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CONTENT OF LOCAL COHOMOLOGY, PARAMETER IDEALS,
AND ROBUST ALGEBRAS

MELVIN HOCHSTER AND WENLIANG ZHANG

ABSTRACT. This paper continues the investigation of quasilength, of content
of local cohomology with respect to generators of the support ideal, and of ro-
bust algebras begun in joint work of Hochster and Huneke. We settle several
questions raised by Hochster and Huneke. In particular, we give a family of
examples of top local cohomology modules both in equal characteristic 0 and
in positive prime characteristic that are nonzero but have content 0. We use
the notion of a robust forcing algebra (the condition turns out to be strictly
stronger than the notion of a solid forcing algebra in, for example, equal char-
acteristic 0) to define a new closure operation on ideals. We prove that this
new notion of closure coincides with tight closure for ideals in complete local
domains of positive characteristic, which requires proving that forcing algebras
for instances of tight closure are robust, and study several related problems.
This gives, in effect, a new characterization of tight closure in complete local
domains of positive characteristic. As a byproduct, we also answer a question
of Lyubeznik in the negative.

1. INTRODUCTION

This paper continues the study of the notions of quasilength, content, and ro-
bustness initiated in [HH09] and resolves questions raised in that paper. We use
these ideas to give a new characterizaton of tight closure in equal characteristic
p > 0. The condition we use is similar to the characterization of tight closure in
[Hoc94] using solid closure, but the condition we impose on the forcing algebras
that arise is a priori stronger than being solid. The stronger condition, which is
that the forcing algebra be robust (defined briefly two paragraphs below, and with
more detail in Definition [(.9]), nonetheless gives the usual notion of tight closure
for ideals in complete local domains.

There is great interest in extending the notion of tight closure to rings of mixed
characteristic. An example of Paul Roberts [Rob94] shows that solid closure is
not the right notion, in that even in a regular local ring of dimension 3 in equal
characteristic 0, it is not true that every ideal is solidly closed. Roberts proves this
by showing that a certain forcing algebra is solid when one hopes it should not be.
Specifically, let k£ be a field of characteristic 0, let A be the formal power series ring

K[[z1, ©2, z5]], and let R = Az, 20, 23]/(9) where g = 222322 — 37 Lzixd. R

i= 4"
2,.2,..2 3 3 .3

is a generic forcing algebra over the element xizsz; and the ideal (23, z3, z3)A.
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Roberts shows that Hf’xl’mz,xs)(R) # 0, so that R is a solid A-algebra; see §il and
Definition [5.6] in particular. However, this algebra is not robust (¢f. [HH09, Exam-
ple 3.11] and Definition [(9). It remains an intriguing open question to determine
the content c of H?xl’mz’m)(}%) with respect to z1, x2, £3. The fact that g vanishes
in R implies at once that ¢ < 26/27, but so far as the authors know, ¢ might be 0.

In §2] we review the needed background concerning quasilength, content, and
robust algebras. In §3] we study quasilength and content for modules over a local
ring with respect to a system of parameters. We give some surprising examples of
the failure of additivity on direct sums. However, over an equicharacteristic local
domain of Krull dimension d, it is true that the content of the d-th local cohomology
module of a module of torsion-free rank r with respect to a system of parameters
is r. Theorem [B7] gives a more general statement.

A sequence of elements z1, ..., £q4 generating a proper ideal of a ring S is called
a Q-sequence if for every positive integer ¢, any finite filtration of S/(zt, ..., z)
with factors that are quotients of S/(z1, ..., #4)S requires at least d* factors. An
algebra S over a local ring (R, m, K) of Krull dimension d is robust if every system
of parameters z1, ..., x4 of R is a Q-sequence in S. That S is robust implies that
HZ (S) # 0. The condition that HZ (S) # 0 is equivalent to the condition that S
be solid if R is complete (cf. [Hoc94, Corollary 2.4]).

In §4] we show that there are nonzero local cohomology modules whose content
is 0 in all characteristics, at the same time answering a question raised in [HHQ9,
Example 3.14]. Specifically, let S = A[z,y,u,v] be a polynomial ring in 4 variables
over a Noetherian commutative ring A, and let R = Alzu,yv,xv + yu]. Then
H?zu,yv,zv+yu)(5) # 0, and hence S is a solid R-algebra. In [HHO09], it was asked
whether zu, yv, v + yu is a Q-sequence. It is shown here that the content with
respect to zu, yv, xv + yu is 0 in all characteristics. If zu, yv, zv + yu were a
Q-sequence, the content would be 1.

Section [l gives the definition of robust closure, and in §6 we prove that it agrees
with tight closure in complete local domains of characteristic p > 0. This is equiv-
alent to the following statement, which is one of our main results.

