TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 370, Number 10, October 2018, Pages 74377460
https://doi.org/10.1090/tran/7300

Article electronically published on June 20, 2018

ASYMPTOTIC STABILITY FOR ODD PERTURBATIONS
OF THE STATIONARY KINK
IN THE VARIABLE-SPEED ¢* MODEL

STANLEY SNELSON

ABSTRACT. We consider the ¢+ model in one space dimension with propaga-
tion speeds that are small deviations from a constant function. In the constant-
speed case, a stationary solution called the kink is known explicitly, and the
recent work of Kowalczyk, Martel, and Munioz established the asymptotic sta-
bility of the kink with respect to odd perturbations in the natural energy
space. We show that a stationary kink solution exists also for our class of
nonconstant propagation speeds, and extend the asymptotic stability result
by taking a perturbative approach to the method of Kowalczyk, Martel, and
Muioz. This requires an understanding of the spectrum of the linearization
around the variable-speed kink.

1. INTRODUCTION

The ¢* model is a classical nonlinear equation that arises in quantum field theory,
statistical mechanics, and other areas of physics. See, for instance, [13|[18][19]
26,27,30] for the physical background. We are interested in the case where the
propagation speed c is allowed to vary with position. The equation is given in one
space dimension by

(1.1) 0 — F(x)Rp =0 —¢°, (t,x) ER xR,

where ¢(z) is a uniformly positive function. We will restrict our attention to even
functions ¢ that are small deviations from the constant unit speed ¢ = 1. (See
below for the precise assumption.) Note that the energy

1 /1 1 1
E(¢,019) = / 2 (5(3@)2 + 502(8r¢)2 +701- ¢2)2> dz
is formally conserved if ¢ solves (II)).
In the case c(x) = 1, a stationary solution to (ZI]) is known explicitly:

H(z) := tanh (%) ,

known as the kink, connects the two minima of the potential i(l — ¢?)? and is
the unique bounded, odd solution of —H" = H — H?, up to multiplication by —1.
The kink in the ¢* model is seen as a prototype for solitons that occur in more
complicated field theories; see [I9]. Since the energy F(H,O0) of the kink is finite,
perturbations of the form (¢,9,¢) = (H + @1, p2) with (¢1,02) € H! x L? are
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referred to as perturbations in the energy space. Standard arguments show that
(1) is locally well-posed for initial data of the form (H + ¢i", i) with ¢" =
(o™, ") € H' x L?. Regarding the long-time behavior, in the constant-speed
case, the kink is orbitally stable with respect to small perturbations in the energy
space, by a result of Henry, Perez, and Wreszinski [8]. In other words, solutions
starting close to the kink remain close for all time, up to Lorentzian invariance.
In a recent paper [12], Kowalczyk, Martel, and Munoz showed that in the case of
odd perturbations (which corresponds to fixing the position of the traveling wave),
this can be improved to asymptotic stability. Their approach, described below,
is elementary and avoids the use of dispersive estimates. It was partially based
on the work of Martel and Merle on the generalized KdV equations [14}15] and
Merle and Raphael [I6] on the mass-critical nonlinear Schréodinger equation, but
was adapted to additional difficulties resulting from the exchange of energy between
internal oscillations and radiation, and the different decay rates of the corresponding
components of the solution. These difficulties were seen earlier in the context of
general Klein-Gordon equations with potential by Soffer and Weinstein [25], who
conjectured that a similar mechanism was at work in the ¢* model. The assumption
of odd perturbations has appeared in other work concerning the asymptotic stability
of solitons (see, for example, [T0,[11]), and in the ¢* model, odd perturbations
already give rise to the challenging issues related to energy exchange. However, the
authors of [I2] conjecture that the kink is in fact asymptotically stable with respect
to general perturbations in the energy space.

In this paper, we extend the results of [12] to (L)) with a certain class of non-
constant propagation speeds c¢(x). Before we state our results, it is convenient to
exchange the second-order coefficient in (L)) for a small first-order term by making
the change of variables y = [;[1/c(s)] ds. Defining ®(t,y) = ¢(t,z(y)), we obtain
the equation

(1.2) O — 020 + b(y)9,® = ¢ — D%,

with b(y) = (1/c(z(y))) %c(x(y)). We will deal with drift coefficients b that are
odd and satisfy

(1.3) b)) S e ) <6

for some small constant ¢ > 0. In terms of =, it is sufficient to assume in (II]) that
c(x) =14 cs(x), with ¢s even, twice differentiable, and

les ()] + |eh(x)] < el e ()] <6,

with ¢; = v/2/(1 — §). We will work in the y variable for the entire paper. Note
that oddness in y is equivalent to oddness in z, and that solutions to (L)) and (T2)
are odd if the initial data are odd.

Our first goal is the existence of a stationary solution in the variable-speed case,
which is close to the constant-speed kink H in the appropriate sense.

Theorem 1.1. Assume that b satisfies (L3]). Then there exists an odd, bounded,
time-independent solution K of (L2). Furthermore, for H(y) = tanh(y/v/2), the
difference Hs := K — H satisfies |Hs(y)| + |Hs(y)| S Se=V2lul,

See Section [2 for the proof. We refer to K (y) as the stationary kink, by analogy
with the constant-speed case.
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To study the long-time asymptotics of odd perturbations of K (y) in the energy
space, let p(t) = (p1(t), p2(t)) € H x L? be odd in y, and set & = K+p1, 9,® = 9
in (2). Then the perturbation ¢ satisfies

Oip1 = o,
(1.4) B ) 5
Orpr = —Lip1 — (3K T + ¢7),

where L is the linearized operator around K:
(1.5) Lk =—-0; —b(y)dy — 1+ 3K> =L —b(y)d, + d(y).

Here £ = —92 — 14 3H? is the linearization around H(y) = tanh(y/v/2), and
d(y) = 3(K(y)? — H(y)?). With the inner products

(f,9) :=/Rf(y)g(y) dy, (f,9)p ZZ/RP(y)f(y)g(y)dy,

where p(y) = exp(foy b(s) ds), note that L is self-adjoint with respect to (-,-), and
L is self-adjoint with respect to (-, ).

We now state our main theorem, which says that K (y) is asymptotically stable
with respect to odd perturbations in the energy space.

Theorem 1.2. There exist 6 > 0,69 > 0 such that for any ¢ € (0,&0) and for any
odd o € H' x L? with
™ s <e,
the solution o of (LA) with b satisfying (L3) and with initial data p(0) = ¢ exists
globally in H' x L? and satisfies
lim |l (ryxr2(ry =0

t—too

for any bounded interval I C R.

The conclusion of Theorem [[.2]cannot be improved to lim; oo ||0()[| 71 (R)x £2(R)
= 0 because, by orbital stability and energy conservation of ¢ (see Section M), this
would imply ¢(¢) =0 for all ¢t € R.

