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ON GROUPS OF HOLDER DIFFEOMORPHISMS
AND THEIR REGULARITY

DAVID NICOLAS NENNING AND ARMIN RAINER

ABsTRACT. We study the set D™#(R?) of orientation preserving diffeomor-
phisms of RY which differ from the identity by a Holder Cg’ﬁ—mapping,
where n € N>; and B € (0,1]. We show that D™#(R?) forms a group,
but left translations in D™8 (]Rd) are in general discontinuous. The groups
DA—(RY) = Na<p D™ (R?) (with its natural Fréchet topology) and
DB (RY) = Uass D™(R?) (with its natural inductive locally convex
topology) however are C%% Lie groups for any slowly vanishing modulus of
continuity w. In particular, D”’B_(Rd) is a topological group and a so-called
half-Lie group (with smooth right translations). We prove that the Hoélder
spaces Cg’ﬁ are ODE closed, in the sense that pointwise time-dependent CS’B-
vector fields u have unique flows & in D”’B(Rd). This includes, in partic-
ular, all Bochner integrable functions v € L ([0, 1],6'61’[3 (R4, R%)). For the
latter and n > 2, we show that the flow map Ll([O,l},Cg’B(Rd,Rd)) —
C([0,1], D»*(R%)), u — @, is continuous (even C*F~) for every a < B.
As an application we prove that the corresponding Trouvé group gn,@(Rd)

from image analysis coincides with the connected component of the identity
of DB (R?).

1. INTRODUCTION

Let E be a Banach space of functions f : R? — R¢ which is continuously
embedded in C§(R4,RY), i.e., C'-mappings which vanish together with its first
derivative at infinity. Let u : [0,1] x R? — RY be a pointwise time-dependent E-
vector field; i.e., u(t,-) € E for all ¢, u(-, z) is measurable for all z, and ¢ — ||u(¢, )|
is integrable. It is well-known that the corresponding pointwise flow

(1.1) O(t,x) =z + /Otu(s,q)(s,x)) ds, xR telo,1],

is a Cl-diffeomorphism of RY at any ¢. The set of all diffeomorphisms ®(1,-) at
time 1 which arise in this way form a group Gg, which we call the Trouvé group of
E, since this construction is due to Trouvé [27]; details can be found in the book
[28].

In general, not much is known about the Trouvé group. We are especially in-
terested in precise regularity properties of its elements. This is intimately related
to the question as to whether E is ODFE closed, i.e., Gg C Id +FE, and if not, what
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the ODE hull of E is. We define the ODE hull to be the intersection of all ODE
closed spaces continuously embedded in C§ (R?,R?) and continuously containing £
see Section Here it is reasonable to allow for locally convex spaces (mutatis
mutandis) instead of just Banach spaces.

ODE closedness is closely related to stability and continuity or smoothness prop-
erties of composition of mappings. Indeed, it has been widely studied in the context
of regular infinite dimensional Lie groups; cf. [10]. Our results are not covered by
the general theory from [I0]; Holder (diffeomorphism) groups fail to be Lie groups.

In this paper we explore these questions in the case that E is a global Hoélder
space Cg’ﬂ(Rd,Rd), n € N>i, 8 € (0,1]. In search of an identification of the
elements of the corresponding Trouvé group G, g (R%), it is natural to look at the
set of orientation preserving diffeomorphisms of R? which differ from the identity
by a Ci-mapping, i.e.,

DMA(RY) = {® € Id+C" (RY,R?) : det d®(z) > 0 Vo € R?}.

We will show that D™#(R?) is a group with respect to composition, but it is not a
topological group: left translations and inversion are in general not continuous. Left
translations become continuous if the outer function is slightly more regular: ¢ —
¢ o (Id+¢) is continuous from Ci*(R%, RY) — C2-*(RY, RY) if ¢ € CFF (RY, RY)
and a < f (the same holds if ¢ € C°! (R, R?) and ¢ € C5 1P (R4, RY)). Similarly,
® +— &~ ! is continuous from D™ (R?) to D™ (RY) if a < B. This motivates the
definitions

DA (RY) = {®cId +C(;L”B_(Rd,Rd) :detd®(z) > 0Vz € Rd},
DA RY) = {® € 1d +Cg’5+(Rd,Rd) : det d®(z) > 0 Vz € R},

where CJ"P7 = N{CI™ : 0 < a < B} and CFPT = U{CI"™ : B < a < 1},
equipped with the natural projective, resp. inductive, locally convex topology. We
prove that D™A*(R?) are C%¢ Lie groups (see Section [B.3) for every slowly van-
ishing modulus of continuity w, i.e.,

w(t)

liminf —= >0 for all v > 0.
t10 tY

This regularity cannot be improved; see Proposition B.I3l In particular, D™~ (R%)
are topological groups (this remains an open question for D™#*(R?) since the
underlying locally convex topology and the c¢™-topology fall apart in this case).
The right translations are bounded affine linear (in the chart representation) and
hence smooth. Consequently, D™#~(R%) are also half-Lie groups as defined in [20].

In the second part of the paper we study flows of time-dependent C A _vector
fields. Here we distinguish between:

(1) Pointwise time-dependent CS’B-Uector fields, i.e., mappings u : [0,1] x R? —
R? such that u(t,-) € Cg’ﬁ(Rd,Rd) for all ¢t € [0,1], u(-,z) is measurable
for all z € R, and ¢ + [Ju(t, )| s is integrable. (This corresponds to the
notion defined at the beginning of the introduction.)
(2) Strong time-dependent Cg’ﬁ—vector fields, i.e., Bochner integrable functions
u e LY([0,1], CFP (R, RY)).
The latter notion involves strong measurability which entails that the image u([0, 1])
is essentially separable; a non-trivial condition, since the Holder spaces Cy B are
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non-separable. If u satisfies (2), then u” satisfies (1); the converse is false. (For
f € ZX*Y we consider fV € (Z¥)X defined by fV(z)(y) = f(z,y), and with
g € (Z¥)X we associate g" € Z**Y with ¢"\(z,y) = g(z)(y).)

This deficiency has the effect that Carathéodory’s solution theory for ODEs on
Banach spaces which are Bochner integrable in time is not well suited for the Holder
space setting. Instead we work with pointwise estimates, which has the additional
benefit that our proofs only require the weaker assumptions in (1).

We show that, for all n € N>q, 8 € (0, 1], pointwise time-dependent C’g’ﬂ—vector
fields u have unique pointwise flows ® € C([0,1], D™#(R%)); in particular, C A s
ODE closed (although composition in D™ is not continuous!). As a consequence,
for u € L*([0,1], CS’B(Rd,Rd)), the identity (L)) lifts to an identity in D™ (R9),
for each o < 3 (see Theorem [5.3)):

DY(t) :Id—i—/tu(s)o(l)\/(s)ds, t e [0,1].
0

Furthermore, we identify the corresponding Trouvé group:
(1.2) Gn,s(RY) = D™F(RY),,

where D™#(R?), denotes the connected component of the identity in D™#(R?).
Thus there seems to be no natural topology on G, 3 (R?) which makes it a topological
group. On the other hand, we also get

(1.3) Gn,p—(RY) =D~ (RY)g, Gy g+ (RT) = DMH(RY)0,

which endow G, g4+ (R?) with a C%¢ Lie group structure, for every slowly vanishing
modulus of continuity w. On G, s— (R?) we also get a topological group structure
and a half-Lie group structure. We wish to point out that our proof of (L2)
subsequently shows that the equality (2]) also holds if in the definition of the
Trouvé group G, s(R?) one restricts to pointwise time-dependent Cjy B _vector fields
which are piecewise C" in time; see Remark [£.8]

In the third part we investigate the continuity of the flow map u — ®. We find
that as a mapping

(1.4) LY([0,1],Cy P (RY, RY)) — C([0,1], D™*(RY)),
the flow map is

e bounded, if n € N>; and 0 < aa < 3 <1,
e continuous, even C%#~® if n € Nspand 0 < a < < 1.

As a corollary we obtain that as a mapping
(1.5) L'([0,1], C5" (R4, RY) — C((0,1], PP~ (RY)),

the flow map is bounded for all » > 1 and continuous and C%% if n > 2 (and
arbitrary 3 € (0, 1)), for every slowly vanishing modulus of continuity w.

In [2] similar results were obtained in the Sobolev case E = H*(R? R?), for
s> d/2 + 1. In particular, it was shown that H*® is ODE closed and that

Gs(R?) = D*(R%)o,

where G4(R?) denotes the corresponding Trouvé group and D*(R?) the group of
orientation preserving diffeomorphisms of R? which differ from the identity by a
mapping in H*(R? R?). The methods are quite different: thanks to the fact that
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D*(R?) is a topological group (cf. [I1]) Carathéodory’s solution theory for ODEs on
Banach spaces which are Bochner integrable in time is well suited for this setting.

The paper is structured as follows. We fix notation and present the main tech-
nical tools in Section 2l We also review some results on the composition of Holder
functions essentially due to [3]; since we need slightly altered versions we give proofs
but relegate them to Appendix [Al In Section [ we investigate the groups D™5(R?),
DA~ (RY), and DA+ (R?). We prove ODE closedness of Cf* and the identities
([C2) and ([C3) in Section @l In Section Bl we study the continuity of the flow maps

(TZ) and ([TH).

2. DEFINITIONS AND PRELIMINARY RESULTS

2.1. Holder spaces. Let k € N, a € (0,1]. Let E, F be Banach spaces and let
U C E be open. We consider the global Holder space

CP(UF) == {f € C*(U,F) : | fllk.a < 00},
where
Ifllk,e := max{]| fll&, [f]k,a},
£l o= sup{[[fP(@)||, : 2 €U, 0< 1<k},

Fowi= sup  HPE@ =YW,
: e el sty [z — |

Here fO = d'f : E — L;(E; F) is the Fréchet derivative of order I, and L;(E; F)
denotes the vector space of continuous /-linear mappings endowed with the operator
norm || - ||z,

We denote by C’g’a(E,F) the subspace of those mappings f € C'g’o‘ (E, F) that
tend to 0 at infinity together with all their derivatives up to order k; i.e., for every
¢ > 0 there is r > 0 such that || f©(z)|r, < eif ||z > and 0 <1 < k.

All these spaces are Banach spaces.

Local Holder spaces are denoted by C*< i.e., f € C**(U, F) if each z € U has
a neighborhood V in U such that f|y € C’f’a(V, F).

Let us recall interpolation and inclusion relations for Holder spaces. In the
following C;% := CJ and || - |

n,0 = || -

=

Lemma 2.1 ([3| 3.1]). Letn € N and let 0 < a < <7y <1, and set p:= I=7.
Then

[ fllns < MallFlll o FI5AES € CYP (B, F),
where My := 2 and M, :=1 for a > 0.

