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THE DISTRIBUTION OF CLASS NUMBERS
IN A SPECIAL FAMILY OF REAL QUADRATIC FIELDS

ALEXANDER DAHL AND YOUNESS LAMZOURI

ABSTRACT. We investigate the distribution of class numbers in the family of
real quadratic fields Q(\/E) corresponding to fundamental discriminants of the
form d = 4m? + 1, which we refer to as Chowla’s family. Our results show
a strong similarity between the distribution of class numbers in this family
and that of class numbers of imaginary quadratic fields. As an application of
our results, we prove that the average order of the number of quadratic fields
in Chowla’s family with class number h is (logh)/2G, where G is Catalan’s
constant. With minor modifications, one can obtain similar results for Yokoi’s
family of real quadratic fields Q(\/&), which correspond to fundamental dis-
criminants of the form d = m2 + 4.

1. INTRODUCTION

A fundamental problem in number theory is to understand the size of the class
group of an algebraic number field K. This quantity, called the class number of
K, is a measure of how badly factorization in the ring of integers of K fails to be
unique. The case of quadratic fields has received great attention, and its rich history
stretches back to the work of Gauss. Let d be a fundamental discriminant and let
h(d) be the class number of the quadratic field Q(v/d). Gauss conjectured that
h(d) = oo as d = —oo and asked for the determination of all imaginary quadratic
fields with a given class number h, a question that became known as the Gauss
class number problem. The former conjecture of Gauss was proved by Heilbronn,
and his class number problem for h = 1 was solved by Heegner, Baker, and Stark.
We now have a complete list of all imaginary quadratic fields with class number h
for all A < 100 thanks to the work of Watkins [20].

Unlike imaginary quadratic fields, very little is known about real quadratic fields.
In this case, Gauss conjectured that there are infinitely many real quadratic fields
with class number 1, a problem that is still open. The main difference with imagi-
nary quadratic fields is the existence of non-trivial units in Q(v/d) if d > 0, which
heavily affects the size of the class number h(d) in this case. Indeed, Dirichlet’s
class number formula states that for d > 0 we have

(1.1) h(d) vd

- logey

L(1, xa),

where xq = (i) is the Kronecker symbol and ¢4 is the fundamental unit of the

quadratic field Q(v/d), defined as e4 = (a4 bv/d)/2, where a and b are the smallest
positive integer solutions to the Pell equations a? — b?d = +4.
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Although it is a difficult problem to estimate the fundamental unit €4 in general,
there exist several families of real quadratic fields for which ¢4 is small in terms of
d, and hence for which h(d) is large. One important example is the family of real
quadratic fields @(\/8) corresponding to fundamental discriminants d of the form
4m2+1, where m is a positive integer. This family was first studied by Chowla, who
conjectured that for any positive integer m > 13 such that 4m? + 1 is squarefree,
we have h(4m? 4+ 1) > 1 (see [3]). Another example is the family of fields Q(v/d)
corresponding to fundamental discriminants d of the form m? 44, which was studied
by Yokoi in [21]. In particular, he conjectured that h(m? +4) > 1 for all m > 17.
Both Chowla’s and Yokoi’s conjectures were settled by Bir6 in [I] and [2]. There
are further generalizations of Chowla’s and Yokoi’s families, commonly known as
real quadratic fields of Richaud-Degert type. The class number problem for these
fields was studied by several authors, notably by Mollin and Williams [I4], [15].

Here and throughout we denote by D., Chowla’s family of fundamental discrim-
inants, defined by

De, := {d : d squarefree of the form d = 4m? + 1 for m > 1}.
We also let Dep(2) = {d <z :d € D, }. Then it follows from Lemma 1 of [16] that

(1.2) |Den(z)| = g H (1 - %) +0 (ml/g logac) ,
p>2

where ¢(p) =1+ (%) If d € Deyp, then the class number formula (1)) becomes
B Vd
log(vd — 1+ V/d)

since the fundamental unit is eq = 2m+ V/d if d = 4m? + 1 is squarefree. Therefore,
assuming the generalized Riemann hypothesis GRH, we have

Vd
- 0 0 0 < < Y
logdloglogd — h(d) < (4e7 + o(1))

(1.3) h(d) L(1, xa),

(1.4) (e77¢(2) + o(1)) logdd loglogd,
for any d € D¢, where v is the Euler-Mascheroni constant. These bounds follow
from the corresponding bounds for L(1, x4) obtained by Littlewood [13] under GRH.
Note that the upper bound in (4] holds for all real quadratic fields, since g4 >
\V/d/2 for all positive fundamental discriminants.

Chowla’s family D, was used by Montgomery and Weinberger [16] to produce
real quadratic fields with extremely large class numbers. More precisely, they proved
that there are at least #3/® discriminants d € Dy, () such that

d
log log d.
logd 08708

This result was recently refined by Lamzouri [I1], who showed that there are at
least !'/2=1/loglog = discriminants d € D, (z) such that

h(d) >

d
(1.5) h(d) > (2¢” + 0(1))1(\){g—d log log d.
The lower bound (H]) is believed to be best possible over all positive fundamental
discriminants d in view of the widely believed conjecture that L(1,xq) < (¥ +

0(1)) loglog |d| for all fundamental discriminants d. Note that the true lower bound
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for L(1, xa) is believed to be (e77¢(2)+0(1))/loglog |d|, which would imply a lower
bound for h(d) over d € Dy, that is twice as large as the GRH lower bound in (I4).
One can refer to [6] for a discussion and results related to these conjectures.

In this paper, we shall investigate the distribution of h(d) over fundamental dis-
criminants d in Chowla’s family. With minor modifications, one can obtain similar
results for Yokoi’s family of real quadratic fields. Here and throughout we let log;
be the j-fold iterated logarithm; that is, log, = loglog, logs = log log log, and so on.
Our main result shows that the tail of the distribution of large (and small) values
of h(d) over d € D¢, is double exponentially decreasing. In particular, it implies

@3).

Theorem 1.1. Let x be large, and let 1 < 7 < logy x — 3logs x. The number of
discriminants d € Den(x) such that

Vd

> 2¢7 :
h(d) > 2e g d T
equals
eT—C() 1
(1.6) |Den ()] - exp (— (1 +0 (—))) ,
T T
where
! tanh > tanh(t) — 1
(17) Co ::/ tant (t)dt+/ %dtzo.swr-..
0 1

Moreover, the same estimate holds for the number of discriminants d € Dey () such

that
Vd
logd

h(d) < 2¢77¢(2)

1
™
.
in the same range of T.

