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OPTIMAL DISCRETE MEASURES FOR RIESZ POTENTIALS

S. V. BORODACHOV, D. P. HARDIN, A. REZNIKOV, AND E. B. SAFF

ABSTRACT. For weighted Riesz potentials of the form K(z,y) = w(z,y)/
|x—y|*, we investigate N-point configurations z1,x2, ..., 2N on a d-dimension-
al compact subset A of RP for which the minimum of Z;VII K(z,zj) on A is
maximal. Such quantities are called N-point Riesz s-polarization (or Cheby-
shev) constants. For s > d, we obtain the dominant term as N — oo of such
constants for a class of d-rectifiable subsets of RP. This class includes compact
subsets of d-dimensional C'' manifolds whose boundary relative to the mani-
fold has d-dimensional Hausdorff measure zero, as well as finite unions of such
sets when their pairwise intersections have measure zero. We also explicitly
determine the weak-star limit distribution of asymptotically optimal N-point
configurations for weighted s-polarization as N — oo.

1. INTRODUCTION

For a compact set A C RP, two classical geometric problems are that of best-
packing and best-covering by an N-point multi-set (or N-point configuration) wy =
{z1,...,zn} C A; ie., a set of points with possible repetitions and cardinality
#wy = N. The former problem is to determine the largest possible separation
distance that can be attained by N points of A:

On(A) :== max min |z; — x|,
w(A) = max minfo; o,
while the latter is to find the smallest radius so that the union of N closed balls of
this radius centered at points of A covers A:
A):= mi i —yl.
on(4) = vl o
These two problems are referred to by some authors as being ‘somewhat dual’ (cf.
[7). They are, in fact, limiting cases of certain minimal energy and maximal Cheby-
shev (polarization) problems for strongly repulsive kernels as we now describe.

Given a lower semi-continuous kernel K (x,y) : AxA — (—00, 00] and an N-point

configuration wy as above, its K-energy is

Ex(wy) = Z K(z;,xj),

1<i#j<N

and we denote by Ex(A; N) the minimal K-energy over all such N-point configu-
rations:
Ek(A;N) := min {Ex(wn)}.
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Determining N-point configurations wj, such that Ex(wy) = Ex(A4; N), i.e., find-
ing N-point equilibrium configurations, is in general a difficult problem having clas-
sical roots (e.g. the Thomson problem [23] for electrons on the sphere). For strongly
repulsive kernels K, minimal discrete energy problems resemble best-packing ones.

The less studied notion of maximal polarization (or maximal Chebyshev con-
stant) is the following. Let

and consider its minimum:

Pr(A;wn) == min Uk (y;wn).

yeA
Then the N-th K -polarization (or Chebyshev) constant of A is defined by
(1.1) Pr(A; N) := max Pg(A;wn),
wnCA

and we say that wy is an optimal (or mazimal) K-polarization configuration when-
ever Pr(A;wk) = Pr(A;N). For example, if A is the interval [—1,1] and K
is the logarithmic kernel, Kiog(z,y) := —log|z — y|, then the optimal N-point
log-polarization configuration consists of the zeros of the Chebyshev polynomial
cos(NV arccos z). Furthermore, for an arbitrary compact subset A of the plane, the
limiting behavior (as N — 00) of Piog(A; N) determines the logarithmic capacity
of A (see e.g. [20]).

We remark that from an applications prospective, the maximal polarization prob-
lem, say on a compact surface (or volume), can be viewed as the problem of deter-
mining the smallest number of sources (injectors) of a substance together with their
optimal locations that can provide a required dosage of the substance to every point
of the surface (volume). Such problems arise, for example, in the implantation of
radioactive seeds for the treatment of a tumor.

The precise connections of the minimal energy and maximal polarization prob-

lems to best-packing and best-covering are as follows. Let
1
Ks(x7y) = T s 5> 07
|z =yl

denote the Riesz s-kernel. Then for N fixed,

: . 1/5 _ 1 >
Jim [Ex, (4; N))] In(A) N > 2,
and
lim [Pk, (A; N)]Y* = ! N>1
s—oo pn(A)’ -

Moreover, every limit configuration (as s — 0o) of optimal N-point configurations
for the discrete s-energy and s-polarization problems is an N-point best-packing,
respectively, best-covering configuration for A (see [4], [6]).

While Riesz equilibrium configurations have been much studied (see e.g. [8], [20],
[16], [15], [14], [6]), polarization problems are somewhat more difficult to tackle. For
example, if A is the unit circle S* and s > 0, then it is fairly straightforward (using
a convexity argument) to show that minimal N-point Riesz s-equilibrium configu-
rations are given by N equally spaced points. However, the analogous problem for
N-point maximal polarization configurations (which everyone would guess has the
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same solution) was a conjecture of Ambrus, Ball, and Erdélyi [2] for which only
partial results [1], [2], [9] existed until a rather subtle general proof was presented
in [13]. Similarly, when A = S? (the unit sphere in R?), s > 0, and N = 4, the
vertices of the inscribed tetrahedron are optimal both for minimal energy and max-
imal polarization, but the proof of the latter is far more difficult than that of the
former (see [22]).

The goal of the present paper is to study the asymptotic behavior (as N — 00) of
maximal N-point Riesz s-polarization configurations on manifolds embedded in R?
for the so-called ‘hypersingular (or nonintegrable) case’ when s > dim(A), where
dim(A) denotes the Hausdorff dimension of A. Our results can be considered as
dual to those on minimal energy that appeared in this journal [5]. While some argu-
ments developed for those minimal energy problems can be adapted to our purpose,
the investigation of polarization configurations requires some novel techniques, as
foreshadowed by the examples mentioned above. For instance, while minimal en-
ergy has a simple monotonicity property: A C B = Ex(B;N) < Ex(A;N), no
such analogous property holds for polarization.

The notion of polarization for potentials was likely first introduced by Ohtsuka
(see e.g. [18]), who explored (for very general kernels) their relationship to various
definitions of capacity that arise in electrostatics. In particular, he showed that for
any compact set A C RP the following limit, called the Chebyshev constant of A,
always exists as an extended real number:

.. Pr(4;N)
(1.2) Tk (A) := ngnoo —N
and, moreover, is given by the continuous analogue of polarization:
(1.3) Tk(A)= sup inf Uk(y),
pEM(A) YEA

where 9(A) is the set of all Borel probability measures supported on A, and

Uk (y) = /A K (. y)du(a).