We now briefly describe the proof in [12] of asymptotic stability in the constant-
speed case. A key idea in that proof was to decompose the solution ¢(t) based on
the spectrum of the linearized operator L. It is known (see, for example, [17]) that
the spectrum

(L) = {og} U2, 50),

with simple eigenvalues 0 and % corresponding to the L2-normalized eigenfunctions

Yi(z) i= 273/43Y/2 tanh (%) sech (\%) .

Since Yj is even, it does not influence the dynamics of odd perturbations. But the
odd eigenfunction Y7, known as the internal mode of oscillation, plays a crucial role
in the analysis. The solution ¢ in the case b = d = 0 is written p1 = 21 (¢)Y7 + uq,

and
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@2 = (3)122(t)Y1 + up, with (uy,Y7) = (us,Y:) = 0, and asymptotic stability is
proven as a consequence of an estimate of the form

(1.6) / (a1 (O +]z(6)*) de+ / / ()2 +u)e 007 Az dt < |21, 1o

for some ¢g > 0. This estimate suggests that the internal oscillation mode z(t) =
(21, 22) decays at a slower rate as t — oo than u = (uy,uz), which corresponds to
radiation. After defining vq,v9, o, and § in terms of v and z (in a formally similar
way to the analogous quantities defined in Section @ below), the authors of [12]
proved (L) using Virial functionals of the form Z = [ 4(d,v1)vs + 3 [ ¢/vivs and
J =a [vag— 2@6 [ vig, with the functions ¢ and g chosen advantageously.
Using orbital stability and the equations for (v1,v2) and (e, ) (which come from
the equations for (uy,us) and (z1, 22)), it was found that

d -
~ 2T+ T) = Bn) + avrh) +a2(f,9) +=0 (% 0l oz ) -

where B is a quadratic form, f and h are given Schwartz functions, and HY x L?
is an exponentially weighted Sobolev space; see (59) for the definition. Next, the
following coercivity result was established:

(1.8) B(v1) + alv, h) + o*(f,9) 2 o® + |vi ||

(1.7)

for all odd v; € H} satisfying (vq,Y7) = 0. Since, roughly speaking, a? ~ |z|* and
v; ~ u;+]|z|?, this demonstrates that Z and J are well adapted to the different decay
rates of z and u that appear in ([L6]). The proof of (L8] relied on delicate explicit
estimates and changes of variables. The choice of the function g was related to a
nonlinear version of the Fermi-Golden rule (see [20124]), a nonresonance condition
that ensures the internal oscillations are coupled to radiation, so that the energy
of the system eventually radiates away from the kink; see [12] for the details, and
also [23,125] for the use of the same nonresonance condition in different contexts.
The coercivity result (L8) and other estimates on «, 8,v1, and ve, combined with
the orbital stability of H, were used to establish (6.

To apply a similar method to (4] in the variable-speed case, where b(y) and
d(y) in (LX) are nonzero, it is first of all necessary to understand how the spectrum
of L differs from the spectrum of L. In Section Bl below, we use ODE techniques
to show that Lx has two simple eigenvalues Ay and A; that are d-close to 0 and
%, and which correspond to an even eigenfunction Y, and an odd eigenfunction
Y1, respectively, which are exponentially decaying and close to Yy and Y; in L.
With this information, in Section [] we establish the orbital stability of K with
respect to odd perturbations (Proposition ) following the argument outlined in
[12], and we perform a spectral decomposition of ¢ that is formally the same as in
the constant-speed case. Namely, we write 1 = 21 (1)Y1 + u1, 02 = 20(1)Y1 + uz
with (u1,Y1), = (u2, Y1), = 0, and define o, 3,v1, and vy in terms of 2(¢) and u(t).
In Section B we study the system for (vq, ve, o, 8) with the same Virial functionals
7 and J mentioned above, with u = 1/A; replacing \/m and a modified function
g replacing g in the definition of J (see Lemma [5.2] for the choice of ). We find an
expression for %(I + J) that is morally similar to (7). Since ||Y; — Y|~ <6
(Theorem B and [|p — 1|~ < 4§, our vy satisfying (v1,Y1), = 0 will satisfy
(v1,Y1) = 0 up to a small error which can be controlled in terms of [v;|[z1. This
allows us to derive our coercivity result (Lemma[5.0]) as a consequence of (L8] and
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perturbation arguments. This uses heavily the smallness assumption (3] for b; to
apply this type of method in the case where the propagation speed c(z) may have
large deviations from ¢ = 1, Virial functionals that are more specifically adapted to
the resulting linear equation would likely be needed. After deriving Lemma [5.2] the
conclusion of the argument (Section [) mainly involves controlling the higher-order
terms in the dynamics of «, 3,v1, and ve, in much the same way as in [12].

Let us mention the following related results: Cuccagna [4] showed that the one-
dimensional kink H, considered as a planar wave front in the constant-speed ¢*
model in R?, is asymptotically stable with respect to general (not necessarily odd)
compactly supported, three-dimensional perturbations. This proof makes use of
dispersive estimates due to Weder [28,29] and relies on the better decay of these es-
timates available in three dimensions than in one (see also [7]). Other field equations
that admit stationary kinks include the sine-Gordon equation 87u—d2u+sinu = 0,
which also admits a one-parameter family of odd, time-periodic solutions referred
to as wobbling kinks (see [6]). Because of these solutions, the stationary kink in the
sine-Gordon equation is not asymptotically stable in the energy space. As in the
constant-speed case, our Theorem rules out the existence of wobbling kinks in
the ¢* model in a neighborhood of K (). The question of existence or nonexistence
of wobbling kinks in the ¢* model has attracted attention in the past, at least in
the constant-speed case (see [21,122]). We also mention the relativistic Ginzburg-
Landau equation given by 82u — 92u = W’ (u), where W is a double-well potential.
Under an assumption on W that excludes the ¢* model, but guarantees the exis-
tence of a kink, Kopylova and Komech [I0] established asymptotic stability of the
kink with respect to odd perturbations, using an approach inspired by the work
of Buslaev and Sulem [3] on soliton stability for nonlinear Schrédinger equations
(see also [IL2L[E]). To the author’s knowledge, there are no previous results in the
literature dealing with the asymptotic stability of solitary waves in an equation
with nonconstant speed of propagation.

2. EXISTENCE OF A STATIONARY SOLUTION

The purpose of this section is to prove Theorem[[. Il In the proof and throughout
the paper, we will need to solve integral equations of Fredholm type on the positive
real line. For this, we use the following standard lemma, which we prove for the
convenience of the reader.