Theorem 1.1 (Theorem 6.)). Let R be a local ring of prime characteristic p > 0.
Suppose that I = (f1, ..., fn) is an ideal of R, that g € R, that g € IT*, the tight
closure of I, and that

h
S = R[Zl, ceey Zh}/(g_ Zfzzz)

(which is a generic forcing algebra for (R, (f1, ..., fn), g9); see Definition [B1]).
Then S is a robust R-algebra.

Section [[]discusses the relationship between being a Q-sequence and superheight.
In a Noetherian ring R, whether x1, ..., x4 is a Q-sequence is related to whether
the height of (z1, ..., 24)S becomes d in some Noetherian R-algebra S. In equal
characteristic, the latter condition is sufficient for x1, ..., z4 to be a Q-sequence.
We show, however, that it is not necessary. The examples are subtle, and the proofs
depend on difficult theorems. Our examples also answer negatively a question of
Gennady Lyubeznik (page 144 in [Lyu02]) on the vanishing of local cohomology
modules; c¢f. Proposition [[.7
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Section [§ describes some conjectures and questions that are related to the results
of this paper. In particular, it discusses several conjectures that, so far as we
know, are strictly stronger than the direct summand conjecture. While the direct
summand conjecture has now been proved by Y. André [And16bl[Andi6a] and
B. Bhatt [Bhal6] (Bhatt uses part of André’s results but gives a simpler proof as
well as a proof of a derived version suggest by de Jong), it would be desirable to
have other proofs that do not use perfectoid geometry. Moreover, the results of
André and Bhatt do not solve the problem of giving a closure operation in mixed
characteristic that has properties analogous to tight closure.

2. PRELIMINARIES

In this section we collect some basic facts about content of local cohomology
from [HH09]. We begin with the definition of quasilength.

Definition 2.1 (Quasilength). Let R be a commutative ring (not necessarily Noe-
therian), I a finitely generated ideal of R, and M an R-module.

M is defined to have finite I-quasilength if there is a finite filtration of M in
which the factors are cyclic modules killed by 1.

The I-quasilength of M, denoted by L; (M), is defined to be the minimum number
of factors in such a filtration. If M does not have finite I-quasilength, then its I-
quasilength is defined to be co.

One can check that M has finite I-quasilength if and only if M is finitely gener-
ated and is killed by a power of I and £;(M) is bounded below by the least number
of generators of M (c¢f. Proposition 1.1(a) of [HHO9]).

Assume R is a Noetherian commutative ring and M is a finitely generated R-
module. Let z1,...,z4 be elements of R and let I = (z1,...,24). We will use ¢
to denote the d-tuple of positive integers (¢1,...,tq), t + k to denote the d-tuple
(t1 +k,...,tqa+ k), and I, to denote (zf', ... ,xff). One can define

o

(LM)"™ = | (g M) 2ar (21 2a)").
k=0

If we set k = (k1,...,kq) € N?, then one also has that

(LM)'"™ = | (Lgs M) tar (257 - 2f).
keNd

As we will see (I, M)'™ is closely related to the local cohomology module H¢(M).
It is well-known that H¢(M) = lim M /LM where in the direct system the map

M/ILipg — M /I M is induced by multiplication by x]fl e xgd on the numerators.
It follows that (I, M)"™ is the kernel of the canonical map M — M/I;M — H¢(M).
Therefore

H(M) = ling M/(1,0)"™
t

in which all maps in the direct system are injective and each M/(I;M)"™ in this
direct system can be viewed as a submodule of H{(M).

Now we are in position to introduce the h-content of H¢(M) with respect to x
([HHQY, page 3177]). B
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Definition 2.2. With ¢ > s for s € N meaning that every t; > s, we define
L (M/(IM)im
b? (M) = lim inf{ (M /(I M)™)

—x $—00 tl...td

|t > s}.

The existence of Q;l (M) is guaranteed by [HHO9, Proposition 2.1]:

Lr(M/(IM
b4 (M) = lim inf{wu > ).
- S5— 00 1 td
If hZ(R) = 1, then according to [HH09, Theorem 3.8] one also has gi(R) =1; in

this case z is called a Q-sequence and H}l(R) is called robust for x.
By [HH09, Theorem 5.1], if R is a local ring and x1,...,x4 is a system of pa-
rameters, then one has Qi (M) = f);(M ). This is the reason we will mainly work

with f)i(M ) in the next section, where we are only concerned with parameters.

3. CONTENT OF LOCAL COHOMOLOGY WITH RESPECT TO PARAMETERS

Proposition 3.1. Let z1,...,z4 be elements of a commutative ring R and let
0—L—M— N — 0 be a short exact sequence of finite R-modules. Then

ha(M) < b3(L) + hi(N).

