
open compact subgroups L, C G(k,) such that (I-c) and (I-d) hold (see Proposition
[61T]). We use the results of ([20], [2I]). In Theorem [7.3] of Section [Tl we use these
results along with the methods of [I9] to prove the existence of certain (Yoo, Uso)—
generic cuspidal automorphic representations on L2, (I'z \ G ). We use (I-ii) and
(T-iii).

2. PRELIMINARIES

We let G be a semisimple algebraic group defined over a number field k. We
write V} (resp., Vo) for the set of finite (resp., Archimedean) places. For v € V :=
Voo U V¢, we write k, for the completion of k at v. If v € V¢, we let O, denote
the ring of integers of k,. Let A be the ring of adeles of k. For almost all places
of k, G is a group scheme over O,, and G(O,) is a hyperspecial maximal compact
subgroup of G(k,) (|33 3.9.1]); we say G is unramified over k,. The group of adelic
points G(A) = [[, G(k,) is a restricted product over all places of k of the groups
G(ky): g = (gv)vev € G(A) if and only if g, € G(O,) for almost all v. G(A) is a
locally compact group, and G(k) is embedded diagonally as a discrete subgroup of
G(A).

For a finite subset S C V, we let

Gs =[] G(k).

veS
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In addition, if S contains all Archimedean places V., we let G = H;;es G(ky).
Then
(2.1) G(A) = Gg x G,

We let G = Gy, and G(Aj) = GV=.

Let S C V be a finite set of places containing V., such that G is unramified over
k. For each v € V} we select an open-compact subgroup L, such that L, = G(O,)
for all v ¢ S. We define an open compact subgroup L C G(A) as follows:

L:IILW
veVy

We consider G(k) embedded diagonally in G and define

= [[ G0 | nG(k).

vgS

This can be considered as a subgroup of Gg using the diagonal embedding of G(k)
into the product (2.I)) and then the projection to the first component. Since G(k)
is a discrete subgroup of G(A), it follows that I'g is a discrete subgroup of Gg. In
particular for S = V,, considering G(k) embedded diagonally in G(Ay), we define

(2.2) L'y =LNG(k),

where L is any open-compact subgroup of G(Ay). We obtain a discrete subgroup
of G called a congruence subgroup.
The topological space G(k) \ G(A) has a finite volume G(A)—-invariant measure:

def 0o
e [ PO@d™ [ flods fecEG)
G(R)\G(A) G(4)
where the adelic compactly supported Poincaré series P(f) is defined as follows:
(2.4) P(f)(g9)= D [f(y-9) € C(G(k)\ G(A)).
ve€G (k)

We remark that the space C°(G(k) \ G(A)) is a subspace of C*°(G(A)) consist-
ing of all functions which are G(k)—invariant on the left and which are compactly
supported modulo G(k).

The measure introduced in (23] enables us to introduce the Hilbert space
L?*(G(k) \ G(A)), where the inner product is the usual Petersson inner product

(p, ¥) = ©(9)¥(g)dg.

G(RN\G(A)

It is a unitary representation of G(A) under right translations. Next, we define
a closed subrepresentation L2,,,(G(k)\ G(A)) consisting of all cuspidal functions.
We recall the definition of L2,,,(G(k)\ G(A)) and its basic properties.

Since G(k) \ G(A) has a finite volume, Hélder inequality implies that L?(G(k) \
G(A)) is a subset of L*(G(k) \ G(A)). Every function ¢ € L'(G(k)\ G(A)) is
locally integrable on G(A). This means that for every compact set C C G(A) we

\U

have [ |¢(g)|dg < co. Next, if U is a k—unipotent subgroup of G, then U(k)\U(A)
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is compact. Thus, there exists a compact neighborhood D of identity of U(A) such
that U(A) = U(k)D. Then, for every compact set C' C G(A) we have

/Iw(g)|d9=/ / le(ug)l > 1le(yug)du | dg
C UAM\UA)C U(k)\U(A)

y€U (k)

2/ (/ I@(ug)ldU> dg.
uaNU@) e \JUmE\U(a)

Letting C' vary, this implies that
/ lo(ug)|du < oo, (a.e.) for g € G(A).
U(R)\U(4)

If P is a k—parabolic subgroup of G, then we denote by Up the unipotent radical
of P. For ¢ € L'(G(k)\ G(A)), the constant term is a function

op(g) = / o(ug)du
Up (k)\Up (A)

defined almost everywhere on G(A). We say that ¢ is a cuspidal function if pp =0
almost everywhere on G(A) for all proper k—parabolic subgroups of G. Later in the
paper we need compactly supported Poincaré series which are cuspidal functions.
Their construction is rather delicate. Using theory of Bernstein classes [3] and
smooth representation theory of p—adic groups we describe fairly general construc-
tion of such functions in ([24, Proposition 5.3]). We use this construction later in
the proofs of our main results. A different construction of such functions which are
spherical has been done by Lindenstrauss and Venkatesh [I8]. They rely on Satake
isomorphism.

We continue with the description of L2,,,,(G(k)\ G(A)). The space L2, (G(k)\
G(A)) consists of all cuspidal functions in L?(G(k)\ G(A)). Obviously, it is G(A)-
invariant. It is closed since it is exactly the subspace of L?(G(k)\ G(A)) orthogonal
to all pseudo-Eisenstein series

E(m,P)g)= > 1), geGA),
U (NG (k)

where P ranges over all proper k—parabolic subgroups of G, and n € C.(Up(A) \
G(A)). This follows immediately from the integration formula

(. E(n, P)) = / or(g)n(g)ds.

Up(M\G(A)

We remark that since Up(k) \ Up(A) is compact, we have that 7 is compactly
supported modulo U(k). Consequently, we have E(n, P) € L*(G(k) \ G(A)).
We have the following result from representation theory:

Theorem 2.5. The space L?,,, (G(k)\G(A)) can be decomposed into a direct sum of

cusp
irreducible unitary representations of G(A) each occurring with a finite multiplicity.
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3. FOURIER COEFFICIENTS AND NON-VANISHING OF POINCARE SERIES

We begin the section with the following standard definition (see [29, §3, for the
generic case]. Let U be a unipotent k—subgroup of G. Let ¢ : U(k) \ U(A) — C*
be a (unitary) character. We warn the reader that 1) might be trivial. As with the
constant term recalled in Section 2] for ¢ € L?(G(k) \ G(A)), the integral

(3.1) Fron(@)(g) = /U oy, PP

converges almost everywhere for ¢ € G(A). We say that ¢ is (¢, U)-generic if

Fpy(p) #0 (ae.) for g € G(A).
It follows from BI]) that

(32)  Fuu)(@)(ug) =) Fyu(p)g), weU(A), (ac.) for g€ G(A).
The space defined by

L%w, U)fdcgcncratc(G(k) \G(A)) = {90 € Lz(G(k) \ G(A))’ P is not (w’ U)igeneric}

is closed and G(A)-invariant. The later is obvious, while the former follows as in
Section 2l where we discussed L2, (G(k)\ G(A)). Indeed, we let

cusp

(3.3) Em(g= >, nlg), geGA),

U(R\G (k)
where n € C*°(G(A)) satisfies the following conditions:

e n(ug) =Y(u)n(g), uweU(A), g€ G(A),
e there exists a compact subset C C G(A) (depending on 7) such that
supp(n) C U(4) - C.

