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SPECIAL VALUES OF HYPERGEOMETRIC FUNCTIONS
AND PERIODS OF CM ELLIPTIC CURVES

YIFAN YANG

ABSTRACT. Let X§(1)/Ws be the Atkin—Lehner quotient of the Shimura curve
Xg(l) associated to a maximal order in an indefinite quaternion algebra of
discriminant 6 over Q. By realizing modular forms on X§(1)/We in two ways,
one in terms of hypergeometric functions and the other in terms of Borcherds
forms, and using Schofer’s formula for values of Borcherds forms at CM-points,
we obtain special values of certain hypergeometric functions in terms of periods
of elliptic curves over Q with complex multiplication.

1. INTRODUCTION

Let XP(N) be the Shimura curve associated to an Eichler order of level N in
an indefinite quaternion algebra of discriminant D over Q. When D = 1, the
Shimura curve X}(N) is just the classical modular curve Xo(N) and there are
many different constructions of modular forms on X(N) in literature, such as
Eisenstein series, Dedekind eta functions, Poincare series, theta series, etc. These
explicit constructions provide practical tools for solving problems related to classical
modular curves. On the other hand, when D # 1, because of the lack of cusps, most
of the methods for classical modular curves cannot possibly be extended to the case
of general Shimura curves. As a result, even some of the most fundamental problems
about Shimura curves, such as finding equations of Shimura curves, computing
Hecke operators on explicitly given modular forms, etc., are not easy to answer.
However, in recent years, there have been two realizations of modular forms on
Shimura curves emerging in literature, and some progress toward the study of
Shimura curves has already been made using these two methods.

The first method was due to the author of the present paper. In [35], we first
observed that when a Shimura curve X has genus 0, all modular forms on X can be
expressed in terms of solutions of the Schwarzian differential equation associated to
a Hauptmodul of X. Then by utilizing the Jacquet—Langlands correspondence and
explicit covers between Shimura curves, we devised a method to compute Hecke
operators with respect to the explicitly given basis of modular forms. As applica-
tions of this computation of Hecke operators, we computed modular equations for
Shimura curves, which can be regarded as equations for Shimura curves associated
to Eichler orders of higher levels, in [34] and obtained Ramanujan-type identities for
Shimura curves in [36]. In addition, since some Schwarzian differential equations are
essentially hypergeometric differential equations, this realization of modular forms
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yields many beautiful identities among hypergeometric functions. This is discussed
in [291[37].

The second method is to realize meromorphic modular forms with divisors sup-
ported on CM-points as Borcherds forms associated to the lattice formed by the
elements of trace zero in an Eichler order. Borcherds forms themselves are not easy
to work with. What makes Borcherds forms useful in practice is Schofer’s formula
[24] for norms of (generalized) singular moduli of Borcherds forms, that is, norms
of values of Borcherds forms at CM-points. Schofer’s formula is based on an earlier
work of Kudla [19], and the evaluation of derivatives of Fourier coefficients of Eisen-
stein series uses works of Kudla, Rapoport, and Yang [20,22/[32]. An immediate
consequence of Schofer’s formula is a necessary condition for primes that can ap-
pear in the prime factorization of the norm of the difference of two singular moduli
of different discriminants, which is analogous to Gross and Zagier’s work [16] for
the case of the classical modular curve Xy(1). Also, Errthum [I3] used Schofer’s
formula to determine singular moduli of X§(1)/Ws and X}°(1)/W1o, where Wp
denotes the group of all Atkin-Lehner involutions on X (1), verifying Elkies’ nu-
merical computation [12]. (However, we remark that Schofer’s formula needs a
slight correction when the Borcherds forms have nonzero weights. See Section Ml
below.)

The realization of modular forms on Shimura curves in [35] is completely analytic,
while Schofer’s formula for singular moduli of Borcherds forms is more arithmetic
in nature. (For example, the primary motivation of [I9H22] was to obtain arith-
metic Siegel-Weil formulas realizing generating series from arithmetic geometry as
modular forms.) It is an interesting problem to see what results we can obtain by
combining the two approaches. This is the main motivation of the present work.

In this paper, we will consider the Shimura curve X = X§(1)/Ws. From [35],
we know that every holomorphic modular form on X can be expressed in terms of
hypergeometric functions. Now according to [26], Theorem 7.1] and [37, Theorem
1.2 and (1.4) of Chapter 3], if ¢(7) is a modular function on X that takes algebraic
values at all CM-points, then the value of ¢'(7) at a CM-point of discriminant d is
an algebraic multiple of the square of

ol ~1 Xdo (@) g /4ha
wy = eL'(0xa)/2L(0:xaq) — 1 H r (L) o o/4hay |
\/w a=1 ‘d0|

where dj is the discriminant of the field Q(\/E), Xd, is the Kronecker character
associated to Q(v/d), piq, is the number of roots of unity in Q(v/d), and hg, is the
class number of Q(v/d). (See [2, Theorem 7] for some examples.) The significance
of these numbers wy is that periods of any elliptic curve over Q with CM by Q(+/d)
lie in /7wy - Q. (See [14,25].) In other words, the values of certain hypergeometric
functions at singular moduli can be expressed in terms of periods of CM elliptic
curves over Q.

Theorem 1. Let s(7) be the Hauptmodul of X§(1)/Ws that takes values 0, 1, and
oo at the CM-points of discriminants —4, —24, and —3, respectively. Let T4 be a
CM-point of discriminant d such that |s(tq)| < 1. Then

1 5 3 o) — 112335 9 —=
F - .. _= . F. N . 0.
2 1(243247473(Td)) ew_4 Qv 3 2<3727374a4a8(7_d)> 6Wd Q
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Likewise, let t(1) = 1/s(7). If 74 is a CM-point of discriminant d such that |t(7q)| <
1, then

17 5 Wy — 11357 L,
F wd G (2,222 L . 0.
21(24 246’ (d))ELH Q <42466 (Td))ewd(@

The proof of the theorem will be given at the end of Section 2l Note that the
theorem says that if d = —4r? for some integer r, then o Fy(1/24,5/24;3/4; s(74)) €
Q, and if d = —3r2, then oFy(1/24,7/24;5/6;t(74)) € Q. For instance, in [35],
using the Jacquet-Langland correspondence, we find that for d = —75,

1 7 5 210.3.5
= .2 = =
2 1<24’24’6’ 114 > Ve

The parallel results in the cases of classical modular curves can be described as
follows. Let A1 and Ay be a basis for a lattice A in C with Im (A2/A;) > 0, and for
positive even integers k > 4, let

1
AEA,NA£O
Then Weierstrass’s equation for the elliptic curve C/A over C is
y? = 42> — 40G4(A)x — 140Gs(A).

From the relations

W= (T) B =g (1) B

where 7 = A\3/A; and Ej; are the normalized Eisentein series of weight k, we imme-
diately see that for 7 € Q(v/d) NH*, Ht = {r € C: Im7 > 0},

Ey(r) € (%)k -Q,

where Qg is any nonzero period of any elliptic curve over Q with CM by Q(\/E)
According to the Chowla—Selberg formula [14,25], we may choose

ld|-1

xa(a)pa/4hq
Qd_‘/_HF<|d|) = /7|d|wg.

Now from the classical identity

1 5 1728
E4(’7') = 2F1 ( ) 9

1212’ ’j(T)

we conclude that if 7 € Q(v/d) NH*, then
1 5 1728 Qi =
F; 1, —— — - Q.
21(12 12° ’j(7)>€7r Q

For instance, for 7 = i, we have j(:) = 1728, and Gauss’s formula for values
of hypergeometric functions at 1 and the multiplication formula for the Gamma
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function yield

(L 5.) 2 I'(1/2) B Val(3/12)
2 <12’ 1277 > - T(11/12)0(7/12)  T(11/12)1(7/12)['(3/12)
VAT(L/4) 3o,

(2m)31/2-3/4T(3/4) 2 «

For a fundamental discriminant d < 0, one may use the Chowla—Selberg formula
[25, Page 110]

ha 12hg
-6 _ Ya
H a; A(Tj) = W’
j=1

where the product runs through the complete set of reduced primitive quadratic
forms aj2? + bjzy + c;y? of discriminant d with 7; = (—b; + v/d)/2a;, along with
its generalizations to determine special values of hypergeometric functions. See
[T,4L1T] for some examples.

Now to determine the precise values of the hypergeometric functions in Theorem
[0 at singular moduli, we shall realize the modular forms involved as Borcherds
forms. Then evaluating these modular forms at CM-points using Schofer’s formula,
we obtain formulas for special values of hypergeometric functions. The results in the
cases where there exists exactly one CM-point of fundamental discriminant d are
given in the next theorem. In Section[6 we will work out an example to illustrate a
general technique to determine special values of the hypergeometric functions when
there is more than one CM-point of discriminant d.

