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ON THE IRREDUCIBILITY OF GLOBAL DESCENTS
FOR EVEN UNITARY GROUPS AND ITS APPLICATIONS

KAZUKI MORIMOTO

ABSTRACT. In this paper, we prove the irreducibility of global descents for
even unitary groups. More generally, through Fourier-Jacobi coefficients of
automorphic forms, we give a bijection between a certain set of irreducible
cuspidal automorphic representations of U(n,n)(A) and a certain set of irre-
ducible square-integrable automorphic representations of U(2n,2n)(A). We
also give three applications of the irreducibility of global descents. As a global
application, we prove a rigidity theorem for irreducible generic cuspidal auto-
morphic representations of U(n,n). Moreover, as a local application, we prove
the irreducibility of explicit local descents for a couple of supercuspidal repre-
sentations and a local converse theorem for generic representations in the case
of U(n,n).

1. INTRODUCTION

Functorial lifts of automorphic representations for classical groups to appropriate
general linear groups with respect to standard representations have been studied in
various situations. For example, in Kim-Krishnamurthy [KK04], [KK05], they con-
structed such functorial lifts for irreducible generic cuspidal automorphic represen-
tations of quasi-split unitary groups using the converse theorem as in Cogdell-Kim—
Piatetski-Shapiro-Shahidi [CKPSS01], [CKPSS04] and Cogdell-Piatetski-Shapiro—
Shahidi [CPSS11]. Recently, as an analogue of Arthur [Ari3], Mok [Mol5] estab-
lished the endoscopic classification for irreducible tempered cuspidal automorphic
representations of quasi-split unitary groups using trace formulas, and he obtained
functorial lifts for such automorphic representations under certain assumptions.

Because of these functorial lifts, we can transfer some questions, such as ana-
lytic properties of L-functions, of automorphic representations of classical groups
to that of general linear groups. On the other hand, in order to pull back a result
of automorphic representations of GL(n) to that of classical groups, we need an in-
verse map of the functorial lifts. As a sort of such inverse maps, Ginzburg—Rallis—
Soudry [GRS11] established the theory of global descent, which gives a generic
cuspidal automorphic representation of quasi-split classical groups for given auto-
morphic representations of general linear groups satisfying certain conditions. At
the present time, the global descent method becomes one of the most important
theories to study automorphic representations for classical groups and their L-
functions. However, it seems that the theory of global descents is not complete for
unitary groups. Indeed, we do not have the irreducibility of global descents in this
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case. One of our main purposes of the present paper is to prove this irreducibility
in the case of even unitary groups.

In order to state our main global results, let us introduce some notation. Let F
be a number field and let F be a quadratic extension of F. We denote the adeles
of F' and E by Ar and Apg, respectively. We often simply write A = Ap. Let
wp/r be the quadratic character of A% /F* corresponding to E/F. We denote
by G := U(n,n) C Resg/pGLa, the quasi-split unitary group of degree 2n with
respect to E/F. Let ¢¥p be a non-trivial additive character of Ap/F and define
a character ¢ of Ag/E by ¢(z) = ¢p (#) where x — T is the action of the
non-trivial element of Gal(E/F).

Let [n;] = (n1,...,n,) be a partition of 2n; i.e., n; are positive integers such
that 2n = ny + -+ +n,, and 7 = (71,...,7,) with an irreducible unitary cusp-
idal automorphic representation 7; of GL,,(Ag) such that 7, % 7; if i # j, and
L(s,7;,Asai) has a pole at s = 1. Then we consider Eisenstein series E(fz 3, g)
on G, (A) with respect to a parabolic subgroup whose Levi part is isomorphic to
Resp/rGLy, X+ - xResg/pGLy, . We know that this Eisenstein series has a pole at
5=(%,...,3). Then we define an irreducible residual representation & of Ga,(A)
by the residues of those Eisenstein series.

For an automorphic form ¢ on Ga,(A), a Fourier-Jacobi coefficient FJ;fg(cp)()
(see Section for the definition) gives an automorphic form on G, (A) where 7
is a character of Ay /E* such that 77|A; = wg/p and ¢ € S(A%). Then for an

automorphic representation II of G, (A), we may define a global descent DgZ’Z)(H)

which is the automorphic representation of G, (A) generated by F.J gg(gon) (+) for any
o € Tand ¢ € S(A%). In the case IT = &7, Ginzburg-Rallis-Soudry [GRS11] The-
orem 3.1] showed fundamental properties of DgZZL (€7). For example, it is cuspidal
and 1~ '-generic. See Section Bl for the definition of 1)~ !-generic representation.

One of the main results of this paper is the irreducibility of global descents.

Theorem 1.1. The global descent DgZ’Z (E-) is an irreducible cuspidal 1p~*-generic
automorphic representation of Gy, (A).

We note that in the case of metaplectic groups and odd special orthogonal groups,
Jiang and Soudry [JSO03] proved the irreducibility of global descents as a consequence
of a local converse theorem.

In this paper, we shall prove this irreducibility by a similar argument as [GJS12].
Indeed, as in [GJS12], we shall prove such irreducibility in a more general setting;
namely, we shall study the global descents not only for £ but also for a certain
family of automorphic representations of Ga,(A) which are nearly equivalent to .

Let Ny, (7,1, 1) be the set of irreducible automorphic representations of Ga, (A)
such that they have non-trivial image under the descent map D;ZZL(), appear
in the discrete spectrum, and are nearly equivalent to £&. We note that from
[GRS11, Theorem 3.1], &7 is contained in Nay, (7, 71,%). We denote by N3, (7,1,1)
the subset consisting of cuspidal representations in N, (7,7n,v%) and £r. Then
Theorem [[T]is a special case of the following result (see Theorem [BI).

Theorem 1.2. Let II € N} (7,n,v). Then the global descent Dgzg(ﬂ) is an
irreducible cuspidal automorphic representation of G, (A).

In [GIS12], they proved a similar result for metaplectic groups when r = 1. The
case of r = 1 is not enough to study any automorphic representation of classical



THE IRREDUCIBILITY OF GLOBAL DESCENTS AND APPLICATIONS 6247

groups and metaplectic groups. Indeed, the image of functorial lifts for those groups
is an isobaric sum of certain cuspidal automorphic representations, and it is not
cuspidal in general. We shall prove the above theorem extending their argument to
the case r > 1. Main ingredients of our proof are computations of Fourier-Jacobi
coefficients and Fourier coefficients of residual representations.

Our proof is roughly as follows. Let A, (7,n) be the set of irreducible cuspidal
automorphic representations of G,,(A), which weakly lift to B(m; ® n71). Then
we can consider a residual automorphic representation &£z . of Gs,(A) associated
to 7 and ® € N, (7,n) with respect to a parabolic subgroup whose Levi part is
isomorphic to Resg/pGLy, X -+ x Resg,pGLy,, X Gy, By an explicit computation
of Fourier-Jacobi coefficients, we shall show that (see Proposition [T.2))

Dyt (DY (En)) =m0,

where DEZ:Z,I (E7.x) (resp. Dgzz) (Dgg:g,l (&—,7,,))) is the automorphic representa-
tion of Gay,(A) (resp. G (A)) given by certain Fourier-Jacobi coefficients. Further,
by an explicit computation of Fourier-Jacobi coefficients and Fourier coefficients,
we shall show that for a given II € NJ, (7,n,), there exists mo € N, (7,n) such

that (see Proposition [[7] and Theorem [(8])

(1.1) Tyt DIl (Exmy)-

From these equations, the above irreducibility readily follows.

Because of the irreducibility in Theorem [[.2] we can define a map from
N}, (T, m, %) to Ny (T,m). We shall refine the above result under a certain assump-
tion; indeed we shall prove that this map becomes a bijection. For simplicity,
we write @(7) = DiZ:Z),l(&m) with 7 € N, (7,n) and ¥(II) = D;Z:L(H) with
IT € Nap (7, m,1). We also write @' (7) := &(7) @ 1.

Theorem 1.3. For each 11 € Ny, (7,n,%), 1L is a subrepresentation of ®'(¥(1I)),
which is an inclusion as spaces of square-integrable automorphic forms. Moreover,
we assume that E . is irreducible for any © € Ny (7,n). Then for 11 € N3, (T, n, 1),
(U() =TT@n ', de, @ (V) =IL
In particular, ®(w) is irreducible, and thus the mappings
U NG (Tym, ) — No(T,n)
and
O N (7, m) = Nay, (7,m,9))
are bijective and satisfy
Yod = Id/\/n(in% P oV = IdNén(?ﬂMl))'

The bijection in this theorem is described in the following commutative diagram:

6n,m X
D4n,q/ﬁl ()&n

NQI’I’L(%) 77#?) AT@S(GSn) > g‘?‘,Tro

No(Tym,9) > mo
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where A,..s(Gsy) is the space of residual automorphic forms of Gs,(Ar), and the
composition of the vertical map and the horizontal map is ®’. We also note that
the existence of automorphic representation in A, (7,n,v) satisfying (1) is the
surjectivity of the horizontal map.

As we noted above, Ginzburg—Jiang—Soudry [GJS12|] proved similar results for
metaplectic groups when r = 1; namely, T is an irreducible cuspidal automorphic
representation. In this paper, we shall follow their argument to prove the above
results. We note that in their proof, some results on vanishing and non-vanishing
of Fourier coefficients were crucial (e.g. see [GIJS12l Theorem 2.1]). In the present
paper, we also prove similar results on Fourier coefficients using a similar argument
as their proof except for one step. Indeed, in our case, we should study a certain
integral over Ag/Ap, and it may not be exchanged by other root subgroups using
a root exchange. Then we shall show that its constant term only survives by using
root exchange in a different manner and an observation on an unramified component
(see proof of Theorem [5.2]).

Another main purpose of the present paper is to study a fundamental problem in
the representation theory of p-adic reductive groups that is a local converse theorem.
As we remarked above, the irreducibility of global descents for metaplectic groups
and odd special orthogonal groups is already known, and it is a consequence of
the local converse theorem for generic representations by Jiang—Soudry [JS03]. On
the other hand, in this paper, we shall prove a local converse theorem for generic
representations of even unitary groups as an application of the irreducibility of
global descents.

In [JSO3], they proved the local converse theorem using the local descents for
a couple of supercuspidal representations. However, in our case, the irreducibility
of the local descents has not been proved yet. Moreover, it does not seem easy to
prove the irreducibility in a similar argument used in the case of metaplectic groups
for a couple of supercuspidal representations (see Soudry—Tanay [ST15| p. 561]). In
order to prove the local converse theorem, we shall prove the irreducibility of local
descents first. In our proof, the following global application of the irreducibility of
global descents plays an important role, which is called the rigidity theorem.

Theorem 1.4. Let o and o’ be irreducible ¥~1-generic cuspidal automorphic rep-
resentations of G,,(A). Suppose that o and o’ are nearly equivalent; i.e., for almost
all places v of a number field F, o, ~ ol. Then

!/
g =0 .

In particular, the multiplicity one theorem for the generic spectrum holds for G,,.

Using the rigidity theorem, the irreducibility of global descents, and globalization
of supercuspidal representations, we can prove the following irreducibility of local
descents.

Theorem 1.5. Let g be a character of (K')* such that no|x = wyrjp. Let T =
(11,...,7) with 7; being an irreducible supercuspidal representation of GLy, (k)
such that 7; % 7; if i # j and L(s, 7;, Asai) has a pole at s = 0. Then the explicit
local descent DZL‘;, (T) is an irreducible w,;l—generic supercuspidal representation of
G (k) (see Section 02 for the definition of explicit local descents).
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In our future work, we will extend this result to the case where 7; are discrete
series representations using the globalization by Ichino-Lapid-Mao [ILM17, Corol-
lary A.6]. We note that the irreducibility of local descents was studied by Soudry—
Tanay [ST15] when r» = 1. They computed several Jacquet modules explicitly and
showed the irreducibility under a certain assumption. In the above theorem, we do
not need any assumption. As a consequence of the above applications and global-
izations of supercuspidal representations, we can prove the following local converse
theorem.

Theorem 1.6. Let k be a non-archimedean local field of characteristic zero and let
k' be a quadratic extension of k. Let 1y, be a non-trivial additive character of k and
define an additive character ¢y of k' by ¢y (x) = Yp(2E2) for x € k. Here, x — &
is the non-trivial element of Gal(k'/k). Let m and w2 be irreducible 1y,'-generic
representations of Gp(k) such that

rYSh(Sﬁﬂ-l X g, wk/) = rYSh(577T2 X o, wk/)

holds for any irreducible supercuspidal representation o of GL;(k') with 1 <i < n.
Then

T X Ta.

Here, local y-factors are the ones studied in Shahidi [Sh90a] and [Sh90b].

We would like to remark that recently, Zhang [Zh17a], [Zh17b] studied a local
converse theorem for G; and G2 with respect to local gamma factors defined by
Shimura type integrals. His proof is purely local and he uses Howe vectors as
in the proof of a local converse theorem for GSp, by Baruch [Ba95]. Further,
we should mention that in our proof of the above theorem, we shall use a local
converse theorem for GLa, (k’). A local converse theorem for GL,,, was first proved
by Henniart [He93], and his result needed a twist by supercuspidal representations
of GL; for 1 < i < m — 1. Recently Jacquet and Liu [JLI6] and independently
Chai [Ch16] weakened this condition; indeed they proved a local converse theorem
with a twist by supercuspidal representations of GL; for 1 <1 < [%Z].

From our local converse theorem, we obtain a characterization of local base
change lift for supercuspidal representations (see Corollary [0.I0]), and thus we get
the uniqueness of local Langlands correspondence for even unitary groups in [Mol5].
We also obtain a characterization of (GLgy (k), wy /i )-distinguished supercuspidal
representations of GLg, (k') in terms of local base change lifts (see Corollary @12)).

Finally, we would like to mention that in Lapid—Mao [LMI16], they used the
theory of global descents in order to reduce their conjecture on Whittaker Fourier
coeflicients of automorphic forms on unitary groups to certain local identities as-
suming the irreducibility of global descents and certain properties on local zeta
integrals. Required properties of the local zeta integrals in the assumption were
recently proved by Ben-Artzi-Soudry [BAS]|. Further, because of our irreducibility
result, this reduction holds without any assumption. In our future work, we shall
give a rigorous proof of conjectural local identities in [LM16].

This paper is organized as follows. In Section 2, we prepare some notation. In
Section 3, we define some unipotent subgroups. We also define Fourier coefficients
and Fourier-Jacobi coefficients with respect to these unipotent subgroups. In Sec-
tion 4, we firstly construct residual representations of G, and recall the definition
of global descents. Secondly, we construct several residual representations of G3,
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and Gy,. In Section 5, by computing Fourier coefficients explicitly, we shall give
some vanishing and non-vanishing of Fourier coefficients of residual representations.
Using this result, we shall study a global descent of a residual representation of Gs,,.
In Section 6, we give definitions of certain nearly equivalent classes and their prop-
erties. In Section 7, we give basic identities of double descents, which is crucial to
proving the irreducibility of global descents. Also, we prove a key result, namely
Theorem [[.8 In Section 8, we prove the irreducibility of global descents and its
generalization to certain nearly equivalent sets. In Section 9, we give applications
of the irreducibility of global descents. In Appendix A, we shall show some facts
on unramified representations, which are used to compute Fourier coefficients of
residual representations.

