TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 370, Number 9, September 2018, Pages 6771-6794
http://dx.doi.org/10.1090/tran/7182

Article electronically published on April 4, 2018

ON THE RATIONALITY OF CERTAIN TYPE A
GALOIS REPRESENTATIONS
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ABSTRACT. Let X be a complete smooth variety defined over a number field
K and let 7 be an integer. The absolute Galois group Galx of K acts on the
ith étale cohomology group H (Xz,Q;) for all primes ¢, producing a sys-
tem of ¢-adic representations {®y},. The conjectures of Grothendieck, Tate,
and Mumford-Tate predict that the identity component of the algebraic mon-
odromy group of &, admits a reductive Q-form that is independent of £ if X
is projective. Denote by I'y and Gy respectively the monodromy group and
the algebraic monodromy group of ®3°, the semisimplification of ®,. Assum-
ing that Gy, satisfies some group theoretic conditions for some prime 4o, we
construct a connected quasi-split Q-reductive group Gg which is a common
Q-form of G for all sufficiently large £. Let G?QS be the universal cover of the
derived group of Gg. As an application, we prove that the monodromy group
T’y is big in the sense that I'}® = GE(Z@) for all sufficiently large £.
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1. INTRODUCTION

Let X be a complete, smooth variety defined over a number field K and i an
integer belonging to [0,2dim X]. The absolute Galois group Galy := Gal(K/K
acts on the ith f-adic étale cohomology group V, := H{ (Xg, Q) for every or-
dinary prime ¢. We obtain by Deligne [6] a strictly compatible system of ¢-adic
representations

(1) {CI)[ : GalK — GL(W)}[
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in the sense of Serre [26]. The algebraic monodromy group at £, denoted by My,
is the Zariski closure of the monodromy group ®,(Galg) in GLy,. Let Mj be the
identity component of M, and let k£ be the dimension of V; for all /.

Choose an embedding K — C. If X is projective, then X(C) is a compact
Kihler manifold and the singular cohomology group V := H*(X(C),Q) carries a
Q-Hodge structure. Denote the Mumford-Tate group of V by MT(V), which is a
connected reductive subgroup of GLy . The celebrated conjectures of Grothendieck,
Tate, and Mumford-Tate imply that

(2) My 2 MT(V) xq Q

via the comparison isomorphism between V; and V ®qQy for all ¢ (see [29], [24] §3]).
This is equivalent to saying that the inclusion MT(V) C GLy is a Q-form of
Mj C GLy, for all ¢. It follows that the absolute root datum of My, i.e., the root
datum of Mg xg, Q, is independent of /.

Since ®, is conjecturally semisimple and our methods only handle semisimple
representations, we denote, for all ¢, the semisimplification of ®, by ®3°. We
say that {®3°}, is the semisimplification of the system (). Let I'y and G, be
respectively the monodromy group (Galois image) and the algebraic monodromy
group of ®3°. Let U, be the unipotent radical of M. The following short exact
sequence holds:

1-U;—>M;—>Gy— 1.

Since we are only concerned about Gj and there exists a finite extension K"
of K which is the smallest extension such the Zariski closure of ®3°(Galgconn) in
GLyg= is G for all £ [23] no. 135, §2.2.3], we once and for all assume that the field
K is chosen large enough such that G is connected for all e[

We embed Q, in C and let g, be the Lie algebra of Gy xg, C for all £. The
representation ®7° and the algebraic monodromy group Gy are said to be of type
A if every simple factor of g, is equal to A,, := sl,4; ¢ for some n. This definition
is independent of the choice of embedding @Q; — C and is equivalent to the one
n [I4]. Type A representations provide supporting evidence for (). For example,
we showed in [14] that for all sufficiently large ¢, Gy is quasi-split if it is of type
A. Also, it follows from the main theorems of [I1] that the complex reductive Lie
algebra gy is independent of ¢ if the following hypothesis is satisfied (see §2.7)).

Hypothesis A. There exists a prime £y such that the following conditions hold for
s /2
(1) ge, has at most one Ay simple factor;
(ii) if q is a simple factor of ge,, then q is of type Ay, for some
n € N\{1,2,3,5,7,8}.
Example. gy, = A4 ® A ® Ag B Ag & Z, where Z is abelian.

This paper is motivated by the conjectural isomorphism (2)) for all £. Suppose X
is an abelian variety. Then the semisimplicity of (I]) is established by Faltings [g],
and (2)) is the Mumford-Tate conjecture for abelian varieties [20], which has been
studied by many people (see [21 §5] for details). For a general system, Larsen-Pink
has proved the existence of a common Q-form of G, C GLy;= for £ belonging to a

ILarsen-Pink presented a purely field theoretic construction of K°°"™ in [I§].
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set of primes of Dirichlet density 1 if () is absolutely irreducible and satisfies one
of the following conditions [16, Proposition 9.10]:
(i) the splitting field of (@) (see [16], §8.1]) is Q;
(ii) the dimension of representations is divisible neither by 3!° nor by the fifth
power of an even integer strictly greater than 2.

Definition 1.1. Let G be a connected reductive group defined over a field F' and
let T be a subgroup of G(F). Denote by G** the quotient of G by its radical and
by I'*® the image of I" under the natural morphism

7 G(F) —» G*(F).

Denote by G°* the derived group of G, by G5 the universal covering of GI°*, by
75¢ the natural morphism

T G*(F) — G (F),
and by I'*¢ the pre-image of I'*® under 7%° o 75°.
The monodromy group I'y is a compact ¢-adic Lie subgroup of G;(Qy). Identify
Gy as a connected reductive subgroup of GLj g,. The main results of this article
are as follows.

Theorem 1.2. Let {®,}; be the system () and let Gy be the connected algebraic
monodromy group of ®5° for all £. Suppose Hypothesis [Al is satisfied. Then the
following statements hold.
(i) The conjugacy class of Gy xq, C in GLy ¢ is independent of ¢
(ii) There exists a connected quasi-split reductive group Gq defined over Q such
that for all sufficiently large £,

G/ = Gg xg Qp.

Corollary 1.3. Let G¢ be a semisimple group scheme over Z[%] for some N whose
generic fiber is G, where Gq is in Theorem [L2L For all sufficiently large ¢, we
have

T = G%(Zy).

Corollary [[3] can be applied to study the mod ¢ Galois images. For any finite
group I, simple Lie type g (e.g., An, Bn, Cpn, Dy, Eg,...), and prime ¢ > 5, we
defined in [T2[14] (see §2.5)) the g-type f-rank rk§ I of I', which measures the number
of finite simple groups of type g in characteristic £ in the composition series of I
For example,

St B = { 1 Gl

We studied the mod ¢ Galois image I'y := ¢,(Galy) arising from étale cohomol-
oggE for all sufficiently large ¢ in [I2] and showed that rkf" [y is independent of
> 0ifn € N\{1,2,3,4,5,7,8} (see §23). However, the function rkZA" cannot
distinguish between the Chevalley group A, (¢/) and the Steinberg group 2A,,(¢*7)
for n > 2 since their A,-type f-ranks are both fn. For example, suppose Ag is the

2The reductive subgroups Gy, XQy, C and Gy, XQy, C are conjugate in GLy ¢ for all distinct

primes £ and ¢s.
3Since ®,(Galx) is compact, it fixes some Z,-lattice L, of V,. Then ¢, is defined to be the
semisimplification of the mod ¢ reduction of ®, with respect to Ly.
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only simple factor of gs,. Then ', has only one composition factor of Lie type in
characteristic £ for £ > 0, which is either the Chevalley group Ag(¢) or the Steinberg
group ?A6(¢%). One cannot tell which one occurs for large ¢ from the results in [12].
Nevertheless, Corollary below provides a precise description of the composition
factors of Lie type in characteristic £ of T'y for £ > 0 if Hypothesis [A] is satisfied.

Definition 1.4. For any prime ¢ > 5 and finite group T, denote by Lie,I' the
multiset of the composition factors of Lie type in characteristic £ of T'.

Corollary 1.5. Let G be a semisimple group scheme over Z[%] for some N
whose generic fiber is GI*, where G is in Theorem [L2. For all sufficiently large
£, we have

Liegfg = Liezgder (]Fg)

Remark 1.6. For the Ag case discussed above, Corollary implies (by studying
the Galg action on the Dynkin diagram of G(%er) that either the Chevalley group
Ag(£) occurs for £ > 0 or there is a quadratic extension F of Q such that for
£>> 0, the Chevalley group Ag(¢) occurs for ¢ that splits completely in F' and the
Steinberg group 24¢(¢?) occurs for ¢ that is inert in F. Such a congruence is useful
to the inverse Galois problem and appears, for example, in the computation of the
geometric Z/¢Z-monodromy of the moduli space of trielliptic curves [I, Theorem
3.8].

