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UNIQUENESS OF POSITIVE SOLUTIONS TO SOME COUPLED
COOPERATIVE VARIATIONAL ELLIPTIC SYSTEMS

YULIAN AN, JANN-LONG CHERN, AND JUNPING SHI

ABSTRACT. The uniqueness of positive solutions to some semilinear elliptic
systems with variational structure arising from mathematical physics is proved.
The key ingredient of the proof is the oscillatory behavior of solutions to lin-
earized equations for cooperative semilinear elliptic systems of two equations
on one-dimensional domains, and it is shown that the stability of the posi-
tive solutions for such a semilinear system is closely related to the oscillatory
behavior.

1. INTRODUCTION

Systems of nonlinear elliptic type partial differential equations arise from many
models in mathematical physics, such as the nonlinear static Chern-Simons-Higgs
equations of classical field theory [9l[12l[16,T9-H2115960,68], and standing wave solu-
tions of coupled nonlinear Schidinger equations from Bose—Einstein condensation
[T, 11,47, 58,[63,65]. In the case of two interacting particles or waves, the static
equation is in the form

(11) Aul + f(uhuQ) = 07 Au? +g(u1>u2) = 07 T € Q7

where € is R™ or a bounded domain in R™. While the existence of positive solu-
tions to () have been obtained through various variational or other methods, the
uniqueness or exact multiplicity of solutions have been mostly open.

In this article, we provide a rather general approach for proving the uniqueness of
positive solutions to the system in one-dimensional space. To achieve this, we prove
some general properties of the associated linearized system which resembles the
classic Sturm comparison principle, and with these properties, for some important
systems with a variational structure, we prove the uniqueness of the solution of

uf + fug,uz) =0, r € R,
(1.2) u'2’ + g(u1,uQ) =0, z € R,

ur(x) >0, ug(x) >0, r eR,

up(z) = 0, us(z) =0, |x| = oo,
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or the solution of the related Dirichlet boundary value problem:

uf + f(ur,uz) =0, —R <z <R,
(13) ub + g(ug,uz) =0, —R <z <R,
’ ui(x) >0, ua(z) >0, —R <z <R,

Define R% = {(u1,u2) : uy > 0,us > 0}. Throughout the paper, we assume that
the nonlinear functions f, g in (L2)) and (3] satisfy

(f1) f.9 € C'(R3).
(f2) (Cooperativeness) Define the Jacobian of the vector field (f, g) to be

of of
(14) J(u1 UQ) = 6—u1(U17UQ) a—uQ(U1,UQ) = < fl(ul’U’Q) f2(U1,U2) >
aa—l.tgl(ub’u@) %(UDUZ) gl(UIjuz) QQ(Ul,’LLg)

Then (f, g) is said to be cooperative if fo(uy,us) > 0 and g (u1,us) > 0 for

(u1,u2) € R%, and fo(u1,uz) > 0 and gq(u1,uz) > 0 for (u1,us) € int(RY).
Under conditions (f1) and (£2), it is well known that a positive solution (u1(x), uz(z))
of (L3) must be an even function in the sense that u;(—x) = u;(z) and ui(z) < 0
for z € (0, R) (see [64]), and the symmetry properties for positive solutions to (L2
have also been established in [8l[33L50] under some additional assumptions on f and
g at (u1,uz) = (0,0). These works are natural extensions of the classical results in
[37138] for the scalar equation since the maximum principle also holds for elliptic
systems with cooperative nonlinearities [28][32/[61].

Our first result is a Sturm comparison type result for positive solutions to system
T2 or [@3). We note that the Sturm comparison lemma can be regarded as
another aspect of a maximum principle in one-dimensional space. A simplified
version of the classical Sturm comparison lemma is: suppose that wi(z) and wy(z)
are two linear independent solutions of w” 4 ¢(z)w = 0, where ¢ is continuous
on [a,b] and wy(a) = wy(b) = 0; then ws has a zero in (a,b). A straightforward
application of this lemma is for a solution of

(1.5) u' +gu)=0, x € (0,R), v (0)=0, u0) =«

such that u(z) > 0, v/(z) < 0 in (0, R). Then any solution ¢ of the linearized
equation

(1.6) ¢" + 9 (@) =0, x€(0,R)

changes sign at most once in (0, R) since u'(x) is also a solution of (L)), »'(0) = 0,
and v/(z) < 0 in (0, R). Our result for solutions of a linearized equation around a
positive solution to (L2Z) or (3] resembles the one above for the scalar equation.
More precisely, suppose that f, g satisfy (f1) and (£2), (u1,us) is a positive solution

of (L2) or (L3), and fi1, f2,91,92 are as defined in [L4]). We prove that if (¢1,1)
(resp., (¢2,12)) is a solution of

" + fro+ f21p =0, 0<z<R,

V" 4+ 910+ g29p =0, 0<z <R,

#(0) = /(0) =0,

(¢(0),4(0)) = (1,0), (resp., (0,1)),

(1.7)
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then each of ¢; and ¢; (i = 1,2) changes sign at most once in (0, R) (see Lemma
and Corollary for more precise statements). It is well known that oscillatory
properties of solutions to the linearized equation is critical for the stability and
uniqueness of positive solutions of semilinear elliptic equations [3\44l53[54]. Hence
the nonoscillatory property for solutions of (7)) is very useful for the stability
and uniqueness of positive solutions to (L2) or (L3). We remark that such a
property usually does not hold for the higher-dimensional radial Laplacian Lu =
r1=7(rn~1y/)" even for the scalar case; hence the spatial dimension n = 1 is a
critical assumption here.

Our second result is related to the stability of a positive solution to (LZ) or
([@3). It is known that for (A, the number of sign-changes of the solution of the
linearized equation is related to the stability of a positive solution. If the solution
of the linearized equation does not change sign, then the positive solution is linearly
stable; while if the solution of the linearized equation changes sign once, then the
positive solution is linearly unstable. Here we also establish such a connection
between the number of sign-changes of the solution to the linearized equation (7))
and the stability of a positive solution of the system (L2)). More precisely, we show
that if f, g satisfy (f1) and (£2), a positive solution (u1,us) of (3] is stable if there
exists a real number ¢ > 0 such that ¢; +cgo > 0 and 1 + cip2 > 0 in (0, R], where
(¢i, ;) is the solution of (L), and (uq1,ue) is unstable if and only if for all ¢ > 0,
at least one of ¢1 + coy or 11 + cihy is not positive in (0, R) (see Proposition 2.8]).

The nonoscillatory results above are proved under rather general conditions (f1)
and (f2) on (f,g), and these results pave the way for the stability, nondegeneracy,
and uniqueness of the positive solution to (L2)) or (L3)) from a wide range of ap-
plications. Two additional structures on (f,g) would be needed for these further
results: (i) the growth rate of functions f and g; and (ii) a variational structure for
the vector field (f,g).

The growth rate of the functions f and g plays an important role in the qualita-
tive behavior of the solutions to (L2)) and (I3]). Here we define several conditions
on the growth rate of f and g:

(f3) (Superlinear) The vector field (f,g) is said to be superlinear if for all
(Ul, U’2) S Ria
(1.8) fiur + faug = f 20, grug + gauz — g > 0.

(£3’) (Strongly superlinear) The vector field (f, g) is said to be strongly superlin-
ear if for all (u1,us) € R?,

(1.9) fiur —f >0, gaug—g>0.
(f4) (Sublinear) The vector field (f, g) is said to be sublinear if for all (uy,us) €
R3,
(1.10) frur + fouz — f <0, grur + gouz — g < 0.

(f4’) (Weakly sublinear) The vector field (f,g) is said to be weakly sublinear if
for all (uq,uz) € RZ,

(1.11) fiur = f <0, goup — g <0.

We remark that all definitions above are actually for a single function f : Rﬁ_ — R,
but we assume that f and g have the same type of growth rate in this article. Note
that under the cooperativeness assumption (f2), condition (f3’) implies (f3), while
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condition (f4) implies (f4’), which is the reason for the “strongly” and “weakly” in
the definition. On the other hand, we notice that a function f can be both weakly
sublinear and superlinear. A prototypical example of a cooperative type function
fis
k

(1.12) flur,ug) = Aug + pug + Z a;ul udt

i=1
where A € R, pu € [0,00), a; > 0, and p;,¢; > 0 for all 1 < ¢ < k. Under these
general conditions, it is easy to verify that

pi + q; > 1= f is superlinear; p; > 1, u = 0= f is strongly superlinear;
pi + ¢ < 1= fissublinear; p; < 1= f is weakly sublinear.

Hence f is both weakly sublinear and superlinear if 0 < p;, < 1, 0 < ¢;, and
p;+q; > 1, which always holds when p; = 1. The notion of superlinear and sublinear
growth rate for a uni-variable function g : Ry — R was considered in [54], and the
definition here can be considered as a generalization of the definition in [54] to
multivariable functions. Similar definitions of multi-variable sublinear/superlinear
functions can also be found in [I825/57]. Tt is known that sublinear/superlinear
properties are related to the stability of positive solutions of (I3]). We prove that
when (f,g) is sublinear, then any positive solution of (3] is stable, while when
(f,g) is superlinear, then any positive solution of (L3 is unstable (see Lemma
and also [25]).

The final assumption for the nondegeneracy and uniqueness of positive solutions
is the variational structure on the vector field (f,g). Here two possible variational
structures can be defined as in [29,30]. The system (2) or (I3) is a Hamiltonian
system if there exists a differentiable function H(u1,us) such that

O0H OH
(1.13) flug,ug) = % and  g(up,ug) = #
Clearly a Hamiltonian system satisfies f; = g». For a Hamiltonian system, if
(u1(x),us(x)) is a solution of (23], we define
(1.14) Ho(x) = uj (v)uy(x) + H(u (), ua(2)).

Then H{(z) = 0 and hence Hy(z) = Hp(0) for x > 0. On the other hand, the
system ([L2)) or (L3) is a gradient system if there exists a differentiable function
F(uy,us) such that

OF (u1,uz) OF (uy,u2)
1.15 = —" —_—
(1.15) fur, up) s ity
Clearly a gradient system satisfies fo = g1; hence the Jacobian matrix is symmetric

and the corresponding linearized equation is self-adjoint. For a gradient system, if
(u1(x),us(x)) is a solution of (23], we define

(1.16) Foe) = S ()] + Slub(@)]? + Fln (z), wa(a).

Then F{(z) = 0 and hence Fy(z) = Fy(0) for > 0. Both the energy functions Hy

and 9(“1,’“2) =

1
and Fy are generalizations of the energy function Go(z) = i[ul(z)]2 + G(u(x)) for
(L) where G(u) = [’ g(s)ds. For the scalar equation
(1.17) u +gu)=0, x €R, v'(0) =0, lim u(x)=0,

|z] =00
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the energy function GGy alone can guarantee the uniqueness of positive solutions
to ([LI7), which in general is not the case for the system ([3). But with the
Hamiltonian or gradient structure, the uniqueness of positive solutions to (3] can
be proved by combining with oscillatory property.