Lemma 2.2 ([3] 3.7]). Let m,n € N and o, 8 € [0,1] with m+«a < n+ 3. Then
CrP(B,F) C C"(E, F) and

[ fllma < 20 fllng, f€ClP(E,F).

2.2. The Bochner integral (cf. [4]). Let I = [a,b] C R be a closed interval (with
the Lebesgue measure). Let E be a Banach space. A measurable function f : I — E
is Bochner integrable if there is a sequence of integrable simple functions s, : I — F
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such that s, — f a.e. (i.e., f is strongly measurable) and f; If = snlldt = 0. In
this case the Bochner integral is defined by

b b
/fdt: lim [ s, dt.

n— oo a

By the Pettis measurability theorem, f : I — FE is strongly measurable if and only
if it is weakly measurable (i.e., Ao f is measurable for all A € E*) and essentially
separable valued (i.e., f(I\ N) is separable in F for some null set N). A strongly

measurable function f : I — E is Bochner integrable if and only if f: If1l dt < oc.
Then the triangle inequality holds:

| [ ral < [ usrae

If T: E — F is a bounded linear operator into another Banach space F', then
Tf:I— F is Bochner integrable and

T/abfdt:/abedt.

We will use the following version of the fundamental theorem of calculus.

Lemma 2.3. If f : [a,b] — E is continuous, then

d t
G | 1 as= s,

oralltel. D la, b — 8 then
f ll I.If f:]a,b FE C’l, h

b
f@—ﬂ@=/f@ﬂa

It is then straightforward to deduce a mean value inequality for C''-mappings
between Banach spaces.

2.3. Carathéodory type ODEs. Next we collect some results on Carathéodory
type differential equations. Those are certain ODEs on Banach spaces whose right-
hand side is not continuous in time. We refer to [I] and to the appendix in [2].
Let E be a Banach space, let U C E be some open subset, and let I = [tg,¢1] be
some real interval. We say that f : I x U — E satisfies the Carathéodory property
if:
(i) For every t € I the mapping f(t,-) : U — E is continuous.
(ii) For every x € U the mapping f(-,z) : I — E is strongly measurable.
Also the notion of solution of such an ODE is weakened: we say a continuous
curve ® : I — U is a solution of the initial value problem

(2.1) O = f(t,z), x(to) =0
if and only if s — f(s, ®(s)) is Bochner integrable and

(2.2) D(t) = xg +/ f(s,®(s))ds, tel.

This already implies that ® : I — U is continuous. It is actually absolutely con-
tinuous in the sense that there exists a Bochner integrable v : I — FE such that
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D(t) = P(to) + ftto v(s) ds; in particular, ® is differentiable a.e. and &' = v a.e. (see
[10, Lemma 1.28]).

The next theorem is the central existence and uniqueness result for Carathéodory
type differential equations; it is taken from [2, Thm. A.2].

Theorem 2.4. Let I = [tg,t1] and let f : I x U — E have the Carathéodory
property. Let B(xo,e) == {x € E : |lx — x| < ¢} C U. In addition let m,l be
positive locally integrable functions defined on I such that the estimates
[f (8 20) = [t z2)|| < 1B [[21 — wal],
£ ()| < m(t)

are valid for almost all t and all x,x1,x9 € B(xg,e). Let § be such that
to+9
/ m(s)ds < e.
to
Then 21 has a unique solution ¢ : [to,to + 6] — B(xo,€) in the sense of (22).

If the ODE is linear, we have global existence in time:

Theorem 2.5. Let I = [tg,t1]. Let A : I — L(E) and b : I — E be Bochner
integrable. Then for all xg € E there exists a unique solution on I of

Opx(t) = A(t) - x(t) + b(t), z(to) = xo
in the sense of ([2.2)).

2.4. Composition in Holder spaces. Let us review some regularity results for
the composition in Holder spaces due to [3]. But in contrast to [3], we need the
results for mappings F : R? — R? of the form F' = Id + f where f is in some Holder
class; note that Id is unbounded and hence not a member of any C}’ PR, R%). For
this reason it is convenient to introduce the seminorm

[Fln = [[F™ g = sup |[F™(2)||1,-
r€R4

If F=Id+f and n > 1, then
(2.3) [Fln <14 [fln-

It is easy to adapt the proofs in [3] to our needs; they are outlined in Appendix [Al
for completeness’ sake.

Proposition 2.6 ([3, 4.2]). Let E, F,G, H be Banach spaces and U C E open. Let
meN, a€(0,1], andb: F x G — H be a bilinear continuous mapping. Then b, :
C" (U, F) x C"*(U,G) — C"*(U, H), defined by b.(f,g)(x) :=b(f(x),g(x)), is

bilinear, continuous, and ||b.|| < 2™F1|b].

The following theorem shows stability under composition and continuity of the
right translation. We will denote by f* the pull-back by Id +f, i.e., f* := (Id +f)*.

Theorem 2.7 ([3, 6.2]). Let m € N>q and o € (0,1]. Let f € C;"*(R%,R?) and
let g € C}"*(R%, G) for some Banach space G. Then go (Id+f) € C;"* (R, G),
and there exists a constant M = M(m) > 1 such that

(2.4) ||9 o(Id +f)Hm,a < M||9||m,a(1 + Hme,a)m-HX'
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In particular, for every fized f € C’;”’Q(Rd,Rd), the linear mapping
[ RYLG) = G (R, G), g f(g) = go (Id+f)
18 CONtINUOUS.

Continuity of the left translation is the content of the following theorem. We
denote by B™(f,8) :={g € C;"" : ||f — gllm,a < 6} the open ball with radius &
centered at f. By g, we mean the push-forward by g precomposed with translation
by Id, i.e., gx := g« o (Id + ).

Theorem 2.8 ([3| 6.2]). Let m € N>y and o, € (0,1], o« < 8. Let g €
an’ﬁ(Rd,G) where G is some Banach space. Then, for every fo € Cp"“(R%,RY),
R >0, and f1, fo € B™*(fo, R),

(2.5) 195 (f1) = g (f2)llm.a < Ml|gllm sll fr = F2llr s
where M = M(m, || follm,a, R). In particular,
g« : O (RYRY) = O (R, G), [ gu(f) = go (Id+)
18 continuous.
It follows that composition is even jointly continuous.

Corollary 2.9. Letm € N>y, let 0 < o < 8 < 1, and let G be some Banach space.
Then; fOT all fO S Cl:mo((Rd)Rd): 9o S Cl:n’ﬂ(RdaG% R > O; f17f2 S Bm7a(anR)7
and g1, 9> € B™P(go, R),
6_

(2.6) g1 o (Id+f1) = g2 © (Id+f2)llm,a < M(llg1r = g2llm.a + L1 = fallm.a) "
where M = M(m, || follm.as |g0llm.g, R). In particular,

comp : C’gn’ﬁ(Rd,G) x PP (RYRY) — O (R G), (g, f) = go(Id+f)
18 continuous.

We will also need the following result on C! left translations.

Theorem 2.10 ([3, 6.7]). Let m € N>; and let o, € (0,1], o < B. Let
g € C;n+1’B(Rd,G) where G is some Banach space. Then g, : C;"% (R4, R?) —
Cy (R, Q) is continuously differentiable.

Together with Lemma [Z:3] Theorem [2.I0 implies Lipschitz continuity of the left
translation in the following cases, but see also Theorem 214 below.

Corollary 2.11. Let m € N>y and let 0 < oo < f < 1. Let g € C’?H’ﬁ(Rd,G).
Then g, : Cy"%(R%,RY) — C (R, G) satisfies for all f1, f> € C;* (R4, RY),

lg+(£1) = g (f2)llm.a < Mllgllm+1,5(1 + max || fillm,o)™ | f1 = Fallm.a-

Remark 2.12. Let us stress the fact that left translation ceases to be continuous,
resp. differentiable, if in Theorem 28] resp. Theorem 210 g is merely of class C}",
resp. C7"T1%; see [3] and also Lemma [35

We shall make frequent use of the Faa di Bruno formula for Banach spaces: Let
E,F,G be Banach spaces, let f : E DU — Fandg: F OV — G be k times
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Fréchet differentiable, and assume f(U) C V. Then gof : U — G is k times Fréchet
differentiable, and for all x € U,

0T dgen@=smd Y e @) (F @), F (@),

1=1 veT(l, k)

where I'(I,k) :== {y € Ny : |y| = k}, ¢, := l,’%,, and sym denotes symmetrization

of multilinear mappings.

Faa di Bruno’s formula applied to a function h : U — H of the form h(z) =
b(f(x),g(x)), where f,g are k times Fréchet differentiable functions defined on a
common domain U C F and b: F x G — H is a continuous bilinear map, gives

(238) symz (7)o @a* )

This formula is of particular use when h(x) = dg(x)(f(z)), where f,g : R? — R%;
i.e., the bilinear map takes the form b : L(R? R%) x RY — R4, (I, 2) ~ I(z).

Remark 2.13. Faa di Bruno’s formula (7)) implies that for f : R? — R and
g: R4 — G both in CF, we have g o (Id+f) € C¥(R?,G). So the stated regularity
results for the composition hold as well for C;™%, etc., replaced by Cj"“, etc.

2.5. Convenient calculus. Occasionally, we shall use some tools from convenient
calculus which extends differential calculus beyond Banach spaces; the main refer-
ence is [15], see also [9] and the three appendices in [16]. Let us briefly describe the
concepts and results we will need.

Let E be a locally convex vector space. A curve ¢ : R — FE is called C'*° if all
derivatives exist and are continuous. It can be shown that the set C*°(R, E) of
C®-curves in E does not depend on the locally convex topology of E, only on its
associated bornology.

The ¢*-topology on E is the final topology with respect to C*°(R, E); equiv-
alently it is the final topology with respect to all Lipschitz curves or all Mackey-
convergent sequences in E. In general the c¢®-topology is finer than the given
locally convex topology, and it is not a vector space topology; for Fréchet spaces
the topologies coincide.

A locally convex vector space E is said to be a convenient vector space if it is
Mackey-complete; equivalently, a curve ¢ : R — E is C*° if and only if Ao ¢ is C*
for all continuous (equivalently bounded) linear functionals A on E.

