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VISCOUS DISPLACEMENT IN POROUS MEDIA:
THE MUSKAT PROBLEM IN 2D

BOGDAN-VASILE MATIOC

ABSTRACT. We consider the Muskat problem describing the viscous displace-
ment in a two-phase fluid system located in an unbounded two-dimensional
porous medium or Hele-Shaw cell. After formulating the mathematical model
as an evolution problem for the sharp interface between the fluids, we show
that the Muskat problem with surface tension is a quasilinear parabolic prob-
lem, whereas, in the absence of surface tension effects, the Rayleigh—Taylor
condition identifies a domain of parabolicity for the fully nonlinear problem.
Based upon these aspects, we then establish the local well-posedness for arbi-
trary large initial data in H®, s > 2, if surface tension is taken into account,
respectively for arbitrary large initial data in H? that additionally satisfy the
Rayleigh—Taylor condition if surface tension effects are neglected. We also
show that the problem exhibits the parabolic smoothing effect and we provide
criteria for the global existence of solutions.
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1. INTRODUCTION AND MAIN RESULTS

The Muskat problem is a model proposed by M. Muskat in [43] to describe
the encroachment of water into an oil sand. This problem is related to the sec-
ondary phase of the oil extraction process where water injection is sometimes used
to increase the pressure in the oil reservoir and to drive the oil towards the ex-
traction well. In this paper we consider an unbounded fluid system, consisting of
two immiscible and incompressible fluid phases, which moves with constant speed
V| > 0, either in a horizontal or a vertical Hele-Shaw cell (or a homogeneous
porous medium). Furthermore, we assume that the flows are two-dimensional and
that the velocities are asymptotically equal to (0,V) far away from the origin. In
a reference frame which moves with the same speed as the fluids and in the same

Received by the editors January 13, 2017, and, in revised form, May 17, 2017.

2010 Mathematics Subject Classification. Primary 35R37, 35K59, 35K93, 35Q35, 42B20.

Key words and phrases. Muskat problem, Rayleigh—Taylor condition, surface tension, singular
integral operator.

(©2018 American Mathematical Society

7511


http://www.ams.org/tran/
http://www.ams.org/tran/
https://doi.org/10.1090/tran/7287

7512 B.-V. MATIOC

direction, the Muskat problem can be formulated as an evolution problem for the
pair (f,w), where [y = f(t,x)+ V] is a parametrization for the sharp interface that
separates the fluids, with f asymptotically flat for large € R, and @w/+/1 + f2
is the jump of the velocity at the free interface in tangential direction (see (2.6)).
Mathematically, we are confronted with the following evolution problem:

1 y+ ') (f(ta) — bz —y)
o f(t,w) = QWPV/R Pt (o)~ [ha—g)E Ty
(1.1a) fort >0, x € R,
f(0) = fo,

where f and @ are additionally coupled through the relation

[on() = (sto- = o) + =250 1] (1,)
_ KBty
2k

P = g yf'(t,x) — (ft,z) — f(t,z —y))
- PV/R 2+ (o) — [tz — )

(1.1b) w(t,z)

Ik w(t,x—y)dy

for t > 0 and « € R. We denote by (-)’ the spatial derivative 0, g is the Earth’s
gravity, k is the permeability of the homogeneous porous medium, o is the surface
tension coefficient at the free boundary, and p- is the density and p4 the viscosity
of the fluid located at Q4 (t), where

Q_(t) =y < f(t,z) + V1] and QL) =y > ft,z) + Vi].

Moreover, k(f(t)) is the curvature of the graph [y = f(¢,z) + tV] and PV denotes
the principal value which, depending on the regularity of the functions under the
integral, is taken at zero and/or infinity. If V' is positive, then the fluid — expends
into the region occupied by the fluid + and vice versa; if V' is negative, then the
fluid + expends into the region occupied by the fluid — (see Section 2] for a rigorous
derivation of (I))). When neglecting surface tension effects we set ¢ = 0 and we
require that the first equation of (ITa) and the equation ((L1B) hold also at ¢ = 0.

In recent years the Muskat problem has received, due to its physical relevance,
much attention especially in the field of applied mathematics. In the absence of
surface tension effects the local existence of solutions was first addressed by F. Yi in
[52] under the assumption that the Rayleigh—Taylor condition holds. The Rayleigh—
Taylor condition [47] is a sign restriction on the jump of the pressure gradients in
normal direction at the interface [y = fo(z)], and it reads

(1.2) Oup- <Oupy  only= fo(z)],

where p. is the pressure of the fluid + and v is the outward normal at [y = fo(z)]
with respect to _(0).Thereafter, questions related to the well-posedness of the
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Muskat problem and other qualitative aspects of the dynamics have been studied
in [5L8)[10H22],24H26] 32135, [40L[48] in several physical scenarios and with various
methods. These references show the Rayleigh—Taylor condition is crucial in the
analysis of this problem. In the regime where the Rayleigh—Taylor condition holds
with reverse inequality sign, for example if a less viscous fluid displaces a more
viscous one, or when a more dense fluid sits on top of a less dense one, physical ex-
periments evidence the occurrence of viscous fingering (cf. [36147]) and the Muskat
problem is ill-posed (cf., e.g., [20,2548]). On the other hand, it was recently shown
in [26], in a bounded and periodic striplike geometry, that the Rayleigh-Taylor
condition actually identifies a domain of parabolicity for the Muskat problem.

When surface tension effects are taken into consideration, it was proven in [26],
45[46], in bounded geometries, that the Muskat problem is a quasilinear parabolic
problem for arbitrary large initial data, without any kind of restrictions. Also in
this setting, the solvability of the problem has been addressed in several physical
scenarios with quite intricate methods [6}24}25 31137, 50].

The first goal of this paper is to prove that the classical formulation of the
Muskat problem (see Section [2) is equivalent to the evolution problem (LIJ); cf.
Proposition

Our second goal is to extend the methods that have been recently applied in [40],
in the particular case of fluids with equal viscosities, to the general case considered
herein in order to establish the local well-posedness for the Muskat problem with
and without surface tension by similar strategies and in a very general context. If
the fluids have equal viscosities, the equation (LID]) determines @ as a function of
f, and () becomes an evolution problem for f only. Surprisingly, the analysis
in [40] shows that the corresponding evolution problem is of quasilinear parabolic
type in both regimes, that is, for ¢ > 0, or when ¢ = 0 and the Rayleigh—Taylor
condition holds. However, for u_ # u,, the equation (LID) is implicit and this
fact enhances the nonlinear and nonlocal character of the problem and makes the
analysis more involved.

In the case when ¢ = 0 and the Rayleigh—Taylor condition holds, the well-
posedness of the problem is still an open question. Local existence of solutions to
(1) was first addressed in [I8] for arbitrary large data in H?, and in three space
dimensions in [19] for initial data in H*. Global existence is established in [48]
in the periodic case and for small initial data. Quite recently, the authors of [14]
have proven the existence and uniqueness of solutions which satisfy an additional
energy estimate for initial data in H? and which are small with respect to some
H3/?t_norm. In Theorem [[.2 we show that the Muskat problem without surface
tension is well-posed for arbitrary large initial data in H2. To achieve this result
we formulate (1)) as a fully nonlinear evolution problem for f and we prove that
the set of initial data for which the Rayleigh—Taylor condition holds defines, also
in this geometry, a domain of parabolicity for the Muskat problem. It is worth
emphasizing that the quasilinear character, present for p_ = p4, is not preserved
when p_ # py and this makes the Muskat problem without surface tension more
difficult to handle.

For o > 0, the local well-posedness of (LI]) has been addressed in [6] for initial
data in H®, with s > 6 (see also [50] for a global existence result for small initial data
in H*, with s > 6). Exploiting the quasilinear structure of the curvature term, we
show that in this regime (II]) can be formulated as a quasilinear parabolic evolution
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problem. This property enables us to establish the local well-posedness of (L)) for
arbitrary large initial data in H®, with s > 2; ¢f. Theorem [Tl In particular, we
may choose the initial data such that the curvature is unbounded or discontinuous.

Moreover, we show that the Muskat problem features the effect of parabolic
smoothing: solutions (which possess additional regularity when o = 0) become
instantly real-analytic in the time-space domain. Besides, we provide criteria for
the global existence of solutions.

The first main result of this paper is the following theorem.

Theorem 1.1 (Well-posedness: with surface tension). Let o > 0. The evolution
problem (L)) possesses for each fo € H*(R), s € (2,3), a unique mazimal solution

[ = f(-; fo) satisfying
feC([0,Ty(fo)), H(R)) N C((0, T4 (fo)), H*(R)) N C((0, T4 (fo)), L2(R)),

with Ty (fo) € (0,00], and [(t, fo) — f(t; fo)] defines a semiflow on H*(R). Addi-
tionally, if
sup lf )|l < 00 for allT >0,
(0,74 (£0))N[0,T]
then Ty (fo) = co. Moreover, given k € N, it holds that

1 € C((0,T4(fo)) x R, R) N C((0, T (fo)), H*(R)).[
In particular, f(t, -) is real-analytic for each t € (0,T4(fo)).

We emphasize that exactly the same result as in Theorem [[.]] has been achieved
in [40] in the simpler case of fluids with equal viscosities.
When surface tension is neglected, that is, o = 0, we assume that

(1.3) ©:=yg(p- —p+)+%‘/#0~

The situation when o = 0 = © is special, because in this case the problem (LI
possesses for each fy € H*(R), with s > 3/2, a unique global solution f(t) := fj
for all t € R; cf. Section The corresponding flow is stationary with constant
velocities equal to (0, V) and hydrostatic pressures.

In order to discuss the well-posedness of (1) with 0 = 0 # ©, we introduce the
set of initial data for which the Rayleigh—Taylor condition holds as

O:={fo € H*(R) : d,p— < dpy on [y = fo(z)]}.
The Rayleigh—Taylor condition is reformulated later on (cf. (BI0])) where it is also

proven that O is an open subset of H?(R). Our analysis in Section [l shows that O
is nonempty if and only if

(1.4) 0 > 0.

The relation (L4) is the classical condition found within the linear theory by
Saffman and Taylor [47]. In particular, if the flow takes place in a vertical Hele-
Shaw cell and V' = 0, then the less dense fluid lies above. For flows in horizontal
Hele-Shaw cells the effects due to gravity are usually neglected, that is, g = 0, and
([C2) implies that V' # 0 and that the more viscous fluid expends into the region
occupied by the less viscous one.

We now come to the second main result of this paper.

lHere and in the following C“ stands for real-analyticity, while C1~ denotes local Lipschitz
continuity.
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Theorem 1.2 (Well-posedness: without surface tension). Let 0 = 0, pu_ # py E
and assume that (L) holds. Given fo € O, the problem (L)) possesses a solution

feC(0,7],0)nCH([0, T], H' (R)) N C((0,T], H*(R))
for some T > 0 and an arbitrary o € (0,1). It further holds that:

(1) f is the unique solution to (1) belonging to

U co.71,0)nc! (0, 7], H' (R)) n C5((0,T], H*(R)).
B€(0,1)
(#4) f may be extended to a mazimally defined solution
f( ) fO) € C([O>T+(f0))7 O) n Cl([O7T+(f0))7 Hl(R)) n n Cg((O>T]> H2(R))
B€(0,1)

for all T < T4 (fo), where Ty (fo) € (0, 00].

(#91) The solution map [(t, fo) — f(t; fo)] defines a semiflow on O which is real-
analytic in the open set {(t, fo) : fo € O, 0 <t <Ty(fo)}-

() If f(-5 fo) : [0,T+(f0)) N[0, T] = O is uniformly continuous for all T > 0,
then either

Ty (fo) <ooand lim f(t fo) €00, or Ti(fo) = .
t=T (fo)

(v) I{L f(; fo) € B((0,T), H***(R)) for some T € (0,T4(fy)) and € € (0,1),
then
fec¥(o,T) XR,R)DC“((O,T),H’“(R)) for each k € N.

Given T' > 0 and a Banach space X, we let B((0,T],X) [resp., B((0,T),X)]
denote the Banach space of all bounded functions from (0,7 [resp., (0,T)] into X,
and, given « € (0, 1), we set

Cs((0,7),X) == {u € B((0,T],X) : sup [#7u() = s*u(s)| < oo}
At [t—s|®

With respect to (iv) we add the following comments. Firstly, as shown in
[12, Theorem 1.1] in the case when p_ = p4, there exist solutions which are
not uniformly continuous in O, in the sense that their slope blows up in finite
time. Secondly, there exist global solutions to (II)); cf. [16, Theorem 3.1] (see
also [40, Corollary 1.4]) or [I4, Theorem 2.2] (in the periodic setting). Lastly,
the existence of solutions which are uniformly bounded in H?(R) and violate the
Rayleigh—Taylor sign condition at time T (fy) < oo is, to the best of our knowledge,
an open issue.