In view of the class number formula (3], the distribution of h(d) is com-
pletely determined by that of L(1,x4) over d € Dg,. Our strategy is to com-
pare the distribution of L(1, x4) over d € D¢, to that of a random Euler product
L(1,X) =][, (1 - X(p)/p)~", where the X(p)’s are independent random variables
taking the values 0,41 with suitable probabilities that are described below. One
can think of the random variable X(p) as a model for the value of x4(p) as d varies
in Dch-

One should compare our results with those of Granville and Soundararajan [6]
concerning the distribution of values of L(1, x4) over all fundamental discriminants
d such that |d| < x (their results also hold if one restricts attention to either pos-
itive or negative discriminants). Although the probabilistic random model for this
family is different from that of Chowla’s family (for arithmetic reasons that are
explained below), the tail of the distribution of these values satisfies a similar esti-
mate to (LG). In particular, one can deduce from their results that the proportion

of imaginary quadratic fields Q(v/—d) with d < x such that h(—d) > Vd oy (or

U

h(—=d) < C(QT)‘/E(eVT)’l) equals exp (— gr=% (1+0 (%))) in asymptotically the

T

same range for 7. This shows a strong similarity between the distribution of class
numbers in Chowla’s family and that of class numbers of imaginary quadratic fields.
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Let {X(p)}, be a sequence of independent random variables taking the value
1 with probability «,, —1 with probability §,, and 0 with probability ~,, where
ag = P2 =1/2, v9 = 0, and for odd p we have

(1.8) ap—%<1—c(p)%1) (1—%>1,
and
v () ()

The argument for choosing these probabilities is as follows: Let p be an odd prime.
If d = 4m? + 1 is squarefree, then d lies in one of p? — ¢(p) residue classes modulo
p?, since p? 1 4m? + 1. Among these, x4(p) = 0 for exactly pc(p) — c(p) of them,
which justifies the choice of 7,. Furthermore, since d belongs to one of p? — ¢(p)

residue classes modulo p?, then we must have

(1.10)
2 -1 p—l 2 -1
p* —c(p) 1 dm* +1 1 c(p)
a, — B, = E(X(p :<7> - (7 = (1-2 ,
By = BE() = (] PAC o U
which follows from the Jacobsthal sum identity an;lo (4mTf+1 = —1 (see for

example [I8]). Combining (LI0) with the fact that o, + 8, = 1 — =, yields (L)
and (L9).

For the prime 2, note that 4m? + 1 lies in one of the residue classes 1,5 (mod 8),
and the values +1 occur equally often.

We extend the X(p)’s multiplicatively to all positive integers by setting X(1) =1
and X(n) := X(p1)* - X(pg)® if n = pi* - - pi*. We now define

L(1,X) ;:i@:ﬂ(l—wyl,

n=1 P p

where both the series and the product are almost surely convergent by Lemma
below together with Kolmogorov’s three-series theorem. For 7 > 0, define

et

2
Px(1) :=P(L(1,X) > €e’7) and Vx(r):=P (L(l,X) < @) .
We prove that the distribution of L(1, x4) over d € D, is very well approximated
by that of L(1,X) uniformly in almost all of the viable range.

Theorem 1.2. Let x be large. Uniformly in the range 1 < 17 <log,x — 2logs x —
log, x, we have

m‘{d € Den(z) : L(1, xa) > €77} = x(7) (1 L0 <@T(logf03;);log3 :1:))
and
(1Pl 00 < (2} - wsto (140 (TR ).
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In order to deduce Theorem [Tl we need to study the asymptotic behaviour
of the distribution functions ®x(7) and ¥x(7) in terms of 7 when 7 is large. We
accomplish this by a careful saddle point analysis.

Theorem 1.3. For large T we have

(1.11) Dy (1) = exp (_e"'TCO <1+O G)))

where Cy is defined in ([L). The same estimate also holds for Ux (7). Moreover, if
0< A <e™7, then we have

(1.12) @x (e *7) = x(7)(1+O0 (Ae™)) and Ty (e *7) = Tx(7)(1+0 (AeT)).

Our proof of Theorem [[2] relies on computing complex moments of L(1, x4) over
d € Dep. To this end, we show that the average of L(1,xq)* over Chowla’s family
is asymptotically equal to the corresponding moments of the probabilistic random
model L(1,X) uniformly in a wide range of the complex variable z.

Theorem 1.4. Let x be large. There exists a positive constant B such that uni-
formly for all complex numbers z with |z| < Blogx/(logy xlogs x) we have

log z
2

‘ n( deD ()

*
where E indicates that the sum is over non-exceptional discriminants d.

Remark 1.5. The precise definition of an exceptional discriminant d is stated in
[B2). Note that if d is exceptional, we could have L(1, x4) as small as d™¢, so that
when |z| is large and z < 0, the z-th moment of L(1, x4) would be heavily affected
by the contribution of this particular discriminant. This justifies the assumption
that d is non-exceptional in Theorem [[L4] Furthermore, note that if Re(z) < 0 but
|Re(z)] is bounded, we no longer need the condition that d is non-exceptional in
Theorem [[.4] thanks to Siegel’s bound L(1, x4) > d°.

As an application of our results, we investigate the number of discriminants in
the family D, with class number h, which we denote by Fe,(h). The number of
imaginary quadratic fields with class number h was studied by Soundararajan in
[I7). In particular, he developed an asymptotic formula for its average value, a
result whose error term was improved upon in [I2]. A variant of Soundararajan’s
asymptotic formula (over odd h) was recently used by Holmin, Jones, Kurlberg,
McLeman, and Petersen [§] to investigate statistics of class numbers of imaginary
quadratic fields.

By the class number formula (I3]), one expects that the main contribution to the
average of F.,(h) over h < H comes from discriminants d of size < H?(log H)?,
since L(1, xq) is constant on average (by Theorem [[4]). Since there are < H log H
such discriminants in Dgy,, this heuristic argument suggests that the average size of
Fen(h) should be around log h. We prove that this is indeed the case.

Theorem 1.6. As H — oo, we have

Z}—Ch :—HlogH+O( (logy H)?logs H) ,
h<H
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where

1 1 1 1

is Catalan’s constant and x _4 is the non-principal character modulo 4.

This paper is organized as follows: In Section 2] we establish an asymptotic for-
mula for the average value of y4(m) over d in De,(x). In particular, we show that
in a certain range of m in terms of x, the average order of x4(m) equals E(X(m)).
This is used to compute complex moments of L(1,xq) over d € D, (x) and prove
Theorem [[4in Section Bl In Section ] we use the saddle-point method to study the
distribution of the random Euler product L(1,X) and prove Theorem These
results are then used to prove Theorems [T and in Section [l Finally, we apply
our results to study Fe,(h) and prove Theorem in Section

2. AN ASYMPTOTIC FORMULA FOR THE CHARACTER SUM }_,cp ;) Xa(m)

In order to prove that the moments of L(1, x4) over d € Du,(x) are nearly equal
to the corresponding moments of L(1,X), we first need to show that the average
order of x4(m) equals E(X(m)) when m is small compared to z.