2. PRELIMINARIES

Let F be a number field and let FE be a quadratic extension of F. We denote by
x — T the action of the non-trivial element of Gal(E/F). Let us take ¢ € E such
that 7= —¢ and F = F(¢). We denote the ring of adeles of F' and F by Ar and Ag,
respectively. We denote by wg,r the quadratic character of A% /F* corresponding
to the quadratic extension F.

Let ¢ be a non-trivial character of Ar/F, and define a character ¢ of Ag/FE

by
v =ve (137).

Further, for a € E*, we define

Vv (z) :==¢(az), =€ Ap.

In particular, when a € F'*, we have
o alr + T

Let A, be the subgroup of diagonal elements of Resp/rGL, and let Z,. be the
subgroup of upper triangular unipotent matrices of Resg,rGL,. Then P, = A, Z,
is the Borel subgroup of Resg,pGL,. Further, for a partition [n;] of r, namely for
positive integers n; such that n;+---+ngs = r, let P[%}] denote the standard parabolic
subgroup of Resg,GL, whose Levi component is isomorphic to Resg,pGLyp, X+ - - %
Resg/rGLy, .

Define an even unitary group G, := U(n, n), which is an algebraic group defined
over F' such that

Gn(F)={9€GL(2n,E):"'gJ;,9=1J5,}.
Here, J,,, is a 2n x 2n skew-symmetric matrix defined by
_ 0 J
‘]2n = <_Jn On) )

where J, is the n x n symmetric matrix defined inductively by

0 1
Jn = <Jn1 0> and Jl = (1)

For g € Resg/rGL;, we write
g* = Jitg_l‘]iu



THE IRREDUCIBILITY OF GLOBAL DESCENTS AND APPLICATIONS 6251

and we define an element of Ga,, by

g
g2m = lom—2k

For simplicity, we often denote go,, by g.

Let T, be the group of diagonal matrices in G,, and let 7,7 be the subgroup of 7,
such that T2 (F) = T,,(F) N GLa, (F). Then T, is a maximal torus of G,, and T} is
a maximal F-split torus. Let B, be the subgroup of upper triangular matrices of
G,. Then B, is the Borel subgroup and it has the Levi decomposition B,, = T,,U,,
where U, is the subgroup of upper triangular unipotent matrices.

Let us denote by ® the set of roots associated to (Bp,Ty). For a € ®, we
denote by X, the one-parameter subgroup corresponding to «. Further, we denote
the Weyl group N¢, (T)/Zq, (T) as Wa, and we will fix its representatives for the
elements of the Weyl group.

Let us define several parabolic subgroups of unitary groups. Let Q?* be the stan-
dard (non-maximal) parabolic subgroup of G}, whose Levi part M?2* is isomorphic
to Resg/pGL] x Gi—,. We denote its unipotent radical by U2k,

Let P?* be the standard maximal parabolic subgroup of G, whose Levi part D2
is isomorphic to Resg,pGL; X Gi—,. We denote its unipotent radical by N2k More
generally, let [n;] = (n1,...,n,) be an r-tuple of positive integers and let n be a
positive integer. Then we denote by Py, ), the standard parabolic of Gy, 4...4n, +n
whose Levi component M, ) ,, is isomorphic to Resgp,pGLy, X -+ - X Resgp,rGL,, X
G We denote its unipotent radical by V},,) -

Let us define L-groups of G, and Resg,rGL;, as follows. Let L@, be the L-
group of G,, which is isomorphic to GLa,(C) x Zy with the action of non-trivial
element Zs on GLy, (C) given by

g— J2n : tgil<]2n-

Let LRGSE/FGLn be the L-group of Resg,pGLy,, which is isomorphic to (GL,(C) x
GL,(C)) x Zs with the action of non-trivial element o of Zs on (GL, (C) x GL,(C))
given by

(91,92)7 = (92, 91)-

Then we define an Asai representation Asai™ of “Resg /rGLy, by
Asait (g1, 90)(z) = g12'gs  and  Asait(0)(z) ="'z

for x € Mat,, x,,(C). Similarly, we may define another Asai representation Asai~ of
LResE/FGLn by

Asai~ (g1, 92)(x) = g12'go and Asai” (0)(z) = —'x

for x € Mat,, x,(C). We note that for an irreducible cuspidal automorphic repre-
sentation 7 of GL,, (Ag), we have

L(s, 7 ®n,Asai™) = L(s, 7, Asai™)

for any character n of Aj,/E* such that n\A; = wg/p. Hereafter, we shall simply

write the representation Asai™ by Asai.
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For an automorphic representation (7, V) of GL,(Ag), we write by 7% the au-
tomorphic representation of GL,(Ag) given by g — 7(g) and Ve = {g — ©(7) :
¢ € V;}. Then

L(s,7®7%) = L(s, 7, Asai)L(s, 7, Asai™).

For an automorphic form ¢ on G, (A) and a unipotent subgroup U of G,,, we write

)= [ s
U\U(A)

Finally, we let A4(G,,) be the set of all irreducible automorphic representations of
G, (A) occurring as subrepresentations in the space of square-integrable automor-
phic forms of G,,(A).

3. FOURIER COEFFICIENTS AND FOURIER-JACOBI COEFFICIENTS

3.1. Fourier coefficients. Following [CM93], we define unipotent subgroups at-
tached to symplectic partitions. We only need a few kinds of unipotent subgroups.
Hence, for the exposition, we do not give a definition of such unipotent subgroups
in general, but we shall define such unipotent subgroups explicitly in particular
cases.
Let Oz o(k—r) 1= [(27)12(-=7)] be a partition of 2k, i.e.,
2(k—r)
—
2k=2r+14---+1.

For any a € F*, let to,, ,_,,(a) be an element of T} defined by

s 2r—1 2r—3 —1 —2r+1
t0y, 2 (@) = diag(a ,a ,ooa 1,0 1a7h L La ).

Let us define a unipotent subgroup of Gy, by
V2k
=Vi@ry120-n1

::<xa(T) € Xa: t027',2(k7'r') (a)xa(T)tozv-,z(kﬂv) (a)71

= x4(a'r) C Gy
with i > 2, a € ®).

In matrices, V,2* is the unipotent group consisting of the following elements:

u x z
(3.1) v=uv(u,z,2) = Loge—ry 2’| € Gy,
u*

where u € Z,.(F) and & € Mat, » (4 (&) is such that its last row is zero. We note
that this is a subgroup of the unipotent radical U2 of the parabolic subgroup Q2*.

Let us define characters of V,2!. When we write an element of V,?*(A) in the
form (1)), for a € F*, we define

'IZJVTZ’C,a(v(ua z, Z)) = w(ulﬂ e A I G,an),

where we note that z,; € Ap. Under the conjugation by M2*(F), the orbit of
Yy2k o is open in the group of characters of V,2*/[V2F V2] Conversely, such a
character of V,?*(A) is given by Yyek o for a € F* /N p(E*) up to a conjugation
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by M2*(F). Then for an automorphic representation 7 of Gy, we define a Fourier
coefficient of ¢, € 7 associated to the partition [(2r)12(*=")] by

Fra(on) = [ or (00T b, () do.
VER(F)\V2E (A) n
We note that when k = r, V;2¥ is the upper triangular matrices Uy of G} and
the character ¢y« , gives a non-degenerate character of Uy (A):

(3.2) Yig + U1k + avkpy1), v € VER(A) = Uk(A).

When no confusion occurs we shall write this character simply by ¥*. Then we call

fw"k?k’“ (pr) the ¥2-Whittaker coefficient of ¢, and we say that 7 is 1)%-generic if
1*-Whittaker coefficients are not identically zero on V..

Similarly, for a partition [(2n)%12"] of 4n + 2r, we define a unipotent subgroup
Viizn)212r) of Gapyr. Then it is the subgroup of Ga,4, consisting of the following
matrices:

I * * * * * *
1o % * * % %

* * * %

1 O * * *

12r 0 * *

1o *  x

*

1o

To define characters of Vj(a,)212-1(A), we identify
(3.3) V[(Qn)zlzr] (F)/[V{(Qn)zlm] (F)7 V[(Qn)zlm] (F)] ~ Matgxg(E)n_l X Hermgxg(F),
where

Herm$, o(F) = {A € Matgyo(E) : —JoA+'AJy = 0}

={<“ I_)):aeE,b,ceF}.
C a

Then, through the above isomorphism, the Levi subgroup GLa(E)"~! x G,.(F) acts
on Vizn)y212r)(F)/[Vi2n)2127) (F), Vi(2n)212 (F)] by

(1o s g) - (Xa, oo, X 13 Y) = (M Xahy 'y hn 1 X1y b b Y (RE) Y.

Here, recall that hy = Jo'h~'J,. Representatives of generic GLy(E)" ™! x G..(F)-
orbits on the quotient (B3] are given by

(12, Y <2 8)) , where a,b € F*/Ng, p(EX).

Hereafter, we identify the representative of a class of F*/Ng,p(E*) with its class.
Define a character 1j(2,)212r):p,a Of Vj(2n)2121(A) by

0 a
Dlzny212r)i0,0 (V) = ¥ (tr <X1 +o+ X+ (b 0> Y>) ,
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0 a

where (X1+"'+Xn+(b 0

) Y) is the image of v of the following map:
Vieny212)(A) = Viny212r)(A)/[Vizny212r) (A), Vi(an)212r1 (A)]
~ Matoyo(Ag)" ! x Herm$, o (A).

For an automorphic form ¢ on Ga,4-(A), we define a Fourier coefficient of ¢ asso-
ciated to the partition [(2n)?1%"] by

9 1. —1

Flem2a (o) = / P0)Y](2py2120),4 (V) V-
Vi(2ny2 12"'](F)\V[(zn)%?"'](A)

3.2. Fourier-Jacobi coefficients. Let us recall the definition of Fourier-Jacobi

coefficients.

Let us quickly review the Weil representation (see [GRS11] pp. 8, 9]). Let Y be a
non-degenerate 2n-dimensional anti-Hermitian space with the anti-Hermitian form
(,). Assume that its Witt index is n; i.e., the dimension of a maximal isotropic
subspace of Y is n over E. Let U(Y) be the corresponding unitary group.

Define an F-bilinear form

1
<’> = §TrE/F(a )
on Y. Then it is a non-degenerate symplectic form on Y when we regard Y as a 4n-
dimensional vector space over F'. Denote this 4n-dimensional space by Y’. We may
define the corresponding symplectic group Sp(Y”), and we have an F-embedding,

U(Y) < Sp(Y”).

Further, we note that the metaplectic cover of Sp(Y”) splits over U(Y). Remark
that this splitting is not canonical. Fix a character n of A% /E* such that its restric-
tion to A is the character wg /r corresponding to the quadratic extension E/F.
Then we choose the splitting as in Moeglin—Vigneras—Waldspurger [MVW87] and
Kudla [Ku94] corresponding to . We denote the corresponding Weil representation
of UY)(A) x H(Y')(A) by wy,,. Here, HY"') := Y’ & F denotes the Heisenberg
group associated to Y’ with the multiplication

1
(3.4) (w,2) - (W', 2)=(w+uw,z+ 2"+ §<w,w'>), w,w' €Y' 2,2 € F.

Then its explicit action is given as follows.
We fix a polarization
Y=Y"+Y",
where Y+ are maximal isotropic subspaces of Y. Hereafter, we shall write any
element of H(Y') by (y1,92;2) with 53 € YT yp € Y™, and z € F. We have for
¢ € S(YT(AR)) (see [GRSTIL (1.5)])

Wy ((¥7,0;0))0(8) = d(€ + ),
Wy ((0,5750))¢ ( ) = (2(&,y-))(€),
(3.5) Wy ((0,0;8))(€) = () (£),

e (( >>¢ (N (et g))n(det )| det g|/26(€ - ),
>¢ B(E £ X))(6),

(™ 1)
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where y* € Y*(Ag), y~ € Y (Ag), t € Ap, and we write the elements of U(Y)
as (¢%) with a € Homg(Y*,Y ™), b € Homg(Y*,Y "), ¢ € Homg(Y~,Y"), and
d € Homg(Y—,Y 7).

Recall that for a € F*, we define ¢*(z) = ¢Yp(5 - Trg/r(x)). Then for the Weil
representation wya , and ¢ € S(A% "), we define the theta function by

00 (wh) == > wye y(vh)B(€), h e U(Y)(A),v € H(Y')(A).
EeEn—T
We shall use the matrix form to study Fourier-Jacobi coefficients. We fix a basis
to realize Y ~ E?" and U(Y) ~ G,,. Recall that Q2" = M?2"U?" is the standard
parabolic subgroup of G,, whose Levi subgroup M?2" is isomorphic to Resg /rGL] x
Gy_r. Then the map

1
_TrE/F(UnAn—r—i-l))

en—r TV ('Ur,r-i-lv <o Ur2n—r, 2

gives an isomorphism from U2"/U2", to the Heisenberg group H(E*"~")). Define
a character 12 of UZ"(A) by

¢U§" (’LL) = ¢(U1,2 +--- 4+ urfl,'r)~

For an automorphic form ¢ on G, (A), we define the Fourier-Jacobi coefficient of ¢
with respect to n — r and ¥* by the following integral:
(3.6)

FIL () (h) = P(uh)0L (b ()2 () dut, B E Gy (A).
U2 (F)\U2"(A)

We know that it defines an automorphic form on G,,—,(A).

Remark 3.1. We note that U2" contains the unipotent subgroup Vig;)1206-m)-
In particular, the Fourier-Jacobi coefficient FJY s (#)(1) contains the Fourier-

coefficient, F¥v#* () as an inner integral.

4. CERTAIN RESIDUAL REPRESENTATIONS

Let us construct some residual representations and define global descents. Let
7; be an irreducible unitary cuspidal automorphic representation of GL,,,(Ag) (1 <
i <r)such that 2n =ny +---+n,, 7, % 7; if i # j and L (s, 7;, Asai) has a pole
at s = 1. Then we write 7 = (71,...,7,), and we regard T as an automorphic
representation of []i_; GL,,, (Ag). Consider the parabolic induction

_ Gan(A
I(7,5) := Ind 2? ((A)) ),

where § := (s1,...,5,) € C" and P, := Ppp,),0 is the standard parabolic subgroup
of G2, whose Levi component is isomorphic to Resg/pGLy, X -+ X Resg,pGL,,, .
Then for a holomorphic section fz 3 € I(7,5), we form an Eisenstein series on

ng (A) by

(m1]det |3 ®

E(h, fz5) = Z fz5(vh),
YE P, (F)\G2n (F)
which converges absolutely for Re(s;) > 0 and has a meromorphic continuation
to C" (Langlands [La76]). Then by [GRSI1, Theorem 2.1], this Eisenstein series
has a pole at § = (%, e 2) for some fr 5, and we write & for the automorphic
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representation of Ga,(A) generated by these residues. We note that &; is square-
integrable and irreducible.

Now, let us recall the definition of the global descents. Let 7 be an automorphic
representation of G, (A). Then we denote by Dg&’im " () the automorphic repre-

sentation of G,,_(A) generated by all Fourier-Jacobi coefficients FJw;ﬁT(npw) for

or €mand ¢ € S(AL).