Proof. Let I = (x1,...,24) and denote (x},...,z5) by I, for all integers ¢t > 1. It
is clear that one has the following short exact sequence:

0— L/LNI,M — M/I,M — N/I,N — 0.

Hence L1 (M/I,M) < Ly (L/LNI;M)+ L;(N/I;N) by [HH09, Proposition 1.1(d)].
Since there is a natural surjection L/I; L — L/LNI;M, one has L;(L/LNILM) <
L;(L/IL) by [HH09, Proposition 1.1(d)]. Therefore,

Li(M/IM) < Li(L/1;L) + Li(N/IN).

Dividing both sides by ¢ and taking limit over ¢ — oo give us the desired inequality.

O
Proposition 3.2. Let R be a d-dimensional equicharacteristic local ring and let
Z1,...,2q € R be a system of parameters. Then
hi(R") =n

for all integers n > 1.

Proof. Tt follows directly from [HHO09, Proposition 3.4] that the condition that
hi(R”) = n is equational, and hence reduction to characteristic p > 0 is appli-

cable. Therefore, it suffices to prove h‘i(R”) = n in characteristic p > 0.

Use induction on n. When n = 1, this is precisely [HHO9, Theorem 4.7].

Assume that n > 2. The short exact sequence 0 - R — R® — R"™! — 0 and
Proposition Bl imply that h?(R™) < h%(R) +h2(R"~1). By induction, h%(R"~1) =
n — 1, and hence h%(R™) < n.

Assume that h%(R") < n. Let I = (x1,...,2z4) and denote (z%, ..., z4) by I; for
all integers ¢t > 1. By [HH0Y, Theorem 2.4] and [HH0Y, Remark 3.7], there exist an
integer ¢ = p® and a filtration

0C M, C---C M, =R"/I,R"
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of R"/I,R"™ with M;1/M; a homomorphic image of R/I and h < ng?. As a
consequence, one has

h
AR IR") < 3" A(Mjaa[M;) < hAR/T).

I
—

<
Il
o

Applying the e-th Frobenius functor to the above filtration, one has a filtration
(with a slight abuse of notation)

ocMP¢...c M? =R"/I-R"

of R"/I,»R" with M]['(ﬁ1 /Mj[q] a homomorphic image of R/I,. Consequently, one
has the following filtration of R"" /1, 2 R":

2 2
0CF C---CF,=R"/IpR",

where Fj is the direct sum of n copies of M][-q]. It is clear that Fj;./F; is a
homomorphic image of R™/I,R™ and hence

h—1

MR™ [1,2R™) < 3" MFj11/Fj) < hA(R"/I,R") < B2A(R/1).

3=0

Similarly, one can prove that
nIA(R/Ly) = AM(R" [IpR") < W'A(R/I)

for all integers [ > 1. Dividing both sides by (ng?)!, one has

ANR/Iy) h

—— = < (—)'AMR/I
7 < AR

for all integers [ > 1. Since h < ng?, it follows that

MR/I
lim 4( l/dql) =0,
l—00 q

which is absurd because lim;_, A(%ﬂf‘”) is exactly e(Iy, R) (the multiplicity of R

with respect to I,), which is positive.

Therefore, one has bz(R”) =n. O
Corollary 3.3. Let R be an equicharacteristic local ring and let x1,...,25 € R be
part of a system of parameters of R. Then

hr(R") =n

for all integers n > 1.

Proof. Use induction on n.

When n = 1, it follows from [HHO09, Proposition 1.2(a)] that b (R) < 1. Let
P be a prime ideal minimal over I = (z1,...,z,) with ht(P) = s. According to
[HHO9, Proposition 2.5], we have h}.(R) > b (Rp). But b2 (Rp) = 1 by Proposition
since x1,. ..,z is a system of parameters of Rp. Hence b (R) > 1. Therefore,

b (R) = 1.

Assume that n > 2 and b3 (R"') = n — 1. It follows from Proposition B1] that
bz (R") < n. According to [HH09, Proposition 2.5], we have b3 (R") > b3 (Rp).
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But b} (R%) = n by Proposition since x1,...,Z, is a system of parameters of
Rp. Hence b} (R™) > n. Therefore,
b (R") =n.
O

Corollary 3.4. Let R be a d-dimensional equicharacteristic local domain and let
Z1,...,2q € R be a system of parameters. Then

b (M) = rank(M)

z

for all finitely generated R-modules M.
In particular, under the same hypotheses, hg s additive; i.e., given a short exact
sequence 0 = L — M — N — 0 of finitely generated R-modules, we have

he(M) = b2(L) + hi(N).