Since U(k) \ U(A) is compact, we have that 7 is compactly supported modulo
U(k). Consequently, we have E(n) € L?(G(k) \ G(A)). Finally, ¢ is not (v,U)-
generic if and only if it is orthogonal to all E(n). This follows immediately from
the integration formula

(3.4) (. E()) = /U o, T (PTG

whose simple proof we leave to the reader as an exercise.

After these preliminary claims, we turn our attention to construction of com-
pactly supported Poincaré series having non-zero (¢, U)-Fourier coeflicients. We
need them in Sections [f] and [T for the proof of our main results.

Lemma 3.5. Let G be a semisimple group defined over k. Let U be a unipotent
k—subgroup. Let v : U(k)\U(A) — C* be a (unitary) character. Let S be a finite
set of places, containing Vo, large enough such that G, U, and 1 are unramified
forv &S (in particular, v, is trivial on U(O,)). Assume that for each v € Vy we
have f, € C°(G(ky)) and an open compact subgroup L, such that

(a) fo=1lgo,) and L, = G(O,) for allv ¢ S,

(b) forv e S — Ve, we have fU(kv) Jo(wy)y (uy)du, # 0,
(¢) and, for each v € S — V,, we require that f, is right-invariant under L,.
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Then, we can find fo € CP(Goo) such that when we let f = foo ®vevf fo the
following hold:
(1) Fe,on(P(f))(1)#0. In particular, P(f) is a non-zero element of L*(G(k)\
G(A))L, where the open compact subgroup L is defined by L = Hvevf L,.

(ii) P(f)|c.. # 0 and is an element of L*(T'1 \ G ), where I'y, is a congruence
subgroup which corresponds to L from (i) (see (Z2))).

(iii) fFLﬁUoc\Uoc P(f)(uoo)woo(uoo)duoo # 0.

Proof. Since U(k) \ U(A) is compact, there exists a compact set C' C U(A) such
that U(A) = U(k)C. We explain how we can choose this set more precisely. First,
by strong approximation, we have

U(Ap) =U(k) (LONU(Ay)).
We consider the decomposition
UA) =Usx xU(Ay),
with U(k) diagonally embedded. Then, we define the continuous map

Uso Xx (LNU(Af)) — U(R)\U(A)
given by
(Uoo, 1) = U(k)(too, ).
By strong approximation, this map is surjective and it induces a homeomorphism
of topological spaces

L N Uso \ Use x (LN U(A)) — U(k)\ U(A).

This implies that I'r, N Uy \ U is compact. In particular, we can select a compact
set Cso C Uy such that

Uso = U(k)Cro.
Hence, this implies that we can select a compact set
(3.6) C=Cx x (LNU(Ay))

in order to obtain U(A) = U(k)C.
Since G(k) is discrete in G(A) and the set (see (3.6))

(3.7) pEctx J[ swolh) x []G(0.)
veS—Va vgS

is compact, we have that the set G(k) N D is finite. We claim that

(3.8) G(k)nD c U(k).

Indeed, considering the projection to the first factor in ([B.1), we find that
Gk)ynD c C!
when we consider G(k) as a subgroup of Go,. But C ! C U, so that
Gk)ND C ClNG(k) CUx NG(k) = U(k).

This proves ([@.8)). Next, we can find an open set V. in G, containing C! such
that

Gh)n (VL x [ sup(f,) x [[G(Ok) | =Gk nD.

veES -V vgS
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We select an open neighborhood V,, of identity in G, such that V., - O ! ¢ V..
In particular,

(3.9) G)N (Vo - Ct x [[ supp(fo) x [[ G(Ok) | =G(k)yn D C U(k).
veES—Vo vgS

Next, we select foo € C°(Gs) such that supp(feo) C Voo and

(3.10) /U Foo (Uoo) Yoo (too )dutes # 0.

This can be achieved by requiring that support of f., is small enough so that
it is contained in the image of the restriction of exp to a small neighborhood of
0 € goo where that restriction is a diffeomorphism onto its image. Then, we can
transfer statement ([BI0) to the Lie algebra by writing the Haar measure on Uy, in
local coordinates (as the differential form of top degree which never vanish). The
obtained claim is easy to verify directly.

Now, we are ready to prove (i). We compute

Fu (PO = [ > Wit
URN\U(A) yeqk)
We reduce the above expression using the following observation:
(3.11)  f(y-u)#0, for some u € U(A) and v € G(k), implies that v € U(k).

Let us prove BI1). Using U(A) = U(k)C, we can write u = dc where § € U(k)
and ¢ € C. Since f(vy-u) # 0, we obtain

76 € G(k) Nnsupp(f) - C .

The key observation is that the assumptions (a) and (c) from the statement of the
lemma as well as ([B.6]) imply that

supp(f) - C~" =supp(fao) - O x [ supp(fu) x [[ G(O

veS—Va vgS
Using this and supp(feo) C Voo, (39) implies that
G(k) Nsupp(f) - C~1 C U(k),

which shows that 7§ € U(k). Hence v € U(k). This proves (3.11)).
Using (B.10)), (b) from the statement of the lemma, and (3I0]), the above integral
becomes

Fua PO = | S S - u)ia)du

U(k)\U(A) ~EU (k)

= </ fo (um)qpoo(um)dum)
U(koo)

This implies (i) in view of the assumption (c).

H /U o (W), (uy)du, # 0.

wES— Voo YU (Rv)
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To prove (ii) and (iii), we recall that in ([24, Proposition 3.2], we proved that
P(f)|c.. is a compactly supported Poincaré series on G, for I'y,. This shows that
it belongs to L?(T'z, \ G ). In order to complete the proofs of (ii) and (iii), we
observe that (b) implies that each 1, is invariant under L, N U(k,). This means

that P(f)|v(a,) (®vevf %) is right invariant under L N U(Ay). This enables us
to apply ([24, Lemma 3.3])

Fo)(P(f)(A) = voly, (LNU(Ay)) - / P(f) (o0 ) oo (thoo ) oo -

TLNUoo\Uso

In view of (i), this proves (ii) and (iii). O

4. LOCAL GENERIC REPRESENTATIONS

In this section we discuss local generic representation. We drop index v and let k
be a non-Archimedean local field. We assume that G is a semisimple group defined
over k. We write G for G(k) in order to simplify notation. Similarly, we do the
same for subgroups of G. The goal of this section is to explain how to construct
functions satisfying Lemma [BE(b) using the theory of Bernstein [3]. The reader
may also want to consult (|24, §5]). In the present section we refine some of the
results proved there for our particular application.