Let us sketch the proof of Theorem For any connected reductive subgroup
G of GLg, r, we introduce the notion of the formal bi-characters of G in Definition
Since Gy is a connected reductive subgroup of GLj, g, for all ¢, the method in
[11), §3] shows that the isomorphism class of the formal bi-characters of G, xg, C C
GLg,c (for any embedding Q; < C) is independent of ¢ (Theorem [ZI0). By the
method of Serre’s Frobenius tori (§2.3)), one can pick for each large £ a formal bi-
character of Gy such that these formal bi-characters admit a common Q-form up
to conjugation (Theorem [ZIT]). Under Hypothesis [A] the invariance of both the
formal bi-characters of G, x g, C and the positions of roots in the weight space (§3.1))
imply by Theorem B.I0] that:

(i) the root datum of G; xg, C is independent of ¢;
(ii) the conjugacy class of Gy xg, C in GLy, ¢ is independent of .

The assertion (ii) above is exactly Theorem [[2(i). We also know that Gy is quasi-
split for £ > 0 by Hypothesis [Al and Corollary The techniques on forms of
reductive groups that are essential to the proof of Theorem [[2(ii) are reviewed in
4 By exploiting these techniques and all the /-independence results above, we
prove the existence of a common Q-form Gg for {G}eso in §5 which completes
Theorem [T2)ii).

Remark 1.7. The (-independence theorem of this paper and the results on the
invariance of roots in §3 allow us to study the decomposition of compatible systems
of Galois representations arising from geometry into a direct sum of an abelian and
a non-abelian compatible subsystems [I3].

2. SOME RESULTS ON /-ADIC REPRESENTATIONS

2.1. Strictly compatible systems. Let k be a positive integer, let K be a number
field, and let K be an algebraic closure of K. Denote by Galg the absolute Galois
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group of K and by X (resp. ¥g) the set of non-Archimedean valuations of K
(resp. K). For each prime number ¢, let ¥, be a k-dimensional, continuous ¢-adic
representation of K,

\I/[ : GalK — GLk(Qg)

Forv € ¥k, let v € ¥z divide v. Denote by Dy and I the decomposition subgroup
and inertia subgroup of Galg at ¥ respectively. Let k(v) be the residue field of K
completed with respect to v. Since Dy/Iy = Galy(,,) naturally, denote by Frobg €
D3/ I; the element corresponding to the inverse of the Frobenius automorphism of
k(v)/k(v) and call it a Frobenius element. Suppose ¥ and ' both divide v € Y.
Then the two pairs Iz C Dj and Iyr C Dy of closed subgroups are conjugate in
Galg. The representation Uy is said to be unramified at v if Wy(1I;) is trivial for
some v dividing v. In this case, it makes sense to define the image of a Frobenius

element W, (Froby).

Definition 2.1. The system of f-adic representations {U,}, is said to be strictly
compatible if the following conditions are satisfied.

(i) There is a finite subset S C Yk such that ¥, is unramified outside Sy :=
SU{v € Xk :v|f} for all L.

(ii) For all primes ¢; # (2 and U € ¥ dividing v € g\(Se, U Sp,), the
characteristic polynomials of ¥y, (Frob;) and ¥y, (Frob;) are equal to some
polynomial P,(x) € Q[z] depending only on v.

Example (Examples of strictly compatible systems.).

(i) The semisimplification { U3}, of the strictly compatible system {¥,},. Note

that the characteristic polynomials of ¥y(Frobs) and ¥ (Frobs) are equal.

(ii) The direct sum of two strictly compatible systems.

(iii) The system of abelian f-adic representations arising from a Q-representation
of the Serre group Sy [20].

(iv) The system of ¢-adic representations arising from the ¢-adic Tate modules
of an abelian variety A defined over K.

(v) The system of ¢-adic representations arising from étale cohomology as in

m.

2.2. Formal character and bi-character. Let F be a field and let G be a con-
nected reductive subgroup of GL; r. Since G is connected, the derived subgroup
Gder is semisimple.

Definition 2.2. Let T be a maximal torus of G. Then the natural inclusion
T C GLg r is said to be a formal character of G C GLy r or of G for simplicity.
Two formal characters Ty C GLj r and Ty C GLg r of respectively G; and Go
are isomorphic if T; and Ty are conjugate in GLy r, i.e., conjugate by an element

Definition 2.3. Let T be a maximal torus of G and let T := T N G bhe a
maximal torus of G9¢*. Then the chain T ¢ T C GLy, r is said to be a formal
bi-character of G C GLy, r or of G for simplicity. Two formal bi-characters T5* C
Ty C GLg,r and T3 C Ty C GLj F of respectively Gi and Gg are isomorphic if
the two pairs T9® C Ty and T%® C T are conjugate in GLy r, i.e., conjugate by an
element of GLj(F).
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Remark 2.4. If F is algebraically closed, then all formal characters (formal bi-
characters) of G C GLj, r are isomorphic since all maximal tori of G are conjugate
in G.

2.3. Frobenius tori. Let {¥,}, be a semisimple, k-dimensional, strictly compati-
ble system of ¢-adic representations. Denote by Gy the algebraic monodromy group
at ¢, i.e., the Zariski closure of ¥y(Galg) in GLy g, Assume Gy is a connected
reductive subgroup of GLy g, for all £. Since ¥, is unramified outside S, (Definition
2], the image of the set of Frobenius elements

Fo = {V(Frobyg) : v divides v ¢ S¢}

is dense in the Galois image ¥,;(Galg) by the Cheboterav density theorem. It is
also Zariski dense in Gy by the definition of Gy. Definition 2.5 Theorem 2.6 and
its corollaries below are due to Serre [22, no. 133].

Definition 2.5. For each v dividing v ¢ Sy, the Frobenius torus T;, is defined
as the identity component of the smallest algebraic subgroup of G, containing the
semisimple part of U,(Frobg).

The following theorem uses the terminology of Larsen-Pink [I8, Theorem 1.2
and its proof]; see also [3, Theorem 3.7].

Theorem 2.6 (Serre). Let £ be a prime and let v € X . Denote the characteristic
polynomial of ¥y(Frob;) € %y by P,(x) € Q[z], which is independent of £. Denote
by p, the characteristic of v and by q, the cardinality of the residue field of v.
Suppose there exists a finite subset Q C Q such that the following conditions are
satisfied for every root a of P,(x) :

(a) the absolute values of o in all complex embeddings are equal;

(b) « is a unit at any non-Archimedean place not above p,;

(c) for any non-Archimedean valuation w of Q such that w(p,) > 0, the ratio

w(a)/w(gy) belongs to Q.

Then there exists a proper closed subvariety Y of G, such that T5 is a mazimal
torus of Gy whenever W,(Frob;) € G,\Y.

Since the Frobenius tori T;, and Ty ¢ are conjugate whenever 0| = v = v'|g,
the following corollary follows directly.

Corollary 2.7 ([3, Corollary 3.8], [I8 Corollary 1.4]). Suppose Theorem[Z8a),(b),
(¢) hold. The following subset of X is of Dirichlet density 1,

{v e Xk\Se: Tz, is a maximal torus of Gy}.

If we embed Q; in C, then G; xg, C is a connected C-reductive subgroup of
GLy, ¢ for all 2.

Corollary 2.8. Suppose Theorem [Z0a),(b),(c) hold. The isomorphism class of
the formal characters of Gy xq, C C GLg ¢ is independent of £. In particular, the
rank of Gy is independent of €.

Proof. For all distinct primes ¢ and ¢, there exists o such that T3, Xg, C and
T30 Xq,, C are maximal tori of Gy Xq, C and Gy xg,, C respectively by Corollary
27 Since Ty, xg, C and Ty xq, C only depend on the eigenvalues of P,(x)
(Definition 2I[(ii)), they are conjugate in GLg c. Therefore, the first assertion of
the corollary holds by Remark[2.4l Since the rank of Gy is defined as the dimension
of a maximal torus, it is independent of /. O
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Corollary 2.9. Suppose Theorem 2.6(a),(b),(c) hold. There exist a Q-subtorus
Tq of GLiq and for every sufficiently large ¢, a formal character Ty C GLy g,
of Gy such that Tg C GLg g is a common Q-form of {T¢ C GLk g, }rso up to

conjugation; i.e., the subtori Tg Xq Q¢ and T, are conjugate by an element of
GLk(Qy) if £ is sufficiently large.

Proof. Let ¢/ be a prime. Then there exist v ¢ S (Definition [2Zi)) and v dividing
v such that Ty := T is a maximal torus of Gy by Corollary 2771 For ¢ >> 0,
T, := Ty, is a subtorus of G by construction. Since the rank of G, is independent
of ¢ by Corollary 2.8 T, is a maximal torus of G, for all £ > 0. Let A, €
GL;(Q) be a semisimple matrix with characteristic polynomial P,(x) (Definition
211(ii)). Then A, is conjugate in GL;(Qg) to the semisimple part of W,(Froby)
for all £ > 0. Hence, if we denote by Tgq the identity component of the smallest
algebraic subgroup of GLj, g containing A,,, then Tg C GLy g is a common Q-form
of {Ty C GLk g, }es0 up to conjugation. |

2.4. (-independence of the (-adic images. We follow the terminology in §2.3
Let i : S — GL., @ be a representation of some Serre group Sy of number field
K. Then attached to this morphism is a strictly compatible system of abelian
semisimple f-adic representations {O,}, of K [26, §2.2]. Suppose i is injective.
Consider the direct sum of two strictly compatible systems:

(3) {\I/z ® Oy : Galg — GLj (Q@) X GLm(@g) C GLker(Qg)}g.