Let F/, I, and G be convenient vector spaces, and let U C E be ¢>-open. A map-
ping f : U — Fis called C* if foc € C*°(R, F) for all ¢ € C*°(R, U). For mappings
on Fréchet spaces this notion of smoothness coincides with all other reasonable def-
initions. Multilinear mappings are C'*° if and only if they are bounded. The space
C>(U, F) with the initial structure with respect to all mappings f — Ao foc,
c € C°(R,E), and A\ € E* is again convenient. The exponential law holds: For
c®-open V C F,

C>®(U,C*(V,G)) =2 C>*(U x V,QG)
is a linear diffeomorphism of convenient vector spaces. A linear mapping f : £ —
C>(V,G) is C* (bounded) if and only if ev,of : F — G is C*> for all v € V.

There are, however, C'*°-mappings which are not continuous with respect to the

underlying locally convex topology; clearly they are continuous for the ¢*°-topology.
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Besides the class C* due to [7], [12], [13], convenient calculus was developed for
the holomorphic class [21], the real analytic class [I4], and all reasonable ultradif-
ferentiable classes [16], [T7], [19], [26].

For the classes C*® (k € N, a € (0,1]) it was established in a weaker sense
(without general exponential law) by [§] (for « = 1) and by [6], [5]. Let E, F be
convenient vector spaces, and let U C E be ¢>-open. A curve c¢: R — F' is locally
a-Hélder continuous, we write ¢ € C%%(R, F), if for each bounded interval I C R,

{M:t,sel,t#s}
|t — s

is bounded in F. A curvec: R — Fis C%@ ie., c € CF*(R, F), if all derivatives up
to order k exist and are locally a-Hélder continuous. A mapping f : U — F' between
convenient vector spaces is called C*< if foc € CP*(R, F) for all c € C®(R,U).
If E and F are Banach spaces, then f is C%% in this sense if and only if it is in
the sense of Section 2T} i.e., || f(x) — f(2)||/llx — y||® is locally bounded. See [5],
[15, 12.7], or [18, Lemma|, and note that this is a special case of Lemma 3.9 below.

2.6. An application of convenient calculus. We finish this section with a result
which is not contained in [3]: if & = 8 in Theorem resp. Corollary 2171 the
left translation g, is still locally Lipschitz. Of course, Remark 2.13] applies to this
theorem as well. In contrast to Corollary 2.I1], we do not get an explicit bound for
the Lipschitz constant.

Theorem 2.14. Let m € N>y and 0 < a < 1. Let g € C;"TH(R%,RY). Then
gs 1 O (R, RY) — C*(RY,R?) is locally Lipschitz.

Proof. Tt suffices to check that g, maps C*-curves to C%'-curves; cf. Section
That t — f(t,-) is C* in C"“(R?,RY) means, by [9, 4.1.19], that, for all k € N,
10F £(t,)||m.a is locally bounded in ¢.

Let h(t,z) := g(x + f(t,x)). Then, if F:=1Id+f,

h(t,z) — h(s,x) = / O-h(r,x)dr = / dg(F(1,2))0, f (1, x) dr,
and, by (2.3),

dgh(t,x)—d’;h(s,x):/ di(dg(F (1, )0, f(r,2)) dr

- symjio (%) [ st monts-tsrar

With Faa di Bruno’s formula (2.7,

J
& (dg(F(r,z))) = symz Z ey g (F (7, 2)) (1 F(r,2),...,d) F(r,z),1),
I=1 €T (L)

it is easy to see that ¢ — h(t,) is locally Lipschitz into Cy"(R%,RY).

It remains to prove that ¢ — h(t,-) is locally Lipschitz into Cy"*(R%, R?). To
this end we have to show that

[h(t,) — h(s,)lm.a
t—s
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is locally bounded; i.e., for each bounded interval I, the set

{dg’lh(t,x) —dh(t,y) — dlh(s,z) + dTh(s, y)

r#yeRY s#tel}
[ —yll*ft = s|

must be bounded. Without loss of generality we can assume that || — y|| <1 and
thus ||z — y|| < ||z —y||*. If ||z — y|| > 1, then the result follows from the fact that
t + h(t,-) is locally Lipschitz into Cj* (R4, R?). Let us define

AV = A'Y’i(gv7 y) = (d;llF(T, x), ..., dVF(r,x),d)F(r,y),...,d} F(r, y))
and

groh . J AL 0dE T f(r@)) iR =141,
T (@t adp I f(ny) ith <l

Then
g (F(r,2)) (B — gD (F(7,1))(B7)

= gD (B (7, 2))(BY1HY) — gD (E(r, ) (BT
+1

+ Z g (F(r,9)) (B — g (F (7, )BT,
For the first summand
|94 (F(r, ) (BYH1) = gD (R (7, ) (BY)|,
< |90 E ) = gD E@ ), 15 )™ [0 (7

< {||9||m+1[F(Ta Ml =yl + 17 ) )™ 100 F (75 )l it <m,
= UglhmtralE @ Nl =yl (4 1 )™ 100 f (75 )l L =m

For the other summands we observe that, by multilinearity,

gV E )BT = gV (F () (B = gV (F(r,)(8),
where
f= ( c AP E (T a), dIF (T x) — dYF (T, y), A F(T, ), .. )
Hence, if h <[, then
9"V (F () (BT") = gD (F (r ) (BT Y]],
< gl + T, )™ ()
and, if h =1+ 1, then

m-+1

yHa”atf(Tv')Hmv

lg D (E () (B — gD (F(ry) (BN,
< gl (X + [1£ (7, )m) " 10 f (7, ) lm,allz =yl
The theorem follows. O
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3. GROUPS OF HOLDER DIFFEOMORPHISMS

3.1. The (non-topological) group D"#(R%). Let n € N>; and 8 € (0,1]. Let
us define the set of orientation preserving diffeomorphisms of R? which differ from
the identity by a Cf #_mapping:

3.1)  DM(RY:={® cld+C)" (RY,RY) : det dd(z) > 0 Vo € RY}.

We will show that D™#(R9) is a group (with respect to composition).
We endow D™#(R?) with the topology given by the metric

d(®1, ®2) := || 1 — P2llnp

and denote by B™#(®,r) the open ball of radius r and center ® in D™#(R?). We
use the same notation for balls in Cf B (R4, R4), which causes no problems since
Id ¢ CP (R, RY).

Since the determinant is multiplicative, it is an easy consequence of Theorem [2.7]
that D™#(R?) is a monoid with respect to composition.

Lemma 3.1. D™#(R?) consists of C™-diffeomorphisms of R. The first n deriva-
tives of the inverse of an element of D™?(R?) are again globally bounded.

Proof. Let ® = 1d +¢ € D™?(R?). First we have to make sure that ® is bijective.
This is an immediate consequence of [24, Cor. 4.3], which states that a C' mapping
converging to infinity at infinity with non-vanishing jacobian determinant is already
a C'! diffeomorphism. The inverse mapping theorem shows that ®~! is actually C™.
Boundedness of the first n derivatives of =1 —1Id follows as in [22, pp. 535-536]. O

Lemma 3.2 ([22, p. 535]). The operator norm of an invertible linear operator
A:R? — RY satisfies ||A7Y| < | det A| 7Y All4L.

Lemma 3.3. Let &g = Id +¢9 € D™P?(R?). Then:
(1) € :=inf, cpa det dDy(z) > 0.
(2) There is & > 0 such that inf,cpadetd®(z) > /2 for all & €
Id +B"8 (¢, ).
(3) There are 6,C > 0 such that supycpa [|[d®~(z)|| < C for all ® €
B™8(®y,6).

Proof. (1) Observe that d®g(z) — 1 as ||| — oo. Thus detd®g(x) — 1 as
lz]] = oo, which implies that ¢ := inf, cga det dPo(z) > 0.
(2) This follows from the fact that the determinant is uniformly continuous on

each ball in the space of d x d matrices.
(3) Let § > 0 be as in (2). Then, for all ® € B™(®y,d),

ld®(z)[ 4" _ 2

Ao (o = ||(d®(z)) 7 < < = (| @05 + 0)4T
9™ (@) = d(a) | <15 T < 2(1Pallus + 8
by Lemma Since @ is bijective, the proof is complete. O

Lemma B3] shows that D™#(R%) — Id is an open subset of C{"? (R, R%). Thus,
for &y = Id +¢¢ € D™#(R?) and for sufficiently small r > 0,

B2 (®g,r) = 1d +B™" (¢, ).

We interpret D™#(R?) as a Banach manifold modelled on Cj #(R?, RY) with global
chart ® — ¢ —1Id.
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Theorem 3.4. Let n € N>y and B € (0,1]. Then D™?(R?) is a group. In general,
left translations are discontinuous.

The theorem will follow from Lemma [3.5] and Proposition
Lemma 3.5. In general, left translations in D™P(R?) are discontinuous.

Proof. The construction is taken from [3] 6.4]. We prove the claim in the case
d = 1. Let xy € C®(R) be 1 on [-1,1], and set ¥ (x) := 2"|z|’x(z). Then
¢ e CPP(R,R). In addition, let ®(x) := z + x(z)/k. Since D™#(R) — Id is open,
we have @), € DA (R), for sufficiently large k, and ®; — Id in D"#(R) as k — oo.
It is easy to see that, for |z| < 1,

(3.2) P (@) = (n+B) - (1+ B)|a|® =: Crplal”.
Thus, for large k,

1 1 18
(o) (= 1) =Cus| =3 + 3| =0
and o
(10 B)™(0) = 57
Hence
1 2C,
(0 @) = (o 1)) (= 1) = (o ®)™ - (¥ o1 ™)(0) = - =57,

which immediately gives |10 ®; —1old ||,z > 2C, 5. Since D™#(R) —1d is open,
there is some small > 0 such that Id +r¢y € DA (R). O

The next proposition completes the proof of Theorem [3.4

Proposition 3.6. D™8(R?) is closed under inversion. The chart representation
inv, : (D"?(RY) —1d) — (D™P(RY) —1d), ¢ (Id+¢)~ ' —1d
is locally bounded.
Proof. For ® = 1d +¢ € D™#(R?) and ®~! =: Id +7 we have (Id +7)o(Id +¢) = Id,
i.e.,
(3.3) o+ 6(x) = —6(x), =R
It follows that detd®~'(z) > 0 for all z and that 7 o (Id +¢) € CJ*°(R?,RY). By
Lemma 3l ®~! is n-times differentiable with globally bounded derivatives.
Let & = Id+¢o € D™P(RY) and @61 =: Id+79. Choose § > 0 such that

B™B(¢g, ) C (D™P(RY) —1d) (recall that D™ (RY) —1d is open) and such that the
conclusion of Lemma [3.3] holds.

Claim 1. inv.(B™ (¢, 6)) is bounded in CF (R, RY).