The condition that f € B((0,T), H**¢(R)) for some T € (0,T+(fo)) imposed at
(v) is a technical assumption. Nevertheless, if fo € O N H3(R), our arguments can
be extended to show that Theorem [[2still holds true if we replace O by ONH3(R)
and H*(R) by H**1(R) for k € {1,2}, possibly with a smaller maximal existence
time Ty 5(fo). Hence, for solutions that start in H?(R), the property required at
(v) is satisfied for all T < T} 3(fo) and all e € (0,1). This additional regularity
is needed for our argument because the uniqueness property in Theorem holds
only for solutions that additionally belong to the space C<((0,T], H*(R)) for some

2Theorem [[2is still valid when p— = p4, however in this particular case its assertions can be
improved; cf. [40, Theorem 1.1].
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a € (0,1), and this space is not sufficiently flexible with respect to the parameter
trick used in the proof of Theorem

2. THE GOVERNING EQUATIONS AND THE EQUIVALENCE RESULT

We start by presenting the classical formulation of the Muskat problem intro-
duced in Section[Il First of all, both fluids are taken to be incompressible, immis-
cible, and of Newtonian type. Since flows in porous media or Hele-Shaw cells occur
at low Reynolds numbers, they are usually modeled as being two-dimensional and
Darcy’s law is used instead of the conservation of momentum equation [9]. Hence,
the equations of motion in the fluid layers ardd

divuL(t) = 0 in Q4 (1),
(2.1a) k .
vi(t) = —M—i(vpi(t) +(0,p+9)) in Qx(t),
with v4 := (vl,v3) denoting the velocity of the fluid 4. These equations are

supplemented by the natural boundary conditions on the free surface:

{ (op @O (1)) = (- (B[ (t)) on |
p+(t) —p-(t) = ow(f(t))  on]
where v(t) is the unit normal at [y = f(¢, 2) + V] pointing into Q4 (¢) and (-|-) is

the Euclidean inner product on R?. Furthermore, we impose the far-field boundary
conditions

ft,z) + Vi,
[t @)+ Vi,

(2.1b) Y
Yy

(2.1c)

flt,z) =0 for |z| — oo,
ve(t,z,y) = (0,V)  for [(z,y)] — oo.

The motion of the interface [y = f(t, z)+ V] is coupled to that of the fluids through
the kinematic boundary condition

(2.1d) O f(t) = (u(OI(=f'(£),1)) =V on [y = f(t )+ V1],

and the interface at time ¢t = 0 is assumed to be known,

(2.1e) f0) = fo.

We now rewrite the classical formulation ([2.I]) of the Muskat problem in a coor-
dinates system which moves with the same speed and in the same direction as the

fluid system. To this end we introduce
:J:i:(ta (E,y) = ’Ui(t,.’[, Y+ Vt) - (Oa V),
N in Q% (¢) := Qu(t) — (0, V).
p(t,z,y) :=ps(t, 2,y + V1)

3The first equation of (ZIal) expresses the fact that divv4(t) = 0 in Q4 (¢) and diveo—_(t) =0
in Q_ (¢). This convention is also used in the second equation of (2Ia) and at many other places
in the paper in various contexts.
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It is not difficult to see that the equations (2.I)) are equivalent to the following
system of equations which has (f,74,p1) as unknowns:

divoy(t) = in Q9 (¢),

() +(0,V) = _k/‘i (VL) +(0,p+g))  in QL(1),
(v (@O)v(t)) = @W-()lv(1)) on [y = f(t, z)],
a | T = oR() on [y = £(t,2)),

ft,z) — 0 for |z| — oo,
vx(t, ) — 0 for |(z,y)| — oo,
Oef(t) = <vi(t)|(—f’(t)’ 1)) on [y = f(t,z)],
f(0) =

Before stating the equivalence result (cf. Proposition[2.2]), we first give a prepara-
tory lemma, which is needed in the proof of Proposition 221 and also later on in the
analysis (see the proof of Theorem [3]). The proof of Lemma 2] is based on clas-
sical arguments used to establish the Plemelj formula and the Privalov theorem for
Cauchy-type integrals defined on regular curves (see, e.g., [38]) and on Lemmas BTl
Details of the proof can be found, in a particular case, in [40, Lemma A.2].

Lemma 2.1. Given f € H*(R) andw € H'(R), we set

L[ (S —s) ———
@) B = g [ R S ds iR\ [y = f(a)

Further, let Q° := [y < f(2)] and Q% := [y > f(z)], and set Dy = 6’90 . 1t then
+
holds that v+ € C(Q%) N CH(QY) and

(2.4) Uy (z,y) = 0 for |(z,y)] — oc.

Additionally, if o € C§°(R), then there exist a positive integer N € N and a constant
C such that

~ Cllw )
(2.5) [01 (2, 9)] < T ||w||)1| for all (z,y) € Q% with |(z,y)] > N.
T,y
Proof. The first two claims follow in the same way as in [40, Lemma A.2], while
[23) is a simple exercise. O
In the particular case when p_ = py, (LID) gives a precise correlation between

the smoothness of @ and that of f. This correlation is for p_ # p4 no longer
obvious. We prove herein (cf. Proposition B.6) that for f € H?(R), the equation
(LID) has a unique solution @ € H'(R), provided that the left-hand side of (L1L)
belongs to H*(R). If o > 0, the latter requirement implies that in fact f € H*4(R)
is needed. Thanks to the parabolic smoothing in Theorem [[.2] this additional
regularity is inherited by all solutions. This is one of the reasons, besides the
difference in nonlinear behavior, why we separate the cases ¢ = 0 and ¢ > 0 in
Proposition
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Proposition 2.2 (Equivalence of the two formulations). Let T € (0, 00] be given.
(a) Let 0 =0. The following are equivalent:

(i) the problem @) for f € C*([0,T), L2(R)) and
o 1(t) € H2(R), @) i= {(v—(8) =0 (0) [ympyva (L /(D) €
HI(R),
o vi(t) € C(Q4(t)) NCHQL(D)), p£(t) € CHQL(T)) N C*(Q1(1))
for allt €1]0,T);
(ii) the evolution problem () for f € C1([0,T), L2(R)), f(t) € H*(R),
and W(t) € HY(R) for all t € [0,T).

(b) Let o > 0. The following are equivalent:

(i) the problem @) for f € C1((0,T), L2(R)) N C([0,T), L2(R)) and
o f(t) € HI(R), w(t) = ((v-(t

)= 0 (DDt sva| (1 F/(6)) €
H(R),

o vi(t) € C(Q4(t)) NCHQe(D)), p(t) € CHQL (1) N C?(Q1(1))
for allt € (0,T);
(ii) the Muskat problem (L)) for f € C*((0,T), L2(R))NC([0,T), L2(R)),
f(t) € HY(R), and w(t) € HY(R) for all t € (0,T).

Proof. We only prove the claim for ¢ = 0 (the proof of (b) is similar). We first
consider the implication (i) = (i7). Given a set E, we denote herein by 1 the
characteristic function of E. Assume that (f,vs,p+) is a solution to ([21]) on [0,T)
and let ¢t € [0,7T) be fixed (the time dependence is not written explicitly in this
proof). It is more convenient to work here with the formulation ([Z2]). Stokes’
theorem and the second equation of ([2.Ial) show that the vorticity

W =10tV 1= 0, 0% — Oy v
defined by the global velocity field ¥ := (0',0%) := D_Liy< ()] + ULy fa) i
supported on the free boundary, that is,

(w, @) = /Rw(:c)go(x,f(x)) dx for all p € CSO(RQ),
where

(2:6) @ i= (0 = ) y=r | (1, £))-

We now claim that the velocity is given by the Biot-Savart law, that is, v = v
in R?\ [y = f(z)], where © is defined in (Z.3) and @ in ([.8]). Indeed, according to
the Plemelj formula (cf., e.g., [38]), the limits v_(z, f(z)) and U (x, f(x)) of U at
(x, f(x)) when we approach this point from above the interface [y = f(z)] or from
below, respectively, are

U@ S
Bl 00 = 52V [ e

1 (L f()@(x)
2 14 ()

(2.7)
, z eR.

Moreover, the restrictions o+ of 7 to Q% belong to C'(Q%)NC(Q9,), they satisfy the
first, third, and sixth equations of ([22), and rot vy = 9,03 — 9,0} = 0in Q). We
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now introduce Vi := Uy — g, we set V = (V1 V?) = Vo1liy<p@) + Valysr@)
and we consider the stream functions
y

ba(n,y) = /f GRS | Vel I ds for (o) € 0

The properties of U1 established above together with (Z7) and Stokes’ theorem
show that the function v := ¢_1j, < + ¥4 1}, g satisfies ¢ € C(R?) and Ay =0
in D’(R?). Hence, 1 is the real part of a holomorphic function u : C — C. Since u’
is also holomorphic and v’ = —(V2, V1) is bounded and vanishes for |(z,y)| — oo,

it follows that v/ = 0, hence vy = v4. Differentiating now the fourth equation of
[22) once, the second equation of ([22)) and ([Z7) lead us to

[Uﬂ(f) - (g(pf —py)+ uV)f]/(%)

k

= —ﬂ_;u+w(z)
pe ey [ £~ @) —fa—s)_
+ ok P\//]R s2+(f($)—f($_3))2 OJ(-T? )d

for all z € R. Finally, in view of (Z7)) and of the seventh equation of ([2:2)), we may
conclude that (f,w) is a solution to (TJ). o
For the inverse implication we define 7. € C(Q%) N C1(QY) according to (23

and the pressures py € C* (ﬁoi) N C?%(QY%) by the formula

~ T Yy %
pelo) = es = 5 [T zaas - B2 " R ds- (pg+ 20)
0 +d

for all (z,y) € ﬁi,

where d is a positive constant satisfying d > ||f||cc and c+ € R. For a proper
choice of ¢4, the tuple (f, p+, v+ ) solves all the equations of ([Z.2]) and possesses the
regularity properties stated in (¢). This completes the proof of (a). a

3. ON THE RESOLVENT SET OF THE ADJOINT OF THE DOUBLE LAYER POTENTIAL

In order to solve the Muskat problem (1), with and without surface tension,
we basically follow the same strategy. The first step in our approach is to formulate
the system (1)) as an evolution problem for f. To this end, we have to address the
solvability of the equation (LILJ)), which is the content of this section. This issue is
equivalent to inverting the linear operator (1 + a,A(f)), where

31 Bl = v [P TS ) gy
and where

o

H— + pt
denotes the Atwood number. The operator A(f) can be viewed as the adjoint of the
double layer potential; see, e.g., [30,51] and Lemma B.8 The resolvent set of A(f)
has been studied previously in the literature (see [I8|[I930,4151] and the references
therein), but mostly in bounded geometries where A(f) is a compact operator. With
respect to our functional analytic approach to (L)), the existing results cannot be
applied, especially because the invertibility in £(H!(RR)) is established for functions

Qy, -
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f that are too regular. For this reason we readdress this issue below, the emphasis
being on finding the optimal correlation between the regularity of f and the order
of the Sobolev space where the invertibility is considered; see Remark B.7 It is
important to note, in the context of the Muskat problem (1)), that the Atwood
number satisfies |a,| < 1.

Some multilinear integral operators. We now introduce a class of multilinear
singular operators which we encounter later on when solving the implicit equation
(1) for @. Given n,m € N, with m > 1, we define the singular integral operator

[T, (5[%1/] bz/y)
[T [1+ (Gggai/)’]

where ai,...,am,,b1,...,b, : R — R are Lipschitz functions and @ € Lo(R). To
keep the formulas short, we set

Bum(ay, ... am)b1, ... b, @)(x) = PV/ “(xy_ y) dy,
R

Ozy)a = a(x) — a(r —y) for z,y € R.

Letting H denote the Hilbert transform [49], it holds that By1(0) = wH, and
moreover

(3.2) TA(f) = f'Boa(f) — Bia(HIf, -]
We first establish the following result.

Lemma 3.1. Let1 <m €N and n € N be given. Then:

(i) Given Lipschitz functions ay,...,am,b1,...,b, : R — R, there exists a
positive constant C', which depends only on n, m, and max;=1,.._m ||a}| o,
such that

1Bom (@, -y am) b1, -, bn, @2 < Cl@ll [T 10l
i=1
for all @ € Ly(R). In particular By, (a1, ..., am)[b, ..., by, -]€L(L2(R)).
(i) Bpm € O (W (R)™, Lit1 (WL (R))™ x La(R), La(R))).
(791) Given r € (3/2,2) and T € (1/2,2), it holds that

1B (@t am)br, - by @llloo < Cl@]a= [T 106l ar
i=1
for all ay,... ,am,b1,...,b, € H(R) and @ € H™(R), with C depending
only on T, r, n, m, and max;—1, . m ||ai||g-. In particular,

B € C'7((H"(R)™, Lnt1((H"(R))" x H(R), Loo(R))).