We introduce some notation following standard references [5] and [6]. We con-
sider the category of all smooth complex representations of G. For a smooth rep-
resentation m, we denote by 7 the smooth dual of 7. We call it a contragredient
representation.

Let P be a parabolic subgroup of G given by a Levi decomposition P = MUp,
where M is a Levi factor and Up is the unipotent radical of P. If o is a smooth
representation of M extended trivially across Up to a representation of P, then
we denote the normalized induction by IndIG; (o). If 7 is a smooth representation
of G, then we denote by JacgZ(m) a normalized Jacquet module of 7 with respect
to P. When restricted to Up, Jacgh () is a direct sum of (possibly infinitely
many) copies of a trivial representation. Therefore, when M is fixed, we write
Jacq (r) = Jacgk (). Let | | be an absolute value on k. Let M° be the subgroup
of M given as the intersection of the kernels of all characters m — |x(m)|, where
x ranges over the group of all k-rational algebraic characters M — k*. We say
that a character x : M — C* is unramified if it is trivial on M°. We say that an
irreducible representation p of M is supercuspidal if J acq%(p) = 0 for all proper
parabolic subgroups @ of M.

We recall Bernstein’s decomposition of the category of smooth complex repre-
sentations of G [3]. On the set of pairs (M, p), where M is a Levi subgroup of G
and p is a smooth irreducible supercuspidal representation of M, we introduce the
relation of equivalence as follows: (M, p) and (M’, p') are equivalent if we can find
g € G and an unramified character y of M’ such that M’ = gMg~! and p’ ~ xp9,
ie.,

p?(m') = x(m')p(g~'m'g), m' e M’

We write [M, p] for Bernstein’s equivalence class associated to a pair (M, p). We
say that a class [M, p| is supercuspidal if M = G. The contragredient Bernstein’s

class M of the class M = [M, p| is the class [M, p].
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Let V' be a smooth complex representation of G. Let
V([M, p))

be the largest smooth submodule of V' such that every irreducible subquotient of
V is a subquotient of Ind%(xp), for some unramified character x of M. Here P
is an arbitrary parabolic subgroup of G containing M as a Levi subgroup. The
fundamental result of Bernstein is the following decomposition:

V=vm),
m

where 901 ranges over all Bernstein equivalence classes.
We say that a smooth representation 7 of G belongs to the class [M, p] if the
following holds:

ﬂ-([M’ p]) =m.

It is obvious that any non-zero subquotient of 7 belongs to the same class. It is
well-known that each irreducible representation 7 belongs to a unique Bernstein’s
class.

Now, we apply this theory to study generic representations. We consider the
following very general set-up. Later in the section we give examples. Let U be any
unipotent k—subgroup of G and let x : U — C* be a character. Since U is a union
of open compact subgroups, x is unitary. For the same reason, U is unimodular.
We form the two types of induced representations (see ([5,[6]):

(1) Ind§(x) on the space of all functions f : G — C satisfying f(ug) =
x(u)f(g), for all g € G, u € U, and there exists an open-compact subgroup L
such that f(gl) = f(g), forallg € G, € L.

(2) ¢-Ind§(x) on the space of all functions f € Ind$(x) which are compactly
supported modulo U.

The contragredient of the representation c-Ind$ (%) is Ind5(x). The canonical
pairing

¢-Ind$ (%) x Ind§(x) — C

is given by

(f, F)= f(9)F(g)dg.
U\G
Let 7 be a smooth representation of G. Let V be the space on which 7 acts. Let
V (U, x) be the span of all vectors 7(u)v — x(u)v, v € V. Put ry, (V) = V/V(U, x).
It is the largest quotient of V on which U acts as x. The assignment V — 7y (V)
can be considered as a functor from the category of smooth G-representations to
the category of smooth U-representations. Since U is the union of open compact
subgroups, the functor is exact ([5, Proposition 2.3.5]). The following definition is
standard. Let 7 be a smooth representation of G. We say that = is (x, U)—generic
if
Homg (7‘(’, Indg(x)) £ 0.

By Frobenius reciprocity, this is equivalent to

T‘U’X(TK’) 75 0.
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Definition 4.1. Let 9 be a Bernstein’s class. We say that 9 is (x, U)—generic if
there exists an irreducible representation in this class which is (x, U)—-generic.

In the settings of Definition [£.I] we have the following simple result:

Lemma 4.2. Let M be a Bernstein’s class. Then we have the following:

(i) If c-Ind$ (x) (9M) # 0, then Ind$ (x) (M) ;A 0.

(ii) If the class M is (x,U)-generic, then Ind$(x )( )#£0

(iii) The class M is (x, U)—generic if and only if IndU( (M ) has an irreducible
subrepresentation or, equivalently, c- IndU( )Y(ON) has an irreducible quo-
tient.

(iv) If a supercuspidal representation p is (x, U)-generic, then c-Ind$ (x) (G, p])
#£0, and c-Ind$ (%) ([G, p]) # 0.

(v) Conversely, if Ind$ (x)([G, p]) # 0, where p is a supercuspidal representa-
tion, then p is (x,U)-generic.

)

Proof. The claims (i) and (ii
claim in (iii), we note that

and the first claim in (iii) are obvious. For the second

(c_lndg (y))N ~ mdS (y).
Hence,
Homg (7r, Indg(x)) ~ Homg <7r, (C—Indg (Y))N) ~ Homg (c—Indg(Y), %) .

From this observation the second claim easily follows. Let us prove (iv). By our
assumption

Homg (p, Indg(x)) # 0.
By the computation in (iii), this implies that
(4.3) Homg (C—Indg(y), ﬁ) # 0.

Since the group G has finite center (being semisimple), p is a projective object in
the category of all smooth representations of G. Thus, (3] implies that

(4.4) Homg (ﬁ, c-Indg (y)) £0.
This implies that
IndF ()G, 71) # 0.
Next, obviously ({4]) implies that
(4.5) Homg (ﬁ, nd (y)) £ 0.
So again, by the proof of (iii), we obtain from (5] the following:
Homg (c—Indg(X), p) ~ Homg (C-Indg(x), Ap;) # 0.

Thus, finally applying the projectivity argument one more time, we obtain

Homg (p, Ind%}(x)) # 0.

This completes the proof of (iv). The claim (v) follows from the fact that p is a
projective object in the category of smooth representations of G. O
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In the case of usual y—generic representations (see the text after the proof of
Lemma below), part (iv) was proved earlier by Casselman and Shalika ([11]
Corollary 6.5]).