Theorem 2. The evaluations

s L 5.3 MY _ w
2471 2494’4’ N - 10.1_47
11235 M
==, == ] = Asw
342 3, 2, 3, 47 47 N 2Wy
hold for
d M N Ay Ao
4 3 k3 1g 45
—120 —7 33.5 5\/45 12 4+ 2v/30 -
1 25
—52 22 .37 56 5<‘/5 8+ 213 n
1 75
—132 24.112 56 —V754/12 + 2v/33 —
2 21/22
1 100
—43 —37 .74 210 . 56 5 V10\/7 + V43 T
1 275
—88 37 .74 56.113 —V/2751/10 + 2v/22 ==
2 21v2
4 ool 6 116 1g-y 9075
—312 74.23 56 .11 —{/3v/554/18 + 278
2 1612
2 Q7 .74 4 6 6 1 7225
—148 22.37.74.11 56.17 5\/85 14 + 2+/37 T
1 383525
—232 —37.74.114. 194 56 .236 . 293 5 V/29+/1154/16 + 2v/58 135
1 1822
—708 | 28.74.114. 474 . 592 56.176.296 = /33/24651/30 + 2V177 18228675
2 3619+/118
1 4
—163 —3M.74.194.234 210.56.716.7176 3 V18704/13 + V163 %
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Also,
1 7 5 M w
2F1 (ﬂ’ﬂ;_;_ :Bl_d7
6 N w_3
11357 M 9
3k (Zu 57 Z; 6’ E’ N = ngd
hold for
d M N B1 B>
14
—84 33 22 .72 5634+ V7 2 3
—40 —53 37 1§/§ 2v/3 + 10 65
3 V5
1 7
—51 210 74 5\‘77\/10+2\/17 5
10 ;1 ,f1 3
-19 -2 3 = R/ 24/6v3 4+ 2v19 2
2 V3 2
22
—168 56 72114 722V 4 + V14 = 7
28
—228 —36.56 26.74.192 1Y38/28v/5 + /19 = 114
10 6 4 4 1 6, 133
—123 210 .5 74.19 5\/133 14 + 2v/41 o
14/77 231
—67 —916 . 56 37.74.114 liﬁ Y/ —1/5V3+ V67 =
3V 8 20
2
—372 | 33.56.116 22.7%4.194.312 /6252667 + /31 % 186
4774
—408 | 36.56.173 74114 . 314 VATT4N/6 4+ /34
1517
16 6 6 4 4 4 1 9331
—267 | 216.56.11 74.314 .43 5\/ 22 + 2/89 o

Remark 1. Let Fy(s) = 2F1(1/24,5/24;3/4;s), G1(t) = 2 F1(1/24,7/24;5/6;t), and
Fo(s) = o3 (7/24, 11/24:5/4; ) = 5 Fo(1/3,1/2,2/3:3/4:5/4:5) /s (5),
Gg(t) = 2F1(5/24, 11/24, 7/6; t) = 31*—‘2(1/47 1/2, 3/4, 5/6, 7/6, t)/Gl(t)

be the hypergeometric functions in Theorem The Ramanujan-type identities
obtained in [36] can be written as

(Rls%ﬂ(sf + RQFl(s)Q) = VRs|MPIANYACY,
(Rls%FQ(s) + (R1/2 + Ro) Fa(s ) riyn VRs|M|YAN34C
and
(th%Gl( )+ RoGi(t ) R = JE|M\2/3N1/3027
<R1t%G2(t) + (R1/3+ Ro)Galt ) :M/N:JE|M\1/3N2/3C;1,
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for some rational numbers R;, Ro, Rs depending on d, where

PR S 1'(3/4)? o 3 m 3 T8
V292, T vier(/4® 2T R0, RU(/3)R

Combining these identities with the formulas in Theorem 2] we obtain special values
for the functions

d d 115 13 5 13517 3 7
ZFi(s)? = 35 T [y 22l
g5 1) = g8 (1241224 ) 21632(1241224 )
d d 7 31135 77 1972359
—Fy(s)? = —3F. O ey =2l
a5 12 d‘”(1241224> 36032(1241224>

For instance, for d = —120, we have

1351737 7 36 . 59/4 \/g
Fy — ==, = — =—— — |4 21WV10w? o — 1/ =
s (12 11224 153> 2 719w, (4V3 +2v10)w? 15 5|

1972359 7 37.523/4 .2, \/3
L= 2 2.2 2. L V= = 771 (949(2v/3 — V10)w? T/ = .
’ 2(12’4’12’2’4’ 153> 771119 (2v3 Jozi =T/ 5

There are similar formulas for the functions

13419 11 5 17 5 23 13 7
3F2 _____ t SF _____ t
12737127 673’ 12737127 673’

such as

(13419 115 27 25770
12°3712° 6737196 )  3%2-13-w?,
(17 523 13 7 27)_25-723/6~w23

12'3°12°6°3°196)  3%.5.11-13

7 V33 + VT )

(4\/§ — 55v2(3 — \ﬁ)w384> .

Remark 2. Notice that the numbers A; in the first table are all of the form A/®(a+
V/]d[)}/? for some positive integer a and some rational number A whose denominator
is 2 or 4. In other words, the special values o F(1/24,5/24;3/4; M/N) possess a
certain integrality property. This integrality property is a consequence of Schofer’s
work [24] and our explicit realization of modular forms as Borcherds forms. On the
other hand, if we can somehow manage to prove this integrality property without
using Borcherds forms, then to obtain the identities in Theorem [2I we can just
evaluate the hypergeometric functions to a high precision and identify the integers.
Note that the prime factors of the numerator of A are either 2 or prime factors of
N. This suggests that it may be possible to prove the integrality property using
the moduli interpretation of the Shimura curve X§(1).
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Remark 3. Note that the proof of Theorem [ is certainly valid for other Shimura
curves X (N)/W, W being a subgroup of the Atkin-Lehner groups, or even
Shimura curves over totally real fields. However, other than the cases of arith-
metic triangle groups, as classified in [28], there are only a very limited number of
Shimura curves whose Schwarzian differential equations are known (see [12L30]).

To obtain analogues of Theorem B for X (N)/W, one will need a method to
construct Borcherds forms systematically. This is recently addressed in [I7], so
there is no problem in evaluating modular forms on X{& (N)/W at CM-points.
However, we remark that this only translates to analogues of the 5 F}-evaluations.
To obtain analogues of the 3 Fs-evaluations, we will need to determine the constant
C such that the linear combination f; + Cfa of two solutions f; and fo of the
Schwarzian differential equation is a modular form. In general, this is a difficult
problem. (For the case of X§(1)/Ws, the constant C' is determined by using Gauss’s
formula o Fy(a,b;¢;1) =T (¢)T'(c—a—0)/T(c—a)T'(c—b).)

If one wishes to further generalize Theorem 2l to Shimura curves over totally real
fields, one will need the theory of Borcherds forms over totally real fields, developed
recently by Bruinier and Yang [8l[9]. As far as we can see, it should in principle
be possible to obtain explicit evaluations at least for the case of arithmetic triangle
groups. We leave this problem for future investigation.

Remark 4. Notice that if a prime p divides M, then the hypergeometric series
appearing in Theorem [2] converges p-adically and one may wonder what the limit
is. Our computation suggests the following p-adic evaluation.

For a prime p, let T'y(z) be the p-adic Gamma function defined by

0<j<n,plj

for positive integers n and extended continuously to Z,, and for a fundamental
discriminant d < 0, set

ld|—1

a xa(a)pa/8ha
ar = 1110 (17) -
a=1

Consider the two hypergeometric functions in the first set of identities in Theorem
Other than the cases d = —52 and d = —132, the series converge 7-adically.
Then the numerical data suggest that
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hold with the same M and N, and

d Ay Ay
1./ 1 3
—120 | ={/——1\/V=3+V-10 —
2V 125 + 8v/2
i3 T 1++/43 100

43 129
14/ 1 ,/5 / 25

—88 A/ ——=1/ =\ 1+ V22 —

2 11V 11 + 24+/2

319 sf 14/ 55 [vV—6+v-13 3025

3 8 13 2392

. 4 ++/37 7225
V85 74 9768

/1 115 13225
—232 | ¢ —={/——=1/2V2+ V29 _—
29 232 V2t 5016

708 8/_% o165 [vV—=3+ =59 6076225

—148

118 244024/ —59
11+ /163 3496900
-1 v1 = v T
63 870 163 641079

(There are many places where we need to take square roots of p-adic numbers. The
table above means that after taking suitable choices of square roots, the identities
hold conjecturally.)

Note that for a prime p and a fundamental discriminant d < 0, the p-adic number
wﬁﬁp appears in the matrix representation of the Frobenius automorphism on the
de Rham cohomology Hl (E/Q) ® K, for an elliptic curve E over Q with CM by
(@(\/3)7 where p is the prime of Q lying over p and K. v is the algebraic closure of Q,
in the completion of Q at p. (See [23, Theorem 3.15].) Note also that if the prime p
splits in Q(\/a), then wy , is algebraic over Q since a suitable power of wgq,, appears
as the value of a certain p-adic Gaussian sum. (See [I5, Theorem 1.12].) On the
other hand, it is expected that when p is inert in Q(\/E), wq,p is transcendental
over Q. In our conjectural 7-adic formulas mentioned above, since the prime 7 is
always inert in Q(v/d) (which is a consequence of Theorem 3.6 of [24]), we expect
that wg 7 is transcendental over Q for d given in the list.

2. REALIZATION OF MODULAR FORMS
IN TERMS OF SCHWARZIAN DIFFERENTIAL EQUATIONS

Here we briefly explain the realization of modular forms on Shimura curves using
solutions of Schwarzian differential equations. For details, see [35].

Assume that a Shimura curve X has genus 0 with elliptic points and cusps
T1,..., T of order ey, ..., e,, respectively. (Here we set e; = oo if 7; is a cusp.) Let
t(7) be a Hauptmodul for X and set a; = t(7;). Then Theorem 4 of [35] shows
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that a basis for the space of modular forms of even weight k > 4 is

(1) @2y I ) —a) POV g0, dy -1,

i=1,a;#00

where

S (]

is the dimension of the space of modular forms of weight k on X.

Now it is easy to check that /() is a meromorphic modular form of weight 2
on X. Thus, ¢/(1)"/? and 7t'(7)'/?, as functions of ¢, are solutions of a certain
second-order linear differential equation with rational functions in ¢ as coefficients.
(See [27, Theorem 5.1] or [33] Theorem 1]. Here the coefficients of the differential
equation are rational functions because ¢ is a Hauptmodul.) In fact, this differential
equation is

d2

(2)

where

", "(r 2
Q=387 0 310

Because {t, 7} is classically known as the Schwarzian derivative, we call the differ-
ential equation satisfied by ¢/(7)Y/? and t(7) the Schwarzian differential equation
associated to the Shimura curve. If we let {fi, fo} be a basis for the solution of
@), then we have /(1) = (c1f1 + c2f2)? for some complex numbers ¢; and ca.
Substituting this into (), we obtain the realization of modular forms in terms of
solutions of Schwarzian differential equations.

When a Shimura curve is of genus zero and has precisely three elliptic points or
cusps, the Schwarzian differential equation is essentially a hypergeometric differen-
tial equation. In particular, for the curve X = X§(1)/Ws, we can realize modular
forms on X in terms of hypergeometric functions as follows.