Ohtsuka further showed that Tk (A) is not smaller than the Wiener constant

Wicld) = nt [ U )duty).

In the case when K is a positive, symmetric kernel satisfying a maximum principle,
Farkas and Nagy [10] proved that Wi (A) = Tk (A).

While the assertions (L2]) and (I3)) clearly indicate a connection between the
discrete and continuous polarization problems, what is yet to be fully understood is
the limiting behavior (as N — oo) of the optimal N-point K-polarization configu-
rations. For continuous kernels, it is easy to establish (see [I0], [I1], [I2]) that every
weak-star limit of the normalized counting measures associated with these N-point
configurations must be an optimal (maximal) measure for the continuous polariza-
tion problem. However, for other integrable kernels such as Riesz s-kernels when
s < dim(A), only partial results are known (see [2I] and [19]). For nonintegrable
kernels, although the continuous problem is vacuous (Tkx (A) = 00), the asymptotic
behavior of optimal N-point discrete polarization configurations is a valid concern,
especially in light of its connection to the best-covering problem for large values of
s as mentioned above.
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Hereafter, our focus is on Riesz potentials, so, for the sake of brevity, we write
Ps(A; N) in place of Pk (A;N), and similarly for Ps(A4;wn) and Es(A4; N). The
order of growth of the quantity Ps(A; N) in the case s > dim(A) was established
by Erdélyi and Saff [0, Theorems 2.3 and 2.4]. If the d-dimensional Hausdorff
measure of A is positive, then

(14)  Py(A;N)=O(N*/%), s>d, and Py(A;N)=O(NlogN), N — cc.

When s = d and A is a compact subset of a d-dimensional C'*-manifold, the follow-
ing precise limit was established by Borodachov and Bosuwan [3]:

im Pa(A;N) Vol(B%)
N—o0 NlogN B Hd(A) ’

(1.5)

where B? := {z € R?%: |z| < 1} and by H4 we denote the d-dimensional Hausdorff
measure on RP, scaled so that H4(Q) = 1, where Q is a d-dimensional unit cube
embedded in R?. The cases A = B? and A = S? of (5] were earlier established in
[91.

Here we establish precise asymptotics for the case s > d := dim(A). Specifically,
as a consequence of our main theorem, Theorem 3.4, we show that for s > d, there
exists a positive finite constant o 4 such that for a general class of d-dimensional
sets A with H4(A) > 0 we have the following limit:

lim P(A;N)  0g4
Nooo Ns/d 'Hd(A)S/d'

Furthermore, N-point s-polarization optimal configurations are asymptotically uni-
formly distributed on A with respect to d-dimensional Hausdorff measure. We also
consider in Theorem [B.4] the more general class of weighted Riesz potentials.

The paper is structured as follows. In Section 2] we present and discuss two
important special cases, Theorem and Theorem 2.6l of our main result, The-
orem [3.4 We illustrate these special cases with the examples of a smooth curve,
a sphere, and a ball. Section [3 contains relevant definitions and the statement of
our main result. Section [ compares our results with their known analogues for
the minimal discrete Riesz energy, while the remaining sections are devoted to the
proofs of our results.

2. SOME SPECIAL CASES OF MAIN RESULT

We begin with the following definition and some needed notation.

Definition 2.1. Assume A C RP and s > 0. For every positive integer IV, let wy
denote an N-point configuration on A. We call a sequence {wn } n>1 asymptotically
s-optimal if
Pi(A;w
lim s(Aiwn)

— =1.
N—oo Ps(A;N)

Furthermore, by £, we denote the Lebesgue measure on RP. If x € RP and
r >0, by B(z,r) we denote the open ball {y € RP: |y — x| < r} and by B[z, r] the
closed ball {y € R : |y — | < r}.

Our first result concerns the asymptotic behavior of Ps(A; N) as well as the
associated optimal configurations. In the statement we shall use the notion of
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weak-star convergence of discrete measures. For an N-point configuration wy on A
we associate the normalized counting measure

(2.1) z4wN)::%;§: Oz,

where J, denotes the unit point mass at x. Recall that v(wy) converges weak-star
to a Borel probability measure y on A (and we write v(wy) — p) if

(22) i [ dven) = tim Y f@) = [ dn
TEWN

for any f € C(A) or, equivalently (cf. [6, Theorem 1.9.3]), if

(2.3) v(wn)(B) = #(wny NB)/N = u(B) as N — oo,

for any Borel measurable set B C A with the pu(9B) = 0.

Theorem 2.2. Let Q, denote the unit cube [0,1]” in RP. Then, for every s > p,
the limit
T PS(QP§ N)
(2.4) Osp = A}gnoo —Nelp
exists and is positive and finite. More generally, if s > d and A is a compact subset
of a d-dimensional C'-manifold in RP with the relative boundary of A having Hy
measure zero, then
. Ps (A7 N) Os,d

lim = .

N—ooo Ns/d Ha(A)s/e
Furthermore, if Hq(A) >0, then for any asymptotically s-optimal sequence {wn} n>1,

1

Ha(A)

We remark that in the special case of d = p, the theorem holds for any compact
set A C RP with £,(0A) = 0. Establishing this special case plays a central role in
the proof of our main theorem in Section [3

Regarding the precise value of the constant o, ;, for the case p =1 and s > 1,
Hardin, Kendall, and Saff [13] proved that

051 =2(2° = 1)¢(s),

where ((s) is the classical Riemann zeta-function. For p = 2 we conjecture, based
on the optimality properties of the equi-triangular lattice for the best-covering in
R2, that the value of 052 for s > 2 s

(2.5) v(wy) — Hd|A as N — oo.

392 1
(2.6) Os2 = TCA(S),
where
1
“el= X TR
veA\{0}

is the Epstein zeta-function for the equi-triangular lattice A C R? with unit co-
volume.
We illustrate Theorem with the following examples.
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Example 2.3. For a unit ball B? C RP and s > p, Theorem asserts that

(2.7) i B N) . (F(p/z + 1)>s/p

N—oo Ns/p wP/2

and, moreover, for any asymptotically s-optimal sequence {wn}n>1,
« (T(p/2+1
(2.8) Vwy) = (M

/2
It is interesting to contrast the behavior in the hypersingular case with that for
integrable Riesz kernels for the ball. For 0 < s < p—2, Erdélyi and Saff [9] show that
for each N, the maximal N-point s-polarization configurations consist of N points
at the center of the ball (so Ps(BP; N) = N for N > 1). For p—2 < s < p, Simanek
[21] has shown that the limiting distribution of optimal polarization configurations
is the s-equilibrium measure for the corresponding minimal Riesz s-energy problem.