Lemma 2.1. Let g € L*=([0,00)). If

v:i= sup / |G(y, w)| dw < 1,
0

0<y<o0o

then there exists a unique solution to

1) =g+ [ Gl ) do
given by

(2'1) f +Z/ / HG Yi—1, yz) (yn) dyn : dy1,

with yo = y. Furthermore, one has

I £l zoe (j0,00)) < T ||9||L o ([0,00)) -
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Proof. We check directly that the iteration ([2.I) converges:

/ / HG(a:i,l,:Ei)g(xn)da:n-~-d:vl
0 0 =1
o0 oo n—1 [e%s}
<lolloe [ [ THG@ )] [ 16w o doy
0 0 i 0

0 oo n—1
HgHLmU/ / H |G (21, @) dop 1 - -+ day
0 (U —

< <lgllper”s

IN

so the series converges, and || f| 1~ < 12 [lgll L= O

Now we find a stationary solution to (LZ), i.e., an odd K solving
(2.2) —0K +b(y)9,K = K — K°.

Proof of Theorem [l We look for Hj(y) such that K(y) = H(y) + Hs(y) solves
(22), where H(y) = tanh(y/v/2) satisfies —H,,, = H — H3. If Hs(y) solves

23) {—a;H(; +0(y)dy Hs + (3H? — 1) Hy = ~b(y)d,H — H} — 3HH},
Hs;(0) =0, Hs;—0asy— oo,
then we can then extend Hjy to the real line by oddness and obtain K = H + Hj.
We write ([23)) as
LyHs = —H} —3HHs — b(y)0, H,
where
Ly =—02 4+ b(y)dy + (BH* — 1) = L + b(y)d,.

We will find Hs by computing a Green’s function for £, on [0,00). A fundamental
system for LY = 0 is given by

1

Yo(y) = 5sech®(y/v/2),

Zo(y) = /Oy cosh*(s/v/2) ds

1
= —3—25ech2(y/\/§) (12y + 8v/2sinh(v/2y) + \/isinh(Q\@y)) .
To find Y3, Zp with LY, = L2, = 0, we first make the substitution Y, = Yy + V3,

which leads to the equation
LV, = —b(y)0y (Yo + Vb)

for V4(y). This can be written as the integral equation

(2.4) Vi(y) = g(u) + /OOOGo@,w)b(w)awvb(w)dw, y >0,
where

o(y) = / Gy, w)b(w) D0 Yo (1) duw
and

YO(y)ZO(w)v 0<w< Y,

(2:5) Goly,w) = {Yo(w)Zo(y), 0<y<w.
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Using [Yo(y)| < eV, Zo(y)| S eV, [Y5(y)| S V2, |Zj(y)] S €2V2, and
the bound (3)) for b, we see that

9(y) = Yo(y) /Oy Zo(w)b(w)0wYo(w) dw + Zo(y) /OO Yo(w)b(w)d Yo (w) dw

Yy oo
(2.6) <9 (e_‘/iy / e V2% dw + ¢V / g3V dw)
0 Y

< Se~ V2,

Now, we integrate by parts in (2Z4]) to obtain the Fredholm equation

/a (Go (y, w)b(w)] Vi (w) duw.

There are no boundary terms because b(0) = 0. By (3]) and the above bounds on
Yy and Zp, we have

sup / " 10u(Goly, w)b(w)]] dw < sup (Yo ) / |Z4 (w)b(w) + Zo(w)l (w)] duw

[0,00) JO [0,00)
)| [ () + Yo(w)p ()]
< sup C9o (effy(e‘/_y + efy)
fy( —ny+e—fy)) <1,

if ¢ is sufficiently small so, by Lemmal[ZT] a unique solution V}, exists, and ||V ||fe <
Cllgllre < C0. Tt is clear from formula (ZT]) in Lemma 21l and the decay of ¢ that

Vi = Y5 — Yo| S dev2v.
Using reduction of order, we obtain a second independent solution Z; given by

Zy(y) = Y (y) /Oy de

We have Z,(0) = 0, Z,(0) = 1, and Zy(y) < eV, Let p = Y, 2} — Y/ Z), =
exp(foy b(s)ds), and define the Green’s function G}, for Lyp:

Yu(y)Z 0<
Gty — {20 p(w), D <0<y,
Yy(w)Zy(y)/p(w),  0<y<w.
Note that Gy(0,w) = 0.
We can now write (Z3]) as a nonlinear integral equation for Hs(y):

(2.7)  Hs(y) = (TH;)(y) :== h(y) — /OOO Gy, w) [H; (w) + 3H (w) Hi (w)] dw,

where h(y) = — [;° Gy(y, w)b(w)dwH (w) dw. We will show that 7 has a unique
fixed point in a suitable class. Define the norm

nll~ = sup eV®[n(y)|.
0<y<oo

Note first that, since 0y H = \/_sechQ(y/\/—) we have |b(w)H' (w)| < Se—2V2[wl By
estimating the integral in a similar manner to (Z0), we see that |h(y)| < Cyde~ V2
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for some constant Cy. Let Cy = 2C4, and define the set A; = {n € C([0,00)) :
In(y)||~ < Coé}. For n € As, we check directly that

0 (w) + 3H (w)i?| < 462C2e=2V2v

and
| [ Ghtonw) [ w) + 3P 0)]
- VN2 auma g, * )| sz g,
< () [ 2dles i au gz [ Bl i an)
< 462C2Che V2.

Then, if § < 800;02, we have

1Tn(y)| < Croe V2 4 452C2Coe V2Vl < 20150~ V2IYl,
so Tn € As. Finally, for 11,12 € As, we have
n3 =03 + BH (1} —13)| < lm —1e| [0F + mnz + 03 + 3H (i +12)]
< QCoée_ﬂyml — 1]

and, proceeding as before,
T - T <96 (3] [ 2 ey () — (| au

© Vo) g,
AW [ S ) — )] do
< 0V Iy — 12|

so that |7 (n) — T (n2)||~ < C6|lm — n2||~. If 6 < 1/C, then T is a contraction in
As and a unique solution Hs to [23)) exists in Asj.
By differentiating [2.7)), we verify that

|Hs(y)| + [Hj(y)| S de= V2.

3. SPECTRUM OF THE LINEARIZED OPERATOR

We now analyze the spectrum of Ly = —8; —b(y)8, — 1 + 3K2. This operator
can be written Lx = £ — b(y)d, + d(y), a perturbation of the classical operator
L =—82—143H?(y). Here, d(y) = 3Hj(y) + 6H (y)Hs(y). We find that the L>-
spectrum o(Lk) of Ly is qualitatively similar to the spectrum of £ in the following
sense.