Our third key result is that if we assume (u1,uz) is a positive solution of (L3,
(f, g) satisfies (f1) and (f2), (f, g) is superlinear (thus (u1,u2) is unstable), and in
addition, if (f, g) is weakly sublinear and is a Hamiltonian or gradient system, then
(u1,us) must be nondegenerate, which often suggests uniqueness. Combining the
cooperative and variational structure, and the weakly sublinear and superlinear
properties, we can prove that the positive solution to (L3) for certain (f,g) is
unique for any given R > 0, and it also implies the uniqueness of positive solutions
to (L2) when it exists. More precisely, it can be shown that all solutions of (L3)
can be represented by a curve N = {(a, 8(a), R(a)) : « € A}, where A is a subset
of R;. For a given « in the admissible set A, there is a unique S(«) > 0 such that
([C3) has a unique positive solution (uq,us) satisfying u1(0) = a, u2(0) = S(a),
and R = R(a). Moreover, it is shown that S(«) is a strictly increasing function
of a and that R(«) is a strictly increasing (decreasing) function of o when (f, g)
is sublinear (superlinear). The monotonicity of R(«) implies the uniqueness of
positive solutions to (I3 for a given R > 0 (see Section 3 for more precise results).

In Section 3, this program of proving uniqueness of positive solutions to (3] is
achieved for

(A) (Schrodinger type [BILB3LB9]) f(u1,u2) = —u1 + ud, g(ur, uz) = —ug + uf,
where p, g > 1.

(B) (optics model [4849[69)]) f(u1,u2) = —bug +uquz, g(ur,uz) = —cus+u? /2,
where b, ¢ > 0.

Here system (A) is a Hamiltonian system and (B) is a gradient system. The more
general results established in Section 2 can be applied to prove the uniqueness of
positive solutions of (L3 as long as (f,g) is (i) cooperative, (ii) weakly sublinear
and superlinear, and (iii) Hamiltonian or gradient.

The uniqueness of positive solutions of (I3]) for the sublinear (f,g) case holds
for a general bounded domain in R™ with n > 1; see [[I8,25]. Some methods
for the uniqueness of the positive solutions of semilinear elliptic systems used in
this paper were also used in some of our earlier work [I3|[T5HI7,19.20], but the
oscillatory results for the linearized equation here are the most general ones as they
do not rely on specific algebraic form of the nonlinearities f and g. We expect these
results will be useful for the uniqueness of the positive solutions to other cooperative
systems. Previously the uniqueness of the positive solutions was generally only
known for the Lane-Emden system in which the nonlinearities are power functions;
see [26]27[41,43,[56]. Recently the uniqueness of positive solutions to the coupled
Schrodinger equations in some special cases was proved in [111[40L51167].

The remaining part of the paper is organized as follows. In Section 2, we consider
the properties of solutions to linearized equations, and the relation between the
stability of solutions and nodal properties of solutions to linearized equations is
considered. The uniqueness of positive solutions to several semilinear cooperative
elliptic systems with weakly sublinear and superlinear nonlinearities are studied in
Section 3.
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2. LINEARIZED EQUATIONS AND STABILITY

2.1. Preliminaries. In the following we always assume that (f,g) satisfies the
conditions (f1) and (f2). With a possible translation, a solution of (L2]) or (L3)
is necessarily symmetric with respect to x = 0 and decreasing when = > 0 [8[64];
hence it satisfies either

uf + f(ur,u2) =0, 0 <z < oo,
uly + g(ug, uz) =0, 0 <z < oo,
(2.1) ur(z) >0, uz(z) >0, uj(zr) <0, uh(x) <0, 0<z<oo,
ut (0) = up(0) =0,
ui(x) = 0, wug(x) — 0, T — 00
or
uf + fug,uz) =0, 0<z<R,
ul + g(ug, uz) =0, 0<z<R,
(2.2) ui(z) >0, ug(z) >0, uj(x) <0, uy(zx) <0, O0<xz<R,
u1(0) = u5(0) =0,
uq (

u/1/+f(u1;u2): ’ $>0,
g

0
~0 0
(2.3) u) =0, >0,

u1(0) = @, u(0) = 5,

where « > 0 and S > 0. The local existence and uniqueness of the solution of
(Z3) can be proved via a standard argument. We denote the solution of (2.3
by (u1(z;a, 8),us(z;a, f)) or simply (u1(z),uz(x)) when there is no confusion.
We will only consider a solution of (23] satisfying u;(x) > 0 and u}(x) < 0 for
x € (0,6), i = 1,2. This requires the initial value («, 8) to satisfy f(a, ) > 0 and
g(a, B) > 0, and at least one of them must be strictly greater than zero. A solution
of [Z2) is a crossing solution of ([Z3]), and a solution of (1)) is a ground state
solution. The local solution (u1(z),us2(z)) of [Z3) can be extended to a maximal
interval (0, R(«, 3)) so that u;(z) > 0 and u}(x) < 0in (0, R(a, f)), i = 1,2. In the
following we will use R = R(«, ) when there is no confusion.

If R < oo, then, for technical reasons, we need to extend the solution beyond
r = R. We extend the definition of (f,g) to R? so that f,g € C*(R?). Hence the
solution (uj(z),us(x)) can be extended to = € [0, R + ¢] for a positive € = (o, §)
with w; or —u} possibly negative in (R, R + ¢]. In the following we shall always
assume that the domain of a solution (uy(z),u2(z)) is € [0, R + €] when R < occ.

To consider the dependence of solutions on the initial values, we consider the
linearized equation of (uj(x),us(z)) with respect to the initial value (a, ). Let
W (z) be a 2 x 2 matrix function defined as

Oui(z;a, B)  Oup (s, B)
_ 0 0
(2.4) W@ = puyva ) dusora )
Oa 0B
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Then W (z) satisfies

(2.5) {WH + J(ur(x),uz(z))W =0, x>0,

w(0)=1, W'(0)=0.
Here I is the identity matrix, J is defined in (I4]), and W’ and W are the matrices
of derivatives of each entry W;; of W with respect to x. Equivalently, we can write
the componentwise equation: let (¢1,11) = (aul(x;a’ﬁ) auz(m;a’ﬁ)); then (¢1,11)

da ) O
satisfies

1+ figr + fapr =0, x>0,
VY + 161 + 9201 =0, x>0,
$1(0) =1, ¢1(0) =0,
¥1(0) =0, ¥1(0) = 0;

and let (¢o,12) = (am(gza,ﬂ)7 auz((;};aﬁ)); then (¢o,12) satisfies

(2.6)

5+ figa + fathy =0, x>0,
5 T 9102+ 9202 =0, x>0,
$2(0) =0, ¢5(0) =0,
¥2(0) =1, ¥5(0) = 0.
To study the oscillatory behavior of (¢;, ;) (i = 1,2), we first consider two
auxiliary equations. Let (¢3,3) be the unique solution of

(2.7)

g+f1¢3207 .’E>0,
g+921/)3 :Oa ‘T>Oa

28) 63(0) = 1, 64(0) =0,

The oscillatory behavior of (¢3,13) can be obtained as follows.

Lemma 2.1. Let (u1,us2) be a solution of 23) such that ui(z) > 0, ua(z) > 0,
uj(z) <0, and uh(z) < 0 for x € (0, R) (R may be 00), and let (¢3,13) be defined
as in Z8). Assume that (f,g) is cooperative as defined in (f2). Then
(1) Each of ¢3 and 13 has at most one zero in (0, R).
(2) If, in addition, (f,g) is weakly sublinear and (u1,us2) is a solution of (2.2),
then each of ¢3 and 13 is positive in (0, R].
(3) If, in addition, (f,qg) is strongly superlinear and (u1,us) is a solution of
@2), then each of ¢3 and 3 changes sign exactly once in (0, R), and
¢3(R) <0, ¢3(R) <0.

Proof.

(1) We only prove it for ¢3, and the proof for 3 is similar. Suppose that ¢3
changes sign more than once. Let 0 < 1 < 22 < R be the first two zeros of
¢3. From the equation which ¢3 satisfies, each zero of ¢3 is a simple one. Then
¢3(x) < 0in (z1,22), P4(z1) < 0, and ¢5(z2) > 0. Notice that (u},u)) satisfies

(u/l)ll—’_flu/l +f2u/2 :0, T > Oa
(2.9) (uy)” + qrul + gouy =0, >0,
W (0) = 0, u(0) = 0.
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Then multiplying the equation of ¢3 in ([Z.8)) by u, multiplying the equation of u}
in [29) by ¢35 and subtracting and integrating on (x1, z3), we obtain

(2.10) O (w2t (2) — By (1) = / " fasubda.

The left-hand side of ([2I0) is nonpositive since v/ (z) < 0 in (0, R), while the right-
hand side of (210 is positive since fo > 0, ¢35 < 0, and u) < 0 in (1, 22). That is
a contradiction. Hence ¢35 cannot have more than one zero in (0, R].

(2) Next we assume that (f, g) is weakly sublinear and (uq,u2) is a solution of
[22). Suppose that ¢3 has a zero x; € (0, R]; then ¢3(x) > 0 for z € (0,21) and
¢3(x1) = 0. We rewrite the equations in (Z2]) to

(2.11) {“/1/+f1U1=f1U1—f, z >0,

ulhy + gous = gaus — g, x> 0.
Multiplying the equation of ¢3 in (Z8) by wi, multiplying the equation of w; in
I0) by ¢3, and subtracting and integrating on (0, z1), we have

(2.12) dy(x1)ur (1) = — /Owl(flm — f)pzd.

Then the left-hand side of (2.12) is negative, while the right-hand side of ([2.12)) is
nonnegative. This is a contradiction, so ¢3(x) > 0 for z € (0, R].

(3) Now we also assume (f, g) is strongly superlinear and (u1, us2) is a solution of
([22)). Suppose that ¢3 does not change sign; then ¢3(x) > 0 for = € (0, R). Similar
to (2), we have

R
(213) ~os(R(R) = = [ (= Poude.
Then the left-hand side of (213) is nonnegative, while the right-hand side of (213
is negative. This contradiction implies that ¢3 has to change sign in (0, R), and
¢3(R) < 0 since ¢3 cannot have more than one zero from the previous proof. O

The following result provides a key oscillatory result for the solutions of the

linearized equations (2:6) and (27).

Lemma 2.2. Let (u1, uz) be a solution of [23) such that ui(z) > 0, and uz(z) >0
for x € (0,R), and uj(x) < 0 and u5j(z) < 0 for x € (0,R] (when R is oo, then
ui(z) < 0 for x € (0,R)), and let ¢;, ¢; (i = 1,2,3) be defined as in (2.6), 271
and [28). Assume that (f,g) is cooperative as defined in (£2). Then:
(1) ¢1(xz) changes sign at most once, and 1(x) < 0 for x € (0,R); if in
addition ¢3(x) > 0, then ¢1(x) > 0 for x € (0, R);
(2) 2(x) changes sign at most once, and ¢a(xr) < 0 for x € (0,R); if in
addition 1s(x) > 0, then a(x) > 0 for x € (0, R).

Proof. If R < oo, then from our earlier comment, we extend the definition of the
solution to [0, R + €], and since u(R) < 0, then we can assume that u}(x) < 0 for
x € (0,R + ¢]. In the following we only prove the result for ¢; and )y, and the
proof for the other case is similar. Since ¢1(0) > 0, ¥1(0) = 0, ¥1(0) = 0, and

7(0) = —g291(0) — g161(0) < 0. Then for some z¢ > 0, ¢1(x) > 0 and ¥ (z) < 0
in (0, x0). Define

(2.14) z1=sup{0 <z < R:¢1(r) >0and ¢1(r) < 0in (0,x)}.
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If 1 = R, then the result holds. So we assume z; < R. Then either ¢1(z1) =0
or Y¥1(x1) = 0. If ¢1(x1) = 0, then ¢1(z) < 0 in (0,21) and 9j(z1) > 0. Then
multiplying the equation of v in (28] by ), multiplying the equation of u} in
@3) by 1, and subtracting and integrating on (0, 1), we obtain

(2.15) Wy — ral]|E = — / g1(B1y — ey do.