Define p; : GL; x GL,, — GLj and ps : GL; x GL,, — GL,, to be the projection
to the first and the second factors respectively. Let G, C GLy,g, X GLy g, be
the algebraic monodromy group at ¢, which is assumed to be connected. Let T
be a maximal torus of Gj. Then p;(T}) is a maximal torus of Gy, the algebraic
monodromy group of W,. We showed in [11l §3] that the conjugacy class of the
subtorus
T% XQq Cc GLk,C X GLm’C

is independent of /; i.e., for all primes ¢ and ¢', the subtori T xq, C and T}, xq,, C
are conjugate in GLy ¢ x GL;, ¢. Define

TE : = p1((Ker(pz) N 'T})°) xq, C;
T(C : :pl(Tz) XQy C.

It follows that the conjugacy class of the chain of subtori T C T¢ C GLy ¢ is
independent of £.

(4)

Theorem 2.10 ([II, Theorem 3.19]). The complex torus TE is a mazimal torus
of G xq, C, and the isomorphism class of the formal bi-character

?CS Cc Te C GLk,(C
of Gy xq, C is independent of €. In particular, the semisimple rank of Gy is
independent of £.

Let W, be ®3° for all £. By combining all the results in this subsection, we obtain
the following theorem for the system ().

Theorem 2.11. Let {®;}, be the system [ and let Gy be the connected algebraic
monodromy group of ®° for all £. There exist two Q-subtori TG C Tq of GLy g
and a formal bi-character T} C Ty C GLy g, of G for all sufficiently large £ such
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that T C Tg C GLy,g is a common Q-form of {Ty® C Ty C GLg g, tes0 up to
conjugation.

Proof. Since ®° and O, satisfy the conditions (a), (b), (¢) of Theorem (L8,
Theorem 1.1], [25, Chapter 2, §3.4]), so does ®3° ® ©,. Since {®}°}, and {O,}, are
both strictly compatible, there exists a formal character

T} C GLyg, X GLmq, C GLktm,g,

of G/ such that these formal characters have a common Q-form up to conjugation
in GLg x GL,,

TfQ C GL&Q X GLm,Q C GLk+m7Q,
for all sufficiently large ¢ by Corollary Define two Q-tori

3 = pi((Ker(p2) N'Ty)°) and Tg := p1(Ty).
Define two Qg-tori
T3 := p1((Ker(p2) N'T))°) and Ty := p1(TY).

Then
TES cT, C GLk,QZ

is a formal bi-character of Gy by Theorem .10l and admits a Q-form Tg C Tq C
GLy, g by construction if £ is sufficiently large.

Let g3 be the Lie algebra of G xg, C. Since the isomorphism class of the
formal characters of GJ®* xg, C C GLj ¢ is independent of ¢ (Theorem [Z10), the
isomorphism class of the formal characters of gl C End;(C) (in the sense of
[T, §2.1]) is likewise independent of £. We obtained the following ¢-independence
result by studying the positions of roots in the weight space [IT, §2]. Relevant
details will be given in §3.1]

Theorem 2.12 ([II, Theorem 3.21]). Let g; be the Lie algebra of Gy xqg, C and
let an ¢ be the number of A, factors of g¢. Then the following statements hold.

(i) The parity of as ¢ is independent of L.

(ii) The number ay, ¢ is independent of ¢ if n € N\{1,2,3,4,5,7,8}.

Corollary 2.13. Suppose Hypothesis [Al holds. Then the complex reductive Lie
algebra gy is independent of £.

Proof. By Corollary 2.8 and Theorem [2.10] the semisimple rank and the dimension
of the center of g, are both independent of ¢. The corollary follows from Theorem
O

2.5. f-independence of the mod ¢ images. Let £ > 5 be a prime and let g be
a Lie type (e.g., Ay, By, Cy, Dy, ...). We define the g-type ¢-rank function, rkj,
and the total £-rank function, rky, on finite groups. The dimension of an algebraic
group G/F as an F-variety is denoted by dim G. Let I be a finite simple group of
Lie type in characteristic £. Then there exists an adjoint simple group G /F,s such
that
F = G(Flf)dcra
the derived group of the group of F,s-rational points of G. By base change to Fy,
we obtain
G X]Flf F[ = ﬂm,
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where H is an F-adjoint simple group of some Lie type h. We then set the g-type
{-rank of I to be

on . [ f-1kG if g=h,
rky I':= { 0 otherwise,

and the total -rank of T to be

e

rk, T := Zrk T.
g

For simple groups which are not of Lie type in characteristic ¢, we define the g-type
f-rank and the total /-rank to be zero. We extend the definitions to arbitrary finite
groups by defining the g-type f-rank and the total f-rank of any finite group to
be the sum of the ranks of its composition factors. This definition makes it clear
that rkf and rky are additive on short exact sequences of groups. In particular, the
g-type f-rank and the total {-rank of every solvable finite group are zero.

Given a strictly compatible system {U;}, the monodromy group ¥,(Galg) is a
compact subgroup of GL;(Qy) which fixes some Z,-lattice of Qf for all £. By some
change of coordinates, we obtain for each ¢ a unique semisimple mod ¢ representa-
tion

1/)g : Galg — GLk(Fz)

by reduction mod ¢ and semisimplification (Brauer-Nesbitt [5, Theorem 30.16]).
We then say that the mod ¢ system {t;}, arises from the (-adic system {¥;},.
The following theorem is the mod ¢ analogue of (part of) Theorems and

Theorem 2.14 ([12, Theorem A, Corollary B]). Let {¢¢}ico be the system of
mod { representations arising from the system {®3}, and let Gy be the connected
reductive algebraic monodromy group of ®3° for all £. Denote the image of ¢¢ by
[y. Then the following statements hold for £ > 0.

(i) The total l-rank vk, Ty of Ty is equal to the rank of GI* and is therefore
independent of .

(ii) The A, -type L-rank rkf" [y of Ty forn € N\{1,2,3,4,5,7,8} and the parity
of (1rk244 ['¢)/4 are independent of .

2.6. Maximality of the ¢-adic images. Let {®,}, be the system ([d]). The rep-
resentation ®3° and the algebraic monodromy group G, are said to be of type A if
every simple factor of g, := Lie(Gy xq, C) is of type A,. The maximality of the
monodromy group I'y inside the ¢-adic Lie group G¢(Qy) is studied in [14] assum-
ing that Gy is of type A. A reductive group H/Qy is said to be unramified if it is
quasi-split over Q; and splits over an unramified extension of Q.

Theorem 2.15 ([I4] Main Theorem]). Let {®;}, be the system ([l). For all suf-
ficiently large €, if Gy is of type A, then I} is a hyperspecial mazimal compact
subgroup of G°(Qy) and G}° is unramified over Q.

Corollary 2.16. For all sufficiently large £, if G is of type A, then Gy is unram-
ified.

Proof. For all sufficiently large ¢, G5° is unramified over Q, by Theorem [Z.I5land G,
splits over an unramified extension by Corollary Since the natural morphism
Gy — G?er is a Qg-isogeny and the center of Gy is defined over Qy, G is unramified
for £>> 0. |
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Remark 2.17. If X is an abelian variety, then the conclusions of Theorem [2.15] hold
without any type A assumption on Gy (forthcoming).

3. (-INDEPENDENCE OF Gy C GLy g,

Let {®,}¢ be the system (). The algebraic monodromy group Gy of ®3° is a
reductive subgroup of GLj g,. We suppose Gy is connected for all ¢ by requiring
K = K™, We embed Qg in C for all £. Then G, xg, C is a subgroup of GLj ¢
for all £ and the isomorphism class of the formal bi-characters of Gy xq, C is
independent of ¢ by Theorem If G, xg, C is semisimple and the tautological
representation on CF is irreducible for all ¢, then a formal character determines the
root lattice and the set of short roots of Gy xg, C [15, §4, Proposition]. In a lot
of cases, the above information determines the root system of G, xg, C and the
representation Gy xg, C C GLy ¢ [15, Theorem 4], which implies that the conjugacy
class of Gy xg, C in GLy ¢ is independent of £. The purpose of this section is to
prove that if Hypothesis [A] holds, then the formal bi-character

¢ C Tc C GLic

of Gy xg, C (Theorem 210) determines the root datum [27, §1] of (G¢ xg, C, T¢)
and the conjugacy class of G, xg, C (in GLy ¢) for all ¢ (Theorem [B.I0). All these
are based on the crucial root computations in [I1, §2], which will be explained
below.

3.1. The invariance of the roots in the weight space. Let g and g’ be two
complex semisimple subalgebras of Endy(C). Suppose t C End;(C) is a common
Cartan subalgebra of g and g’. The following notation is defined with respect to
t. Let R and W (resp. R’ and W’) be the roots and Weyl group of g (resp. g’)
respectively. The semisimple Lie algebras g and g’ have the same weight lattice A C
t*, generated by the weights {aq, . .., ax} of the faithful representation t C Endy (C).
Therefore, we say the faithful representations g C Endy(C) and ¢’ C End(C) have
identical formal character ([II], §2.1]) and we define

Char(C*) := ay 4+ ag + - - - + a € Z[A].