)thm as N — oo.

Example 2.4. For a unit sphere S’~! C R? and s > p — 1, Theorem yields

_P(SLN) L(p/2)\""™Y
(2.9) lim = y =0Osp-1-
N T NS/ (1) H,_ 1 (SP=1)s/(e=1) k 2mp/2

and that, for any asymptotically s-optimal sequence {wn }n>1,

« (T(p/2
(2.10) v(iwy) — ( 2(:1)//2)> H”_1|SP*1 as N — oo.

For the integrable Riesz kernel, that is, 0 < s < p — 1, it is shown in [2I] that
the limiting distribution of optimal polarization configurations is the normalized
surface area measure on the sphere. Also, see [19] for related results.

Example 2.5. For any Cl-smooth curve I' with 0 < H;(I') < oo and any s > 1,
Theorem gives
Ps(IsN) _ 2(2° = 1)¢(s)

(2.11) R R TA(SE

In [3], it is established that for the case s = 1, the limiting distribution of op-
timal s-polarization configurations on smooth curves is normalized arclength mea-
sure, while for the case of integrable Riesz kernels on smooth curves, every limit
distribution of optimal polarization configurations is a solution to the continuous
s-polarization problem [I9].

We next turn to an extension of Theorem where we introduce a weight func-
tion. For a function w: A x A — [0, 00|, an N-point multiset wy = {z1,...,2n} C
A and B C A, we set

N
w(y, x;
(2.12) Ur(ron) = 30 2T ey,
= ly =l
(2.13) PY(B;wy) := inf U¥(y;wn),
yeB
and define the weighted N-th (s, w)-polarization (or Chebyshev) constant of A by
(2.14) PLY(A;N) := sup PY(A;wn).
wnCA

In terms of the injector/dosage model discussed in Section [I a weight function
can be used to introduce spatial inhomogeneity into the strength of the sources as
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well as the dosage constraint. For example, consider w(z,y) of the form u(x)/v(y)
for some positive, continuous functions v and v on A. Since

1

(2.15) U (y;wn) = @U;@u(y;aw)
(where 1 ® u(x,y) = u(x) for z,y € A) the N-point (s, w)-polarization problem
can be recast as locating N sources at points z € A of ‘strength’ u(xy) so as
to maximize the constant C' such that the ‘dosage’ Ul®%(y;wy) is at least Cv(y)
for each y € A. Theorem below states that the limiting density of sources as
N — oo for this weighted problem as the number sources goes is proportional to
(v() /(@) dHa(x).

We note that if A is a compact set and the weight w is lower semi-continuous
and strictly positive on A x A, then for any N there exists a configuration wj, =
{z7,...,2%} and a point y* such that

PY(A;N) = PP (Awy) = UL (Y5 wi)-

For such a configuration, the potential UY(y) := U¥(y;wyx) is called an optimal

N-point Riesz (s, w)-potential for A. Similarly to the unweighted case, we say that

a sequence {wy }n>1 of N-point configurations in A is asymptotically (s, w)-optimal

if

lim —PS“’ (4wn)

N—oo PY(A;N)

Our second consequence of Theorem [3.4] concerns the asymptotic behavior of
PY(A; N) for a class of weights w. Denote

=1.

Ns/d, s>d,

2.16 (N =
(2.16) 7s.a(N) {NlogN, s=d.

We prove the following.

Theorem 2.6. Let d and p be positive integers with d < p. Suppose A C RP is a
compact subset of a d-dimensional C*-manifold with Hqa(0A) = 0 and w € C(Ax A)
with w(x, z) positive for all x € A. Then for any s > d,
. Py (A N) Os.d
2.17 | e = ’
( ) Ngnoo Ts’d(N) [,77'12711}(14)]3/d7

where, for any measurable B C RP,

(2.18) HY(B) = /BmA w Y (z, x)dHg(x)

and o q for s > d is as in Theorem 22 and 04,4 := Vol(B?). Moreover, if Ha(A) >
0, then for any asymptotically (s, w)-optimal sequence {wWn}N>1,

* 1

(2.19) v(wy) — W’szw as N — oo.

3. STATEMENT OF MAIN RESULT

In this section we state our main theorem. For this purpose we first introduce
some needed definitions and notation concerning geometric properties of the set A
as well as continuity and positivity properties of the considered weight w.
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Definition 3.1. A function ¢ : A ¢ R? — R? is said to be bi-Lipschitz with
constant C' if
Clz —yl <o) = oI < Clz—yl,  (2,y) € 4,

while ¢ is said to be Lipschitz with constant C' if the second inequality above holds.

A set A C RP is called (Hg4,d)-rectifiable, d < p, if Hq(A) < oo and A is the
union of at most countably many images of bounded sets in R? under Lipschitz
maps and a set of H4-measure zero (see [I7]).

Further, we say that A is d-bi-Lipschitz at x € A if, for any € > 0, there exists
a number § > 0 and a bi-Lipschitz function ¢, .: B(z,5) N A — R? with constant
(1 + €) such that the set ¢, (B(z,8) N A) C R? is open.

By Ayp; we denote the set of all points x € A at which A is d-bi-Lipschitz. Further,
denote Af, := A\ Ap;.

Notice that any set A C R? is (H,, p)-rectifiable with Af; = 0A. We remark that
any compact set A with H4(A4) < oo and Hq(Af,) = 0 is (H4, d)-rectifiable. Thus,
any embedded compact C'-smooth d-dimensional manifold with Hg(0A) = 0 is
(Ha, d)-rectifiable. In particular, if this manifold is closed, then Af; = (). Further,
a finite union of C''-smooth arcs is an (H1, 1)-rectifiable set.

The following notion of Minkowski content often arises in geometric measure
theory.