The left-hand side is ¥} (z1)ub(z1) < 0, and the right-hand side is positive since
g1>0,¢1>0,9% <0, u] <0, and uy <0 in (0,z1). That is a contradiction.

Hence 1 (x1) = 0 does not hold and one must have ¢;(x;) = 0, which implies
that 11 (x) < 0 in (0,z1], ¢1(x) > 0 in (0,21), and ¢ (x1) < 0. We claim that in
this case ¢3 defined in ([28)) changes sign in (0,21). If not, ¢3(x) > 0 in (0,21).
Then from the equation of ¢; and ¢3, we obtain that

(2.16) P3(x1)) (x1) = —/0 1 fep1¢sdx,

which is a contradiction since the left-hand side is nonpositive and the right-hand
side is positive. Hence ¢3 has to change sign before ¢;. From Lemma [ZI] ¢3
changes sign at most once in (0, R). If ¢3 does not change sign in (0, R), then ¢;
and 11 do not change sign either; thus the conclusion in the lemma holds.

So now we assume that ¢3 changes sign exactly once at zg € (0, R); then 0 <
xo < x1, and ¢3(x) < 0 in [z, R]. We claim that ¢; cannot have more than one
zeros in (0, R). We define another pair of auxiliary functions (¢a g, %4,) which is
defined by ¢ar = ¢1 + kuj and by ) = 1 + kuj for k > 0. (¢1,91) and (uy, u)
satisfy the same linear equations, and so does (¢4 i, ¥4, ); namely,

Z,k + f1¢4,k + f2¢4,k; =0, x>0,
(2.17) U+ g16ag + gahar =0, x>0,
$4.£(0) =1, 144(0) =0.

When £k > 0 is large enough, 14 (x) < 0 for x € (0, R), and ¢4 has exactly one
zero, z1x; € (0, R), which approaches to 0 as k — oo since ¢ ;(0) = kuf(0) < 0.
Hence we can define

ki =inf{ko > 0: 94 r(x) <0 for z € (0, R),

2.18
( ) and ¢4 has exactly one zero, z1 ; € (0, R), for all k > ko}.

Such a k. clearly exists as for any k < 0, ¢4 ,(x) > 0 near z = 0. Hence k. > 0.
Suppose that k, > 0. Then ¢4, () > 0 and 141, (z) < 0 for small z, and one of
the following alternatives occurs:

(i) there exists x > 0 such that ¥4k, (z) < 0 in (0,z2) and ¥4k, (x2) = 0;

(ii) ¢4k, has more than one zero in (0, R);

(iii) ¢4 has exactly one zero, z1x € (0, R), for k > k., but ¢4 has no zero in
(0, R) when k = k..

If case (iil) occurs, then ¢1(x) > 0 for = € (0, R) since ¢4 ) decreases in k. Then
the conclusion in the lemma holds. It is obvious that if (iii) occurs, then (ii) cannot
occur. Also notice that if (iii) occurs, then (i) cannot occur. On the contrary,
suppose cases (i) and (iii) both occur. Similar to (I3, if a, b are two consecutive
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zeros of 14 i, then

b
(2.19) s ety — b pl] = — / 1 (Saptty — tapid)de.

For k = k., let a = 0 and b = x5. Then the right side of (219 is positive and the
left side is nonnegative. This is a contradiction.

Suppose that case (i) occurs but (ii) does not. Similar to the discussion of the
last paragraph, we must have xa > 1 x,, the unique zero of ¢4, . In particular,
this implies that ¢4, (r2) < 0. Also, z2 is necessarily a local maximum point of

Y41, . However, from (2.17),
Lk, (T2) = —g10a k. (22) > 0,

and we reach another contradiction.

Next we consider that the case (ii) occurs but not (i); hence 4, (z) < 0 in
(0,R). Let x3 < x4 be the first two zeros of ¢4 i, . By using the equations of ¢y
and uf, if a, b are two consecutive zeros of ¢4 i, then

b
(2.20) (6t — bagl] o= — / Joa sy — duudy)da,

Since ¢4k, (0) =1 > 0, then ¢gx, (z) < 0in (x3,24), and z4 is necessarily a local
maximum point. However, from (2.17),

Gk, (x1) = = forhag, (x2) > 0,

a contradiction.

Finally we consider that the cases (i) and (ii) occur simultaneously; that is,
¢4k, has the first two zeros x5 < wg, and 4, has a first zero at xo. Again
we have ¢4, (x) < 0 in (z5,26). Apparently xo > x5 from the proof above. If
x5 < x2 < X, then the argument for case (i) still works, and we can use (2.19)
to get a contradiction; if x5 > xg, then the argument for case (ii) still works,
and we can use (220) to get a contradiction. Finally if 2o = x4, we will have
ba k., (x2) = By, (22) = 0 and Yk, (v2) = ¥}, (v2) = 0, but that would imply
Gak, =Yak, =0 for z € (0, R) from the uniqueness of second order linear ODE.

Since we reach contradictions in both cases (i) and (ii), then we cannot have
ks« > 0. Therefore k, = 0 and the proof is completed. O

For the weakly sublinear case, Lemmas 2.1] and imply the following result
which will be used later.

Corollary 2.3. Let (u1,u2) be a solution of [22) such that u}(R) < 0 and uhb(R) <

0, and let (¢i, i) (i = 1,2,3) be the solution of (28), 1), and 23], respectively.
Assume that (f,g) is cooperative as defined in (f2) and is weakly sublinear; then

both ¢1 and 1y are positive on [0, R).

2.2. Stability. Let (uj,u2) be a solution of (I3]). The stability of (ui,us) is
determined by the eigenvalue problem

§I/+f1§+f2n:_;u€7 era
(2.21) 0+ g€+ gan=—pn, wel,
&(z) =0, n(z)=0, x € 0l
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Here I = (—R, R). Notice that (221 can be written as
(2.22) Lu = Hu+ pu,

where

(2.23) u:(§>’ Lu:(_ﬁi:_f1£)7 and H:(O f2).
n —n" = g2n g1 0

Again we assume that (f, g) is cooperative. Then the system of ([222) and (Z23)
is a linear elliptic system of cooperative type, and the maximum principles hold for
such systems. Here we recall some known results.

Lemma 2.4. Suppose that L, H are given in Z23), u € X = [W>2(I) W, *(1)]?,
and (f,g) is cooperative as defined in (£2). Then:

(1) w1 = inf{p € Re(spt(L — H))} is a real-value eigenvalue of L — H, where
spt(L — H) is the spectrum of L — H.

(2) For p = py, there exists a unique (up to a constant multiple) eigenfunction
u; €Y =[L%2(1))? anduy >0 in I.

(3) For u < w1, the equation Lu = Hu + pu + f is uniquely solvable for any
feY, andu>0 aslong asf > 0.

(4) (Mazimum principle) For p < ui, suppose that u € [W>2(I))?f satisfies
Lu> Hu+puin I andua >0 on 0I; then u >0 in I.

(5) If there exists u € [W22(I))? satisfying Lu > Hu and u > 0 in I, and
either u # 0 on 01 or Lu # Hu in I, then uy > 0.

(6) The principal eigenvalue can be characterized by

(2.24) py =sup{p:3Iw e [V[/licl (D))* such that (L — H)w > pyw, and w > 0}.

For the result and proofs of parts (1)—(5) in Lemma 4] see Sweers [61], Propo-
sition 3.1 and Theorems 1.1. For part (6), see Birindelli et al. [7], Theorem 1
(which extends the result in Berestycki et al. [6] for scalar equations). Moreover,
from a standard compactness argument, the linear operator L — H has countably
many eigenvalues p; (i = 1,2,...), and the eigenvalues can be ordered so that
Re(p; — 1) — o0 as i — oo. A solution (uq,us) of (3] is called stable if g > 0,
neutrally stable if p; = 0, and it is unstable if uy < 0. The Morse index M (uy,us) of
(u1,us) is the number of eigenvalues with negative real parts counting multiplicity.
Also, (u1,u2) is nondegenerate if u; # 0 for all i = 1,2, .. ..

One useful fact is that, from part (6) of Lemma 24 if (f,g) is cooperative as
defined in (f2), then ([Z24)) implies that for the same (f1, f2, g1, g2) defined for
I=(—Ri, Ry),

(225) ﬂl(Rl) < /Ll(Rg) if Ry > Ry > O,
where 1 (R;) is the corresponding principal eigenvalue of ([Z21)) with I = (—R, R)
and R=R; (j =1,2).

For a given solution (u1,us) of (I3), we can also define another eigenvalue
problem:

fll+f15+f277:_ﬂfa xE(O,R),

(2.26) 0" 4+ 91§ + gan = —p, r € (0,R),
§'(0) =¢&(R) =0, 7'(0) =n(R) =0.
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If (u,&,n) is an eigen-triple of (2.26]), then it also satisfies (221 via an even ex-
tension from [0, R] to [—R, R]. This also implies that if (2.28]) has a positive eigen-
vector (€1,m1) for an eigenvalue p;, then extended (u1,&1,71) is also the principal
eigen-triple for (Z22I). On the other hand, if (u1,&1,71) is the principal eigen-triple
for (Z21)) such that & ,m > 0, then (&1 (—x),m(—=2)) is also a positive eigenvec-
tor. From the simplicity of the eigenvector in Lemma [24] it is necessary that
(&1(=z),m(—x)) = (&1(x),m(x)) for x € I. This implies that (&1, 1) is symmetric
with respect to 0, thus (u1,&1, 1) satisfies ([2226]). Therefore the principal eigenval-
ues of (ZZI) and ([Z28) are equivalent. In particular, a solution (u,uz) of (22 is
stable if the principal eigenvalue pq of (Z20)) is positive.

The stability of a positive crossing solution is known if (f,g) is sublinear or
superlinear. The following lemma is from Theorem 2.3 and Theorem 2.4 of [25].

Lemma 2.5. Let (uy, uz) be a solution of (Z2) such that v}y (R) < 0 and u4(R) < 0.
Assume that (f,g) is cooperative as defined in (£2).

(1) If (f,g) is sublinear, then the principal eigenvalue py of (Z26]) is positive,
i.e., (uy,uz) is stable.

(2) If (f, g) is superlinear, then the principal eigenvalue pq of (220) is negative,
i.e., (ur,ug) is unstable.

Next we observe a connection between the principal eigenvalue of ([2:26) (or
equivalently (Z2I))) and two scalar eigenvalue problems. Consider the eigenvalue
problems

(2.27) g+ fils = —K&s, 0<z<R,

and

(2.28) 5+ gatls = v, 0<z<R,
n3(0) =0, n3(R) = 0.

Then we have the following relation.

Proposition 2.6. Let (u1,u2) be a solution of Z2) such that v} (R) < 0 and
ub(R) < 0, and assume that (f,g) is cooperative as defined in (f2). Let py be the
principal eigenvalue of (2.20)), let k1 and v1 be the principal eigenvalues of (227
and ([228)), respectively, and let (¢3,13) be the solution of ([2.8)). Then

(2.29) p1 < min{ky, v }.
In particular, if one of ¢3 and 3 changes sign in (0, R), then (u1,ug) is unstable.

Proof. Let L1(¢) = —¢" — fi¢ — u1¢ for ¢ € H(I). Then Lq(&1) = fam > (£)0
for x € I, and & = 0 for ¢ = £R. Hence from the maximum principle (part (5)
of Lemma [Z4] for L,), the principal eigenvalue pi(L1) = k1 — g1 > 0. The same
proof can be applied to La(¢p) = —¢" — gap — p1¢ for ¢ € HE(I) to prove pg < v1.
It is well known that 1 (or v4) is positive if and only if ¢3 (or t3) is positive in
[0, R] from the Sturm comparison lemma. Thus if one of ¢35 and 13 changes sign in
(0, R), then p; < min{k1,11} <O0. O
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Remark 2.7.