Proof. Let I = (x1,...,24) and let T denote the torsion submodule of M. Then
dim(T") < d and hence H¢(T) = 0. By [HH09, Proposition 2.2], one has f)g(T) =0.
The short exact sequence 0 - T — M — M /T — 0 and Proposition Bl imply
that
b (M/T) < bg(M) < b3(T) + bz (M/T) = by (M/T).

Hence, we may assume that M is torsion-free. Consequently, there is a short exact
sequence 0 - M — R” — R"/M — 0 where r = rank(M) and dim(R"/M) < d
(hence f)i(Rr/M) = 0). Thus, one has

rank(M) = r = h%(R") < h3(M) + hL(R" /M) = h2(M).

Let g1,...,9- be elements in M whose images in (R\0)"'M form a basis, and
let M’ = 25:1 Rg;. Then one has a short exact sequence 0 — M’ — M —
M /M’ — 0. Since (R\0)"Y(M/M') = 0, it follows that dim(M/M’) < d and hence
b4 (M/M') = 0. By Proposition 31} one has

ha (M) < bE(M') + o2 (M/M') = h2(M).

It is clear that there is a surjection R™ — M’ and hence hg(M’) < hi(RT) =
Therefore, f);(M) < r. This finishes the proof. |

From Corollary B4l one may expect quasilength to be additive under the same
hypotheses as well. However, quasilength does not respect direct sum even when
R is a DVR, as shown in the following example.

Example 3.5. Let R = k[[2]], let I = (2?), let M = R/(2%), and let N = R/(x) =
k. Then it is easy to see that L;r(N) = 1. Since M is not killed by I, one has
L1(M) > 2; on the other hand, one has an I-filtration

0CM =R-2>C My=M,

hence L7 (M) = 2.

We will prove that £;(M @ N) = 2 # 3 by constructing a filtration of M & N
with only 2 factors that are homomorphic images of R/I (a priori, L;(M & N) >
max{L;(M),L;(N)} =2).
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Let Ly = R- (x,1) and Ly = R+ (x,1) + R - (1,1). It is easy to check that
(1) ILy = 0;
(2) ILy C Ly and Lo/L4 is cyclic;
(3) Ly=M @ N.
Therefore
0CLiCLy=M®N
is the desired filtration.

When R is not a domain, we can’t expect hg to be additive.

Example 3.6. Let R = k[[u, v]]/(uv) where u and v are indeterminates over a field
k. Set x = u+ v. Then z is a system of parameters of R (dim(R) = 1). Since R is
reduced and has only two minimal prime ideals (u) and (v), we have a short exact
sequence

0— R— R/(u)®R/(v) = R/(u,v) — 0.
It is clear that h;(R/(u,v)) = 0. As a consequence of Proposition B we have
ba(R/(u) ® R/(v)) < hL(R) = 1. But, it is easy to check that

by (R/(u) = by(R/(v) =1,

and hence
1=b3(R/(u) @ R/(v)) # by(R/(u)) + by(R/(v)) = 2.

This example suggests that bg(R) should not exceed bg(R/ P) for all minimal
prime ideals P. The precise formula is given in the following theorem.

Theorem 3.7. Let R be a d-dimensional equicharacteristic local ring and suppose
that ©1,...,24 is a system of parameters of R. Let Ming(R) denote the set of
minimal prime ideals P of R with dim(R/P) = d. Then for all finitely generated
R-modules M,

b (M) = max{rankp/p(M/PM)|P € Ming(R)}.

z

Proof. If dim(M) < d, then Hé)(M) = 0, and hence bg(M) = 0. It is clear
that rankp,p(M/PM) = 0 for all P € Min(R). Thus, the theorem is true when
dim(M) < d.

Assume that dim(M) = d. Let N be the largest submodule of M with dimen-
sion smaller than d. The short exact sequence 0 - N — M — M/N — 0 and
Proposition Bl imply that h%(M) = h%(M/N). Hence, we may assume that M is
of pure dimension d. Since M is naturally an R/ Anng(M)-module, replacing R
by R/ Anng (M), we may assume that M is faithful (consequently R is also of pure
dimension d). Let P be a minimal prime ideal of R and let y; denote the image of
z; in R/P. Then by [HHO09, Proposition 2.5], h2(M) > b (M/PM); the latter is
rankg,p(M/PM) by Corollary 3.4l Therefore, -

b (M) > max{rankg,p(M/PM)|P € Ming(R)}.

z

Without loss of generality, we may assume that Ming(R) C Supp(M). For each
P € Mingy(R), we have a filtration

0C L(P)1 & C L(P)rankg, p(m/Pr) = Mp
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with L(P);1/L(P); = Rp/PRp(= (R/P)\{0})"'R/P). Set
h = max{rankg,p(M/PM)|P € Miny(R)}
and extend the above filtration trivially (if necessary) as follows:
0C L(P)1 & C L(P)ranky, p(/prry = -+ = L(P)p = Mp.
Let L;j = @ penting(r) L(P);- Then we have a filtration
(3.7.1) 0CLiGCCLin= € Mp
PEMing(R)

with Lj41/L; a homomorphic image of @ peygin, (r) FP-

Let W = R\Upewmingr) - It is clear that W-IR = @D penting (r) P and
WM = @D penting (ry Mp (since W~LR is artinian). Thus, the filtration (B.7.1])
gives us a filtration of W~1M with each factor a homomorphic image of W~!R,
which in turn gives us a filtration of M,

0GC M &G My, =M,

such that there is a surjection W—'R — W~1(M;,/M;) for each j.