We let B = Q+ QI +QJ + QIJ with I? = —1, J?> = 3, and IJ = —JI
be the quaternion algebra of discriminant 6 over Q and choose the embedding
t: B < M(2,R) to be the one defined by

- ) (5 )

Fix a maximal order O = Z+ ZI +ZJ +Z(1+ I + J 4+ IJ)/2 in B and choose
representatives of CM-points of discriminants —3, —4, and —24 to be

—14i . (V6 —V2)i

P73=1+\/§7 Py=1i Poy=-—7p—"—.

2
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They are the elliptic points of orders 6, 4, and 2, respectively. A fundamental
domain is given by

Here the grey area represents a fundamental domain for X§(1)/Ws. The four
marked points on the boundary are P_y, P_3, P_o4, and (2 — v/3)i.
We have the following bases for the spaces of modular forms on X§(1)/Ws.

Proposition 5. Let s be the Hauptmodul on X = X§(1)/Ws determined by s(P_y4)

=0, s(P_24) =1, and s(P_3) = co. Then for an even integer k > 4, a basis for
the space Si(X) of modular forms of weight k on X is

k

. 1 5 3 1 7 11 5

{3k/8} (1 _ N\{k/4} od - 22 . " ol
’ (1= )™ s <2F1 (24’24’4’5)+\4/12w248 21 (24’24’4’5)> ’

j=0,...,dx — 1, where dj, = dim Si.(X) =1 —k + |k/4] + |3k/8] + |5k/12].
Also, let t =1/s. Then a basis for Sk(X) is

k

. 1 75 e 2mi/8 5 11 7

t{5k/12} 1—¢ {k/4}tj F, = .2 = t1/6 F B
(1-1) R CYRD YRS S, ! 6 :

j=0,...,dy—1.

Proof. The first part is the content of Lemmas 3 and 4 of [36]. For the second part,
the proof of Lemma 14 of [35] shows that

6t5/6(1 — t)1/2 1 75 5 11 7 2
(3) t'(r)= L Gl —) <2F1 (ﬂv SYE 6;t> — Ct'/5 (2— 575 —;t>> )

C(P_3—P_3) 4724’ 6
where
o P21 — Py T(5/6)0(17/24)T(23/24)
T Py — P 3 T(7/6)(13/24)1(19/24)°
Now

Pos—Ps 1 LY emisg 5
P oy —P_3 a )<1 \/§> (vV2-1).
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Also, by Euler’s reflection formula and Gauss’s multiplication formula, we have
[(17/24)T'(23/24) 2 _ T(17/24)1'(23/24)'(5/24)1"(11/24)
[(13/24)1(19/24) )  T(13/24)T'(19/24)T'(1/24)T'(7/24)

sin(5m/24) sin(117/24)
X
sin(m/24) sin(77/24)

_ 4230 (5/6)
4 T(1/6) (3+2v2)

r (1> r <§) = (2m)'/2271/6p (2> .
3 6 3
From these, we deduce that
I'(5/6) T'(17/24)T°(23/24)

I'(5/6)3/2

=6-2723(V2+1)

I'(7/6) T'(13/24)I'(19/24) I'(1/6)3/2
3
1 5
_q.9-2/3
=6-2 (\/5+1)( 7 ( )
V2+1
:6277/6(\/5_’_1) (/) — ,
L(1/3)>  Vaw?,
and hence
e—2mi/8
B \6/5(*1%3 .
Then from (J), we conclude that the second set of functions in the lemma forms a
basis for S (X). O

For general Shimura curves, we can determine Schwarzian differential equations
using Propositions 5 and 6 of [35] and explicit covers of Shimura curves. In [30], Tu
determines Schwarzian differential equations for the cases when X (1)/Wp and
XP(N)/Wp both have genus zero.

We now give a proof of Theorem [

Proof of Theorem [Il Here we only prove the second half of the theorem; the proof
of the first half is similar and is omitted.

Since ¢(7) is a Hauptmodul that takes rational values at three distinct CM-
points, it takes algebraic values at all CM-points. Thus, by [26] Theorem 7.1]
and [37, Theorem 1.2 and (1.4) of Chapter 3], the value of ¢'(7) at a CM-point of
discriminant d is an algebraic multiple of wﬁo. Then, from (@), we see that

1 75 e—2mi/8 5 11 7 AP —
F ()Y [ =, = it ° . Q.
2 1( 24 6 ( )) 62&)%3 (Td) 241 247 247 67 (Td) S w_s @

Without loss of generality, we may assume that 74 lies in the fundamental domain

depicted earlier. Then equation (22) of [35] implies that
oF1(5/24,11/24;7/6;t(74)) )
oF1(1/24,7/24;5/6;t(r)) 0

1 75 Wiy~
F 't >,
2 1(24 2476’ (Td)) o, @

It follows that
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This proves the theorem. O

3. REALIZATION OF MODULAR FORMS AS BORCHERDS FORMS

We first give a quick introduction to Borcherds forms. For details, see [5L[6].

Let L be an even lattice with a symmetric bilinear form (-, -) of signature (b*,b7),
let LV = {y € L&Q : (y,n) € Zforalln € L} be its dual lattice, and let
{e, :m € LY/L} be the standard basis for the vector space C[LY/L]. Let

STE(z,Z)_{«Z b) im) (“ Z)eSL(Q,Z)}

be the metaplectic double cover of SL(2,Z), which is generated by

0 -1 1 1
s= (0 0)v) ()
Associated to the lattice L, we have the Weil representation py : ﬁ@,l) —
GL(C[LY/L]) defined by
pr(T)e, = e~ 2mnm/2¢

ezm(b+ b7)/8

e, = 2717. (n,y)
O =TT

A holomorphic function F : Ht — C[LY/L] is said to be a weakly holomorphic
vector-valued modular form of weight k € %Z and type py, if it satisfies

F (‘” * b) — (cr+d)pr <(Z Z) ,m) F(r)

ct+d

for all 7 € H™ and all (‘; g) € SL(2,Z) and the principal part of its Fourier
expansion F(7) =3, (3,0 tn(m)q™ ey, ¢ = e?™7 has finitely many terms, i.e.,
the number of pairs (1, m) with m < 0 and ¢, (m) # 0 is finite.

For k=Q, R, or C, let V(k) = L ® k and extend the definition of (-,-) to V (k)
by linearity. Define the orthogonal groups

Oy (R) = {0 € GL(V(R)) : (ox,0y) = (z,y) for all x,y € V(R)}

and
OF(R) = {0 € Oy(R) : spino = sgn det o'},
where if ¢ is equal to the product of n reflections with respect to the vectors
V1,...,Up, then its spinor norm is defined by spino = (—=1)"[]""_, sgn (v;, v;). Also
let
O ={0c€Oyv(R): o(L) =L}, Of =0, N O} (R).

(Note that the definition of spinor norms is different from that of [5] since the
bilinear form in our setting differs from that of [5] by a factor of —1.)

From now on, we assume that the signature of L is (b,2). Let Gr(V(R)) be the
Grassmanian of oriented negative 2-planes in V/(R). For an element A in Gr(V(R)),
we can find an oriented basis {z,y} for A with (z,z) = (y,y) = —1 and (z,y) = 0.
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Let z = x + iy € V(C). Then we have (z,2z) = 0 and (z,Z) < 0. In fact, it is easy
to show that Gr(V(R)) can be identified with the set

K={2€V(C):(2,2) =0,(2,z) <0}/C*.

The set K has two connected components which amount to the two choices of
continuously varying orientation of negative 2-planes in V(R). Pick one of them to
be K+. Then the orthogonal group O:,F(R) acts transitively on K. Let

Kt ={zeV(C):(z,2)=0,(27%) <0,[z] e KT}.

Then for a subgroup I' of Oz, a meromorphic function ¥ : Kt = P(C) is called a
modular form of weight k with character x on I' if U satisfies

(1) W(cz) = ¢ *P(z) for all c € C* and z € K, and
(2) ¥(gz) = x(9)¥(z) forallge ' and z € K.

Theorem A ([5, Theorem 13.3]). Let L be an even lattice of signature (b,2) and let
F(7) be a weakly holomorphic vector-valued modular form of weight 1—b/2 and type
pr with Fourier expansion F(1) = 32, crv,p Fy(T)en = 32, (3 ,eq cn(m)q™)ey.
Suppose that c,(m) € Z whenever m < 0. Then there corresponds a meromorphic
function Up(z), z € I~{+, with the following properties:

(1) Ugr(z) is a meromorphic modular form of weight co(0)/2 on the group
OZF ={0c€O0}f: F,,=F, forallne LV/L}

with respect to some unitary character x of Of p.

(2) The only zeros or poles of Vr(z) lie on the rational quadratic divisor \* =
{z€ KT :(z,\) =0} for x€ L, (\,\) >0 and are of order

S (=T AN /2).
0<reQ,rAeLY

We call the function ¥ (z) the Borcherds form associated to F(7).

We now explain the idea of realizing modular forms on Shimura curves in terms
of Borcherds forms. Even though this idea has been used in [I3], it seems to us
that some key properties were not explained very concretely there. For instance,
it was not explained in [I3] why the characters associated to the Borcherds forms
constructed therein are trivial. Therefore, it is worthwhile to explain this approach
in some detail.

Let O be an Eichler order of level N in an indefinite quaternion algebra B of
discriminant D over Q, (N, D) = 1, let Oy be the group of norm-one elements in
O, and let

L={a€O:tr(a) =0}
be the set of elements of trace zero in O, where tr(«) and n(a) denote the trace
and the norm of «, respectively. By setting (o, 8) = tr(a8’), L becomes a lattice
of signature (1,2), where 8’ denote the quaternionic conjugate of 5 in B. We now
determine Oy, and O;f.

By the Cartan-Dieudonné theorem, every isometry o in Oy (R) is equal to the
product of at most three reflections. Now it is clear that for an element of nonzero
norm « in V(R), the function 7, : ¥ = —aya~! sends a to —a and leaves any
element of V(R) orthogonal to « fixed. (Here we regard V(R) as the set of trace-
zero elements in the quaternion algebra B ®R and define multiplication and inverse
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accordingly.) In other words, 7, is the reflection with respect to a. Thus, ¢ has
determinant 1, i.e., o is the product of an even number of reflections if and only if
o is the isometry o5 : v — ByB~! induced by the conjugation by an element 3 of
nonzero norm in B ® R and ¢ has determine —1 if and only if 0 = —o3 for some
B. From this, we deduce that

Ov(R) = {0z : B € (B®R)/R™, n(B) # 0} x {+1}
and
OF(R) = {0y : B € (BOR)/RX, n(B) > 0} x {£1}.