Definition 3.2. Let A C RP be a bounded set, A(e) := {z € RP: dist(z, A) < ¢}
and, for m > 1, let §,, denote the volume of the m-dimensional unit ball (we also
set Bo := 1). If the limit
- Ly(A(9))
A):=1 P
Md( ) 6~1>I(1;1+ ﬂp_dé‘pid
exists, then it is called the d-Minkowski content of A.

We remark that the notion of Minkowski content has been particularly useful
in the study of discrete s-energy where the equality Hq(A4) = My(A) plays an
important role in the proof of asymptotic results; see Theorem [£.11

We equip the set A x A with the metric

dist((21,91), (22, 2)) = \/|o1 — 23l + [y — 9%,

where z1,22,y1,y2 € A. Concerning the weight w(x,y) we utilize the following
definition from [5].

Definition 3.3. Suppose A C RP? is a compact set. We call a function w: A x A —
[0, 00] a CPD-weight!] on A x A with parameter d if the following properties hold:
(i) w is continuous (as a function on A x A) at Hg4-almost every point of the
diagonal D(A) := {(z,z): x € A};
(ii) there is a neighborhood G of D(A) (relative to Ax A) such that infg w(z, y)
> 0;
(iii) w is bounded on any closed subset B C A x A with BN D(A) = 0.

In what follows, we define

3.1 v (4) :=liminf =—"~ h_,(A) :=limsup =———=.
( ) —s,d( ) Noo Ts,d(N) ,d( ) N~>oop Ts,d(N)

IHere CPD stands for (almost) continuous and positive on the diagonal.
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T-w
If by g(A) = hg 4(A), we denote

© A e fim e A N)
(32) s,d(A) T J\/lgnoo Ts,d(N)

If the function w is identically equal to 1, we drop the superscript and write h 4,

hs,dv and hs,d-
We are ready to state our most general theorem.

Theorem 3.4. Let d and p be positive integers with d < p. Suppose A C RP is
a compact set with Hq(A) = Ma(A) < oo and Ha(clos(Af;)) = 0. Assume w is a
CPD-weight on A x A with parameter d. Then for any s > d,

_ PY(AN) Os.d
. v (A)= lim 2 = A7
(3 3) S)d( ) Ngiloo Ts,d(N) [%271”("4)]8/(1

Moreover, if Hq(A) > 0, then for any asymptotically (s,w)-optimal sequence
{wntnzi,

* ]- s,w
(3.4) viwy) — ng(A)Hd as N — oo.

In the case w = 1 and s = d (recall that 044 = Vol(BY) = ), Borodachov and
Bosuwan [3] proved the above theorem for sets A = U;"Zl Aj, where each 4; is a
compact subset of a C'-smooth d-dimensional manifold in R?, with H4(A;NA;) = 0
if j # k.

We remark that the equality Hq(A) = My(A) holds if A is a d-rectifiable compact
set, that is, if A is the image of a compact subset of R? under a Lipschitz map (in
particular, this equality holds if d = p). Moreover, if A is (Hq4, d)-rectifiable with
Ha(A) = Ma(A), then the same is true for every compact subset of A. For details,
see [6l Chapter 7].

We further remark that any embedded d-dimensional compact C''-smooth man-
ifold A with H4(0A) = 0 satisfies conditions of the theorem. Moreover, any finite
union of Cl-smooth arcs also satisfies these conditions. On the other hand, a “fat”
Cantor set C C [0,1] with H1(C) > 0 (thus, of dimension 1) does not satisfy the
condition H4(Cg;) = 0.

4. COMPARISON WITH ENERGY ASYMPTOTICS

In this section we provide a sufficient condition for hy;(A) to be infinite when
s > d and sets A that are sufficiently small (see Corollary L2)). First we recall a
result concerning the asymptotics of weighted discrete energy in the hyper-singular
case s > d. For a compact set A C RP, weight w: A x A — [0,00] and an integer
N > 2, define

EY(A;N) ==inf{ Y W@Y) A oy = N

lz —yl*"

T,YyEWN

Ay
If the weight w is identically equal to 1, we drop the superscript w. For an infinite

set A, any s > 0, and a nonnegative weight w on A x A, we, similar to [9, Theorem
2.3]), obtain

EL(A;N)

N >2.
N-1"~

(4.1) PU(A;N) >
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The following theorem, proved by Borodachov, Hardin, and Saff [5l[6] describes
the asymptotic behavior of £¥(A; N).

Theorem 4.1. Let d and p be positive integers with d < p. Suppose A C RP is
a compact (Hq,d)-rectifiable set with My(A) = Hq(A) and w is a CPD-weight on
A x A with parameter d. If s > d, then for any compact set B C A,

£2(B; N) Cu

1\}51100 N1l+s/d :[HZ’M(B)]S/d’

where Cs q is a finite positive constant that depends only on s and d. If A is a
compact subset of a d-dimensional C*-smooth manifold, then for any compact set
B C A,
EY(B; N
hm d ( ) ) — ﬂd ,
N=oo N2logN  H%"(B)

where B4 = Vol(B?).
In particular, if d = p and A C RP is o compact set with L,(A) = 0, then both
limits above are equal to oo.

The following corollary of Theorem [l proves a particular case of Theorem [3.4]
and will be used in the proof of Theorem 811

Corollary 4.2. If A C R? is a compact set with Hga(A) = Mg(A) =0 and w is a
CPD-weight on A with parameter d, then
P (A;N)

sa(A) = lim Ay

Proof. Dividing both sides of [@.1]) by 75,4(/N) and using Theorem 1] we obtain

o EM(AN)
WA > 1 __ s N
bealA) 2 I N D)~ ™

5. PROOFS

The remaining sections are devoted to the proof of our main result, Theorem [3.4]
In Section[Glwe determine the dominant asymptotic term of Ps(A; N) as N — oo for
the unit cube A = Q,,; that is, we establish that equation ([2:4) holds. In Section [7]
we prove a subadditive property of h,(-). In Section B we use the subadditive
property together with (2.4) to first find a lower bound for hg ;(A) for the case
that A is a compact set in RP of positive Lebesgue measure (see Lemma [8.]) and
then to generalize this lower bound to the case that A is a sufficiently regular
d-rectifiable set (see Lemma [B2) embedded in RP. In Section @ we determine
the limiting distribution of an asymptotically (s, w)-optimal sequence of N-point
configurations, and in the final section we establish an upper bound that proves
that the limit hY';(A) exists, thereby completing the proof of Theorem B.4

In the rest of this section we collect some preliminary results that will be useful
in the following proofs. First, we consider some basic properties of P¥(B;wy) in
terms of its arguments B and wy. These properties are immediate consequences of
the definition of P¥ given in (ZI3]).
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Lemma 5.1. Let A be a compact set in RP, let w be a function on A x A tak-
ing values in [0,00], let B and B be subsets of A, and let wy and @y be finite
configurations in A.