Since the weights in Char(C¥) generate the weight space A ®7 R, one can define a
positive definite inner product ((, )) on A ®z R that is isomorphic to the R-span
of A in t* such that the finite subgroup of GL(A ®z R) preserving Char(C*) is
orthogonal [T} §2.3]. Let {g;}; and {q}}; be the multiset of simple factors of g and
g’ respectively. Denote by R;, A;, and A; ®z R (resp. R}, A}, and A} ®z R) the
roots, the weight lattice, and the weight space of the simple Lie algebra g; (resp.
q;) with respect to tNq; (resp. tN q}) respectively. Then A; ®z R (resp. A’ @z R)
can be identified as a subspace of A@zR. We obtain R = |J; R; (resp. R’ = J; R).

Lemma 3.1.

(i) The weight subspaces A;; @z R and A;, ®zR of ARz R are orthogonal with
respect to ((, )) whenever iy # is.
(ii) Denote by (, ); the inner product on A; @z R induced by the Killing form
of q;. Then c;(, )i=((, )) on A; ®z R for some ¢; > 0.
(iii) Denote by (, ) the inner product on A ®z R induced by the Killing form of
g. Then Ay, @z R and A, ®z R of A ®z R are orthogonal with respect to
(, ) whenever iy # ia. Since the set of subspaces {A; ®z R}, are pairwise
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orthogonal with respect to the positive definite inner products (( , )) and
(, ), we conclude that (( , )) determines (, ) up to a positive factor on
each A; @7 R for all i.

Proof. Since W preserves Char((Ck), the weight subspaces A;, ®z R and A;, @z R
are orthogonal with respect to ((, )). This proves (i). Assertion (ii) follows from
[2 VI, §1, Proposition 5, Corollary (i)]. For (iii), by definition of the Killing form,
the weight subspaces A;, ®z R and A;, ®7 R are orthogonal with respect to (, ).
The conclusion of (iii) then follows from (i) and (ii). O

The following result is obtained implicitly in [II, §2]. Since it is crucial to
Proposition [3.7] we make it explicit.

Proposition 3.2. If each simple factor q; of g is of type A, for somen € N\{1,2,3,
5,7,8} and g has at most one Ay factor (the conditions in Hypothesis[A)), then g is
isomorphic to g’ and there is a one-to-one correspondence between the two multisets
{ai}i and {q};};, denoted by {q; <> q;}i, such that the following conditions hold:
(i) A; @z R = A, ®z R as subspace of A @z R for all i;

(i) g; is isomorphic to g, for all i;

(iii) R; = R} as a subset of A @z R for all i;

(iv) R= R’ as a subset of A ®z R.

Proof. Since g C Endi(C) and g’ C Endy(C) have the same formal character
t C Endy(C) and the simple factors of g satisfy the conditions in Hypothesis [A] g
and g’ are isomorphic [I1, Theorems 2.14, 2.17]. Let u}j € R} be a root of g’; such
that the orthogonal projection of u} (with respect to ((, ))) to A; @z R is nonzero.
Since q; = A, with n > 4 and g is of type A (hence the assumptions of [I1} §2.10]

are fulfilled), we have
w; ¢ (A @z R)U (A @z R)+

only if g has an A, factor where n € {1,2,5,7} or g has two A4 factors [11]
Proposition 2.11]. Since these cases are excluded, we obtain

u; €A, ®zR.
Since the root system
(A; @z R, R}, (1))

of qg [9, §21.1] is irreducible, we obtain R;- C A; ®z R by Lemma [BILiii). Thus, we
have A;- ®z R C A; ®z R. Since the number of simple factors of g and g’ are equal
(because g = ¢g') and R (resp. R') generates vector space A ®z R, we conclude (i)

A, ®zR=A; @z R

and thus obtain a one-to-one correspondence {q; <> q;}; such that (ii) holds (be-
cause dimq; = dimq}). Since g and g’ are isomorphic and satisfy the simple factor
conditions in Hypothesis [A] we obtain R; C R} and R, C R; by

A ®zR=A; ®zR

and [I1} §2.13]. We conclude that R; = R} for all 4, which is (iii). Then (iv) follows
from (iii). O
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3.2. The root datum and conjugacy class of G,. Let F be a field with F an
algebraic closure. To each pair (G®*P, T5P) where G®P is a connected split reductive
group defined over F' and T*®P is a split maximal torus of G°P, one associates a
root datum ¥ = ¢(GSP, T5P) = (X, R, XY, RY) as follows ([28, Chapter 15], [27, §2,
(F = F)]). Denote by X the character group of TP and by X" the cocharacter
group of T®P. They are free abelian groups of rank equal to the dimension of T*P
and admit a natural pairing (, ): if + € X and u € XY, then z(u(t)) = t{»w
for t € F*. Take R to be the roots of G*P (the nonzero characters of the adjoint
representation of G®P) with respect to T. For o € R, let TSP be the identity
component of the kernel of o and G$P the derived group of the centralizer of TP
in G®?. Then GZP is semisimple of rank 1, and there is a unique homomorphism
oY : F* — G®P such that TP = (Ima¥)T®P and (o, ") = 2. These ¥ make up
RY. A central isogeny [28, §9.6.3] ¢ of (G®P,T*P) onto ((G®P)’, (T*P)’) induces an
isogeny of root data [27, §1],

[(@) - p((G™), (T)) = (G, T™P).
Theorem 3.3 ([28, Theorems 16.3.3, 16.3.2], [27, Theorem 2.9, (F = F))).

(i) For any root datum U with reduced root system, there exists a connected
split reductive group GP and a mazximal split torus TP in GP such that
U = (G, TP). The pair (GP, T®P) is unique up to isomorphism.

(ii) Let U = ¢(G®P,TP) and ' = ((G°P),(TP)). If f is an isogeny
of V' into W, then there exists a central isogeny ¢ of (G, T*P) onto
((G®P), (T%P)) with f(¢) = f. Two such ¢ differ by an inner automor-
phism Int(t) of G°P, where t € T*P(F).

Remark 3.4. If F = F, then every connected reductive G over F' splits.

Let £ and ¢’ be two distinct prime numbers. We identify G, xg, C and Gy xg,, C
as connected reductive subgroups of GLg ¢. By Theorem 210 the chain

(5) fcb CTe C GLk,(c

is isomorphic to the formal bi-characters of both Gy xg, C and Gy xq,, C. Hence,
up to conjugation in GLg(C), we may assume T¢ is a common maximal torus of
G/ xg, C and Gy xg,, C and T is a common maximal torus of G§*" xg, C and
GJer xq, C (the derived groups of G xg, C and G4 xq,, C) .

Definition 3.5. We define the following notation:

(a) X: the character group of T¢.
) XV: the cocharacter group of Tc¢.

) R: the roots of G; xg, C with respect to Tc.

) RY: the coroots of G, xg, C with respect to Tc.

) R': the roots of Gy xq,, C with respect to Tc.

) (R')Y: the coroots of Gy xg,, C with respect to Tc.
) X%: the character group of TE.
)
)
)
)
)

—~
=

—~ e~ —~

c
d
e
f
g
h

A~

(X®%)V: the cocharacter group of TF.

R|rs: the roots of GJer x, C with respect to T5.
RY: the coroots of G$ xg, C with respect to T5.
R/|ps:: the roots of G§™ xq,, C with respect to TE.

(I) (R')V: the coroots of G§* xq,, C with respect to T,
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Remark 3.6. The definitions of (i), (j), (k), (1) make sense. Indeed, there are natural
maps X — X* and (X*)¥ C XY because TF is a subtorus of T¢. Notation (i) and
(k) comes from the restriction of R to TE. Notatlon (j) and (1) comes from the fact
that the coroots of (G¢ xg, C, T¢) and (G;1er Xq, C, T¥) are identical.

Let g3, gi", and t be the Lie algebras of G{" xq, C, G§* xg,, C, and T

respectively. Then t is a common Cartan subalgebra of gder and gder.

Proposition 3.7. If Rlrs = R, then RY = (R')". Therefore, the root data
(X5, Rlpes, (X*)Y, RY) and (X*, Rz, (X*)Y, (R')Y) of respectively (G§" xq, C,
T) and (G xq,, C,TE) are equal.