Proposition 2.1. Let m be a positive integer. Then we have
1

—_ xa(m) = E(X(m)) + O (m* 327/ log ) .
a4 = B 0 )

To prove this result, we first need the following lemmas. Here and throughout
we let w(n) be the number of distinct prime factors of n.

Lemma 2.2. Let m = 2p{" - - be the prime factorization of m, and let mqo be
the squarefree part of p{* --- pp*. Then we have

1 w(m c(p)) k ( C(Z’j)) B e
—1)wlmo) 1——= 1-—= if £ is even,
E(X(m)) = mo( : 1<jH<k ( Pj >le pj

2|a;

0 if £ is odd.

Proof. Using the independence of the X(p)’s we obtain

k
(2.1) E(X(m)) = E (X(2)) H E(X(pj)*) -

First, if a; is even, then

—1
E(X(pj)aj):apj+6pj :1—’71%‘ = (1—M> <1_C(pQJ)> .

Dj pj

On the other hand, if a; is odd, then
L e\
a; C\py
EX(p)¥)=a, — B, = —— | 1 - ==~ .
(X)) =, = By, pj< p?>

Finally, note that E (X(Q)Z) equals 1 if £ is even, and 0 otherwise. Inserting these
estimates in (2 completes the proof. O
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Lemma 2.3. Let m = ZZp(fl - -pp¥ be the prime factorization of m, and let mq be
the squarefree part of pi* - -- pp*. Then we have

1 c(p;) L
w(mo) J
m 9 (-1) H <1 - > if £ is even,
1 Z <M) _ )Mo 1<j<k pj
m n=1 m 2|aj
0 if £ is odd.

Proof. Let g(n) = 4n® 4+ 1. Observe that the sum Y., (g(n)/m) is a complete
character sum, and hence by multiplicativity and the Chmese remainder theorem,

we have ., )
Bee)-£ e (S0

n=1 no=1 j=1 \n;=1

If a; is even, then

¢

pi: (Myj =} (pj — clpy)) = p (1 - M) :

pj pj

’I’LJ‘:].

since there are exactly c(pj)p?r1 integers n; such that 1 < n; < p;j and g(n;) =0
(mod p;). On the other hand, if a; = 2b; 4+ 1 is odd, then
P;
g(c) _ CL]'—l
Z . ) T P
1\ Pj

@
c

> () 5§ (v s 4 D)7

nj=1 nj=1 c=1

since Y P~ (4m H) =—1.

Finally, note that g(bO)) = (4b?’2+1) equals 1 if by is even, and —1 otherwise.

2
Hence, it follows that
£
22 (g(bo)>z B 20, ¢ even,
2 )0, 2odd.

bo=1

Combining the above estimates completes the proof. O

Proof of Proposition 2.1l To simplify notation, we define S(z) = 3 cp,, (z) Xa(m),
and put y = /& — 1/2. Then, using that p?(n) = 22|, H(r) We obtain

4n? +1 4n? + 1
S@ =3 () ea e =5 () 5w
n<y n<y r2|4n2+1
dn? +1
= > ulr) > ( — )
r<yz n<y
(r,2m)=1 r2|4n? 41

Let 2 < T < y be a real parameter to be chosen later. We split the above sum over
r into two parts 7 < T and T < r < \/z. Writing 4n? + 1 = r2s, it follows that the
contribution of the second part is

< >y 1< Y Zl.

T<r<yx n<y s<z/T?
r2|an?41 (2n)2—sr =—1
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From the theory of Pell’s equation, the number of pairs (u,v) for which 1 <u <U
and u2—sv? = —1is <« log U uniformly in s. Hence, we deduce that the contribution
of the terms T < r < /7 to S(z) is < x(logz)/T?. Thus,

(2.2) s@= 3 un) Y (4”in+1)+o(x1;§x).

r<T n<y
(r,2m)=1 r2\4n2+1

Let 7 < T be such that (r,2m) = 1, and consider the equation 4n? + 1 =
(mod 72). This congruence has ¢(r?) = c¢(r) solutions modulo 72 where c(r)
Hmr c(p). Denote these solutions by {ai, ..., ac)}. Then, for any integer & we have

3 <4n +1) Z 3 <4njn+1)

0

kr?m<n<(k+1)r?m i=1 kr?m<n<( k:+1)7‘ m
r2\4n2+1 n=a; mod r?
S 4u? +1
Y (e
i=1u=1 kr?m<n<(k+1)r?m

n=a; mod r?
n=u mod m
Zm: <4u + 1)

by the Chinese remainder theorem, since (r,m) = 1. Therefore, we deduce that

> (%) = y%% Zm: (WTH> +0(c(r)m)

T2|Z§2y+1 v
= guz(sqm)) 11 ( - %) + O(c(r)ym)
p|
p>2

by Lemmas and Inserting this estimate into ([2:2)) we get

s(x)=y.]E(X(m))H( _ifz’)> 3 ()—+0 " el :Ulog:zc

plm p r<T r<T
p>2 (r,2m)=1

Since ¢(r) < 2¢(") < d(r) (where d(r) is the divisor function), we get >, ., c(r) <
TlogT and -

Z #( ) < Z 10gT

r>T r>T
(r,2m)=1
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by using that > _, d(r) ~ tlogt, together with partial summation. Thus, we deduce
that N

S<x>—y~E<X<m>>H( —ﬁ?) S )

plm p r>1 "
p>2 (r,2m)=1
zlogT xzlogx
+0 (mTlogT+ \/_Tg + Tg )

— - EEm) [] ( _ %) +0 (mTlOgT+ \/ElTogT n wl;ffﬂ) :

Choosing T' = (a?/m)l/3 and using (2) complete the proof. O

3. COMPLEX MOMENTS OF L(1,x4) OVER d € D¢, (z):
PROOF OF THEOREM [I4]

For any z € C, we have

almost surely, where d,(n) is the z-th d1v1sor function. Recall that d,(n) is the
multiplicative function defined on prime powers by d.(p*) = I'(z+a)/(I'(z)a!), and
for Re(s) > 1 we have

(]2
QU
©
S
~—

I
=
VA
~—

n

ns
n=1

We observe that |d.(n)| < d|.|(n) < di(n) for any integer k > |z[, and dj(mn) <
di.(m)dg(n) for any positive integers k, m,n. Furthermore for k € N and y > 3, we
have that

dk(n)e_”/y < ekly Z e—(t11-5-~-+ak)/y7

aj...ap=n
) (log 3y)*.