Theorem 4.1 ([GRS11 Theorem 3.1)). The global descent Dgzz) (&) from Gan(A)

to Gn(A) of & is a direct sum of irreducible cuspidal 1)~1-generic automorphic
representations which weakly lift to (1, @ n~)B--- B (1, @ n~1).

Let us define a residual automorphic representation of Ggy,(A). First, let us
recall the following result on the functoriality of generic cuspidal automorphic rep-
resentations of G, (A).

Theorem 4.2 (Theorems 1.1 and 8.10 in [KK05]). Let 7 be an irreducible cuspidal
automorphic representation of Gy, (A) which is 1~'-generic. Then there is a base
change lift of © to Gla,(AE), and it is written as (1 @ =) B - B (1. @ n~ 1),
where T; is an irreducible unitary cuspidal automorphic representation of GLy,(Ag)
such that 7; % 7; if i # j and L(s, ;, Asai) has a simple pole at s = 1. Thus the
residual representation & exists for such T = (T1,...,7).

The above theorem should hold for cuspidal automorphic representations which
have a tempered A-parameter (see [MoI5]). We note that it can be non-generic.
When we study the non-generic case, we assume the following.

Assumption 1. Let w be an irreducible cuspidal automorphic representation of
Gnr(A). Then it has a base change lift to an irreducible isobaric automorphic repre-
sentation BI_; (1, @ n™1) of GLay(Ag) such that 7; % 7; if i # j and L(s, 7;, Asai)
has a simple pole at s = 1. In this case, we can also construct the residual repre-
sentation Ex.

Let 7 and m be as in Assumption [I] or Theorem Then we consider the
parabolic induction

Gan (A r
Indp[iif,g(A)(Tﬂdet 9@ @7|det| @7), s €C,

where P, is the standard parabolic subgroup of Gz, whose Levi component
Mip,),n is isomorphic to Resg/pGLy, X -+ X Resg/pGLy, % Gy,. Then for a holo-
morphic section f7 r s(-) in the above parabolic induction, we define an Eisenstein
series on G, (A) by

Bhfirs)= X frash)
Vep[ni]m(F)\GSn(F)
which converges absolutely for Re(s;) > 0 and has a meromorphic continuation to
C" (Langlands [La76]).

Lemma 4.3. Let 7 and 7 be as in Assumption 1 (or as in Theorem when 7 s
Y~ t-generic). Then the function

s (s1—=1) - (sr =1 E(h, frx5)
is holomorphic at 5 = 1. Moreover, for some fz 5, the residue is non-trivial. We
write the representation of Gsn(A) generated by these residues as &z .
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Proof. We shall prove this lemma by a similar argument as in the proof of [GRST11],
Theorem 2.1]. First, suppose that r = 1; namely 7 = 7 is cuspidal. Then since
Py, , is a maximal parabolic subgroup, we know that constant terms of E(h, fr x.s)
along NP are zero except for k = 2n. In the case k = 2n, the constant term is
written as

CNS,’J (EC, frms))9) = frr,s(9) + M(wo)(frx,s)(9),
where M (wq) is the intertwining operator corresponding to the Weyl element
1271
wo = 1o,
_12n

Then the normalizing factor of M (wo)(fz.=,5)(g) (outside a finite set .S of places) is

L3(s,7 x ) L5 (2s, 7, Asai)
LS(s+ 1,7 x7wv) L52s+1,7,Asai)’

Note that we have
L(s,7 x 1) = L(s, 7, Asai~ ) L (s, T, Asai).

Since L°(s, T, Asai) has a simple pole at s = 1 and L°(s, 7, Asai~) is holomorphic
and does not vanish at s = 1, LS(s,T x V) has a simple pole at s = 1. Further,
remaining L-functions are holomorphic and non-zero at s = 1. Hence,

s— (s—=1)E(h, frrs)

is holomorphic at s = 1, and it is non-trivial for some f; . s.

Suppose that 7 > 1. Let {ng(),...,nqq) } be a subset of {ny,...,n,}. We write
' = (Ta(1)s- -+ Ta)) and 5 = (84(1),---Sq@1)).- Then we consider an Eisenstein
series E(h, fz x,5) on Gpy(a)4+n(A) corresponding to the parabolic induction

G n+mia A s s
IndP[(’wT/,n((A))( )(Ta(1)| det | Q.- ® Ta(l)| det | a) ® 71_)7

where m(a) = ng(1) + - + ngy and [n;]" is the corresponding partition of m(a).
Let us study constant terms of E(h, fz .5 ).
By [MW95, 11.1.7], for g € D" ™) (A),

(4.1) Cpzentmen (B, frrn5))(9) = > Epzinimen (9, M(w) frr.7.5),
WEW(n, )k
where
(4.2)
Wi
(i) w(a) > 0 for all positive roots « inside M[nj]/@n_;m(a))

= weWs,: (ii)w t(a) >0 for all positive roots « inside D,z ,
(n+m(a))

(iii) wM[nj]/}znw_l is a standard Levi subgroup of D,z

and ED2<W,+M(Q)>(Q,M(w)f;/7,,7g/) denotes the Eisenstein series on Di(""‘m(a))(A)

defined by the section M(w)fq—./1m§|D2<n+m(a)) which lies in the parabolic induction
k

2(n+m(a))(h) s
(4.3) Indy* Myl det [ ® -+ @ 7oqy| det [0 @ 7)™

4]/, D
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with the standard parabolic subgroup Qp,,,p of Di("+m(a)) whose Levi part is
wM[nj]/,gnw_l. Then as in [GRSII) p. 33], we may decompose w € Wy, ) into
the form

w = W1wa2Ws

where
1ﬂa(1)+"'+na(7‘,—1)
w
w1 = 1
w*
1na(1)+'“+na(i71)
with
w = ( 1na(i)) ,
17%(1:4-1)
1na(1)+"'+na(i—1)
Wz = H

1na(l)+”'+na(i71)
with

lna(i)+~-+na(k)

n= 12n ’
Loaioyttmagn
. . . . 2 .
and w3 is a certain Weyl element contained in szL"er(a))(F ) which preserves
2 . . .
M[n(_’]l,Jr;:L(a)). Before proceeding with the proof, we note that in the case of | = 1,
k2 ’

we can show that
(Sa(l) 1)ED2("‘*‘""(C">)(971‘u (w)f?",mg')
k

is holomorphic at 8 = 1 as in the case of r = 1.

In order to study the analytic properties of each Eisenstein series in ([L3), we
shall first study the analytic behavior of the intertwining operator M (w). First, we
note that

M(w) = M(w;y) o M(ws) o M(ws).
Then from the definition of ws, [GRS1I, Lemma 2.1] shows that M (ws)(f7 = 5) is
holomorphic at § = 1.
Let us consider M(ws) o M(ws3)(f7 x5). From the decomposition [GRS1I)

(2.56)] of M (ws2), in a similar argument as [GRS11l p. 35] we can reduce an analytic
behavior of M (ws) o M (w3)(fr r5) to the case M(wla(i)]) o M (w3)(fr x5 ) where

1”@(1)+"'+na(i—1)
Na(i)
wla(i)] = 1
1"@(1’)
1na(1)+'“+na(i71)
Then (sq(;) — 1) M (wla(i)]) o M(ws)(f7 x5 ) is holomorphic at 5 = 1 by the same
argument as in the case of » = 1. Then the argument in [GRS11] p. 35] shows that

(Sa(i;) — 1)M (wz) o M(w3)(fr =) is holomorphic at 5 =1
»

q
j=
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with 1 < p < ¢ <. Here, p and ¢ are integers such that M (w) maps the original
inducing data to define the parabolic induction (@3] to the inducing data

p—1
@) Taip [ det [ | @ 7oqi,y | det [0 @ - @ 7y, | det [T
j=1

l
© | Q) Tayldet|™ | @
J=q+1

We note that the case p =1 and g = [ corresponds to the Weyl element
. 1na(1)+"'+na(l)
’LUO = 12n
_1"a(1)+“'+"a(z)

Finally, by the argument in the case of r = 1, we see that
q
Frr g = H(sa(ij) — 1)M(w1) o M(w2) o M(w3)(fzx5) is holomorphic at 5 = 1.
Jj=p

Let us consider the Eisenstein series
Epatimn (9, Frr n50)-
k

Asin [GRSTI] pp. 36, 37], we may write this Eisenstein series as a finite sum of auto-
morphic forms of the form ESY x E¢ where EGT (resp E¢) is an Eisenstein series on
GLn,iy) ++4nai, ) (AE) (vesp. Gty +iat) (A)) defined by the induced repre-

p
sentation corresponding to ®f;i Ta(i;)| det |70 (resp. (®§:q+1 Ta(i;)| det |S““j))®

7). Since nq(i,,,) + Na(iy) < m(a), in an inductive argument, we can show that

(Sa(qr1) = 1)+~ (8ay — D EC

is holomorphic at 5 = 1, and EL is holomorphic at the same point by [GRSTT)
Lemma 2.1]. Therefore,

l
H(Sa(ij) - 1)EDi("+m(a)) (97 M(U}) (f?’,‘n'j))
Jj=p

is holomorphic.
Suppose that [ = r. As a consequence of the above argument, we see that unless
w = w{ (and thus k = 2n and p = 1),
r
H(Sl - 1)EDg" (gv M(w)ff’ﬂrj)
i=1

is zero. In this case, the corresponding term in (1) is
Epgn (9, M(wg) fz,7.5),

which is the Eisenstein series on D$?(A) ~ GLg,(Ag) x G,(A) associated to

M (w§) f7r5- Indeed, it is an Eisenstein series corresponding to the parabolic in-

duction Indglg,i”(AE)(Tﬂ det|"5' @ -+ @ 7.|det|*") @ 7.
[ni]
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It is easy to see that the normalizing factor of M (w{) outside S is given by

ﬁ LS(Si,TZ‘ X 7Tv) ﬁ LS(2Si,Ti,ASEii)

S L(si+ LmxwY) L L8(2s + 1, Asai)’

Then, as in the case of r = 1, we see that the product of this function with
[I,_,(si — 1) is non-trivial at § = 1. In summary, [[;_,(s;i — 1)E(h, frr5) is
holomorphic, and it is non-trivial at 5 =1 for some fz 5. |

For sy € C and sy = (sg,...,80) € C", we define automorphic representations
E(7,30) of GLay,(Ag) as follows. For a holomorphic section f—GP of the induced
GLG(AE)(

Poi
E(h, f8%) = > oy (vh),

P[%L] (F)\GL2n (E)

representation Ind 71| det "1 ®- - -@7,| det |°), we form an Eisenstein series

which converges absolutely for Re(s;) > 0 and has a meromorphic continuation to
C" (Langlands [La76]). Then we define an automorphic representation of GLa, (Ag)
by

E(7,50) = (E(-, f¢ ) ffGIj such that E(h, fgé) is holomorphic at 5§ =sg) .
We note that this space may be zero. By the computation in [Sh10, Chapter 7],
we can determine whether E(7,sp) is zero or not by an analytic behavior of certain
L-functions. We note that in [GRSIIl Lemma 2.1], they give a sufficient condition

so that the Eisenstein series E(7,3) becomes holomorphic at s = sg. We can easily
show that this space is not zero if

HL(Sl — 85, T; X ij)

i<j
is holomorphic and non-zero at § = so. Hence, this is equivalent to 7; % 7; for
i # j. From our assumption on 7, E(7,sq) is non-zero. We also note that in this

case, any non-zero automorphic form in this space is generic.
From the proof of the above lemma, we obtain the following relation.

Corollary 4.4. Let 7 and 7 be as in the previous lemma. Then we have
1
Crgy (Enm) € (03, - B (7,-1)) @7
2n ’ 2n
as automorphic representations of GLayn (Ag) X Gy (A).

Proof. We note that for &z . € £ -, we have

Cngn (&rn) = Sliigll H(Sz - 1)EDgg (9, M(wg) f7r.5)

31}311 Epgn (9, H(Si - 1)M(w6)f;,,r’§> )
) i=1
Since M (wg) fr x5 € Indgéi’” (A=) ( 1|det| %! ® -+ ® 7| det|7°") @ 7, our claim

s

follows from the above equatlon. O

Finally, we construct a residual representation of G4, (A) given by non-cuspidal
representations.
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Definition 4.5. Let 7 be as above. Then we say that an irreducible cuspidal
automorphic representation m of Ga,(A) is a CAP representation with respect to
the CAP-datum

1
(GL27L7 7_-a 5)

if at almost all finite places v where the local components II,, and 7; ,, are unramified,
I1, is isomorphic to the unramified irreducible constituent of

Gan(Fy 3 1
Indp[’ii]((Fj) (Tiv|det |3 ® - ® 7| det | 7).

More generally, if IT € A4(G3,,) (possibly non-cuspidal) satisfies this condition, we
also say that II is of type (GLay,, 7, %)

Let 7 be as above and let II € Ay4(Ga,) be of type (GLa,, 7, 3). We consider the
Eisenstein series on Gy, (A) given by

E(h, frus) = > frs(v9), g€ Gan(A),
YEP, 1,20 (F)\Gan (F)

where fz 15 is a holomorphic section of
Gan (A )
Ind7 %) (il det [ ® - @ 7, det | @ 10).

This series converges absolutely for Re(s;) > 0 and has a meromorphic continuation
to C" (Langlands [La76]).