By Lemma B we know that inv. maps into Cj*(R¢,RY). An inspection of
Fad di Bruno’s formula (Z7T) shows that it actually maps into C(R% R9). Let
¢ € B™P(¢g,0) and 7 = inv.(¢) € CF(RY, R?) so that (B3)) implies

I7(z + o))l < ll¢(@)[| < 1|¢ — bollns + [dolln.s < 0+ [I¢ollns
for all x. Since Id +¢ is bijective, this gives

linve(@)llo = lI7llo < & + [[¢olln.g: & € B™ (o, 0).
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We prove by induction on k that for all & < n there are constants Dy, = Dy.(¢o, 0)
such that
(3.4) I7llk = llinve(d)lx < Di, ¢ € B (o, ).
By Faa di Bruno’s formula (2.7),
d¥ (10 @) () = 7™ (®(2))(d®(2),. . .,dP(z))

k—1
(3.5) +sym Y > oD (@(2) (20 (2), ..., 0 (7)),

1=1 v€D(1,k)
By the induction hypothesis, for ¢ € B (¢g,8) and | < k — 1,
7 (@(2)) (27 (2),..., 2 (@),
< [rY(@(@)llz 1@ (@)l -- - 199 (@)1,
< D1 (1+ [|8lln,5)"
< Dp—1(1+ 30+ | dolla,s)"-

In addition, ||d*(7 o ®)(z)|lL, < ||¢llns < 6 + ||¢ollns, by B3). It follows that
there is some constant Dy = Dy (¢, d) such that

(3.6) 170 (B (2))(d® (), . ..,d®(z))||L, < Dp, &€ B™P(¢o,0), z € R%.

Since
Ir® @@z, < [70(@(x))(d2(@), ..., d®(2))||z, ]| (d®(x)) "],
3:6) and Lemma 33 imply ([34) and hence Claim [l
Claim 2. inv.(B™?(¢,6)) is bounded in Cj*° (R, RY).
Observe that, since ® is a bijection of R?,

"r(®(x)) —d"T z —y|?
S o) e 00 N ]

s FEE [o() — e(u)]?

= ldnT@(m)&_—djfﬁ(My»' = (s ||q><|f§ - fb”(yn)ﬁ
—ap |dnf<<1><x>|>x - %@@mm Lip(e-1)?

<o |d”¢<<1><x>|>x - dyf};@(y»n% (14D

for all ¢ € B™#(¢y,6), by B4). For k < n, let
AR = AF(z,y) == (d®(z),...,dD(zx),dD(y),...,dD(y)).

E-times (n—k)-times
Then
[d"7(@(y))(A*) — d"7(2(y)) (A" )| L,
(3.7) < |7 (@)L, [ld® (@) |7, 1d@(y) 17, | do () — do(y)]|r,

<7l + lol)" 2016 ]l sl — ylI°
< 2D (146 + [|¢olln,s)" |z = y117,
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where we use [|dp(x) — dp(y)||z, < ||¢]l1,5]lz —yl||? for the case n =1 (which holds

by definition). For the case n > 2 we use the mean value inequality. (If ||z —y| < 1,

then |z —y| < [lz—y||%; otherwise |d(x) —dd()ll, < 2[¢lln.s < 2[¢lln.sllz—yll.)

By Lemma [3.3]

la"7(@(x)) = d"7(2(y)) ||, < [d"7(2(x))(A") — d"7(2(y))(A™) L, |dP(x) |,
< Clld"r(®(2)(A") — d"7(2(y))(A") | 1

+C Y lld"T(@()(A") = d"T(@(y)(A* D]z,
k=1

We may use [B7) to estimate the second term on the right-hand side. Thus, to end
the proof of Claim 2] and hence of the proposition, it remains to show the following.

Claim 3. There exists a constant C such that
ld"7(@(x))(A") = d"7(@(y)(A%)||1,, < Clle —yll”,
for all ¢ € B™#(¢g,8) and all z,y € R9.
For any v € N,y and 0 < j <1 let
AV = AV (z,y) = (<I>(”“)(x), . '7@(7j)($)7©(7j+1)(y)7...7q)(7l)(y))_
Then, by Faa di Bruno’s formula (Z.7),
d"(r o ®)(x) —d" (7o ‘1>)( ) = 7 (@(x))(A") = 70V (@(y))(A°)

(3.8) + Symz > o« 2)) (A7) =70 (@(y))(A77)).
=1 ~eI'(l,n)

By (B3]), there is a constant C such that

(39)  |d"(ro@)(@) —d"(ro®)(W)|r, < Cllu—yl®, o€ B (¢0,0).

Moreover,

I7® (@())(A™) — 7O (@(y)) (A™)]| .
< ||T<l (@(2))(A7) = 7O (@(y))(4")]

n

+ Z 7O (@(y))(ATF) — 7O (@(y)) (A1)

L’Vl'

For the first summand, since | < n,
|70 @@) A7)~ rO @) (A,
< [[rD(@(@)) = @), (1 + [Dllns)"
< rlln (@ + ol = yll (L + [|6lln,s)",

and |7, < D,, for ¢ € B™#(¢y,d), by Claim[[l For the other summands observe
that

T(@(y)) (A7) = 7O (D(y)) (A7)
_ T(l)(q)(y))(' ., @(%4)@.)7 (q)(%)(x) _ <I>(”’“)(y)), (I)('Yk+1)(y), . ')7
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whence

Ir D (@) (A7*) = 7O (@(y)) (AT,

< Il @+lI8lln) " igllnlle —yll it 1> 1,
= Urllll¢llnglla = yll? if | = 1.

Altogether this means that we find a constant K such that for all ¢ € B™5 (¢, d)
and all z,y € R?,

|70 (@) (A" = 7O @)(A)] . < Kz —yl”.

Indeed, if ||z — y|| < 1, then [z — y|| < [z — y[|; otherwise the estimate follows
from the triangle inequality and Claim[Il Together with [B.8]) and ([B.3)) this implies
Claim Bl O

For later use we prove the following.

Proposition 3.7. Let n € N>; and let 0 < a < B < 1. Then, for all ¢ €
(DPA(RY) — Id) there exists 6 > 0 such that for all ¢1,¢o € B™P(¢o,0) C
(DA (RY) - 1d),

(3.10) [10ve(d1) = inve(@2)[lna < Mg — ol 7,
where M = M(n, ¢o, ). In particular,

inv, : (D"#(R?Y) —1d) — (D™*(RY) —1d), ¢+ (Id+¢) ' —1d
18 continuous.

Proof. Choose § > 0 such that B™#(¢g,d) C (D™P(RY) — Id). Let ¢1,¢2 €
B™8(¢g,0). We write 7; = inv.(¢;) and ®; = Id +¢;, for i = 0,1,2. Then

7—1_7-2:<I>1_10<I>20<I)2_1—<1>1_10<I>1o<132_1
= ¢ o (Id+72) — @1 o (Id +72)
+ 710 (Id+¢s) o (Id+72) — 7 0 (Id+¢1) o (Id +72).

By Theorem 2717
162 0 (I +72) = d1 0 (Id +7)lln.a < M ()| f1 = d2llna (1 + |72lln.a)"
and by Theorems 277 and 2.8 (and Lemma 2.2]),

[I71 0 Id+¢2) o (Id+712) — 71 0 (Id +¢1) © Id +72) ||,
< M(n)|r1 0 (Id+¢2) — 11 0 (Id+¢1)|n.a(1+ [|72]ln,a)™
< M(n, |gollnas O lnslldr — G2l o (1 + | 72llna)"

Since ||7; .5 is uniformly bounded for ¢; € B™# (¢, d) if § > 0 is chosen sufficiently
small, by Proposition this implies the assertion. O
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3.2. Intermediate Holder spaces. As we have already seen in Lemma B3] the
group D™?(R?) is not topological (with respect to the topology given as a Banach
manifold modelled on C;"* (R4, R%)). Nevertheless we know that the left transla-
tions become continuous if the outer mapping is only slightly more regular than
the space it acts on. This observation motivates the following definitions.

Let E, F be Banach spaces, let U C E be open, and let n € N. For g € (0,1]
define

P F) = () CP(ULF),
a€(0,8)

and for 5 € [0,1),

ot ) = |J o F).
a€(B,1)

If 8 € (0,1) we have the strict inclusions
CyP (U, F) ¢ GP(U,F) ¢ 7 (UL F).

We endow Cg“ﬁ_ (U, F) and C£’6+ (U, F) with their natural projective and inductive
locally convex limit topologies, respectively.

Then C’;L’ﬁ (U, F) is a Fréchet space with a generating system of seminorms P =
{ll - lln,a : € (0, )}, or a countable subfamily thereof, like {|| - ||,,5—1/% : k¥ > ko}-

The balls B#~(fo,¢) :== {f € C"P (U, F) : || f = folln.a < &} satisfy
BZ;ﬁ*(vae) Cc Bgiﬂi(anQE) if ap < ag,

by Lemma 22 Thus {B"»#~(fy,e) : @ < 3, € > 0} forms a neighborhood base of
fo€CyPm(UF).
In analogy we define C’g’ﬁi and C™A%,

Lemma 3.8. Cgl’ﬁJr(U, F) and Cg’ﬁ+(E,F) are compactly reqular (LB)-spaces.

Proof. It suffices, by [23, Satz 1], to verify condition (M) of [25]: There ex-
ists a sequence of increasing 0-neighborhoods B, C C’;“BH/Z’(U, F) such that for
each p there exists an m > p for which the topologies of C;L’ﬂﬂ/k(U, F) and of
C’g“ﬁJrl/m(U, F) coincide on B, for all k > m.

For a < o we have || f||n,a < 2| flln,a, by Lemma [Z2] It suffices to show that
for B < g < a1 <, € >0, and f € B™*(0,1) there exists § > 0 such that
B™22(f §) N B™*(0,1) C B™*1(f,¢).

Let g € B™*2(f,0) N B™*(0,1). Then ||g — flln,a < 6 and ||g|ln,« < 1. By
Lemma 2,11,

a—aq a]—ag

@] —ag

o — o — ﬂ
19 = Fllnoa <llg = fllnas® lg = fllnia™ < de=2eme.

So it is clear that we may find § as required. |

Consequently, C:’BJF(U, F) and Cg’ﬂ+(U, F) are complete (thus convenient),
webbed, and ultra-bornological.
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3.3. C%“-mappings between convenient vector spaces. Let w : [0,00) —
[0,00) be a subadditive increasing modulus of continuity (lim;—,ow(t) = w(0) = 0).
By a C%“-curve ¢ we mean a function defined on the real line with values in a
convenient vector space F' such that for each bounded interval I C R,

{%:t,sé],t;&s}
is bounded in F. We say that a mapping between convenient vector spaces is C%%
if it maps C>®-curves to C%“-curves. The ¢>®-topology coincides with the final
topology of all C%“-curves (which follows from the proof of [15, 2.13]), and so a
C%“_mapping is continuous with respect to the ¢*-topology. The following lemma
shows that between Banach spaces the notion of C%“-mapping coincides with the
usual definition.