Proof. For any complex Lie group homomorphism ¢, denote by d¢ the differential
of ¢ at identity. Let o € R|p=s = R'|1s, ¥ € RY and (/)Y € (R')Y be the coroots
corresponding to a. Then

(da:t—C) €
as well as a root of gi*. If we identify

ViC—t and d(a):C—t

is a root of gger

as elements of t by the images of 1 € C, then by construction they are distinguished
elements of t [9, §14.1] corresponding to the root da of g and g respectively.
Let (, ) and (, )’ on t* be the inner products induced by the Killing forms of gder
and gder respectively. For 8 € R|ps = R'|rs, we obtain by [9, Corollary 14.29]
that

2(dB,da)  2||dp]| cos

(8,0") = dp(da”) =

(©) (dayda) — ||daf|
2(dB,da)’  2||dB|| cos b’
NV __ NNVY __ 9 _
<67(a) >—d6(d(0[) )_ (dOL,dO&)/ - HdaH/ )
where 6 and || - || (resp. 6" and || -||") denote the angle between da and df and the

length under the inner product (, ) (resp. the inner product (, )’). Let Vg be the
R-span in t* of the common set of roots

{dB: B € R|rs = Rl|rs}

of (gf*,t) and (g¢°",t). Then (, ) and (, )’ are positive definite on Vg and define
two root systems. In particular, the two Weyl group (of gder and gde‘") actions on
Vr are orthogonal for both (, ) and (, ). Thus, (', )|w determines ( , )|y up
to a positive scalar factor on each irreducible root subsystem by Lemma BI(iii).
Hence, 6 = 6’ always holds and

dsll _ [ldBII

l[dal] ~ [ldal7
if da and d belong to the same irreducible subsystem. We conclude that (3,a") =
(B,(a’)Y) by (@) for all § € R|rss = R'|rs=. Since R|rss = R'|1s spans X* @z R,
we have oV = (/)Y in (X5)V. Hence, RV = (R)V. O

Theorem 3.8. If R|lrs = R'|rs, then R = R'. Therefore, the root data ¥ =
(X, R, (X)V,RY) and V= (X, R, (X)Y, (R")V) of respectively (G xg, C,T¢) and
(Gu xq, C,Tc) are equal.
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Proof. By Remark and Proposition B.7] the coroots of ¥ and ¥’ are the same,
ie, RV = (R)V. Tt suffices to prove R = R’. Let Xg = X ®; R. The formal
character T¢ C GLj ¢ corresponds to a finite subset S of X which spans Xg. The
subgroup Gg of GL(Xg) that preserves S is finite and contains the Weyl groups W
and W’ of (G¢ xq, C,T¢) and (G¢ xq, C,Tc) respectively. By Weyl’s unitarian
trick, there exists a positive definite inner product ( , ) on Xg such that Gg is
orthogonal. Denote by V& and Vg the R-spans of R and R’ in Xg. Denote by Ug
the R-span of the characters of X that annihilate TE. We obtain

(7) VR@UR:XR:VHQ@UR-

Let Vi (resp. (Vi)1) be the orthogonal complement of Vi (resp. Vi) in Xg. Since
Vi and Vi- (resp. Vi and (Vi)1) are both invariant under W (resp. W'), the action
of W (resp. W') on Vg (resp. V§) does not contain any trivial subrepresentation,
and W (resp. W) is identity on Ug, we obtain Vi~ = Ug = (V§)* by (@), and
hence also

(8) Ve = U = V.

For any v € RY = (R’)Y, let v, be the unique element in Xg such that
(@, v9) = {@,7)

for all a € X. Since the images of the coroots generate T, we obtain

9) Spang{v, : v € RV = (R')V} = Ug.

The natural map R — R|rs (R — R'|1s) is a bijection and R|rs = R'|Ts is the
hypothesis. Let a € R and o’ € R’ be two roots such that « 1s. Then

TES = a,

(OJ,U,Y) = <Oé,’}/> = <a|T§CSa’Y> = <O/|TES7'Y> = <O/7’Y> = (0/71)’7)
for all v € RY = (R')Y. Therefore, we obtain @ = o by (§) and (@), which implies
R=R. O

Corollary 3.9. If R|TE°‘ =R T, then the complex reductive subgroups Gy xg, C
and Gy xq,, C of GLy c are conjugate in GLy c.

Proof. Since the root data ¥ and ¥’ are equal, this defines an isomorphism f :
U’ — ¥ of root data. By Theorem B3(ii), there exists an isomorphism ¢ : (G¢ X,
C,Tc) — (Gg xq, C,Tc) such that f(¢) = f. This implies that the standard

representation Gy xg, C C GLj ¢ and the representation Gy xg, C 2 Gy xq, CC

GLj ¢ of G Xg, C have the same character. Hence, the two representations are
equivalent and the images are conjugate in GLj c. O

Since Proposition [3.2(iv) implies R|rs = R'|Ts, we obtain the following imme-
diately by Theorem B.8 and Corollary

Theorem 3.10. If Hypothesis[Al is satisfied, then the root datum of (Gy X g, C, T¢)
and the conjugacy class of Gy Xq, C in GLj,c are independent of £.

Remark 3.11. The formal bi-characters of G C GLj, ¢ do not determine G even if it
is of type A: Let G = SLq ¢ (semisimple) and let V' be the standard representation
of G. Denote by Sym'V the ith symmetric power of V' (SymOV denotes the trivial
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representation). Let G3m,C C GLs,c be the diagonal subgroup and consider the
following 3-dimensional representations of G:

pr: = Sym’(V) @ Sym' (V).
pa = Sym?(V).

The images p1(G) = SLa ¢ and p2(G) = PSL, ¢ viewed as subgroups of GL3 ¢ have
the same formal character (bi-character)

{(1,z,27Y) e G?n,(c C GL3c:2z€C"},

but they are not similar in GL3 ¢ (not even isomorphic).

4. FORMS OF REDUCTIVE GROUPS

Let G®P be a connected split reductive group over the field F. Let T®P be a
maximal split F-subtorus of G, W the Weyl group with respect to T N the
normalizer of T*P in G*P, and B an F-Borel subgroup containing T*P. Let C be
the center of G*P. The automorphism group Autz G*P of G x r F is acted on by
Galp in the following way.

If o € Autz G and o € Galp, then %a € Autz G so that

(10) %a(z) == o(a(c'z)) Vo e GP(F).

The group Autz G admits a short exact sequence of Galp-groups [27, Corollary
2.14] (see also [7, XXIV, Theorem 1.3]),

(11) 1 -5 InnzG*® - Auty G — Out G — 1,

where InnzG®, the inner automorphism group, is naturally isomorphic to the
group of F-points of G := G*/C, the adjoint quotient of G*? and Out zG*P; the
outer automorphism group is acted on trivially by Galr because G®P is split.

Proposition 4.1. The group Auty G*P contains a Galp-invariant subgroup that
preserves TP and B and is mapped isomorphically onto OutzG*P. Hence, [II) is
a split short exact sequence of Galg-groups.

Proof. Let A be the set of simple roots with respect to (TP, B). Let U, be the root
subgroup for a € A (the construction of Chevalley). It is isomorphic to the F-affine
line. Choose u, € Uy (F)\{0} for all & € A. Then the subgroup of Autz G*P that
leaves TP, B, and {u, }aea invariant is mapped isomorphically onto Out zG*P by
[27, Proposition 2.13, Corollary 2.14]. This subgroup is Galp-invariant since T*P,
B, and {uq }aea are Galp-invariant. O

We then obtain a split short exact sequence of pointed sets by non-abelian co-
homology [25, §5]:
(12)
1 — (H'(F,InnzG®),0) & (H'(F, Autz G*P),0) 5 (H(F,OutzG*),0”) — 1,

where 0/,0,0” denote the neutral elements [25, §5.1]. This means that i(0") = 0,
7(0) = 0”, i is injective, 7 is surjective, 7=1(0”) = Im(i) [25, §§5.4,5.5], and
there is a pointed map j : (H*(F, OutzG*P),0") — (H'(F, Autz G*?),0) such that
moj=1Id.

The elements of H'(F, Autz G°P) are in bijective correspondence with the F-
forms of G®P [25, Chapter 3.1]. If G is an F-form of G®P, then there exists an
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F-isomorphism ¢ : G xp F — G xp F. The isomorphism class of G/F is
represented by [c,] € H!(F, Auty G*P), where

(13) co(7) = ¢~ (op(0™ (1)) Vo € GP(F).

Two forms G’ and G” that map to the same image in H'(F, OutzG*P) are inner
twists of each other [25, Chapter I, §5.5, Corollary 2], i.e., [G”] € H*(F,InnzG’).
The following result is well-known (see for example [4, Chapter X, §2], [7, XXIV,
Theorem 3.11]). We supply a proof that we learnt from [I0] Proposition 29.4].

Theorem 4.2. The set H'(F,OutzG*P) in ([[2) is in one-to-one correspondence
with the set of quasi-split F-forms of G°P.

Proof. Let [c,] be an element of H*(F, OutzG*P). Then we obtain by Proposition
AT an element [c), = j(c,)] € 7 *([co]) such that ¢/, € Autz GSP preserves TP and
B and is invariant under Galg for all ¢ € Galp. The F-form G’ corresponding to

[c.] is obtained by defining an F-structure on G*P(F') by the twisted Galois action:

o-x:=c (0x) Yo € Galp, z € G(F).

Since B(F) is invariant under o and ¢, for all o € Galr, G’ has a Borel subgroup
defined over F'. Hence, the quasi-split F-forms of GP surject onto H! (F, OutzGP).