In order to prove Theorem [[.4] we ﬁrst need some preliminary results. We define
a discriminant d to be exceptional if there exists a complex number s such that
L(s,xqa) =0 and

(3.2) Re(s) > 1—

and so

n=1

c
log(|d|(Im(s) +2))
for some sufficiently small constant ¢ > 0. One expects that there are no such
discriminants, but what is known unconditionally is that these discriminants, if
they exist, must be very rare. Indeed, it is shown in Chapter 14 of [4] that between
any two powers of 2 there is at most one exceptional discriminant d. In particular,
it follows that there are at most O(log x) such discriminants up to z.

If x is a non-principal and non-exceptional Dirichlet character modulo ¢, then
we have the following standard bound for log L(1 + it, x) (see for example Lemma
2.2 of [9]):

(3.3) log L(1 + it, x) < log, (q([t| +2)).
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We can obtain a much better bound for log L(s, x), with s close to 1, if L(s, x) has
no zeros in a certain rectangle containing s.

Lemma 3.1. Let g be large and putn = 1/logy q. Let 0 < € < 1/2 be fized. Assume
that L(z,x) has no zeros in the rectangle {z : 1 — e < Re(z) < 1 and |Im(z)| <
2(log q)?/<}. Then for any s = o +it with 1 —n < o < 1 and |t| < log* ¢ we have

[log L(s, x)| <logs ¢ + Oc(1).
To prove this result we need the following lemma from [5].

Lemma 3.2 (Lemma 8.2 of [5]). Let s = o + it with o > 1/2 and |t| < 2q.
Let y > 2 be a real number, and let 1/2 < o9 < o. Suppose that the rectangle
{z : 09 < Re(z) < 1,|Im(z) — t| < y + 3} contains no zeros of L(z,x). Put o1 =

min( 5%, oo + loéy). Then
y
A(n)x(n) log g -
log L(s,x) = E +0 Sy7 7).
—= n logn (o1 — 09)

Proof of Lemma Bl We use Lemma with 1 —n <o <1,09p =1—¢, and
y = (logq)?¢. Therefore, if L(z,x) has no zeros in the rectangle {z : 1 — e <
Re(z) < 1 and [Im(z)| < 2(logq)?/}, we get

p 14+ O(nlogp
log L(s, )l =| 3 X}ES) +om< Y % +Oo(1)
p<(log q)?/¢ p<(log q)%/¢
S 10g3q+ Oe(l)' 0

Using Lemma B.] we obtain the following approximation to L(1,x)? if L(z,x)
has no zeros in a small region to the left of the line Re(s) = 1.

Proposition 3.3. Let g be large and let 0 < € < 1/2 be fized. Let y be a real
number such that logq/log, q < logy < loggq. Furthermore, assume that L(s,x)
has no zeros inside the rectangle {s: 1 — e < Re(s) < 1 and [Im(s)| < 2(log q)*/¢}.
Then for any complex number z such that |z| <logy/(4log, qlogs q) we have

L(1,x)* = i Me—”/y +O. (exp ( log y )) .

= 2logs q
Proof. Since - 2221;;0 y°T'(s)ds = e~/ then
Lo o~ dz(n)x(n)
— L1 (s)ylds = Y ——L2 e/,
o [ p T 3,

We shift the contour to C, where C is the path which joins
—ioo, —i(logq)*, —n — i(log q)*, —n + i(log q)*, —i(log q)*, +ioo,

where n = 1/log, g. We encounter a simple pole at s = 0 which leaves the residue
L(1, x)?. Using the bound [B3]) together with Stirling’s formula we obtain

1 —i(log q)* Fico N ﬂ
—_— / +/ L(]— + S, X)ZF(S)ySdS < / eo(\z\ log, qt)e_itdt

27\ J i (log g)* (log q)*

1
< -
q
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Finally, using that I'(s) has a simple pole at s = 0 together with Lemma B.1] and
Stirling’s formula, we deduce that

1 —n—i(log q)* —n+i(log q)* i(log q)*
— / —|—/ —|—/ L(14 s,x)°T(s)y’ds
2mi \ J=i(og )t —n—i(loga)*  J—n+i(logq)*
T -n
< exp (=5 (1080)" + O(12]l0gy 0)) + *= ex (|2] gy ¢ + Oc(J2])) log )"

logy
Sexp ( 2log, Q> .

We are now ready to prove Theorem [[.4

Proof of Theorem [L4. Let Dey(z) be the set of fundamental discriminants d €
Den(z) such that d > v/ and L(s, xq) has no zeros in the rectangle {s : 9/10 <
Re(s) < 1 and |Im(s)| < 2(log z)2°}. To bound |Dep () \ Den(z)| we use the follow-
ing zero-density result of Heath-Brown [7], which states that for 1/2 < ¢ < 1 and
any € > 0 we have

Zb N(o,T,xq) < (xT)a?(1=9)/ C=)p(3-20)/(2=0)
|d|<w

where N (o, T, xq) is the number of zeros p of L(s, xq) with Re(p) > o and |Im(p)| <

b
T, and Z indicates that the sum is over fundamental discriminants. Then, it
follows from this bound that

Det ()] = [Den(x)] < 2/,
Using this estimate together with the bound B3] we obtain
(3.4) Z L(1,xq)* — Z L(1,xq)* < /3 exp (O(|z]logy ) < 2%/,
d€Den () d€Dey (z)

Let y = 2'/%, and put k = [|2[]. Then, it follows from Proposition B3] that

S - Y 2

(3.5) d€Den () d€Den (z) M=1

log
0 <|Dch(x)lexp (‘W» '

We now extend the main term of the last estimate so as to include all fundamental
discriminants d € Dgy, (). Using B]), we deduce that

Z i dZ(m)XdTSLm)e_M/y < (|Dch( | _ |Dch i dk(m —M/y

~ m
d€Dep, (z)\Den (z) M=1 m=1
3/8

—/u

Lz
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Combining this estimate with (3.4) and (B.5) gives

Z* L(l,Xd)z _ Z dzfnm) efm/y Z Xd(m)

d€Den () m=1 d€Den ()

log
1/2 ___ e
+O(x exp( 2010glogac)>'

Now, it follows from Proposition 2] that

(3.6) |’Dch | Z dz:nm —-m/y Z Xa(m) = Z weim/y

m=1 d€D.y, (12) m=1

< 71/610gacz 1/3 m/y>.
m

To bound the error term in the last estimate, we split the sum into two parts:
m < ylog?y and m > ylog?y. The contribution of the first part is