Lemma 3.9. Let E, F' be Banach spaces, U C E open. A mapping f: U — F is
C% if and only if f(z) — f(y)/w(||x — yl|) is locally bounded.

Proof. Suppose that there is z € U and z,, # y, € U such that ||z, — z| < 477,
[yn = z[l <477, and [[f(zn) = fya)|| = n2"w([[zn = ynl]). By [15, 12.2], there is
a C-curve ¢ and a convergent sequence of real numbers ¢, such that ¢(t + t,) =
T, + t;%‘;z") for all 0 <t < s, := 2"||xp, — ynl|- Then, by subadditivity of w,

"zn—ynl
[(F o)t +50) = (foc)ta)ll _ IIf(n) = flun)ll o
w(sn) w2z —yal) —
The converse implication follows from subadditivity and monotonicity of w, since
C>-curves are locally Lipschitz. |

This lemma can be found in [5], [I5] 12.7], or [I8] Lemma] in the Hélder (or
Lipschitz) case w(t) =¢7.

Definition 3.10. We say that w is a slowly vanishing modulus of continuity if w
is increasing, subadditive, and satisfies

t
mint “Y S0 for all 4 > 0.
t10 tY
For instance, w defined by w(t) := —(logt)™ if 0 < t < e72, w(t) := 1/2 if

t > e 2 and w(0) := 0 is a slowly vanishing modulus of continuity.
3.4. The C** Lie groups D"#~(RY) and D"#*(R?). Let n € N>;. We define
DMAE(RY) = {® € Id+C " (RY,R?) : det d®(z) > 0 Vo € RY},

where 8 € (0,1] if + = — and 8 € [0,1) if £ = +. Then D"/*(R?) — Id is an
open subset of C|f h i(Rd, R?). We take this interpretation as a defining property
for the topology; i.e., V C D™+ (R?) is open if and only if (V — Id) is open in
(D™PE(RY) —1d) C CfP* (R, RY).

Clearly, D™ *(R%) forms a group by Theorem 34l We will now prove that
D™AE(R?) are C% Lie groups for any slowly vanishing modulus of continuity w.

Theorem 3.11. Let n € N>q. Let w be a slowly vanishing modulus of continuity.
Then DA~ (R?), for B € (0,1], and D™P+(R?), for 3 € [0,1), are CO Lie groups.
In particular, D™~ (R?), for B € (0,1], is a topological group (with respect to its
natural Fréchet topology).
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Proof. Let us first consider DA~ (RY), for B € (0,1]. Let g,f €
C®(R,CyP~ (R, R)) and let I C R be a compact interval. Then the sets g(I),
f(I) are bounded in C;*°~ (R4, R?) and thus in every C"* (R4, RY) for a < 4. If
a < & < f3, then, by (2.4),

lg(#) o (d +£(#)) = g(s) o (1A +[(8)) [ n.a
< M(lg(t) = 9(8)lln.a + 1F () = f($)llna)™ " < Mt — |7,

for t,s € I. There is € > 0 and C = C(a, @) such that |t — s|%* < Cw(|t — s|)
if |t —s| < e. Since w is increasing, we may conclude that, for ¢ — h(t) :=

g(t) o (Id+f(1)),
{h(t) — h(s)

(3.11) ([t =3])

:s;«étel}

is bounded in Cj"*(R?, RY). So the composition is C%“ on D™A~(R?).

Let us turn to the inversion in D™~ (R%). Let f € C®(R, Cy’~ (R4, R?)). Fix
a < a< fandtyeR. Let § >0 be such that B»%(f(ty),8) C (D™*(R?) — 1d).
There is a neighborhood I of ¢y such that f(I) C B™%(f(to),d). By Proposition [3.7]
(after possibly shrinking §), for all ¢,s € I,

[inve(f(£) = inve(f(s)lln,a < M) = F()l5a"

where M = M(n, f(t9),6). Finishing the arguments in the same way as for the
composition, we conclude that the inversion is C%% on D™~ (R?).

This implies that D7~ (R%) is a topological group, since the underlying Fréchet
topology and the ¢*°-topology coincide. Of course, it also follows directly from
Corollary and Proposition B.7

Now let us consider DA+ (R%), for 3 € [0,1). Let g, f € C®(R, C’g’ﬁ+(Rd,Rd)).
For any compact interval I C R, the images g(I), f(I) are bounded in
Cg’ﬁ+(Rd,Rd). Since Cg’ﬁJr(Rd,]Rd) is a compactly regular (LB)-space, there is
some ag > f such that g(I), f(I) are bounded in C;**° (R4 R?), and thus also
in every C"% (R4, RY), for o € (B,ap]. Let a,& € (B, a0] with a < & Then the
arguments above show that the set (II) is bounded in Cp"*(R¢,R%), and thus
in CfPT(RY,RY). So the composition is C% on D™A+(R?). Similarly for the
inversion. ([

Remark 3.12. We do not know whether D™#+(R?) is a topological group with
respect to its natural inductive locally convex topology, since the c¢*-topology is
finer in this case.

Groups with continuous left translations and smooth right translations were
dubbed half-Lie groups in [20]. The chart representations of the right translations
in DA%(RY) are affine and bounded, by Theorem 27, and thus smooth. Hence,
DA~ (RY) is a half-Lie group.

The next result shows that the C%“-regularity of the group operations in
D™A%(R9) is optimal.
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Proposition 3.13. Let n € N>;.

(1) For all B € (0,1], D™A~(R?) is a half-Lie group. There are left translations

in DB~ (R?) which are not locally Hélder continuous of any order v > 0.

(2) Let B € [0,1). For any v > 0, there are left translations in D™P+(R?)
which are not locally Holder continuous of order ~.

Proof. (1) Let x € C°(R) be 1 on [—1,1] and satisfy x'(z) > —1 for all z € R,

and set (z) = 2"|z[’x(z) € CFP(R,R) C CJP (R,R). We will show that

0(t) := o (Id+tx), for small t € R, is not locally Holder continuous of order + into

Cy*(R,R) for any a > 3 —+. This implies the assertion, since Id +r € D™#~(R)

if » > 0 is small enough. We must show that, for any small interval I > 0, the set

{9(15)(")(&5) — 0™ (y) — ()™ () +6(s)" ()

|z —yl*|s — ]

:x;ﬁyER,s#tEI}
is unbounded. If |x| < 1, then for small ¢ (cf. (B2)))
0(t)" () = v (@ + 1) = Cupla +1/°.
For t = x = 0 and |y| < 1 the expression reads (up to a constant factor)
—lyl” —1sl° + |y + s/
[ylo[s[¥
and upon setting y = —s, we get —2|s|#~*~7, which is unbounded near s = 0.
(2) Let v > 0 be given. For a > S let ¢4 (x) := x™|z|*x(z). Then, as seen above,
O (t) := 1 o (Id +tx), for small ¢ € R, is not locally Holder continuous of order ~

into Cj"** (R, R) for any ay € (8, «) with v > o — ;. It follows that (1, )s is not
locally Hoélder continuous of order +, provided that o — 8 < . Indeed, if

(00 =0Cs) e )

|s — 8|7

were bounded in C’g’L”(R, R), then it would be so in some step Cj**' (R, R), by
Lemma 3.8 0

)

The results of this section are summarized in Table [I1

TABLE 1. Here n € N>; and w is any slowly vanishing modulus of
continuity. In the first two rows 8 € (0,1]; in the third row g8 €
[0,1).

group C%%-Lie group topological group half-Lie group Lie group

DA (RY) yes no no no no
DA (RY)  yes yes yes yes no
DAY (RY)  yes yes ? ? no

4. HOLDER SPACES ARE ODE CLOSED

4.1. Flows of time-dependent Hoélder vector fields. Let n € N>, and 8 €

(0,1]. By a strong time-dependent C’g”g-vector field we mean a Bochner integrable
function w : [0,1] — CfP (R4, R?). We will write I := [0,1] and

1
lullzar.omy = / u(t) ]|, .
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The space LI(I,Cg’ﬁ(Rd,Rd)) of (equivalence classes with respect to a.e. coinci-
dence of) Bochner integrable function u : I — Cf # (R4, RY) equipped with this
norm is a Banach space.

Let o < 3. We say that a continuous mapping ® : I — D™%(R) is a strong
D™-flow of w if for all t € I we have

(4.1) o(t) =1d +/0 u(s) o ®(s) ds

in D™(R%), where the integral is the Bochner integral.
Since evaluation ev, at x € R is continuous and linear on C"*(R¢, R%) and it
thus commutes with the Bochner integral, (1) entails

t
(4.2) Ot x) = —|—/ u’(s,®"(s,x))ds, x€R?
0

We say that " : I x R? — R is the pointwise flow of u” if it satisfies (@2). So,
if u has a strong D™*flow ®, then u" has a pointwise flow which is continuous in
t and differs from the identity by a C;"“-mapping in x. Conversely, the existence
of a pointwise flow with these properties will entail the existence of a strong D™ “-
flow only if the Bochner integral in (] exists. Since the Holder spaces are non-
separable, strong measurability of ¢ — wu(t) o ®(¢) may fail, and the integral in (£1))
may not exist if the left translation u(t), is not continuous. This is exactly what
happens if 8 = a.

Luckily we can work with pointwise estimates which enable us to prove that
time-dependent C #_vector fields have unique pointwise flows ® such that ®V €
C(I,D™P(R?)) (no loss of regularity!). The proof actually works for a wider class
of vector fields, so-called pointwise time-dependent Cg # _vector fields, which shall
be introduced in the next subsection.

We shall see in Section [5.1] that the unique pointwise flow ®V € C(I, D™ (R?))
of a strong time-dependent C{ B _vector field u lifts to a strong D™*-flow, for each
a < B.

4.2. Trouvé group and ODE closedness. Let I = [0, 1] and let E be a Banach
space of mappings R? — R? which is continuously embedded in C§ (R4, RY).

Definition 4.1. We say that a mapping v : I x R® — R? is a pointwise time-
dependent E-vector field if the following conditions are satisfied.

o u(t,-) € E for every t € I.

e u(-,7) is measurable for every z € RY.

e I3t — ||lu(t, )| g is (Lebesgue) integrable.
Let us denote the set of all pointwise time-dependent E-vector fields by Xg (I, R?).
We remark that instead of the third condition we could also require that ||u"|| g be
dominated a.e. by some non-negative function m € L!(T).