(i) If &y C wy and B D B, then
PY(B;wn) = PY(B,ou).
(i) If By, ..., By are subsets of B such that B =, B;, then
PY(B;wyn) = miinPSw(Bi,wN).

In several of our later proofs we shall need the existence of a sufficiently regular
‘Vitali-type’ covering for subsets of Ay;.

Lemma 5.2. Let A C RP be a compact set with Hq(A) < oo, and let B C A\
clos(Af;) be a nonempty set open relative to A. For € > 0, there exists a pairwise
disjoint collection X. = {Qa} of closed sets Qq := Blzqa, pa] N A such that

o (51U, ., 00) =0

and such that for each o, we have p, < € and there is some bi-Lipschitz o, with
constant (1 + €) mapping Qq onto Qs = pa(Qy) such that Li(0Qs) =0 and

(5.2) Qoz D Blpa(Ta), pa/(1 + €)].
If € > 0 and v > 0, then there is some finite collection X, C X, such that

(5.3) Hy (B \ UQQEXMQQ) <.

Proof. Let € > 0. Since B C Ayp; and B is relatively open, for each € B Defini-
tion 3] implies that there is a number § = §(x,e) > 0 and a bi-Lipschitz function
¢zt B(z,8)N B — RY with constant 1+ ¢, such that U, := ¢, (B(x,5)N B) is an
open set in R?. Thus, there exists some r = 7(z) > 0 so that B(y,(z),r) C U,
and, hence, using the fact that ¢, has bi-Lipschitz constant (1 + €), we have
for 0 < p < r(x)/(1+¢€) that Qq, := Blz,p] N B C ¢, t(B(¢z.c(x),7)), and so
Pa,e(Qa,p) O Blpa,e(x), p/(1+€)]. Let

Ve(B) :={Qa,p: 0 < p<min{r(z)/(1+¢),e}, = € B}.

Then by Vitali’s covering theorem for Radon measures (see, for example, [I7]
Theorem 2.8]), there is a pairwise disjoint collection {Q,} C V-(B) such that (51])
holds. By construction each Q,, is of the form Bz, po] N B, and ¢4 := ¢4 ¢

is bi-Lipschitz with constant (1 + €) such that (52 holds.
For v > 0, the existence of such a finite collection X, satisfying (53] follows
from the fact that the elements of X, are pairwise disjoint and that H4(B) < co. O

lo.

6. PROOF OF EQUALITY (2.4)

In this section we prove that the limit hs,(Q,) exists for any s > p and that
0sp = hsp(Qp) is a positive finite number. For the case s = p, this fact was proved
by Borodachov and Bosuwan [3] using a different method. Our proof for s > p
utilizes an argument similar to the one in [14].
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For N € N, let wy be an s-polarization optimal N-point configuration for
Q,; that is, Ps(Qpwn) = Ps(Qp; N). For m > 2, m € N, and a vector j =
(J1,72,- -+ Jp) € ZP with 0 < ji < m — 1, define

@i [L 2 [ B Lg, 1),

m m m m m

o = L

m

(wnv +]) € &,
and WypN = UJ. wJ;V C Q,. Then, using Lemma [5.1], we obtain
Ps(QpimPN) 2 Ps(Qp; WyrN)
(6.1) = min Py (Q @ v) > min Py(QFw)
= Py(Q%uwR),

where the last equality follows from the observation that Py (QJ; wﬂv) = P(Q%w%)
since 3 and w); are translations by j/m of Q° and w%, respectively. Furthermore,
the scaling relations Q° = (1/m)Q,, and w® = (1/m)wy together with (G.I]) imply
that

(6.2) PS(Qp5mpN) > Ps(Q();w?v) = mSPS(Qp;wN) > mSPS(QmN)-

From inequality (L) we have h; ,(Q,) < co. Let € > 0 and let Ny be a positive
integer such that
7)5 ( Qp; NO)

> hep(Q,) — €.
NP p(Cp

For N > Ny choose the nonnegative integer my such that m{iNy < N <
(my 4+ 1)PNy. Then, from [6.2]) we get

— Ps s N 2 Ps ; N,
hs,p(Qp) < 7(Q§/p O) +e= My Ps\%p; Vo) (Qf/ O) +e<
Ny my Ny P

PS(Qzﬁm?VNO)

ms NS/ZD TE
N0

Notice that the inequality mh Ng < N implies that Ps(Qp; mhNo) < Ps(Qp; N).
Therefore,

(6.3) s p(Qp) <

PN (matlY',

Ns/p my

Taking the limit inferior as N — oo in ([63) and noting that my — oo as N — oo,
we obtain

(6.4) Esyp(Qp) < ﬁs,p(Qp) +e.

In view of the arbitrariness of ¢, the limit o5, = hs,(Q,) exists as a finite real
number. Inequality (£I]) together with Theorem 1] implies that o, is positive.
|

One may alternatively prove the positivity of o, ), directly without using Theo-
rem Il One method consists of dividing the cube Q, into N = nP equal subcubes
and letting wy be the configuration consisting of the centers of these cubes. Then
it is not difficult to prove that P;(Q,;wn) will have order N¥/¢ as N — oc.
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7. SUBADDITIVITY OF [hY(+)] =%/

—d/s

The following lemma establishes the subadditivity of [h 4(-)] and will play

an important role in the proof of (33); see Lemmas [B1] and

Lemma 7.1. Suppose B and C are subsets of R? and w: (BUC)x (BUC) — [0, o).
Then for any positive d < p and any s > d,

(7.1) B y(BUC) ™ <Y y(B)™° + b y(C) .

hyg
Proof. First note that for any N-point configuration wy C BUC, Lemma [5.1] gives

PY(BUCswy) = min {PY(B,wy), PX(C.wy))

7.2
(72) > min {P(B;wy N B), P (Cywny NC)}.