2 2/3 00
ylog”y di(m) _,, di(m) _,,
< 3 ( - ) e < (ylog?y)t Yy L = ey
m<ylog?y m=1

< y*/3(log 3y)" /3,

by BI). The remaining terms contribute

(ogy)*\ §~ de(m) () (logy o) 5 Y
< exp (_T Z mi/3 € M < exp ! Z al/3

m=1 a=1

< exp (_“g_y)) JF <exp (_“g_y)) ,

2 4

using an argument similar to ([B1I). Therefore, we deduce that the error term in
B0) is < 2~ /0923 (log x)k+? < £~ 1/20,

We now wish to remove the e="/¥ factor from the main term of (B:6), and in so
doing we introduce an error of

L d.(m)E(X (m))(1 —e ™Y
Z (m)E(X (m))( )_

m

(3.7
m=1

We shall use the bound 1 — e™! < ¢, which is valid for all ¢ > 0 and 0 < a < 1.

Also, by Lemma we have [E(X(m))| < mg ', where mg is the squarefree part

of m. Choosing o = 1/ log, * and writing m = mom? we deduce that this sum is

cye X A ey Al 5 I ey B

e’
mom
0 mo=1 0 mi=1 1 n=1

m=1

Finally, we use the following bound, which follows from Lemma 3.3 of [9]:

> ﬁfﬁi < exp (2 + o(1))klog, k) .

n=1

This shows that the sum in (37) is < exp (—logx/(201log, x)), which completes
the proof. O
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4. THE DISTRIBUTION OF THE RANDOM MODEL L(1,X)

4.1. Main results and proof of Theorem [I.3l Throughout this section, we
shall focus only on proving the desired results for ®x(7), since the proofs for ¥x(7)
require only some minor adjustments. Since the X(p) are independent, then for any
z € C we have

E(L(1,X)%) = [[ B(2),

where

(4.1)  Ep(z):=E ((1 - @) _Z> =, (1 - %) L By (1 - %) . Y-

For z € C we define
L(z) :=1ogE (L(1,X)?) = Zlog E,(z).
p

Let 7 be a large real number and consider the equation

(4.2) (B2 (@7)7) =0 L) =logT +7,

where the derivative is taken with respect to the real variable r. Then it follows
from Proposition below that lim,_,, £'(r) = co. Moreover, a simple calculation
shows that E/(r)E,(r) > (E;,(r))? for all primes p, and hence that £”(r) > 0. Thus,
we deduce that equation ([@2)) has a unique solution x = x(7). Using a careful saddle
point analysis we obtain an asymptotic formula for ®x(7) in terms of the moment
E (L(1,X)") evaluated at the saddle point .

Theorem 4.1. Let 7 be large and let k denote the unique solution to (A2). Then,
we have

(4.3) Ox(r) = E(Llilvzgjr'zﬁ((elz;)_ﬁ (1 +0 (\/ 1Oiﬁ>> .

Moreover, for any 0 < A < 1/k we have
(4.4) Dx (e 1) = @x(7) (1 + O(Ak)).

In order to deduce Theorem [[3] from this result, we need to estimate £(r) and
its first few derivatives when r is large. We prove

Proposition 4.2. For any real number r > 4 we have

B Co—1 1
(4.5) L(r)y=r <1og logr + v+ log 7 +0 <(10g 2 >>
and
’ - Cy 1
(4.6) L'(r) =loglogr + v+ oz +0 (logr 2

Moreover, for all real numbers y,t such that |y| > 3 and |t| < |y| we have
1 1

4.7 L'y) < ———  and L"y+it) € —5——.

o W= Tyoaly W < Gy RogTy)

Theorem [[.3] now follows upon combining Theorem 1] and Proposition
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Proof of Theorem [L3l By Theorem 1] and equation (7)), we have
E (L(1,X)") (eV1)~" /log k
Ox(7) = 1+0
x(7) Ky/2mL" (k) K
= exp (,C(/-e) — k(logT 4+ ) + O(log m)),

where k is the unique solution to £'(x) = log 7 + «. Furthermore, by (48] we have

Co 1
4.8 1 =logl —+ 0| —
(4.8) og T = log ogfﬁ—l—logﬁ—l- ((logm)2>’
and hence we deduce from (@) that

Dy () = exp <—1Ogﬁ +0 ((lo;n)2>> '

The estimate (ILII)) follows upon noting that logx = 7 — Cy + O(1/7) by [ES).
Finally, using this fact together with ([@4]) implies (12]). O

The remainder of this section will be devoted to the proofs of Theorem [£.1] and
Proposition We begin by proving the latter.

4.2. Proof of Proposition We first need some preliminary lemmas.

Lemma 4.3. Let r > 4 be a real number. Then we have

—rlog(l —1 o(1 ifp <123,
(4.9) log B, (r) = {log Cogsil (;)/p) +( )) Z}‘ Z -
and
(4.10) Ep(r) _ ) —log(l —1/p) (1 +0 (e*“”)) ifp<r2/3,
Ey(r) %tanh (;—)) +O<I%+I%) ifp> 23
Proof. We start by proving {@9). First, if p < /3, then
(4.11) E,(r) = oy <1 _ %) -r (1 + O(exp(—r1/3))),

from which the desired estimate follows in this case.

Now if p > 72/3, we use that a, — 3, < 1/p and v, < 1/p, together with the
bounds cosh(t) — 1 <« t cosh(t) and sinh(¢) < ¢ cosh(t), which are valid for all ¢ > 0.
Thus we derive

Eylr) = (e’ + Be=777) <1+0< )) .

(.12 ~ o+ seosn (1) (140 (L) )+
a(()0)

which completes the proof of (3.
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Next, by ([@I) we have

By(r) = —ap (1 - 1)Tlog (1 - 1) =By (1 + 1)Tlog (1 + 1) :
p p p P

For p < r?/3 the desired estimate for E(r)/Ep(r) follows from #II)). On the other
hand, if p > 72/3, then

Bl(r) = <%ew - %ew) (1 ‘o (]19 ; p_))
1 . T 1 r 1 r
= —sinh (—) (1 +0 (— + —2)> +0 (—Qcosh (—)) ,
p p p p p p

since both «, and B, equal 1/2 + O(1/p). Combining this estimate with ([I2)
completes the proof. O

Define

£(8) = log cosh(t) ifo<t<l1,
" )logcosh(t) —t ift>1.
Then we have the following standard estimates for f and f’.