Proof. Assertion (i) has been proved in [40, Remark 3.3] by exploiting a result
from harmonic analysis due to T. Murai [42]. Furthermore, the local Lipschitz
continuity properties stated in (i4) and (iii) follow from the estimates in (i) and
(1), respectively, via the relation

Bn,m(ah s aam)[bla <. .,bn,w] - Bn,m(ala s -vam)[bla s .,b,“w]

(3.3) m L _ N
= ZBn+2,m+1(a1; s Qi Ay s ) D1, by @y, a — g, W),
i=1
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In order to establish the estimate given in (ii7), we write
Bn)m(al, e ,am)[bl, ey bn,w] = T1 —|— T2 —|- Tg,

where

[Ty Ouybi/y) @z —y) —w(z)

Tl(l') = . g 7
lyi<1 [T2) [1+ (egai/y)”] y 4
@ 1 IT (Geanbi/y)
Ty () := w(x)PV - i,
2 |y[1 YTIE, 1+ (O gai/y)’] !
Il (5[96’74] bz/y) w(z —vy)
T3(z) =PV .
3 lyi>1 7 [+ Oyai/y)?] ¥ Y

A straightforward argument shows that

4

Ty loo <
ITalloe < 5

n n
@l [T 10 and (T3]l < 2(i@ll2 [T 116 lloo-
i=1

i=1
Moreover, since r —1/2 € (1,2), it holds that H"(R) < BC"~/2(R), and therefore

[f(z+y) —2f(x) + f(z —y)|

(3-4) |y[7—1/2

S 4[f/]7"73/2 fOI‘ f € HT(R)7 S Ra ) 7é Oa

cf. [39, Relation (0.2.2)]. Here [-],_3/o denotes the usual Hélder seminorm. Using
the definition of the principal value together with (34, it follows that

|T2||wsﬁnw|w[;([bﬂrm I 190)

J=1,5#i

+ (TT1%0se) D> Natllolatlsy2).
=1 i=1

and (z3¢) follows at once. O

We are additionally confronted in our analysis with a different type of singular
integral operators. These operators, denoted by B, ., with nm > 1, are extensions
of the operators B,, ,, introduced above to a Sobolev space product where a lower
regularity of the variable by is compensated by a higher regularity of the variable
w. The extension property is a consequence of the estimate (B3] derived below,
while the estimate ([B.6) plays a key role later on in the proofs of Theorems [£.4] and
B2 when identifying the important terms that need to be estimated.

Lemma 3.2. Letn,m € N withnm > 1, 7 € (1/2,1), and r € (5/2—7,2) be given.
(i) Given ay,...,an € H"(R), we let
Bom(a,...yam)[bi, ... bn, @] = Bum(at, ..., am)b1,. .., by, ol

for w € HY(R) and by,...,b, € H"(R). Then, there exists a constant C,
depending only on n,m, r, 7, and maxi<i<m ||a:| g, such that

(35)  |Bam(ar,--,am)br, - b, @2 < Cll@lle ballare T 1106 -
=2
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and
||§n1m(a1, ceey am)[bl, .

ey bn;w} - anl,m(ala ceey am)[b%

< Ollbu |- @ e TT o]

=2

e b, UL

Hr.

In particular, Enym(al, .y Q) extends to a bounded operator

yam) € L1 (H'(R) x (H"(R))"™" x HT(R), Ly (R)).
(i7) Bum € C'((H"(R))™, Lna (HH(R) x (H"(R))"* x H™(R), L2(R))).

Bn’m(ch7 e

Proof. Similarly as in the previous lemma, the assertion (i) is a consequence of (7),
more precisely of ([3.5]). To establish (i) we use the formula

Sz "z — Ozl
g([,m ):h(x y) _ =9t for g e R,y £0,
dy Y Y Y

and compute that

Bom(a, ... am)[b1, ..., by, o)(x)

CE A | [1 + (5[x»y]ai/y) ]

= Bn_lym(al, . ,am)[bg, ey bn, b&w](.ﬁ)

Py / 9 (5[z,y1bl) [T (Ofe,bi/y)
r Oy 11

— 5w(z —y) dy.
y im1 [1+ (Ozaiai/y)”]
Integrating by parts, we are led to the relation

O 1D ? o (O15.1bi
PV/ g( [,y] 1) mHz:z( fw.10i/Y) —w(z—y)dy
r Oy y [T, [1+ (5[w7y]ai/y) ]
= (banfl,m(alu

cesam) b, b, @) ()
(3.7)

— Bn_Lm(al, ceey am)[bz, . bn, blwl](.ﬁ)

+ZQ/RK17j(x,y)w(x—y) dy—Z;/RKz,j(q;,y) Gz — y) dy,

where, for x € R and y # 0, we set

noo 61 b; 61 b —yb(r — ) b
Kij(z,y) = I;LL_Q,#J( 2.0 /y)2 sty =952 = ) s
[T [+ (Oyai/y)] y y
n ) bz‘
Ky j(v,y) =2 IT7—s (3pa,1bi/y)

[1 + (é[w,y]aj/y)ﬁ Hfll [1 + (5[w,y]ai/y)2]

o O = Y95 = Y) 02,410 OB
y? '

) Y



THE MUSKAT PROBLEM IN 2D 7523

In view of Lemma [B.1] we have

(3.8) 1Brtm(ar, . am)[bz, .. bo, 5112 < Cllwloolballar TT 185 l1cc

=2

and we are left to estimate the Lo-norm of the terms on the right-hand side of [B.7).
For the integral terms we use Minkowski’s integral inequality to obtain that

(/R ’ /RKl’j(% v)ol= ~ ) dyr dm) "< @]l /R (/R K2, 9) [ da?) ay,

In the following F denotes the Fourier transform. Appealing to b; € BCT1/2 (R),
we have

n

1
/|K1,j($7y)\2d$ :F[bl]iqm( H ||b§||go)/‘bj—Tybj—yTybHQda?
R i=2,i#j R
n

C i .
<ol (T IIR) [ 17bi @Rl =1 e .

i=2,i] R
and together with the inequality
s =1 —iye? < O+ 16 v 1y (W) + (L + EPD) =0 ()], v €R,

we find for 2 < j < n that

= r4+17)— 1
[ 18l do <l (TLIB ) [ 711 )+ Lo )]
=2

Consequently, for 2 < j < n we have

so (/][ Kl,j<x,y>w<w—y)dy\zdx)ws0||w||oo||b1||m(i_f[2||bi|Hr),

and analogously we obtain for 1 < j < m that

(3.10)
(A‘sz,j(x,y)w(x_y) dy}zdx)lm < Cli@llocliag -l ( TT N0l )-

=2
We are left with the term
T .= ban,Lm(al, ey am)[bg, ey bn,w,} — anl_’m(al, . ,(lm)[bg, ey bn, blw/}.

The estimate ([B6) follows by using Lemma Bl In order to derive (1) we pro-
ceed differently. The relation @'(z — y) = (8/9y)(w(x) — w(x — y)) together with
integration by parts leads us to

T(:E):Z/K3,](xay)dy_22/K4,j(xay)dya
j=1"R j=1"R
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where
[Ty, 0 bi/Y 01 @ /01w 1b;
K37j(x,y) — mz 1,i#j [x,y] . [z,y] ( [z,y] Y5 _ b;(x _y))’
[, 1+ (5[1774] ai/y) Y Y
7.1_ ) bl Yy
Ko@) = s Yo/

[1+ (3oyai /9) ] TIM0 1+ (Baai/y)”

0o, y)@ Olz,915 (O]
X Y ) ( —ai(x— y))

J
Y

We first estimate the integral defined by the kernel Ky ;, 1 < j < m. Minkowski’s
integral inequality implies that

(/R‘/RKZL,J'(%y)dyrdCU)I/QS/R(/R|K4,j(a?,y)|2dx>1/2dy,

and, since by € BCT_?’/Q(]R), we get

2 n _ -
[P ae < =il glo i ([L1012) [ 5=t

=2

C u s
= gl (TT 1) [ 1) Ple = 1P e

i=2
Taking advantage of the inequality

e 12 < O+ €)Y L y(®) + L), v.E€R,
it follows that

n
/R K52, 9)[* da < b3y 10013 12 ( TT 102112 )

=2

r+T7)— 1
X [yz( T () + Wlumzl}(y)}

and therewith we obtain for 1 < j < m that

2 1/2 , n ,
g ([ | [ Kswnds| de)” < Clulurlbsles ol TL
=2
Analogously, for 2 < j < n, we have

g ([|[ K a] a)” < clulaul

while, for j = 1, we obtain the following estimate:
2 1/2
(/ / K31(z,y) dy‘ dfc)
rR!JR

(3.13) < CHwHHTHbl”HT*l]:[2”[7;”00

+ [wllool| Br-1.m(as, - ., am)[ba, . . b, i ]]|2

+ [ Ba-1m(ar, ... am)[b2; - ., by, byw]l2.

n
ey § 1
=2
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The estimate [B.3]) follows from Lemma B and B.8)-B.I3). O

Mapping properties. Using Lemmas B.IH3.2] we now study the mapping prop-
erties of the nonlinear (with respect to f) operator A defined in (BI]).

Lemma 3.3. It holds that

(3.14) A€ C'(H?*(R), L(H'(R))).

Proof. Given f € H?(R), the relation [B.2]) together with Lemma Bl implies that
A(f) € L(L2(R)). We next show that A(f)[w] € H'(R), provided that @ € H!(R).

To this end we let {7.}.cr denote the Cy-group of right translations on Lo(R), that
is, 7. f(x) := f(z —¢) for f € La(R), z,¢ € R, and we compute for ¢ € (0,1) that

- Te(A)w]) — A

g
= el + B[]
- f/EQ,Q(TEfa f) |:T€f€_ f ) TEf + f7 w:| - E1,1(7-5.][.) |:T€f€_ f 3 Tew:|
BN [ 2 4 Baatret [ g 1 103),
The convergences
Tf — [ in H?(R), Tffa_f ——f' i H'(R),
n® @ in H'(R), Tsi_ v — @ in Ly(R),

together with Lemmas enable us to pass to the limit € — 0 in the above
relation and to conclude that A(f)[w] € H'(R) and

(AN = 7A@ + £ Boa(H@] = 2 Bao( . NI, .5
~ B @ + 2Baal NS 1 1.5

The Lipschitz continuity property (14 is now a direct consequence of Lemmas

B.IH3.2l O

(3.15)

In fact, A enjoys the following regularity:
(3.16) A€ C¥“(H"(R),L(L2(R)))NC¥(H*(R),L(H*(R)))  for all r > 3/2.

The property (BI0) may be established by using the arguments presented in [40]
Section 5] together with Lemmas The lengthy details are left to the inter-
ested reader. Given f € H?(R), we denote by B(f) the operator which corresponds
to the right-hand side of the first equation of (IIal), namely

(3.17) B(f) := Bo(f) + f'Bia(Hf, -]

For later purposes we establish the following regularity result.

Lemma 3.4. It holds that

(3.18) B € C¥(H"(R),L(L2(R)))NC¥(H*(R),L(H*(R)))  for all v > 3/2.
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Proof. Given f € H"(R), r > 3/2, it follows from LemmaBIlthat B(f) € L(L2(R)).
Furthermore, proceeding as in Lemma [3.3] we get, in view of Lemmas B.IH3.2], that
if f € H*(R) and w € H'(R), then B(f)[@] € H'(R) and

BN =B(N)@] - 2B22(f, AL, f.5] + f'Bra(f)lf, @]

+f,§1,1(f)[f/,w] _2f/§3,2(faf)[f/afa faw}

The analyticity property (BI8) follows now from Lemmas BIH32 by arguing as in
[40, Section 5] (we omit again the lengthy details). O

(3.19)

On the resolvent set of the adjoint of the double layer potential. We are
now in the position to address the solvability of (LID). First, we show that, given
f € H"(R), with » > 3/2, the resolvent set of A(f), when we view A(f) as an
operator in £(L2(RR)), contains the set [|A| > 1]NR. This property follows from the
uniform bound (with respect to f and ) established in (320). This bound proves
crucial also when investigating the resolvent set of A(f), when we regard A(f) as
an element of £L(H'(R)) and f € H?(R); cf. Proposition 3.6 below.

Theorem 3.5. Given f € H"(R), r > 3/2, and A € R with |A\| > 1, it holds that
A —A(f) € Isom (L2 (R)).

Proof. Let M > 0 be given. We prove that there exists a constant C' = C(M) > 0
such that for all f € H"(R) with ||f||gr < M, @ € La(R), and A € R with |A\| > 1
we have

(3.20) [@ll2 < Cl[(A = A()) @]ll2.

Having established ([B20]), the claim follows from the method of continuity (cf.
[, Proposition 1.1.1]) as, for each f € H"(R), the spectrum of A(f) is compact and
therefore A — A(f) is invertible if A is large. In view of ([BI6), it suffices to prove
B20) for f € C§°(R) and w € C§°(R).