Proposition 4.6. Let 7 and II be as above. Then the function

o (= 2) (oo 2) B0

is holomorphic at § = %1, and its residue is non-trivial for some fz 5. Let us de-
note by Ez 11 the automorphic representation of Gan(A) generated by these residues.
Moreover we have, as spaces of automorphic representations of GLay, (Ag) X Gan(A),

1 3
CN287711 (87*—71'[) C (512328” . E (7_', —5 . 1)) ® H

Proof. We use the same argument as in the proof of Lemmald3] (see also the proof of
[GRS11) Theorem 2.1]). Suppose that r = 1. We know that Cys« (E(-, fr,m;5))(9) =
0 unless k£ = 2n and

Cugy (BC Lmao) = > frato(w ™ ng) dn,

el s (WNEE(F)w=LONE (F))\ N5z (4)

where Wa,, s, is a subset of the Weyl group Wy, given as in (£Z). Then the longest
Weyl element in Wa,, g5, is given by

12n
Wy = 14n € G4n(F)
12n
We note that the constant term of II along a parabolic subgroup Py C Gy, is zero
except for Py = P3™. Then by the cuspidality of 7 and this fact, we may rewrite
this constant term as

fT,H;s(g) + M(ﬁ}O)an;s(g) + Z

/ fT,H;s(wilng) dn7
(wPSy (F)w= NS (F)\N3 (4)
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where w ranges over an element in Wa, g, such that P§"(F) N w NS (F)w =
Ni(F). Each term in the last part is written as

/ f'r,H;s(w_lng) d’I’L
wNg (F)w= ' \N§T (A)

:/ / fT’H;S(nw_lug) dn du.
N (A\w=t NS (A)w J N2 (F)\N37 (A)
The inner integral is the constant term of II, and thus it is easy to see that this

integral is holomorphic at s = % On the other hand, the normalizing factor of

M(’J)O)fT,H;s(g) is given by
LS(&HV X 7—) " LS(2S7 7 Asai)
L3(s+ 1,11V x 1) = L5(2s + 1,7, Asai)’

Since II is of type (GLay,, T, %), this is equal to

LS(S—I—%,TXTV)LS(S—%,TXTV) L3 (2s, 7, Asai)

LS(s+ 4,7 x7V)L9(s+ 2,7 x7V) = L9(2s+1,7,Asai)’

We know that L°(s — %,’7’ x 7V) has a pole at s = % and remaining factors are

holomorphic and non-zero at s = % Therefore, M (W) fr 11,5 has a pole at s = %,
and thus (s — 2)E(-, fr,m;s) is holomorphic and non-zero at s = 2. Finally, we note
that the last assertion follows as in the proof of Corollary [£.4]

Suppose that r > 1. We know that
CN,%” (E(, frms))(g) = Z EDg" (9, M(w) fz15),

WEW[,1,k,8n

where Wi, ksn is a subset of the Weyl group Wy, given as in (fZ) and
Epan (g, M(w) fr15) is a certain Eisenstein series of D}™. Then as in the proof
of Lemma [.3] using the case of r = 1, we see that only the term corresponding to
wg contributes to the residue. We note that in this case, we should have k = 2n.
Further, the normalizing factor of M (o) fz,m s is

H L%(si+ sj, 75 X 7)) H L3 (54, 11V x 1) y L3(2s;,7;, Asai)
LS(si+sj+ 1,7 x ij) LS(s; + 1,11V x ;) = L5(2s; + 1,7, Asai) )

i<j i

Since I is of type (GLg,, T, %), this is equal to
LS(SZ' + S5, Ti X ij) LS(SZ + %77—1' X T}/)LS(S — %,Ti X T}/)
I I X
i LS(sit s+ Lmix 1)) " LU LS (si + 5,1 x 7))L (s + 3,7 x 7))

H L3(2s;,7;, Asai)

L L5(2s; + 1,7, Asai)’
Then J[,_, L9(s; — &,7; x 7;/) has a pole at 5 = 3 - 1, and remaining factors are
holomorphic and non-zero at 5 = % - 1. Therefore,

<31 — g) <S7« - g) E(-, fris)

is holomorphic, and it is non-zero at § = 2 - 1 for some fzm,5. The remaining part

is also proved as in the proof of Lemma [£.3] and Corollary [£.4] O

[
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5. VANISHING AND NON-VANISHING OF FOURIER COEFFICIENTS

In this section, we shall study Fourier coeflicients and Fourier-Jacobi coeffi-
cients of residual representations. Indeed, we give some vanishing results and non-
vanishing results on these coefficients. Further, using these results, we shall study
certain descent maps of Gs,,.

The following useful lemma is proved in the same way as [GRS03, Lemma 1.1]
(see also [JLIB, Corollary 2.6]).

Lemma 5.1. Let ¢ be an automorphic form on Gi(A). Then the following condi-
tions are equivalent:

(1)
/ p(vg)hyzn o(v) dv =0
V2k(F)\V2k(4)

for all g € Gi(A),
(2)

/ / P(vyg)hyar o(v) dvdy =0
Y(F)\Y (A) JV2RF(F)\V2F(A)

for all g € Gi(A),
3)

/ ()00 (O () o () dut = 0
U2k (F)\U2k(A)

for all g € Gi(A).

Here, Y is a mazimal abelian subgroup of U2k /V.2F. Similarly, for an automorphic
form ¢ Gopyr(A) and any a,b € F*, the following conditions are equivalent:

(1)

/ QP(Ug)i/JV[(%)leT];b,a(U) dv =0
V[(2n)2 127] (F)\V[(gn)z 127 (A)

for all g € Gi(A),
(2)

/ / @(yvg)w‘/[(%plm];b@ (7)) dvdy =0
YO(F)\YO(A) V[(zn)2 127] (F)\V[(zn)2 127)] (A)

for all g € Gi(A).
Here, V[’(%)Ql%] is the unipotent radical of the standard parabolic subgroup of Gaoptr

whose Levi part is isomorphic to ReSE/FGLg X G, and Yy is a maximal abelian
subgroup of V[/(zn)212'r'] /Vin)212r-

In the second case, we may give an equivalent condition in terms of Fourier-
Jacobi coefficient as in the first case. Since these two conditions are sufficient for
our purpose, we only give here an equivalence of these two conditions.

Now, let us prove a crucial result on vanishing and non-vanishing of Fourier
coefficients on a residual representation. We shall prove the following theorem in a
similar way as the proof of [GJS12] Theorem 2.1] except for one step as explained
in the Introduction.
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Theorem 5.2. Let T and w be as in Assumption [l or Theorem when  is Y-

generic. Then for all I such that n <1 < 3n and any a € F*, ]-'wvlﬁn’a s zero on
the residual representation &z . Moreover, for all a € F*, the Fourier coefficient

a . ..
FUvema s non-trivial on Erme

Proof. Let my be an irreducible subquotient of £z . Let v be a place of F' such that
To,v is unramified. Then 7g,, is the unramified quotient of the induced representa-
tion

Indﬁgg(F“(7b\det\E ® ),
where 7, is the local functorial lift of 7, to GLa,(E,). Then from Lemma [A.3] it
does not have a linear functional ¢ on V, , such that {(mo,(u)w) = tyen (u)f(w)
d)Vlan,a

for any u € V,°"(F,). Hence, the Fourier coefficient F
this Fourier coefficient is zero on &z .

is zero on 7, and thus

Let us prove a non-triviality of the Fourier coefficient FUvem® on &7 ». Because
of Lemma [5.1] for &7 » € &7, the non-vanishing of

Fo(rn) = [ e n 0y o0) do
VI (E)\V,Em (A)
is equivalent to the non-vanishing of
P = [ o) (o) do,
VI (F)O\V,S™ (A) "
where f/nﬁn is the group consisting of the following elements in Gs,, (F):
v x oz
v(u,z,2) = lyn o
u*

where u € Z,(F) (recall that this is the group of upper unipotent matrices of
GL,(E)), x € Maty,x4n(E) is such that z,1 =+ = 2,3, =0, and
Z/JV,?",(I(U(% x, Z)) = ¢(U1,2 + -+ Un—1,n + azn,l)-

Clearly, the non-triviality of this Fourier coefficient follows from the non-triviality
of the following Fourier coefficient on the residual representation £z ,:
(5.1)

/ / 5 gf,n (UU1)1/1‘73n a(v)d’\}vm _a(Ul) dv dvy, fi-;rr € 5?,77-
Vir (F)\Vi(A) JVEn (F)\VS™ (A) m m

Here we regard a subgroup of G, as a subgroup of G, via the embedding

L
g g
I
Let @ be a Weyl element of GLa, (E) defined by
Bt = Gritim =1, i=1,....n,
w;; = 0 otherwise.
Put
w
(5.2) w= Loy, € Gan(F).



THE IRREDUCIBILITY OF GLOBAL DESCENTS AND APPLICATIONS 6265

Let R =V V5" and consider
B =wRw™!
Then the integral (5.1)) is written as

(5.3) / & (VW) Xap,a (V) dv.
B(F)\B(A)

Here, B denotes the group consisting of the following elements of Gg,,:
T C Z
(5.4) o(T,C,7Z) = 1ap

where the last two rows of C' are zero and T' € GLy,,(E) such that when we write
T as an n x n matrix of 2 x 2 block matrices T' = ([T ;),1 < i,j <mn,

( ) [T]Z ; 18 lower unlpotent for i < n;
(3) [T7:,; is lower triangular, for i < j;
(4) [T7;,; is lower nilpotent, for j < i < n.

With this notation, xy,q is the character of B(A) given by
Y (tr ([Tl +[Tl2z + -+ [Tla1,n) + a(Z2ny — Zoan-1,2)) -

Then applying the exact same argument in [GJS12] pp. 965-968], we can show that
the integral (53) is equal to

5.5 . L (v)d
(5.5) /Y N / i G L (0)

where Y is the subgroup of lower unipotent matrices in B, L = V|p)212n), and
V7o = Y((2n)2127];a,—a- Further, from [GRSII, Corollary 7.2], for a given & . €
&7 =, there is & such that

/ / &7 n (vyhw), o (v) do dy = / €L (o) (v) do.
Y (A) JL(F)\L(A) L(F)\L(A)

Let
1 -1
=)
and define
(5.6) b= diag(b,...,b,1gn,b%,...,b") € Gan(F).

Then we may write
]:w[(2n)212"];a,7a(57—_’71,) = / 5.7.77T(’l}l;)wL7a('U) dv
L(F)\L(A)

where 91, , is the character given by v — w’L’a(lA)_lle)). We write an element of the
unipotent subgroup L in the form

A C Z
(5.7) v(A,C,7) = ly, C'
A*
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where the last two rows of C' are zero, and when we write A as an n X n matrix of
2 x 2 blocks, A should be of the form

19 AL? ...... Al,n
Ty wevee- Ag,
A= :
Anfl,n
1o

Let L' be the subgroup consisting of v(A,C, Z) with A as above and C such that
only its last row is zero. Then by the second case of Lemmal5.I] F¥im212ma.~a (&rr)
is not identically zero on &; . if and only if the integral

(5.5) Foveern) = [ r.n (0)611 a(0) do
L/(F)\L'(A)
is not identically zero on &7 .. Here, ¥/ ,(v) is the character defined as in the
definition of ¥, 4.
Let v be the Weyl element in Ga,(F') defined as in [GJS12] p. 970]:

Vi,2i71:]-; izl,...,?n,
Von+i,2i = _17 i = 1a XL
Vonti2i =1, i=n+1,...,n,

v;; = 0 otherwise.

v, v
v = 1 2
Vs 4

where v; are 2n x 2n matrices, and let

Write

11 1%}
(59) VI = 12n
Vs Uy
Define
B/ _ V’L/(Vl)_l.
Then elements in B’ have the following form:
Uy U2 C Z1 z9
0 w3 0 0 2
(510) v = 0 d 1y, O c € Gsn,
oy doouz o u
0 v, 0 0 wuf

where ug,us (and also uj,u}) are n x n upper unipotent, z1,y; (and also z{,v})
are upper nilpotent, the last row of d is zero, and the first column of d’ is zero. We
have

(511) .F¢L/7a(57’ﬂ) == / §T,W(UV/)wB’,a(U) dv
B/(F)\B'(A)

where

(6.12) Ypra(v) =vV((u1)1,2 + (W1)n—1,n — a(u2)n1 — (ug)i2 — - — (U3)n—1,n)-
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Lemma 5.3. The right-hand side of (BT is equal to

(5.13) I R A LA

where Lg is the group consisting of lower unipotent matrices in B', and the character
Y (v) is the character of VS (A) defined by the same formula of (B12).

Proof. Before proceeding with a proof, we note that in the proof of this lemma,
we will encounter an essentially different part (e.g., see (5I9)) from the proof of
[GJS12, Theorem 2.1].
Let
Zop = ’U(ZQ,L, 0, O) Cc B

Here, recall that Zs,, denotes the group of upper triangular unipotent matrices in
Resg/rpGLay,. Define 1 <1 < j < 2n such that i +j # 2n + 1,

Xij ={v(I2n,0,te; j + teans1-jont1-i) : t € Resp pGa},
Yij ={0(I2n,0,te;; + teany1—jony1-i) : t € Resg/pGa},

)

where v(A, C, Z) is as in (51), and

A
’E(A,C, Z) =|C 1y, € Gsz,, A€ ReSE/FGLgn.
z C A

Further, for 1 < i < 2n, define
Xiont1—i = {v(Ion,0,t€; 2ny1-i : t € Go}

and
Yiont1—i = {9(I2n, 0, te; 2n41—i : t € Go}.
We note that
Xi,j = X2n+17j,2n+17i and Yi,j = Y2n+17j,2n+17i-

Similarly, for 1 <, j < 2n, define

X;,j = {v(12n,te;;,0) : t € Resp/pGa}
and

Y;{j = {17(12n,tei7j, 0) :te RGSE/FGQ}.
For simplicity, we shall denote the group of F-rational points of X; ;,Y; ;, X! ., Y.

5,90 14,59 g 5 Lig
by the same symbol. Then we have

B' = (23, X3, Y, X.

1,7 1]7 »,q°

Y,

TS’

1<i<ji<2n,1<p<n,1<gq,r<2n,
n+2<s<2n).
For 1 <i < j <n+1, we define a subgroup C; ; of B" as follows. First, define
T(i,7) ={(a,b) eN*:b<a<j—2 ora=j—landi+1<b<j—1}
and
S(i,j)={(a,b)eN*:2<b<jand1<a<b—1, orb=jandi<a<j—1}.
Then we define

Ci,j_<ZQn,X/ Y Xk,la}/s,t

q’ - rs?

1<p<n,1<gq T§2”’”+2§5§2”=>03'
(k,0) € T(i,7), (s:t) & S(i,]) '
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Further, we define

Aij = Di7jY7j7 = CZ ])/,LJ, and Dz g o= Oi,ij—l,i

b

and we put
Dg,n-‘rl = On,n+1X2,m
where
X)), = Xpnn N GLg, ) p.
Then we note that
(5.14) B' =B,
and
(5.15) Dij=Bi1; (2<i<j<n+1) and Di;=Bj;11 (1<j<n).
We can easily show that the character 1y, = VB alz,,@a) of Z2,(A) can be

extended to C; ;(A), B; ;(A), and D; ;(A) so that it is trivial on the corresponding
subgroups X, 4(A),Y} 4(A), X, ,(A), and Y, ,(A). We denote each such extension

) P,
by nw’j .
Define for h € G3,(4),

R = [ el @
and
(5.16) R (6rn)(h) = / oo oA ) e

Then the right-hand side of (GI]) is equal to Ry 2(&7 -)(1) by (GI4).
For 1 < i < j < n, applying [GRS11l Lemma 7.1] for A; ;, B; ;,Ci i, D; j, X;—1.,

and Y; ; with 77( i) , we obtain

(5.17) Riy(6rn)(1) = / R (€r)(y) dy
Yi,5(A)
Hence,
Rya(6r0)(1) = /Y o) () dy

1, 2
- | / b (0012 (0) .
Y1,2(A) J D1,2(F)\D1,2(A)
By (BI5), this is equal to

[ ez = [ Rl dy
Y1,2(A) J Ba s (F)\ B2 s( Y1 2(A)
Using (B.I7) again, we obtam

R12 §T7r / / §T Tr)(ylyQ)dyl dy2
Y1,2(A) J Y2 3(A)
Repeating this argument, we obtain
(5.18) Ris(&n) V)= [ B (&n Wy
Yo(A)
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where Yy is the group generated by
Yip - Y10 Y13,Y23,Y10.
Similarly, we may apply [GRS11 Lemma 7.1] for

0
An,n+1a Bn,n+1; Cn,nJrla Dn n+1s Xn no and Yn,nJrl

with n(n ntl) , and thus we obtain
Rian) = | (R ()0
Yoo (A)
where
(B ) = [ 6 n (ot ) (0) o
DY a1t (F\DY, 41 (A)
and

Yoo = (Yn,nt1, Y0)-
Now, we shall show that

(5.19) /F\A( 1) (&rm) (0(12n, 0, La€n py — ta€p11,m+1)R)Yr(Aa) da =0

for any A € F'*. Define a character nq(pn’nﬂ) on Dy ni1(A) = Chpnt1(A) X, n(A)
by
nfgffﬂ)’o(cv(lzn, 0,tenn — tenti,ns1)) == 771(pnan+1)( V(A1)

for c € Cp nt1(A) and t € Ag. Then we see that the integral (5.19) is equal to

/ &r (v )nfbnanﬂ) (v) dv.
Dn,n+1(F)\Dn,nJrl(A)

We note that as an inner integral, this integral contains the integral

(5.20) & (0ht ) D (o) v,

/DZm,H(F)\D:,,nH (A)

where Dy, , ., denotes the group

{d € Dy, n+1 : when we consider d as a block matrix of size n X n,
its (2,2)-block is 1, }.