Lemma 4.4 (Lemma 4.5 of [10]). f is bounded on [0,00) and f(t) = t?/2 + O(t*)
if 0 <t < 1. Moreover we have

s JEHO@E?)  ifo<t <1,
f(t)_{O(e_zt) ift > 1.

We are now ready to prove Proposition

Proof of Proposition 2l We only prove [I) and (@6) since [@T) follows along
the same lines. First, by Lemmas [£.3] and [£.4] we have

Lr)=-r 3 log (1 - %) + 3 logeosh (%) +0 (r2/3)

r2/3 r2/3
(4.13) p< X p>
r
:—r210g<1——>+ > f(—>+0(r2/3).
p<r p r2/3<p<rd/s D

Now, using the prime number theorem in the form 7 (¢)—Li(t) < t/(logt)?, together
with partial summation and Lemma [£.4] we obtain

4/3
r " r\ dt r
Z f(;) _/2/3 f(?) logt+0((]ogr)2>
@iy e T
7‘1/3

o f(u) r
~ logr /r—us Tz WO <(10g7‘)2> ’

since [;°(f(u)(logu)/u*)du < co. Extending the integral in the right hand side of
this estimate gives

(4.15) /:1/3 1) g, /OOO %du +0 (7»—1/3)

—1/3 u2
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by Lemma [£4l Finally, by an easy integration by parts along with Lemma [£.4] we
have

/OOL?dU_/deu—<lim flz) lim MJF lim fl@) _ lim M)
o 0

u U el X a0t X oo T =1t X
OOf/
u
=/ ( )du—l.
O u

Collecting the above estimates yields (£3]).
Next, we prove (HG). First, similarly to [@I3]), we derive from equation (ZI0)
and Lemma [4.4] that

Lry=- Y log (1 - %) + 0y ! tanh <%> +0 (r*l/i"')

p<r2/3 r2/3<p
1 1
- Yes(1-2)+ ¥ Lr(5)o().
p<r p r2/3<p<rt/3 p

Finally, using the prime number theorem and partial summation as in ([@I4) and
([#I3), one can see that

X G B0 ()

r2/3<p<r/3

from which the estimate (6] follows. O

4.3. Proof of Theorem 4.1l One of the key ingredients in the proof of Theorem
1 is to show that E (L(1,X) ) /E (L(1,X)") is rapidly decreasing in ¢ in the
range |t| > /rlogr. To this end, we establish the following lemma, which is the
analogue of Lemma 3.2 of [6].

Lemma 4.5. Let r be large. If p > r/4, then for some positive constant by we have

W < exp (—bl (1 T cos (tlog (%>)>) .

Proof. Let x1, 22,23 be positive real number numbers, and let 62,03 be real num-
bers. We shall use the following inequality, which is established in the proof of
Lemma 3.2 of [6]:

J j 1—cosf
|21 + 22" + 23¢™| < (21 + 22 + 23) exp <_M> .

(1 + xo + x3)?

Indeed, applying this inequality with z1 = au(1 — 1/p) ", 22 = 7,23 =
Bp(1 4+ 1/p)~", and 6 = tlog(l — 1/p) and 03 = tlog (Z—f&) yields the desire
bound, since p > r/4.
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Using this lemma, we deduce the following result.

Lemma 4.6. Let r be large. Then, there exists a constant by > 0 such that

|]E (L(l,X)T+it)| exp b2rlog7‘) Zf |t| < 7“/47

E(L(1,X)) exp [ —bo 10!|t|) if [t] > r/4.

Proof. Let z = r + it. Since |E,(z)| < Ep(r) we obtain that for any real numbers
25y <2,

(4.16) @lﬂhéﬁﬂg I |Bp(2)]

y1<p<y2

Moreover, note that |¢|log (p+1> ~ 2|t|/p, whence for |t| < p/4 we have

1 t?
1 — cos (tlog (Ii)) > %
p—1 p

If |t| < r/4 we choose y; = r and yo = 2r. Then, appealing to Lemma 5] gives the
desired bound in this case. Finally, in the case [t| > r/4, we use the same argument
with y; = 4]t| and yo = 8|t|. O

Let o(y) =1 if y > 1 and equal 0 otherwise. To relate the distribution function
of L(1,X) (or that of L(1, x4) over d € D, (z)) to its complex moments, we use the
following smooth analogue of Perron’s formula.

Lemma 4.7. Let A > 0 be a real number and let N be a positive integer. For any
¢ > 0 we have for y >0,

(4.17)
1 et reds 1\ Vs 1 fetico feds 1\ V1 e AN
0< — ’ ——o(y) < 5= ’ d
T2 S o Y ( As ) s wly) = 2m'/c_ioo Y ( As ) s %
and
1 ctico e — 1\ et — e s
4.18 0 < plety) — < — s ds.
(4.19) <ol v <o [ v (St ) St
Proof. For any y > 0 we have
1 fetie A5—1 Nm
2T J ol ioo Y
c+zoo ds
t1+"'+tN S_dt .o dt
)\N/ / 271'2/0 ) s ! N
so that by Perron’s formula we obtain
=1 ify>1
1 fetice A 1\ N ds =
419 _— S _ = ] — AN <
(4.19) i Cﬂ_ooy ( s ) S €[0,1] ife <y<l,

=0 ifo<y<e N
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Therefore we deduce that

1 et s o1\Na 1 et s o1\Na
— yle MV <6—> —SSsO(y)<—/ ys<e ) =
C

278 Jeioo As s 278 J oo As s

which implies [@IT). Using these bounds for ¢(y) and p(e*y) with N = 1 gives
(]

Proof of Theorem 1l We start by proving ([3]). Let 0 < A < 1/(2k) be a real
number to be chosen later. Using (£I7) with N = 1 we obtain

1 Rt s e —1ds
0< e ‘ E(L(1,X)%) (e"7) s s Dx ()
4.20 e
( ) _ 1 K+i00 E L(l X)S) ( s (6)\5 _ 1) (1 _ 67)\5) p
T 270 S ioo (Z(L, e'r) As s *

Since Ak < 1/2 we have |e* — 1] < 3 and |e™** — 1] < 2. Hence, using Lemma
together with the fact that |E(L(1,X)%)| < E(L(1,X)"), we obtain for some
constant bz > 0,

(4.21)
k—ir3/0 K100 As _barl/6
e —1ds e s
E(L(1,X)%)(e"T)~* — E(L(1, X)) (")~ "
[ e St S R )
and similarly
r—ir3/5 K+1i00 As —As
e —1)(1—e
/ A +/ _IFE(L(].,X)S)(GWT)is( s )( . )ds
(422) K—100 k—4ik3/5
e*b3ﬁl/6
K Y \—K
< BV E(L(1,X)%) (e"7)

Let s = k4 it. If [t| < k3/°, then |(1 —e M) (e — 1)| < A?|s|%, and hence we get

3/5
e)\s _

/H_m/ E(L(LX)S)(em*s( v DAC _E_As)ds < A5 (L(1, X)) (V)"

Therefore, combining this estimate with equations (@20), ([@2I)), and (T22) we
deduce that

3/5

1 Kt+ik
P - E(L(1,X)%) (e"1)"*
gm [ BRI @n)

er—1

ds

(4.23)

_b3,€1/6

< (M% + T )E(L(LX)“) (7).