Let g be an element of M;1/M; whose image in W~!(M;;1/M;) generates
WY (Mj41/M;). Then we have a short exact sequence 0 — Rg — M;1/M; —
(Mj41/M;)/Rg — 0. Since W1Rg = W~1(M;1/M,), we have

WH((Mj11/M;)/Rg) = 0.

Thus, dim((M;4+1/M;)/Rg) < d and hence hg((MjH/Mj)/Rg) = 0. It follows
from Proposition B.1] that

be (Mj41/M;) < b3 (Rg) + b3 ((Mj41/M;)/Rg) = b3(Rg) <

Furthermore, as a consequence of Proposition 3.1l we have
) < Z f)i M;ji1/Mj) < h = max{rankg,p(M/PM)|P € Ming(R)},

which finishes the proof. O

Recall that if M is a finitely generated module over a local ring R, then a system
of parameters of M is a sequence of d = dim(M) elements 1, ..., x4 in R such that
dim(M/(z1,...,zq)M) = 0.

Corollary 3.8. Let R be an equicharacteristic local ring and let M be a finite R-
module of dimension d. Let Ming(M) denote the set of prime ideals P minimal
over Anng(M) with dim(R/P) = dim(M). Then for any system of parameters
T1,...,2q9 of M,

b2 (M) = max{rankp,p(M/PM)|P € Min(M)}.

Proof. Tt is clear that M is naturally an R/ Anng(M)-module. By the remark on
page 3179 in [HHO9], we may replace R by R/ Anng (M) and assume that z1, ..., x4
is also a system of parameters of R. Then Theorem [3.7] finishes the proof. O
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4. A NONZERO LOCAL COHOMOLOGY MODULE WHOSE CONTENT IS 0

Let R = Alx,y,u,v], where A is any reduced Noetherian commutative ring.
Let P = (z,y), Q = (u,v), and I = (x1,x2,23), where 1 = au, o = yv, and
x3 = v + yu. Then one can check that J = P N Q is the radical of I. It is left
open in [HHO9, Example 3.14] whether 1, 22, 3 forms a Q-sequence when A = k
is a field. Our goal in this section is to prove that
b (R) = b3(R) =0

no matter what A is, and consequently that x is not a Q-sequence for any choice
of A. To the best of our knowledge, this is the first example of a nonzero local
cohomology module whose content is 0.

We begin with an easy comparison between the ideals I; = (x}, %, x%) and
I = (@}, ab,att +ytud)

Proposition 4.1. We have
(1) (zv)?, (yu)* €1,
(2) I4t g Ié;
(3) I1g C I
Proof. (1) It is clear that we have

(zv)? = 22 —yuas — 2129 € I and  (yu)? = 23 — zvws — w120 € 1.

(2) Tt suffices to show that z3! € I]. It is easy to see that (zv)?, (yu)? € IJ.

Since 23! is a linear combination of (zv)!(yu)* =% in which at least either i > 2¢ or

4t — i > 2t, we have that zi’ € I.
(3) Tt suffices to show that (zv)'?* + (yu)'?' € I,. First we note that I3 C I,
since [ is generated by 3 elements. Consequently,

(z0)% = ((zv)*)* € I*' C I.
And similarly, (yu)® € I;. Now we have
(z0)"" + (yu)'?" = (20 + yu) ' — (20)% o — (yu)¥B,
for some «, 3 € R. Hence, (zv)'?! + (yu)'?' € I,. O

We ought to remark that the subscripts 4t and 12¢ in Proposition [1}(2) and (3),
respectively, are not optimal.

Let T be a commutative Noetherian ring and let a = (a1,...,a;) and b =
(b1,...,b;) be ideals of R. Let H'(a) (respectively, H*(b)) denote the (¢t — i)-th
homology of the Koszul complex associated to aq, ..., a; (respectively, to by,...,b:).

We recall the following result from [SV86].