In addition, by the Noether—Skolem theorem, if o3, 8 € BRR, satisfies o5(V(Q)) =
V(Q), then 8 can be chosen from B. It follows that

Or ={0s: 6 € Ng(0)/Q*} x {£1}
and

Of ={op: B € N5(0)/Q*} x {&1},
where Np(O) denotes the normalizer of O in B and N (O) is the subgroup of
elements of positive norm in Ng(O).

Now assume that the quaternion algebra B is represented by B = (%’) with

a,b>0. That is, B=Q+ QI + QJ + QIJ with I? =a, J2 =b, and IJ = —JI.
Fix an embedding ¢ : B — M(2,R) by

L:I—><\(/)a \(/)E), J—><\gg _(\)/5)

We can show that each class in K = {z € V(C) : (z,2) =0, (2,Z) < 0}/C* contains
a unique representative of the form

1— 72 T 1+72
4 2(7) = ——F71+ —4=J + ——=
(4) () == A W
for some 7 € H*, the union of the upper and lower half-planes, and the mapping
7 — z(7) mod C* is a bijection between H* and K. Let Kt be the image of H™
under this mapping. Now the group N3 (0)/Q* acts on H by linear fractional
transformation through the embedding ¢ and also on K+ by conjugation. By a
straightforward computation, we can verify that the actions are compatible. To be
more concrete, for o € N7 (0), if we write t(a) = (¢ €2), then for all 7 € H*, we
have

(5) ax(r)a! = (032(2)04)22 (2; - Z) .

1J

Thus, if ¥(z) is a meromorphic modular form of weight k on Oz with character x,
then the function v (7) defined by ¥ (7) = ¥(z(7)) is a meromorphic modular form
of weight 2k with character on the Shimura curve N7 (O)\HT. Since the group
NE(0)/(Q*0) contains the Atkin-Lehner group, we find that 1(7) is a modular
form on X (N)/Wp n, the quotient of the Shimura curve X’ (N) by the group
Wp n of all Atkin—Lehner involutions. In particular, we have the following lemma.

Lemma 6. Let F'(1) =32, (3, cn(m)q™)ey, be a weakly holomorphic vector-valued
modular form of weight 1/2 and type pr, such that OZF,F = Of and c,(m) € Z
whenever m < 0. Then the function Yr(T) defined by Yp(7) = ¥p(z(1)) is a
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meromorphic modular form of weight cy(0) with certain unitary character x on the
Shimura curve XP (N)/Wp n.

We now determine the divisor of ¢ g (7). According to Borcherds’s theorem,
the divisor of U (z) is supported on At for A € L with positive norm such that
era(=r2n()\)) # 0 for some positive rational number r. Now suppose that \ is
such an element of L. The condition ()\,z) = 0 implies that \2A"1 = —2 =
z mod C*. That is, A*/C* consists of the point z) in KT fixed by the action
of )\, and the corresponding point 7, in Ht is a CM point. Let E = Q(1/—n(\))
and let ¢ : E — B be the embedding determined by ¢(1/—n(A)) = A. Then the
discriminant of this CM-point is the discriminant of the quadratic order R in F
such that ¢(E) N O = ¢(R). Note, however, that if the CM-point 7, happens to
be an elliptic point of order e, then the projection K+ ~ H* — XP(N)/Wp y is
locally e-to-1 at 7. Thus, the order of the modular form g (7) at 7y is 1/e of that
of Up(z) at zy.

In practice, to have a simpler description of the divisor of ¢¥p(7), we often assume
that the weakly holomorphic vector-valued modular form F has the property that
the only n € LY /L such that ¢, (m) # 0 for some m < 0 is 0. In such a case, if we
assume that A is primitive, that is, A\/n ¢ O for any positive integer n > 2, then the
discriminant of the CM-point 7 is either —n(A) or —4n(X), depending on whether
or not (1 4+ A)/2is in O. In summary, the divisor of p(7) can be described as
follows.

Lemma 7. Let F(7), Yp(z), and p(7) be as in the previous lemma. Assume in
addition that the only n € LY /L such that c,(m) # 0 for some m < 0 is 0. Then
we have

div ’Q/JF = Z Co(m) Z 1 Z T,

(& 2
m<0 r€Zt,dm/r? is a discriminant dm/r T€CM(4m/r?)

where for a negative discriminant d, CM(d) denotes the set of CM-points of dis-
criminant d (which might be empty) and eq is the cardinality of the stabilizer of
7€ CM(d) in N (0)/Q*.

We next determine when the character of a Borcherds form tp(7) is trivial,
under the assumption that the genus of N (O)\H™ is zero.

Lemma 8. Assume that the genus of X = Nj(O)\HT is zero. Let 71,...,7, be
the elliptic points of X and assume that their orders are by,...,b,, respectively.
Assume further that, as CM-points, the discriminants of T1,...,7, are dy,...,d,,
respectively. Let F(t) = > (3, cp(m)q™)e, be a weakly holomorphic vector-
valued modular form of weight 1/2 and type pr, such that O;F = O;f and c,(m) € Z
whenever m < 0. Assume that co(0) is even. Then the character associated to the
modular form Yp(T) is trivial if and only if for all j such that b; # 3, the order of
Up(z) at z(7;) has the same parity as co(0)/2.

Proof. Let v1,...,7, be generators of the stabilizer subgroups of 7y,..., 7. in the
group I' = N (0)/Q*. Since X is assumed to be of genus zero, the group I is
generated by 71, ..., with a single relation

(6) Y1y =1,

after a suitable reindexing. (See [I8, Chapter 4].)
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Recall that the order of an elliptic point can only be 2, 3, 4, or 6. Also, an elliptic
point of order 3 or 6 is necessarily a CM-point of discriminant —3 and a CM-point
of discriminant —3 is an elliptic point of order 3 or 6 depending on whether 34 DN
or 3|DN. In particular, an elliptic point of order 3 and an elliptic point of order
6 cannot exist at the same time. Moreover, on X (N)/Wp n, there can be at
most one CM-point of discriminant —3. Likewise, an elliptic point of order 4 is
necessarily a CM-point of discriminant —4, and on X’ (N)/Wp x there can be at
most one such point. Therefore, there are at most two elliptic points whose orders
are different from 2.

Consider the case where there is one or zero elliptic point whose order is different
from 2 first. By (@]), to show that the character x associated to the modular form
Y (7) is trivial, it suffices to prove that x(v;) =1 for j with b; = 2.

Observe that for j with b; = 2, ; is an element of order 2 in I' and hence of
trace zero and positive norm. Now by the compatibility relation (), if we write
t(v;) = (ei ¢2) and set k = ¢(0), then

at+c n(vy,; c3T +cy)F
Yr (ﬁ) =VUp (%%Z(T)W’jl) = W\I’F (viz(m)v; ) -
Let o; be the element of OZF that corresponds to the reflection with respect to ;.
We have o; : 2 — —7]»27;1. Being a reflection, o; acts on Up(z) as +1 or —1,
depending on whether ¥ (z) has an even order or an odd order at the fixed point
z(7;) of oj. Thus, assuming the order of Ur(z) at z(7;) has the same parity as
k/2 = cg(0)/2, we have

’Q/JF (ClT+CQ> _ (03T+C4)k

3T + ¢4 n(vy;)k/?

Vr(=0;z(7))

Therefore, if the order of ¥p(z) at z(7;) has the same parity as k/2 = ¢(0)/2 for
all j with b; = 2, then ¢p(7) is a modular form with trivial character on X.

Now consider the remaining case where there are two elliptic points of order
different from 2. By the remark made earlier, the orders of these two elliptic points
can only be 3 and 4 or 4 and 6. By the same argument in the previous paragraph,
we find that, under the assumption of the lemma, for all j with b; even, we have

X(’yﬁjm) = 1. It follows that if b; = 4, then x(v;)® = 1, and if b; = 3 or b; = 6,
then x(7;)® = 1. Since x(71) - x(7-) = 1, we conclude that x(v;) = 1 for all j.
This proves the lemma. O

For the case of X§(1)/Ws under consideration, there are three elliptic points of
order 2, 4, and 6, respectively. They are CM-points of discriminants —24, —4, and
—3, respectively. The proof of the above lemma gives us the following criterion for
a Borcherds form 15 (7) to be a modular form with trivial character on X§(1)/Ws.

Corollary 9. Let O be a mazimal order in the quaternion algebra of discriminant
6 over Q and let L be the lattice formed by the elements of trace zero in O. Suppose
that F(1) = >, (32, cn(m)q™)e;, is a weakly holomorphic vector-valued modular
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form of weight 1/2 and type pr, such that ¢, (m) € Z whenever m <0 and O;F =
Oz. Assume in addition that

(1) the only n € LY /L such that c,(m) # 0 for some m <0 is 0, and
(2) ¢o(0) is even and

Z co(m) = Z co(m) = ¢(0)/2 mod 2.

m=—r2 m=—3r2
Then the Borcherds form (1) = U (2(7)) is a modular form of weight co(0) and
trivial character on the Shimura curve X§(1)/Ws.

Finally, we introduce Errthum’s method for constructing F(7) satisfying the
conditions in the lemma above [I3]. Here we consider general Eichler orders in an
indefinite quaternion algebra over Q.

The first lemma shows that we can construct F'(7) out of a scalar-valued modular
form with suitable properties. To state the required properties, we let xy denote
the character associated to the Jacobi theta function 0(7) =3, ¢"°. That is, g
is the character satisfying

6(y7) = xo(7)(eT + d)"/?6(7)
for all y = (24) € Ty(4) and all 7 € H'. For a scalar-valued modular form f(7)
of weight k € 3Z on I'o(M) and v = (2Y) € I'o(M), we let

f, (1) = (er + d)"* (7).

We observe that the level M of the lattice L is always a multiple of 4 for any D
and .