Let G’ and G” be two quasi-split F-forms of G*P that map to the same image
via w. They differ by an inner twist [¢,] € H(F,InnzG’). Let T/ C B’ (resp.
T” C B”) be an embedding of an F-maximal torus of G’ (resp. G”) in an F-
Borel subgroup of G’ (resp. G”). Let C’ be the center of G’ and let A’ be the
simple roots of G’ with respect to (T’,B’). We may assume that ¢, € T'/C’ for
all o € Galp [27, Proposition 2.5(ii)]. Since Galp permutes A’ which is a basis of
characters of T//C’, torus T'/C’ is a direct sum of induced tori; i.e., there exist
finite separable extensions Fi, ..., Fj of F' such that

k
T'/C' = (P Ind}, G,
=1

By Shapiro’s lemma and Hilbert’s Theorem 90, we obtain H*(F, T’/C’) = 0. There-
fore, G’ and G” are F-isomorphic, and we conclude that the quasi-split F'-forms
of G*? map bijectively onto H(F, OutzG*P). O

Let Autp 1o G°P be the subgroup of Autz G°P that preserves T°P. Denote by
Aut z TP the automorphism group of TSP x - F'. Although the following proposition
is contained in [7l, XXIV, Proposition 2.6], we still provide a proof.

Proposition 4.3. With the notation introduced above, the following commutative
diagram of Galp-groups has exact rows and columns. The maps from the top row to

the middle row are given by inner automorphisms by elements of TP(F), and the
first two maps from the middle row to the bottom row are given by the restriction to
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T, i.e., Qp := Autp pop GP/TP(F) can be identified as a subgroup of Auty TP.
(14)
1 ——— TsP(F) TP (F) 1 1

| | |

1 ——> N/C(F) — > Autj pup G — > Out p G —— 1

1 w QF = Autp pop G /TP (F) — OutzGP —— 1

Proof. 1t is clear that the diagram is commutative and the rows and columns are
exact. The only thing one needs to show is that Autz pep GP/T(F) embeds into
Aut s TP by restricting automorphisms in Aut g s G°P to the maximal torus T*P.
For any o € Autp pep G, write o = 37 where 8 € N/C(F) and 7 fixes T and
B by the splitting of Proposition Bl If « is trivial in Autz TP, then § = y~1
on T*P. Since W acts simply transitively on the Weyl chambers and ~ fixes the
chamber corresponding to B, 3 belongs to the image of TP(F). This implies v is
trivial on T*P and thus a = j. O

Remark 4.4. The elements of H'(F, Aut F,1=» G°P) are in bijective correspondence
with the F-forms of (G*P, T®P), i.e., the F-reductive groups G together with an
F-maximal torus T such that after extending scalars to I, there exists an F-
isomorphism

$:GPxpF—-GxpF
taking TSP x p I onto T x p F'. The isomorphism class of (G, T) is then represented
by [¢s] € H'(F, Autf pop G*P), where

co(x) == qb*l(oqb(afl(as))) Vr € GP(F).
5. PROOFS OF THE MAIN RESULTS

5.1. Proof of Theorem We obtain Theorem [[.2(i) by Theorem The
proof of Theorem [[2(ii) consists of several ingredients which will be established
separately. Lemmas [5.1] and below are special cases of [32, Proposition 10] and
[19, Theorem 1.1].

Lemma 5.1. Let G be a connected reductive group over Q. Then there is a bijective
correspondence from the equivalence classes of finite dimensional Q-representations
of G to the equivalence classes of finite dimensional C-representations of G xg C
given by base change i : Q — C.

Lemma 5.2. Let F C C be two algebraically closed fields and let G, G’ C GLy
be two connected reductive subgroups over F. If G X g C and G’ x g C are conjugate
in GLy ¢, then G and G’ are conjugate in GLy p.

Let Tg C Tg C GLg,g be the subtori in Theorem 2.TTl Then up to conjugation
we may assume that
(15) TE XQ Qg C TQ XQ Qg C GLkVQ[

is a formal bi-character of the algebraic monodromy group G, for all sufficiently
large ¢. Let M € GLk(Q) be an invertible matrix such that ¢ (Tg xg Q) :=



6788 CHUN YIN HUI

M(Tg xg Q)M~1 is diagonal in GLj g- This matrix is chosen once and for all.
Then ¢ (T x0Q) C ¢ (TgxgQ) is defined over Q because they are split subtori
of the diagonal. We obtain a chain of algebraic groups

(16) (ﬁM(T?Qs) = ¢M(Tas XQ Q) C (b]\/[(TQ) = ¢M(TQ XQ @) C GL]C)Q.

Proposition 5.3. There exists a connected split reductive subgroup G o of GLg g

admitting (I8) as a formal bi-character such that Gy’ Xq Q¢ and Gy XQZ Qu are
conjugate in GLy g, for all sufficiently large €.

Proof. Embed Q € Q; C C for £>> 0. Then M € GL(Q) € GLx(Q) C GL4(C),
and the base change of (@) to C,

(17) oM (Tg) xq C C dp(Tq) xq C C GLyc,

is a formal bi-character of ¢rr(Ge xq, C). Let Ggj’ be the connected split reductive
group over Q such that G’ xg C and G¢ xq, C are isomorphic (Theorem B.3(1)).
Then Gy can be embedded into GLj g such that G’ xq C and G¢ xq, C are
conjugate in GLj, ¢ by Lemmal5. T and the fact that any Q-representation of Gg XQ
Q can be descended to a Q-representation of Gy’ [30, Theorem 2.5]. Hence, Ggy’ X g
C and Gy xq, C are also conjugate in GLj ¢ for all sufficiently large ¢ and any
embedding Q, C C by Theorem B0l This implies that Gy & x0 Qe and Gy xq, Qp
are conjugate in GLj g, by Q¢ C C and Lemma[5.2 Since G o is split and (7)) is a

formal bi-character of ¢pr(Gy X, C), we may assume ([I6]) is a formal bi-character
of G O
Q

Definition 5.4. For all sufficiently large ¢, define the following notation.
(i) TG = ¢ (Tg).
(i) TG := dar (TF).
(iii) GSp =Gy xq Qe
(iv) T5p = Tap xq Q.
(v) TSSp : Tfop xq Q.

For any non-Archimedean valuation o on Q extending the f-adic valuation on
Q, there exists an embedding i3 : Q < Qy such that the restriction of the natural
non-Archimedean valuation of Q, to Q is . Then we obtain a monomorphism
fv + Galg, = Galg such that the image of f; is the decomposition subgroup of

Galg at v.

Lemma 5.5. For any non-Archimedean valuation © on Q extending the (-adic
valuation on Q, there is a natural morphism hy of the diagram [Id) for (Gg’, Tg)
to the diagram ([d) for (Gg,, T,) satisfying the following.

(i) The morphism hg is compatible with f; : Galg, — Galg in the sense of
[25] Chapter 1, §2.4]; i.e., when we view the diagram ([Id]) for Q as a Galg,-
diagram via fv, then hy is a Galg,-morphism of Galg,-diagrams.

(ii) The maps hy : OutgGy — Outg, Gy, and hy = Qg — Qq, are isomor-
phisms.
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Proof. The embedding i5 : Q — Qy identifies the following natural inclusions and
canonical isomorphisms:

T3 (Q) ¢ T, (Qo);

No/Co(Q) € Ng,/Cq, (Q0);
(18) Autg e Gy C Autg, oo G ;

Qe
_ TSP ~ _ Sp .
Ath TQ = Athl TQE’
Weyl group for G’ xq Q = Weyl group for Gy, Xq, Q,
which induce two inclusions:
_ (s _@sp.
OthGQ C Othz GQZ’
Q@ C Q@e’

where the first one is an isomorphism by Theorem B:3(ii). Hence, the second one
is also an isomorphism by the isomorphism of the outer automorphism groups,
the isomorphism of the Weyl groups, and the exactness of the bottom row of the
diagram (I4)). These inclusions and isomorphisms comprise hy, which is compatible
with f; because ([J)) is compatible with f3. O
We have the Q-isomorphism ¢ : Tg xg Q — T%f xg Q. For all sufficiently
large £ and v as above, My := i5(M) belongs to GL%(Qy), and we obtain a Q-

isomorphism ¢xr, : Tg xg Q¢ = Tg, xq, Q. The corollary below follows directly
from ([I3)) and Lemma

Corollary 5.6. Let
(co) = (co = drr(d,) - 0 € Galg) € Z'(Q, Autg TF),
(co,0) = (.0 = ¢Mﬁ(¢;1%/[6) :0 € Galg,) € Zl(Qg,Aut@e TTQIZ)

be the cocycles whose cohomology classes represent Tq and Tg xg Qg respectively.
Then c;, o = hy o ¢y 0 fy for all o € Galg,.

(19)

Proposition 5.7. For all sufficiently large ¢ and v as above, there exists an iso-
morphism

¢5 : (G xq, Qv, Tg xg Qo) = (Gg, xq, Qr, Ty, xq, Q)
such that the cocycle
o _ -1 _-1. 1 _ s
(6%70) = (C%J = ¢yo¢y; 0 o€ Galg,) €Z (QE’AUthTE GQIZ)
representing (Gy, Tg Xo Q) (Remark [HA4) satisfies the equation in
ZI(QE, Aut@e T?Qi):
ReS(C%,a) = (017717)?
where Res is the map in the diagram ([I4), Qg, C Autg, T?Qi in Proposition 3],
and (cg,0) in ([I9).
Proof. 1t suffices to find an isomorphism ¢; such that the restriction of ¢ to
Tq xg Q¢ is ¢ar,. By Proposition 53] there exists Py € GL(Qg) such that
¢p, (Ge xq, Qe Tg xq Q¢) := (Po(Ge xq, Qo) P5 ', Po(Tq xq Q¢) P; )
= (G?ng X Qq @&Tape Qe @5)
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Write P; = Ny My in GL(Qg). Then by Proposition (.3 again, O, (Ge Xq, Qe)
and Gg xg, Q¢ have the same formal bi-character
e X Qe
TZDS;) XQ, @g C TE; XQ, @z C GL,C@l.