Theorem 3.1. The operator Lk has real, simple eigenvalues Ao, A1 such that
Mol S 6 and [\ — 3| S 6. The corresponding eigenfunctions Yy and Yy are even
and odd, respectively, and satisfy

Yo(y) — Yo(w)| + Y5 (y) — Yo (y)| < de™ V2,
Vi(y) — Yi(y)| + [V (y) = Y{(y)] < de 1o/ V2,



ASYMPTOTIC STABILITY IN THE ¢* MODEL 7445

where Yy and Yy are the eigenfunctions of L corresponding to 0 and % Furthermore,
A1 is the only discrete eigenvalue of L corresponding to an odd eigenfunction, and
the continuous spectrum o.(Lx) = [2,00).

Proof. First, recall that L is self-adjoint with respect to the (-, -), inner product,
so 0(Lk) C R. Next, by general theory (see, for example, [9, Chapter 18]) the
continuous spectrum of £ is stable under the relatively compact perturbation —bd,+
d. (In other words, (—b9, + d)(L — z)~! is a compact operator for any z € p(L).)
Therefore, 0.(Lx) = 0.(L) = [2,00).

We now show that o(Lx) lies inside the Cyd neighborhood of (L) for some
constant Cp. Assume that A € p(L£) No(Lk), where p(L) denotes the resolvent set
of £, and let dy = dist(\, o(L£)). We may assume |A\| < 3 because elliptic existence
theory implies (—oco, —3) C p(Lx). Since A € p(L), for w € L?(R) we have

(e - an ) < 120,

0
(For the duration of this proof, || || denotes the norm in L?(RR).) This is equivalent
to ||(L — A)v|| > dpllv]| for all v € D(L). Since A € o(Lk), there exists a sequence
vy, € D(Lx) = D(L) such that |Jv,] = 1 and (Lx — A )v, — 0 in L?(R). But since
(£ = AD)v,|| > do, we have

d
1€k = L)oall = [0y, + dvall = 5 ;

S Sl Looklng at ||vl, ]|, we have

/(v;)“‘ = /vn(—v;{) = /[U,L((LK — M), — b, — (BH? = 14+d — \v,)]

L[,
< llonllll(€x = Aonll + 5 /b (vn)? + Cllval|
< Lk = M)vnl| + Cllon].

for n sufficiently large. It is clear that ||bv

Since ||(Lx — A )v,|| — 0 by assumption, we have that for n sufficiently large,

do
< Novpll + lldvall S 0Cllopll + llonl) <
or dist(\, o (L)) < Coé, as desired.

Next, we show that Ly has exactly one eigenvalue in [—Cyd, Cyd]. For some
A« to be determined satisfying M. > Cod but [X*| < J, we take A € [=As, Ay and
look for Yy(y) € L? satisfying LYy = \Yy. Letting Yy = Yy + Uy, we obtain the
following equation for Uy:
(3.1) LUy =bYy + (A —d)Yy + bUS + (A — d)U,.
Note that the solution to this equation on (—oo, 00) must be even, because other-
wise, writing Uy = U° + U¢, the odd part would satisfy LU® = b(U°)' 4+ (A —d)U?,
which implies (U°, LU°) = (U°,b(U°) + (A — d)U°) < §||U°||?, a contradiction
because U*° is orthogonal to the even eigenfunction Yy, so by the spectral theorem,
(U°,Lu°) > 5|U°|>.

We write B) on [0, 00) as the integral equation

(32 Uiy / Goly, w)[b(w)U4 (w) + ( — d(w))Us (w)] du,
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where Gy is the Green’s function defined in (23] and
ho(y) = /OOO Go(y, w)[b(w)Yg (w) + (A = d(w)) Yo (w)] dw
= Yo(y) /Oy Zo(w)[b(w)Yg (w) + (A = d(w)) Yo (w)] dw

oo

+ Zo(y) / Yo () [b(w) Y3 (1) + (A — d(w)) Yo(w)] duw.

By the asymptotics of Yy and Zj, we have |ho(y)| < 6ye_\/§y. To solve (B2), we
check that

/ " 10y, w)b(w) + (¥ (w) — A+ d(w))Coly, w)| duw

N

3 (Yol [zt 4 zotw) du + Zoty) / i) du)

o,

N

uniformly in y > 0. (Recall that Zj(w) < €2V2w ) Lemma (1] implies U, exists
on [0,00) for each A, |Un][z < |Jholl~ < 8, and |Ux(y)| < de=V2¥. To extend
by evenness to the real line, we would need U (0) = 0. Note that since Z(0) = 1,

B2) implies
UL0) = [ Yolb(¥o + U+ (1 = d)(¥a + U] du

0 o0 (o)

(3.3) - )\/ Yo (Yo + Uy) dw — / [(d + V) Yo + BYJ) (Yo + Uy) duw.
0 0

Since [~ Yo(Yo+Uyx) > 4 —C6 > § and ||Yy + U~ < 1, we choose

A = max <C’05, 5/ |(d+ b)Yy + bY]| dw) )

0

so that U} (0) > 0, U’ (0) < 0, and |\.] $ ¢. We will now show that U} (0)

depends on A in a continuous and monotonic way.
For A, it € [—A«, Ai], observe that A = Uy — U, satisfies

AW) = gal) + /0 " Goly,w)(bA — dA) du,
with
aa(y) = /0 Go(y, w)(AUx — pU,) dw.

Since |\Uy — uU,| < de=V2Y, this can be solved as above, using Lemma I} and
1AL < |lgallne=. We have

lgallze SIAUN = pUpll = (A = )Ux + pA]| oo < Ci[A — p] + C20[| Al oo

Combining this with [|Allze < ||gallze, we conclude ||Ux — U,|lpe S |A— p| if &
is sufficiently small.
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Let A > p. By [B3]), we have

B GO -0 =0-n [ Vo

+ / " o(AUx = 1) = (U = U,)(d 4+ B)Yo + bY)] dw.

Since ||[Ux — Uyllpe SN — p| and |AUx — pU,||pee S 0|A — |, the second integral
in (B4) is bounded in absolute value by a constant times d|A — p|. This implies
U3(0) > U, (0) and that Uy (0) depends continuously on A\. We conclude U (0) = 0
for a unique \g € [—As, Ai]. This Ag is an eigenvalue of Ly corresponding to the
even, exponentially decaying eigenfunction Yy = Yy + U \o- Differentiating (3.2)), we
conclude |y (y) — Yo(y)| < de= V2N,

Now we will find an eigenfunction Y7 corresponding to some \; close to % For
L, note that

Yi = 273/43/2 tanh <i> sech (i> ,

Zi(y) = —isech (%) {—5 + 3v/2y tanh (%) + cosh (ﬁy)]

form a fundamental system for £ — 31 on [0,00) with ¥7(0) = 0 and Z{(0) = 0.
Following the above method, we will take A € [2 — A*, 3 + X*] with |A*| < 6 to be
determined. If Y; satisfies £LxY; = A\Y; on [0,00), then letting Yi =Y+ Vi, we
have

3 3 3
(3.5) EVA—§V,\:bY1'+()\—i—d>Y1+bV,\’+()\—§—d> V.