Lemma 4.2 (Lemma 1.5 in [SV86]). Let T,a,b, H'(a), H'(b) be as above. Ifa C b,
then we have t + 1 commutative diagrams:

H'(b) — H'(a)

|

H(T) — H(T)
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As a consequence of this lemma, one can see that the map R/a — HL(R) is
canonical in the sense that if (a1,...,a¢) = (o;)(b1,...,b) for a matrix (oy;) with
a;; €T (i.e.,a Cb) and \/a = /b, then we have a commutative diagram

det(aij)

R/b R/a
\ /
Hy(R)

Theorem 4.3. Let R,I,J,P,Q,x be as above. Then hi(R) = ﬁi(R) =0.

(4.2.1)

Proof. 1t is clear that lim, R/I; = H}(R) = H3(R), where the last equality holds
since J is the radical of I. We also note that, by the Mayer-Vietoris sequence

> 0=Hp(R)®HY(R) — H}(R) — Hp o(R) - Hp(R)® HH(R) =0 — -+ -,

we have H3(R) = H(, .,
teN.

Since every element of H2(R) is killed by m; for some suitable ¢, we know that
the image of R/(xu,yv,zv + yu) in H}(R) = H}(R) = Hy(R) is killed by m, for
some ¢ € N.

Let F; : R — R be the endomorphism that sends x (y,u, v, respectively) to z*
(yt,ut, vt respectively) and is the identity on A. Applying F; to the map

R/(zu,yv, zv + yu) — Hy(R),

we see that the image of R/I] in Hy, (R) = Hp(R) is killed by mc;.
Since we always have a surjection R/P.; — R/(P. + Q) = R/ me, we have
that

y(R). Let m = (z,y,u,v) and my = (xt, yt, ut,vt) for

‘CJ(R/ mct) é E](R/Pct)
Moreover we have that
L;(R/P.;) < Lp(R/P.;) = *t?
since J C P. Therefore, we have that
Li(R/my) < A2,
and hence
L;(Im(R/I] — HA(R))) < *t2.

Since Iy, C I;, there is a surjection Im(R/I{5, — HX(R)) — Im(R/I; — Hax(R)).
Hence

L;(Im(R/I; — Hy(R)))

IN

L;(Im(R/I; — Hy(R)))
L;(Im(R/ 5, — Hy(R)))
c2(12t)% = 144c%t%,

IN A

where the first inequality holds since I C J.
As discussed in §2 Im(R/I; — H3}(R) = H2X(R)) is isomorphic to R/(I;)"™.
Therefore,
. 144c%t?
b’ (R) < lim —— =0

=T ~ t—oo t
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To finish the proof of our theorem, we will show that f)z(R) is also O ie., we will
prove that

lim inf{ —ﬁI(R/It)
t—00 3

For any s > ¢, we have that

((Iu)t+s7 (yv)tJrs7 l,tJrsUtJrs + yt+sut+s)

}=0.

(acu)s 0 _ysus—tvt
= ((zw)’, (yv)', 2" + y'u’) 0 (yv)s  —zSulos?
O O 308 +ysus

Hence by the commutative diagram (21)), we have that Im(R/I] — H3}(R)) is
Hy, the cyclic module generated by the image of (zu)®(yv)*(z*v® 4+ y*u®) in H3(R)
through R/I/ , — H}(R). For s > 0, one has that H; is isomorphic to H},, the
submodule of R/I], generated by (zu)®(yv)®(z*v® + y*u®). Therefore, we have

Ly(H.,,)=L;(H)=L;Im(R/I; = H}(R))) < *t*.

S

Next we want to get an upper bound for the quasilength of
R/(Iyy, (zu)* (yo)* (a0 + y'u’)) & —==

More precisely, we wish to show that
LR/ (I, (zu)* (yo)* (z°0° + y°u®))) < (¢ +5)° — 7.

To this end we will construct an I-filtration of R/(I._,, (zu)*(yv)*(z*v*® + y*u®))
with (s +t)3 — ¢ factors. First we linearly order the elements in

S = {(zu)* (yv)2 (z%v* + y=u®)|0 < e1,e3,e3 <t +s—1}
as follows: we set

() (o) (20 + you®) = (au) S (yo) 2 (50 4 yHuh)

ife; +ex >e€) +e),ore +ex=c¢) +6)and e > ef, ore; = ¢} and ex = €}
and e3 > ef. Now we remove all elements (zu)®(yv)©2 (230 + y*3uc) with
e1,ez,e3 > s from S. Hence according to our order, the remaining (t + 5)3 — ¢3
elements can be listed as

(4'3‘1) (xu)tJrsfl(yv)tJrsfl(xv 4 yu)sfl, (xu)tJrsfl(yv)tJrsfl(xv + yu)sz’ e

Let M), be the submodule of R/(I; , (xu)*(yv)*(x°v® + y*u®)) generated by the
first h elements in ([@31]). To see that the M}, give an I-filtration of