Then for our purpose, it suffices to show that the integral (5.20) is identically zero.

For 1 < i < n —1, let us define subgroups A7, ;(A), B/, .1(A),C/, 1(A),
and Dy, . (A) of Aint1(A), Bint1(A), Cint1(A), and D; ,41(A) satisfying the
same condition in the definition of D}, .\, respectively. Then we can extend the
character n(n D0 4, B}, 11(A),CF 1 (A), and D}, 1 (A) so that it is trivial on
correspondlng Xpq(A), Y, 4(A), X], (A), Y, (A). We denote each such character

i,n+1 0

by ni

Repeatedly using [GRS11, Lemma 7.1] for groups A, 1, B}, 1, Cf 0y, Df e
Yint1 and X, ; for 1 <i <n —1 with the character 77(Z D0 agin BEIR), we see
that the integral (5.20) is equal to

/ / (P §rm (Uy’/ )771(;67“) O(Uy) dv dy,
1 n+1

1n+1( )
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where Y* is the group generated by

Yl,n+1}/2,n+1 e Ynfl,n+1~
This integral contains the following integral as an inner integral:

1,n4+1),0
/ 57.77,(111/)771(%&”'|r ) (u) du.
USH(F)O\US"™(A)
As in the beginning of the proof of this theorem, this should be zero by Lemma[A2
In summary, the integral (G.I9) is zero. Further, we see that taking the Fourier

expansion of (R] ,)%(&z.x)(h) along X, ,,

(B, 0) = [ € nloh ) (0) do

Dn,n+1(F)\Dn,n+l (A)

and
Rale) )= [ Rpaen) ) dy
00
Repeating the above argument, we see that
(5.21) Raler )= [ () 0)

where Y is the group generated by
Yipg1 Yong1 Y13, Y23, Y10,

Let us consider the Fourier expansion of R} , . 1(§r~)(h) along X, 11 ,. Then

each Fourier coefficient with respect to a non-trivial character contains a Fourier

coefficient fwvgil’“ (&7.r) of &7 - as an inner integral, and it is zero by the first part

of this theorem. Thus, only trivial character contributes to the Fourier expansion,
and we get

6:22) B (&) = [ (6 ) eh) da
Xng1,n(FON\Xnt1,n(A)

&rm (vxhu’)nf;fﬂ) (v) dv du.

/Xn+1,n(F)\Xn+1,n(A) /Dl,n+1(F)\D1,n+1(A)
For 1 <i <n-—1, let us define Cj 42 and D; 42 as follows. First, we let Cy,_1 n42
be the subgroup of D; 41X, 11,, generated by Zy, and all roots in Dy 1 X541,
except Y1 n42. Then we put Dy, pi2 = Cp—1nt2Xnt+1,n—1. Inductively, we
may define the subgroup C; 12 of D;y1 n42 generated by Zo, and all roots except
Y, nt2 and
Diny2 =Cini2Xnt1,

As in the proof of (B.I7), by [GRS11, Lemma 7.1] we may exchange Y,,_1 ,+2 and
Xn+1,n-1. Further, we may use root exchange [GRS11], Lemma 7.1] to exchange

Yn,Q’nJrQ, ey Yv1’n+2
with
Xntin—2+-+-s Xnt1,1,
respectively. In a similar manner for X 1,5, ;and Yy, ;10,0 =0,1,...,2n —

1, we may define a unipotent group D’Ln 4. Similarly, we may use [GRSII]
Lemma 7.1] to exchange the roots

! /
Yv2n,n+27 R le,n+2
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with
Xr/L-',-l 2nsy X;H—l,l’
respectively. Then we see that

(5.23) () (1) = / Bl )

where L, is the group generated by
Y2/n—i,n+2 (t=0,1,...,2n—1) and Y ,42(i=1,...,n—1)

and

620 B ®) = [ Gron (00 o (0) o

D1 g2 (FO\D7 , 42(A)
Here, we extend that character 17(1 ) from D1 nt1(A) to Diny1(A) Xni1,n(A),

and similarly we extend the character t0 Dini2(A), Cini2(A), and Dy, 5(A), and
we denote such character by Ww,a- In particular, we see that as a functional on &z ,,

Ryp()(1) £ 0= Ry, 15()(1) Z 0.

We repeat the same argument in a proof of the identity (5:22]). Indeed, Fourier
coefficients of R ,,,5(&7+)(h) along X, 2,—1 with respect to a non-trivial charac-

Py 6 7,00
ter give Fourier coefficients corresponding to F Vi

first part of this theorem. Thus, we get

(&7.7), and it is zero by the

/ /

a0 = [ (6 (ah) do

Xnt2,n—1(F)O\Xnt2,n-1(A)
Repeat the above argument by exchanging the roots

! ! !
(5‘25) Yn*i+1,n+i7 Yn*i,nJriv BREE) Yl,nJriv Y2n,n+i7 Y2n71,n+i7 ) Yl,n+i
with
!
Knt1—in—it1, Xntl—imn—is- s Xnt1—i1s Xppio12m> Xnti—12n—1s - Xnti—1,1

for 3 < i < n. We denote the resulting unipotent group by Dj ,.,. Define

1mti(§rx) as in (B.24). Further, from the first part of this theorem, & . has
no non-zero Fourier coefficient along V;5" with respect to ’lp‘/lﬁn’a foralln <1 < 3n,
and thus

(526) ll,n—&-i(fiﬂ')(h) = /1,n+i(£?,ﬂ)($h) dr.

/Xn+1:,n—71+1(F)\Xn+7:,n—i+1(A)
Let L; be the group generated by (B.23). Then as in (5.23]), we see that
621 Rin@W=[ o[ R&n) ) dn e dy
Lan(A) Lnt1(A)

Now, we note that

‘/267:l = D/I,QnXZn,l-

Because of the property (5.28)), the inner integral of (B.I3) is R 5, (&r7)(h). In
summary, since L is generated by L; (n+ 1 < i < 2n) and Y, (521 and (£27)

show that (BI1]) is equal to (BI3).
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We remark that from [GRS11] Corollary 7.2] (see also [GJS12] p. 967]), we find
that for any h € G, (A) and &« € &7 5, there exists &L . € & 1

/ / oyt Y (v) dv dy = / £ (vh)(v) dv.
L(A) JVEr (F)\VEr (A VI (F)\VE" (A)

2n

In particular, (E:El]) is non-zero if and only if the integral
(5.28) / &rm (V) (v) dv
Var (F)\Var(A)

is not identically zero. ([l

Let us show that (B28)) is equal to

(5.29) & (V)0 (v) dv

/U%(F)\U«?S(A)

Here, we recall that US™" is the unipotent radical of the standard parabolic subgroup
whose Levi part M$" is isomorphic to Resg / FGL%” x G, and ¢! is the character of
US™(A) defined by the same formula as ([5.12). First, consider the Fourier expansion
of (5.28) along Xs, 1. Then from the first part of this theorem, the constant term
only contributes to the Fourier expansion. Further, we shall consider the Fourier
expansion along

lop_1
T — 1oy, x

lop—1
where

1
o' =" (T4, T3, —T3,—T1) and n(z) = 5(35—1954 — 2T + Taws — 1273).

Then we can write (5.28]) as
/ rx(G0)L(0) do
SepinG (i) VS (P\USE ()

. / & (0) 02 ) du
USr(F)\UST (A)

YEPONG(F)

+f Eron (W)U (0) s,
USn (F)\UST (A)
where we define characters ! and 0 by
1/)(11(”) =2+ +Un-1n— Wnntl — Untint2 " — U2n2n+1)
and
1/J2(U) = w(vl,2 + -+ Un—1,n — AUnn41 — Un41n4+2 " — U2n2n41 — /U2n,4n)7

and we denote the stabilizer of 1! and 0 in G, (F) C MS*(F) by P! and P°,
respectively. The first sum is zero from the following lemma, and the second sum
should be zero from Lemma[A.2l Then we see that (5.28) is equal to (5.29)).
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Lemma 5.4. The following integral is identically zero on & :

/Uen 577—77" (U)l[}é(v) dv, 67’—771— S 57*—77“

Sw(\UZR ()
Proof. For 0 < ¢ < n and any ¢ € &z ., let us define

peo) = [ B be(v) do,
US_(FO\USR_,(A)

where Ugg_g is the unipotent radical of the standard parabolic subgroup whose

Levi part is Resg/pGL3,—¢ X Gy, and we define a character 1/)é;g of US™_,(A) by

;;Z(’U) = ’1/1(’0112 + -+ (Unfl,n - avn,nJrl - 'Un+1,n+2 T v3nfl,3nff+1)~

Our assertion is that p,(-) is identically zero on £z . Indeed, we shall show that
pe(+) is identically zero on &z , for any 0 < ¢ <mn.

We note that po(-) is identically zero on &, by Lemma [A3l Then we shall
prove our assertion by an induction. Suppose that pe(-) is identically zero for any
0 < ¢ < £g. Then we shall show that py, (-) is identically zero.

Define
13’!7,7@0

1 x t

Ry, = u(x,t) = log,—2 z/

1

13n—¢,
Then consider the function
(x,t) — d(u(z, t)v)vy.,(v) dv.
Ugg;eo(F)\Uggfeo(A)

Each non-constant term of Fourier expansion along {u(0,t) : t € G,} is zero
by Lemma [A.3l Further, consider the Fourier expansion along {u(xz,n(z)) : z €
Resg, G202}, First, its constant term is written by

/ ( / o(un) du> By (n) dn.
Zan—tg+1(F)\Z3n—ry+1(A) Ugg_%H(F)\U§;f’_£0+1(A)

The inner integral is zero because it is a constant term of a maximal parabolic sub-
group which is not conjugate to PS". Secondly, each Fourier coefficient associated
to n € E?~2 such that ‘7.J5,n = 0 is of the form

D(07) Va0 —1(v) dv
USH_ 41 (FONUSH_ g 1 (A)

with some v € Gg,—1(F). This is zero by our assumption. Finally, each Fourier
coefficient, associated to n € E2%~2 such that '7.J;, n # 0 is of the form

PUVYY gy 1 (v) do,

Usm—egt1 (FNUGR_ g 11 (8)

where v € Gy,—1(F) and for b € E*, we define
7/’2,5;;5071(”)

- w(v1,2+' . '+’Un71,n_a/vn,n+1_Un+1,n+2 s '_/USanJrl,3n7€+2+bv3n7€0+1,3n+io)-
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This is zero by Lemma [A.2] and this completes our proof. O

As a consequence, it suffices to show that (529) is not identically zero. First,
we note that (5.29) is equal to

/ / &rx(nv) dn | 47 (v) dv,
Zon(F)\ 220 (A) NS (F)\NS™ (A)

2n

and it is the residue of

/ / E(nv, frx5)dn | ¢! (v) dv.
Zon(F)\Z2n(A) NG (F)\NSr (A)

From the proof of Lemma 3] this is equal to
(5.30) / (M (100) r.5).50) (0) (0)
Zan (F)\Z2n(4)

where E(7,5) is the Eisenstein series on GLg,(Ag) corresponding to 7i|det |3 ®
-+ ® 7| det |5, Then the residue of the image of the intertwining operator is in

|det [V E(7, 1) @ 7
with 1 = (1,...,1). Since E(7,—1) is generic with respect to ¢/, (B30) is not

a’

identically zero. ]

Theorem 5.5. Let w be an irreducible (possibly non-generic) cuspidal automorphic
representation of Gy (A), which has a weak lift to an irreducible isobaric automor-
phic representation B_,(1; ® n~1) of GLa,(Ag). Then the following hold.

(1) As an automorphic representation of Ga,(A), the descent Di”’z 1 (Err) s
non-trivial and square-integrable. Moreover, it is a subrepresentation of the
space of the automorphic discrete spectrum of Gay,(A).

2) The descent 'DG" " (Erx) is cuspidal if and only if 7 is not ¥~ 1-generic.
(2) P Y 9

(3) If misyp~ l—generzc, then the descent Dﬁn " (Erx) is a direct sum of resid-
ual representation E- and a cuspidal automorphzc representation of Gop(A).

Proof. This theorem is proved in a similar argument as in the proof of [GRSI1]
Theorem 2.5].

The non-vanishing of the descent D" ny-1(Erx) in the first part follows from
Theorem and the first part of Lemma sl

In order to show other statements, we shall compute constant terms along all
standard parabolic subgroups. Recall that P**(1 < r < 2n) is the standard maxi-
mal parabolic subgroup of G2, whose Levi part is isomorphic to Resg/p GL, X G2y
and its unipotent radical is denoted by N2".

Let ¢ = ¢1 ® ¢p2 with ¢1 € S(AE) and ¢2 € S(A2E"7T) and regard it as the
element of S(A2"). Let us study the constant term of the Fourier-Jacobi coefficient

FJY,." (&) along P
—1
Cnan (FLY 5, (67.0)).
Then by [GRSI1I, Theorem 7.8], this constant is written as

r

eay >y  GODEIZ L Cge (602) (A8 ax

j=0~€P,_; ;(F)\GL.(E)
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—1
where F'J iﬂ’é’_r(c Nen, (&7.x)) denotes the Fourier-Jacobi coefficient of an automor-
phic form CNfﬁ]. (&7,x) on Ggp—rqj. We put

and we define
Pr_jii = {(g j) € Resp/pGL, : 2 € ZT} :

N
Sr = {)\(ZE) = <{£ 1n> S G3n T e ReSE/FMatTXn} s

and i(A) = i(A(z)) denotes the last row of . Then from the computation in the

proof of Lemma 3] the constant term (Cyon (§7.))(9ABr) is zero unless r = j or
r—j

r —j = 2n. Let us consider the first case. In this case, the corresponding term in

-1
(E31) is an integral of FJY, "(&- ) . Since this Fourier-Jacobi coefficient contains

2n—r
the Fourier coefficient wa?G&+T> " as an inner integral, it is zero by the first part
of Theorem Hence, we should have r — j = 2n. Moreover, since r < 2n, we
should have j = 0 and 7 = 2n. Then we can write the Fourier coefficient of (531
along Pim as

(5.32) /S N D1 (IO)FIL. 1 (Cogn (Er.0)) (o) .

We note that by [GRS1I, Corollary 7.2], (5.32) is not identically zero if and only if
-1
FJ;/;%O(CN% (&7.x)) is not identically zero.
As we explained in the proof of Theorem [5.2] the constant term C Ngn (&7.n) is
equal to the residue at s = 1 of the intertwining operator corresponding to the
longest Weyl element, and it takes values in the space of

1

(5.33) (6?,293 ® E(7,—-1))®m.