Lemma 10 ([3, Theorem 4.2.9]). Let M be the level of the lattice L. Suppose that
f(7) is a weakly holomorphic scalar-valued modular form of weight 1/2 such that
FOyr) = xe(v)(er +d) 2 f(7)

for ally=(2%) € To(M). Then the function Fy(r) defined by
(7) Fn= Y L @elr Ve
€T (M)\SL(2,Z)
is a weakly holomorphic vector-valued modular form of weight 1/2 and type pr,.

Lemma 11 ([I3] Proposition 5.4]). Suppose that the weakly holomorphic modular
form f(7) in the above lemma has a pole only at the infinity cusp. Then the Fourier
expansion Fy(1) = 32, (32, cy(m)q™)ey satisfies cy(m) = 0 whenever n # 0 and
m < 0.

Lemma 12 ([I3| Theorem 5.8]). Let f(7) and Fy(T) be given as in the previous
lemmas. Then for any n,n' € LY with (n,n) = (', 1), the e,-component and the
e, -component of Fy(T) are equal. Consequently, we have O;Ff = OZF.

It remains to construct scalar-valued modular forms f(7) satisfying the condition
in Lemma [I01
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Lemma 13 ([6l Theorem 6.2]). Let M be the level of the lattice L. Suppose that
rq, d|M, are integers satisfying the conditions

(1) Xaura=1,

(2) |LY/L[T1gpr d" is a square in Q,
(3) 2 dra =0 mod 24, and

(4) 2 g (M/d)ra = 0 mod 24.

Then [] d|M n(dr)" is a weakly holomorphic modular form satisfying the condition
for f(7) in Lemma [IOL

We now consider the case of X§(1)/Ws.
Proposition 14. Consider the case X§(1)/Ws. Let
n(2r)n(3)*n(4n) n(67)" , n(r)n(2r)*n(67)*

fir)=2 n(127)10 DT n(Ar)n(127)
and
o) = n()n(27)%n(67)
n(3T)n(4r)n(1271)*

Let Fy(7) and Fy(7) be defined as in ([0). Then ¢, (7) and ¢, (7) span the one-
dimensional spaces of holomorphic modular form on X§(1)/Ws of weight 8 and 12,
respectively.

Proof. The two eta-products were found in [I3] page 848]. Here we give a quick
explanation.

In the case of X§(1)/Ws, the lattice L has level 12 and |LY/L| = 72. The two
eta-products clearly satisfy the four conditions in Lemma [I[3] Now the congruence
subgroup I'g(12) has 6 cusps, represented by 1/¢, ¢|12. The orders of the eta
functions n(dr) at these cusps, multiplied by 24, are given by the following table:

1/1 1/2 1/4 1/3 1/6 1/12
nir) |12 3 3 4 1 1
n2ry | 6 6 6 2 2 2
n4r) | 3 3 12 1 1 4
n3r) | 4 1 1 12 3 3
n6r) | 2 2 2 6 6
na2ry| 11 4 3012

From the table, we see that the two eta-products have only a pole at the cusp
1/12 ~ oo. Thus, by Lemma [Tl the divisors of ¢, (1) and v, () are determined
by the eg-components of the Fourier expansions of Fy(7) and Fy(7). Since f(1) =
2¢73—6—18¢+--- and g(7) = 2¢"' — 2 — 8¢ + 8¢*> + - - -, the eg-components of
Fy(r) and Fy(r) are

2 +co+-, 2 +do+--

for some ¢y and dy, respectively. The numbers ¢y and dy are complicated to compute
directly from the definition of Fy and Fj,. Here we observe that, by Lemma[7]

. 1 ) 1
divpp, (1) = gP,g, div g, (1) = 5P,4,
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where P_3 and P_4 denote the unique CM-points of discriminants —3 and —4,
respectively. (Note that there does not exist a CM-point of discriminant —12 on
X§(1)/Ws.) Therefore, the weight of ¢p, () must be 8 and the weight of ¢, (7)
must be 12. In other words, we have ¢y = 8 and dy = 12. Then, by Corollary [0
Yr, (1) and g, (7) must be modular forms on X§(1)/Ws with trivial characters.
This proves the proposition. O

Combining Proposition Bl and Proposition [[4] we find that

8
1 5 3 1 7 11 5
8 =C o= == N V3 -, 2.
®) vr(7) 1<2 1(24’24’4’3)+<*/Ew345 299y ®

and

12
1 75 e 2mi/8 5 117
= Fi—, = 2t) - 0,0 (2 = Ly
(9) ng(T) Co (2 1 (24;24363 ) \6/5(,02_3 241 <24724767 >>

for some complex numbers C7 and C5. To determine the absolute values of these
two numbers, we shall use Schofer’s formula for values of Borcherds forms at CM-
points.

4. SCHOFER'S FORMULA FOR VALUES OF BORCHERDS FORMS AT CM-POINTS

Let O be an Eichler order of level N in an indefinite quaternion algebra of
discriminant D over Q. Throughout this section, we assume that the level NV is
squarefree and the symbol d always denotes a negative fundamental discriminant.
Let L = {a € O : tr(a) = 0} be the lattice of signature (1, 2) formed by the elements
of trace 0 in ©. We retain all the notation (-,-), V(Q), V(R), V(C), K, K+, Oy,
Or,F, etc. used in the previous section. Here let us summarize Schofer’s formula
[24] for average values of Borcherds forms at CM-points first. The explanation of
the terms involved will be given later.

Theorem B ([24, Corollaries 1.2 and 3.5]). Let (1) = > (3=, cn(m)q™)e, be
a weakly holomorphic vector-valued modular form of weight 1/2 and type pr such
that O;F = O} and c,(m) € Z whenever m < 0. Let W (z) be the Borcherds form
associated F (1) and let Yp(7) = Up(z(T)) be the modular form of weight co(0) on
XP(N)/Wp.n as described in Lemma B, where 2(7) is given by @). Let d < 0 be
a fundamental discriminant such that the set CM(d) of CM-points of discriminant
d is not empty and that the support of divi(7) does not intersect CM(d). Then we
have

Z log ‘1/)1:‘(7’)(1111 T)CO(O)/2‘

T€CM(d)

=SS ey cmimg )+ 0)(T (1) + log(2m)

neELY /L m>0

Remark 15.

(1) Note that the formula given in [24] is valid for Borcherds forms associated
to lattices of general signature (n,2). Here we have specialized the formulas
to the cases under our consideration. Note also that in [24], the left-hand
side of the formula has W (z)]y|°(®)/2 in place of 1p(7)(Im7)%©)/2 where
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z=x+1iy € K+ and lyl = V/|{y,y)|- By a direct computation, we find that
for z = z(7) given in (@), we have |y| = Im 7. Notice that in general, for
any modular form ¢(7) of weight k£ on a Fuchsian subgroup I' of SL(2,R),
we have [1(y7)(Im~7)*/2| = |[¢(7)(Im 7)*/?| for any 7 € H* and vy € T
Thus, the left-hand side of the formula does not depend on the choice of
representatives of the CM-points.

(2) Let x4 be the Kronecker character associated to the field Q(v/d) and let

—(1+s)/2
T 1+s
Moo= () T (57 e

be the complete L-function associated to xq4. In [24], the term k(0) was
given as

A'(1, xa)
A(]-v Xd)

under a certain assumption. (Note that our definition of A(s, x4) is different
from that in [24].) Later on, we will prove that for the cases under our
consideration, we have

AN(1, —1
ko(0) = 2—( Xa) + g L logp + E log p,
A(1, xa) +1
p|D/(D,d) p|N/(N.d)

Ho(O) =2

where the last two summations run over all prime divisors p of D/(D,d)
and N/(N,d), respectively.
(3) From the functional equation A(s, xq4) = A(1—s, xq) for A(s, xq), we deduce
that
A'(1, xa) dr L'(0, xa)
T A TR R (R
By the Chowla—Selberg formula, we have

ld|—-1

L’(O )/2L(0 ) 1 a Xd(a)ﬂd/‘lhd
P Oxa) /2000 — L T 1 (_) "
V1 13 |d]

This shows that the value of a suitable modular form of weight £ on
XP(N)/Wp,n at a CM-point of discriminant d will be an algebraic multiple
of wk, agreeing with the results of [26] and [37].

We now explain the terms r,(m). Recall that each CM-point 7 of discriminant
d corresponds to an embedding ¢ : Q(v/d) — B such that ¢(Q(+v/d)) N O = ¢(Rq),
where Ry is the imaginary quadratic order of discriminant d. To be more precise, T
is the common fixed point of ¢(Ry) in the upper half-plane. Let A = ¢(v/d). Then A
is an element of positive norm in L and the set U = At = {a € V(Q) : (\,a) =0}
is a negative 2-plane isomorphic to Q(\/E) in the sense that there is an isomorphism
h:U — Q(v/d) as vector spaces over Q and a negative rational number ¢ such that
cla, B) = r2YD (h(a)h(B)) for all o, B € U.

Let Ly =LNQAand L_ = LNU. We have

Li+L_cLcLYcLY+LY.

For pe LY /L_, let ¢, : U — C be the characteristic function of g+ L_. Then for
each € LY /L_, we have the incoherent Eisenstein series E(7,s;¢,,1) of weight




HYPERGEOMETRIC FUNCTIONS AND PERIODS OF CM ELLIPTIC CURVES 6453

1 [20H2224]. Write 7 = u + iv and let
B(r, 50 1) = Y Au(s,m,v)g™,  q=€"",
be the Fourier expansion of E(7, s; ., 1). The Eisenstein series E(r, s;¢,,1) van-
ishes at s = 0. Thus,
A,(s,m,v) = b,(m,v)s + O(s?)

near s = 0 for some function b,(m, v). We define

lim b, (m,v) it m >0,
vV— 00

(11) K, (m) = Uler;o(bo(O, v) —logv) ifm=0and p=0,
0 else.

Then the term £, (m) in Schofer’s formula is defined by

(12) Kn(m) = Z Z "{77,+u,(m_ <l‘,$>/2),
MEL/(Ly+L_) x€nytps+Ly

where for p € L/(Ly +L_) and € LY/L, we write p = py +p_ and n = ny +1n_
with py,ny € QX and pu—,n- € U. The terms k,(m) look very complicated, but
nonetheless are computable using the fact that A, (s, m,v)¢™ can be written as a
product of local Whittaker functions [20H22], which can be computed using formulas
in [221[32]. Here we briefly describe a general strategy to compute A, (s, m,v) and
K, (m) efficiently, following [13122].