R/ (Igys, (wu)*(yv)* (2°0" + y*u)),

it suffices to see that My C My _;. It is clear that (zu, yv) M}, C Mp_1. It remains
to prove that (zv + yu)My, C Mj_;. Let

gle1, ez, e3) = (zu) (yv) (v + y=u®).
Assume that g(eq,ez2,e3) € Mp\Mp_1. If e5 = 0, then it is clear that
(JI’U + yu)g(el> €2, 0) = 9(617 €2, 1) S thl-

INote that Qi (R) = 0 already implies that z1,z2,23 do not form a Q-sequence in R by
[HHO9, Theorem 3.8].
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If0<e3 <s—1,then
(zv + yu)g(er, e, €3)
= () (o) (2Lt e () (o) (zuyiut + yuz©ioe?)
= gler,ea,e3 + 1) + (zu) T (yo) 2Ty Tyt 4 gty =) € My .

When e3 = s — 1, a similar calculation shows that

(zv +yu)g(er, 2,5 — 1) = gler, €2, 8) + (wu) T (yo) = (y° 202 + 2720 72)
= g(e1,62,s) +g(€1 +1l,e04+1,5— 2)

When e, e3 > s, we know that g(e1, ez, s) = 0in R/(I} ., (zu)®(yv)* (z°v® +y°u®)).

When one of e; and es is less than s, we have that g(e1,e2,s) € Mp_1. And it is

clear that g(eq + 1,e2 + 1,8 — 2) € My, _1. Hence (zv + yu)g(ey, e, s — 1) € My, _;.

This finishes the proof that £7(R/(I, ., (zu)®(yv)* (250 + y*u®))) < (t + s)® — 3
By the short exact sequence

0— H, ,— R/I_, — R/(I,, (zu)®(yv)*(x°v® + y°u®)) — 0,

we have that

Lr(R/T ) < Li(Hip)+L1(R/ Ty, (2u)* (yo)® (a0 +y°u®))) < 2 4(s+1)° 1.

Therefore, for n > 0, we have L;(R/I!) < n3. We may choose such an integer n

that is divisible by 12, i.e., n = 12ny. We can write £;(R/I}) = en® with 0 < e < 1.

After applying F,, repeatedly, we have that L;(R/I,) < e'n3!. Now according to

Proposition 4I)(3), we have

;C[(R/Imzflné) < EI(R/IiQLnlo) = ;C](R/I;l) < eln3l

and hence

EI(R/Ilzlflng) < elndl
@y 2

b3 (R) <

for all [ > 1. Therefore,

_ 3.1
3—126

5. ROBUST CLOSURE

Definition 5.1. We beginning by recalling the definitions of forcing algebras and
generic forcing algebras for a triple (M, N,u) ([Hoc94l 4.3]) where N C M are
finitely generated modules over a Noetherian ring R and u is an element of M. An
R-algebra S is called a forcing algebra for the triple (M, N,u) if the image 1 ® u
of uin S®pr M is in Im(S ®r N — S ®@r M). Let R’ BN M/N — 0
be a finite presentation of M/N, where A = (a;;) is an o X § matrix over R.
Let r = (r1,...,74) € R* represent & € R*/Im(A) = M/N. Let Zi,...,Zs be
indeterminates over R. Then
R[Zy,...,Zgs]

(Ti—Z?=1aiij 01 SZSOZ)

is called a generic forcing algebra for the triple (M, N, u) for the data A, r. It is clear
that the image 1®u of u in S®g M is contained in In(S®gr N — S®gr M). Given
any other forcing algebra S’ for the triple (M, N, u), there is a ring homomorphism
S — S’; this justifies the word ‘generic’.
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Remark 5.2. Tt is important to note that a forcing algebra (respectively, a generic
forcing algebra) for (M, N, u) is the same as a forcing algebra (respectively, a generic
forcing algebra) for (M/N,0,%), where @ is the image of u in M/N.

Note also that if S is a forcing algebra for (M, N,u) and S — T is an R-algebra
homomorphism, then T is also a forcing algebra for (M, N, u).

Furthermore, note that if N € N’ C M C M’ are finitely generated R-modules
and u € M, then a forcing algebra for (M, N, u) is a forcing algebra for (M', N’ u),
since we have an R-linear map M /N — M’/N’ that sends the image of u in the
first module to the image of u in the second module. The case where M = M’ and
the case where N = N’ are of particular interest.

The following proposition ([Hoc94, Proposition 4.6]) will be useful to us.

Proposition 5.3. If R is a Noetherian ring, N C M are finitely generated R-
modules, u € M, and S, T are two generic forcing algebras for (M, N, u) for possibly
different data, then there are finite sets of indeterminates Y, Z such that S[Y] =
T[Z) as R-algebras.