Since the algebraic monodromy groups satisfy Hypothesis [Al the root data of
((bM@(GZ XQ, (QEZ)’qu'E(TQ XQ Qg)) and (G?Qi XQy @g,T?QIZ XQ, Qg) are identical
by embedding Q, into C and applying Theorem [B.I0l Let this root datum be W;.
Then the isomorphism ¢, between the two pairs (¢ar, (Gexq,Qe), dar, (TgxQr))
and (G, xq, Qr, TG, Xq, Q) induces an automorphism f(¢n, ) of ¥5. By Theorem
[B.3l(ii), there exists an automorphism Ay of (Gg, Xq, Qr, Ty, Xq, Qr) such that the
induced map f(A3) on ¥y is equal to f(¢n,) L. Therefore, ¢y := Ay o ¢p, is the
desired isomorphism. O

Theorem [T.2/(ii). Let {®,}¢ be the system ([Il) and let G be the connected algebraic
monodromy group of ®F for all £. Suppose Hypothesis [Al is satisfied. Then there
exists a connected quasi-split reductive group Ggq defined over Q such that for all
sufficiently large £,
G/ = Gg xg Q.

Proof. Let Qg (resp. Qg,) be the group defined in Proposition 3] for (G, T)
(resp. (GE,TE)). From now on we assume ¢ is sufficiently large and v is a
valuation of Q extending the f-adic valuation of Q. Then the cocycle (cs,0) In
(@) belongs to Z*(Qe, Qg,) by Proposition 57 We view (c,) (resp. (czo)) as
a homomorphism from Galg to Autg, Tq) (resp. Galg, to Qg,) since the Galois
action on the target group is trivial. Since the image of (¢, ) is finite, it is unramified
except at finitely many primes. Hence, its image is determined by the image of the
Frobenius elements (i.e., the image of ¢, o f3) by the Chebotarev density theorem.
Since ¢g,6 = hg 0 ¢ 0 fy (Corollary B.8), Im(cs,0) C Qg,, and hg : Qg — Qg, is an
isomorphism (Lemma B for all 9]¢ and sufficiently large ¢, the image of cocycle
(¢o) is contained in Qg, ie., (¢r) € Z'(Q,Qp). Hence by the diagram (I4)), the
cocycle (¢, ) maps to the cohomology class [¢,] € H'(Q, OutgGy’) and corresponds
to a unique connected reductive quasi-split group Gg over Q by Proposition [Tl
and Theorem Let [Eg,g]ﬁ be the cohomology class of the cocycle (¢z,) €
Z'(Qq, Outg, Gy ). Since Gy is quasi-split (Corollary ZT6)), [¢5,,] corresponds to
Gy by construction (Proposition 5.7), Proposition 1] and Theorem Since
hg © Gy 0 fy = Gy (in Outg,Gg) by Corollary and both Gg and Gy are
quasi-split, we obtain Gy = Gg X Q¢ by Theorem |

Remark 5.8.

(i) Suppose Tq is the projection of the Frobenius torus Tg = T , for some
prime ¢ and some U € Y (see the proofs of Corollary and Theorem
211). Then G¢ contains a conjugation of Tg xg Q¢ as a maximal torus
and is an inner twist of the quasi-split group Gg xg Q¢ for all prime ¢ not
divisible by .

(if) Assume for simplicity that Gy is of type A,, and is an inner twist of Gg xgQy
for all £. Constructing a common Q-form of Gy for all £ amounts to solving
for a Q-central simple algebra A with prescribed local invariants 7, € Q/Z

4For £ > 0, this class is just the image of the class [(G¢, Tg xg Q¢)] € HY(Qy, Q@[), which is

independent of v.
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corresponding to the inner twists for all primes ¢. By the fundamental exact
sequence of Brauer groups for Q,

1 - Br(Q) - @Br(Q,) - Q/Z — 1,

finding such an algebra A is equivalent to showing that the sum of these
local invariants at the finite places belongs to Z/2Z. Since the only thing
we know is 7, = 0 for all sufficiently large ¢ (Corollary 2.16]), finding a
Q-form for all ¢ needs extra information.

(iii) It isreasonable to ask if the data Tg C GLg g (a Q-form of formal character
of Gy C GLgg,), the f-independence of absolute root datum (Theorem
BI0), and Tits’s theory of descending representations [30] are enough to
construct for all sufficiently large ¢ a common Q-form of the embeddings
G C GLj,g,. We tried but did not succeed.

5.2. Proofs of Corollaries [1.3]and Applying the constructions in Definition
I to I'y € G¢(Qy), we obtain the morphisms 73¢ : G(Qy) — G (Qy) and
75 Go(Qp) — GF(Qy) and the groups I'}® and I'}® for all £.

Corollary [L3l Let G* be a semisimple group scheme over Z[+] for some N whose
generic fiber is G, where Gg is in Theorem [L2l For all sufficiently large ¢, we
have

3¢ =2 G%(Zy).

Proof. Let Ggy be the universal covering group of Gﬁchr. By Theorem [L2(ii), we
have Gj° = Gfo xq Qg for £ > 0. Let G and Gd°r be semisimple group schemes
over Z[%] for some N whose generic fibers are Gg and G%f‘" respectively. The
central isogeny
g Gy — Gg’r

can be extended to a morphism of smooth affine group schemes over Z[~] (N is
some multiple of N):

S T 1
(20) W%‘E#] 1 G5€¢ Xz L] Z[—] — gde XZ[%] Z[ﬁ]
Since all hyperspecial subgroups of G (Q,) = G*°(Q¢) are isomorphic [31), §2.5]
and

Iy € Gy (Qe) = 6%(Qr)
for sufficiently large £ is hyperspecial by Theorem .18 we obtain I'}® = G*°(Z,) for
>0 by [31] §3.9.1]. O

Let ¢ > 5 be prime, let H; be a connected algebraic group defined over Qy,
and let Ay be a compact subgroup of Hy(Qg). Then by embedding H, into some
GL, @, and finding some Z,-lattice of Q} invariant under Ay, one obtains a finite
subgroup A, of GL,,(F;) by taking mod ¢ reduction. Then Lie,A, (Definition [[4])
is independent of the embedding H, C GL;, g, and the mod ¢ reduction because the
kernel of Ay = A, is pro-solvable. This allows us to make the following definition.

Definition 5.9. For any prime ¢ > 5 and compact subgroup Ay of Hy(Qy), the
composition factors of Lie type in characteristic £ of Ay, denoted by LieyAy, is
defined to be the multiset Lie,A, (Definition [4]), where the finite group A, is
constructed above.
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Lemma 5.10. Suppose £ > 5. Then Lie,I'y = Lie,I'}°.
Proof. Since the kernel of
mp g — TP

is pro-solvable, we obtain Lie,I'; = Lie,I';°. Since the kernel and cokernel of

mt oy TP = T
are abelian, we obtain Lie,I";® = Lie,I';°. We are done. O
Corollary Let GI°* be a semisimple group scheme over Z[+] for some N
whose generic fiber is G%er, where Gq is in Theorem [L2. For all sufficiently large

£, we have
Liegfg = Lieggder (]Fg)
Proof. Since the mod ¢ representation ¢, (§2.5)) is the semisimplification of a mod £
reduction of ®, and Lie,I" = ) for any finite solvable group T', we obtain
(21) Liegfg = Liegrg = LiegI‘Zc
for all ¢ by Definition (59 and Lemma B.I00 Since I')® = G%°(Z,) for £ > 0 by

Corollary [[3] the kernel of reduction map G%(Z;) — G*¢(Fy) is pro-solvable, and
the kernel and cokernel of 75¢ , . : G5¢(F,) — G4°*(FF,) (20) are abelian for £ >> 0,

Z[ 5]
we obtain
(22) Lie,I%¢ = LieoG(Z¢) = Lie,G*°(IFy) = Lie,G* ().
We are done by ([2I)) and (22). O

ACKNOWLEDGMENTS

The idea for constructing the Q-form Gg was inspired by Larsen-Pink [I7, §5]
and Pink [2T, §6]. T would like to thank Michael Larsen and Gabor Wiese for
their comments on an earlier preprint. I am grateful to the anonymous referees
for pointing out [7], [19], [32] to simplify §0l and for many helpful comments and
suggestions which greatly improved the readability of the paper.