(1) Some stability results similar to Lemma for a positive solution u(z) of
the scalar elliptic equation

(2.30) Au+h(u)=0, 2€Q, u(z)=0, z€IN
were proved in [54] for the general bounded spatial domain 2 C R™. If h(u)
is sublinear, that is, h/(u)u — h(u) < 0 for u > 0, then w is stable; and if
h(u) is superlinear, that is, A'(u)u — h(u) > 0 for « > 0, then u is unstable.
(2) If (f, g) is weakly sublinear and (uq,ug) is a positive solution of (3], then

both ¢3 and 13 are positive on [0, R]. But (u1,u2) may not be stable with
respect to ([L3)). For example, consider the boundary value problem

uf +uyg —ud +uud =0, x€(—m/2,7/2),
uf +ug —ud +utug =0, x€(—m/2,7/2),
ui(z) >0, ug(z) >0, x € (—m/2,7/2),
uy(£7/2) = ua(£7/2) = 0.

(2.31)

It is easy to verify that (uq(x),us(z)) = (cos(x),cos(x)) is a positive solu-
tion to (2Z3I)). This solution is neutrally stable as g3 = 0 and (&1,m) =
(cos(z), cos(z)). Since frus — f = —2u} < 0 and gaug —g = —2u3 < 0, then
(f, g) is weakly sublinear. But (f, ¢g) is not sublinear since fiuj + fous—f =
2ui(u3 — u?) and grug + gaug — g = 2ua(ud — ud).

2.3. Nondegeneracy. With the oscillatory properties of (¢;, ;) (i = 1,2) proved
in Lemma [Z2] and Corollary 23] we consider the solution (A, B.) of the following
initial value problem:

A/C/+f1Ac+f2BC:0, 0<xz<R,
B!+ g1A. + g2B. =0, 0<z<R,

(2.82) A,0) =1, AL(0) =0,

B.(0) = ¢ >0, BL(0)=0,

for ¢ > 0. Clearly (A¢, Be) = (¢1,%1) + c(d2,v2). If (ui(z;a, B),uz(z; 0, B)) is
a crossing solution of (22)), then the behavior of the solution (4., B.) roughly
shows the nodal behavior of (uy(z;a+¢, 8+ ce) —ui(z; a, 8), ua(z; a0+ ¢, 8+ ce) —
uz(x; o, B)). Thus (Ae, B:) can be viewed as the directional derivative of (uq,us)
along the direction (1, c¢).

We first show a general result on the connection between the stability of a solution
and the variational equation ([2:32)).

Proposition 2.8. Let (ug,us) be a solution of (Z2)) such that uj(R) < 0 and
uh(R) <0, and let (A, B.) be defined as in [232). Assume that (f,g) is cooperative
as defined in (f2).
(1) (u1,ue) is stable if and only if for some ¢ > 0, A.(x) > 0 and B.(z) > 0 in
(0, R).
(2) (u1,us) is neutrally stable if and only if for some ¢ > 0, A.(x) > 0 and
B.(z) >0 in (0,R) and A.(R) = B.(R) = 0.
(3) (u1,us2) is unstable if and only if for all ¢ > 0, at least one of A.(x) or
B.(z) is not positive in (0, R).
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Proof. For part (1), if for some ¢ > 0, A.(x) > 0 and B.(z) > 0 in (0, R], then we
extend (A, B.) to [-R, R]. Then p; > 0 follows from part (5) of Lemma 24l On
the other hand, if (u1,usg) is stable, then ([22]]) has a positive principal eigenvalue
u1(R) > 0 with a positive eigenvector (£;1,71). From the uniqueness of principal
eigenvector (Lemma [24] (2)) and the fact that (uq,us) is symmetric with respect
to x = 0, then (£1,71) is also symmetric with respect to = 0; hence (u1,&1,m1)
necessarily satisfies (2.26). Recall that we have extended the definition of (f,g) to
R? so it is C'!; thus we can also extend fi(uy(z), u2()), gi(ui(x), uz(x)), i = 1,2,
to x € R2. Consider the eigenvalue problem

"+ fi&+ fon=—pé, xel,
(2.33) '+ g +gam=—pn, wEIL,
&(x) =0, n(z) =0, x € 0l,,

where I, = (—r,r) for r > 0. It is well known that the principal eigenvalue p4 (r)
is continuous with respect to r. Moreover, if (f,g) is cooperative, then pq(r) is
nonincreasing with respect to r by ([225). We claim that there exists some ¢ > 0
such that A.(x) > 0 and B.(x) > 0 in (0, R]. On the contrary, suppose for any
¢ > 0, A.(z) or B.(z) changes sign at least once in (0, R]. Then the graphs of
c1(z) and co(x) must intersect in (0, R]. Let x, be the smallest > 0 such that
c1(z) = ca(x) = ¢ > 0. We obtain that the principal eigenvalue of ([Z33)) is zero, i.e.,
p1(z,) = 0. It implies that pq (R) < 0 since x, < R. This contradicts pq (R) > 0.
Part (2) follows easily from part (2) of Lemma 2.4 and the definition of neutral
stability. Part (3) also follows easily from parts (1) and (2) as (u1,us) is unstable
if it is neither stable nor neutrally stable. ([l

Proposition shows that the oscillatory property of functions A, and B, is
closely related to the stability of a positive solution (up,us) of (Z2). The sign-
changing of the functions A. and B. can be tracked by the functions

(2.34)
Cl(l') _ _¢1(£L‘) _’lﬁl(l')
pa(z)’ Ya(z)’

From Lemma 2] ¢ (z) is well defined for all = € (0, R]; c2(x) is well defined for all
x € (0, R] if ¢a(z) > 0 for = € (0, R], and c2(x) has a vertical asymptote at some
. € (0,R) if 9a(zs) = 0 for some z, € (0,R). For a given ¢ > 0, the roots of
c1(x) = c and co(x) = ¢ give the zeros of the functions A.(z) and B.(z).

First we show that the stability /instability result for the sublinear/superlinear
cases shown in Lemma can be rephrased using c¢;(x) and cz(x) as follows.

0<z <R, ca(z) = 0 <z <R, a(x) #0.

Lemma 2.9. Let (uy, uz) be a solution of [22) such that v} (R) < 0 and ub(R) < 0,
and let ¢;(x) (i = 1,2) be defined as in (Z34)). Assume that (f,g) is cooperative as
defined in (£2).

(1) If (f,g) is sublinear, then ci(x) is strictly decreasing and co(x) is strictly
increasing for x € (0, R), and ¢1(R) > ca(R), i.e., the graphs of ¢1(x) and
ca(z) do not intersect in (0, R].

(2) If (f,g) is superlinear, then there exists * € (0, R) such that the graphs
of c1(z) and co(x) intersect at © = x*, and ¢, (x) is strictly decreasing and
co(x) is strictly increasing for x € (0,x*).
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Proof.

(1) If (f,g) is sublinear, then ¢1(x) > 0 and ¢a(z) > 0 for all z € [0,R] b
Corollary 23] Thus ¢;(z), c2(x) > 0 for = € (0, R]. We prove that ¢;(z) > 02( ) fo
all z € [0, R]. When z > 0 is small, we have ¢1(z) > co(z) since lim,_,o+ ¢1(z) = 00
and c2(0) = 0. Let x. be the smallest > 0 such that ¢1(z) = ca(z) = ¢* > 0.
From the definition of ¢;(x), we have

G105 — d29y Iy f2(1¢2 — hapr)ds B Jy fabatbz(c1 — c2)ds

(@) =

b3 3 3 ’
(2.35) / R
ooy Wb — eyt fo 91(Yadt — Yig)ds fo g1$2a(ca — C1)d
02(:1;) - w% - w% 1/}2

Since ¢1(x) — co(x) > 0 for z € (0,x,), then ¢} (x) <0, ch(z) > 0, and ¢1(x) > ¢* >
co(z) for x € (0,z,). This also implies that for ¢ = ¢*, A« (x) > 0 and B« (z) > 0
for x € [0,z,) and A (z4) = Be(z4) = 0.

Consider an eigenvalue problem

§/I+f1§+f277:_u§7 J?E(O,J)*),
(2.36) 0 + g1€ + gan = —pm, z € (0,z,),
£'(0) = &(zs) =0, 7'(0) =n(x.) =0.

From the above discussion and Lemma 24 we know that the principal eigen-
value of (230 is zero, i.e., p1(z.) = 0 and (A« (x), Bes(x)) with x € (0,z,) is
the corresponding positive eigenfunction. On the other hand, by (22), we have
p1(R) < pi(zs) = 0 since z, < R. But since (f,g) is sublinear, then p;(R) > 0
from part (1) of Lemma [25 That is a contradiction. Hence if (f,g) is sublinear,
then c¢1(z) > co(x) for all € [0, R]. It implies that for any ¢ € (c2(R),c1(R)),
Ac(x) > 0 and B.(z) > 0 in (0, R)].

(2) Next we assume that (f,g) is superlinear. We prove that c¢;(x) and ca(z)
must intersect at some z* € (0, R). Suppose not; then c;(x) > ca(z) for x € (0, R)
and ¢1(R) > c2(R). Let ¢ = ¢1(R); then A.(z) > 0 and B.(z) > 0 in (0, R). If
c1(R) > cao(R), then B.(R) > 0, so u1(R) > 0 from part (5) of Lemma [Z4] If
c1(R) = c2(R), then uq(R) = 0. Therefore we get uj(R) > 0, which contradicts
part (2) of Lemma 25 O

To prove the nondegeneracy of positive solutions for the superlinear problem, we
would need the information of ¢;(z) and ¢o(z) beyond the intersection point shown
in Lemma While in general it is difficult to classify such behavior, in the
following key lemma, we prove that the graphs of ¢1(z) and co(x) cannot intersect
again if additional structure is imposed on the vector field (f,g): (i) it is weakly
sublinear; and (ii) it is variational (gradient or Hamiltonian).

Lemma 2.10. Let (u1,uz2) be a solution of (Z2)) such that ui(R) < 0 and ub(R) <
0, and let c;(x) (i = 1,2) be defined as in Z34). Assume that (f,g) is cooper-
ative as defined in (£2). If (f,g) is superlinear and weakly sublinear, and ([22)
is a Hamiltonian system or a gradient system, then the graphs of c¢1(x) and ca(x)
intersect only at x = x* in (0, R], each of c1(x) and ca(x) has at most one critical
point in (0, R], and ca(x) > c1(z) for x € (z*, R].

Proof. We assume that (f, g) is superlinear and weakly sublinear. From part (2) of
Lemma [Z9] the graphs of ¢1(z) and co(z) intersect at some x* € (0, R). We prove
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that the graphs of ¢1(z) and c2(z) do not intersect in (z*, R]. Since (f, g) is weakly
sublinear, then ¢1(z) > 0 and o(z) > 0 for all z € [0, R] by Corollary [Z3l From
234, ¢j(z) < 0 and ch(z) > 0 for z € (0,2*], and thus there exists a small € > 0
such that c;(x) < co(x) for x € (z*,2* + €]. Suppose that the graphs of ¢;(z) and
c2(z) have another intersection point. Let z** be the smallest € (z*, R] such that
c1(z) = ca(x) = ¢ > 0. Then ¢1(x) < ca(z) for z € (z*,x**).