On the other hand, it follows from equation X)) that for |t| < x%/® we have

2 3
Lk +it) = L(k) + itL () — %C"(n) +0 ( id ) .

k2 log Kk
Also, note that

et -1 1 1 t t2

K2
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Hence, using that E (L(1,X)*) = exp(L(s)) and L'(k) = logT + v we obtain

B(L(1LX)") (7)o
e'r

’ As?

L (L %)) (@) exp (—oz() ) (1— it 40 (s & 4+ I
== xp | —=L"(k —i— K+ —+—=]].

K ’ “r P 2 K k2 k2logk
Thus, we get
(4.24)

1 et s 1

— E(L(1,X)%) (e"1)"* d

27i o in3/5 ( ( ’ ))(6 T) A\s2 o

1 1 2 2 E
=—E(L(1,X)")(e"7)""— —=L" 1 — t
K (L(LX)")(eTm) 27r/,{3/seXp< 2 £ (H>> ( +O(AH+ K2 + K2 logn)) d

since the integral involving it/k vanishes. Further, since £”(k) =< 1/(klogk) by
[#0), we have for some constant by > 0,

3/5
% —K3/5 P <_§£N(“)) dt = #ﬁ(ﬁ) (1 +0 (e—bwl/G))

and
K3/° 2 o0 2
/ [t|" exp | —=L" (k) dtg/ [t|"exp | —=L" (k) | dt
_k3/5 2 oo 2
1 (klog k)™/?
< E//(K)(n+1)/2 < ﬁ//(ﬁ)

Inserting these estimates into [@24)) we deduce that

3/5

s v se>\3_1
— E(L(1,X)’ -
el LG R R G iy v

CE(L(1,X)") (e71) " . [log k
B KA/ 2mL" (K) <1+0<>\ * K >>

Finally, combining the estimates ([f23]) and ([f25) and choosing A = £~ complete

the proof of ([3).
We now prove [@4)). Let 0 < A < 1/k be a real number. Then, by ([@IR) we have

(e)\s _ 1) (e)\s _ 67)\5)
As S

1 K+ik

ds
(4.25)

ds.

K+100
Dy (e M) — Ox(7) < 2%”/& E (L(1,X)*%) (e¥7)~*

We write s = x + it and split the above integral into two parts: |¢| < v/klogk and
[t > Vi logk.

Note that both |(e** —1)/As| and |(e*® —e~?%)/\s| are always less than 4, which
is easily seen by looking at the cases |[As| < 1 and |As| > 1 separately. Therefore, it
follows that the contribution of the first part is < Av/klogk - E (L(1,X)") (e77)~".
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Furthermore, by Lemma we obtain that the contribution of the second part is

< AE (L(l,X)”)(e%)‘”( e—bz#/(mogn)dH/

o~ baltl/ Tog t] gy
|t]2k/4

/ RTogR<t|<r/4
< AMklogk -E(L(1,X)") (e71)™"
The desired bound follows from (@3] and (1), which show that

(4.26) By (r) = = (L(:%T)_” = ,/k’i” “E(L(1,X)%) (e77) "

5. THE DISTRIBUTION OF VALUES OF L(1,Xx4) OVER d € Dy (2):
PRrOOF OF THEOREMS [[LT] AND

We shall first prove Theorem and then deduce Theorem [I.1l To shorten our
notation we let
1

Po(L(1, Xa) € 5) = e

|{d € Den(z) : L(1, xq) € S}

and

Mz(z) ‘D}( Z Lle )

dED 2 ()

*
where as before g indicates that the sum is over non-exceptional discriminants
d.

Proof of Theorem [L2 As in Section M let x be the unique solution to £'(r) =
log 7 + . Let N be a positive integer and let 0 < A < min{1/(2«),1/N} be a real
number to be chosen later.

Let Y = blogx/(log, xlogs x), for some suitably small constant b > 0. If x is
large enough, then equation (8] insures that x <Y in our range of 7. Also, note
that Theorem [T 4lholds for all complex numbers s = k+it with |[t| < Y. We consider

the integrals
K~+100 As _ N
a0 =5 [ EZORY @ (S T

21 J o —ioo s

and

5 = 5 [ T M) (ei; 1>N ds.

21 J—ioo s
Then, it follows from Lemma [£7] that
(5.1) Py (1) < J(1) < Dx (e M7)

and
(5.2)

P, (L(l,Xd) > e%) +0 (%f;) < J(r) < B, <L(1,Xd) > eHNT) +o (fg) ,
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since there are at most O(logx) exceptional discriminants d < x. Now, using that
le*s — 1| < 3 we get

[ e (S) %
<% (%) E (L(1, X)) (¢77)*.

A similar argument together with Theorem [[4] shows that
Kk—1Y K+ico As N N
_e (e —1 ds 1 3 —x
(2] M, 2
[ L e (57) S o5 () i
<<i 3 N]E (L(1,X)")(e"r)™"
v\ , evr)7".

Combining these bounds with Theorem [4] and using that |(e** — 1)/As| < 4 we
derive

(5.3)
1 3\" Y log x
- () E(LLX)5) (77) 4+ —aN () Fexp [ ——8T )
10)=30) < 5 (57 ) ELLE)) @) "4 4 (@m)ewp (- g2t )
Thus, choosing N = [loglogx] and A = ¢!°/Y we deduce from (28] that
1
(54) Jz(’r) —J(T) < W‘Dx(’r)

On the other hand, it follows from Theorem [[3] that

T 2
@X(ei)\NT) _ @X(T) (1 + O (6 (10g2 :I:) 10g3 .’I;)) '
log z

Combining this last estimate with (51]), (5.2]), and (5.4]) we obtain

P.(L(1,xq) > €'1) < J(1)+ O <1(z/g;>

<J(r)+0 ( (2% n 1?5;)

e” (logy 7)% logs = log x
<
< Ox(7) <1+O< log & +0 Ve
and

P.(L(1,xq) > e'7) > Jo(eM7)+ 0 (k\;;;)

o x(r) | loga
= e T)+O<(1g)+\/5>

> By (7) (1 +0 ( (logfoa;)ilogsx)> +0 (135;) .