Now, we use Bernstein’s theory to show existence of certain types of functions
with non-vanishing Fourier coeflicients. This will be crucial in Section [ for global
applications.

Let f € C°(G). Then, we define a Fourier coefficient of f along U with respect
to x as follows:

Foon()g) = /U Fug)x@du, g€ G.

Clearly
Foon (f) € e-Ind (%)

Lemma 4.6. Let 0 be a Bernstein’s class which satisfies c-Ind$ (x)(MN) # 0. (By
Bernstein theory there exists at least one such class.) Then, considering C°(G) as
a smooth module under right translations, there exists f € C°(G)(MN) such that the
Fourier coefficient Fy vy (f) is not identically equal to zero.

Proof. We observe the following simple fact. If V and W are smooth representations
such that W is a quotient of V' then, for any Bernstein’s class 9%, W (M) is a quotient
of V(7). This follows immediately from the facts that V' and W can be decomposed
into a direct sum of modules V() and W (M), and V(N) is mapped into W ().

Next, it is a standard fact that the map C°(G) — c-Ind§(x) given by f —
Fx,u)(f) is a surjective intertwining operator of right regular representations. This
clearly implies the surjectivite map

C(G) (M) — c-Indg (x)(M)
for any Bernstein’s class 9. The lemma follows. O

Now, we list some examples for the above theory. First of all, there are various
trivial cases such as the case U = {1} and x is trivial or the case U = Up and y is
trivial, for some proper parabolic subgroup of G. The reader may want to compute
generic representations in both cases as an easy exercise.

For global applications (see [30]), one instance of Lemma is of the greatest
importance. Assume that G is quasi-split over k. Let B = TUpg be a Borel subgroup
defined over k given by its Levi decomposition, let T' be a torus, and let Ug be a
unipotent radical, both defined over k. We let U = Up and assume that x is generic
in the sense that x is not trivial when restricted to any root subgroup U,, where
« is a simple root corresponding to the choice of B. It is a fundamental result of
Rodier [27,28] that dimry , (7) < 1. Moreover, if P = MUp is a standard parabolic
subgroup of G (i.e., B C P, T C M a standard choice for Levi subgroup; the details
can be found in ([I1} p. 208]) and o is an admissible representation of M, then we
have an isomorphism of vector spaces [11}27]28]

TU,x (Indg(a)) ~runm,y (0),
where ' is again a generic character defined by
(4.7) X (u) = x(w tuw), uwelUnM.

The element w is any element of Ng(A), where A is a split component in the center
of M which satisfies that the quotient P\ PwB is a unique open double coset in
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P\ G. As is more usual, in this case we speak of y—generic representations and
x—generic Bernstein classes. In this case, the above discussion implies the following
standard lemma, whose proof we leave to the reader as an exercise.

Lemma 4.8. Assume that G is quasi-split over k. The class 9 is x—generic if and
only if for a representative (M, p) of 9 which is taken among the set of standard
Levi subgroups we have that p is X' —generic.

We end this section with the following local result, which we prove using global
methods from the next section. In the theorem below we give a simple and natural
global proof of one of the main results of [I0] in the most important case.

Theorem 4.9. Assume that G is quasi-split over k. Let x be a generic character
of U = Ug. Let 9 be any Bernstein’s class such that c-Ind$ (x)(9M) # 0. Then,

e-Ind§ (x) (M) has an irreducible quotient (i.e., the class M is X -generic).

Proof. Let us make some preliminary reductions to the proof. Let us fix a generic
character xo of U = Ug. Let k be the algebraic closure of k. Then, as indicated
in ([30, §3]), for each generic character y of U there exists an element a € A(k),
where A is a maximal split k—torus in 7', such that the following hold:

the map g — a~'ga is a continuous automorphism of G = G(k),
a'Ua=U,

x(u) = xo(atua), for all u € U,

it fixes the set of standard parabolic subgroups of G and their standard
Levi subgroups (with respect to the choice of B and A),

e it permutes the set of supercuspidal representations and the set of unrami-

fied characters of each standard Levi subgroup M: p®(m) = p(a~*ma) and

x*(m) = x(a”'ma), m € M,
e the map m —— 7 permutes irreducible representations,
e if 7 is xo—generic, then 7 is y—generic,

e if 7 is a subquotient of Ind%(xp), then 7@ is a subquotient of Ind%(x*p®).

These facts show that it is enough to establish the theorem for some convenient
character y. We complete the proof using Corollary £.8, Lemma [£I0l and the fact
that when G is split there exist generic supercuspidal representations of G (see
Proposition [6.1T] for the case of simple groups). |

Lemma 4.10. Let H be a reductive group defined over a mumber field K. Then
there exist infinitely many places v of K such that H is split over K,.

Proof. There exists a finite Galois extension K C L such that H splits over L; i.e.,
H has a maximal torus defined over L and split over L. On the other hand, by the
Chebotarev density theorem, there exists a set of finite primes v of K of positive
density which are split in the sense of algebraic number theory with respect to the
extension K C L. For such v and a finite place w|v of L, we have K, = L,,. Since
H is obviously split over L,, (being split over L), H is split over K,. O

5. MAIN GLOBAL THEOREMS

In this section we return to the global settings of Section Bl Let K = K. X
Hvevf K, be a maximal compact subgroup of G(A), where K,, = G(O,,) for almost

all v. By Theorem 25 L2, (G(k)\ G(A)) can be decomposed into a Hilbert

cusp
direct sum of irreducible unitary representations of G(A) each occurring with finite
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multiplicity. Then, the same is true for any closed subrepresentation of L, ., (G(k)\
G(A)).

Let & be an irreducible subrepresentation of L2,,(G(k) \ G(A)). On the space
g of K—finite vectors we have an irreducible representation 7 of (goo, Koo ) X G(Af),
where g, is a real Lie algebra of G. In fact, 7 is an irreducible subspace of the
space of all cuspidal automorphic forms Ae,sp(G(k) \ G(A)) and is dense in U (see
[9]). The representation 7 is a restricted tensor product of local representations:
T~ o ®vevf Ty, where for almost all v € V the representation , is unramified.

Let U be a unipotent k-subgroup of G. Let ¢ : U(k) \ U(A) — C* be a

(unitary) character. We define a closed subrepresentation (see Section [3)
Lgusp, (v, U)fdegenerate(G(k‘) \ G(A)) = Liusp(G(k) \ G(A))
N L%¢7 U)fdegenerate(G(k) \ G(A))
Let 4 be an irreducible closed subrepresentation of LZ,, (G (k) \ G(A)) such that

cusp

U L (G(k)\ G(A)).

cusp, (¢, U)—degenerate

Then we say that il is (¢, U)—generic.
We have the following standard result:

Lemma 5.1. Let 4 be an irreducible subrepresentation of L2, (G(k)\G(A)) which

is (¢, U)~generic. Then, for every v € Vi, the representation m, is (Y, U(ky))~
generic.