Note that
v Jadarpa(er — c2) @3 — 2000 [ fabatha(cr — ca)ds
€1 (LE) - 4 )
(2.37) & .
vy G1ata(ca — c1)¥3 — 200t [ grdatha(ca — c1)ds
ch(z) = e .

If there exists x1 € (z*, 2**) such that ¢} (z1) = 0, then

Cll/(xl) _ f2¢2¢2¢()§1 - 02)
2

since c1(x1) < ca(x1) and fa(x) > 0, ¢2(x) < 0, and (z) > 0 for x € (0, R].

Similarly, if there exists xo € (z*,2**) such that c¢5(xz2) = 0, then

cll(22) = %

2
This combining with ¢} (z) < 0 and ¢4(z) > 0 in (0,2*] implies that c¢;(z) has
at most one critical point which is a local minimum and that co(z) has at most
one critical point which is a local maximum. In particular, the horizontal line
¢ = ¢ intersects each of ¢ = ¢1(x) and ¢ = c2(z) at most once for x € [0, z**)
or, equivalently, each of A« (z) and Be«~(x) changes sign in (0, z**) at most once.
Then there are the following three possible cases:

>0,

T=T1

< 0.

T=T2

(i) Both of Aq(x) and Be«« () change sign in (0, 2**) exactly once.
(if) Aes=(x) changes sign in (0, z**) exactly once, and B« (z) does not change
sign in (0, z**).
(iii) Bes«(x) changes sign in (0, z**) exactly once, and A (z) does not change
sign in (0, z**).
In the following, we discuss these three cases when one of two types of additional
variational structure (Hamiltonian or gradient) is imposed on system (2.2)).
Type I: First we suppose ([Z2]) is a Hamiltonian system. Then

(238) fl(ul, ’U,Q) = gg(uhUg), for (ul,uQ) S Ri

If case (i) occurs, then

(2.39) Ape (%) = Bees (%) =0, AL (2**) >0, Bl..(z**)>0.
Using the equation of A. with ¢ = ¢** and the equation of u), we obtain
(2.40) Al — (uh)" Aper + foBesety — gruf A = 0,

since (238) holds. Similarly we have

(2.41) Bliouy — (u})"Bess + gruj Aces — fouhyBesx = 0.

Adding (240) and 2A41]), we get
(2.42) Allcouly — (uhy)" Aess + Bl — (u))” Bews = 0.
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Define a function

P(z) = AL..(z)ub(z) — uy(x) Aees (x) + Bhuw (z)u) (z) — uf (2) Besr (x), z € [0, R].
Then ([Z742) implies that P’'(z) = 0 for = € (0, R). Hence, for = € [0, R],

(2.43) P(z) = P(0) = —u} (0) A= (0) — u/(0)Bers (0) = g(av, B) + f(cv, B)c™ > 0.
However, from (2.39) we have

(2.44) P(x*) = Ape (2™ uy(2™) + Ble. (2™ )uf (™) <0,

which is a contradiction with (2.43).

If case (i) occurs, suppose the unique zero of A« in (0,2**) is 1. Then
(2.45)

Apx (1) = Apen (&™) = Bews (%) =0, Aesx(2) <0, Bewr(z) > 0in (271, 2™)

and
(2.46) Al(zy) <0, AL..(z")>0.

Then multiplying the equation of A.«« by w}, multiplying the equation of w} in
@3) by A+, and subtracting and integrating on (x1,z**), we obtain

(2.47) Al (™)) (27%) — Al ()u) (21) = / foub(Agex — Besw )da.

The left-hand side of ([2:47) is nonpositive since u} (z) < 0in (0, R) and (Z48]) holds,
while the right-hand side of (Z47) is positive since fo > 0, u4 < 0 in (0, R) and
[245) holds. That is a contradiction. If case (iii) occurs, we can derive a similar
contradiction as in case (ii).

Summarizing the discussion above, we have proved that if (f, g) is a Hamiltonian
system, then ¢1(z) < ca(z) for all x € (x*, R], c1(x) has at most one critical point
which is a local minimum, and c(z) has at most one critical point which is a local
maximum for z € (0, R).

Type II: Secondly, we suppose (2.2)) is a gradient system. Then

(2.48) fa(ur,uz) = g1(u1,uz), for (uy,us) € Ri.

If case (i) occurs, then again (2:39) holds. Using the equation of A. with ¢ = ¢**
and the equation of u}, we obtain

(2.49) Afety — (u))"Aces + foBes-uy — fouyAces =0,
since (2.48) holds. Similarly we have

(2.50) Bluhy — (uh) Bewr + gruyAees — grugBews = 0.
Adding (249) and [Z50), we get that

(2.51) Al u — (W) Aess + Blouly — (uh)” Bews = 0.

Define a function
Q(z) = Aes (2)uy () — uf (2) Acr () + Bpos (2)us(2) — uy (2) Ber (2), 2 € [0, R].

Then we have Q'(z) = 0 for € (0, R) from (ZX5I)), which implies that for any
z €0, R],

(2.52) Q(x) = Q(0) = —u}(0)Aee-(0) — w (0) Beer (0) = f(a B) + gl )™ > 0.
On the other hand, from ([2.39) we have
(2.53) Q(z.) = ALs (m)u) (24) + Bloww (zo)uh(ms) <0,
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a contradiction. The proofs for cases (ii) and (iii) are the same as the ones in the
proof of the Hamiltonian case. This completes the proof for the gradient system
case. ]

In the above proof, we show that the superlinearity of the vector field (f,g)
ensures that c;(x) and ca(z) intersect at least once for x € (0, R], while the weak
sublinearity and variational structure (gradient or Hamiltonian) of (f,g) ensure
that ¢q(z) and cz(x) intersect only once for = € (0, R]. Both of these two aspects
guarantee the nondegeneracy of a positive solution to problem (22). In Section 3
we will give two examples of vector fields with variational structure (gradient or
Hamiltonian) and which simultaneously satisfy the superlinear and weakly sublinear
conditions.

Define
(2.54)
_4(R) : i1 (R) i
c=a®=] am 000w Tmm TR0
0 if ¢1(R) < 0; 0 if (R) < 0.

The properties of ¢1(x) and ¢z(z) in Lemma[2:9imply the following corollary, which
is the key for obtaining the uniqueness of positive solutions in the next section.

Corollary 2.11. Let (u1,usz) be a solution of [Z2)) such that uj(R) < 0 and
ub(R) < 0. Assume that Z3)) is a Hamiltonian system or is a gradient system and
that (f,g) is cooperative as defined in (f2). Then

(1) If (f,g) is sublinear, then c1 > cqo, and for any c2 < ¢ < ¢1, each of A.(x)
and Be.(x) is positive in (0, R].

(2) If (f,g) is superlinear and weakly sublinear, then ¢ < ca, and for any ¢; <
¢ < co, each of Ac(x) and B.(x) changes sign exactly once in (0, R) and
A:(R) <0, B:(R) < 0. Moreover, for any ¢ > c3 orc < c1, A:(R)B:(R) <
0.

Proof.

(1) If (f,g) is sublinear, then ¢; = ¢1(R) > c2(R) = ¢z from part (1) of Lemma
Clearly for ¢ € (ca,c¢1), each of A, and B, is positive from definition.

(2) If (f,g) is superlinear and weakly sublinear, then ¢; = ¢1(R) < c2(R) = 2

from part (2) of Lemma 29 Let ¢,, = min ¢1(z) and ¢py = max ca(z). Then
z€(0,R] z€(0,R]

from part (2) of Lemma 2.9 we have ¢,, < ¢1 < ca <ep. If ¢ € (e2,c1), then each
of ¢1(z) and ca(z) equals ¢ exactly once for z € (0, R], and hence each of A.(x)
and B.(x) changes sign exactly once in (0, R). If ¢ > ¢q, then we always have that
A, changes sign exactly once and A.(R) < 0. For B., there are several cases: (i)
if ¢ > cpr, then B, is positive; (ii) if ¢ = c¢ps, then B, is positive except at one
point; (iii) if 2 < ¢ < cpr, then B, changes sign exactly twice. In all three cases,
we have B.(R) > 0. Thus A.(R)B.(R) < 0 if ¢ > ¢3. When ¢ = ¢z, we have
B.(R) = 0, and hence A.(R)B.(R) = 0. Similarly we can also show that for any
c< ey, Ad(R)B.(R) <0. ]

For the sublinear case, the functions ¢;(z) and ca(x) defined in (234) have been
used in [I3L[14] for special Hamiltonian nonlinearity but for the radially symmetric
solutions in higher dimension, and again one can show that the graphs of ¢;(x) and
co(z) do not intersect. Here we prove such a result holds for any sublinear system
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in Lemma 2.9 The results in Lemma 2.10] and Corollary 211 appear to be the
first ones to consider ¢;(z) and co(x) intersecting, and we obtain the nondegener-
acy results under three conditions on the vector field: (i) superlinear; (ii) weakly
sublinear; and (iii) Hamiltonian or gradient. Applications of these results will be
given in Section 3.

3. UNIQUENESS FOR WEAKLY SUBLINEAR AND SUPERLINEAR SYSTEMS

3.1. A Hamiltonian Schrédinger system. In this subsection we consider (2]
and (L3 with the following Hamiltonian functional:

(3.1) H(uy,us) = —ujug + Hy(u1) + Ha(us),

where for i = 1,2, H; : Ry — R, is C? function satisfying H;(0) = 0. Let
hi(u;) = H](u;). Then the corresponding elliptic system on a bounded interval is

u’l'—u1—|—h2(u2):(), S (O,R),
(3 2) ué’—u2—|—h1(u1) :0, €T € (O,R),
. ui(z) >0, ua(z) >0, z € (0, R),

u}(0) = uh(0) =0, uy(R) =uz(R) =0,
and the ground state solutions satisfy
ui —uy + ha(uz) =0, z € (0,00),
uh —ug + hy(uy) =0, z € (0,00),
ur(z) >0, uz(x) >0, uf(x) <0, uj(z) <0, z€(0,00),
u}(0) = uh(0) = 0.

In this subsection we assume that for i = 1, 2,

(3.3)

(3.4) hi(0) =0, hi(u;) >0, and h}(u;)u; —hi(u;) >0 for w; >0
and
(3.5) R;(0) = 0, hgn hl(u;) = .

Notice that [B4) implies (f,g) is superlinear but not strongly superlinear. Also
(f,g) is weakly sublinear.
We consider the initial value problem

uf —uy + ha(ug) =0, x>0,
(3.6) u%’ —ug + hi(ug) =0, x>0,
1 (0) = uy(0) =0,
u1(0) =a >0, uz(0)=48>0.
Define
(3.7) flur,ug) = —uy + ha(ug) and  g(uy,uz) = —us + hy(uy).

According to the signs of f and g, we define the following regions in Rﬁ_:
I={(u1,uz) € Ri s flug,uz) >0, g(uy, uz) > 0},
IT = {(u,uz) € Ry : f( ) ( )

IIT = {(u1,uz) € Ri s flu,uz) <0, g(ur,uz) > 0},
IV:{ul,uz)GRi_:f( ) ( )

uy, uz) < 0,g(ur,uz) <0},
(3.8) )

uy,uz) > 0, g(u, ug) < 0}.
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Since we assume that h; satisfies (8.4]) and ([B.3), then the curves f(u1,u2) = 0 and
g(u1, uz) = 0 are monotone ones, and they have a unique intersection point (u,u3)
(see Figure ).