In (532), FJZ;%;(CN% (&7.7)) is the ¢y~ '-Whittaker Fourier coefficient of Cngn (&7,r)
when we regard this as an automorphic form on G, (A). Hence, (&32) is not
identically zero if and only if 7 is 1~ '-generic.

Let U be a unipotent radical of a standard parabolic subgroup of Gs,, which
may not be maximal. Then from the above discussion, we see that the constant
term of FLZj’;;’n(f;—,ﬁ) along U is zero unless Ny” C U. In this case, we may write
U = N3" x (U! x U?) where U! (resp. U?) is a unipotent radical of a standard
parabolic subgroup of Resg,pGLa, (resp. G). Since 7 is cuspidal it suffices to

consider the case U2 = 1. Then the constant term of FJ;Q;;" (&7,) along U is given
by

(5.34) / | G, o (Cogy (€. (wAB2n)
Ui (F)\U1(A) /S, (A)

If 7 is not ¢~ !-generic, then (5.32)) is zero, and thus this integral is zero. On the
other hand, if this integral is zero for any U, then taking U! = 1, (5.32)) is not
identically zero and thus 7 is 1)~ !-generic. Therefore, DSZ:Z,l(E’;J) is cuspidal if
and only if 7 is not ¢~ '-generic. This proves the second part.
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Suppose that 7 is @)~ !-generic. In this case, DEZ:Z),I(&J) has non-zero con-
stant term (B34). In order to prove the square integrability, we should show
that DiZ:Z,l(&J) has cuspidal support with negative exponent. From (E34)
and (B33), it suffices to study the exponent of E(7,—1). Since its exponent is
—1, in particular negative, by the square-integrability criterion of Langlands (see
[MW95], 1.4.11 Lemmal]), Dgzw,l(fi’iﬁ) is square integrable.

Let Up,,),qL be the unipotent radical of the standard parabolic subgroup of
Resg/rpGLa, whose Levi part is isomorphic to Resg/rGLy,, X -+ x Resg/pGLy, .

Then using [B.34) for Uy = Uj,,),qL, we see that its constant term is

det |p'm @ - @ |det |5t 7 @ 7.

3
P

This implies that DiZ:Z},l (&rx) appears in the discrete spectrum.
It is easy to see that & (which is non-zero because of Theorem in the
generic case and Assumption 1 in the non-generic case) has the same exponent
as DS (&z ) by (B33) and the proof of [GRS11], Theorem 2.1]. Recall that &-

4nap—1
is irreducible by |[GRS11, Theorem 2.1]. Therefore this irreducibility implies that
DEZ - (E7,x) is a direct sum of & and cuspidal representations. O

6. CERTAIN NEARLY EQUIVALENT SETS

Recall that two irreducible automorphic representations m; = @ ;. for i = 1,2
of G(A) are said to be nearly equivalent if the local components 7 , and 72, are
equivalent as representations of G(F,), at almost all places v of F. We are going to
define certain nearly equivalent subsets in A4 (G, ), which will be main objects in the
following sections. Throughout the remainder of this paper, we fix 7 = (7,...,7,)
where 7; is an irreducible unitary cuspidal automorphic representation of GL,,, (Ag)
such that 7; % 7; if ¢ # j, and L(s, 7;, Asai) has a pole at s = 1.

Definition 6.1. We denote by N, (7,n) the set of all irreducible cuspidal automor-

phic representations of G,,(A) which weakly lift to B_;7; @ n~ 1.

We note that for a given 7 € N,,(7,7n), if an irreducible cuspidal automorphic
representation 7 of G, (A) is nearly equivalent to 7, then 7’ is also in N, (7, n).

Lemma 6.2. The set N,,(7,n) is not empty. Moreover, there is a ¥ ~'-generic
element in N, (7, n).

Proof. By Theorem[4.2] the residual representation &; exists. Then by Theorem [4.1]
the descent DgZ’Z (€7) is non-trivial and any irreducible constituent of this descent
is a 1)~ !-generic element of N, (7,7). a

Let us define a nearly equivalent set of an automorphic representation of G, (A).

Definition 6.3. We denote by Na, (7, 7n,1) the set of all irreducible automorphic
representations m of Ga,(A) such that

(1) it appears in the discrete spectrum A4(Gay,),

(2) it is of type (GLay, 7, %),

(3) the Fourier coefficient FPvina s not identically zero on 7, which means

Dy (m) #0.
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From the definition and Theorem I we have &> € Mo, (7,1,). In particular,
this nearly equivalent set is not empty.

Let N9 (7,1n,1) be the subset of cuspidal representations in Na,(7,7,), and
define

o (7o, ) 1= NG, (7,m,0) U {€7}.
Then we have
Q/n(i s w) C N2n(7__a 1, 1/)),
and it is expected that (see Mok [Mol5])

Q/n(%a 777¢) = N27l(7_-5 7771/))

For m € N, (7,n), by Lemma 3] we may define the residual representation &z ,
and we define

O(r) = Dyl (€,

which is an automorphic representation of Ga,(A). We also write
' (7r) = ®(7r) @ .

Lemma 6.4. ®'(7) is a non-trivial square integrable automorphic representation,
and every irreducible constituent of ®' () satisfies the conditions (1) and (2) in the

definition of N3, (T,n,v).

Proof. By Theorem [5.5] ®(7) is non-trivial and a square integrable automorphic
representation of Ga,(A), and so is ®'(7). Again by Theorem BH ®'(7) is a
direct sum of £ and cuspidal automorphic representations. From Lemma [A4] any
irreducible constituent of ®'(r) is of type (GLay, 7, 3). O

We define a sort of inverse map of ®'. For w € Ny, (7,n,v), we define

U(r) = Dyl (7).

Lemma 6.5. ¥(7) is a non-trivial cuspidal automorphic representation of Gy (A).

Proof. By the definition of N2, (7,n,1), the non-triviality follows. We may prove
the cuspidality in a similar way as the proof of the cuspidality of global descents.
Indeed, by [GRS11 Theorem 7.10], the cuspidality of ¥(7) follows from

(6.1) D, (1) =0

for any ¢ > 2n. When 7 = &>, this result was proved in [GRS11], Proposition 7.4].
Recall their proof of this fact.

Let o be an irreducible constituent of D4n "(é}). Let v be a finite place such
that o, and 7;, are unramified, and let E, be an unramified quadratic extension
of F,. Then o, is the unramified constituent of

IndGQ"((I; ) (T1,0| det | TR ® Tro| det 2).

By [GRS11l Theorem 6.4], this induced representation does not have a linear func-
tional corresponding to the character 1/1‘/4” Therefore, the triviality (61 follows.
On the other hand, when 7 # &z, there is a finite place satisfying the above con-
dition since 7 is in Ngn(’r, 1,%). Therefore, in this case, the same argument shows
the triviality (GII), and this gives the cuspidality of ¥(r). O
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7. SOME BASIC IDENTITIES

7.1. Fourier-Jacobi coefficients of residual representations of G3, and Gy,.
The following identity is proved in the same way as the proof of [GJS12, Theo-
rem 5.1].

Theorem 7.1. Let m be an element of N, (7,n). Let ¢1 € S(A%L) and ¢ € S(AZ),
and let &z » € Ez x. Assume that ¢2 = P21 @ dag with ¢a1, P2z € S(A%). Then the
following identity holds as functions in h € G, (A):

(FJil"n o FJ;L o) (Er )

L(det h) / / / / / Er o (vhy'V Inbywly)
n JY(a) Jazr JLo(s) JUSH(P)\USH(A)

"1 () 95 (l2)d21 (ly) dv dy' dia dy diy .

Here, b, w, and V' are as in G0, E2), and @9, respectively; ¢, is the
character of US™(A) defined as in (5.29); and we put

Oy = wy-1 -1 (7 ) (d22 ® ¢1) € S(AH)
and

lLi=v(lap+rien1+- - +rnenn,02n,0) and I =v(lop, Mi1€2n 2nt+1+- - - +M2p€2n 4n).

Finally, Y and Lo are unipotent subgroups of Gs, given in (B.10) and Lemma B3]
respectively.

Proof. By the same argument as in the proof of [GJ S12| Theorem 5.1], practically
word for word, we can show that (FJ;{’Ln o FJZ;2 on) (&7,7) (h) is equal to

/ / / / et o (£(0) (I, O30; 0)) 54 0)
. JY(A) JL/(F)\L'(Ap) JAZ

X & (vhbywly )1 (v) a1 (1) dly dv dy diy

where L’ is the one in (58)). Then by the direct computation of the explicit action
of the Weil representation ([3.5), we find that this is equal to

7~ (det h)
: / / / / Ex m (Whlabywly )1 1 (0) P (1) o1 (11) dv dly dy diy,
wJ Y (8)J A% L (F)\L/ (A)

where for ly = (my,...,ma,) € A%, we define

Iy = (1o, M1€2n 2041 + -+ - + Manean an)-
Then by (5.29) and Lemma [5.3] this integral is equal to

e [ Lo L L]
p Sy Jaz oo Jugnoenvgz )

2n

Exx (Vhy' V' Ipbywly )0 | (v) Gy (la) dor (1) dv dy' dly dy dl; .
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Proposition 7.2. The space of automorphic forms on G,(A) generated by all
elements

(FIS 0 IS 1) (&) (h),

for ¢1 € S(AL), ¢po € S(AZY), &5 » € Er 1, is equal to the space of the automorphic

representation ™ @ n~'. In other words, the space of the double descent of the
1

residual representation Ex » s equal to m @~

(7.1) Dynd oDyl (Ex ) =@ .
Proof. By [GRS11], Corollary 7.2], we see that (Fngnn o FJg;;:)(f;ﬂ)(h) is equal
to
n~t(deth) - / ez (vh)Y” (v) dv
USR (F)\UST(A)
for some €7 » € & r. Then as in the end of the proof of Theorem [TI] this is in

7 ®n~' as an automorphic form on G,,(A). Since 7 is irreducible, our assertion
follows. 0

We may restate the above results in the following way. Recall that for = €
N (7, 7m), we may write &' () = I1; @ - - - @ II,. with irreducible automorphic repre-
sentations II; of G, (A). We note that by Lemma [6.4] each II; satisfies conditions
(@ and @) in Definition 6.3

Remark 7.3. We may also check the condition (@) as in the proof of [GJS12, Propo-
sition 3.4]. However, this fact is not necessary for our purpose and we do not
consider it.

For simplicity, we write
U(®' (7)) := U(IL;) + - - - + W(IL,.),

where W(II;) is zero if II; does not satisfy the condition (3)). Then the above theorem
can be stated as follows.

Corollary 7.4. For any m € N,,(7,n), we have the equality
V() =7 @y, e, U@(x) =

as subspaces in the space of square-integrable automorphic functions on G, (A). In
particular, for each ™ € N,(7,n), there is II € N, (7,1,v) such that ¥(II) =
Tn L.

We study a similar double decent for residual representations of another type.
Let IT € Nay(7,7n,%). Then there is a residual representation & 1 of Gy, (A) by
Proposition

Theorem 7.5. For all integers | such that n < | < 4n and for any a € F*,
Fourier coefficient }'w"ﬁ"’a() is trivial on the residual representation &z 1. Also,
the Fourier coefficient .Fw“r?”’a(-) is non-trivial on £z 11 for all a € F*.

Proof. In a similar way as in the proof of Theorem [5.2] we can prove all assertions.
See also the proof of [GIJST2, Theorem 5.4]. O
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In a similar way as in the proof of Theorem [Z.I] we can prove the following
identity. We omit the proof. See also [GJS12l Theorems 5.1 and 5.5].

Theorem 7.6. Let II be an element of Non(7,n,%). Let ¢1 € S(AZ) and let
¢o € S(A%”) and &z » € E x. Assume that ¢o = Po1 @ Poo with 21 € S(AR) and
B2z € S(AZY). Then the following identity holds as functions in h € Ga,(A):

(FI4, 0 o FILT (& m)(h)

_ / / Ernt(won)0% 27 (Cyn(u)h)
vsn(F)\US™ (8) JUsn (F)\US (8)

X Pysn ()05, (Lo (v)R)yen (v) du d

Y(det h) - / / / / / ftn(vhy'y”igl;'yw/[l)
B JY(8) JAg L Ush (F)\Us7 (A)

2n
x ’@[171( ) (b(lh 12) dv dy/ dlz dy dll

Here, Y' is the subgroup of lower unipotent matrices of the form

T C Z
U/(T,C,Z) = 14n c’ s
T*

where the last row of C is zero and T € Resg,/pGLay, satisfies the conditions right
after &4l), and L, is the lower unipotent matrices of the form ([@I0), replacing
lon by l,. We define the character * | of US™(A) by
¢i1(v) = ’(/}(’ULQ +-+ Unn+1 — Unn4+1 — " — ’U2n71,2n)-

Let V"' (resp. w') be the Weyl element of Gy, (F) obtained by replacing la, by 14,
in V' (resp. w) defined in [B9) (resp. [B2)). Similarly, b is the matriz of Gan(F)
obtained by replacing lay, by lay, in b defined in (L0). Forly = (mq,...,my,) € A%
and ly = (mq,...,ma,) € AR, we define

ll = U/(]-Qn + T1€n,1 +-- 4+ Tnen,n, 04n><2n7 02n><2n)
and

lo = v'(1on, m1€2n 2041 + 4+ Man€2n,6n, 02nx2n)-
Finally, ¢ € S(AY") is defined explicitly from ¢y, o1, and ¢as.

In a similar way as in the proof of Proposition[7.2], this theorem gives the following
result.

Proposition 7.7. Let T and II be as above. Then the space of automorphic forms
on Gan(A) generated by the elements

(FJi 2;:] ° FJi}Qngn)(fiH)(h)u & € &,

is equal to the space of II®n~1. In other words, the space of the double descent is
identically equal to the space of I®@n~!, i.e.,

D (D (&) =Ty,

Finally, we give a relation between several global descents. It is proved in a
similar argument as in the proof of [GJS12, Theorem 5.8], and we omit a proof.
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Theorem 7.8. Let II € N3 (7,n,¢). Then DSZ’Z(EEH) is a square-integrable
automorphic representation. Moreover, there is an irreducible subrepresentation w
of W(II) such that there is an irreducible automorphic representation o of G, (A)

satisfying the conditions:

(1) o C Dg(E-m),
(2) 0 CEr s
6n,
(3) D1 (o) #0.
8. IRREDUCIBILITY OF GLOBAL DESCENTS AND A BIJECTION

BETWEEN N}, (7,7n,%) AND N, (7, 7n)
Theorem 8.1. Let Il be an element of Ny, (7,n,v). Then the descent
W(IT) = Dy} (1)
is an irreducible cuspidal automorphic representation of G,,(A). In particular, the
global descent D;Z:Z)(é}) is irreducible.
Proof. This theorem is proved in the same way as the proof of [GJS12] Theorem 4.1]
using Proposition [7.7, Theorem [[.8 and Corollary [.4] instead of Theorem 4.1,
Theorem 5.7, and Theorem 4.2 of [GJS12], respectively. For the convenience of the
reader, we shall prove it when Il = &; taking Assumption [l and the character n
into account.
By Proposition [[.7] we have

Eont =Dt (Dl (re.)) -

From Theorem[.T] any irreducible constituent of ¥(&z) = D;LZZ (E7) is ¢~ 1-generic
and cuspidal. Then we note that for any such irreducible constituent my, we have
the residual representation &z ,, where we do not need Assumption [Il Let = and
o be automorphic representations of G, (A) and G3,(A) given in Theorem [.§] for
II = &-. Then we have

£ o = D0

since &7 is irreducible. From condition (2) in Theorem [(8] we have

DS (0) € DY (En.n), Loy D (0) C B(r).