In general, for p € LY /L_, we have A,(s,m,v) = 0 unless (u,p)/2 —m € Z,
and when (i, u)/2 —m € Z holds, we have

Au(8,m,0)q™ = 8,00 + Winoo (7, 8) H Wanp(8, 0pp)s
p<oo

where

1 if p=0and m=0,
Ouym =
0 else

and W, oo (7,s) and Wy, (s, ¢,,p) are the local Whittaker factors at oo and p,
respectively. (See [20, Section 2].) Let A be the discriminant of the lattice L_.
When a prime p does not divide A and the p-adic valuation v,(m) is zero, equation
(4.4) and Theorems 4.3 and 4.4 of [22] yield

Wanp (8, 0up) = (1 — xa(p)p™" %),

where 7o, and -y, are certain explicit constants that do not have any effect on the
calculation since 7y Hp vp = 1. Therefore, assuming m > 0, letting

(13) S =1{p: p|A or vy(m) > 0},

and using the formula for W, , in Proposition 2.3 of [22], we find

2m H Winp(8: Pup)

A, (m,s,0)= ————— .
a ) L(s+1,xa) 1—xa(p)p=1=*

PESm,
As A, (m,0,v) = 0, there exists at least a prime p’ in Sy, ,, such that Wi, ., (0, ¢, )
= 0. Taking the derivative of the above expression and evaluating at s = 0, we
obtain the following lemma.
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Lemma 16. Assume that m > 0 and let all the notation be given as in the discus-
sion. We have

W’ ’ O, /
K; (m) __ Hd/ |d| m,p ( 5/0#717/) H Wm,p(oa @u,p) ’
ha 1= xa(p)/p 1 —xa(p)/p

PESm 1> DFD’

where pg and hg denote the number of roots of unity and the class number on(\/E),
respectively.

This is essentially Theorem 6.3 of [I3]. We now consider the term & (0). If the
discriminant A of L_ is precisely |d|, then, again, Theorems 4.3 and 4.4 of [22]
show that

1—xalp)p~'~*
Wo (8, 0,p) = Yp— PP ___
0710( 500710) Tp 1 —Xd(p)p_s
so that
_ A(s, xa)
A 0 — 28/2 _ s/2 ’
0(57 ,’U) v v A(S+ 1>Xd)
and

A(1,xa) A0, xa)
bo(0,v) = logv + — =logv + 2
o(0-0) =log vt F Y T R0 ) B

A (1, xq)
A(la Xd) .

(See [24, Lemma 2.20].)
In general, the discriminant A of L_ may not be exactly |d|. Let

S=A{p: pl(A/d)}.

Then we have

(14) Ag(s,0,v) = v¥/2 _ =8/ A(s, Xd) H (1 — Xd(p)p_s)WO,P(Sﬂ 500,;0)

Als +1,xa) g 1—xa(p)p~'~*

Let G(s) denote the product on the right. Since Ag(0,0,v) is identically 0, we must
have G(0) = 1. From this, we deduce the following lemma.

Lemma 17. Let all the notation be given as above. We have

_ A/(l Xd) d
0)=2—"2— —log@G .
Ko ( ) A(]-;Xd) ds og (S) =0
We now determine G(s) for the cases under our consideration. In the following
lemma, for a prime p, we let L, = L_ ®z Z,,.

Lemma 18. Let all the notation be given as in the preceding discussion. Assume
that the level N of the FEichler order O is squarefree and that d < 0 is a fundamental
discriminant.

(1) Let p be an odd prime. Then there exists a basis {{1,{2} for L, and €1,€2 €
Zy, with €13 = —d such that the Gram matriz ((€;,¢;)) is equal to

¢lo> if p|(DN,d) or if pt DN,
0 €9

p(el O) if p|DN but p1d.
0 €9
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(2) Assume that d = 0 mod 4. Then there exists a basis {¢1,€2} for Lo and
€1, €2 € Lo with €163 = —d/4 such that the Gram matriz is

€1 0
2(3 ).
(3) Assume that d =1 mod 8 (and 2t D). Then there exists a basis {{1,02}
for Ly and € € Z5 such that the Gram matriz is

01 .
2¢ <1 0) if 2N,
(05) e

(4) Assume that d =5 mod 8 (and 21 N). Then there exists a basis {{1,{2}
or Ly and € € such that the Gram matrix is
Ly and ¢ € Z such that the G

21 .
2¢ (1 2) if 2|D,
2 1 .
€ (1 2) if 2t D.

Proof. Assume that p is an odd prime. Consider the case when p divides DN first.
There exists a basis {e1, ea,e3} for L ® Z,, such that

2[11 0 0
(<eiaej>) = 0 2ﬂ2p 0 )
0 0 2pipep

where 1 and pp are elements in Z; with the property that the Hilbert symbol
(—p1, —p2p)p is 1 or —1 depending on whether p|N or p|D.

Assume that A = ¢1e1 + caes + czes. If pld, then we have p|c; and at least one of
co and c¢g must be in Z;. Without loss of generality, we assume that co € Z;. Then
L, is spanned by —capser + (c1/p)pies and cspges — caes. The Gram matrix of L,
with respect to this basis has determinant —(2cau;po)?d. It follows that there is
a basis {{1, ¢} for L, such that ((¢;,¢;)) = (601 602) with the properties €1, €2 € Z,
and €162 = —d.

If ptd, then p { ¢c;. We find that L, is spanned by —copopes + cipies and
—cspop+cies. The Gram matrix of L, with respect to this basis is inside pM (2, Z,,)
and its determinant is —(2¢yu1pep)?d. It follows that there exists a basis {/1, f2}
for L, such that ((¢;,¢;)) = (47 Egp) with €1, €3 € Zy, and €162 = —d. The proof of
the case pt DN is similar and is omitted.

Now consider the case p = 2. If 21 DN, then O ®y Zs is isomorphic to M (2, Zs).
Thus, we may assume that L ®z Zo is {a € M(2,Z2) : tr(a) = 0} so that e; =
((1) _01), ex = (94), and eg = (§9) form a basis for L ®7 Zs. Let ¢1,¢2,c3 be the
elements in Z, such that

A if d =1 mod 4,
A/2 if d =0 mod 4.

When d = 1 mod 4, the element A satisfies (1 + A)/2 € O ® Z2, which implies
that 2 1 ¢; and 2|ca,c5. Therefore, the lattice Ly = L_ ®g Zy is spanned by

ci1e1 + coeg + czez = {
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—(c2/2)e1 + c1eg and —(c3/2)e; + c1ez. The Gram matrix relative to this basis is
—c3/2 —c? — cye3/2
—c? — cac3/2 —c3/2

with determinant —c?(c? + coc3) = —d mod 8. By Lemma 8.4.1 of [10], there is a
basis {/1,¢2} for Ly and € € Z such that the Gram matrix is

1
€ 0 if d =1 mod 8,
1 0
€ 21 if d =5 mod 8.
1 2
If d = 0 mod 4, then ¢y and c3 cannot both be even since —c? — coc3 = —d/4 =

1,2 mod 4. Assume that 2t ¢y. Then Lo is spanned by coe; —2¢ie3 and coes — czes.
The Gram matrix with respect to this basis is

—26% 26102
(20162 20203) ’
It follows from Lemma 8.4.1 of [10] that there exists a basis {{1,f2} for Ly such
that the Gram matrix is
9 (61 0>
0 €2

with €1, €9 € Zg and €165 = —d/4. This proves the case 24 DN.
The proof of the case 2|DN is similar. We remark that when 2|N, we have

O ®yZo ~ (22222 %2) and when 2|D, we have B ® Qg ~ (*5;1), and the maximal

order in (78;1) is Zo + Zol + ZoJ + Zo(1 + 1+ J+ 1J)/2. The rest of proof is

similar to that in the other cases and is omitted. O

Corollary 19. Let all the notation and assumptions be given as before. Let

- I »
p|DN/(DN,d)

Then the Gram matriz of L_ is equivalent to —r M for some positive definite integral
matriz M of determinant |d|. In particular, the discriminant of L_ is r2|d|.

Lemma 20. Assume that N is squarefree and d < 0 is a fundamental discriminant.
Let xa, A(s,xa), A\, LY, and L_ be defined as above. Let , (m) and r,(m) be
defined as in () and [I2), respectively. Then we have

A’(1, xa)

_ p—1
= =9 2% 1 1
o (0) = ro(0) = 277 + > SrTlert > logp,

plD/(D,d) pIN/(N,d)
where the two sums run over prime divisors of D/(D,d) and N/(N,d), respectively.

Proof. Consider the case when an odd prime p divides DN/(DN, d), i.e., p| DN, but
ptd. By Lemma[I8 the Gram matrix of L, = L_ ®z Z, is equivalent to p (601 502)

for some €1,€e2 € Z, with e;e2 = —d. We shall apply Theorem 4.3 of [22] with
p =0 and m = 0. Using the notation in Section 4.2 of [22], we have H, = {1,2},

KO(/J“) = 0,
{1,2} if k is even,
L,(k)=
w(F) {@ if k is odd,
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d, (k) = 1 for all k, €,(k) = xa(p)*~1, tu(m) = 0, and a,(m) = oo. Thus, the
combination of (4.4) and Theorem 4.3 of [22] yields

W, 1y
Hoploit0s) _ 3, (1 - 5) S oxa®) =1+ (p— 1)—2L
k=1

—S
Yo~ 1 —xa(p)p—’
That is,

1—xalp)p™ ™ 1+(@—1—xalp)p*
15 Wo,p(s, =% ' '
(15) 0p(8:000) = xa(p)p~* p—xalp)p~*

For the case 2|DN/(DN,d), i.e., 2|DN and d = 1 mod 4, we use the results in
Section 4.3 of [22]. Consider the case d = 1 mod 8 and 2|N first. By Lemma [I8]
the Gram matrix of Lo is equivalent to 2¢ ({ {). Following the notation in Section
4.3 of [22], we have H, = N, =0, M, = {1}, L,(k) =0, d, (k) = pu(k) = €, (k) =
Ou(k) =1for all k > 1, Ko(u) = oo, and t, = v = 0. Thus, Theorem 4.4 and (4.4)
of [22] yield

(16) W‘”(S‘PO):E(1+2‘3+2—23+---)=72-1_2_1_3. L
’ ’ P 2 1 _9-s 5 _5=s

For the case d = 5 mod 8 and 2|D, Lemma [I§ shows that the Gram matrix is
equivalent to 2¢(%3) for some e € Z5. In this case, we have H, = M, = 0,
N, = {1}, L,(k) = 0, d,(k) = €, (k) = 0,(k) = 1 for k > 1, p,(k) = (—1)*71,
Ko(p) = 00, and t, = v = 0. Then Theorem 4.4 of [22] shows that

1427175 14215
1+275 2427

(17) Woa(s, go,p) = % (14275 =272 4978 _..) = .