We recall from Lemma Bl that the restrictions vy := 5’90 , with Q% as in
+
Lemma 271 of the function ¥ defined in (23] have the properties
(3.21) e € C(QL) NCHNY) and divoy =rotty =0 in QY.

Moreover, the Plemelj formula ([2.7) together with Lemmas B:3H3.4 ensures the
restrictions Fy := (F}, F}) = ﬁi‘[y:f(x)] satisfy

(Fal(1, £)) = 5(A() F D[] € B (R),
(3.22)

v 1 _
F" = (Fe|(=f',1)) = 5-B(f)[&] € H'(R),
Letting 7 and v := (v, v2) denote the tangent and the unit outward normal vectors
at 0Q° | we write Fiy = F] + FY, where

F
FI = (Fy|r)r € HY(R,R?*) and FY := (Filv)v = ———v € H*(R,R?).

i r”

We now introduce the bilinear form B : Ly(R,R?) x Ly(R,R?) — R by the formula

B(F,G) = / G(F|(=f', 1)) + F2(G|(= ', 1)) — (F|G) da
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for F = (F', F?), G = (G',G?), and we remark that

(i) B(F,G)= /R<F\G> dx if I = (F|v)v, G = {(Glv)v,

(i) B(F,G) = —/R<F|T><G\T> de it F = (F]1)7, G = (G]r)r,

(i) B(F,G):AF2<G|(—f',1)>dx it F = (Flr)7, G = (Glv)v.

‘We now claim that
(3.23) B(Fy,Fy)=0.

In order to prove ([3.23) we choose a sequence (¢, ), C C§°(R?, [0, 1]) with the prop-
erty that on, = 1in [|(z,y)] < n], n = 0in [|(z,y)| = n + 1], and sup,, [|[Ven|w <
0o. Using Lebesgue’s dominated convergence theorem and Stokes’ theorem together

with B21)), we get
2F1F?2

Bul”PL)“];ﬂzﬂ<<(fﬁ)2—(FlV Ny>d“

20! 92

gty (onl @y oy ) o

= lm Qodw(@"((ﬁzg%ﬁélﬁ )) da.y)
( 20t %

@y @y ) A =0

the last equality being a consequence of ([Z.X) and of sup,, |[Venlleo < co. This
proves ([B:23)) for F_. The proof for F; is similar.

Using (322), 323), and the relations (i)—(iii), we now obtain the following
Rellich formula:

0=B(Fy,Fy)=B(F[,F])+2B(FL,FY)+ B(FY,FY)

= lim <chn

n—o0 o

(3.24)
= [ 157 [P + rP ) # 018 - 1) F DR d

Young’s inequality and (B:24]) imply that there exists a positive constant C = C'(M)
such that

I(A(S) £ D@lllz < ClIF”]2

for all f € C§°(R) with [|f||gr < M and @ € C§°(R). The latter inequality yields
in particular

(3.25) HMb:%MAG%+D@%%AGY—D@NxEQWWz

Let A € R satisfy |A\| > 1. Since
(AN £ D@ = (A = A(f)@° =200 £ DDA = A(f)[@] + (A £ 1)@,
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we deduce, together with ([B.24)), after eliminating the mixed term, that

1 — v
/RW[W — D)[@|? + 4F"|?] dz

— 1 _ =112 Imv (Y o1 da
*/RHf,g (1A= AP + 4 F (A = A(f))[@]] da.

This relation together with Young’s inequality allows us to conclude that there
exists a constant C' = C'(M) with the property that

(A2 = D[@ll2 + [E[l2 < CllIl (X = A())@]l2-
The desired property (3:20) follows from (3:25]). O

We are now in the position to study the invertibility of A — A(f) in L(H*(R)),
when requiring additionally that f € H?(R).

Proposition 3.6. Given f € H*(R) and A\ € R with |\| > 1, it holds that
A — A(f) € Tsom(H (R)).
Proof. As in the previous theorem, it suffices to prove that, given M > 0, there

exists a constant C; = C1(M) such that for all f € H?(R) with || f||gz < M, A€ R
with [A] > 1, and @ € H}(R) we have

(3.26) @z < Crll(A = A ]| -

In view of [B20)), we are left to estimate the term ||((A — A(f))[@])’||2. To this end,
we infer from (BI5) that

(3.27) (A=A = A= AN = Too ()],
where, given f € H?(R) and @ € H'(
mTojor(£)@] = [ Boa (@] — 2f Bao(f, HIf, f.5]

_El,l(f)[flvw] +2§3,2(f7f)[flvf7fvw]'

We now fix 7 € (1/2,1) and r € (5/2 — 7,2). Lemmas ensure that there
exists a constant Cy = Cy(M) such that

(3.29) 1To,10t (£ [@ll2 < Col[@] z-
for all f € H*(R) with ||f||zz < M and all w € H'(R). Using Young’s inequality,
B20), B27), (3:29), and the inequality |||z~ < |[@]|37|[@]||3;:, we conclude that
1 1 ~
1A = AMElln 25518l = Coll@llar 2 7 1@llm = Collwllz,

where €' = C(M) denotes the constant in (Z20) and Cy depends only on C' and
Cy. The estimate ([B26]) follows now by appealing once more to ([B20)). O

R), we have set

(3.28)

Arguing as in Proposition [3.6] it can be shown that the following general result
holds.

Remark 3.7. Given f € H¥(R), k > 2, and A € R with |A| > 1, it holds that
A — A(f) € Tsom(H"*(R)).

We now establish an invertibility result for the double layer potential, that is,
for the adjoint of A(f), which is needed in the proof of Theorem
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Lemma 3.8. Given f € H%(R), let (A(f))* € L(L2(R)) denote the adjoint operator
of A(f) € L(L2(R)). It then holds that

()il = 2pv [ HEOZHE Do TO ) oo -y dy. o€ L)

Moreover, for each M > 0, there exists a constant C = C(M) such that

(3.30) el < Crll(A = (A ]|

forall || fllgz < M, X € R with |\| > 1, and ¢ € H'(R). In particular \—(A(f))* €
Isom(H'(R)) for all A € R with [\| > 1.

Proof. Tt is easy to verify that (A(f))* is indeed the adjoint of A(f) € L(L2(R)),
while the property that A — A(f) € Isom(La(R)) for all A € R with || > 1 follows
from Theorem

In addition, Lemmas imply that A — (A(f))* € L(H(R)), with

(A= (AU)IeD)" = (A = (AU = T51oe (£,

where

a0t (o] == =Boa (NS¢l + Bra(f)If ]

+ 2§272(f7 f)[f/va flsﬁ} - 2§3,2(f; f)[f/’f, f, 90]
For || f|lgz < M, Lemmas lead us to the estimate

1750t (F)[#lll2 < Collpll grasa

with a constant Cp = Cy(M). Letting C = C(M) denote the constant in (320),
we additionally get

lellz < CIA = (AH)))[#lll2

for all f € H*(R) with ||f|gz < M, ¢ € La(R), and A € R with |[A| > 1, and
therefore we may argue as in the proof of Proposition in order to obtain the
remaining claims. ([l

4. THE MUSKAT PROBLEM WITH SURFACE TENSION

In this section we address the well-posedness of the Muskat problem with surface
tension, and therefore we assume throughout that o > 0. Taking advantage of
Theorem and of the structure of the curvature term, we first formulate the
system (1)) as a quasilinear evolution problem for the free boundary f only; cf.
([@3). Subsequently, we disclose the parabolic character of ([Hl), and this enables
us to use abstract results for quasilinear parabolic problems due to H. Amann [TH3];
see [40, Theorem 1.5] for the precise statements.

The abstract formulation. We start by solving (LID). For our approach it is
important to point out the quasilinear structure of the equation ((L1B) which is a
result of the linearity of the left-hand side of (LID) with respect to the highest
derivative of f. Concerning this issue, it is convenient to study the solvability for
w of the equation

h/// ! //h//
41) b, [a ( I

W — BUW — @h/j| = (1 + GMA(f))[w},
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where
B 2k

o+ g
If we replace h by f, then (&) is clearly equivalent to (LID]). Since the values
of the positive constants b, and o are not relevant for the further analysis we set
b,=0=1

by :

Proposition 4.1. Given f € H?(R) and h € H3(R), there exists a unique solution
w:=w(f)[h] to @) and
(42) B € CU(H2(R), L(H*(R), L»(R))).

Proof. Since |a,| < 1, it follows from Theorem B that

. B hl/l f/f//h//
w(f)[A] == (14 a,A(f)) ! {(1 + f2)3/2 N (1 + f2)5/2
is the unique solution to ([I). Since

[T — T7'] € C*(Isom (L2(R)), Isom (L»(R))),

- @h/} € La(R)

h/// f/f//hl/ , 5 3
[fl—> [hb—> T 3T —@h]] € C“(H2(R), L(H*(R), Ls(R))),
the desired regularity follows from (B.10)). O

For later purposes we decompose the solution operator found in Proposition [4.1]
as a sum of two operators. This decomposition is very useful because wy(f)[h] can
be viewed as a lower order term, while the highest order term (wy(f)[h])" appears
as a derivative, and this enables us to use integration by parts in the arguments
that follow (see the proof of Theorem [4]).

Proposition 4.2. Given f € H*(R) and h € H*(R), let

w1 ()] = 1+ a,A(f) " {ﬁ}

@o(f)[h] = (1 + auA() ™[ = OR + auTo 1ot (@1 (F)[R],
where the mapping 1o 104 s defined in B28). Then:
(i) w1 € C¥(H*(R), L(H*(R), H'(R))), @2 € C“(H*(R), L(H*(R), L2(R))).
(i)
B() = 2 om(f) +Talf).
(791) Given T € (1/2,1), there exists a constant C such that
[@1(F)[R]ll2 < CllR]| 2,
[@1 (NPl 7 + o2 (f) [Pl < Clihll g2+
for all h € H3(R).
Proof. That w; is well defined and w; € C*(H?(R), L(H?(R), H'(R))) follows from
Proposition B.6] (3.10), and the property

o o

(4.3)

H € C¥(H2(R), L(H*(R), H'(R))).



THE MUSKAT PROBLEM IN 2D 7531

Moreover, in view of ([3.27)), we get that
@) 1+ qAD@ NN = (5 mms) - oo OBDIL

and therewith @W(f)[h] — (@1(f)[h]) = Wa(f)[h] for all h € H3(R). Invoking Propo-
sition 1] we are left to establish (43]). The estimates for wy(f)[h] follow from
B20) and (B2Z0) via complex interpolation; cf. (39). Finally, the estimate for
o2 (f)[A]|l2 is a consequence of [B20)), ([B29), and of the estimate for the term

[ (S]]~ O

Appealing to Proposition LTl we now formulate the original system (I1I), after
rescaling the time appropriately, as a quasilinear evolution problem for f only, that
is,

(4.5) hf =2,(Nlf, >0,  f(0) = fo,
where @, : H?(R) — L(H3(R), L2(R)) is the mapping
o (f)[h] :=B(f)[@(f)[A]
for f € H*(R) and h € H3(R), and B(f) is the linear operator defined in (3.I7).
The properties [B.I8) and ([£.2) imply that
(4.6) ®, € C¥(H*(R), L(H?(R), Ly(R))).

The generator property. We now choose an arbitrary function f € H?(R) which
is kept fixed in the following. Our next task is to prove that ®,(f), considered as
an unbounded operator in Ly(R) with definition domain H?(R), is the generator of
a strongly continuous and analytic semigroup in £(Ls(R)), that is,

(4.7) ~P4(f) € H(H?(R), La(R));

see [4[39] for several characterizations of such type of operators. To this end, we
write the operator ®,(f) as a sum

(I)U(f) = (I)U,l(f) + ‘I)J,Q(f)a

where
D51 ()R] := Boa (D@1 ()R] + f' Bra(HLf, @i (£)R])],
Do 2(f)[R] = B(f)[w2(f)[R]]

for h € H3(R), and where @;(f), i = 1,2, are the operators introduced in Propo-
sition For the particular choice 7 = 3/4 in Proposition 2] it follows that
®,5(f) € LI(H4(R), L2(R)). This property together with [Lo(R), H3(R)]11 /12 =
HYWAR) (cf. @39) and [39, Proposition 2.4.1]) enables us to view ®,4(f) as a
lower order perturbation. Hence, our task reduces to establishing the generator
property for the leading order term @, 1(f). The proof of this property is technical
and is based on an approach followed previously in [23,27,29] in the context of
spaces of continuous functions, and refined recently in [26]40].

In order to proceed we choose for each ¢ € (0, 1) a so-called finite e-localization
family, that is, a family

{m5 : =N+1<j< N} C G (R, [0,1]),
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with N = N(e) € N sufficiently large, such that

(4.8) supp7; is an interval of length less than or equal to ¢ for all |j| < N —1;
(4.9) supp7y C (—o0, —zn] U [N, 00) and zy > e

(4.10) supprt Nsupp s = 0 if |7 —1>2and |j|,|!|] € {0,...,N — 1}, or
' g : I|<N-2j=N;

N
(411) Y (@)?=1land ||(m5) W]l < CeFforall ke N,—N+1<j<N.
j=—N+1
Such e-localization families can be easily constructed. Furthermore, we choose a
second family
{Xj: ~N+1<j<N}CCP(R,[0,1])

with the following properties:

(4.12) Xj = 1 on supp 7;;
(4.13) supp X is an interval with [supp x5| < 3¢ for [j| < N — 1;
(4.14) supp x% C [|z| > any —€].