Therefore, we obtain

(8.1) Eon !t cd(n).
From the definition of the descent, we have
(8.2) U(En ) =V(E) eyt

Hence, (81]), B2), and Corollary [[4 show that
() o = W(E @) C (@) =T @y,
and thus U(&7) = 7 is irreducible without Assumption [II O

Theorem 8.2. For each representation 11 € Nay, (7,1,%), 1 is a subrepresentation
of ®(V(II)), which is an inclusion as spaces of square-integrable automorphic forms.

Proof. This theorem is proved in the same way as the proof of [GJS12, Theorem 4.3]
using Proposition [Z.7] and Theorem O
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In order to consider the opposite direction, let us consider the following assump-
tion.

Assumption 2. For any m € N,,(T,n), the residual representation &z  of Gz, (A)
1s irreducible.

We remark that this assumption should follow from Mok [Mol5] if assumptions
there are proved. When we assume Assumption 2, we can refine the above result.

Theorem 8.3. Suppose that Assumption B2l holds. Then for 1L € N3, (7,n, ),
PU(M) =Ny, e, & (U))=IL
In particular, ®' () and ®(w) are irreducible. Moreover, the mappings
U N3, (T,m,9) = N (7, m)
and
@' N (7m) = N (7o,
are bijective and satisfy
TUod = Idn, (7m) P oV = Ldny (7o) -

Proof. All assertions are proved in the same way as the proofs of [GRS11, Theo-
rem 4.4, 4.5] using Assumption O

9. APPLICATIONS OF THE IRREDUCIBILITY OF GLOBAL DESCENTS

In this section, as an application of the irreducibility of global descents, we shall
show the rigidity theorem and a local converse theorem for generic representations
and the irreducibility of explicit local descents.

9.1. Global application. In this section, we use the same notation as in the
previous sections.

Theorem 9.1. Let 0 and o' be irreducible 1~ -generic cuspidal automorphic rep-
resentations of G,(A). Suppose that o and o’ are nearly equivalent; i.e., for almost
all places v of F, o, ~ c!. Then

o=o0.
Hence, the multiplicity one theorem for the generic spectrum holds for G,,.

Proof. Let 7 and 7’ be base change lifts of o and ¢’ to GLa, (Ag), respectively (see
Theorem [2)). Since o, ~ o, for almost all v, we have 7, ~ 7, at these places v.
Then by the strong multiplicity one theorem for GLa, (Ag), we have

=1
Let us write 7 = B ;7; ® ! and denote the global descent for 7 = (71,...,7,)
by DgZ’Z(&). From [GRSTI] Theorem 3.1(6)], the complex conjugates of o and o’

have L2-pairings with DgZ’Z)(&). Since DgZ’ZJ(&) is irreducible by Theorem [B.1]
we obtain
o= DgZ:Z(é}.) =o'
O

Remark 9.2. This theorem should follow from Ma [Mol5| if we admit certain as-
sumptions in his paper.

Form Theorem [0.] the following corollary readily follows.
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Corollary 9.3. Let U;icz be the set of all equivalence classes of irreducible ¢! -

generic cuspidal automorphic representations of G, (A) and let GLE (Ag) be the set
of all equivalence classes of irreducible automorphic representations of GLay, (AR).
Then the base change lift from Uy, ", to GLs, (Ag) is injective. More precisely,
when we have

o= TQ rfl
under the base change lift from G, (A) to GLa,(Ag),

o =Dy (Ex).

9.2. Local applications. In this section, we shall consider local applications of
the irreducibility of global descents. Let us set some notation. Let k& be a non-
archimedean local field of characteristic zero and let k&’ be a quadratic extension of
k. Let v be a non-trivial additive character of k, and define an additive character
Y of k' by

’l/}k’(x):'l/}k (x—;x)a 1’6]43’,

where 2 — T is the action of the non-trivial element of Gal(k’/k). Then we define
a generic character ¥&lof upper unipotent matrices Z,, (k') of GL,,(k") by

u— Y (U2 + -+ Un—1,m)-

First of all, as a local counterpart of the irreducibility of global descents, we
shall prove the irreducibility of local descents. Recall that we have two kinds of
local descents, called explicit local descents and abstract local descents (e.g. see
[LMI6, Section 5.1]). In this section, we shall show the irreducibility of explicit
local descents, which we call simply local descents from now on.

Let us recall the definition of local descents. Let n; (1 < i < r) be positive
integers such that ny + --- 4+ n, is even, say 2n. Let 7 = (m,...,7,) with an
irreducible supercuspidal representation 7; of GL,, (k) such that L(s,7;, Asai) has
a pole at s = 0, and if ¢ # j, then 7; % 7;. Here, the L(s,7;, Asai) is the Asai
L-function defined by the Langlands-Shahidi method [Sh90b] or the L-function
introduced by Flicker [FI88], [F193] since both L-functions match (see [AR05]).
Then we consider a parabolic induction of GLa, (k):

m:=Hr = Indg:é%"((k]f)) (M- Q7).
Let W¥i" (7) be the Whittaker model of 7 with respect to ¢l and let Ind(W”’k%L (7))
be the space of Ga,(k)-smooth left N2"(k)-invariant functions W : Ga, (k) — C
such that for all g € Ga,(k), the function m + dp2n (m)~2W(mg) on M2"(k)
belongs to W¥s' (7).

Let Kqr,, be the standard maximal compact subgroup of GLay, (k') and let
Ks, = KgL,, N Ga,(F). Then the function on D37 (k) defined by

g *
« | — |det
( g ) | det g|

extends to the function on Ga, (k) so that it is trivial on Ks,. We denote this
function by v(g) for g € Gay, (k).
For W € Ind(\VW’kG'L (m)) and s € C, we define

W(g) = v(9)°W(g)-
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Then we consider the integral

AV (W, 2,g.5) = [ Wy (r0g)wy 1)+ (9)®(En),
(Unm )y \Upn (k) k

1n
where v = <1n 1n ), & =(0,...,0,1) € (K)", and (UA™)., = v~ U2 (k)y N
1

Uin(k). We know that for each g € Ga,(k), AV (W, ®, g, s) is entire as a function
of s, and it is (U, (k),,,")-invariant (see [LMI6, Lemma 5.1]). Here, 1, denotes
the generic character of U, (k) defined as in (B:2]).

Let us define an intertwining operator by

MW (o) = v(o)* [ Welwpug)du with wU=(_12n 1)

We note that by [LMI6, Proposition 2.1], M(s) is holomorphic at s = 1. Then
we denote by Dz}kl (7) the space of Whittaker functions on G, (k) generated by
AV (M(5)W,®,-,—1) for W € Ind(W/V‘/’ch/L (7)). We call Dzk/ (7) the local descent
of 7. We know that Dj (7) is non-zero (see [LMI6, Section 5.1]). Further, it is
easy to see that

N (=)~ DT (=
(9.1) Dy, (7)) =D ‘, (7)

for any a € (k*)2. Here, ¢ (x) = ¢y (az) for z € k.

Theorem 9.4. The local descent Dzk, (7) is an irreducible w,;,l-genem’c supercus-

pidal representation. Moreover, D:/?ka (T) is the unique djk_,l -generic supercuspidal
representation such that

(9:2) 75 (5,03, (7) x (1 @07, e )

has a simple pole at s = 1 for each 1 < ¢ < r. Here, local vy-factors are the ones
defined in Shahidi [Sh90a], [Sh90Db].

Proof. Let us prove the irreducibility. Let K be a number field and let K’ be a

quadratic extension of K such that for some finite place v, K, ~ k and K| ~ k'

We know that there is a character T of Ag//K’ such that T, ~ n and Y|, is
K

the quadratic character of Ay /K> corresponding to the quadratic extension K'/K
(e.g. see [GI16, Section 6.6]). Further, from (@), we may suppose that ¢y is a
v-component of some character 1y,, of Ag//K’ such that ¥, (Z) = ¥, (z) for
any r € Ay

From [Ka04l Theorem 4], we know that each 7; is of unitary type; i.e., it has
a non-trivial GL,,, (k)-invariant linear form. Then by [HMO02, Theorem 1], there
exists an irreducible cuspidal automorphic representation II; of GL,,(Ax’) such

that II; , ~ 7; and the following linear functional is not identically zero on II;:

P = e(g)dg, ¢ €1l
A% GLy, (K)\GLn, (Ax)
Therefore, by [FZ95, Theorem], a partial L-function L°(s,II;, Asai) has a pole at

s = 1. Then we have the residual representation &7 by [GRSI1, Theorem 2.1]
where IT = (TI4, ..., II,.).
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Lapid-Mao [LM16l Theorem 5.5] showed that under two working assumptions,
Dy, (7) ~ Dgz”;{(é‘ﬁ)v is irreducible. One of their working assumptions is the
irreducibility of global descents, namely Theorem B.Il The other working assump-
tion on analytic properties of local zeta integrals was proved by Ben-Artzi and
Soudry [BAS]. Hence, we obtain the above irreducibility without any assumption.

On the other hand, by Corollary @3] the base change lift of Dgﬁ:g(é’ﬁ) to
GLa,(Ag) is BIL; ® Y~1. In particular, the local base change lift of DZ(?) to
GLay (k') is B, ® T, 1 ~ Br; ® n~!. In Kim-Krishnamurthy [KKO05, Proposi-
tion 8.4 - 8.7], they constructed explicitly local base change lifts for zb,;,l—generic
representations. Indeed, their construction implies that if an irreducible admissible
wlz,l—generic representation of Gy, (k) lifts to B7; ® n~1, then it is supercuspidal.
Hence, the local descent D:Lk, (7) is supercuspidal.

We note that the above local base change lift by Kim—Krishnamurthy [KKO05] is
strong; in particular, we have the following identity:

S (&le,(f) x (1 ® n‘l),wz«)

= NE/F, gp:)*"™ H’YRS(Sa (en ™) x(men ), ).
j=1

Here, the y-factor on the right-hand side is the one defined by the Rankin-Selberg
method by Jacquet, Piatetski-Shapiro, and Shalika [JPSS83]. Since ; % 7; if i # j,
YRS (s, (rj @0 1) x (1; @ 1), k) does not have a pole and zero at s = 1. Hence,
([@2) has a pole at s = 1 for each i. Conversely, let o be a w,;,l—generic supercuspidal
representation of Gy, (k) such that

Y (8,0 x (T @n1), di)
has a simple pole at s = 1 for each 7. Let p be the base change lift of o to GLg, (k')
given by [KKO05| Proposition 8.4]. Then we can write

p=p18---Hpy

with irreducible supercuspidal representation p; of GL,, (k") such that p; % p; if
i # j. By our assumption, we have that

T17% (s x (ri@n™), )
J=1

has a pole at s = 1. Then there is 1 < jo < r’ such that
YRS (s, pjo X (T3 @0 1), i)

has a pole at s = 1 and thus we should have p;; ~ 7, ® n~
have

L Therefore we should

p=8B(ron").
From the proof of the irreducibility, we should have
o =TD(7),
and this completes our proof. O

Remark 9.5. In Soudry—Tanay [ST15], they studied the local descent when r = 1. In
this case, they gave a characterization of local descent and proved the irreducibility
under a certain assumption.
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As another application, we prove a local converse theorem for generic represen-
tations of G, (k).

Theorem 9.6. Let m and 7' be irreducible wlz,l-genem'c representations of G (k)
such that

’)/Sh(s,ﬂ' X o, ’(ﬂk/) = ’}/Sh(s,’ﬂ'/ X o, wk’)

holds for any irreducible supercuspidal representation o of GL; (k') with 1 <i < n.
Then

™.

Proof. First, suppose that m and n’ are supercuspidal. Let K and K’ be as in the
proof of Theorem[@.4]l First, we note that we may suppose that 1 is a v-component
of some character 1y, of Ag//K' such that ¢, (Z) = ¥a,, (x) for any x € Ag.
This clearly follows from the identity

(93) ’YSh(Sv mXo, ’(/}I%’) = ’YSh(& ' x g, wg’)

for a € (k*)? where ¢{,(z) := 9 (ax). From the definition [Sh90b, Theorem 3.5] of
~-factors, this identity follows from a similar relation for local coefficients. Further
from [Sh90b (1.2)], such identity follows from an invariance of Whittaker function-
als, and it is easy to check this invariance from the definition.

By a standard argument as in [Sh90bl, Proposition 5.1] (see also a proof of [ST15]
Theorem 7.3]), we see that there are irreducible cuspidal wl}}—generic automorphic
representations IT and I of G, (Ak) such that II, = 7 and I, = #’. Let E =
BE; and = = HZ] be the base change lift of IT and II' to Resg//xGLon(Ag) =~
GLay, (Ag-) established by [KKO05], respectively. Since this lift is strong, we have

K [k, i )P B3 (5,2 x 0, b ) = 77 (s, X 0, Y
and

/\(k//ka ¢k/)2nivRS(S5 E'/U X0, 1/%’) = FYSh(Sa 7' x g, ¢k/)
for any irreducible supercuspidal representation o of GL;(k") with 1 < i < n.
Hence, we have

RS( RS(

V(8,2 X 0,0k ) =7 (8, 2L X 0, k).
By [UNSI5, Corollary 2.7], E, and E! have the same central character. Then
from the local converse theorem for GLy, (k') by [JLI6, Theorem 1.3] and [Ch16
Theorems 4.3, 4.4], we obtain

(9.4) =, ~ 2.
Let = = (24,...,=,) and ' = (Z},...,Z,/). Then by Corollary 0.3 we have
4n, 4n,
(9.5) D2n72(5§®n) =1II and DQn,Z(g§’®n) =1r.

On the other hand, as in the proof of the previous theorem,
dn, v (= an, _ v (=
(9.6)  Dypi(E2gn)e =Dy (Ev ®@1n,) and  Dy0i(Ezrgy)v = D) (2 @ny).

Therefore, since II, ~ 7 and 1T/, ~ «/, (@), [@3&), (@d), and Theorem show
that
T~
Let us consider the general case. First, we note that any irreducible w,;,l-generic
representation 7 is written as a subquotient of

Indlcilzg]ki (ri]det | @--- @ 7| det|" ® po),
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where 7; is an irreducible supercuspidal representation of GLg, (k'), po is an irre-
ducible supercuspidal w,;,l—generic representation of G,(k), and z; is a real number
such that zy > --- > 2. > 0. Then we say that 7w has supercuspidal support
(Pia;,as 15 - - -» Tr; po) and exponents (21, ...,2.).

In the same argument as in the proofs of [JS03, Proposition 3.2] and [Lilll, Lem-
ma 3.3], we can prove the following lemma using the multiplicativity of y-factors by
Shahidi [Sh90a] and the local base change lifts given by Kim and Krishnamurthy
[KKO05]. We omit a proof.