REFERENCES

[1] Jeffrey D. Achter and Rachel Pries, The integral monodromy of hyperelliptic and trielliptic
curves, Math. Ann. 338 (2007), no. 1, 187-206, DOI 10.1007/s00208-006-0072-0. MR2295509

[2] Nicolas Bourbaki, Eléments de mathématique: groupes et algébres de Lie (French), Chapitre
9. Groupes de Lie réels compacts. [Chapter 9. Compact real Lie groups], Masson, Paris, 1982.
MR682756

[3] Wén Chén Chi, l-adic and A-adic representations associated to abelian varieties defined over
number fields, Amer. J. Math. 114 (1992), no. 2, 315-353, DOI 10.2307/2374706. MR 1156568

[4] J. W. S. Cassels and A. Frohlich (eds.), Algebraic number theory, 2nd ed., London Mathe-
matical Society, London, 2010. Papers from the conference held at the University of Sussex,
Brighton, September 1-17, 1965; Including a list of errata. MR3618860

[5] Charles W. Curtis and Irving Reiner, Representation theory of finite groups and associative

algebras, Reprint of the 1962 original, Wiley Classics Library, A Wiley-Interscience Publica-

tion, John Wiley & Sons, Inc., New York, 1988. MR1013113

Pierre Deligne, La conjecture de Weil. I (French), Inst. Hautes Etudes Sci. Publ. Math. 43

(1974), 273-307. MR0340258

[7] M. Demazure, A. Grothendieck, Schémas en groupes. III: Structure des schémas en groupes
réductifs, Séminaire de Géométrie Algébrique du Bois Marie 1962/64 (SGA 3), Lecture Notes
in Mathematics, Vol. 153 Springer-Verlag, Berlin-New York 1962/1964 viii+529 pp.

6


http://www.ams.org/mathscinet-getitem?mr=2295509
http://www.ams.org/mathscinet-getitem?mr=682756
http://www.ams.org/mathscinet-getitem?mr=1156568
http://www.ams.org/mathscinet-getitem?mr=3618860
http://www.ams.org/mathscinet-getitem?mr=1013113
http://www.ams.org/mathscinet-getitem?mr=0340258

(8]
(9]

[10]
(11]

(12]
(13]
(14]
(15]

[16]

(17)
(18]
(19]

[20]

(21]
(22]
23]

24]

[25]

[26]

27]

(28]
[29]

30]

(31]

32]

THE RATIONALITY OF CERTAIN TYPE A GALOIS REPRESENTATIONS 6793

G. Faltings, Endlichkeitssdtze fur abelsche Varietdten tiber Zahlkérpern (German), Invent.
Math. 73 (1983), no. 3, 349-366, DOI 10.1007/BF01388432. MR718935

William Fulton and Joe Harris, Representation theory, A first course, Readings in Mathemat-
ics, Graduate Texts in Mathematics, vol. 129, Springer-Verlag, New York, 1991. MR1153249
P. Gille, Questions de rationalité sur les groupes algébriques linéaires, notes, 2008.

Chun Yin Hui, Monodromy of Galois representations and equal-rank subalgebra equivalence,
Math. Res. Lett. 20 (2013), no. 4, 705-728, DOI 10.4310/MRL.2013.v20.n4.a8. MR3188028
Chun Yin Hui, ¢-independence for compatible systems of (mod¥¢) representations, Compos.
Math. 151 (2015), no. 7, 1215-1241, DOI 10.1112/S0010437X14007969. MR3371492

Chun Yin Hui, The abelian part of a compatible system and [l-independence of the Tate
conjecture, preprint.

Chun Yin Hui and Michael Larsen, Type A images of Galois representations and mazimality,
Math. Z. 284 (2016), no. 3-4, 989-1003, DOI 10.1007/s00209-016-1683-0. MR3563263

M. Larsen and R. Pink, Determining representations from invariant dimensions, Invent.
Math. 102 (1990), no. 2, 377-398, DOI 10.1007/BF01233432. MR1074479

M. Larsen and R. Pink, On l-independence of algebraic monodromy groups in compatible sys-
tems of representations, Invent. Math. 107 (1992), no. 3, 603-636, DOI 10.1007/BF01231904.
MR1150604

M. Larsen and R. Pink, Abelian varieties, l-adic representations, and l-independence, Math.
Ann. 302 (1995), no. 3, 561-579, DOI 10.1007/BF01444508. MR 1339927

Michael Larsen and Richard Pink, A connectedness criterion for l-adic Galois representa-
tions, Israel J. Math. 97 (1997), 1-10, DOI 10.1007/BF02774022. MR 1441234

Benedictus Margaux, Vanishing of Hochschild cohomology for affine group schemes and rigid-
ity of homomorphisms between algebraic groups, Doc. Math. 14 (2009), 653—-672. MR2565900
David Mumford, Families of abelian varieties, Algebraic Groups and Discontinuous Sub-
groups (Proc. Sympos. Pure Math., Boulder, Colo., 1965), Amer. Math. Soc., Providence,
R.I., 1966, pp. 347-351. MR0206003

Richard Pink, l-adic algebraic monodromy groups, cocharacters, and the Mumford-Tate con-
jecture, J. Reine Angew. Math. 495 (1998), 187-237, DOI 10.1515/crll.1998.018. MR1603865
Jean-Pierre Serre, (Buvres. Collected papers. IV (French), Springer-Verlag, Berlin, 2000.
1985-1998. MR1730973

Jean-Pierre Serre, (Buvres. Collected papers. IV (French), Springer-Verlag, Berlin, 2000.
1985-1998. MR1730973

Jean-Pierre Serre, Propriétés conjecturales des groupes de Galois motiviques et des
représentations l-adiques (French), Motives (Seattle, WA, 1991), Proc. Sympos. Pure Math.,
vol. 55, Amer. Math. Soc., Providence, RI, 1994, pp. 377-400. MR1265537

Jean-Pierre Serre, Galois cohomology, translated from the French by Patrick Ion and revised
by the author, Springer-Verlag, Berlin, 1997. MR1466966

Jean-Pierre Serre, Abelian l-adic representations and elliptic curves, with the collaboration
of Willem Kuyk and John Labute, revised reprint of the 1968 original, Research Notes in
Mathematics, vol. 7, A K Peters, Ltd., Wellesley, MA, 1998. MR 1484415

T. A. Springer, Reductive groups, Automorphic forms, representations and L-functions (Proc.
Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Proc. Sympos. Pure Math.,
XXXIII, Amer. Math. Soc., Providence, R.I., 1979, pp. 3-27. MR546587

T. A. Springer, Linear algebraic groups, 2nd ed., Modern Birkh&user Classics, Birkh&duser
Boston, Inc., Boston, MA, 2009. MR2458469

John T. Tate, Algebraic cycles and poles of zeta functions, Arithmetical Algebraic Geometry
(Proc. Conf. Purdue Univ., 1963), Harper & Row, New York, 1965, pp. 93-110. MR0225778
J. Tits, Représentations linéaires irréductibles d’un groupe réductif sur un corps quel-
congue (French), J. Reine Angew. Math. 247 (1971), 196-220, DOI 10.1515/¢rll.1971.247.196.
MRO0277536

J. Tits, Reductive groups over local fields, Automorphic forms, representations and L-
functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Proc. Sym-
pos. Pure Math., XXXIII, Amer. Math. Soc., Providence, R.I., 1979, pp. 29-69. MR546588
E. B. Vinberg, On invariants of a set of matrices, J. Lie Theory 6 (1996), no. 2, 249-269.
MR1424635


http://www.ams.org/mathscinet-getitem?mr=718935
http://www.ams.org/mathscinet-getitem?mr=1153249
http://www.ams.org/mathscinet-getitem?mr=3188028
http://www.ams.org/mathscinet-getitem?mr=3371492
http://www.ams.org/mathscinet-getitem?mr=3563263
http://www.ams.org/mathscinet-getitem?mr=1074479
http://www.ams.org/mathscinet-getitem?mr=1150604
http://www.ams.org/mathscinet-getitem?mr=1339927
http://www.ams.org/mathscinet-getitem?mr=1441234
http://www.ams.org/mathscinet-getitem?mr=2565900
http://www.ams.org/mathscinet-getitem?mr=0206003
http://www.ams.org/mathscinet-getitem?mr=1603865
http://www.ams.org/mathscinet-getitem?mr=1730973
http://www.ams.org/mathscinet-getitem?mr=1730973
http://www.ams.org/mathscinet-getitem?mr=1265537
http://www.ams.org/mathscinet-getitem?mr=1466966
http://www.ams.org/mathscinet-getitem?mr=1484415
http://www.ams.org/mathscinet-getitem?mr=546587
http://www.ams.org/mathscinet-getitem?mr=2458469
http://www.ams.org/mathscinet-getitem?mr=0225778
http://www.ams.org/mathscinet-getitem?mr=0277536
http://www.ams.org/mathscinet-getitem?mr=546588
http://www.ams.org/mathscinet-getitem?mr=1424635

6794 CHUN YIN HUI

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, VU UNIVERSITY, DE BOELELAAN
10814, 1081 HV AMSTERDAM, THE NETHERLANDS

Current address: Yau Mathematical Sciences Center, Tsinghua University, Haidian District,
Beijing 100084, China

Email address: pslnfq@tsinghua.edu.cn, pslnfq@gmail.com



	1. Introduction
	2. Some results on ℓ-adic representations
	3. ℓ-independence of \bG_{ℓ}⊂\GL_{𝑘,\Q_{ℓ}}
	4. Forms of reductive groups
	5. Proofs of the main results
	Acknowledgments
	References