If N1, Ny, and N are positive integers such that N; + Ny = N, then, with wy
denoting an arbitrary N point configuration in B U C, we have

PL(BUC;N)=sup (P’ (BUC;wnN))

73 >  sup min(PY(B;wyNB),PY(CiwyNC))
( . ) #wnNB>Ny
#HwWNNCZN2

> min {P¥(B; Ny), P¥(C; Ny)} .

We now assign particular values to N7 and N». For a fixed a € (0,1) and N € N,
let Ny := [aN] and N2 := N —Nj and note that Ny — oo and Ny — oo as N — co.
Then the inequality ([Z3) implies that

’P;ﬂ(BUC,N) S . {P;U(B,Nl) ] Ts7d(N1) P;U(O,NQ) ) Ts,d(NQ)}
Ts,d(IN) - To,d(N1)  Tsa(N) 7Tea(N2)  7s4q(N)

which, together with

tim AN _ gora gy TallV2)

— 1 _ S/d > d,
N—oo Tsyd(N) N—so0 7'57d(N ( e, s

yields
(7.4) hY4(BUC) > min {as/dﬁ’;‘jd(B), (1- a)s/d@;{d(C)} for any o € (0, 1).

If hy'y(B) = 0 or hyy(C) = 0, then (ZI) holds trivially, and so we assume both
hg 4(B) and hy ,(C) are positive. If b, (B) = hy4(C) = oo, then the right-hand
side of (Z4) is equal to oo, and the lemma holds trivially. If h{;(B) < oo and
hy 4(C) = oo, then the right-hand side of (Z4)) is equal to as/dﬁqs”,d(B). Letting o
go to 1 we obtain the lemma. The case hy ;(B) = oo and kY 4;(C) < oo is treated
similarly. 7 )

If both hy 4(B) and hy 4(C) are positive and finite, then we set

ha(C)*
o

= 1).
héﬂ’d(B)d/s +ﬁgu,d(c)d/s €(0,1)

This choice of « together with inequality ([4]) implies the estimate (Z.1]). O
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8. AN ESTIMATE OF h{ ;(A) FROM BELOW

In this section we prove important corollaries of Lemma [[Il We start with the
unweighted case (i.e., w = 1) for d = p.

Lemma 8.1. Suppose A C RP is a compact set with L£,(0A) = 0. Then for any
s 2D,

o
8.1 hy  (A) > —22 .

( ) —s,p( ) Ep(A)s/p

Proof. If £,(A) =0, then the lemma follows from Corollary Thus, we assume
L,(A) > 0.

Let € > 0. Our assumptions on the set A imply that there exists a finite family
D = {Q;} of closed cubes with disjoint interiors such that @; C A and

g, (A\U@) <e.
Denote D := A\ |, Q:. Since L,(0A) = 0, we also get £,(0D) = 0. Thus,
L,(clos(D)) = L,(D) < e. From inequality (£I) and Theorem [L.1] we obtain

] Es(clos(D); N)
h, (clos(D)) > lim_ (N — 1)1, ,(N)

Further, inequality (1)) yields
hyp (AP <Y T h y(Q)7P° 4 hg y (clos(D)) 7 < by, (Qi) P+ OB e

> C, pe /P

Equality (Z.4) implies that h, ,(Q;) = 05 pLp(Qi) /P, Thus,

by (A) 0 < 3D 0B L Qi) + O
(8.2) i
= o0, (U @) + O e < oi La( ) + O e

Taking ¢ — 0 in (B2) then gives (BI)). O

Next, we deduce a general estimate for ﬁﬁd. Namely, we prove the following
lemma.

Lemma 8.2. Suppose d,p € N, d < p, A C RP is a compact set with Hq(A) =

Mqa(A) < 0o and Ha(clos(Ag;)) = 0. Suppose w is a CPD weight on A x A with
parameter d. Then for any s > d,

Os.d
8.3 W(A) > el
(8.3) —s,d( ) HY (A)s/d
Proof. Let B := A\ clos(Af;) and note that B is a subset of Ay; open relative to
A. By assumption, clos(Af;) is a compact subset of A of zero Hg-measure. Then
taking into account inequality (@) and Theorem H.I] we obtain

. E¥(clos(Af,); N)

. w c. 2 s bi/»
(8 4) ﬁs,d(CIOS(Abl)) ]\}LIB)O (N _ 1)Ts,d(N)
Let ¢ > 0 and let X; . be a finite family of disjoint sets {Q,} as in Lemma [5.2] with

v = €. Define D := B\ |J, Qa- Since clos(D) is a compact subset of A, inequality
(@I) and Theorem ET]imply that

w . E¥(clos(D); N)
(8:3)  hla(cos(D)) > Jim 5 o

= CualH3 (clos(45))] 7/ = .

= Cja[H:" (clos(D))]~*/<.
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Next, we will estimate h ;(Qa) for each a. Recall that Qo = 9a(Qo) and that

Ed(aQa) = 0. Let wy denote an arbitrary N-point configuration in Qa and let
wN = o, (ON) C Qq denote the preimage of wy. Set

Wo = inf w(x,y).
Yo = (oot g, Y

Since w 2 wg_ on Qa X Qq and the function ¢, is bi-Lipschitz on Q, with constant
1+e¢,

P (Qai N) 2 PP (Qa;wn) = wg, Po(Qaiwn) = (1+€)*wg, Po(Qa; &n),
and thus
(8.6) P (Qai N) = (1 + ) *wg, Ps(Qa; N).
Dividing both sides of (8] by 7, 4(/N) and then taking the limit inferior as N — oo
gives
(8.7) hia(Qa) = (1+ 5)_SwQaﬁs,d(Qa) > (1+ 5)_staas,d£d(Qa)_s/d
> (1+e) > 0sawg, Ha(Qa) ™/,

where the second inequality follows from Lemma Rl
Finally, we apply Lemma [ZIlto A = clos(Af;) U clos(D) U (UJ,Qa). Combining

(&4), (BL), and [B1), we obtain

(8.8)
2] < A2l AR+ s (D)) + S IBEQu)]
< Oy (clos(D)) + (1 + ) d/SZwEgi/SHd(Qa)-
Define

wéd/s, z € Q, for some «,
w(x) =4

0, z & U, Qa-
Then (B.8]) implies that

(89)  [hL (A~ <O M1y (clos(D)) + (1 +¢)*o§* / w, (x)dHq(z).