From (M)a (m)a (m)7 and (m), we see that
A 1 1-s 1 — 9\~
Ag(s,0,0) = v/ —pmor Aexa) o Lip s L= 27

A 1 —S — =S
LX) pipa PP v PP
By Lemma [I7]
~ A'(L, xa) —p' logp —p~°logp
%0 (0) _2/\(1 Xa) 2 L+pl=  ptp ) ls=o
’ p|D/(D,d)
S (—(p —2)p_*logp p~* logp)
1+(p—2)p —p ) e
Ny N LT (P—2)p p—p s=0
A1, 1
= ZM p logp + Z log p,
A(1>Xd) 1
p|D/(D,d) p|N/(N,d)
and the proof of the lemma is complete. |

Example 21. Let 95, (1) and ¢, (7) be the Borcherds forms given in Proposition
[[4l In this example, we shall utilize Lemmas [I6] and 20 to determine the absolute
values of ¢p,(7) at the CM-point of discriminant —4 and that of ¢, (7) at the
CM-point of discriminant —3.

Let B = (%) let O = Z + ZI + ZJ + ZIJ, and let the embedding ¢ : B <

M(2,R) be chosen as in Section Choose A = I. Then ¢ : ¢ — I defines an
optimal embedding relative to (O, Z][i]) and the fixed point 74 of ¢(¢(I)) in the



6458 YIFAN YANG

upper half-plane is a CM-point of discriminant d = —4. By Theorem [Bl Lemma
20 and (IT), we have

10g "l/JFf (Td)(Ide)4| = —i (2%0(3) + 8&0(0) + 8P,(1) + 810g(27r))

1 A'(1, xa)

=_= —4 ’ —1 —2I"(1) — 2log(2
o) — 45 T —log3 - 207(1)  2log(2n)
1 L0

= ——ko(3) —|—4(4’;:d) —log 3 + 2log |d| — 21log(87?).

The term that needs some work is #o(3).
We have Ly = ZI and L_ = ZJ +ZIJ. Thus, L = L, + L_ and by ([I2)), we
have

Ro(3) = Y Ro (3 (2,2)/2) = Ky (3) + 2k (2).

rxel

With respect to the basis {J, IJ}, the Gram matrix of L_ is (56 _6). Thus, the
sets S, in ([@3) is {2, 3} for both ky (3) and x; (2). Using results in Section 4 of
[22], we find that

Wi32(s, ¢0,2) = %(1 —27%), Ws,3(s,¢0,3) = %(1 +2-37°4+37%)
and
Wa2(s,002) = %(1 +27%), Wasl(s,po3) = %(1 —-37°).
Therefore, by Lemma [T0]
kg (3) = —8log2, Koy (2) = —2log3
and ko(3) = —8log 2 — 4log 3. Tt follows that

4| |d|2 4l 0, Lo,
(18) [r, (ra) (I g)"| = 48 - g et/ X/ LOX),

We next determine the value of ¢g, (7) at the CM-point of discriminant d = —3.

Choose A = 31 — J + IJ so that ¢ : v/—3 — X defines an optimal embedding of
discriminant —3. By Theorem [Bl Lemma 20, and () again, we have

1 A1,
g, (7)1 )] = 0 (1) = 6% 4] — o2 217(1) — 2log(2)
1 L/(O>Xd) 2
= ——ko(1 ——= —log2 log |d| — 31 .
2%)0( )+6L(07Xd) og 2+ 3log |d| — 3log(87°)

By Corollary T3 the lattice L_ has discriminant 12 and its Gram matrix must
be equivalent to (:‘21 ~3 ). Since the discriminant of the lattice Ly + L_ is equal to
that of L, L/(L4+ + L_) is trivial. Consequently,

ro(1) = D ko (1= (z,2)/2) = kg (1).

The set Sy, , in [@3) is {2,3} for xy (1). Using Theorems 4.3 and 4.4 of [22], we
find

1 . 1 .
Wia(s,p02) = 5(1—277), Wia(s,p03) = —=(1+377%).
2 V3
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Then, Lemma [16] yields

log2 2
kg (1) = —6/3 - °§ 5 = 4o

Finally, we arrive at

6| _ |d|3 6L'(0, L(0,
(19) ’ng(Td)(Ide) ’ =2. 5127T66 (0,xa)/ Xd).
Corollary 22. The absolute values of the constants Cy and Cy in ([8) and @) are
6
Cil = et OX- 00X, |0y = 2100+ V3)° 51/0.x-5)/L0x o)
o ’ ’ 25670 7
respectively.

Proof. The CM-point of discriminant —4 in the example above is 7_4 = i. Ac-
cording to our choice of s(7) in Proposition [l we have s(¢) = 0. Therefore, the
right-hand side of () is simply C;. Then ([I8) gives us the absolute value of Cj.
The determination of |Cy| is similar. O

Remark 23. The values of |C1| and |Cy| can also be determined by considering
the values of the Borcherds forms at the CM-point 7_o4 of discriminant —24. At
the point 7_g4, the functions s(7) and ¢(7) take value 1. Thus, the right-hand
sides of (8) and (@) can be expressed in terms of Gamma values using Gauss’s
formula 2F (a,b;¢;1) =T(c)I'(¢c—a—0)/(T'(c—a)T'(c—1)). By repeatedly applying
Euler’s reflection formula and Gauss’s multiplication formula, we arrive at the same
expressions for |Cy] and |Cy].

Example 24. Consider the case d = —163. By Theorem [Bl and Lemma 20, we
have

L/(Oa Xd)
L(0, xa)
On page 851 of [I3], it is computed that

1 2
log |p, (T4) Im74)*| = —550(3) +4 —log3— 3 log 2+ 2log |d| —21log(87?).

40
ko(3) = -3 log2 — 4log3 — 4log5 — 4log(11) — 4log(17).

Thus,

2
[vp, (ta)(Im7g)*| = 26 - 3. 5% . 112 . 172 - (j':li—ue“'(o’m)/m’m).
T

We now give the values of the Borcherds forms r,(7) and ¢, (7) at various
CM-points. The computation is done using Magma [7]. (The use of Magma is not
essential. We use Magma only because it has built-in functions for computation
about quaternion algebras.) The Magma code is available as a supplement to the
arXiv version of this paper (arXiV:15O3.07971)E

Lemma 25. For a fundamental discriminant d < 0 appearing in Theorem 2, let
T4 € HT be a CM-point of discriminant d, and let

L (0xa) /2L (0mc) 1 ld|—1 a Xd(a)pa/4ha
wg = e~ \HXd A = —— r (—) .
d] 1] i

IThe interested reader should download the source file instead of the pdf file.
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Let Ay be the number such that

2 8

(20) |0r, (ra) (Tm )| = Ad% (%)

Then we have
d | Ag d | Ag d | Ag
—4 | 2*.3 —132 | 2%.32.52 —148 | 2*-3.5%. 172
—24 | 2%.32 —43 | 26.3.52 —232 | 2%.3-5%.232.29
—120 | 2*-3%3.5| —-88 | 2*.3-5%2-11 —708 | 24-32.52.17%.292
—52 [ 24.3.52 || =312 | 2*-32.5%2.112 || —163 | 26-3-52-11%2-17?

Also, let By be the number such that

(21) |vr, (7a)(Im7)°| = B [P (wa )"
7y (Td )| = Pdgis Jr)
We have
d | By d | By d | By
-3 |2 —19 | 232 —67 | 2-3%2.72.112

—84 | 2%.7 || =168 | 23.7-112 || =372 | 2*-7%2.19%2.31
—40 | 23-32 || —228 | 26.72.19 || —408 | 23-72.112 - 312
—51|2-7% || =123 | 2-72-192 || —267 | 2-7%-31% . 432

5. PROOF OF THEOREM

In this section, we shall convert informations from Lemma 28] into special-value
formulas for hypergeometric functions.

We retain our choices of B, O, ¢, the fundamental domain, etc. from Section
In the following discussion, we let s be the Hauptmodul of X§(1)/Ws that takes
values 0, 1, and oo at the CM-points of discriminants —4, —24, and —3, respectively.
According to the choice of the fundamental domain in Section [2, these CM-points
are represented by i, (v6 — v/2)i/2, and (=1 + )/(1 4+ v/3), respectively. Let
also t = 1/s. For a CM-point 74 of a fundamental discriminant d < 0 inside
the fundamental domain, we let ¢ : (@(\/3) — B be the corresponding optimal
embedding and assume that ¢(\/E) = a1l + ayJ + aslJ. Then we have

0J2\/§+\/E
ay —|—(13\/§'

We first recall a technical lemma from [36].

(22) T4 =

Lemma 26 ([36, Lemma 5]). If s(1q) takes a value in the line segment [0, 1], then
az = 0. If s(7q) takes a value in [1,00), then a; = 3as. If s(1q) takes a negative
value, then as = —as.