Similarly to above, we write V) = V¢ 4+ V°. If the even part V¢ % 0, then V¢
satisfies LV =b(Ve) + (A — d)V*, so that

(ve, Lve) 3‘
3.6 Vo2 2lcy,
(3.6) ‘ VeE 2

However, for V¢ we have
0= (Yp, Y1), = (Yo, Y1+ V + V), = (Yo,V),,
which implies
(Y0, VE)pl = [{Yo = Y0, V)| < [[Yo = Yoll = Il IVE] < 0lIVEI,
and therefore
[(Yo, VO < [(Y0, V)l + lIp = Ul oo ) [(Y0, V)l

so that |(Yp, V)| < §]|V¢]|. Now, since (Y1, V¢) = 0, we can write V¢ = aoYo+a1 W,
with (Yp, W) = 0 and ag = (Yp, V¢). By the spectral theorem, (W, LW)/|W]| > 2,
which contradicts ([B.6) because (V¢, LV®) = a}(W,LW) and |[W]| > (1—C9)||V¢||
for some C. We conclude V), is odd.

On [0, 00), (BH) is equivalent to

6D V=h)+ [ Gl + (- § - dw)vi)] do
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where hi(y) = [;° G1(y, w)[b(w)Y] (w) + (A — 3 — d(w))Y1(w)] dw and

. Yl(y)Zl(w), 0 S w < Y,
Gily,w) = {Zl(y)Yl(w), 0<y <w.

Using the asymptotics |1 (y)| +[Y{ ()| S e %/V2 and |Z1(y)| + |2} (y)| < e¥/V2, the
same arguments used in solving (32 above imply that |k (y)| < dye~¥/V2, that

i 3

swp ([ 10,61 w)bw) + (0w + 3~ § = dw)Galpw)ld ) <1

0<y<oo \Jo 2

and therefore V) solving ([B7) exists uniquely, and that |V (y)|+|Vi(y)| S Sev/V2,
We need V,(0) = 0 to extend V) by oddness. Note that

V3(0) = /OOO Y, {b(y{ LV + ()\ S d) (¥ + VA)} duw

3 o o
= ()\ - 5) / Y; (Y1 + V)\) dw — / [(b/ + d)Yl - bYl/](Yl + V)\) dw
0 0
since Z1(0) = 1. We choose
o0
A* = max (005,5/ |(V) +d)Y1 — bY]| dw) .
0

It is straightforward to check that ||Y7 + Vi||p~ < 1, so this choice of \* ensures
Vajaia-(0) > 0, Va/5_3+(0) < 0, and [X*| < 6. Given A, p € [3 — A, 2 4+ X7,
we can show by arguments similar to above that ||[Vy — V,||ze < |A — pf, that
[Va(0) — V,(0)] S |X— pul, and that V3 (0) > V,(0) if A > p. We conclude there is
a unique A; € [3 — A%, 3 + \*] such that V), (0) = 0. Extending V), by oddness,
there is an odd, exponentially decaying eigenfunction Y; = Y; + Vj, corresponding
to Al.

For ¢ sufficiently small, the interval [2 — C(d,2) contains at most one eigenvalue
of L. By general Sturm-Liouville theory, all eigenvalues of Ly are simple (indeed,
one may compute directly that the Wronskian of two eigenfunctions is zero) and
the parity of the eigenfunctions must alternate (because the eigenvalues of Lg
on [0,00) with Dirichlet and Neumann boundary conditions at 0 must interlace).
We conclude that Y; is the only odd eigenfunction corresponding to the discrete
spectrum of L. (]

4. ORBITAL STABILITY AND SPECTRAL DECOMPOSITION

To prove the orbital stability with respect to odd perturbations ¢ solving (T4,
we follow the outline of the simple proof given in [I2] for odd perturbations in the
constant-speed case. Note that we cannot apply the stability result in [8] directly
because of the first-order term in our equation.

By direct computation, we check that (4] implies the following energy conser-
vation for ¢(t): if p(0) = ¢, then

(@.1) £t = [+ Lana®.eOhr2 [0+ [potie) = ™)

for all ¢ such that ¢(t) exists in the energy space.
Next, we prove the following lemma.
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Lemma 4.1. If§ > 0 is sufficiently small, then there exists cg > 0 such that
(Lrpr,p1)p > collr|lm

for all odd functions @1 € H'(R).

Proof. By the spectral properties of L and the oddness of ¢;, we have

(Lre1,e1)p > Atlle1llLe,
where \; > % — (6. Next, since (1 — K?) <1,

(Licgron = [ 000> +2 [ Do =3 [ (1= K302

> [poyen?+2 oo = [ o0~ K)o

Taking % times the first equality and subtracting it from the second line, we have

3 3 4
Creprohn= 2 [ 00007 = 3 [l + HiLuerohy = allerlin,
since |p(y)| > 1 — C6. O

With this lemma, we can prove the orbital stability of K with respect to odd
perturbations.

Proposition 4.1. For  sufficiently small, there exist C > 0 and ey > 0, depending
on 0, such that for any e € (0,g0) and any o™ € H' x L? with ||¢™|| 112 < €, the
solution o to (L) with b satisfying (L3)) and with initial data ©(0) = ¢ exists in
H' x L? for all t € R and satisfies
VteR, o) |laixre < Cllo™||gxre-
Proof. By straightforward estimates,
E(™) < 1+ C10) (03" 172 + 20101 71) + Ollet" 1),
and by Lemma [£.T]
E(p(t)) = co (o222 + 1) = Ollr (t)30)-

But £(p(t)) = £(¢™), by @I). O

Next, we decompose our solution ¢ based on the spectrum of Lx. In the
constant-speed case, one has K = H, and our decomposition will reduce to the
one in [12]. Let Y; be the eigenfunction satisfying LxY) = p2Y7, with u = /1.
We decompose the solution ¢ to (I4]) as follows: Define

_ 1 _

z1(t) == (e1(t), Y1)p,  22(t) := ;<<P2(t)ayl>p>
(0= o1t — 2 (OT1, ua(t) = palt) — pza(t)Yh.
We have (uy(t), Y1), = (ua(t), Y1), = 0 for all t € R. Set z(t) := (21(t), 22(t)) and
u(t) := (u1(t), uz(t)). Finally, define

|2[2(t) = 23 (8) + 23(1),  a(t) :=2(t) = 23(t), B(t) :=2z1(t)z(t).