The following remark is a simple exercise.

Remark 4.3. Given k € N and a finite e-localization family {75 : —N+1 < j < N},
the mapping
N

= 30 mhlm]  HYR) = [0,00)
j=—N+1

defines a norm on H*(R) which is equivalent to the standard H*-norm.
Let us now introduce the continuous path
[T @1 (7f)] 1 0,1] = L(H?(R), L2(R))

which connects the operator ®,1(f) with ®,1(0). Recalling Proposition 2] we
have the identity

0,1 (0)[h] = mH (@1 (0)[R])'] = wH[I"] = —m(9;)**[n],

where (92)%/* denotes the Fourier multiplier with symbol [¢ + |£|?]. The following
result shows that the operator ®, 1 (7 f) can be approximated, in a sense to be made
precise below, by Fourier multipliers c(@i)g/ 4. where ¢ denotes negative constants.

Theorem 4.4. Let f € H*(R) and pu > 0 be given. Then, there ezist ¢ € (0,1), a
finite e-localization family {n5 : =N +1< j < N}, a constant K = K (¢), and for
each j € {—N+1,...,N} and 7 € [0,1] there exist bounded operators

Aj, € L(H*(R), Ly(R))
such that
(4.15) (75 Po 1 (TF)[R] — Ay [m5h]ll2 < pllm5 bl ge + KAl g1a
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forallj € {—~N +1,...,N}, 7 € [0,1], and h € H3(R). The operators A; . are
defined by

™

T+ 22 @)

where x5 € supp 75, respectively

Aji=— (02)%4, || <N-1,

Ay, = —W(8§)3/4.

s

Proof. We first pick a finite e-localization family {75 : —N +1 < j < N} and an
associated family {x; : —N +1 < j < N}, with ¢ € (0,1) to be fixed later on in
the proof. It is convenient to write

1

(4.16) o1 (1) Zfz Bra(T )i, @ HR)], b HAR),

where, for [ € {0,1}, f,.» denotes the Lipschitz function
fl,T = (1 — Z)Tf + lidg.
Given |j| < N — 1, we further let

Al (fi-(x5))? (@4 = (f1-(x5))?

- A+ (@)

=TT R ) P00 0

respectively we set

Aly = —l%(03)%* = 1By 1(0) 0 03

T

In the following we denote by C constants which are independent of £ (and, of
course, of h € H*(R), 7 € [0,1], 1 € {0,1}, and j € {—~N +1,...,N}) and the
constants denoted by K may depend only upon e. To establish ([@I5) we first
consider the case |j| < N — 1.

The case |j| < N —1. Given [ € {0,1} and || < N — 1, we write
(4.17) 7S f Bia(mH)lfir @(Tf)R])] — AL [[75h] == Ty[h] + To[h] + Ts[h],
where
T1[h) =75 fi - Bia (T ) fir, @1 (T )R] = £ (@5) Bua (7 ) fi,r, 75 @1 (7 £)[R])],
Tolh] = f] ,(@5)B1a (7 ) fi,0, 75 (@1 (7 f)[h])']

L)y
1+ TZfIQ(J? )

(fi,(25))?
1+ 7'2f’2(:1:5.)

Bo,1(0)[5 (@1(7f)[A])],

Ty[h) = By 1 (0[5 (@1 (v )[R])'] — A} [m51].

To begin, we compute, by using the fact that X5 =1 on supp 7, that
(4.18) Tilh) =x5(fi - = £l (@5) Bia (T )17, 75 (@1 (7f)[A])'] + T [h],
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where, using integration by parts, we may reexpress 771 [h] in the following way:
T [h] = flBra(T ) fir, (75)TL(T )R] + fi - Bua(r f)[75, f @1 (7 f)[h]
= 2f - Boa (1 ))[75, fur @1(7 )R]
— 27 f1  Bs o f, 7 ))75, fies £ F@1(7 ) [B]]
+ 272 f]  Bao(rf,7 )75, fie, | @1 (7 F)[R]]
+ (fl-(x5) = fl) A = X5)Bra(T ) fir, (75) @1 (7 f) 1]
+ (fl(@5) = [l Bia (T )X, 75 £ 201 (7 f)[ 1]
= 2(f-(@5) = f1)Baa (T F)IXG: frr, m5wn (7 f) [B]
= 27°(f - (25) = f1-)Ba2 (T £, 7)) X5, furs fo 5 F@r (7 )R]
+ 27 (f] (@5) = f1 ) Ba2 (T £, 7 )G fues fo frmswr (7 f) [R]).
Combining Lemma B.l¢) and Proposition [£.2(iii), we see that
[T11[R]ll2 < KAl 52,
and therewith
(4.19) IT1[R]ll2 < CIXG(fl - = fi.+ (@)oo llm5 @1 (T ) [R]) 12 + K || Al g2

We next estimate the term ||75 (@1 (7 f)[h])'||2. In view of ([@.Z) and using integration
by parts, we have

o , W]gh/// 3T27T§f,f”h//
(1+ auA(Tf))[Wj @1(rf)[A])] = (1+72f72)3/2 N (14 r2f72)5/2
(4.20) = a7 To ot (7.f) @1 (7 f) [A]

= ST 0007 ) @1 () A,
where, given f € H2(R), w € H'(R), and j € {—N +1,..., N}, we set
L0 (@) 1= 7 (n5 AN ) = A lw5a])
= 1 (BoalDl(w)@] = Bua(f)[x. ]
(4.21) = 2B2(f, NI, £, /@) + 2Ba(f, DS, £, £,3))

— Bia(f)[75, f'@] + 2B21 (f)[75, f,@] — Bia(f)Lf, (75) @]
+ 2BB,2(f7 f)[W§7f7 f7 flw] - 2B4,2(f7 f)[W§7f7 f7 fvw]a

the last identity following by using integration by parts. In view of ([@20)), it follows

from (320), (329), and (@3] (with 7 = 3/4) that
(4.22) 175 @1 (7)) [R])ll2 < Climshllms + Kbl gras.
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The estimate ([£22) is clearly valid also for j = N. Choosing ¢ sufficiently small, it

follows from ({I9) and (£22) that
(4.23) ITh[R]ll2 < %llﬂ?hHHS + K||hl /s,

provided that ¢ is sufficiently small.
We now consider the term T3[h] which is decomposed as follows:

Ta[h] = fi +(25) (Bra(r ) frr, 75 @1 (7 £)[R)']
= Bra(rf'(#5)ide) [fi.- (25)ide, 75 @1 (7 ) [1])'])

72 1/27(95;)

= Jir @)l = S ey
J

Tz [h],
with
To1[h] := Bia(7f)[fr.r — fi - (25)idr, 75 @1 (7 f)[R])'],
Toa[h] := Baa(7f)[f = f'(25)idw, f + f'(25)idg, 75 (@1 (7 £)[h])'].
We first estimate Ty [h]. Integrating by parts, we get
I To1[A]ll2 < IX5B1a (T ) fir = fl - (25)idr, 75 (@1 (T £)[A]) ]2
N HPV/R [0y (fi,r 1—5,72(;5;)idR)/yL[é[-,y]X?/y]
(4.24) 72 (0. f /)
x (x5 @ (7 )R = y) dy |
< IXGBia (Nl = [ (@5)idw, 75 (@1 (7.)[R]) ]2 + K| 7] g2

Furthermore, letting F; - ; € C(R) denote the Lipschitz function with F; . ; = f -
on supp x5 and Fl”T’j = f],(z5) on R\ supp x5, we have

X5BLa(T ) f1r = fir (25)ide, 75 (@1 (7 )[A])']
= X;B11(T)[Firj — i, (@5)idg, 75 (@1 (7 f)[A])],
and (£22) combined with (£24) leads us to
| Tor [Pl < CULL = F 7 @) Loc supp x) 175 @1 (T AR 12 + K[ o] 2

W
< GlImihlls + Kllh | s,

provided that ¢ is sufficiently small. Since Ta2[h] can be estimated in a similar way,
we conclude that

Ho e
(4.25) IT2[Alll2 < Sllm5hll e + KAl /s

if € is chosen sufficiently small.
We now turn to T5[h] and note that

(f1-(x5))? 1

Ts[h] = 1—|—T2—f’2(37§-)B0’1(0) W;(wl(Tf)[h])/ -

e
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and therefore

]‘ 7T€ h/l/

(4.26) || T5[h]|l2 < Cwa(wl(Tf)[h])’ Tt )R

K.

Recalling (£.20), we have
W;h///

(T 25
— 1 _ 1 :| R
= (1+72f’2)3/2 (1+f’2(x§))3/2 T

37‘27T€< 1 fIpI
- e @ DY)

w5 @i (T ) =

= Sy (P2 (T ) = @S Toson (7)1 (7 ) 1)),
and (L20) combined with (329) and [{@3) (with 7 = 3/4) yields
(21) Dbl < A @ () 2 + Sl bl s + KAl a,
provided that e is sufficiently small. We are left with the term
AT D[ @ )[R} = 7 Boa(r )l @1 (r) )
— 7Bua (). 7 @1 ()
= 7(Ts1[h] + Ts2[h]),

where

Toalh] = (f' = £/(5) Boa (r) w5 @ (7 ) 1)),

Toolh] = Bra(7)[f(a5)ids = f. 75 (@1 (7 ) ).

The term T32[h] may be estimated in a similar way as the term T [h] above, while
by integrating by parts, we obtain, similarly as in the study of T7[h], the following
estimate:

[ Ts1[h]ll2 < DG (= f'(25)) Boa (7.f) 5 (@1 (7 £) [1]) |2

#| = rasey [ PGV (e (e )~ )

R1+72 (6[.,y]f/y)
< G = 1 (@5) llsollm5 @1 (7 ) [R]) |2 + K]l 22
For sufficiently small e, [A22)) leads us to

[Ts1[P]ll2 + I Ts2[R]ll2 < %Hﬁhllm + K[| ra1/4
and, together with (LZT), we conclude that
(4.28) [T5[h][l2 < %Hﬁ-h”m + K[l ga1/a-

The desired estimate ([{I3]) follows for |j| < N—1 from ([@I10), (I17), [E23), (£25),
and ([£28).
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The case 7 = N. Similarly as in the previous case, we write
(429) 7% fi - Bialfir, THI@1 (T f)[R])] = Al [75ch] = S1[h] + S2[h] + S3[h],
with
Silh] =73 fi 7 Bra(m H)lfir, @1 (7 £)[R])] = IBLA(T ) frrs 7R @1 (7 ) [R])],
Salh] i= 1B1.1 (1) furs 75 @1 (7 ) [1)Y] = 2B,y Oy (@1 (7 £)[R])'),
S3[h] := 1* Bo,1 (0)[mx @1 (7 f)[A])'] = Aly - [75 7).