Clearly, u € L'(I, E) implies v € Xp(I,R%). The converse is in general not
true, in particular, if F is non-separable and strong measurability and measurability
are not the same; see Example below. We will continue to write

1
HuVHLl(LE) = /O Huv(t)l|Edt7 for u € xE(Ide)a
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even though [|u"|| 11 (7, gy might be finite while u" : I — E is not Bochner integrable;
this will lead to no confusion.

Example 4.2. Let y € C2°(R) be 1 on [—1,1], and let 1 (x) := 2"|x|®x(x). Then
¢ lies in C)"P (R, R) (cf. Lemma 338). Let u: I x R — R be defined by u(t, z) =

(x — t); u is clearly a pointwise time-dependent Cp A _vector field. But u ¢
LY(I,CPP(R)): indeed, for fixed t,s € I, t # s (cf. (32))

(n) —t) — (M) (y — t) — (n) _ + (n) (s _
[u\/ (t) _ UV(S)]n,/B _ iig W) (.’E ) 1/1 (y |x)_ ;f;ﬁ ((E S) 'l/} (y 5)‘
|z =87 =y — t|% — |z — 5| + |y — 5°|

> Cy, sup
nﬁm,yel,wﬁy |z —y|?

>2C,3>0 (choose z=t, y=s).

It follows that the image u" (I) is not essentially separable in C;*(R), and so u"
is not strongly measurable, by the Pettis measurability theorem (cf. [4, p. 42]).

It is well-known that pointwise time-dependent C§-vector fields « have unique
pointwise flows ® = ®, : I x R? — R? such that ®" : I — Id+CF (R R?) is
continuous, and ®V(¢) is a C™-diffeomorphism at any time ¢; see e.g. [28] 8.7, 8.8,
8.9] and the arguments in the proof of Theorem below.

Definition 4.3. Let E be a Banach space of mappings R? — R? which is contin-
uously embedded in C3(R?, R?). Then

Gp = {®y(1) :u e Xp(I,RY)}

is a group with respect to composition; cf. [28] 8.14]. We call Gg the Trouvé group
of F.

Definition 4.4. We say that E is ODEFE closed if Gg C Id+FE.

Remark 4.5. Tt is clear that, more generally, we could take (mutatis mutandis) any
locally convex space E of mappings RY — R? which is continuously embedded in
C& (R4, RY) in the above definitions.

Furthermore, this leads to the notion of ODE hull of E, i.e., the intersection of all
locally convex spaces F' of mappings R¢ — R? which are continuously embedded in
C¢ (R4, R9) and continuously contain E, endowed with the natural projective topol-
ogy. The ODE hull is well-defined, because C¢ is ODE-closed, and it is evidently
ODE closed.

4.3. The Trouvé group of Cg’ﬁ(Rd,Rd). Let n € N>y and 8 € (0,1]. In this
section we show that the Trouvé group of Cjy B (R, R%),

Gn,p(RY) = gc{}‘B(Rd,Rd)’

coincides with the connected component of the identity in D™#(R%). In particular,
Cy *# is ODE closed. Let us use the short notation

X, (I, RY) = }.‘Cg,a(I,Rd).

We want to stress that this is an example of an ODE closed space on which left
translations g, are mot continuous.
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Theorem 4.6. Let n € N>y and 8 € (0,1]. Let u € X, s(I,R?). Then u has a
unique pointwise flow ® : I x R? — R such that ®V : I — D™P(R?) is continuous.
In particular, Cg’ﬂ is ODE closed.

Proof. In fact (cf. [28] 8.7, 8.8, 8.9]), the pointwise flow exists, z — ®(¢,x) is C},
and for all t € 1,

(4.3) 19(¢,-) —1d |, < Cre M lercep,

Set W7 (t) := dp®(t,x) and V', (t) := (W(t) — W (t))/llx — y||?. Then W2(t)

satisfies

WW@=£W@@@WLLW@:{HEM=L

0 forn>2.
Upon setting

AVI(t) = AV (2, y)(t) = (WA (E), ..., W (t), W)iti(t),... . W, (1))
and using Faa di Bruno’s formula ([2.7), this ODE takes the form

DD = smY Y e (0@, 2) (A7),

=1 ~el'(l,n)

and analogously

&W" symz Z C’yu (t,y))(A'Y’O(t)).

=1 ~el'(l,n)
It follows that V', (t) satisfies V. (0) = 0 and
OpVyy (8) = Ag(t) - Vi, (8) + b7, (t)

(4.4) +sym2 Yoo D(@(t,2)) - AT (E) — u’ () D (D(t,y)) - A1)

— |8
=2 ~el'(l, n) ||£C y”

where A, (t) = du”(t)(®(t,2)) and by (1) := W - W (t). It can be easily
seen, using ([A3), that

(4.5)

1Az @)1z, < @l 157, Oz, < lw” @)ll,6[Y @178V (0)]a < Csllu” (#)l1,5-

Similar arguments (see e.g. the proof of Proposition B.6) show that all remaining
terms in the sum can be estimated by ||u(t)||, s times a constant uniformly in
z,y. An application of Gronwall’s inequality implies that [®Y(¢)], g is bounded
in ¢, showing that ®V(¢) € Id +C£’5(Rd,Rd) for all ¢. Finally, we may conclude,
integrating (A4 and using similar estimates, that

)

[év(t)—@v(to)}n,ﬁ:Sipllvx’fy(t)—‘/” (to)llz,, <C4/ [0 (5)lln,5 ds,
Ty

which tends to 0 as t — t¢. In an analogous way one sees that ||®Y (£)—®" (t9)]|, — O
as t — to. This shows continuity in time.

It remains to prove that ®V(I) C D™P(R?). For fixed 2 € R? the map-
ping I 5 t + detd®(t,z) is continuous with image in R\ {0} (since ®V () is a
C1-diffeomorphism of R for each t). Since ®V(0) = Id, we may conclude that
det d®(t,x) > 0 for all # € R? and all ¢ € I.
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Finally, let us check that ¢V (t) = ®V(t)—1d € C* (R4, R?) for all ¢ € I. Suppose
that ||¢(t,x)| /4 0 as ||z|| — co. Then there is ¢ > 0 and a sequence 3 € R? such
that |lzx|| — oo and ||¢(¢, zx)|| > €. Since ®V(s) is a diffeomorphism of R?, for all
sel,

sup [lu(s,z + ¢(s,2))|| = sup [lu(s,y)|| = [[u*(s) o,
zER? yERC

and so the dominated convergence theorem implies that

t
lp(t, ) || < /0 l[uls, zx + d(s, zx)) || ds — 0,

because ||z + ¢(s,x)|| — 00 as k — oo and |ju(s,z)|| — 0 as ||z|| — oo, for each
s € I, a contradiction. To see that ||[dX¢(t,z)| — 0 as ||z|| — oo, for 1 < k < n,
we argue similarly: Since s — ¢Y(s) is continuous into C}' #(RY, R, there is a
constant C' such that sup,c;[|¢Y(s)|ln,g < C. Thus Faa di Bruno’s formula (27)
implies that sup,cpa ||d¥(u(s, z + ¢(s,x)))|| is bounded above by |lu(s)| times a
constant (independent of s and z) for all s € I. Then the dominated convergence
theorem implies the assertion as before. O

Theorem 4.7. Let n € N> and 8 € (0,1]. Then
(4.6) Gn,p(RT) = D™ (RY),,
where DA (R®)y denotes the connected component of the identity in D™#(R?).

Proof. The inclusion G,, 5(R%) C D™8(R%), follows from Theorem

Let us prove DA (R%)q C G, 5(R?). Since D™#(R%), is connected and locally
path-connected, it is path-connected, and each ® € D™#(R%), can be connected by
a polygon with the identity.

Let ® = Id +¢ € D™#(R%)q be such that y(t) := (1 —t) I[d +t® € DA (R?) for
all t € I. Then v(¢t)(x) = z + t¢(x), and

u(t,z) = (7'(8) o y() ") (@) = oy (1)~ (2))
is a time-dependent vector field such that:

o u(t,”) € CPP(RY,RY) for all ¢ € I, since D™#(R?) is a group, by Theo-
rem 3.4

e u(-,z) is a Borel function for every z € RY; indeed, if v(t)~!(z) =: = +
7(t,x), then 7 satisfies the implicit equation

T(t,z) +top(z+ 7(t,x)) =0

and is C™ by the implicit function theorem.
e We have fol [lu(t, )|ln,pdt < oo, since inversion is locally bounded on
D™ (RY) and left translation maps bounded sets to bounded sets; see The-
orem [2.7] and Proposition
That means that u € X,, 5(I, R?) and hence ® € G, 5(R?).

Suppose we are given a polygon in D™#(R?) with vertices Id, @, ..., ®,. Then
@1 € G, 5(RY), by the previous paragraph. Consider the line segment  connecting
®; and Py. Then t — ~(t) o <I>f1 connects Id with ®5 o <I>f1. So, by the above,
Dy 0 ;' € G, 5(RY) and hence &y € G, 5(R?), since G, 5(R?) is a group. By
iteration all vertices ®; belong to G, s(R%). O
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Remark 4.8. Analyzing the proof one finds that the identity (6] still holds if in the
definition of the Trouvé group we restrict to u € X, g(I, R?) which are piecewise
C™ in time t. (Discontinuities in ¢ guarantee that G, s(R?) is a group.)

4.4. The Trouvé group of Cg’ﬁi(Rd,Rd). We define pointwise time-dependent
Cg’ﬁi -vector fields to be the elements of

X5 (I,RY) := ﬂ X,a([LRY), %, 5 (I,RY := U X,.0(1L,RY),
ae(0,8) a€(B.1)

respectively, and the corresponding Trouvé groups by

Gnpr(RY) == {@Y(1) 1 u € Xy 52 (I,RN}.
Theorem 4.9. Let n € N>y. For € (0,1], Cgﬁ* is ODE closed and
(4.7) Gnp—(R?) = D"~ (RY),
and, for g € [0,1), Cg’ﬁJr is ODE closed and
(4.8) Gn 5+ (R) = D"F (R,

In particular, G, g+(R?) has a C*“ Lie group structure, for every slowly vanishing
modulus of continuity w. Moreover, G, 5—(R?) has a topological group structure
and a half-Lie group structure.