Proof. Let A: g — C be a linear functional defined by
o Fun@O = [ )il
U(R)\U(4)
We show that A is non-zero. Assuming this for a moment, we complete the proof

of the lemma. Let us fix a finite place v. Then, for u € U(k,) and ¢ € Uy, we have
the following;:

A () ) = / (110 (1) P ) s = / o st V(@) du= 1 (1) A ()
U(k)\U(A)

U(R)\U(A)
This means that Ly is (1, U(k,))-generic considered as a smooth G(k,)-represen-
tation. But this representation is a direct sum of possibly infinitely many copies of
7y. This means that m, is (1, U(k,))-generic.
It remains to show that A # 0. If not, we have
Fuo(p)(1)=0
for all ¢ € Ug. Since Ug I8 (Foo, Koo) X G(Af)-invariant, writing
G(A) = Goo x G(Ay),

we conclude that

o0 1 .
Fep,u) (@) (koo exp (X), g5) = Z ;X Fep,) (@) koo, g7) = 0,

n=0
for any g € G(Ay), koo € Ko, and for X in a neighborhood of 0 (depending on
ko) In goo. This means that there exists an open set V' C G which meets all
connected components (in usual metric topology) of G such that

Fuoy(e) =0 onV x G(Ay).
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This implies that
./—"(wyU) (QD) = 0 on G(A)

since F(y, v () is real-analytic in the first variable being an integral over a compact
set of ¢ which is obviously a real analytic function in the first variable.

Thus, we conclude that F(y ) = 0 on the dense subset iy of 4. Now let
¢ € 4. Then, using the discussion at the beginning of Section B (see B.4)), we
conclude that (¢, n) = 0 for all  described there. From this, applying again (34)),
we conclude that F, 1)(¢) = 0. Since ¢ € i is arbitrary, we conclude that &l is
not (1, U)—generic. O

Now, we state and prove the main technical result of the present section.

Lemma 5.2. Assume that G is a semisimple algebraic group defined over a number
field k. Let U be a unipotent k-subgroup of G. Let ¢ : U(k)\ U(A) — C*
be a (unitary) character. Let S be a finite set of places, containing Vi, large
enough such that G and 1 are unramified for v ¢ S (in particular, v, is trivial
on U(Oy)). For each finite place v € S, let M, be a Bernstein’s class such that
C—Indggzzg(z/}v)(imv) # 0. Assume the following property: if P is a k-parabolic
subgroup of G such that a Levi subgroup of P(k,) contains a conjugate of a Levi
subgroup defining M, for all finite v in S, then P = G. Then, there exists an
irreducible subspace in L2, (G(k)\ G(A)) which is (¢,U)-generic such that its

cusp
K —finite vectors oo Q) my satisfy the following:

veVy
(i) m, is unramified for v € S.
(ii) m, belongs to the class M, for all finite v € S.
(iil) 7y is (o, U(ky))—generic for all finite v.
In particular, for each finite v € S, the class M, is (1, U(k,))—generic.

Before we start the proof we make some preliminary remarks. If U = {1} and
X = 1, then Lemma is just ([24], Theorem 1.1). On the other hand, assuming
that y is trivial and U is a unipotent radical of a proper k—parabolic subgroup @
of G, our assumptions on M, (for finite v € S) mean that there exists a non-zero
function f, € C°(G(k,))(M,) such that

/ Jo (uvgv)duv #0
U(ky)

for some g¢,. Then, ([24, Lemma 5.1]) implies that a conjugate of a Levi subgroup
defining 9, is contained in a Levi subgroup of Q(k, ). Since this holds for all v € S,
we would get Q = G, which is not possible. So, in this case, as it should be, the
theorem does not give anything.

Proof of Lemma B2l As in Lemma [3.5] we let f, = 1g(o,) for all v ¢ S. For finite
v € S, applying Lemma [0 we select f € C°(G(ky))(9M,) such that

[ atugdu, £ 0
U(kv)

We select open compact subgroups L, (v € Vy) as required in Lemma Then,
by Lemma B there exists foo € C°(G ) such that letting f = fo ®vevf fo we
have

Fpn(P(f)) # 0.



ON EXISTENCE OF GENERIC CUSP FORMS 4747

Thus, P(f) is a non-zero element of L2(G(k)\ G(A)). To show its cuspidality we
use our assumption: if P is a k—parabolic subgroup of G such that a Levi subgroup
of P(k,) contains a conjugate of a Levi subgroup defining 9, for all finite v in S,
then P = G, and then apply ([24, Proposition 5.3]). Thus, we obtain

P(f) € L2, (G(K) \ G(A)).
Let 90 be a closed subspace of L2, (G(k)\ G(A)) generated by P(f). It can be

cusp
decomposed into a direct sum of irreducible unitary representations of G(A) each

occurring with finite multiplicity:

0 = @jﬂj, each 4l; is closed and irreducible.

Let us write according to this decomposition

(5.3) P(f):Z%v ¥j € U

Since P(f) generates U, we must have

Y; #0, for all j.
Also, since

P(f) ¢ Lgusp7 (2, U)fdcgcncratc(G(k) \ G(A))’
there exists an index ¢ such that we have
U ¢ Lzusp, (v, U)fdegenerate(G(k) \ G(A))

From now on, we use arguments similar to those used in the proof of ([24, The-
orem 7.2]). We just outline the argument. It follows from (B.3]) that the following
inner product is not zero:

(5.4) / P(f)(9)T:(9)dg = / [i(g)2dg > 0.
G(k)\G(A) G(k)\G(A)

Since the space of cusp forms is dense in 4l; we can assume that v; is a cusp form
in the above inequality. In particular, this means that

(5.5) i € CF(G(R) \ G(A)).

The integral on the left-hand side in (B4]) can be written as follows:

(5. f@E@dg = [ P((e)iads >0,
G(4) G(RN\G(A)

Next, as is well-known in unitary theory, the space {; consisting of all 1), 1 € iy,
is a contragredient representation of il;. Next, (5] and (B.0) tell us that f acts
non-trivially on ;. If we write

veVy
then
(ﬂz)K = Wéo ® 7727
veVy
and
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In particular, for each finite place v, we have

(5.7) T (fo) #0.
Since, f, = 1g(o,), for all v € S, (B.1) implies that 7t and hence 7! are unramified.
Also, since for finite v € S, f € CX(G(k,))(M,), 1) and ([24, Lemma 5.2(ii)]

imply that 7/ belongs to the class 9,. Hence, ¢ belongs to the class 9,. Thus,
if we let 4l = 4;, then (i) and (ii) hold. Finally, (iii) holds by Lemma 511 O

We need the following result in the proof of Theorem 9l

Corollary 5.8. Assume that G is a semisimple quasi-split algebraic group defined
over a number field k. Let U be the unipotent radical of a Borel subgroup defined
over k. Let v : U(k)\U(A) — C* be a non-degenerate character. Assume that vy
is a finite place of k such that G is unramified over k,, and such that there exists a
o, —generic supercuspidal representation of G(ky,). Then, for any other finite place

v, any Bernstein’s class which satisfies c—IndﬁE: )(wv)(smv) %0 is P, —generic.