The estimates derived when studying T [h] together with the fact that f’ vanishes
at infinity imply that

(4.30) |Sikllle < Ellmichllis + Kl|h] a2

for sufficiently small e.
Ifl =0, then S; =0, i = 2,3, and we are left to consider the case [ = 1, when
fi,r = idg. The relation (B3) implies that

Sa[h] = (Bo(7f) = Bo,1(0))[rx @1 () [1])] = =7*Baa (7 f)[f, . 75 @1 (7 £)[h])]
= ’7'2 (521 [h] — Sgg[h]),

where

2 (3150/9)” (Op41X50/9)
Sa1[h] = PV/R |12 (5[.7y]f/y)2
Saa[h] := XN B (1), f, 75 (@1 (1 f)[R])]-

Integrating by parts we get

[N @1 (T AR = y) dy,

1521 [R]ll2 < KI|A]| &>
To deal with Saa[h], we let Fiy € WL (R) denote the function defined by
f(l'), |I|ZxN_E7
Fy(z):= $+$N—Ef( )+;vN—5—:E
2w —2) N T T Sy — o)

Since f, f’ € Co(R), the relation (@) implies that ||Fi|lcc — 0 for e — 0. More-
over, recalling ([L22]), we find for e sufficiently small that

[Sa2[h]ll2 = X5 B2 (TF)Fn, En, 7 (@1 (7 f)[R])]]l2

< CIFN 1% lImsy @1 (r )R] |2

f(—zny +¢), |z|<zy-—c

< Sllnichll s + K|hll oo s,
and therewith
(4.31) |Selfllle < S lmichlms + KAl s,
Finally, it holds that
|Sallll2 = [[Bo (0) s @1 (v ) [B])' = (5”2

(432) g (— / N
< Clni @ ()R] = k" 2 + K] a2
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and, since f vanishes at infinity, the arguments used to derive ([@.21) show that
Ir @1 (T )R] — o b ||z < AT f)[m @1 (7 )[R]) ]2

(4.33) i

+ gHTr]EVhHHS + K||hHH11/47

provided that ¢ is sufficiently small. Furthermore, the first term on the right-hand
side of ([@33) is decomposed as follows:

A(Tf)lry @1 (7 £)[R])']
= 7(f'Boa(r Ny @1 ()R] = Bra(r ))[f, 75 @1 (7 f)[R)'])
= XN (' Boa(TH)lwiy @1 () [R])'] = Bra(r ) [Fn, 7y @1 (7£)[h])'])

oy Oy XN /Y Ry Ny
va/RHTQ(J[_yf/y) (w5 @ (NI — ) dy

L f/y) (0 ,yxiv/y) . N
PV/ )V EEDRNC - by

where Fly is the function introduced when considering Sos[h]. Integrating by parts
the integral terms, we infer from Lemma B.1(7), [@3), £22), and the fact that f’
vanishes at infinity that

1A )i @1 (7)) 2 < %IlﬂthHs + K|l /s

for e sufficiently small. The latter estimate together with (Z32) and (£33)) implies
that

(4.34) IS5hlllz < Ellmshlls + Kl g

if € is sufficiently small. Summarizing, for j = N, the desired estimate (ZI5]) follows

from (£29), (@30), @3T), (@34). This completes the proof. O

The Fourier multipliers A, ; found in Theorem 4] are elements of the family of
unbounded operators {A,, » : 7 € [0,1],z9 € R}, where

s

Agg,r = T (14 12f2(20))3/2

Each operator A, , is the generator of a strongly continuous analytic semigroup
in £(Ly(R)). Moreover, it is not difficult to prove (see for example the proof of
[40, Proposition 6.3]) that there exists a constant g > 1 such that

(4.35) A — Ay, - € Isom(H?(R), La(R)),
(4.36) Koll(A = Agg,r)[M)ll2 = (A [[2ll2 + (1]l s

for all zg € R, 7 € [0,1], A € C with ReA > 1, and h € H3*(R). Combining these
properties with Theorem [£.4] we obtain the following generation result.

(84)3/4

Theorem 4.5. Given f € H*(R), it holds that
—P,(f) € H(H*(R), L2 (R)).
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Proof. The proof is similar to that of [40, Theorem 6.3], so that we only present
the main steps. Using the inequality (30]), Remark 3] and Theorem 4] we may
find constants w > 1 and « > 1 such that

(4.37) (A = Qo1 (7)) [Blll2 = A - 1All2 + (|2l s

for all 7 € [0,1], A € C with Re\ > w, and h € H3(R). Additionally, taking into

account that w — @, 1(0) = w + 7(94)3/4, the relation (Z35) shows that the latter

operator is an isomorphism, and (£37) together with the method of continuity

yields

(4.38) w—®,1(f) € Isom(H?*(R), La(R)).

Since @, 2(f) is a lower order perturbation, the claim follows from (£37)) and ([Z39).
(]

We now come to the proof of our first main result, which is mainly based on the
abstract theory for quasilinear parabolic problems due to H. Amann (cf. [3, Section
12]) and a recent idea from the proof of [40, Theorem 1.3] where a parameter trick,
also used in [7[28[44], is employed in a different manner.

Proof of Theorem [Tl In virtue of (6] and of Theorem 5] we have
—B, € CY(HA(R), H(H(R), L5(R))).
This relation together with the well-known interpolation property
(4.39) [H*(R),H*(R)]p = H!= D0t (R), 0 € (0,1), —00 < 59 < 51 < 0,
the choices s € (2,3),5=2,1> a:=5/3 > :=2/3 >0, and the relations
H?*(R) = [L2(R), H*(R)]s  and  H°(R) = [La(R), H*(R)]a,
enables us to use abstract results from [IH3] (see [40, Theorem 1.5]) to establish, for

each fo € H*(R), s € (2, 3), the existence of a unique classical solution f = f(-; fo)
to (@A) such that

fe (0,7 (fo), H*(R) N C((0, T+ (fo)), H*(R)) N CH((0, T4 (fo)), L2(R))
and
fect=253(0,T), HX(R))  for all T < T (fo).
Concerning the uniqueness claim, it suffices to show that any classical solution

f € C([0.7), H*(R)) N C((0,7), H*(R)) N C*((0,T), Lo(R)), T € (0,00,

to (@A) satisfies
(4.40) fec™(0,T], H*(R))  for all T € (0,T),
with 7 := (s — 2)/(s 4+ 1); see [0, Theorem 1.5]. Thus let T € (0,T) be fixed.

The boundedness of f : [0,7] — H*(R), Theorem B35 Proposition B.6l and an
interpolation argument imply that

sup [[(1+a,AN)) e @y < C
te[0,T]

for all 7 € (0,1) (in particular for r = s — 2), and w1 (f)[f] = (1 + a, A(f)) " Hs(f)]
leads to

(4.41) sup @1 ([l < C.

t€[0,T)
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Arguing as in the proof of [40, Theorem 1.2], we obtain in view of ([@41]) that
(4.42) sup ||o1 (F)[f]Ilm-— < C.
te(0,T]

In order to study the boundedness of

Doa(f)[f] = —OB(f) [(1 + auA() /]
+a,B(f)[(1+ auACF) ™ [Tonot ()@ (HIA]

we first note that

sup [[(1+a, A(N) Ml < O,
te(0,T]

and Lemma [B.1] implies

(4.43) sup [[B(f)[(1+a, A(F) T 2 < C.
t€[0,T)

To deal with the remaining term, we may argue as in the proof of [40, Theorem
1.2] to obtain, in virtue of ([@4Il), that

(4.44) S 10,10t () 1 (A AN < C-

Given t € (0,7, it holds that f = f(¢) € H3(R) and by Proposition E2(iii) we
deduce that @3(f) := (1 + a,A) " [Toor (H@1 ()] € L2(R) with

/R Tosoe(F) @1 () fllp di = / (11 a, A(F))@s ()] de

R

_ / ws(f)(1 + au(A(F)")lp] da

for all ¢ € HY(R), where (A(f))* € L(La(R)) is the adjoint of A(f); cf. Lemma3.8l
Moreover, since

sup [|(1 4 au(A))) e @) < C,
tE[O,T]

the estimate ([LZ4]) leads us to

| [@snwda] =| [ TaaDE A0+ 0, (A)) 0] da] < Ol

for all v € H'(R), hence

(4.45) sup [[ws(f)[|lg— < C.
te (0,7

Letting (B(f))* € £L(L2(R)) denote the adjoint of B(f), it is not difficult to see that
B(f))*[¢] = =Boa(f)lel = BialHIf, flel, v € La(R),
and Lemmas yield (B(f))* € L(H'(R)) with

(4.46) sup (|(B(f)) [z my) < C-
t€[0,T

Since for t € (0,7] and » € H*(R)

‘/ Js(f godx - ‘/w3 ol dx| < [|(B(f))" [l s (f) | -1,
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we deduce from (£45)—([£40) that

(4.47) sup_|B(f)[@s(f)]l g1 < C.
te(0,T)

Gathering (@42), @E43), and @A) it follows that f € BC*((0,T], H~*(R)), and
together with f € C([0,T], H*(R)) we conclude that f € C"([0,T], H*(R)). This
proves the uniqueness claim.

The criterion for global existence and the remaining regularity properties follow
in the same way as in the particular case pu_ = p (see the proofs of [40, Theo-
rems 1.2 and 1.3]), and the details are therefore omitted. O

5. THE MUSKAT PROBLEM WITHOUT SURFACE TENSION

In this section we neglect the surface tension effects, that is, we set o = 0. Since
the curvature term no longer appears in (]EEI), we cannot expect to express (L)
as a quasilinear evolution equation when p_ # p,. As a first step we formulate
the problem (L)) as an evolution problem for the free boundary f only (cf. (B:8]),
which appears to be, in the regime where p_ # p4, of fully nonlinear type.

The abstract formulation. We start by solving the equation (LIL). Since o = 0,
(LID) is equivalent to

(51) _Cp,,uf, = (1 + aMA(f))[w]v
where

. 2kO©

PR 4y

and where © is defined in (). Recalling Proposition B0l we remark that the
equation () has a unique solution w € H'(R), provided that the left-hand side
satisfies f’ € H'(R) and the argument of A belongs to H?(R). Hence, the same
regularity is required from f on both sides of (EII). This is the main reason why
the Muskat problem without surface tension is, for p_ # p4, a fully nonlinear
evolution problem.

Proposition 5.1. Given f € H?(R), there exists a unique solution @ := w(f) to

GI) and

(5.2) W€ C¥(H*(R), H'(R)).

Moreover, given fo € H?(R) and T € (1/2,1), there exists a constant C' such that
(5.3) 107w (fo)[fll2 < Cl f1l i+,

(5.4) 05w (fo)lf Il < Cllf [l grvar—rz,

(5.5) 105w (fo) Il < ClIf| a2

for all f € H*(R).
Proof. Since |a,| < 1, it follows from Proposition [B.6] that
B) 1= —cpp(1+ @ A(F)M[f) € HA(R)
is the unique solution to (5I). The regularity property is a consequence of (B10).
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Now let fo € H?(R) be fixed. Using the chain rule, we find that 9;w(fo)[f]
solves the equation

(5.6) (1 + a,A(f0) [0 (fo) L] = —couf’ — auOA(fo) L@ (fo)].
where, taking advantage of Lemma [B.J] we find that

wOA(fo)[f][@] = f'Bo(fo)[@w] — 2f5Bz,2(fo, fo)lfo, [ @]

— Bi11(fo)[f,@] + 2B 2(fo, fo)lfo, fo, f, @]

for all f € H*(R), w € H*(R). The estimate (5.3) is a consequence of Lemma [3.11(7)
and ([320), while (55) simply states that 9;w(fo) € L(H?*(R), H'(R)). Finally,
E4) follows from (B3) and (BH) via complex interpolation; cf. (£39). O

Appealing to Proposition 5.1l we may reformulate (IL]), after rescaling the time,
as an autonomous evolution problem

(5.8) of=2(f), t=0,  f(0)= fo,

where @ : H?(R) — H'(R) is the fully nonlinear and nonlocal operator
o(f) =B(HW(H). e H(R).

The regularity properties (B.I8]) and (B.2]) ensure that

(5.9) ® € C¥(H*(R), H'(R)).

In the analysis of (B.8) we have to differentiate between the cases when © = 0
and © # 0. The case © = 0 is special, because for this choice ¢, , = 0 and therewith
w(f) =0 for all f € H"(R) with » > 3/2; cf. Theorem Hence, the problem
(L) possesses for each f € H"(R) with r > 3/2 a unique global solution f(t) = fy
for all ¢ € R. In the remaining part of the paper we address the nondegenerate
case when © # 0. The next task it to determine the Fréchet derivative 0®(fy),
fo € H?(R), and to investigate whether this derivative is the generator of a strongly
continuous and analytic semigroup in £(H'(R)). Our analysis below shows that
the operator ®(fy) has the desired generator property, provided that fy is chosen
such that the Rayleigh-Taylor condition holds.

The Rayleigh—Taylor condition. Given fy € H?(R), the Rayleigh-Taylor con-
dition may be reexpressed, in view of (2)) and of the formulas (ZIa) and 2.7,
as

a a
(5.10) arr i= Cpp + fBo,l(fo)[wo] + fféBl,l(fo)[fo,wo] >0,
where, to keep the notation short, we have set

(5.11) wo :=w(fo) € H'(R);

cf. Proposition [E11 If the fluids have equal viscosities, then a, = 0 and the
Rayleigh—Taylor condition is equivalent to the relation © = g(p_ — p4) > 0. Since
O # 0 and B(fo)[wo] € H'(R) vanishes at infinity, the Rayleigh-Taylor condition
implies also for p_ # p4 that © > 0, and due to this fact we restrict our analysis
to this case. Finally, we remark that (G.I0) is equivalent to

(512) l%f aRrT > O,
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and therefore the set O of initial data that satisfy the Rayleigh—Taylor condition
and that was introduced in Section [ can be reexpressed as

0= {fo € H*(R) : inf agr > o}.

Since @w(0) = 0, it follows that 0 € O and therewith all fy € H?(R) that are
sufficiently small belong to this set. We emphasize that this set may actually be
very large, for example it is easy to infer from (EI0) that O = H*(R) if p— = p.

The Fréchet derivative. Let fy € O. Keeping (G.I1) in mind, we compute that
(5.13) 9% (fo)[f] = OB(fo)[f][wol + B(fo)[05@(fo)[fl] ~ for f € H*(R),

where

IB( fo)[f][@o] = —2Ba2(fo, fo)lfo, f,@o] + £ B1,1(fo)lfo,@o]

+ foB11(fo)lf,@o] — 2f3Bs2(fo, fo)lf, fo, fo,@o).