0 0.5 1 15 2 25 3 35 4 4.5 5

FIGURE 1. Numerical bifurcation diagram for [320) for ¢ = 2
and p = 3. Here the horizontal axis is u1(0) = a € [0,5] and
the vertical axis is us(0) = 8 € [0,5]. Regions II, I1I, and IV
are colored in cyan, while region I is according to the behavior of
solutions at R(«, 8): B (blue), G (green), R (red), and Y (yellow).
The curves f(ug,us) = 0 (bordering G), g(u1,uz) = 0 (bordering
Y), and H(uz,u2) = 0 are plotted in black.

For (a,3) € ITUIITUIV, v} > 0 or uy > 0 in (0,4); hence it cannot be a
solution of (B.2). For (o, ) € I, u} < 0 and uj < 0in (0,0). We recall R = R(«, )
to be the right endpoint of the maximal interval (0, R(e, 8)) so that u;(z) > 0 and
ui(z) < 0in (0, R(et, 8)), i = 1,2. We partition I into the following classes:

={(o,B) €I : R < oo,ui(R) = 0,u}(R) < 0,uz(R) > 0,us(R) <0},
G={(o,B) €l:R<o0,ui;(R)>0,u}(R) =0,uz(R) > 0,u5(R) <0},
R ={(a,B) €I:R < oo,ui(R)>0,u}(R) <0,us(R) =0,u3(R) < 0},
3.9) Y={(a,p) €I:R<o0,ui(R)>0,ui(R)<0,uz(R) > 0,uy(R) = 0},
S={(a,B) €I:R<o0,ui(R) =0,uj(R) <0,uz(R) = 0,u)(R) < 0},
Q={(a,p)€I:R=0x0, zhn;o ui(z) = lim wug(x) = 0},
P=I\(BUGURUYUSUQ)

It is clear that if (a, 8) € S, then the corresponding solution (uq,uz) is a solution
of [B.2), while each element in Q defines a ground state solution in the whole space.
The elements in S and Q can be characterized as follows.
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Lemma 3.1. Consider equation [B.0), and let H(u1,uz) be defined as in (B.1]).
(1) If (o, B) € S, then H(a, B) > 0, uj(R) <0, and ub(R) < 0.
(2) If (e, B) € Q, then H(a, ) = 0, and uy(x), us(z), uy(z), and uh(xz) = 0
as T — 0.

Proof. For part (1), if (o, 8) € S, then (uj(z),usz(x)) satisfies

uy —uy = —hg(ug) <0, uy —ug = —hi(uy) <0, =€ (R, R),
(3.10)
up =uz =0, |z|]=R.

The maximum principle and the Hopf boundary lemma hold, hence v} (R) < 0 and
uhb(R) < 0. Recall Hy(z) defined in (LI4). Since Hy(z) = Ho(0) = H(a, ), then
H(a, ) = Hy(R) = o (R)uy(R) > 0.

For part (2), assume that (o, 8) € Q. It is clear that u(x), u;(x) — 0, and
(u1(z),uz(x)) = (a,b) € RY as x — oo. Since u () — 0 as  — oo, then f(a,b) =
g(a,b) = 0. Thus (a,b) is either (0,0) or (uf,u}). We claim that the latter case is
not possible. In fact, from Hy(z) = Hy(0) = H(a, 8), and u}(z) — 0 as z — oo, we
conclude that H(a,b) = H(«, ). But (uf,u}) is the global minimum of the energy
functional H, and for any (a, ) € R and (o, 8) # (uf,u}), H(c, 8) > H(uf, u}).
Thus («, 8) = (uf,u3) if (a,b) = (u},u}). That is a contradiction. Hence (a,b) =
(0,0). Also, 0 = lim, o Ho(x) = Hp(0) implies that H(«, 8) = Hy(0) = 0. O

For the purpose of identifying the sets S and Q, we will use a more coarse
partition of R than the one given in 33). For (o, 8) € R3, define

(3.11) R = R(a,p) = sup{r > 0:ui(z) > 0,uz(x) > 0,z € (0,7)}.

Then R(a, B) < R(a, ) for any (v, 3) € R%. Indeed it is easy to see that if (o, 8) €
BUR, then R(a, 8) = R(a, 3), while if (o, 8) € GUY, then R(a, 8) < R(a, 3) as

the solution can be extended beyond R(c, 8) with u;(x) > 0. For R, we define
(3.12)
U=A{(a,p)e Ri : R < oo,u; > 0,uy > 0,z € (O,R), ul(R) > O,uQ(R) =0},
V= {(a,8) € RY : R < oo,uy > 0,up > 0,2 € (0, R), u1(R) = 0,uz(R) > 0}.
Note that U and V are not restricted to I. Next we use this definition to show the

behavior of solutions with initial values in 1] and IV.

Proposition 3.2. Let U and V be defined as in BI12). Then U and V are open
subsets of R% such that U D ITI\{(u},u3)} and a portion of I and I adjacent to
IIT, and V > IV\{(u},u%)} and a portion of I and I1 adjacent to IV .

Proof. We only prove the result for ¢/, and the one for V also follows by symmetry.
If (o, 8) € III, then f(a,8) < 0 and g(o,8) > 0, and u} > 0 and uj < 0 for
x € (0,0) from the equations. Let

(3.13) Ry =sup{r > 0:u; > 0,up > 0,u) > 0,uy <0,z € (0,7)}.

If R1 < oo, we claim that ug(R;) = 0 and w3 (R1) > «. Indeed, for z € (0, Ry),
uj > 0 and ) < 0; hence (u1(x), uz(z)) remains in 17 so uq(z) > « for z € (0, Ry].
Also for z € (0, Ry],

(3.14) uy(z) = — /Or flui,ug)dt >0 and wubh(z)=— /Org(ul,ug)dt < 0.
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Thus ua(Ry) = 0. If Ry = oo, then lim, o ua(z) > 0 exists and uh(z) — 0
as * — 00, but g(ui(z),uz(x)) > g(o,8) > 61 > 0. From the second equation
in BI4), uh(x) < —d1x, a contradiction. Hence R; = oo is not possible, and
R=R; < satisfying u; (R) > 0 and ug(f%) =0. Thus U D III.

If (o, B) is a boundary point of ITT but not (uf,u3), without loss of generality
we assume that f(a, ) =0 and g(c, 8) > 0. Then u5 < 0 in (0,6) and the orbit
(u1(x),uz(x)) is in the interior of III for x € (0,0). Thus we can proceed with
the proof as above. The openness of U follows from the continuous dependence
of solutions of (B.6) on the initial conditions. Since U D TIT\{(u},u})}, it also
contains a portion in I and II adjacent to OITI\{(u},u3)} from the openness of
Uu. ]

The result in Proposition[3.2lshows that U and V are not empty, and the following
result shows that there is an order for the elements in U, V, and S, where the
cooperativeness of the system is a key.

Proposition 3.3.

(1) Suppose that (ag,Bo) € S; then (a,Bp) € V for any 0 < o < «p and

(o, B) €V for any B> Po.
(2) Suppose that (ap, fo) € S; then (o, Bo) € U for any o > g and (a, B) €U

for any 0 < B < Bo.

Proof. Again we only prove the first case. Assume that (ag,89) € S. Then for
u1(z) = ui(z; ap, Bo) and ua(z) = ua(x; oo, Bo), we have ug,ug > 0 and uj, uhy <
0 for z € (0, R(ao, B0)). We claim that R(a,Bo) < R(ao,B0). Define ¢(z) =
ur(x; o, Bo) — ur(x; @, Bo) and Y(x) = uz(w; g, Bo) — uz(w;a, By). Then (¢,9)
satisfies

¢" — ¢+ hy(U2)y =0, z € (0, R.),

w,/+h,1(Ul)¢_’l/}:Oa T e (OvR*)a

¢(0) = ag —a >0, ¢'(0) =0,

¥(0) =0, ¥'(0) =0,

where R, =min{R(«, 8), R(o, o)}, U1 =t1(x)us (x5 ag, Bo)+(1—t1 (z) )ur (z; @, Bo)
> 0, and Uy = ta(x)ue(z; ao, Bo) + (1 — ta(x))ua(z; o, Bo) > 0. Then by comparing
with (uj (z; o, Bo), uh(x; g, o)) and using the same proof as in Lemma [Z2] we
can prove that ¢(x) < 0 for x € (0,R,] and that ¢ has at most one zero in
(0, R.]. In fact, ¢(z) > 0 for x € (0, R,], since the solution ¢3 of ¢4 — ¢35 = 0
satisfying ¢3(0) = 1 and ¢4(0) = 0 is clearly positive in (0, R.). This implies
that at R, u1(Rs; a0, Bo) > w1 (Ry; , Bo) and us(Ry; ag, Bo) < ua(Ra; e, o). Thus
R, = ]:E(oz,ﬁo), u1(Ray;a, By) = 0, and («, By) € V. Similarly, by comparing the
solutions initiating from (a, ) and («, By), where a < a9 and 8 > [y, we can
conclude that («, 8) € V as well. O

The result in Proposition B3] suggests that the set S of initial values generating
the crossing solutions is on the boundary between the sets &/ and V. We now prove
that this is the case.

Proposition 3.4. For a > 0, define
(3.15) ®1(a) =inf{8 >0: (a,B) € V}, Pa(a) =sup{f >0:(,0) €U}
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Then ®; (i =1,2) are well defined. Moreover, define
(3.16) a, =sup{a > 0: H(a, ®1(a)) < 0};

then for a > a,, ®1(a) = o) = (), where @ : (a, 00) — Ry is a continuously
differentiable, strictly increasing function. Moreover, S = {(a, ®(a)) : a > au.},
Vo{(a,p):a>a,B>P)}, andU D {(e,B) : a0 > 0,0 < 5 < O(v) }.

Proof. First ®;(«) is well defined since for fixed o > 0, (o, ) € IV C Vit 8> 0is
large enough; secondly ®;(«) > 0 for any « > 0 since for fixed a > 0, if 0 < 8 < By,
then («a, 8) € III C U, where f(«,By) = 0. Similarly ®5(«) is also well defined.
From Proposition B3, H(a, ®1(a)) < 0 for @ > 0 is small. And it is clear that
H(a,®1(«)) > 0 when o > 0 is large. Thus a, > 0 exists, and it is necessary
that H (o, ®1(ax)) = 0. For a > ax, H(a, ®1(a)) > 0. We claim that if a > a,
then (a,®;(a)) € S. To prove the claim, we fix o > a,. Consider R(a, ®1(a)).

There are two cases: (1) R(a, ®1(a)) = oo or (2) R(a, ®1(a)) < oo. For case
(1), R(a,®1(a)) = co. Then ui(z),us(z) > 0 for all z € [0,00), and there are
two subcases: (la) R(a, ®1(a)) = oo or (1b) R(«a, P1(a)) < oo. For case (1la),
(a, @1()) € Q, but on the other hand, H(a, ®1(c)) > 0, which is a contradiction
by Lemma Bl For case (1b), let Ry = R(a, ®1()); then uy(R2) = uf > 0 and
uz(Rg) = ub > 0, and at least one of u} (Ra) or uh(Rz) is zero. If u)(Rg) = uh(R2) =
0; then f(uf,u3) = —u(Ra) < 0 and glu},uh) = —uf(Ry) < 0, 50 (uf,uf) €
IT and 0 > H(uj,u}) = Ho(R2) = Ho(0) = H(a,®1(r)), a contraction with
H(a,®1()) > 0. If only one of u} (R2) or ub(R2) is zero, without loss of generality
we assume that u](R2) = 0 and ub(R2) < 0. Then we still have f(uf,ul) =
—uf(R2) <0, and we must have (u},u}) € III. Then we can follow the proof of
Proposition to show that (uj(z),us(x)) € III for all > Ry, which leads to
us(R3) = 0 for some R3 > Rs, but that contradicts R(a, ¥ () = oco. This shows
that case (1) cannot happen.