Proof. This follows from Theorems .6l .7 and BIIl To see, e.g., (£8]), note that

Go gt RY) = | Gna(R?) = | D™ *(®R?)0
a>f a>pB
is path-connected in D™+ (RY) = Uass D™(RY) and thus contained in
DA+ (R?). The inclusion DA (RY)y C G, 54 (RY) follows from the proof of

Theorem @7 the line segment  factors to some step of the inductive limit defining
DA+ (R?), by Lemma 3.8 O

Clearly, Remark [£.8] also applies in this situation.
Let us summarize the results of this section in Table [2

TABLE 2. Here n € N>;. In the first two rows 5 € (0, 1]; in the
third row 8 € [0, 1).
ODE closed Trouvé group

CrP(RY,RY) yes DA (R,
Cy?~ (R, RY) yes DA (RY)o
CPPT(RY, RY) yes DA (RY)y
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5. CONTINUITY OF THE FLOW MAP

Let n € N>y and 8 € (0,1]. By the results of the last section every u €
X, 5(I,RY) (thus every u¥ € L'(I,Ci" (R4, R%))) has a unique pointwise flow @
with ®V € C(I,D™#(R?)). The goal of this section is to show the following:

(1) Ifu" € L(1, Cg’ﬁ(Rd,Rd)) and o < 3, then ®V is the unique strong D™%-
flow of u, i.e.,

(5.1) oY (t) = Id—|—/t u’(s)o®Y(s)ds, tel,
0

in D (RY).
(2) The flow map L*(I, C5"* (R, R?)) — C(I, D™*(RY)), u" ~— &, is bounded
for all n > 1 and continuous, even C*8~% if n > 2.
We recall that the Bochner integral in (5J) might not exist if @« = 3, because

strong measurability of s — u"(s) o ®V(s) may fail if u" (s), is not continuous; see
Remark (2] below.

5.1. Existence of the strong D™*-flow. First we show that the Bochner integral

in (B exists if 8 > «a.

Lemma 5.1. Let n € N>y and let 0 < o < 8 < 1. Let u € L*(I,Cy" (R%, R%)),
and let ® : I — D™*(R?) be continuous. Then:
(i) The mapping I x Ci"*(RY,RY) — C* (R RY), (¢,6) — u(t) o (Id +9¢),
has the Carathéodory property. The function t — u(t) o ®(t) belongs to
LY(I,Cy % (R4, RY)).
(i) If ev, ®(t) =: ®"(t,x) is the pointwise flow of u for the initial condition
®N0,z) = x for all z, then ® is the strong D™*-flow of u.

Proof. (i) That (t,¢) — u(t) o (Id +¢) has the Carathéodory property follows easily
from Theorems 2.7 and 28 Together with continuity of ®, an application of [I,
Lemma 2.2] yields strong measurability of ¢ — wu(t) o ®(¢). Integrability follows
from Theorem 2771

(ii) Recall that ev, is continuous and linear on C"*(R?, R?) and thus commutes
with the Bochner integral. Observe also that s — u(s) o ®(s) is Bochner integrable
in C7"* (R4, RY) by (i). Since ®"\(¢,x) is the pointwise flow, we have

ev, ®(t) = ®"(t,x) = = + /Otu(s)(CI)A(s,z)) ds = evy (Id—|—/0tu(s) o ®(s) ds).

Since the family of evaluation maps is point separating on Cj"* (R4, R%), we are
done. (]

Remark 5.2. In general, the function ¢t — wu(t) o ®(t) cannot belong to
LI, 0P (R, RY)), even if u is a constant and ® is continuous into DN (R?) for
all N > n. Indeed: Let y € C°(R) be 1 on [—1,1], and let () := 2™|x|*x(z) be
the Cg’ﬁ—function from the proof of Lemma [3.5] and Example Taking u(t) := 4
and @(t)(z) := z + tx(x) we get (u(t) o ®(t))(z) = Y(xz +1t) if z € [-1,1]. So
Example shows that ¢ — wu(t) o ®(t) is not strongly measurable.

Theorem 5.3. Let n € Nxy and 0 < a < 8 < 1. Let u € LY(I,Cl"P (R, RY)).
Then u has a unique strong D™ -flow .
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Proof. By Theorem 6], « has a unique pointwise flow ® : I x R* — R? such that
oV € C(I,D"P(R?)). For a < B, we have ®" € C(I,D™*(R%)). By Lemma [5.1]
®V is the unique strong D™*-flow of u; i.e., it satisfies (B.1]). O

Remark 5.4. One can use Carathéodory’s solution theory for ODEs on Banach
spaces which are Bochner integrable in time (cf. Section 23] to give an alternative
proof which, however, does not work for n = 1! Indeed, using Lemma [5.I], Corol-
lary 2111 and Theorem [Z.4] one can show that u has a unique strong D"~ "*-flow
®. That the flow ® = Id+¢ is actually strongly D™“-valued follows from the
observation that d¢ satisfies the linear ODE

—d/ o (Id+¢(s ds-/ du(s) o (Id + ¢(s)) - (1 + de)(s)ds
and from Theorem
5.2. Continuity of the flow map. First we prove that the flow map is bounded.

Proposition 5.5. Let n € N>y and 8 € (0,1]. The flow map L'(I, Cg’B(Rd,Rd))
— C(I,D"A(RY)), u + ®, is bounded.

In the proof we use only pointwise estimates; thus the result still holds if u”
varies in X,, 5(I, R?) endowed with the norm ||uHL1(I Chy-
»“p

Proof. We first claim that u — ¢ := ® — Id is bounded into C(I,CP(R?, R%)).
We proceed by induction on n. For simplicity of notation we simply write ¢(¢, )
instead of ¢" (¢, x), etc. Clearly

t
l(t, ) < / (s, ®(s, ) | ds < lJull 1 g e,

and hence
lollorcp < el oo
Assume that u — ¢ is bounded into C (I, C;~ (R, R?)). By Faa di Bruno’s formula
&1,
dy (u(s) 0 @(s))(x) = dyu(s)(®(s, 2))(dz ®(s, z))

—i—symz Z $)D(@(s,2)) (d) ®(s,2),...,dY ®(s,7)).

=2 ~vel'(l, n)

Hence
[[dz (u(s) o @(s))llo
< luls) +Z > el @ ()]s, -+ [B(5)]s,
=2 veI'(I,n)

and so, by the induction hypothesis and since [®(s)], < 1+ [¢(s)]n,

[6(B)]n < | 1 (u(s) o @(s))llo ds
< [u(s)ll1[o(s)]n ds + Cllull L1 (g cro0y-
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Gronwall’s lemma implies that
||¢||C(I,C;) < CH“HLl(I,cghﬂ) exp(||u||L1(I’CgL,5)),

and the claim is proved.
It remains to show that u +— ¢ is bounded into C(I, Cy"*(R%,R9)). To this end
consider

di; (u(s) o ®(s))(x) — d (u(s) o (s))(y)
=sym) Y ey (u(s)V(@(s,2) (A7 (@, y)) — u(s) D (@(s,9))(A7(z,9))),

=1 veI'(l,n)
where
AT = A (2,y) = (AP B(s,), .., dPD(s,2), I B(s,y), .., dL D(s,y)).
Then
[[u(s) @ (®(s,2)) (A7) — u(s)D (@ (s, 9)) (A7),
< Ju(s)V(@(s,2)) (A™) = u(s) D (®(s, ) (A™)]

Ln
+ZHU y)(ATF) = u(s) D (@(s,9)) (AT,

For the first summand
[[u(s) @ (@(s,2)) (A7) = u(s)D (B (s, 9)) (AN,
< Ju(s) D (@(s, 2)) = u(s) D (@(s,9))|| . (1+ [l6(5)][n)"
) {||u<s>||n[<1><s>h||x A+ o) i<,
= Uu@)llnsl@())f Il = ylP(L + lp(s)lla)" i 1= n.
For the other summands observe that
u(s) O (@(s, ) (A™*) = u(s) O (@(s, y)) (A7)
= u(s)D(d(s, Y) (- d @ (s, ), d) O (s, x) — dJFD(s,y), dJF+ D(s,y), ... ),
whence, if [ > 2 and hence v, < n —1,
[u(s Y)(ATF) —u(s)D(®(s, ) (A1),
< IIH(S)IIn( + [16(s)[10)" b () nll2 = yll-

For [ = 1, we have
[[du(s)(®(s,9))(dz@(s,x)) — du(s)((s,y))(dz®(s.9))|

< Jlu()llnllé()lInpllz — yll°.

These estimates, together with the fact that w +— ¢ is bounded into
C(I,Cr (R4, R%)), imply that

16()ns < / Ju(s) o B(s)

np ds

t
<c / ()l 165 n 5 ds + Cllull g o

and Gronwall’s inequality yields the assertion. ([l
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Theorem 5.6. Let n € N>g and 0 < a < < 1. Then the flow map
LI(I,C’S’B(Rd,Rd)) — C(I,D™*(R?)), u s ®, is continuous, even COP~,

We do not know if the theorem also holds for n =1 or for a = .

Proof. Fix ug € L'(I,C"° (R4, RY)) and let u,v € L*(I,Cy"(R% R%)) be in the
ball with radius 6 > 0 and center ug in L'(I, Cg’ﬁ(Rd,Rd)). Consider the corre-
sponding flows ® = Id +¢, ¥ = Id ++ € C(I, D™*(R?)). By Proposition [5.5] there
is a constant C' = C(ug,d) > 0 such that

I¢lca.cpey <C ¥lloa.epey < C.

By Corollary 2-T1] Theorem [2.7] and Theorem [5.3]
[6(t) = Y (t)lln-1,a < /0 [u(s) o @(s) — v(s) 0 ¥(s)|ln—1,a ds
< / [u(s) 0 ®(s) —u(s) o W(s)[ln-1,a + [[(u(s) = v(s)) © U(s)|ln-1,a ds
0
< 01/ [u(s)lIn,sll¢(s) = ¥(s)lln-1,a + lu(s) = v(s)lln-1,a ds,
0

and so, by Gronwall’s lemma (and Lemma 22)),

[6(t) = (@) lln-1,0 < Crllu— ”HLl([’chﬁ) eXP(CIHUHLl([’chﬁ))
(5.2) =: CQ||u—vHL1(I,C;L,5).