By ([A4)), we have

3

21 = pza,

4.2 : ! y
( ) 29 = — Uz — ;<3KSD% + 90%7}/1>P
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We have
¥ =2 F,,
(4.3) & =28+
B = —2pa+ Fg,
with
2 _
Fo = ;z2<3KsO§ +¢1, Y1),
2 _
Fg = —;Z1<3K<ﬂ% +¢5, Y1)y,
and J
2
— = —F,.
2 (12P)
Next, (I4) implies that u(t) satisfies
ﬂl = U2,
(4.4) he -
w = —Lguy — 22’1f + F,,
where

Fy == [BK(uf + 212 Y1) + 9] — (3K (uf + 2urz1 V1) + ¢, V1), Y1]

and f = A\ (KY?2— (KY?,Y1),Y1) is an odd Schwartz function satisfying (f, Y1), =
0. Since Y; and Y{ decay at the rate e"y‘/ﬁ, f and f’ have the same decay, i.e.,
[Fl+1F1 S e W/V2 as y — .

It will be useful to replace the term z?f with a term involving only a. Let
q be the odd solution to Lxq = f. Using the methods of Sections 2l and B it
is straightforward to show that ¢ exists uniquely in H'(R) and satisfies |q(y)| +

1¢'(y)| < e ¥/¥2. We make the change of unknown
vi(ty) = w(t,y) + [z (Daly),
va(t,y) = ua(t, y)-

Now the system becomes

A r
(4.5) {m vg + Iy,

vy = —Lgv; —af + P,

where Fy = —qF,, and Iy = F,,. We have 0 = (f,Y1)p = (Lxq,Y1)p = (¢, LEY1)p =
u?(q, Y1), which implies (v1, Y1), = (va, Y1), = 0.
The terms Fy, Fg, Fi, and F, are regarded as error terms, and will be dealt
with in Section [6l
5. VIRIAL ARGUMENTS

Here we analyze the system in (v, ve, @, 3) given by (@3 and [@3]). Following
[12], we define

I:= /Qﬁ(ayvl)w +%/¢/U1vz,
with ¢ = 8y/2tanh(y/8+/2), and

j::a/v2§—2u6/v1§,
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with g to be chosen later. Differentiating and using the system (43 for v; and vo,
we have

%/w(ayﬂl)ﬂg = /’l/l(ayi)l)vz +/1/1(8y’l)1)’[)2
= /’l/}(ay’l)g)’l)g —+ /w(ay’l)l)(ag’l)l + b(’?yvl — 2’[)1 —+ 3(1 — KQ)’Ul)

—a/ib(ay”l)er/ib((ayFl)vz + (Oyv1) F2)

=——/1p v2 (Oyv1) —21}1 /wb le

-3 /(wa - K*)v +a/v1(¢f)’

+/@«@eru%mﬁw

and
L [ pum= [ it [ o
= /w’vg + /w’vl(aj +b0yv1 — 2v1 + 3(1 — K?)vy)
—a/w’vlf—k/w/(Flvg + v1 Fy)
/w (v3 — (Oyv1)? — 20}) + /w”’ ——/ (¢'b) v}
(5.1) + 3/¢’(1 — K?)vi — a/z//vler /z//(ng + 01 Fy),

which leads to

ST =B +a [wwr + 30D+ [wwo,? -1 [wye?

+ [utwo Bt 5uE) - [n(wo,F 5u'Fy),

Bloa) = [w@m) -1 vt =3 [uri?

Differentiating 7, we have
d A _ . : _ .
EJ:a/vzg+a/vzg—2#6/@29—%5/9@1
:a/ ( £KU1+4M /fg

+Fa/U2§—2ﬂF5/U1§—2MB/§F1 +Oz/§F2-
Note that

/g(—ﬁKU1+4u2v1) :/pg (= Loy + 4pPv;) = /pm( Ek( >+4u )

where
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so combining these calculations, we obtain

d .
S(T+7)=-Dlor,0) + Ry,
where
N ~ 1
(5.2) D(v1, ) := B(vy) — /wb(@yvl)2 + 1 /(w’b)’vf
£/ 1.7 £ — — B
o (S e (2) )
and
(5.3) ’R,ﬁ = /g(OZFZ - QMBFl) + /U2(1/}ayF1 + %¢/F1 + gFoz)

1
— /Ul(’(bang + §’¢/F2 + 2N§FB)

We will choose g in order to simplify D considerably. In [12], the authors chose
¢ in the functional J by solving the equation

, 1
(5.4 (-0 =us'+ (a+3) 0
where f = 3(HY? — (HY?,Y1)Y7), and the constant

(Wf + 3¢'f, Im(k))
5.5 a:=— ~ 0.687271,
> (W7 ()
where k is the function defined by (£.6) below. The value of a was found numerically.
We quote a lemma from [12] that allows one to solve (B.4]). The form of the function

k in Lemma [5.1] was originally found by Segur [21].

Lemma 5.1 ([12, Lemma 3.1]). (a) Let F € L*(R) N C1(R) be a real-valued func-
tion. The function G € L*>(R) N C?*(R) defined by

G@)—%;m(um/?%F+%@yéwmﬁ,

where

(5.6) k(y) = e*™ (1 + 1sech2 (i) + iv/2tanh (i))
2 V2 V2

and k is the complex conjugate of k, satisfies

(—L+6)G =F.
(b) Assume in addition that F € S(R), the class of Schwartz functions. Then
GeSR) «— (kF)=0.

Since k(—y) = k(y), if F is odd then G is odd as well, and the orthogonality
condition in Lemma [5JI(b) reduces to (Im &, F') = 0.
In our case, we would like to find h solving

(57) Lch=4h = (0F + a0+ )0/ ),
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and let § = ph. The constant ag is defined by
(WF + ') /p. Im(k))
(W' f/p,Im(k))
From [12], we have (¢’ f,Im(k)) ~ —0.327. From our Theorem [B.I] we have

F(y) = F@) S 8e W20 [P (y) = f ()] S de /Y2,
which imply (¢’ f/p,Im(k)) < —0.3 for § sufficiently small. (Recall ||[p—1||z~ < 6.)
We also claim that |a — ag| < 6, where a is defined by ([@h]). Indeed, we have
. a(y'(f/p — ), Im(k)) + <(1/J£f'/p — )+ 3¢'(f/p— f), Im(k))
’ (47 /p, Im(k)) ’

so that |a — ao| < C(||f/p — fllL= + [If'/p — f|) S 6. We conclude ag > 0 for §
small enough. This allows us to solve (7)) in the following lemma.

ag .= —

a —

Lemma 5.2. There exists an odd h € S(R) solving (5.1)). Furthermore, h satisfies
R(w)] + 7 ()] < eV

and ||g — h||L~ < 8, where g is the unique solution of (5.4).

Proof. Let £ = (¢ f' + (ao + )¢’ f)/p, and define

h(y) = 11—21m (k(y) /_yoo Kl + k(y) /yoo k€> .