Hence we must have case (2): R(o, ®1(a)) < oo. Since (o, ®1(e)) is a boundary

point of V, from the continuity, u; (R(ca, ®1(a))) = 0 and uz(R(«, ®1(a))) > 0. If
uy(R(a, ®1())) > 0, then (a, ®(ar)) € V, and V is open, so for some small e > 0,
(o, ®1(a) — €) € V. This contradicts the definition of ®;. Thus we must have
us(R(er, @1 () = 0 and (o, 1 (a)) € S.

Now since (o, ®1(a)) € S for @ > au, then from Proposition B3] (o, 8) €
Y for 8 > ®(a), and (o, 5) € U for 0 < f < ®1(w). Similarly we can also
prove that (o, P2(a)) € S for a > a,, which implies that we must have ®;(a) =
®y(a) for @ > a, from Proposition B3l And we now denote it by ®(«). The
continuity of ®(a) follows from the definition, and the differentiability of ®(«)
follows from the differentiability of the solutions (u1,uz) on the initial values. Again
from Proposition B3] ®(«) is strictly increasing in « since (a, ®1(ar)) € S.

We have proved that S D {(a, ®(a)) : @ > a,}. We show that S has no other
elements other than the ones on {(a, ®()) : @ > a.}. For any a > au, there are
no elements of S since (o, 3) € V if 8 > ®(«), and (o, 8) € U if 8 < ®(«). The
same can be said for § > ®(a.) from the symmetry. Hence possible elements of
Scanonlybein W= (IN{(e,8): 0<a<a,0<8<P(a))\(UUV). But
for any (o, 8) € W, H(ct,8) < 0. Thus SNW = () from Lemma Bl This proves
S ={(a,®(a)) : > i} O
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Now we are in a position to classify all solutions of ([3.2) and B3] with the aid
of the general results established in previous sections.

Proposition 3.5. Let ®(a) : (a.,00) — Ry be defined as in Proposition B4l
Define R(a) to be the common first zero of uy(x; o, () and uz(x; o, (). Then
R(a) : (ax,00) = Ry is a continuously differentiable, strictly decreasing function
satisfying

(3.17) lim R(a) =00 and lim R(a) =0,

a—>oz*+ a—0o0

and Q = (o, P(ax)).

Proof. For a.> ., we define the function R(«) by R(a) = R(a, ®(a)) = R(a, P(e)),
which is continuous and differentiable because of the continuous differentiability of
®(a) and the solution u(z;«, 5) on initial values. We prove that R(«) is strictly
decreasing. We differentiate u;(R(a); a, ®(«)) = 0 with respect to « for ¢ = 1,2.
Then

5.18) u) (R(a))R () + ¢1(R(a)) + ' () da(R(ar)) = 0,
. =0,

us(R(e)) R (@) + 1 (R(a)) + @' (a)ih2(R(e))

where (¢1,11) and (¢2,12) are as defined in (Z.6) and (7). Let ¢ = ®'(«) > 0.
Then ([BI8) is equivalent to

(3.19) ui(R(@)) R/ (a) = —Ac(R(a)), uy(R(a))R(a) = —Be(R(e)),

where (A, B:) = (¢1,%1) + c(¢2, 1)2) is defined in ([232). Since uj(R(«)) < 0 and
uh(R(a)) < 0, then BI9) implies that A.(R(a))B.(R(«)) > 0. Let ¢; and ¢y
be defined as in (Z54). If ¢ = ®'(a) > 0 satisfies either ¢ < ¢; or ¢ > c¢g, then
Ac(R(a))B.(R(a)) < 0 from Corollary 21Tl Hence ¢ = ®'(«) satisfies ¢; < ¢ < ca.
Also from Corollary 2111 we have A.(R(a)) < 0 and B.(R(a)) < 0, which implies
R'(a) < 0 by using (3.19). Since R(a) is decreasing, lim,_, + R(«) exists. If the
limit is finite, then (o, ®(aw)) € S, but H(a., P(as)) = 0, a contradiction with
Lemma 31l Thus lim, , + R(a) = co. From the properties of h;, ®(a) — 0o as
a — 00. To prove lim,_, o R(e) = 0, it suffices to show that for any R > 0, there
exists a positive solution for (8:2) with R > 0. Indeed, by using the existence result
in [31] or [39], there exists a positive solution u(x) for (B2) with h; satisfying (34)
and (B3)).

Finally we prove that Q = (., ®(a.)). We have shown that lim,_, + R(«) = oo,
thus (o, P(as)) € Q. By using a similar proof as in that of Proposition B3], we
can show that if (g, Bo) € Q, then for any («, 8) # (ao, 5o), we have (a, ) € V
if0<a<ayand 8> By, and (o,8) € U if @« > ap and 0 < B < By. Suppose
that there exists another (o, 5*) € Q. Then H(a*,5*) = 0, and f(a*,8%) > 0
and g(a*, *) > 0. Notice that 0H/0u; = g and 0H/Juy = f; then either a* > a,
or f* > ®y(a). If o > a,, then we easily obtain that * < ®(aw) < ®(a*) and
thus (a*, 8*) € U from the above claim. If * > ®(«,), by the same argument, we
can also get a contradiction. This shows that the set O contains only one element,
ie, Q= (o, P(ay)). O

We can now state our main result in this subsection about the existence and
uniqueness of positive solutions to (32) and B3).
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Theorem 3.6. Suppose that h; (i = 1,2) satisfy B4) and BIH). Then for any
R >0, B2) has a unique positive solution (uy(x; R),us(x; R)). If Ry > Ry, then
u1(0; R1) < u1(0; R2) and u2(0; R1) < u2(0; R2). Moreover, B3) has a unique
solution (U1, Us).

Proof. For any R > 0, from Proposition there exists a unique a € (ay,0)
such that R(a) = R. Hence the solution (u;(z;a, ®(a)),us(x; o, ®(a))) of (B0)
is a positive solution of ([B2). From Proposition B4, S = {(a, ®(a) : @ > au},
which shows the uniqueness of the positive solutions with any fixed R > 0. From
Proposition B the unique solution of (B3] is the one of (B4) with initial value
(s, (i) O

We remark that as a limit of elements in S, the unique ground state solution
with (o, 8) € Q is necessarily strictly decreasing, i.e., u}(z) < 0 and u5(z) < 0 for
x € (0,00). For (o, ) satisfying H(a, ) < 0, there are other positive solutions
of (B6) defined for all > 0, but they are oscillatory around (u},u3) and do not
converge to (0,0). It is possible to classify all these solutions using a similar method,
but we will not pursue that here.

Example 3.7. Consider

) —uy +ul =0, ~-R<z <R,
(3.20) uy —ug +ul =0, —~R<z <R,
ui(x) >0, wug(x) >0, —R <z <R,

ul(iR) = Ug(iR) = O7

where p, ¢ > 1. Then the conditions (34) and (BX) are satisfied. Our result shows
that for any R > 0, (320) has a unique solution, which is even and decreasing in
(0, R), and there is a unique (up to a translation) ground state solution of ([B.20)
which is defined on R. Equations like (3220) were considered in [31,[33,[39], in
which the existence and symmetry of the positive solutions for a general bounded
domain €2 were proved. Our result appears to be the first uniqueness result for such
superlinear Hamiltonian elliptic systems. The existence and uniqueness of positive
solutions to ([B.20) for the case of pg < 1 and  being a general bounded domain
was proved in [I3]. The uniqueness of the positive solution to (320) for pg > 1 and
p>1>q (or g >12>p)is still not known.

A numerical bifurcation diagram of ([20) is shown in Figure I One can see
that U D IITTUGUR and V O IV UYUB. The boundary between B, and R is the
set S of crossing solutions, and the unique common point of G, R, Y, B, and also
H = 0 is the element in Q. The numerical bifurcation diagram is plotted using a
method described in [36] and Matlab.

Remark 3.8.

(1) Our uniqueness result for (B20) with p,¢ > 1 can also be viewed as a
generalization (in the case of n = 1) of the uniqueness of positive solutions
to a well-known scalar equation:

Au —u+uP =0, xz eR”,
(3.21) u(z) >0, x € R™,
u(z) — 0, |z| — oo,
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where 1 < p < Z—f% for n > 3 and 1 < p < oo for n = 1,2. The solution
of ([B2I) serves as the basic building block of spike layer solutions in a
singularly perturbed elliptic problem arising from the pattern formation of
hydra (see [46]). The uniqueness of the solution of ([B.21]) was first proved
by Coffman [22] when n = 3, and by Kwong [44] for general subcritical
power nonlinearity. Simplifications of the proof and generalizations can be
found in, for example, [5L10,45]62H541[62].

(2) Korman [42] proved the uniqueness of positive solution for a Hamiltonian

system
u" + Af(v) =0, -l<z<l,
(3.22) " + Ag(u) =0, -l<ax<l,
u(£l) =v(£l) =0

under the conditions that f(¢) > 0, g(¢) > 0, f'(t) > 0, ¢'(t) > 0, and
tf'(t) > f(t) and tg'(t) > g(¢t) for all t > 0. Note that these f(t) and g(t)
are superlinear, but they are positive, thus no ground state is possible here.
Our approach in this subsection can be adapted to give a proof of the result
in [42].

3.2. A gradient quadratic Schrédinger system. In this subsection we consider
the uniqueness of positive solutions of the x(?) Second-Harmonic Generation (SHG)
equations from the nonlinear optics models (see [48,[69,[70]).

uf — buy + ujug =0, z € (0,R),
(3.23) ul +u? /2 — cug = 0, z € (0,R),

u1(0) = uy(0) = ur(R) = uz(R) = 0,
where b,c > 0. The system ([B23)) also appears in the study of gravity water
waves, and it has been studied from the mathematical point of view in the works
[23,24,[34,[35]. When ¢ = 0 in [B23), it is also called the Schrédinger—-Newton
equation (see [55L66]). The corresponding equation of [B23) for x € (0,00) is
uf — buy +ujus =0, z € (0, 00),
uf +ut/2 — cug =0, x € (0,00),
ur(z) >0, ug(z) >0, uj(z) <0, uh(x) <0, x € (0,00),
4 (0) = w4(0).

Here we consider the initial value problem (2.3) with

(3.24)

1
(3.25) flur,ue) = —bur + wiug, g(ur,us) = 5“? — cug.

It is easy to verify that (f,g) is superlinear but not strongly superlinear, and it is
also weakly sublinear. Clearly it is also cooperative. Define
(3.26) F(uy,uz) = —gu% - gug + %ufug
Then we can see that (23] is a gradient system with energy function defined in
(ILT6) and (E28).

We first consider the case ¢ > 0 for (823]). For the f and g defined as in (3:25),
we use the definitions of the set I, II,II1, and IV as in (B8), and U, V, S, and Q
as in (B9) and (BIZ). Then the results in Lemma B hold except that H(«, 3) is
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replaced by F'(a, ). Next the results in Propositions B.2] B3] and B4 also hold
with essentially the same proof, and this leads to the result in Proposition 3.5 in
the exact same wording except that H(c, ) is replaced by F(a, 8). Note that here
(f,g) is again superlinear and weakly sublinear as in the proof of Proposition
The existence of a positive solution of ([B23) with ¢ > 0 for any R > 0 can be
proved via a standard variational method using the mountain pass lemma (see [2])
for the functional

Bl = [ (Gt + Jb) - @), ua(e) ) dr

where F is defined by (28] and (u1,us) € [Hi(—R, R)]?. Indeed, one can show
that (i) the Palais-Smale condition is satisfied for E; (ii) (u1,u2) is a local min-
imum of the functional E, and (iii) E(t¢1,t¢1) < 0 for ¢ > 0 large and ¢ (z) =
cos(mz/(2R)) > 0. Hence the mountain pass lemma can be applied. The existence
of positive solutions defined for 2z € R was proved in [69] by again using the varia-
tional approach but with the concentration-compactness principle due to the lack
of compactness. Again the element in Q is unique as the set F(«, ) = 0 in the
region I is a curve {(«o, F(a)} such that F'(a) < 0. In summary we obtain the
following uniqueness result for the solutions of ([B23)).