This proves that u + ® is continuous into C'(I, D"~ 1*(R%)). Applying d = d,,
lde(t) = dip(t)|ln-1.0 < /0 [[(du(s) o ®(s))d®(s) — (dv(s) 0 ¥(s5))dV(s)|ln-1,qa ds
< / [[(du(s) o (s))(d®(s) — d¥(s))lln-1,a ds
0

+/ (du(s) o B(s) — dv(s) o U(s))dT(s)||n_1.0 ds.
0

By Proposition and Theorem 2.7]

[(du(s) o @(s))(dP(s) = d¥(5))ln-1,a
< 2% du(s) 0 D(s)[ln—1.alldP(s) — d¥(s)[[n-1.a
< 2"M||du(s)lln—1,0(1 + [|¢(s)[ln-1,0)" [d®(5) = d¥(5)]ln-1.a
< Csllu(s)lln,plld®(s) = d¥(s)[ln-1,a

and

[[(du(s) o @(s) — dv(s) o U(s))d¥(s)|[n—1,a
< 2%||du(s) o @(s) — dv(s) o W (s)|ln-1,al|d¥(s)[[n-1,a
< Cylldu(s) (s) — dv(s) o U(8)|ln-1.a-

od
od
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By Theorem 277 Theorem 2.8 and (5.2)),
ldu(s) o ®(s) — dv(s) o U(s)|ln-1,a
< [(du(s) — dv(s)) o @(s)|ln-1,a + [[dv(s) o R(s) — dv(s) 0 U(s)[[n-1,a
< M(|[du(s) = dvo(s)lln—1.0(1+ 6()[n-1.0)" + [0(8)[ln56(s) = ¥(s)[2-F.)
< Cs(|[u(s) = v()lln,g + [0()lln,516(5) = V() =F )
Together with (5:2) this gives

/0 ldu(s) o ®(s) — dv(s) o U(s)|ln—1,a ds

SCG(Hu_vHLl(] C:’5)+”u UH C" 5))

§C7HU v||L1(1 CW ﬁ)

provided that [[u — v|| ;1 on.s) < 1. Consequently,
)

[do(t) — dp(B)]ln-1,0 < 03/0 [u(s)lIn.plldo(s) = dip(s)lln—1,a ds

+C7HU v”Ll([ Cn B)

Then Gronwall’s inequality implies that
46(t) — dp(O)lln-1. < Crllu = vll275 s, exDCallullpr 1.0

S CSHU - U”il(chyﬁy

for all ¢ € I, and the assertion follows. O

5.3. Flows of strong time-dependent C’g’ﬁf-vector fields. Let n € N>;.

By a strong time-dependent Cg’ﬁf—vector field, for 8 € (0, 1], we mean a function
w: I — CPP (R RY) such that u € LY(I,Cp*(R%, R%)) for all o < 5. We denote
the space of all strong time-dependent Cf A~ _vector fields by Ly(1,Ccy B (R4, RY))
and equip it with the fundamental system of seminorms {| - [[L1(r,c7) : @ < B}.

Clearly, for every strong time-dependent Cjy B~ _vector field u, u” is a pointwise
time-dependent C P~ _vector field (as defined in Section B4); the converse is not
true in general.

By Proposition (.5 the flow map L'([, Cg’ﬁf(Rd,Rd)) — C(I, D™~ (RY)) is
bounded, for all n € N>y, 5 € (0,1].

Theorem 5.7. Let n € Nxo. For B € (0,1], the flow map L*(I, Cg’ﬁf(Rd,Rd)) —

C(I, D™= (RY)), u s ®, is continuous and C%¥, for any slowly vanishing modulus
of continuity w.

Proof. This is immediate from Theorem [5.6] and from the estimates in its proof. [

Remark 5.8. One could define strong time-dependent Cg’/” -vector fields, for 8 €
[0,1), to be the elements of the (LB)-space U, ¢ g1 LY(I,Cy (R4, R%)). Then, by
Theorem [4.6] we have a flow map
U r'a.coo®irY) —» ) cd,cy*®RYRY) € O, Cpft (R RY)).
ac(B,1) a€(B,1)
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Note that this is not clear for u € L(I, Cg’ﬁJr(Rd, R%)), since such u may not factor
to some step in the inductive limit defining C{y AT (RE,RY). Is this low map C,

for slowly vanishing moduli of continuity w? This would follow from Theorem
if the (LB)-space U,e .1y L' (1, Cy (R4, RY)) were regular.

APPENDIX A. PROOFS FOR SECTION 2.4
Proposition is precisely [3] 4.2].

Proof of Theorem 271l We prove the assertion by induction on m. First observe
that d(go (Id+f)) =dgo (Id+f) - (1 +df) =dgo (Id+f) +dgo (Id+f) - df. We
have

ldg(x + f(z)) —dg(y + fW)|lz, < ldglloallz —y+ flz) = fy)]*

(A1) < llglla@+ £l Nz —yl*
and
dg(z + f(x)) - df (x) — dg(y + f(y)) - df (v)]I 1,
< lldg(z + f(z)) - df (x) — dg(z + f(2)) - df (y)| 1,
+ ldg(z + f(2)) - df (y) — dg(y + f(y)) - df (y)| .
< |ldg(z + f(x) |, ldf (z) = df (v)| 2.,
+ lldg(x + f(z)) — dg(y + f()llz, ldf ()] 2,
<gllallfllvallz =yl +llghe (T 4+ 1F1D) Nz =yl * 1 fll1,0-
Thus,

ldg o (1d + f) - dfllo,a < 2[lglla(l+[[fll1,a)
and since the same bound is trivially also valid for ||g o (Id +f)]|o, the case m = 1
is proved.
Now assume the statement holds for m — 1. Then

[d(g o Ad+f)llm-1,a < [ldgo (Id+f)m-1,a + dg o Id+f) - df lm-1,a-
The inductive assumption implies that
lldg o Ad+f)llm-1,a < M|dgllm-1,a(1 + ||f||m71,a)m_l+aa
and using Proposition 2.6, we get
ldg o (Id+f) - df[[m-1,0 < 2"|dg o (Id+f)llm-1,a - |df[[m-1,as
which now adds up to ([2.4]). O

Proof of Theorem [28. We proceed by induction on m. First observe that we have

9+ (f1) = g« (f2)llo < llgllLll fr = f2llo-
Moreover, by Proposition [2.0]
[d(g«(f1)) = d(g«(f2))ll0,a
= [|dg o (Id+f1) - (1 +df1) —dg o (Id+f2) - (1 + df2)llo,a
= ||dg o (Id+f1) - (dfr — df2) — (dg o (Id +f2) —dg o (Id+f1)) - (1 + df2)
< 2||dg o (Id +f1)llo,alldft — df2ll0,a
+ [[dg o (Id+f2) — dg o (Id+f1)]lo,a (1 + 2||df

|O,a

|0,oc)'
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As an intermediate step we use Lemma 2] and (A]) to estimate
lldg o (Id+f2) — dg o (Id +f1)

|O,a
B—a o
< [ldgo (Id+f2) —dgo (Id+fi)llo” lldgo (Id+f2) — dgo (Id+f1)llg 5
B—a a
< (lgllsllfr = £216) 77 (ldg o (1d+F1)los + lidg o (Id +£2)llo.) ®
B—a a
< (lgllgllfr = £206) 77 (gl s (M + 1 A107 + A+ 1 f2[1)7) 3
<llgllp@+ Al + L2l fr = fallo ™
Consequently, if R > 0, f1, fo € BL%(fo, R), and hence
11 = Falla < (T4 2R)|f2 = fall 0%,
then

(g (f1) = dlge (f2)llo.ce < Mllgllusllfy = foll {27
where M = M (|| foll1,a, R), and hence

9+(f1) = 9« (f2)ll1.a < Mllgll1,

which proves the case m = 1.
Now assume we have already proven the desired result for m — 1. Then, as in
the case m = 1, we have

ld(gx(f1)) — d(gu(f2)) lmn—1,a
< 2™||dg o (Id +f1)[lm—1,alldfr — dfallm-1,a
+ [|dg o (Id 4 f2) — dg o (Id +f1)llm—1,a(1 + 2" ||df2llm—-1,a)-

By the inductive assumption,

ldg o (1d+f2) — dg © 1+ 1) lm-1.a < M|gllm sl fr = f21575 o

Together with Theorem [2Z77] which makes it possible to extract | g||m, s from the
term ||dg o (Id+f1)||m—1,a, and using that || f1 — fa2llm.a < (1 +2R)||f1 — f2\|£;3

for fi1, fo € B™%(fo, R) , we may conclude (2.3]). a

|f1 —f2||§3,;av

Proof of Corollary 9. This follows easily from Theorem 2.7, Theorem 2.8 and
gio(Id+f1) —g2o(Id+f2) = fT (91 — g2) + (92)+(f1) — (92)+(f2)- O

Proof of Theorem 210 By Theorem 2.8 the mapping (dg), : Cy"%(R% R?) —
Cy (R, LR, RY)), ¢+ dg o (Id+¢) is continuous. Consider the mapping

L: O (RY, L(RY,RY)) — LG (R, RY), €7 (RY, RY))
w = U(u)(n) = (z — u(z)(n(z))),

which is continuous and linear. We claim that d(g.) exists and satisfies d(g.) =
l o (dg)s. This implies the proposition.
First note that for v € C;* (R4, R?) and ¢ € C;"* (R4, R?),

(Lo (dg).)(¥0)(#)(x) = dg o (Id +to)(z) - d(),

where - denotes the action of the linear map dg o (Id +)(x) € L(R% R?) to the
vector ¢(x) € RY.
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Take ¢ € an’o‘(Rd,Rd) with [|¢||m,o < 1. By Theorem 2.8 (applied to dg), for
’(/}1 S Bm,a(,(/}07 1)7

(A.2) 1(dg)«(10) = (dg)« (Y1) llm,a < Mgllms1,8]%0 — ¥1]l52.

For € < 1 we have ¢y 4+ e¢ € B™%(1), 1) for all ¢ € B™<(0,1). Now, by Proposi-
tion 2.6 and (A2,

S+ (o + £6) = 92(0) = (12 (4)) Y) () m.
= éllg o (Id+to +¢¢) — g o (Id+¢) — e(dg o (Id +4%)) - ¢llm.a
1
= || [ g0 o+ se6) — dgo (taun) - o]

1
< / 2ldg o (1d +440 + s6¢) — dg o (Id +40) . [ Sllm.a s
0

1
< / M gl pllesll S ds
0
< OM gl 57

which tends to 0 uniformly in ¢ € B™%(0,1) as ¢ — 0. The claim is proved. O

Proof of Corollary 211l Let v(s) := (1—s)f1 +sf2 for s € [0,1]. Using Lemma [Z3]
and Theorem .10, we get

0 (1) = 0u() = [ Tlao)s)ds = [ dla)a(s) (o) ds

1
= / dg o (Id +’7(8)) . (fg — fl) ds.
0
Thus, by Proposition and Theorem 2.7,
Hg*(fl) - g*(fQ)Hm,oc

1
S/ ldg o (Id+(s)) - (f2 = f1)llm.a ds
0

1
< / Mldgllm 5 (1 + 17 )™ f2 = fi e s

< M||9||m+1,ﬁ(1 + }251”; ||fi||m,a)m+1“f2 — fillm.a-
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