By Lemma 5.1 h solves Lh — 6h = £. Since /£ is odd and k(—y) = k(y), we have
that h is odd. By our choice of ag, we have (¢,Im(k)) = 0, which implies h is
a Schwartz class. In fact, the decay of f’ and f and the explicit formula for k
imply that |[h(y)| + |2/ (y)| < e ¥1/V2. Next, we set up an integral equation for the

difference between h and h, as above. If h satisfies Lxh —4pu®h = £, thenn = h—h
satisfies

(5.8) (L —4p®)n = bh' — dh + (4p* — 6)h + by’ — dn.

Recall [p? — 3| < 6. We construct a Green’s function for £ — 4u? on [0, 00) using a
modification of the function k. Let

Y=VApE -2, o & 2 37

:4M2+1’ :8u2+2’
and
k°(y) = ety <1 + 1clsech2 <i> + iczﬁtanh <i)> .
2 V2 V2

It can be checked by direct computation that £k° — 4u?k° = 0. The Wronskian
W (Re k°,Im k°) is given by the constant ¢y := (1+ 5 )(c1 +7(1+ % )). Define the
Green’s function

Gu(y, w) = {
Then the ODE (5.8)) is equivalent to the integral equation

n = / Gy w) (B — dh + (4% — 6)h)(w) dw + / " Gy w) (b — dn)(w) .
0 0

Im k°(y)Re k°(w)/co, 0<y < w,
Re k°(y)Im k°(w)/co, 0<w <y.
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The first integral on the right-hand side converges because of the decay of h, so we
can integrate by parts in the second integral and apply Lemma [2.1] using properties
of band d. As above, formula (ZI)) and the decay of G,, imply the solution 7 satisfies

[n)+ ' ()| < e~ 1v/v2_ Since 5(0) = 0, we can extend it by oddness to obtain
h = h +n, an exponentially decaying solution to Lxh — 4u%h = ¢ on the real line.
For the last claim, let £ = ¢ '+ (a+ %)’ f. Then by ([B.4)), we have (L —6)g = /.

It is clear that |¢(y) — £(y)| < de~1¥/¥2 and the relationship (£ —6)(g—h) = —¢
implies g — h can be written

() = 1) = | gt (k) [ K=+ [ "= 0)|

— 00

< k|2 /y e~ lsI/VE 4g <

Since ||h — hl|e = ||n]|z~ < 8, we conclude ||g — A~ < 6. 0
With g = ph, (5.2) simplifies to

Dlona) = Blon) = [wb@,)* + 5 [0 —ana [ Wi+l [ fa

From ||p — 1||p~ <6, it is clear that ||g — gl|z~ < ||g — hl| + |h — g|| < 6.

Since B and D are perturbations of forms that arise in the constant-speed case,
we quote the coercivity results obtained in [I2] for the unperturbed forms B and D.
We work with the following weighted norms, which will be technically convenient
in the later stages of the proof:

v1||? ::/ o,v1 |2 + v? sech<i>d7 va|? :—/vzsech<i)d,
ol s= [ (0,0 08) sech (52 ) o fuall = [ ofsect (2= ) a

and
(5.9) 07 x 2 o= lloallF + o272 -

It is also convenient to work with the auxiliary function w = (v, where ((y) =
¥’ (y) = sech (y/S\/i) It can be shown by direct computation that

(5.10) [orllay, S 10ywllz2 = 118y (Cvr) | L2;
see [12, Proposition 5.1] for the proof.
Lemma 5.3. (a) ([I2, Lemma 4.1]) Define the quadratic form

/wau /w’” /z/)HH’Q

There exists k1 > 0 such that, for any odd function v € H*,
(5.11) (0Y1)=0 = B(v) 2 #1]9,(Cv)l|7-,
where Y7 is the eigenfunction satisfying LY1 = %Yl.

(b) ([I2, Lemma 4.2]) Define the bilinear form

D, a) = —aa/wfvm /fg,

with a, f, and g as defined above. There exists ko > 0 such that for every odd
veHL,

(5.12) (0,Y1) =0 = D(v,a) > ka(a®+ ||0,(Cv)||32).
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First, we extend Lemma [3[a) in the following to the perturbed quadratic
form B.

Lemma 5.4. There exists k > 0 such that, for any odd function v; € HL,
(0. Y1), =0 = B(v1) 2 &8, (Cvr) 7.

Proof. To apply Lemma|~5_._£{|(au)7 we decompose v1 = 01+(v1, Y1)Y7, so that (91,Y7) =
0. By the definition of B, we have

B(v1) = B(91) — 3/1/)(H5K, + HHj)(9,)?
(513) + /1/)’ [(’Ul, Y1>2(8yY1)2 + 2821171 <U1,Y1>8yyl]

1
—/(Zw’”+3¢KK’> [(v1, Y1)2Y7 + 20, (01, Y1)Y1] .
From Theorem B} we have ||Y; — Yi|[z~ < 6. We conclude from (vy, Y1), = 0 and
Ip(y) =z S 9 that
(5.14) (o1, V)| < [{01, Y1 = Y1)p| + [(v1, Y1 (1 = p))| < dlJvn | e

Since |HsK' + HHj| < de=V2 and [(vy, Y1)| < Joillmy S 19,(Cur)ll2 (by the
exponential decay of Y1), we conclude from Lemma B3|(a), (513), (514), and the
decay of ¢' and Y; that

B(v1) > (ko — C8)||0, (C01) |72 — €810, (Cvr) | 7.

Finally, observe that for § sufficiently small, (5I14) implies that ||0,(¢t1)|z2 >
5110y (Cv1)|l 2. Indeed, we have 9y (Cvy) —~('3y((171) = (v1,Y7)0,(CY1), and 9, (¢Y1) is
an explicit function in L?. We conclude B(v1) > k|9, (Cv1)| 2 O

We are now ready to prove the coercivity of D.

Lemma 5.5. There exists £ > 0 such that for any odd vy € HL such that
<U17 Y71>p = 07

(5.15) D1, a) > r (o 4110, (C00)[132) -

Proof. Proceeding similarly to the proof of Lemmal5dl we write v; = 014({v1, Y1) Y7,
with |(v1, Y7)] < §. Writing

D(vr,a) = D(i1, ) + (Bwr) — B(i)) - (aoa [in-aa | w’fﬁl)

_ 1
o ([ o= [19) = [on@m+ s,
from the proof of Lemma [5.4] we have

|B(v1) = B(@1)| < dlfoallzrs

Because |f — f| < Se~1vl/v2 and |ag — a] < 6, the next term

anc / W Fon — aor / & £y

S dalvillm < 6(0® + urll)-
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Since f and g are d-close to f and g, we have

/fg—/fg’ < ba’.