While (513) follows from the chain rule, the relation (B.I4]) can be easily derived
with the help of Lemma[3dl In order to establish the generator property for 0®( fy),
we proceed in the same way as in Section @] but now the situation is much more
involved. To begin, we consider a continuous path

[T U(7)]: [0,1] = L(H?*(R), H'(R)),

(5.14)

with
U(r)[f] = 7OB(fo)[f1@o] + B(rfo) [w(r)[f]] ~ for f € H*(R),
and where w : [0,1] — L(H?(R), H*(R)) is a further continuous path

w()f] =1+ auh(Tfo)) ™| = cpuud’ = L f Boa (o)l

_ %(1 —7)f' foB1.1(fo) [ fo, o]

(5.15) + 272 1By o (fo, fo) [ for £, @0]

™

+ %31,1(f0)[f7 Wol

—2%33,2(f0,f0)[f0,f0,f@o] .

The relations (L0)-(E7T) and (I3) show that (1) = 0P(fy), while, as a conse-
quence of A(0) = 0 and of (EI0), it holds that

(5.16) (0)[f] = B(O)[w(0)[f]] = —B(0)[anr['] = =7 H [axr f],

with H denoting the Hilbert transform again. The term on the right-hand side of
(E1E) which has (1—7) as a multiplying factor has been introduced artificially. Due
to this trick, we are able for example to write, when setting 7 = 0, the function agr
as a multiplicative term in the argument of B(0) in (5I6). Moreover, this artificial
term provides some useful cancellations in the proof of Theorem which are,
together with our assumption (5I2]), an important ingredient when establishing
the generator property for ¥(1); see Lemma [5.3] and Theorem [5.41
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We note that the operator w defined in (5I5) can be estimated in a similar
manner as the Fréchet derivative 05w (fy), that is, there exists a constant C' such
that

(5.17) lw(™)[Fll2 < Cllfllz7ra,
(5.18) [w(m) M eers < Cllf lrreans,
(5.19) lw(D)[flz < ClIf a2

for all 7 € [0,1] and all f € H?(R). Additionally, recalling ([3.27) and (3.29),
Lemmas BIH32] in particular the estimate ([B.06]), lead us to the relation

(1 + au A7 fo))[(w(r)[1)']

=—couf’ — %f//Bo,l(fo)[w()] - %(1 —7)f" foB1,1(fo)[fo,@o]
(5.20)

Tay,

+ 2—f6B1,2(f07 fo)[fo, f”wo} + %BO,I(]CO)[]M@O]

™

TaQ
- 2%3272(%7 fo)lfos fo, F'@ol + To100 (1) [ /],
where the lower order terms are encompassed by the term Tb 1ot (7)[f] and

(5.21) 1T2,106(7) [f]ll2 < Cll f] prs1/16

for all 7 € [0,1] and all f € H*(R).

The following theorem lies at the core of our generator result in Theorem [5.4]
and its assertion is independent of whether (512) holds or not. Before stating the
result, we point out that By 1(0) 0 9, = m(—02)'/2, where (—02)'/? is the Fourier
multiplier with symbol [£ — [£]].

Theorem 5.2. Let f € H*(R) and pu > 0 be given. Then, there ezist € € (0,1), a
finite e-localization family {n5 : =N +1<j < N}, a constant K = K (¢), and for
each j € {—N+1,...,N} and 7 € [0,1] there exist bounded operators

Ajr € L(H*(R), H'(R))
such that
(5.22) 758 ()] = Ajr w5 Al < pllmG fllae + Kl oane
forallj € {—~N +1,...,N}, 7 € [0,1], and f € H*(R). The operators A; . are
defined by

Ajr = —ar(25)(—02)? + B (25)0s, lj| <N —1,

where x5 € supp 7;,

12

= T+0 ) = ( +0 )
=l 9 Nape,  Br=r(B \@o) — am—l ),
o 77( T 12 aRT Jé; 7( B1,1(fo)[fo, o] a7 17
and wo :=w(fy), respectively

Ay, = —me, u(—02)1/2

Proof. Let {75 : =N +1<j < N} be a finite e-localization family, with ¢ € (0,1)
to be fixed later on, and let {x5 : —N + 1 < j < N} be an associated family. As
before, we denote by C constants which are independent of ¢ (and, of course, of
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fe€H?*R), 7€[0,1],and j € {—~N +1,...,N}), and the constants denoted by K
may depend only upon €.

Step 1: The lower order terms. Recalling Lemma Bl (320), (514), (&IT), and
exploiting the embedding H7/4(R) — WL (R) we find that

759 (D] = Ajr 75 £l e
(5.23) < w5 O () [f] = Ajr w5 flll2 + 1 (758 () [f] = Ajr [751) 12
< K[ flgsa + 175 (@@ = Aj (75 ) ll2-

Moreover, differentiating the relations (5.14]) and (5.I5]) once, it follows from (B.19]),
B20), (EI8), and Lemmas BIH32] that

(O(r)[f])" = =27 B1,2(fo, fo)lfo, f'@o] + 7" B11(fo)fo, @o] + 7 f3Bo,1 (fo)[f @]
= 27 f4B2.2(fo, fo)[fo, fo. f"@o] + B(7 fo)[(w(r)[f])'] + T30t (7)[ ],
with
(5.24) 1Ts00t (T) [fll2 < CULF N arrra + Nlw () [f ][ gara) < Cllfllma1/6-

Hence, we are left to estimate the Lo-norm of the leading order term

— 2775 B 2(fo, fo) [fo, f'@o] + 775 f" B11(fo)[fo, @o] + 775 fo Boa (fo)[f o]
— 2775 foBa,2(fo, fo)lfo, fo, f'@o + m5B(7 fo) [(w(T)[f1)'] — A (75 )],
and this is performed below in several steps.

Step 2. Given |j| < N —1, we let A¥ € L(H?*(R),H'(R)), 1 < k < 4, be the
operators defined by

Ajl = %B ( ) O, A? = B1’1(f())[f0,og)()](l‘§)am,
5:2) Jo(a5)wo(5)  (25)@o(5)
3 4 o(z5 . . o (Tj)wolT; o
A = T+ P ) Bo1(0)0dy, A} := @ féz(:vi))zBO’l(O) [

with z5 € supp ;. We prove in this step that
2||7§ Bu2(fo, fo)lfo, f"@o) — Aj (75 £) ]Iz
+ |75 £ B1a(fo) [ fo, @o) — A2[( H) 2
(5.26) + 175 fo Bo,i (fo) Lf @o] — AF{(w5 £)']ll2
+ 2|75 f5 B2,2(fo, fo) lfo, fo, £"'@o] — AJ[(w5 )l
< §||7T§f||H2 + K| f e

for all [j| < N —1 and f € H?(R), provided that € € (0, 1) is sufficiently small.
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Since Bi1(fo)[fo,@o] € H'(R) € BCY2(R), for ¢ sufficiently small we have
|75 £ B1,1(fo)Lfo, @o] — AZ[(75 )]l
= ||75 £ B1.1(fo)[fo,@o] — Bui,1(fo)[fo,@ol(x5) (5 f)" |l
(5.27) < (5 £)" 211X (B2 (fo) Lfo, @a] — Bu,1(fo)Lfo, @o](25)) llso
+ K| f ]l

I
< g5 fllez + KL f [l

The arguments used to estimate the remaining three terms in (526 are similar,
and therefore we only present in detail those for the first term. To begin, we write

75 B12(fo, fo)fo, f'@0] — Aj[ms5 f] = T1lf] + Ta[f] + T[],

where
T1[f] := 75 B1,2(fo, fo)lfo, f"'@o] — Bi,2(fo, fo)lfo, 75 f @0,

fo(a5)

To[f] := Bi2(fo, fo)lfo, 75 f"@o] — 0+ /22

Bo,1(0)[5 f @0l
fo(25)
(1 + fe?(x5))?

The term Ti[f] can be estimated in the same way as the term T11[h] in the proof
of Theorem 4l Indeed, integration by parts together with Lemma 3] yields

(5.28) IT3[f]ll2 < K[ f | z7/4

T[f] == (Bo,1(0)[5 f"@0] — @o(x5) Bo,1(0)[(75 £)"])-

forall —-N+1<j<N.
Concerning T5[f], we appeal to (B3]) and write

To[f] = Bu,2(fo, fo)lfo, 75 f'@o] — Bu2(fo(a5)idr, fo(@5)idr)[fo(5)idr, 75 f"@0]
= B12(fo, fo)[fo — fo(a5)idr, 75 f"@o]
~ Bsa(fo, fo) [fo(«5)idr, fo — fo(25)idw, fo + fo(25)ide, 75 /W]
L+ fg*(25)
 Bsa(fo)lfo(5)idw, fo — fo(5)idw, fo + fo(5)ide, 75 " "Wo]
(1+ f52(25))? ’
and, since x5 = 1 on supp 75, we further have Ty[f] = To1[f] — Ta2[f], where
To1[f] := x5Bu1.2(fo, fo)lfo — fo(x5)idr, 75 f"'@o)

X5 Bs2(fo, fo)lfo(25)idr, fo — fo(a5)idr, fo + fo(x5)idr, 75 f"w0]
1+ f§? (])

X5 B3 (fo)lfo(x5)idr, fo — fo(25)idr, fo + fo(@5)idr, 75 f"wo]
(1+f'2( z5))?
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and

T — PV [ Y] fO_fO ldR /y] [6[ Y] Xj/y] TG (- — ) d
22 / 1+(5[ yf()/y) 3 (]f Wo)( y) Y

]
, (851 (fo — fo(x5)idw) /y][01..4) (fo + fi(25)idr) /Y]
— f xj PV 5
e R Ty R TRSYAE
X [0,y X5/y] (75 f " @o) (- — ) dy

L) (fo = f6(25)idr) /y][0..41 (fo + f6(25)idr) /y]
— fi(@5)PV | j
’ / (14 f& (375)]2 [1+ (5[-7y]f0/y)2}

X [0 4G /] (75 Do) (- — ) dy.

Integrating by parts, we get
[T22[f1ll2 < K| fll resa-

Furthermore, the arguments used to derive estimate (£25]) lead us to
1721 [f1ll2 < Cllf5 = f6(@5) | L (supp 1) 175.f @0 l2 < 16||776f||H2 + K[ fll o

provided that ¢ is sufficiently small. Hence, for ¢ sufficiently small and |j| < N —1,
it holds that

(5.29) IT21f1lle < 45 175 Fllwz + K fllesa.
Finally, since @y € H*(R) ¢ BCY2(R) we get
IT5[f1ll2 < [[Boa (0)[(75.0)" (@0 — @o(25))]ll2 + K.f | 111
< Cll(m5 f)" (@o — @o(5)) 12 + KIIf ||z

< OlIX5 @o = @o(@j))lloo |75 f | 2 + K[ f1] 1

< 32||775f||H2 + K| fll a2

provided that ¢ is sufficiently small, and together with (5.28]) and (5.29]) we obtain

2|5 B2 (fo, fo)lfo, 'w0] = Aj[(m5.f) ]2 < _‘|7Tj6'f||H2+KHf”H7/4'

Since the other two terms in (.26]) can be estimated in the same way, we conclude,

in view of (527, that (526]) is satisfied.

Step 3. Given T € [0, 1], we let
Ta
Cr 1= Qgr — T“féBm(fo)[fo@o} € H'(R).

Moreover, given [ € {0,1}, 7 € [0,1], and |j] < N — 1, let A?;l € L(H*(R), H'(R))
denote the operator

12

(x5)
ASTL.— LTI (29)B
G, T 1+ 72f62($§) |: C (x]) 0,1(0) 0

~rar) )]
FTE ()
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where x5 € supp 75 and fi , := (1 — )7 fo + lidg. We next prove that

1

B (7 fo) [(w(r) /)] = D AH (5 )] , S

=0

for all [j| < N —1, 7 €[0,1], and f € H*(R), provided that ¢ is chosen sufficiently
small. We begin by observing that

(5.30)

I
5 I3 Fllzz + K fll gare

1

B(rfo) = ZszBn 7fo)[firs -1,

and therefore

SB(7 fo)[( Z A5+l

1

Z( 75 1 Bua(rfo) e, (w(r)[F1)] = ATHI( £)1).