Proof. This corollary is a direct consequence of Lemma [5.2] We just need to select
S large enough such that it contains both v and vy. For each finite place w € S,

w # v,v9, let M, be a Bernstein’s class such that c—Indgg: ;( ) (M) # 0 (at

least one such class exists by Bernstein’s theory since c- IndG(k’“)(ww) #0). O

The following theorem is the main result of the present section and the paper:

Theorem 5.9. Assume that G is a semisimple algebraic group defined over a num-
ber field k. Let U be a unipotent k-subgroup. Let ¢ : U(k) \ U(A) — C* be a
(unitary) character. Let S be a finite set of places, containing Voo, large enough such
that G and ¢ are unramified for v € S (in particular, 1, is trivial on U(O,)). For
each finite place v € S, let M, be a (¢, U(k,))-generic Bernstein’s class such that
the following holds: if P is a k—parabolic subgroup of G such that a Levi subgroup
of P(k,) contains a conjugate of a Levi subgroup defining 9, for all finite v in S,
then P = G. Then, there exists an irreducible subspace in L2, .,(G(k)\G(A)) which

is (¢, U)—generic such that its K—finite vectors m ®vevf m, satisfy the following:

(i) my is unramified for v € S.
(ii) m, belongs to the class M, for all finite v € S.
(iii) my is (o, U(ky))—generic for all finite v.

Proof. By Lemma [L2(iii), for each finite v € S, the class M, satisfies
c-Indg(”) (8,) (M) # 0.

Thus, by Lemma [5.2] there exists an irreducible subspace  in L2, (G (k) \ G(A))
which is (¢, U)-generic such that its K-finite vectors puo ®uevf po satisfy the fol-
lowing:

(a) py is unramified for v & S.

(b) py belongs to the class M, for all finite v € 5.

(¢) pov is (¥y, U(ky))—generic for all finite v.
The contragredient representation of i can be realized on the space of all functions

@ where ¢ ranges over {l. Then, by conjugating the Fourier coefficient of i, we see
that the contragredient is (¢, U)—generic. Thus, if we let oo = poo and m, = py,
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for v € Vy, then we get (i) and (ii) from (a) and (b), respectively. Finally, (iii)
follows from Lemma [5.] since the contragredient is (v, U)—generic. O

The following corollary of Theorem [0 is a generalization of similar results of
Henniart, Shahidi, and Vignéras ([I5], [32], [30, Proposition 5.1]). They considered
the case of generic cusp forms having only supercuspidal representations as ramified
local components. Those forms have non-trivial Fourier coefficients with respect to
(v,U) where B = TU is a Borel subgroup defined over k (T is a maximal torus, U
is the unipotent radical, both defined over k) of G assumed to be quasi-split, and
1) is generic in the sense that it is not trivial when restricted to any root subgroup
U.(A), where « is a simple root corresponding to the choice of B. As usual we call
such cuspidal forms ¥—generic cuspidal forms.

Corollary 5.10. Assume that G is a semisimple quasi-split algebraic group defined
over a number field k. Let U be the unipotent radical of a Borel subgroup defined over
k. Let v : U(k)\U(A) — C* be a non-degenerate character. Let S be a finite set
of places, containing Vi, large enough such that G and iy are unramified for v ¢ S
(in particular, ¥, is trivial on U(O,)). For each finite place v € S, let [M,, p,]
be a Bernstein’s class such that M, is a standard Levi subgroup of G(k,) and p,
is a Y, —generic supercuspidal representation of M, (see the paragraph containing
D) in Section @ for notation). Assume that the following holds: if P is a k-
parabolic subgroup of G such that a Levi subgroup of P(k,) contains a conjugate of
M, for all finite v € S, then P = G. Then, there ezists an irreducible subspace in
L2,p(G(k)\ G(A)) which is ¢—generic such that its K -finite vectors mag ®vevf T
satisfy the following:

(i) my is unramified for v € S.

(i) 7, belongs to the class [M,, py] for all finite v € S.

(iii) 7, is 1, —generic for all finite v.

6. GENERICNESS OF THE REPRESENTATIONS OF [19]

Suppose k, is a p-adic field with ring of integers R,. Let G be a split simple
algebraic group defined over R,,. As in ([I9] §3.2]), set

§ := G(ky) and K := G(R,) a maximal compact subgroup of G.

If L C G is a subgroup defined over R,, let L, = L(k,) be the group of k,-rational
points. Let B be a Borel subgroup defined over R,.

Let B(S) be the Bruhat-Tits building of §. Let xx € B(G) be the point fixed
by K. The Borel subgroup B then determines an Iwahori subgroup Z C K. Let
C = B(9)? be the fixed points of the Iwahori subgroup Z. It is an alcove in B(9).

Take a maximally split torus A C B defined over R, so that C' is contained in
the apartment A(A,) associated to A,. Let ® = ®(G, A) and &+ = &+ (B, A) be
the root system of A and positive root system with respect to G and B.

For a € @, let U, C G denote the corresponding root group. We have

(6.1) Ulky) = [ Ualky).
acdt

Let ' = Z~y C Q be the additive subgroup so that the affine roots have the
form oo+ n with « € ® and n € I'. Let Uy be the subgroup of U, (k,) associated
to the affine root o + 7.



4750 ALLEN MOY AND GORAN MUIC

Let A and A* be the simple roots and simple affine roots of A(A,) with respect
to the Borel and Iwahori subgroups B and Z respectively. We recall that every
a € A is the gradient part of a unique root ¢ € A, In this way, we view A as a
subset of A,

Let 8 € ®T be the highest root, and let —3 + 9 (70 > 0) be the simple affine
root. Let £ be the height of 8 and take zy € C to be the point satisfying

(62) VaeAcA™ : azg) = —f(zo) +70 = 61)1.
For j > 0 an integer, set
TR Yo
(6.3) J -—J+(£+1).
So,
VaeA : (a4 j)(w) = j + 2]
(+17
(6.4)
and (_54—70 +])(CEO) = ] + o .
+1

Let ®*T denote the affine roots. We consider the Moy-Prasad groups

(65)  Gapgr = (A JI Uy and Gone = (A0, [ U
d) c (I)aff 1/} c @aff
P(xo) = Jj' Y(@o) > Jj'

defined in [20,21], and

(6.6) the quotient group Su,j/94,,(j/)+ is canonically H Upt5) /Uit -
’l/iGAaff

As in ([I9 §3.2]), let x be a character of the quotient Gy, '/, )+ Which is
non-degenerate in the sense that under the canonical isomorphism of (G.6l), x is
non-trivial on each of the groups Uy )/Uy4;+). Then, the proof of Lemma 3-19
in ([I9, §3.2]) generalizes to show the following lemma:

Lemma 6.7. Let x be a non-degenerate character of Suy jr /s, i+ Then:

(i) The inflation of x to Sau,,j7, when extended to G by zero outside Gy, j7, 15 a
cusp form of G.