Finally, the bound ([3)) clearly implies

[ v - [yt

Combining these bounds with (BI0) and Lemma [E3|(b), we obtain (BI5) for suffi-
ciently small §. |

O52

S 6””1”?‘6'

6. CONCLUSION OF THE PROOF

Let ¢ € H! x L? be odd and satisfy ||¢™"|| 112 < € for € > 0 a small number
to be chosen. Proposition A1l implies that the solution ¢ of (4] with initial data
™ exists in H! x L? and

le@ s S €
for all t € R. By the spectral decomposition of Section [ this implies
(6.1) lu)ll a2 + 0@ a2 + lur@®)llzee + lloa (@)l +|2(8)] S e
for all t € R.

The proof of Theorem [[2] relies on the following fact, whose proof closely mirrors
the proof of Proposition 5.1 in [I2].

Proposition 6.1. For z(t) = (21(¢), 22(t)) satisfying [@2)) and v(t) = (v1(t), va(t))
satisfying ([EA), one has

(6.2) (08 + oz ) e s e

Proof. With «, 8 defined as above and satisfying (@3), let y(t) = a(t)3(t). We will
prove ([G2)) as a consequence of the following three estimates:

d
(6.3) 77 = 208 = a®) = Ce(lz0)]" + [lonll 7).
d
(6.4) —= @+ T) = s+ o) — Ce(l2()] + o2z,

d y
6.5 2— [ sech | ——=
(65) dt (2\/5
where j, k, and C' are fixed positive constants, and w = vysech(y/8v/2) as above.
For (6.3]), note that

) viva > [Juz]lZs — Cz()]* + [oall),

Y =daB+af =2u(p* - a®) + R,
with R, = BF, + aF. Recalling that F, = %@(3](90% +¢3, Y1), and F5 =
—%,21 (3K¢? + ¢3, Y1), we substitute ¢, = u; + 21Y] = v; — |2|2¢ + 21Y; and use
the exponential decay of Y7 (Theorem B.]) to obtain

(6.6) [Fal + 1Fal S 121 (1217 + llnl3z ) -
Since Jal, || 5 |2, @) implies
Ryl S 14 (122 + 01132 ) S & (121 + a3 )
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To prove (6.4]), one can read off the proof of the corresponding statement in
[12, Proposition 5.1] verbatim, with K, f, and g replacing H, f, and g. In particular,
the coercivity of D(v, @) (Lemma [55) implies it is sufficient to show

(6.7) Rl < & (12O + 19,wlF + llea?s )

and use (B.10), where R 5 is given by (B.3). The estimate (6.1) relies on the expo-
nential decay of Y7 and g and is proven exactly as in [12], since the remainder R4
is formally the same as in the constant-speed case, including the error terms F,,
FB’ F17 and FQ.

We now prove ([6.3]). Replacing ¢’ with 0 = sech(%) in (B1), we have

d 1
% /01}11;2 = /9(1}% — (9yv1)? — 203) + 3 /(0” + (6b))v? — /Hbvlé‘yvl
(6.8) + 3/9(1 — K?)v? — a/ev1f+ /9(Fw2 + v Fy).

Since 6’ and 6" have the same decay as 6 as y — co, we have

1
010,002 + @K = 1)t + pondyenl) + [ 1601+ 5 [ 1671 S ol
and

@ [[ong] S 1ePllorliay 5 0+ o,
since |a| < |22 and |f(y)| < e 1¥//V2. Recalling that Fy = —qF,, (6.0) implies

(6.9) ‘ / 0F vy

To deal with the term [ @F,v1, recall the expression for Fs, written in terms of vy:
Fy == [BK((v1 = 2[*9)* + 2(v1 = |z[P @)1 Y1) + (v1 = |2°g + 21Y1)?
(3K ((v1 = [2?0)% +2(v1 — |z[P@)21 Y1) + (01 — |2[Pq + 21Y1)*, Y1), Y]
From the decay of q and Y7, it is straightforward to obtain

/ 0F2U1

With these estimates, (6.8]) implies

d 1
G [ ooz Slalty = € (1l + ).

To prove the proposition, let

IC = ﬁ’y - Z+J9)+ 20/sech (%) V1V2,

with o > 0 to be chosen. Differentiating and using ([63)), (€4), and (€3], we have
d
dt
Since a? + 3% = |z|*, we can choose o > 0 small enough and then ¢ > 0 small
enough that

S 1l (1212 + o113z ) lvallzg S & (121 + lloall3s + oali3s ) -

(6.10) S vl + 12Pllvillze + 121t < Jel* + vz, -

K
2 502+ 8% +allunlidy +ollealls ~Clote) (LI + orly ) — CellualiZ;.

d
(6.11) TR 1O+ llvallzz + ol 2 1201 + 1015 <z
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Next, straightforward integral estimates applied to the expressions for Z, 7, and ~
imply
2 4 2
KOS vz e + 20 S €7,
uniformly in ¢ € R, where the last inequality follows from (6.1)). We integrate (6.11))
on [—to, to] and send tg — oo to obtain ([G.2)). O

We are now in a position to prove our main result.

Proof of Theorem [L.2. Let

H = / ((0yv1)* + 207 + v3) sech (22/%) .

With 6(y) = sech(y/2v/2) as above, we differentiate H:

H= 2/9(8yv18yvl + 2’[}1’01 + 1.)21}2)
= 2/9[811”287;”1 + 21)2’[)1 - (EKﬂl)Ug - af’l)g + 8yF18yv1 + 2F1’Ul + FQUQ]
= —2/9’7}28yv1 + 2/9[3(1 — K?)v1v3 — afvg + buadyvy — dvyve]

+ 2/9(8yF18yv1 + 2Fyv1 + F2U2).
Note that
/9’v2(8yv1)+/9bv28y111 —/Hdvlvz < /0[(8yv1)2 + % 4 v3].

In a similar manner to (6.9) and (G.I0), one can show

[ 610, F10,01 + 2Fi01 + Fava] 311+ ol s
and we conclude
(612) 15 101+ o) By

By the orbital stability, there exists a sequence t, — oo with H(¢,) + z(t,) — 0.
Given t € R, integrate (6:12) from ¢ to t,, and pass to the limit as n — oo to obtain

HO'S [ (O + 100l ) .

Combined with (62), this implies lim; ,o H(t) = 0. By a similar argument,
lim;—,_ H(t) = 0. Note that by (6.0,

|[*

d
’a = 2faFy + BFs| S |2 (|22 + llorlids ) S 121 + Joul3s,
so we can integrate in time as above and conclude z(t) — 0 as ¢ — +oo. Since
uy = vy — g|z|?, we have limy_, o0 [[u(t)|| sr1(1)x 22(1) = O for any bounded interval
I, as desired. O
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