Theorem 3.9. Suppose that b,c > 0. Then for any R > 0, 3.23) has a unique
positive solution (u1(xz; R),us(x; R)). If Ry > Ra, then u1(0; R1) < u1(0; Ra) and
u2(0; Ry) < u2(0; R2). Moreover, B24) has a unique solution (Uy,Us).

5
4.5
4
35
3
25
2
15
1

0.5

0
0 0.5 1 15 2 25 3 35 4 45 5

FIGURE 2. Numerical bifurcation diagram for [3.23) for b = 1
and ¢ = 0.8. Here the horizontal axis is u;(0) = a € [0,5] and
the vertical axis is uz(0) = B8 € [0,5]. Regions II, III, and IV
are colored in cyan, while region I is according to the behavior of
solutions at R(«, 8): B (blue), G (green), R (red), and Y (yellow).
The curves f(uj,uz) = 0 (bordering G), g(uy,us) = 0 (bordering
V), and F'(u1,uz) = 0 are plotted in black.
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Remark 3.10. The uniqueness of the positive solution of (3.24)) has been proved in
Lopes [49] by using his earlier result [48] that the linearized problem of ([B:24)) has
zero as a simple eigenvalue and has exactly one negative eigenvalue when b, c > 0.
Here we obtain not only the uniqueness of ground state solutions but also the
uniqueness of crossing solutions on the bounded intervals. Also our approach is
more general and applicable to more problems.

Next we consider the case ¢ = 0 for (3.23]). Then ([B.23]) is written as

1
(3.27) flur,ug) = —bug +ujug, gur,ug) = Eu%

We still use the notation defined in (B.8) and (3.9), but we notice that here g > 0
for all (u1,us) € R%, so II = IV = (). Again for a solution of ([23) with (o, 8) € I,
we define R to be the right endpoint of the maximal interval (0, R(«, 8)) so that
u;i(z) > 0 and u}(z) < 0 in (0, R(, 8)), and we define R to be the right endpoint
of the maximal interval (0, R(c, 8)) so that u;(z) > 0 in (0, R(a, B)), i = 1,2. The
following lemma characterizes the sets U, V, S, and Q for the case of [B.23) with
c=0.

Lemma 3.11. Suppose that f and g are defined as in B27), and the sets U, V,
S, and Q are defined as in BI2) and B9). Then:
(1) V#0, and if (a,8) € V, then uj(x) <0 and uy(x) <0 forz € (0, R(a, B))
(s0 Rla, ) = R(a,6)). A
(2) U # 0, and if (o, 8) € U, then uh(z) < 0 for z € (0,R(e, 8)) and ei-
ther w)(z) < 0 for z € (0,R(a,B)) or there exists Ry > 0 such that
wy(z)(z — Ry) > 0 for z € (0, R(ev, B))\{R1}.
B) Q=0and I =UUVUS.
(4) If (o, B) € S, then u)(x) < 0, uh(z) <0 for z € (0, R(c, 5)].

Proof.

(1) First we prove that if (a, ) € V, then ) (x) < 0, ub(z) < 0 for x € (0, R);
hence R = R. Since ui(x) > 0 for z € (0, R), then uh(z) < 0 for z € (0, R)
from u4(z) = —4ui(x) < 0. Since 8 > b, then uj(z) < 0 for x near 0. Suppose
that there exists Ry € (0, R) such that v (z) < 0 for z € (0, Ry) and u/(Ry) = 0.
Then © = Ry is a local minimum of wuy(z), uf(R2) > 0 and u; is increasing for
z € (Ry, Ry + €). Since uj(R) = 0, then there exists R3 € (Ry, R) such that u(z)
achieves a local maximum at x = R3. Also u}(z) > 0 for x € (Rg, R3). This follows
that (ug(R2) — b)ui(R2) = —uf(R2) < 0 and (uz(R3) — b)ui(R3) = —uf(R3) > 0,
and one of the inequalities must be strict since ui(R3) > ui(R2). Then ug(R3) >
b > uy(Ry) and us(R3) > ug(Ry), which contradicts uh(z) < 0 for 2 € (0, R).
Therefore ) (z) < 0 for z € (0, R).

Next we prove that V # ). Indeed, we prove that any fixed 8 > b, there exists a
constant 6; = d1(8) > 0 such that for 0 < a < &1, (o, 8) € V. Let § — b = 2¢ and
let v1(x) be the solution to

{v”(x) +ev(x)=0, x>0,
v(0) = «, v'(0) = 0.

Since ([B.2]) is a linear equation, then there exists Ry = 7/(2/€) > 0 such that
v1(Ry) = 0 and v1(z) > 0, vi(x) < 0 for z € (0,Ry). Let (u1(x),u2(z)) be a

(3.28)
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solution of ([Z.3)) with initial value («, ) satisfying 0 < o < 2y/6/Ry = 4&2/.
We define Rs = sup{z > 0 : u1(s) > 0,u2(s) > b+ ¢, forall s € (0,z)} and
Rs = min{Rs5,Rs}. Then from the second equation of [Z3) and uj(z) < 0 in
(0, R5), we have for any z € (0, Rg),

1 1 [ 1
(3.29) —ub(z) :/ —ul(s) ds < —/ o’ds = —a’x.
) 2 2/, 2

Integrating ([3.29) again on [0, Rg], we obtain

a?R2

—uz(Rg) + 8 <

<e,

from the assumption on «. This implies that us(Rg) > 8 —¢& = b+¢e. On the other
hand, for r € (0, Rg),

ul(z) = —(u2(z) — b)us (x) < —euy(z).

By the comparison principle, u(z) < v1(z) for all > 0. Since v1(R4) = 0, then
uy(x) must reach zero for some z < Ry. Therefore Rg = Rs < Ry and ui(R5) =0
and ua(x) > b+e for z € (0, R5). This proves that (o, 8) € V when 0 < o < 4&? /7.

(2) First we prove the monotonicity of u;(z) and uz(x) when (o, 8) € U. Again
since u1(z) > 0 for z € (0,R), then uh(z) < 0 for € (0,R) from u4(z) =

—3ui(z) < 0. Since 8 > b, then uf(z) < 0 for  near 0. By the arguments above,

for v € (O,]:Z)7 one cannot have 0 < Ry < R3 < R such that z = R, is a local
minimum and = Rj3 is a local maximum of u(x). Hence either uj(z) < 0 for
z € (0, R) or there exists Ry > 0 such that u/ (z)(x — Ry) > 0 for z € (0, R)\{R,}.

Next we prove that & # (). Indeed we prove that any fixed a > 0, there exists a
constant dy = dz(a) > 0 such that for b < 8 < d2, (o, 8) € U. For a fixed o > 0,
if B = b, then wj(z) > 0 and uh(z) < 0 for small x > 0. For a small ¢ > 0, let
R; > 0 such that uy(R7;a,b) = a4 2e. Then from the continuous dependence
of (Z3) on the initial value, there exists d; > 0 such that when b < 8 < b+ o,
u1(R7; o, B) > a+ . In particular, this implies that there exists Ry € (0, R7) such
that / (z;, 8)(z — Ry) > 0 for z € (0, R)\{R,}. Then for this u;(z), we have
uy(x) > uy(Ry) for z € (0, R), which implies that

1 1 [* 1
(3.30) —uh(x) = /0 51@(8) ds > 5/0 u(Ry) ds = iu%(Rl)x

By integrating 3.30) on [0,7] for r > 0, we obtain ug(r) < 8 — u?(R;)r?/4. Then
for r > 2y/B/ui(R1), we have uy(r) < 0, which implies that (a, 3) € U.

(3) Suppose that («a, 8) € Q; then us(z) is a positive subharmonic function in
R by an even extension. Hence uz(x) must be a constant and uq(z) = 0 which
contradicts that o > 0. Therefore @ = §). Since for any (o, 8) € I, ui(z) is either
strictly decreasing in (0, R) or there exists R, > 0 such that u)(z)(z — Ry) > 0 for
z € (0, R)\{R;}. Then uy(z) is always decreasing in (0, R). Also we have proved
that Q = . Then R must be finite, and either uy(R) = 0 or us(R) = 0. This
proves I = U UVUS, and also when («, 3) € S, we must have v} (z) < 0, u(z) <0
for z € (0, R). O

Secondly we consider the linearized equations ([2.6) and (2.7)). Here we have
(3.31) fi=-b+tuz(x), fo=wu(z), g1 =w(z), g2=0.
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It is clear that the system is cooperative and that (f,g) is superlinear and weakly
sublinear. Then the solutions (¢;,%;) (i = 1,2) of the linearized equation are of
one sign. That is,

(3.32) ¢1($) > 0, wl(l‘) <0, ¢2(l‘) <0, ’(/)2(37) > 0.

Similar to the proof in subsection 3.1, we are able to show that the characterization
of the sets U, V, and S as in Proposition [3.3] also hold here. Since the statement is
exactly the same, we omit it here.

Now we can classify all solutions of the initial value problem 23] with (f,g)

defined in (B27).
Proposition 3.12. Consider equation [23) with ¢ = 0, and (f,g) is defined in

(3.27).

(1) There exists a strictly increasing function ® : (0,00) — (b, 00) satisfying
(3.33) algng P(a)=0b and ah_)rrolo P(a) =0

such that
S ={(a, ®()) : @ > 0},

(3.34) ={(a,8) :a>0,8> ®(a)},
U={(a,p):a>0,b< < P(a))}.

(2) Define R(«) to be the common first zero of uy (x;0, ®()) and ua(z;0, D).
Then R(a) : (0,00) — (0,00) is a continuously differentiable, strictly de-
creasing function satisfying lim,_,q+ R(a) = 0o and lim,— o0 R(a) = 0.

Proof.

(1) Similar to the proof of Proposition B4l for a > 0, we define ®; and &5 as in
(BI3). Again from the continuous dependence of solutions of (Z3)) on the initial
conditions, both ¢ and V are open subsets of I. From Lemma [3.11, Q = @, and for
a > 0, we can show that (a, ®;(«)) € S for ¢ = 1,2 using the same argument as in
the proof of Proposition B4l Therefore ®1(a) = ®2(ar) (which we define as ®(a)).
This proves the characterization in ([3.34). The properties in Proposition B3l imply
that ®(«) must be strictly increasing. From the proof of Lemma B1T] the limits in
(333) hold.

(2) The proof for the properties of R(«) is similar to that of the proof of Propo-
sition |

The existence of positive solutions of (3.23)) with ¢ = 0 and any R > 0 can be
proved using the same variational method as in the ¢ > 0 case. Hence we have the
following result.

Theorem 3.13. Suppose that b > 0 and ¢ = 0. Then for any R > 0, [3.23)
has a unique positive solution (ui(x; R),us(z; R)). If Ry > Ra, then ui(0; Ry) <
u1(0; R2) and u2(0; Ry) < uz(0; Ra). Moreover, (324) has no positive solution.
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