(ii) For each j > 0, there exists an irreducible supercuspidal representation
(p, W) which has a non-zero § +—tnvariant vector but no non-zero
Go,j7 —tnvariant vector.

Io,(j/)

We show that the irreducible supercuspidal representations arising from the cusp
form x are generic for a suitable (non-degenerate) character of the unipotent radical
U(ky) of B(k,).

Recall that the cusp form x satisfies the following: For o« € A (positive simple
roots), the restriction of the character x to U,+; factors to a non-trivial character
of Ua1j/Uqyj+. Let € be a character of U(k,) so that

(68) S‘Ua+j equals X|Uayj *

Clearly, ¢ is a non-degenerate character of the unipotent group U (k).
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Recall for f € C°(G(k,)) that the Fourier coefficient of f along U(k,) with
respect to £ is the function F¢ yx,))(f) on G defined as

(69) FevtnN@ = [ flug) Ejdu.
U(k'u)
The coefficient F¢ y7(,)) (f) is in the induced representation

(6.10) c-Indg () (€) -

Proposition 6.11. Consider the cusp form x defined in Lemma and & a char-
acter of U(k,) satisfying [6.8)). Then, the Fourier coefficient F¢ vk, (X) satisfies
that Fe vk,))(x)(1) is non-zero.

Proof.

Feuk)y) (1) = /Ums X(u) E(u) du = /Ums b du

zg,J’

(6.12)

zg,J’

=meas(U N G, )-

In particular, the Fourier coefficient function F¢ ry(x,))(X) is a non-zero function.
|

Let V, be the G(k,)-subrepresentation of C2°(G(k,)) consisting of the right
translates of x. It is a finite length supercuspidal representation of G(k,), and

v

G (ky
(6.13) ]:(f,U(kv)) : VX — C—IndUEk g(f)

is a G(ky)-map. Let B be the (finite) set of Bernstein components which appear
in the representation V,. Similarly, let c-Ind{}(£)(%B) be the Bernstein projection
of c-Ind§ (€)(B) to the B components. Then

G (ks
(6.14) Fleut, @ Vx — cIndg (") (€)(B) ,

and the non-zero Fourier coefficient function Fey(r,))(x) belongs to
Gk,
c-Indgj(”) (6)(B).

7. A RELATION TO [19]

In this section we combine the results of the current paper with the results of
our previous paper [I9] in order to prove the existence of generic cuspidal forms
on a simply connected absolutely almost simple algebraic group G defined over Q
such that Goo = G(R) is not compact. We remind the reader that these are the
assumptions of [19]. Examples of such groups are split Chevalley groups such as
SL(n), Sp(n), or split Ga. In this section we let k = Q.

For each prime p, let Z, denote the p-adic integers inside Q@,. Recall that for
almost all primes p, the group G is unramified over Q,. Thus, G is a group scheme
over Z,, and G(Z,) is a hyperspecial maximal compact subgroup of G(Q,) ([33}
3.9.1)).

As in Section Bl we let U be a unipotent Q-subgroup of G. Let ¢ : U(Q) \
U(A) — C* be a (unitary) character.
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As in ([I9] Assumptions 1-3]) we consider a finite family of open compact sub-
groups but which satisfies more restrictive properties. We consider a finite family
of open compact subgroups

(7.1) F=A{L}
satisfying the following assumptions:

Assumptions 7.2.

(i) Under the partial ordering of inclusion there exists a subgroup Luyin € F
that is a subgroup of all the others.
(ii) The groups L € F are factorizable, i.e., L = [[L,, and for all but finitely
P

many p’s, the group L, is the mazimal compact subgroup G(Z,).

(iii) There exists a non-empty finite set of primes T such that for p € T the
group G(Qp) has a local cusp form f, € C(G(Qp)) which satisfies the
following conditions:

(a) fp @8 Liminp—invariant on the right, and

(b) fU(Qp) fp(“p)¢p(“p)dup # 0.
Moreover, we assume that for L # Ly, there exists p € T such that the

integral pr Ip(gplp)dl, =0 for all g, € G(Qy).
(iv) ¥y is trivial on U(Qp) N Lyin,p for allp ¢ T.

The reader may want to compare these assumptions with ([I9], Assumptions
1-3). We remark that using results of Section [f] we can write examples of families
F satisfying Assumptions[7.2]in the ordinary generic case (see the Introduction) by
globalizing non-degenerate characters from that section. But this is very technical,
and we do not write details here. An analogous result can be found in [19].

Let L C G(Ay) be an open compact subgroup. We define a congruence subgroup
L' of G using ZZ). We define L2, (T'\G) to be the subset of L*(I'z\Goo)
consisting of all measurable functions ¢ € L?(I';\Gs) such that

/ o(ug) =0, (a.e.) for g € Guo,

Up(R)NTCL\Up(R)

where Up is the unipotent radical of any proper Q—parabolic subgroup P.
Further, assume that L is factorizable L = [[ L, and that 1, is trivial on

L,NU(Q,) for all p. Then, 1 is trivial on Uy NT'r. We remind the reader

that in the proof of Lemma we proved that Uy, NTp \ Uy is compact. The

basic considerations similar to those given at the beginning of Section [ can be

carried without difficulties. So, as in Section 3] for ¢ € L?(I';\G ), we define the

(o0, Uso)—Fourier coefficient

FpooU0) () (900) :/ O(UooGoo ) Voo (Uoo )dUos, a.e. for goo € Goo.
UooMT 1 \Uco

We say that ¢ is (Yoo, Uso)—generic if Fy,_ v y(p) # 0 (a.e.). We define the closed
G o—invariant subspace L%w(x” U.)-degenerate L L \Goc) as in Section Bl As in Section
Bl we define

Lgusp7 (%00, Uso )—degenerate (FL\GOO) = L%Tliom Uoo)7dcgcncratc(FL\GOO)QLgusp(FL\GOO)'
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As before, we say that an irreducible closed subrepresentation in Lgusp(I‘ L\Gwo) is
(Y00, Uso )—generic if

U ¢ Lzusp, (o0, Uso )—degenerate (FL \ GOO)

As in the proof of Lemma [5.1] we see that the functional from the space of cuspidal
automorphic forms (i.e., the space of K ,—finite vectors) in il given by

o / O(Uoo ) o0 (Uoo ) oo
UsoNCL\Uoo

is not zero.
After these preliminaries, we are ready to state and prove the main result of the
present section. It is analogous to the main result of [19].