Observe that Hq(04Qa) = 0 for every a and that the set A\ (U, intaQ4) is closed,
where int 4@, is the interior of @, relative to A. Recall also that @, C B for all «
and that the sets @, are pairwise disjoint. Then

D C clos(D) C D U clos( <U 5‘,4@,1) .

Consequently, Hq(clos(D)) = Ha(D) < v = €. Then H"(clos(D)) — 0 as ¢ — 0.
Since diam(Q,) < 2¢(1 + ¢€) for all «, for every e > 0 sufficiently small, we have
Qo X Qn C G for every a, where the set G is a neighborhood of D(A) relative to
A x A such that a := infgw > 0; see Definition This implies for sufficiently
small £ > 0,

(8.10) 0<w. (z) <a ¥

For every k € N denote g5 := 2% and {Q*} := &y == A, ,. Let

= {x € B: deg such that Ve, < gp we have x € Qk for some Qk S Xk}
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We see that
B\M=() U @\Jeb;
€0 k>logy(1/e0) o
thus for any 9 > 0 we have

HaB\M)< > 27%<2e,
k>log,(1/€0)
which implies Hq(B \ M) = 0. On the other hand, it is obvious that for every
x € M we have limj o0 w,, (x) = w™%*(z,z). Using the estimate [BJ) for & and
in view of ([8I0) and the Lebesgue Dominated Convergence Theorem, we obtain

B3). O
9. LIMIT DISTRIBUTION OF ASYMPTOTICALLY OPTIMAL CONFIGURATIONS

In this section we prove that asymptotically (s, w)-optimal sequences of N-point
configurations are distributed on the set A according to H}".

Throughout this section, A will denote a set in R? that satisfies the hypotheses
of Theorem B4 (including Hq(A) > 0), and {wny } n>1 will denote an asymptotically
(s, w)-optimal sequence of configurations (see Definition 2T]) in A.

We start with the following lemma.

Lemma 9.1. Let € and v be positive numbers and let X be as in Lemma B2
Let Qo = ©a(Qq) for some fired Qo € X; . Suppose I is a d-dimensional open
cube contained in Qu and let T := @7 (T') and Ny := #(wy NT) for N € N. Then
Nr — 00 as N — oo.

Proof. Suppose there is an unbounded set N of positive integer numbers such that
Nr are uniformly bounded from above when N € N. Since @, is a bi-Lipschitz
function, there is a positive number ag (that does not depend on N) and, for each
N € N, a point zy € A such that B(zy,a0) N A C T and B(zn,a) Nwy = 0.
Therefore, |2y —x| > ag for any © € wy. Recall that we denote D(A) = {(z,x): z €
A}. Since the set F':= clos(Uyepn{(2n,2): @ € wy}) is a closed subset of A x A
with F' N D(A) = (}, we conclude from Definition B3 that the weight w is bounded
from above on F'. Then for some constant C' and any large enough N € N,

PY(Aswn) < UY(zn;wn) < C - N.

Since {wn}n>1 is asymptotically (s,w)-optimal, we have hy,(A) = 0, which con-
tradicts the fact that hg ,(A) > 0 established in Lemma Then Npr — oo as
N — oo. ([l

The next lemma makes the asymptotic behavior of Ny more precise.
Lemma 9.2. Let ¢, T, and Nr be as above. Then
Ts.d(NT) < Hd(r)s/dﬁ;u,d(A)

9.1 lim inf >
(9-1) Nooe Tea(N) © uq(l+ )2 Wr
and
N, Hq(D)*/ R, (A
(9.2) lim sup o.d(Nr) = (L) Sz’d(_ ),
Nooo Ts,d(IN) 0s,q4(1 +€)?*Wr
where

wr:= sup w(y,x).
(y,z)el'xT
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Proof. Let the sidelength of T' be denoted by r > 0. For 0 < v < r, let I, denote
the closed d-dimensional cube with the same center as T' and sidelength r — v.
Denote T, := ¢ (Ty).

For any N > 1,

PP(A;wy) < PP(Dpswy) = inf [ 37 w(y,z) > w(y, x)

. S — S
yel, chwNm,|y x| EWN\F|y x|

IfyeTl, and x € Q, \ T, then |pn(y) — po(z)] = v/2; thus |y —z| > (1 +¢) " v/2.
Furthermore, h := dist(I',, A\ Q) > 0 since I',, is a compact subset of the interior
of Qu. Then for any y € 'y, and z € A\T = (A\ Qo) U (Qu \T), we have |y — x| >
min{h, (14+¢)~'v/2} > 0. This means that the set Fy := clos(I', x (A\I')) C Ax A
does not intersect the diagonal D(A). Thus, the weight w is bounded above on F;
by a constant (which can depend on v). Consequently,

(93) P;”(A;wN) < PSw(FU;CUN N F) + Cv,s -N < wr - PS(FU;UJN N F) + Cv,s - N,

where C, ¢ is a constant independent on N and wy. Let @f := po(wny NT) C r.
Since ¢4 is bi-Lipschitz with constant (1 + ¢), we have using (@3] that

PY(Ajwy) < (1+e)*wr Py(Tu; @) ) + Cype - N.
For any & € &Y, define 7’ to be the point in I, closest to & (in particular, &’ = &
if # € T',). Denote &)y = {#': & € @k }. Notice that #& = Np. Since I';, is a
convex set, for any g € I',, we have |§ — Z| > |§ — &’|. Thus,
PY(Ajwy) < (1+e)* W Py(Ty; @) + Cue - N
(9.4) < (14 )wrPs(Ty; Np) + Cype - N
= (1+¢e)*wrHa(Ty)~**Ps(Qa, Nr) + Cy e - N.

We now divide by 75 4(N) and take the limit inferior as N — oco. Using Lemma [0.1]
and (24)), we obtain

N
h2a(A) < (1+€)*Wr(r —v) *ouq - lim inf %(NF))

Since the number v can be arbitrarily small, the function ¢, is bi-Lipschitz, and
Ha(T') = r¢, we further obtain

Nr)
w < 25— —s/d CTim S TS,d( r
B (4) < (1€ M) - Hpnint 2T

which proves ([@I). Similarly, passing to limsupy_, ., in (@), we obtain

—w N
hga(A) < (14 ¢)*WrHa(T) /o4 - limsup M?
7 N—oo Ts,d(N)
which proves ([@.2]). -

Finally, we state the main lemma of this section, which proves the limiting

behavior (3.4]).