The result follows from these estimates together with the fact that ®x(7) > /4
in our range of 7 by Theorem [L.3 O
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We now deduce Theorem [I.1]

Proof of Theorem [[Il. By the class number formula (I3]), we have h(d) > 2¢Y lt;/g_d .
7 if and only if

log (1 + m)

L(1 > e7 1+2
(Lxa) 2’7 [ 1+ log d

The desired estimate follows from Theorems [[L2 and [[.3] which show that the
number of d € Dgy(x) such that d > /x and L(1, xq) > €"7(1 + O(1/logd)) is

Den ()] - @ (T(1 + 0(1/1oggc))) (1 + 0 (6 (log, x)210g3:z:>)

log =
o2 150(1))

The analogous estimate for the number of discriminants d € Dg,(x) such that
h(d) <2e=7¢(2 )

I d L follows along the same lines. (Il
og T

6. THE NUMBER OF QUADRATIC FIELDS WITH A GIVEN CLASS NUMBER:
PROOF OF THEOREM

Recall that Fe,(h) is the number of discriminants in the family D¢, with class
number h. In order to obtain an asymptotic formula for », -, Fen(h), we first
show that we can restrict our attention to discriminants d € Dy, such that d <
X := H?(log H)®. To this end we use Tatuzawa’s refinement of Siegel’s Theorem
[19], which states that for large d, we have L(1,xq) > 1/(logd)? with at most one
exception. This implies that h(d) > v/d - (logd) ™3 with at most one exception, by
the class number formula (I3]). Thus, if h(d) < H, then we must have d < X, with
at most one exception. This yields

(6.1) ST Faly= Y 1+0Q).
hSH deDch(X)
h(d)<H

Proof of Theorem [LG. We estimate the main term in (GII) by using the smoothing

function
1 cico s — 1\ N ds
1, = s —
eAn (y) 276 o ioo y ( s ) s’

where ¢ = 1/log H, N is a positive integer, and 0 < A\ < 1 is a real number to be
chosen later. Using ([G.]) together with (A.I9]), we obtain

(6.2)
etiee H (e* -1 ds
F. — F.
S [ X (S ) < Y Fal
h<H d€De (X) h<e*NH

By ([2), Theorem [l and Remark [[.5] there exists a constant B > 0 such that
for all z > v/X and any complex number z with Re(z) > —1/2 and |z| < T :=
Blog X/(logy X logs X ), we have

(6.3) > L1, xa)* = C1a'*E(L(1,X)%) + O (a;l/? exp (—loi))

de Do (@) 20loglog x
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where

p>2
For brevity, we define
(x) = Ve .
log(vax — 1+ /x)

Then we have h(d) = £(d)L(1, xq) by the class number formula (I3]). Hence, using
integration by parts, we deduce from (6.3]) that

X
(6.4) > h(d)‘S:%E(L(l,X)‘S) </1 x_l/zé(x)_sdm>

d€Den (X)
log X
o x'? T S e
+ ( P 50loglog X
for |s| < T and Re(s) = c.

Since h(d) > 1 and |e** — 1| < 3 for large enough H, we see that the contribution
of the region |s| > T to the integral in (6.2)) is

N N
3 |ds| X2 73
x1/2 (2 / st AT 5
< (A) R\s(|>)§ \S\N+1<< N \\T

We also have |(e*® —1)/As| < 4 for large enough H. Therefore, it follows from (6.4)
that the integral in ([G:2) equals

1 Cy s X ~1/2 e e =1 N ds
(6.5) %/\SIST TE(L(LX) )</1 = (x) " de | H e ?4—5,

Re(s)=c

where

X2 3 \N 4NT log X
£ Sy (82 )
<N <)\T> T P { T 50Tog log X

Choosing A = ¢!?/T and N = [Aloglog H] for a constant A > 1 gives

E<Ka W.

Extending the main term of (63 to the entire line Re(s) = ¢, we see that it equals

(6.6) %/j: %E(L(l,X)—S) </1X x—1/2g(x)—sdx> s (eAL— 1>N%
volsunn % (3)')

=S5 ([ o (s )+ o) + 01 ()
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To shorten our notation we define Y = HL(1,X)~!. Then it follows from (@I9)
that for 1 < x < X we have

1 if {(x) <Y,
I N L = E[O 1] ifY<€(:E)<6)‘NY
N\ I@)L, %) R S
0 if /(z) > MY,

Furthermore, note that ¢(z) = (2y/z)/(logx + ¢¥(x)) for some ¢ (z) that satisfies
0 < ¢(x) < 2. Thus, if for a constant ¢ we define

lo(z) = 2V

~logz+¢’

then we have lo(z) < £(z) < £y(x), and therefore

1 if lo(z) <Y,
Iea N M 0 if l5(x) > eMVY,
O\ () L(1,X) . ’
€1[0,1] otherwise.

For any ¢ > 0 the function /.(z) is strictly increasing on (e?,00) and hence is

invertible on this domain. Let g, be its inverse function. Then we obtain

b's
H
. I = V2 Y24y = 9mi y\1/2 x1/2
(6.7) /1 e AN <€(a¢)L(1,X))I dx min (go( ), )
+0 (ga(eMY)2 = gy ()2 4 1)
Note that for any ¢ > 0 we have g.(x) = 22 ( log x+O.(loglog 90))2 for x > e%. More-

over, if go(Y) > X, then Y > £y(X) and hence L(1,X) < 1/(log H)3. Therefore, it
follows from Theorem [[3] that

E (min (go(Y)1/2,X1/2)) =E (go(Y)l/z) + O(Xl/2 exp (—log® H) )
=E(L(1,X)"") Hlog H + O(H log, H).
Furthermore, a similar argument shows that
E (gg(e’\NY)l/2 - gO(Y)1/2> = (M = 1)E (L(1,X)"") Hlog H + O(H log, H)
< H(log, H)?*logs H.

Combining these estimates with equations ([@2)), [@5), (6-6), and (67) we deduce
that

> Fen(h) < CIE (L(1L,X)"') Hlog H + O (H(logy H)?logg H) < Y Fen(h).
h<H h<e NH

Replacing e*V H by H in the right hand side inequality yields

> Fan(h) = C1E (L(1,X)7") Hlog H + O(H (logy H)? logy H).
h<H
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Finally, by (@) and the independence of the X(p)’s, we find that C1E(L(1,X)~1)
equals

() (5 () o (o) o)
IGO0 0200 G 2)

which completes the proof. O
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