Recall that 1r, (1) and ¢ F,(7) are the Borcherds forms defined in (&) and (),
respectively.
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Proposition 27. Assume that —1 < s(14) < 1. Let Aq be the real number such
that 20) holds. Then we have

8 8
1 5 3 Ag
(23) 2F1 <ﬂ,ﬂ,1,8(’7}1)> 212 3 a1+ \/|d ( )
and
11235 Y240, 45 s
24 R(L 1230 _ A |
( ) 3 (3 2’3’ 4 4 ( )) 210|8(Td)|(a2+a3) Wq

Assume that —1 < t(14) < 1. Let By be the real number such that 21 holds. Then
we have

12 12
’ 21 <214 274 2 Wd)) - 27B-d33 <ﬂ>
(25) . J (a2 + 2a3) W3+ /)8 if t(ra
(((11 —2(13 \/—+ \/W th

6 6
B 27 t 0
(26) 3F2 <_; 5000 A _;t('rd)> = ¢ Wéz X (a2 N U/Sg lf (Td) ”
12466 216]¢| (a1 — 3a3)®  ift(r4) <0
Proof. For convenience, set
Fi(s) = 2o F1(1/24,5/24;3/4;5),  Fa(s) = oF1(7/24,11/24;5/4; ),
and sq = s(74). Note that we have Fy(s)Fa(s) = 3F5(1/3,1/2,2/3;3/4,5/4, s). Let
C = —1/v/12w?,. By Lemma 5 of [36], we have

(27) 082/4F2(Sd) - Td —1
Fl(sd) o Td + i
Combining (&), 20), (22), and Corollary 22] we find
2 8 1208, 1d|?
A, (_) I
64 \Vr) ~ wi(a1 + asv/3)!
4
1208, |d|? s [ 2(a1 + azv/3) (a1 — /]d|)
= aalsa) 7 o2
774(a1 + a3\/§)4 3(0‘2 + a3)
Simplifying the identity, we get ([23]). To prove (24]), we observe that from (21) we
obtain

.18
Td — 1
Tq+ 1

T4 — i 7
Tqg+ 1

— VT2? 2 Fi(sq) a1 — \/@

2 Fi(saq) |7,
Falsa) = V1207 aal B £l

| ‘1/4

Combining this with (23]), we obtain
Fi(s4)' (a1 — /]d])®
r 8 —94.32., 16 1
ol G a3+ a)

RN RSV U TR A

4 16
— 2052 a3 4 a2)*wil.

22034, 42 (a2 + a3)*

Simplifying the equality, we obtain (24]).



6462 YIFAN YANG

Similarly, we write t4 = t(74), and

1 75 5 11 7
Gl(t) - 2F1 <ﬂ7 ﬂa 67t> ) GQ(t) - 2F1 (ﬂa ﬂv E7t> .

Then Gy (t)Ga(t) = 3F2(1/4,1/2,3/4;5/6,7/6;t). Let C' = e~ 2™/ /202 ;.

have
Clt;/GGQ(td) - Td — T—-3 - o —1+i
Gi(ta) Td—T—3 ATV
Using
Td — T—3 2_ V3(a1 + az — az) — /[d]
Td —T-3 V3(ar +as — asz) + /]d|’
‘1_Td_732_ 2 a + asvV3
T4 —T-3 1+\/§\/§(a1 +as —as) + |d|7

@), (@), and Corollary 221 we deduce that
12

|d® (E)” C27(1+ \/5)6w1_23|d|3G (12| 7T
Y512 \ /7 25676 (ay + az/3)0 ¢ Ta—T-3
27w |d|3
_ 3| | Gl(td)lz
476 (V/3(ay + az — az) + /|d])®
so that o
G (7_ )12 Bd(\/g(al +ax — a3) + |d|)6 ﬁ
1\7d - 27 . 33 w_3
and

6
4w V(a1 +az —a3) — V/d]
a 120 12 _ 3 (¢)%4
1(72) 2 Ga (1) 2 Glta) V3(a1 + az — az) + /[d|

Bg 2 6 24
= 573 (3(a1 + az — az)* — |d|)” w3
Bﬁ 2 2 2 6
= 5636 (a1 + 3a;3 + 3a3 + 3a1a2 — 3az2a3 — 3a1a3) wy -

We

With Lemma 26] these two identities reduce to ([23]) and (26), respectively. This

completes the proof.

O

Proof of Theorem 2l The values of s(7) and t(7) at CM-points were computed in
[13]. They are the rational numbers M/N from the two tables in Theorem
The optimal embeddings corresponding to the CM-points inside the fundamental

domain are given in the two tables below.

d | ¢(v/d) d | ¢(vd)
—52 | 81 +2IJ || —120 | 121 —2J + 2IJ
—88 | 101 +21J || —43 |7 —J+1J
—132 | 121 +21J || =232 | 161 — 2J + 2IJ
—312 | 181 +21J || =163 | 131 — J + IJ
—148 | 141 +41J
—708 | 301 + 81
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d | ¢(vd) d | ¢(vd)

—84 | 121 —2J 4+ 41J —40 | 81 —2J +21J

=51 |91 —J+31J =19 |51 -J+1J
—168 | 181 —4J +61J —228 | 181 —4J +41J
—123 | 161 —3J 4+ 51J —67 | 111 —3J +31J

=372 | 24 —2J 4+ 81J
—408 | 301 —8J +101J
—267 | 211 -3J+71J

Here the left columns of the two tables are for discriminants d with s(74) > 0 and
t(r4) > 0, respectively. Combining information from Lemma 28] Proposition [27]
and the above two tables, we obtain the identities in Theorem [l O

6. FURTHER EXAMPLES

Observe that for each discriminant d appearing in Theorem [ there is only
one CM-point of discriminant d on the Shimura curve X§(1)/Ws. In such cases,
Schofer’s formula readily tells us the absolute value of a Borcherds form at the
unique CM-point of discriminant d. However, in general, we can only read from
Schofer’s formula the products of values of Borcherds forms at CM-points. In this
section, we introduce a technique to separate the value at a CM-point from those
at the other CM-points of the same discriminant using Hecke operators. This
technique relies on the method developed in [35] for computing Hecke operators.
Here we will work out the case d = —276. In principle, the method works at least
for any imaginary quadratic number field whose ideal class group, after quotient by
the prime ideals lying above 2 and 3, is an elementary 2-group.

Let E = Q(v/—276) and let R be the ring of integers in E. There are two
CM-points of discriminant d = —276 on X§(1)/Ws, represented by the two points

/=69 L T3V3+ V69
9+2v3 7T 12443
in the fundamental domain. The corresponding optimal embeddings ¢ and ¢, are

M = ¢1(V=276) = 18T + 4IJ, Ay = ¢o(V/—276) = 24 — 6.J + 81J,

respectively. According to the table at the end of Section 5 of [34], the values of
the Hauptmodul s(7) at these two points are (166139596 4+ 95538528+/3)/1771561.
(The values can also be determined using Borcherds forms and Schofer’s formula.)
From Lemma [26], we deduce that

166139596 — 95538528+/3 166139596 + 955385281/3
1771561 o slm)= 1771561

Call these two numbers s; and so, respectively. Let po and ps be the prime ideals of
R lying above 2 and 3, respectively, and let p5 be any prime above 5. Then the ideal
class group of R is isomorphic to (Z/27) x (Z/AZ) generated by the element ps of
order 2 and the element p5 of order 4. Moreover, the product papsp? is a principal
ideal. It follows that the ideal class group, after quotient by the subgroup generated
by po and ps, is cyclic of order 2 and generated by p5. In terms of CM-points on
X§(1)/Ws, this means that there should exist an element « of norm 5, 10, 15, or 30

T1

s(r1) =
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in O such that ¢(a)m = 2. (Here we retain the notation O, ¢, etc. used in Section
) Indeed, such an element is

a=3-2I-1J.

(Another element is o = (3 — 91 + J — 31J)/2.) In other words, we have Ay =
ala L.

Now let F'(7) = ¢r,(7) be the modular form of weight 8 defined in Proposition
[[4 and set

F(r) = F’BL(Oé) =

10* ” 3r4+2-3
(2+V3)r—38 \(—2—-V3)7+3)"

In general, we have

10* Im(a)r\*
|<2+¢§>T—3|8‘< T 7 >

Thus,
(29) Fel= (20 P,

On the other hand, Schofer’s formula yields

a? \?
|F(71)F(7'2)|(Im71)4(Im7'2)4:28~34~112 (6|47|T4w(8i> .

Substituting (28] into this, we obtain

F(r1)
F(r)

2

(29) |F () (Im 7)Y

2
_ 28 . 34 . 112 |d|2 w8
N 6art 4) -

The main task remaining is to determine the value of F\(ry)/F ().

Let T' be the discrete subgroup of PSL(2,R) such that X§(1)/Ws = I'\H™, i.e.,
[ := {u(y)/(dety)/? : v € NL(O)}. Let 75, j = 1,...,5, be elements in T'u(a)T
such that vo = () and v, j = 1,..., 5, form a complete set of coset representatives
of T\I't(a)T". In Section 4 of [36], by using results from [35], we find that

5
F|ov; 114 6333 4
11 (y - —’8%> =y’ + Ey‘f’ - my‘* + 17 (86400005 — 5177953)y”
3
+ 5T5(84672000003 + 1804020097)y>

726

+ 5%(937440000008 — 3501556201)y

1
+ 53(1382403 + 14641).

Substituting s by s1 = (166139596 — 95538528+/3) /1771561, we deduce that F(r;)/
F(7) is a zero of

(915062512 + (40464094y — 20903960+/3)y + 82650625 — 47425000v/3)g(y),

where g(y) € Q(v/3)[y] is an irreducible polynomial of degree 4 over Q(v/3). In
fact, we can show that it is a zero of the factor of degree 2 shown above. Hence,
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we have

1/2 2
F(m)| [ 82650625 — 47425000/3 _ [14-5V3

(30) F(r)| 9150625 B 11

(It is possible to determine the precise value, not just the absolute value. The two
zeros of the factor of degree 2 are F(r1)/F(r1) and the value of (F|8L(o/))/F at 71,
where o = (3 — 91 + J —31J)/2. It is easy to find the ratio of the two values and
hence determine F(r1)/F(r;).) Substituting (@0) into (2J), we obtain

|d|?
6474

|F(1)(Im7)*| = 144(14 + 5V/3) -}

By Proposition 27, this implies that

(D) - B g (o)

24241 16 w1
and
4 2
11235 \* [3(16+23/3) 2+3v3
== === = 2 3)w? 576
3142 <3a2531474751> 11 23 ( +\/_)w—276
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