Lemma 9.3. Suppose B C A is a set with Hq(0aB) = 0. Suppose {wn}n>1 s an
asymptotically (s, w)-optimal sequence of configurations in A. Then

i FlnNB) My (B)

N—oo N MY (A)
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Hence,
I/(UJ ) /}!9, 4

Proof. If H4(B) = 0, then clearly

. #wy N B) Mg (B)

P N TS
Therefore, it remains to prove this inequality for B with H4(B) > 0. Denote
By; := int4(B\ clos(A4f;)), where int4 X denotes the interior of a set X C A
relative to A. For an € > 0 consider the family X. . = {Q,} from Lemma
constructed for the set By;. Then By; = (|J, Qo) U D with Hq(D) < €. For each
Qo = va(Q.), consider a finite family &, of disjoint open cubes I' C Qq (the
families &, will be specified later). Denote &, := {p;'(I'): T € &,} and let
& :=J, &, Recall that for any I' € & we define Ny := #(wy NT).

Notice that if s > d, then 75 4(Nr)/75,4(N) < (NF/N)S/d (in the case s > d we

have equality, while if s = d we use log Nr < log N). Then Lemma [0.2] implies that
for every T' = - (T') € &, we have

HYY  as N — o

w d/s
.. . Nr —2d——d/s hs d(A)
(9.5) l}\rfnﬁlgof N (1+¢e)““wp o Ha(T)
Since all sets T' € & are disjoint, from (@A) we have
(9.6)
o wnnB) o Hwn N (U @a)) o L .. Nr
TN 2 a > — > —r
it T P T it 5 0 N2 ) lipinf
res res
hY 4 (A)\ ¢ _
> (1 —od [ “Ls,d . __—d/s ).
()2 (ZA2) 5wy (r)

I'es

Fix a positive number v. Since ﬁd((?@a) = 0 for every «, we can choose the

family &,, such that

(9.7) La[Qu\ | T <vw
reé,
and denote
G:= Uf‘, G:= UF.
e res

Since the family {Q,} is finite, for some constant C., which does not depend on
v’

(9:8) Ha(lJQa\ G) < C: v,

Notice that G is a finite union of open cubes. If we subdivide these cubes
into smaller ones and call their union G, then L£4(G1) = L4(G) and, moreover,
the estimate (O.6]) holds for the new collection ®,. We repeat this procedure and
denote by ®,, the collection we get on the n-th step; we further denote by &,, the
collection of preimages of cubes from &,. Then the maximum of the diameters
of cubes in Q~5n, and thus of every set in &,,, approaches 0 as n — oo; thus, as in
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the proof of Lemma 82 the Lebesgue Dominated Convergence Theorem applied

t0 Un(T) = D peg., @;d/sxp(x) (where xr denotes the characteristic function of I')
implies that

Z wl:d/SHd(F) - /w_d/s(%%)d?{d(w), n — 00.
ree, G

Since w~%*(z,x) is bounded away from zero and H4(J, Qo \ G) < C: - v for v
arbitrarily small, we obtain from (@.6])

w d/s
(9.9) hminfwxus)% (M) . / w5 (z, x)dHg(x).

N—o00 N Os,d
U, Qa

Finally, since Hq(B \ U, Qo) = Ha(Bri \ U, Qa) < € and € can be made arbi-
trarily small, we obtain using Lemma that

w d/s s,w
. . #(wN ﬂB) s d(A) S, w Hd7 (B)
. > 2 . ) = —
010 il Ty e B C  Trvy

Notice that a similar estimate is true for the set A\ B. Thus,
(9.11)

. #(wn N B) . #wy N (AN B)) Hy"(A\B) _ Hy"(B)
] FNNE) 1 limint <1- = .
NP TN e N HYT(A)  HTU(A)
Combining estimates (@I0) and ([@I1]), we obtain
i #lex0B) 1)
N—o00 N Hd, (A)
(]

W
10. AN ESTIMATE FOR hg ; FROM ABOVE

In this section we prove that the lower bound for h¢ ;(A) from Lemma B2is also

an upper bound for E:d(A). In view of Lemmas and [0.3] this completes the
proof of Theorem [3.41

Lemma 10.1. Suppose A C RP is a compact set with Hq4(A) = My(A) < 0o and
that Hq(clos(Af;)) = 0. Suppose w is a CPD-weight on A x A with parameter d.
Then for any s > d, we have

—w Os,d

10.1 A) < -
( 0 ) hs,d( ) Hz,w(A)s/d

Proof. If Hq(A) = 0, then inequality (IO holds trivially. Assume that Hq(A) >
0. Set B := A\ clos(Af;,). Then B is a relatively open subset of Ay;. For a
positive number ¢ > 0, fix the family A, . from Lemma Let {wn}n>1 be an
asymptotically optimal sequence of configurations for P¥(A; N). Let I' C B be a
set as in Lemma [0.1]1 Recall the estimate in ([@.2):

. Np\Yh Ts.d(N1) o1 Ty q(A)
limsup [ — > limsup 2% > (1 + ) 25w ' 242 9, (T)%/<.
N~>oop ( N > N—)oop Ts,d(N) ( ) r Os,d d( )



6992 S. V. BORODACHOV, D. P. HARDIN, A. REZNIKOV, AND E. B. SAFF

Since H4(94T") = 0, Lemma implies that the limit ]\}im Zr exists. Then
—00

— d/s

he (A _ N
(1+¢)2@ fs.al4) WY Hy(T) < lim =L

Os,d N—oo

We now argue exactly as in Lemma That is, we take the sequence of families
{&,}52, from the proof of Lemma and obtain

—w d/S
nY(A) _ N 1
—2d s,d __—d/s < . r 1 L <
(1+¢) Tod D W Ha(C) < ) lim = lim D Np <L

res, reé, resé,
Passing to the limit as n — oo we obtain

—W d/S

fral4)

Os,d

(14¢)"% HY (clos(B)) < 1,

which in view of Hg(clos(Aj;)) = 0 implies that

—wW d/?
he (A
s,d( ) Hz,w(A) < 17
Os,d
which completes the proof of ([I0.T]). O
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