We now decompose

5 [ Bia(Tfo)for (w(D) )] = AT (75 )] = Tulf] + T5[f] + TeLf1,
with
Tulf] := 75 f - Bua(T fo) lfrrs (w(T)[f1)] = f-(25) Bii (7 fo)l fu.r, 5 (w(T)[f])'];

z/,QT (952)

T5[f] == f] +(@5)Bia(7 fo)lfir 5 (w(T)[f])] = T 22()

Bo1(0)[5 (w(7)[f1)'];
1 (@5)
1+ 72 fi2(x5)

The arguments used to derive (£I9) combined with (5I7) imply that
(5.31) ITalflll2 < CIXG(fi - = frr @) lecllm5 (w (D)) Nl + KN fll 74,

and we are left to estimate the term [[75(w(7)[f])’[|2. To this end we compute for
je{-N+1,...,N} that

(1+ apA(Tfo) 75 (w()[f])'] = 75 (1 + apA(rfo)) [(w(T)[f])']
= 2T (o) () A1),
where T 101 are defined in (£2I]). Moreover, recalling (5.20)), it follows that

75 (1 + auAT ) (@@ = —ems s + 272 fiBua(fo, fo) lfo w5 /0l

Ts[f] = Bo,1 (0)[5 (w(r)[f])'] = AT (75 £)'):

(5.32)

+ ﬂBOJ (fo) [Wff//wo]
(5.33) m

- Q%Bz,z(fm fo)lfo, fo, 75 f"@o]

+ 75 1o 10t (7) [f] + T2j,10t (1) [ f]
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forje {—-N+1,...,N}, where

Ta,

Taj ot (T f] 7= 2= fo (75 Br,2(fo, fo) [ fo, @0l = Bi2(fo, fo)lfo, 75 @)

™

+ %(WjBo,l(fo)[f”wo] — Bo 1 (fo) [ f"@o))

Ta _ _
- QTH (75 Ba,2(fo, fo)lfo, fo, ["@o] — Ba2(fo, fo)lfo, fo, 75 f @)
Integrating by parts, Lemma [3.1] leads us to
(5.34) 172510t (T) [fll2 < K| fl| g7 /a-

In view of (B20), we deduce from (BEI7), (E2I)), and (E32)-(E34) that

(5.35) R 175w ll2 < Clix5 fllaz + K f s,

and (B3] yields, for ¢ sufficiently small, that
u
(5.36) ITalflllz < Glla5 Al + Kl fmse.

Invoking (B:34]), the arguments used to deduce ([E25]) show that

(5.37) 175112 < M5 Flla + KL Fl o

for all |j| < N — 1, provided that € is sufficiently small.
Concerning the last term T4 [f], we first recall that H? = —idy, ) (cf. [49]), and
therewith we get

2 .
(30’1(0)) = 71'21"12 = _7T2ldL2(]R)-

Using the latter relation together with the definition of A>*!, it follows that

ITs(£1l
<ChﬂMﬂUW+w@9WﬁW—%?T%%%gBmmmﬁﬁﬂ2

5.38
(53) Ta, wo(r5)

T e

< C‘ Bo,1(0)[75 f"]

2

+ K[ fll
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Furthermore, [B.2) and (5.33) lead us to the following identity:
Ta, Wo(5)

L T

Bo,1(0)[75 f"]

= (C.,-(l‘j) - CT)TrgE'fH

12 (€75 3
+ 2% [f631,2(f07fo)[foyﬂf‘f”wo] - %Bo7l[w§f”]]
J

e - 2
J

Bo,1 [W]E'fu]}
(5.39)
FR a0 )

- 2% |:B2,2(f0, fo)lfos fo, 75 f"'@o] — W+ 1)

Bo[x5 "]

+ 75T 10t (T) [f] 4+ T2j,10t (T) [ f]
 rhyad)

1472 62(33§ )

a : 7fo(@5) :
+ 2 B 0D = 3 e Boalms w1

In order to estimate the first term on the right-hand side of (539]) we rely on the
property that ¢, € BC!/2 (R). The next three terms are of the same type as those
estimated in Step 2 above, while each of the last two expressions can be written
as a sum of two terms for which we can use the arguments that led to (BE31) and
E310). Altogether, we obtain

— % [ s Boa (o) [(w(r) )] Boa (w(@)[7)Y]

Ta, _@o(Tj)
T 1+ fi?(a5)

w5 (w(T)[f]) + e (@5)m5 f7 = Bo1(0)[m5 "]

(5.40) ?

< 2175 Lz + K| s v

for all |j| < N — 1, provided that ¢ is sufficiently small. In (540 we denote by C
the positive constant which appears in (538]). Hence, recalling (538), we get

(5.41) IZ6lA1lle < Ellms £l + K Fllzone

The estimate (530) follows now from (E31)), (537), and (GAI).

Step 4. Gathering (5.23)), (5.24), (5.26), and (B.30), we conclude that the estimate
(E22) holds for |j| < N — 1 provided that

1
(5.42) Ajr=—27A) +7A2 + 7A% — 27AT + ) AN
1=0
Exploiting the fact that @y is the solution to Wy = —c, . f§ — a,A(fo)[@o], it follows
at once that (542) is satisfied. This completes the proof of (522) for |j| < N — 1.

Step 5. We are left to prove (5.22) for j = N. This estimate follows by combining
arguments from the previous steps with those presented in the second part of the
proof of Theorem [£.4] and therefore we omit the lengthy details. O
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We now reconsider the Fourier multipliers A, ; found in Theorem and we
notice that if fy is chosen such that the Rayleigh-Taylor condition (5I2) holds,
then there exists a constant 7 € (0,1) with the property that

n<a,<1l/np and |3, <1/n for all 7 € [0, 1].
Moreover, letting A, g, with o € [,1/n] and |5| < 1/7, denote the Fourier multi-
plier
Bap = —a(=07)""* + B0,

we may find, similarly as in [40, Proposition 4.3], a constant ko > 1 such that
(5.43) Koll(A = Aag) [f]ll = (AL [Lf e + 1l a2

for all o« € [n,1/n], |B] < 1/n, A € C with ReX > 1, and f € H?(R).

In order to establish the desired generation result for 9®(fy) = ¥(1), we next
show that the operator w — ¥(0), with ¥(0) defined in (516, is invertible for large
w > 0. In contrast to the analysis in Section H] where the invertibility of the
translation w — ®,1(0), with w > 0, follows easily from the fact that this operator
is a Fourier multiplier (cf. Theorem [£1]), a more involved analysis is required in
order to establish the invertibility of w — ¥(0).

Lemma 5.3. Given § >0 and h € H'(R), let a := 0 + h and assume that
i%fa > 0.
Then, there exists wy > 0 such that
A+ H[ad,] € Tsom(H?*(R), H'(R))
for all X € [wp, 00).

Proof. We introduce the continuous path [r — B(7)] : [0,1] — L(H?(R), H'(R)),
where
B(7) := Hla;,504] and ars:=(1—=71)0+7a,

and we prove that there exist constants wy > 0 and C > 0 with the property that
(5.44) 1A+ Bl @ = Clfla2w)

forall 7 € [0,1], A € [wg, ), and f € H?(R). Having established (5.44]), the method
of continuity together with B(1) = H[a0d,] and the observation that A+ B(0) is an
invertible Fourier multiplier (the symbol of A + B(0) is mx(§) := A+ 6|¢], £ € R)
yields the desired claim.

We first prove that for each p > 0 there exists a finite e-localization family
{m5 : =N +1<j <N}, aconstant K = K(¢), and for each j € {-N +1,...,N}
and 7 € [0, 1] there exist bounded operators

Bj,, € L(H*(R), H'(R))
such that
(5.45) 75 B(T)[f] = By (w5 e < pll5 fll e + K f || e
forall j € {-N+1,...,N}, 7 € [0,1], and f € H*(R). The operators B, . are
defined by

Bjr:=ars(z5)Hody,  [jI<N -1,
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with 25 € supp 75, respectively
By, :=0H 00,.
Indeed, for |j| < N — 1 we obtain by using integration by parts that
175 B()[f] = Bjr (w5 Sl < Kl fllrra + 175 Hlars f"] = ars(25) H m f7]]]2
< K|l fllgre + 75 Hlars f"] = H[m5azs f"]l|2
+ [[H[(ar,s — ars(25))75 ]2
< K| fllars + 115 (ars — ars(@5) o[l (75£)" 2,
and (548 holds for |j| < N — 1, if € is sufficiently small. Similarly,
I B()[f] = B lny Al < Kl fllars + 75 Hlars 7] = H[myy £7]]]2
< K| fllgers + 1 Hl(ars = 0)my f]ll2

< K fllers + I hllooll (w5 )"l

and, since h vanishes at infinity, we see that (5.43]) holds also for j = N, provided
that ¢ is sufficiently small.

Since U, ¢jo,1) @rs(R) C [n,1/n] for some n > 0, we may find a constant ro > 1
such that

(5.46) roll(A+aH o 8p)[fllar = Allfllar + [/l
for all v € U, ¢[o 1) ars(R), A € [1,00), and f € H?(R). Choosing u = 1/2k¢ in

(E45), it follows from (B.46]) that for all j € {—-N+1,...,N}, 7 € [0,1], A € [1,00),
and f € H?(R) we have

rollm; (A + B(T)) [l = woll(A + By )75 [l — wollm5 B(T)[f] = By (5 fl| 0

1
2 S5 fllaz + A5 fll e — wo K| fll s

and, summing over j € {—N +1,..., N}, we conclude together with Young’s in-
equality and Remark 3] that there exist positive constants wg and C such that
(5:44) holds for all 7 € [0,1], A € [wp, <), and f € H?(R). O

We are now in the position to establish the desired generator property. To this
end we recall from ([.I2]) that the set O introduced in Section [ is actually given
by

O = {fo € HXR) : it [cpu+ 2 Boa (fo)[@0] + 23 Bra(fo)lfo,wol| > 0},
and we note that the continuity of the mappings
[f = Boa(N@WN, [f = f'Bua(HIf,@()]] - H*(R) — H'(R)
ensure that O is an open subset of H2(R).
Theorem 5.4. Given fo € O, it holds that
—0®(fo) € H(H*(R), H' (R)).

Proof. The proof follows from Theorem [£.2] the relation (5.43), Remark [£3] and
Lemma [5.3] by arguing as in the proof of Theorem O
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Finally, we arrive at the proof our second main result.

Proof of Theorem [L.21 Since for 0 = 0 the problem (L)) is equivalent to (B.8)),
the existence and uniqueness of a maximal solution to (B.8]), for each fy € O,
follows from [39, Theorem 8.1.1]. We note that the relation (5.9) together with
Theorem [54] ensures that all the assumptions of [39, Theorem 8.1.1] are satisfied.
Furthermore, (7i¢) follows from [39, Proposition 8.2.3 and Theorem 8.3.9], and (iv)
from [39, Proposition 8.2.1].

In order to prove (v), we assume that f = f(-;fo) € B((0,T), H>*¢(R)) for
some T < T, (fo) and € € (0,1). Given (A1, A2) € (0,00)2, which we view below as
parameters in an associated nonlinear evolution problem, we define the function

Fasetz) = f(At,z+ Xot), 2 €R,0<t<Ty, =T/
Since f € C([0,T],0)NCL([0,T], H'(R))NC=((0,T), H*(R)) (cf. Theorem [[2(i4)),
our assumption together with the translation invariance of O implies that
(547) e € C(0,T3,],0) N CH([0, Tx, ], H' (R)) N CE((0, T, ], H*(R)).
Therefore, the function u := fy, x, is a solution to the nonlinear evolution problem
(5.48) 0w = U(u, A1, A2), t>0, u(0) = uyo,

for the initial data ug := fo, where ¥ : O x (0,00)? C H?(R) x R? — H'(R) denotes
the operator

\I’(’U,, A1, /\2) = /\1(1)(11) + A0 u.

Recalling (5.9), we get ¥ € C¥(O x (0,0)?, H'(R)). Moreover, given (ug, A, \2) €
O x (0,00)?, the Fréchet derivative of ¥ with respect to u is given by

8U\Il(u0, )\1, )\2) = )\18@(114)) + )\Qaz

Since A20, is a Fourier multiplier of first order with purely imaginary symbol,
we may revisit the computations in the proofs of Theorem 5.2l Lemma B3] and
Theorem [£.4] to deduce that —8,¥((ug, A1, A2)) belongs to H(H?(R), H*(R)) for
all (ug, A1, A2) € O x (0,00)2. According to [39, Theorem 8.1.1 and Theorem 8.3.9],
the problem (5.48) possesses for each (ug, A1, A2) € O x (0,00)? a unique maximal
solution u = wu(-;ug, A1, A\2) (that satisfies similar properties as in Theorem [[2)(7)
and (i7)), the set

Q= {(t,uo, )\1, )\2) : (’ILO,)\l, )\2) e O x (O, 00)2, 0<t< T+((U0, )\1, )\2))}
is open and
[(t, w0, A1, A2) = ult; ug, A1, A2)] : @ — O is real-analytic.

Hence, for our special initial data fo, (541) yields that T% (fo, A1, A2) > Ta,, and
moreover u(t; ug, A1, A2) = fa, a,(t) for all ¢ < Ty,. Given tg € (0,7, we choose
0 > 0 such that tg < Ty, for all (A1, A2) belonging to the disc Ds((1,1)). Therewith,
we conclude that in particular

[(A1; A2) = fa o (t0)] = Ds((1,1)) — H'(R)

is a real-analytic map. The conclusion is now immediate; see, e.g., the proof of
[40, Theorem 1.3]. O
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