Lemma 9.7. Let w be an irreducible admissible w,;,l-genem'c representation of
G (k) with supercuspidal support (Pi,),q,T1,- -, Tr; po) and exponents (21, ..., 2).
Then s = 1+ zy is the rightmost real point at which the twisted local gamma factor
v (s, x a,1) can possibly have a pole where o is an irreducible unitary super-
cuspidal representation of GLg, (k") with | € Z>o. If the pole at s = 1 + z1 occurs
for some (I,0), then o ~ 7;, for some 1 < iy < r such that z;, = z1.

Moreover, in the same argument as in [JS03, Theorem 5.1] (cf. [Lilll Theo-
rem 3.5]), we can prove the following result, which obviously finishes a proof of
Theorem by the above argument. We omit a proof.

Proposition 9.8. Let m and 7' be irreducible w,;l -generic representations of G, (k),
with  supercuspidal  support (Pla;j,asT1,---Tr;p0)  and  (Plarjars Tis - Tri Po)s
exponents (z1,...,%y) and exponents (z1,...,z.,), respectively. Suppose that
V(8,7 % o, hp) = ¥ (s, 7' x o,w) for any irreducible supercuspidal represen-
tation o of GLy(k'), with 1 < 1 < n. Then after a possible rearrangement of
(11,213 - 570, 2h0), without affecting the decreasing order of 24, ..., 2L,

(1) r=r"and a;=al for1 <i<r,

(2) zi =2z} and 7, ~ 7] for 1 <i<r,

(3) ¥ (s,p0 x 0, r) = (s, ply X 0,91s) for any irreducible supercuspidal

representation o of GL;(k') with 1 <1 < n.

O

Remark 9.9. We expect that a precise study of local theta correspondences between
even unitary groups and odd unitary groups should give a local converse theorem
for odd unitary groups.

By the above two theorems, we obtain the following characterization of local
base change lifts for supercuspidal representations.

Corollary 9.10. Let Irt92" (G, (k)) be the set of isomorphic classes of irreducible

cusp

w,;,l—generic supercuspidal representations of Gn(k) and let Irrise? (GLoy, (k) be

cusp
the set of isomorphic classes of irreducible representations of GLay, (k') of the form

p1 B -8 p, such that L(s, p; ® n, Asai) has a pole at s =0 and p; % p; if i # j.
Then there is a unique bijection between

0 e, (G (k) — ir, (GLan (K))
satisfying
(97) ’ySh(sv T X T, wk’) = A(E/F, wk/)2ni,yRS($’ ‘e(’n) X T, wk’)

for any irreducible supercuspidal representation T of GL; (k') with 1 < i < n.
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Proof. The base change lift given by Kim-Krishnamurthy [KKO05] gives this bi-
jection. Indeed, the condition ([@7) is proved in [KKO05], and the injectivity fol-
lows from Theorem Moreover, in the proof of Theorem [0.4] for a given
B @7t € Iir'%? (GLa, (K')), we showed that the base change lift of Dj/(7) to

cusp

GLa, (k') is Br; @ n~1, and thus the surjectivity follows.
Finally, the uniqueness of the bijection satisfying the above condition follows
from Theorem O

Remark 9.11. From this corollary, we obtain the uniqueness of a local Langlands
correspondence for even unitary groups given in [Mol5].

This corollary gives a characterization of (GLay (k),wy/i)-distinguished super-
cuspidal representations of GLay, (k') in terms of local base change lifts, which is an
affirmative answer to a conjecture by Flicker and Rallis (see [FI91]) in the case of
supercuspidal representations.

Corollary 9.12. Let 7 be an irreducible supercuspidal representation of Gl (K').
Then 7 is (GLan (k), Wi /i) -distinguished if and only if m is a local base change lift
of an irreducible wk_,l -generic supercuspidal representation of Gy, (k).

Proof. By [AKT04, Corollary 1.5], 7 is (GL2,(k),wy i )-distinguished if and only
if L(s,m®m, Asai) has a pole at s = 0. Then the above corollary gives the required
equivalence. ([l

APPENDIX A. LINEAR FUNCTIONALS AND JACQUET MODULES
OF UNRAMIFIED REPRESENTATIONS

In this appendix, we shall prove some results on unramified representations. This
is crucial for our computations of Fourier coefficients and Fourier-Jacobi coefficients.
Since we consider a local situation, we let the base F' be a non-archimedean local
field of characteristic zero and let E be an unramified quadratic extension of F.
Let 1 be an unramified character of E* such that n|px is the quadratic character
of F* corresponding to E/F. Further, other notation is the same as in the main
body of this paper.

Let o be an irreducible unramified representation of G, (F). Assume that o is
the unramified constituent of the parabolic induction

Ind "EF , X = HXZ

Here x; are unramified characters of E*. Let 7 be an unramified representation of
GL2, (E). We suppose that 7 is the base change lift of o; namely, 7 is the unramified
constituent of

IndGLQEL()E) (x)-

Here, we regard x as a character of Pa, (F) by
2n

x(diag(t1, . .., tan)u sz D I xenri@) ™" ti€ EX u€ Zsp.
i=n+1
Let 6, denote the unramified constituent of I(7) := Indgi"’“(ﬂ det|*"1? ... ®

7| det |*/2). Here, Q}, is the standard parabolic subgroup of Ganx(F) with the Levi
decomposition Qp = (GLan(E) X - -+ X GLaoy (E))U(Qp)-
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Similarly, let 6, , denote the unramified constituent of the induced representation
I(t,0) = Indf:(%“’(F)(ﬂ det|* ® --- @ 7|det| ® o). Here, Ly is the standard
parabolic subgroup of Gy,(a+1)(F) with the Levi decomposition Ly = (GL2,(E) x

Let Qk denote the standard parabolic subgroup of Gy, (F') with the Levi decom-
position Qy = (GLog(E) x -+ x GLgk(E))U(Qk) where GLoy (FE) occurs n times.
Let Lj denote the standard parabolic subgroup of Gy, (2k41)(#) with the Levi de-

composition Lj = (GLog+1(E) x -+ % GL%H(E))U(ﬁk) where GLog41(F) occurs
n times. By the same argument as in |[GRS05, Lemma 3.1], we can prove the
following result. Hence, we omit a proof.

Lemma A.1.

(1) Let 7 be as above. Assume that T is a conjugate self-dual unramified rep-
resentation of GLa,(E). Then the representation 0. is the unramified con-
stituent of the parabolic induction

13 ) e © - et

(2) Let o and T be as above. Then the representation 8, , is the unramified
constituent of the parabolic induction

Indg:(%*—l)(F) (x1(det) ® - -+ ® xn(det)).

Let U, := UI?T(F) denote the unipotent radical of the standard parabolic sub-
group Q2" (F) of G,.(F) whose Levi part is isomorphic to GL; (E)? x G,._,(F). For
a € EX let P“ be a character of UP defined by

PP (u) = P(ur2 + A Up—1p + Uppi1 + QU 2—p)-

For an admissible representation (m,Vy) of G, (F), we consider linear functionals
Vp.o On Vi satisfying v, o (7(u)v) = P (u)vp,qo(v) for all uw € U, and v € V.

Lemma A.2. Let 7 and o be as in Lemma[Adl The representation 0, , of Gy, (F)
(i.e., the case k = 1) has no non-zero linear functional vy, o for all o € E*.

Proof. We shall prove this lemma in a similar way as the proof of [GRS05, Lem-
ma 3.3].

Let us set some notation. Let 23 = (GL3(F) x --- x GL3(F))Z denote the
opposite parabolic subgroup of L3 where

13
* 13
Z:={tu:ueU(Ls)} = * x 13
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Then we note that Z is an n-step nilpotent subgroup. Let A € Matsx3(E). For
2<i<mand 1< j<i—1, we define a matrix A4; ; in Z by
15

13

A 1

13

which means that the (i, j)-entry (resp. (2n 41— j,2n + 1 —i)-entry) of A; ; is A
(resp. A*) when we consider A; ; as a block matrix of size 3 x 3. Denote by Z;

the subgroup of Z consisting of A” with A € Matsy3(F). Similarly, we define for
n+1<1q1 < 2n,

Zi,j:{Ai,j;AeMatg,g(E) ifi+77#2n+1and AcMatd 4(E) if i +j = n + 1} :

where Mat, 5 (E) = {X € Matzy3(F): X = X}.

For r € E and 1 < i < n, we define
Ui i41 (1) = Lon+7€ 41— F€on—ion—it1 and Upsn(r) = lon+7€n 50 —T€nt1 5041
From part (ii) of Lemma [AT] it suffices to show our claim for the unramified
Gn(2k+1)(F)
Indﬁk(F) (x1(det) ® -+ - @ xn(det)).

Let v € .z/k(F)\ng(F)/Un. Then by the Bruhat decomposition, we may write
¥ = wWuy,, where w is a Weyl element and u,, is an upper triangular matrix of
G3,(F) given by

principal series

In
u,/w , ’U,L) S ng(F)
1
From Mackey theory, it suffices to show that we have either
(A1) Yl i1 (r)y € Li(F) or Yl 5n(r)y ™t € Ly (F).

Then in the same argument as in [GRS05, p. 201], we may suppose that u,, = 1
and v = w. If (A7) does not hold, then we should have

wﬂi1i+1(’r)w71 € Z and wﬁnﬁn(r)w*l ez

for all 1 <4 <n. Then we shall deduce a contradiction.
Let us write .
wﬁn,fm(r)w_l = (A1)ir,j
with some A; € Matgy3(E). After conjugating by a Weyl element, we may assume
that only (1,3)-entry of A; is non-zero.
Since @y, 5, (1) does not commute with @y, ,11(r), Wiy, n+1w ™! should be written
as

e~ —

wﬁn,n+1(7‘)w71 = (AQ)_jhjz or Wiy pi1 (rw" = (A2)i2,i1
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with some A € Matsys(E). From the definition, we have i; # j;, and thus
Wiy 50 (r)w ™! and Wiy, ,41(r)w™t are in different blocks. As above, we may sup-
pose that only the (3, 3)-entry of As is not zero.

By a similar reason as above, we may write

—_ - —

wﬁn_lm(r)w_l = (AS)j2,j37 (A3)i3,j1’ (A?))il,jé’ or (A3)i/3,i2

with some As € Matsxs(E). Since ji1 # j2 and 41 # d2, Wy pt1(r)w™
Wily—1,,(r)w ™! should be in different blocks.

Assume that wiy, 5,(r)w™! and wi,—1 ,(r)w™! are in the same block. Since
Tin 5n(r) and @,—1 ,(r) have different entry, this is also true for wi, 5, (r)w™! and
Wihy—1,n(r)w ™. Thus only the (ki, k2)-entry of As is non-zero with ki # 1 and ky #
3. Then, by a direct calculation, we see that wi,—1,(r)w™! and wi, 41 (r)w™?
commute. This is a contradiction; thus wii, 5, (r)w ™!, wi,—1 ,w™!, and Wi, —1 ,(r)
w™! are in different blocks. Repeating this argument, we see that Wiy 5 (r)w ™t
and wii; ;41 (r)w™! (1 <i < n) are in different blocks.

Roots corresponding to ’LU’lAl/n’gm’LU_l, wﬁi,iﬂw_l (1 <1i < n) form a set of simple
roots of split special orthogonal group SO(2n + 2) C GL(2n + 2). Thus Z should
be a k-step nilpotent group with k¥ > n + 1 if n # 1. Hence, if n # 1, this is a
contradiction, and this completes a proof of our lemma.

Suppose n = 1. Then Z has only one non-trivial block, and thus wi, 5, (r)w™
and wi 2(r)w~! should be in the same block. Then these two matrices commute
since Z is abelian. This contradicts our definition of @ 2 and @y, 5. O

I and

1

1

Define a unipotent subgroup of G, (F) by
Ug ={u=(u;) €Uy :u,; =0;p+1<j<2r—p}
For a € F*, we define a character ¢, , of UJ) by

Upa(t) = Y(ure + -+ Up-1p + QUp2r—py1).
For an admissible representation (m,Vy) of G,(F), we consider linear functionals
lp,q on the space Vi satisfying £, o (7(u)v) = ¢pq(u)l(v) for all u € UY and v € V.
In a similar argument as in the proof of the above lemma (see also the proof of
[GRS05, Lemma 3.3]), we can prove the following result. We omit a proof.

Lemma A.3. Let 7 and o be as in Lemma [AJl The representation 0, (resp. 0r0)
of the group Gank(F') (resp. Gpiakt1)(F)) has no non-zero functional £y, 11,4 for all
a € F*.

Finally, we shall compute a certain Jacquet module of 8 ,. Let wy, ,, be the Weil
representation of F,, := Gay,(F) X Hypt1 defined as in (B8] where Hypi1 denotes
the Heisenberg group in 4n + l-variable defined as in ([3.4]). Then we denote the
twisted Jacquet module of 6, , with respect to 1, , by

jUfiﬂ/Jn,a (0770)-

Let C be the center of the Heisenberg group Hyn41. Further, we regard C\Hapn41
as a subgroup of Gs, (F) by

1'IL—1

(1., T4n;0) — 14, X



6292 KAZUKI MORIMOTO

where x = (21, ...,24,). This twisted Jacquet module is an admissible representa-
tion of G, (F'). Then we consider the Jacquet module
(A.2) N/ T (jUg,zpn,l(ena) ® wy-1,-1) -

As in [GRS05), Proposition 5.4], we can prove the following lemma.

Lemma A.4. Let 7 and o be as above. Then as a representation of Gan(F), the
Jacquet module (A2) has a unique irreducible constituent, which is the unramified
constituent of

(A.3) Indgj"(F)(Xln’l(det) ® - @ xnn '(det)).
Proof. Tt suffices to compute the Jacquet module

N/CIXTI (jUB,vT/}n,l (Py) ® Wwfl,nfl) J

where p,, is the unramified principal series given in part (ii) of Lemma [AJl Then
by the same argument as in [GRS05) pp. 218-220], we see that as a representation
of Ga,,(F'), this is isomorphic to

(A4) jC\H4n+l (jC;TZ’(indf/” (BX) ® wﬂ’*lﬂ?’l)) )

where ind means the (unnormalized) compactly induced representation, L’ is the
subgroup of F,, consisting of elements of the form

1 0 --- 0 * * *~ 0

gl PP * .« e PPN * *
In Do

In * 0

gi 0

1

and S, is the character of L’ which maps the above matrix to

n

n—1
i _ 2(2n—2i+1 _
H |det g;|" ™" - H (|a; 1|detgi|)2( e )xi(ai Ldet g;).
i=1 i=1

We note that the representation (A4) has a unique unramified constituent and has
finite length. Then we may define a linear functional

R: indf," (ﬂx) Q Wyp—1,y-1 = C

by
1 =z z
lap
R(f® ¢) :/ f ? 1 o w11 (2,05 2)9(0) dz d=.
F2n+1 on T
1

It is easy to check that R factors through Je ., (ind]r (8y) ® Wy-1,y-1) and is non-
trivial on the unramified constituent. Further, from the definition and the formula
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in (B3), the map R satisfies

1 *

g * x g *
R % ® —1 -1 «
P g f <w¢ i ( g >¢>
1

= 5i§/12( <g ;) ) H n~ ' xi(det g;)R(f, $).

i=1

Therefore, R defines a Gy, (F)-invariant map from (A4) to (A3), and our claim
readily follows. U
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