Theorem 7.3. Suppose G is a simply connected, absolutely almost simple alge-
braic group defined over Q, such that G is non-compact and F = {L} is a finite
set of open compact subgroups of G(Ay) satisfying Assumptions (C2). Then, the
orthogonal complement of

Z Lzusp (FL\GOO)

LeF
Lmin G L
in L2, (P \Goo) contains an (o, Uss) —generic irreducible (closed) subrepre-
sentation.

Proof. The proof of this theorem is similar to the proof of ([I9, Theorem 1-4]), but
instead of ([24] Theorem 4-2], we use Lemma For p ¢ T, we let f, = 11
For p € T, we use the cusp form f, given by Assumptions [72)(iii).

Now, in view of our Assumptions [[L2] we see that all assumptions (a)—(c) of
Lemma, hold. As a consequence, Lemma asserts that there exists fo, €
C®(Gx), foo # 0, such that if we let f = foo ®) fp, then the following holds:

(1.4 / P(f) (toe) o0 e # 0.
UeoMTr,, \Uco
Next, as in the proof of Lemma (2] we see that P(f) is cuspidal. Hence, ([24,
Proposition 3.2]) implies that P(f)|g.. is I'r—cuspidal. Thus, (4] implies that
P(f)|g.. is a non-zero element of L2,  (Tr,.., \ Goo).

Next, as in ([I9, Lemmas 2-18, 2-19]), we show that P(f)|q.. is orthogonal to
L2, T\ Gso) in L2, (Tr. . \ Gos) for all L € F, L # Ly,. Thus, the closed

cusp cusp
Goo-invariant subspace U in L2, (U'z,,., \ Goo) generated by P(f)|c.. is non-trivial
by (Z4), and consequently it is a direct sum of irreducible unitary representations
each appearing with finite multiplicity [13]. Finally, using ([4) and arguing as
in the proof of Lemma [£.2] we see that some of those representations must be

(Y00, Uso )—generic. O

min,p *

8. DUALS AND BERNSTEIN PROJECTORS

In this section we use notation of Section @l We relate the decomposition into
Bernstein classes of a smooth representation and its contragredient. We apply
obtained results to complete our investigation of [10].

Let Z(G) denote the Bernstein center of G (see []). If (w, V) is a smooth
representation of G, let 7 : Z(G) — Endg (V) be the canonical extension of 7
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to Z(G). If Q is a Bernstein class, let e denote the projector distribution of €,
and set

V() = 7w(eq)V.

We note the distribution eq can be represented by a local L' function on G.
For convenience we identify the distribution with its local L' function. Define the

. eV
function and distribution eq as

\ég(z) = eqz™1).

Proposition 8.1. Suppose eq is the projector distribution to the Bernstein class
Q. Suppose also that (mx,X) and (my,Y) are smooth representations of G and
(,): XxY — C is a G-equivariant pairing, i.e.,

V(EEX,y€Y,g€GZ <7TX(9)1',y>:<1',7TX(g_1)y>

Then for any open compact subgroup J, we have
(8.2) VeeX,yeY : (rx(eaxlpx,y) = <x,7ry(\e/g*1J)y>.
Proof. We have (eq*1;)(g9) = [, ea(gk)dk. For x € X, we have

Wx(egl*lJ).’[ = //6gl(gk)d]€ Wx(g)l’ dg.
GJJ

Ifx € X and y € Y, then:

(mxteax1)z.y) = ([ [ ealah)dtmx(o)e da. v)
/G/J<en(gk)7rx(g)w7y>dk dg = /G/J@%m(gkﬁw(g‘l)y)dk dg
| [ tal i av o ) db dg

GJJ

/G<x, (/]ég(k—lh)dk)wY(h)y> dh
_ <x,/G(/JéQ(hk—1)dk) ry(B)y) dh = (2, 1y (Cox1))y).

O

Corollary 8.3. In the setting of the proposition , the distribution \e/g is the projector
to the Bernstein class 2, and we have for any x € X, y €Y,

(8.4) (mx(ea)z,y) = (z,my(ea)y) .

Proof. We use the formula (82]) in the proposition and note that for any = €
X,y €Y, if Jis a sufficiently small open compact subgroup, then mx(eq)z =

Voo,
Tx(eq * = (J)1;) z, and Ty (eq) y = my(eq * ——(J)1;)y. To prove eq is
the projector to the Bernstein class €2, we apply the pairing formula (4] to the

situation of the evaluation pairing between an irreducible X and its smooth dual
Y =X O

Corollary 8.5. Assume that (7w, V) is a smooth representation of G. Then, for
any Bernstein class Q, we have [V (Q)] = V().
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Proof. Let (,) : V x V' — C be the evaluation pairing. Then, for any z € V,
y € V', we have (7w(eq)z,y) = (x, m(eg)y). The G-subspace V() is a direct
G-summand of V. This means that [V(Q2)]" is a G-summand of V'. If we take
x € V(Q) and y € [V(Q)]', we deduce from the pairing formula that [V (Q)] is

V'(Q). O
Finally, we have the following:

Corollary 8.6. Assume that (7w, V) is a smooth representation of G. Then, for

any Bernstein class Q, if V'(Q) # 0, then V(Q) # 0.
Proof. Apply Corollary to the class €. O

Now, we apply our results to improve the results of Bushnell and Henniart [10].
We use notation and results of our Section @l The reader may wish to review Sec-
tion @l Assume that U is the unipotent radical of a minimal k—parabolic subgroup
of G and that x is a non-degenerate character of U (see §1 of [10]). In the classical
Whittaker case described in the second half of Section [ the notion coincides with
the one introduced there. One of the main results of [10] says that if the Bernstein
class Q contributes to the decomposition of ¢-Ind$ (x) i.e., c-Ind$ (x)(Q2) # 0, then
¢-Ind$ (x)(Q) has an irreducible quotient. BEquivalently, Ind$(x)(€) has an irre-
ducible subrepresentation (see Lemma A.2]). In view of Definition 1] we say that
the class € is (X, U)—generic. In the most important case of usual generic represen-
tations, the result of Bushnell and Henniart is a simple and natural consequence of
our main global results (see Theorem [£.9)).

Theorem 8.7. In the settings of [I0] mentioned above, let us decompose into Bern-
stein classes:

Indi (x) = € Indg(x)(9).
Q

Then, if Ind{; (%) (Q) # 0, the Bernstein class Q is (X, U)-generic.

Proof. We note that Ind{ () is a contragredient representation of c-Ind$ (). Now,
the theorem is a direct consequence of Corollary and the above described result
of Bushnell and Henniart. |
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