For any Noetherian ring R, following [Hoc94, 3.1], we refer to the R-algebra
obtained by completing R localized at a maximal ideal and then killing a minimal
prime as a complete local domain of R. Note that if R is local and p is a minimal
prime of R, then every minimal prime of p R is a minimal prime of (0) in R lying
over p. (If a ¢ p it is a nonzerodivisor on R/ p and, hence, of the flat (R/ p)-algebra
}A{/p R. Thus q lies over p. Moreover, we can choose a € R — p such that ap™ =0
for some integer n > 1. When we localize at ¢, p therefore becomes nilpotent,
and g becomes nilpotent modulo p}A%) It follows that the set of complete local
domains D of the local ring R is the same as the set of complete local domains
of the R/p for p a minimal prime of R: the map R — R — D factors uniquely
R—R—R/pR — ﬁ/ q = D, where q is a minimal prime both of p R and of (0)
in R.

Next we collect the definition and some basic facts of solid closure.

Definition 5.4 (Definition 1.1 in [Hoc94]). If R is a domain, we shall say that an
R-module M is solid if Hompg(M, R) # 0. We shall say that an R-algebra S is solid
if it is solid as an R-module.

Remark 5.5. S is solid as an R-algebra if and only if there is an R-module map
6 : S — R such that 6(1) # 0. (If (sg) # 0, one may replace 6 by 6’ where 0'(s) :=
0(s0s).) A module-finite extension S of a Noetherian domain R is always a solid R-
algebra ([Hoc94, Proposition 2.1(i)]). If (R, m) is a complete local domain of Krull
dimension d, then an R-module is solid if and only if Hd (M) # 0 (J[Hoc94, Corollary
2.4]).

Definition 5.6 (Definition 5.1 in [Hoc94]). Let R be a Noetherian ring, let N C M
be finitely generated R-modules, and let © € M. If R is a complete local domain we
say that w is in the solid closure N* of N in M over R if there is a solid R-algebra
S such that the image 1 ® u of v in S ®g M is in Im(S ®g N — S ®r M). In
other words, u € N* if and only if (M, N,u) has a forcing algebra S that is solid
as an R-algebra. If there is a solid forcing algebra, then the generic forcing algebra
is solid.

In the general case, we say that z is in the solid closure N* of N in M over R
if for every complete local domain D of R, the image of 1 ® x in D ® g M is in the
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solid closure of In(D®gr N — BQr M) in D ® g M over B. In other words, every
complete local domain D of R has a solid D-algebra S such that the image of z in
S®@r M isinIm(S®g N - S®r M).

The following facts about solid closure will be used in what follows:

(1) Let R be a Noetherian ring and let I be an ideal of R. Then I* C I.
Moreover if I is principal, then I* = I ([Hoc94, Theorem 5.10]).

(2) If R is a Noetherian ring of positive characteristic and admits a completely
stable test element and N C M are finitely generated R-modules, then
Ny = N]\*/'[. In particular, this is true in positive characteristic if R is
reduced and essentially of finite type over an excellent semilocal ring, and,

in particular, it is true in positive characteristic for every complete local
domain ([Hoc94, Theorem 8.6)).

Recall the following definition from [Bre(03].

Definition 5.7 ([Bre03]). Let (A, m) be a d-dimensional Noetherian commutative
local ring. A paraclass in HZ(A) is the cohomology class [Il‘l ] € HL(A) where

g

T1,...,Tq is a system of parameters of A and we think of H%(A) as the quotient
of Agy...a, bY E?:l Ay, where fi =[], ;.

Let R be an A-algebra. R is called a parasolid A-algebra if the image of each
nonzero paraclass ¢ € HL(A) in HE p(R) does not vanish.

More generally, let A be a Noetherian commutative ring and let R be an A-
algebra. R is called a parasolid A-algebra if Ry, is parasolid over A, for each
maximal ideal m of A.

Remark 5.8. It is clear that a parasolid algebra over a complete local domain is
always solid from the local cohomology characterization of being solid given in
Remark 5.5l Note also that if A — R is split or even pure as a map of A-modules,
then R is parasolid over A: the condition of being split or pure is preserved by
base change to a complete local domain of A. But when (A4, m) is a complete local
domain the map of local cohomology H4(A) — HZ(R) is injective.

Definition 5.9. Let R be a complete local domain. An R-algebra S is called robust
if the image of every system of parameters for R in S forms a Q-sequence in S.

In general, for any Noetherian ring R, an R-algebra S is called robustif D ®@r A
is a robust D-algebra for every complete local domain D of R.

Note that a robust algebra S over a complete local domain (R, m) of dimension
d is solid, since even the fact that one system of parameters x = x1, ..., Tq is
a Q-sequence on S implies that H(dx)(S) = H2(S) # 0. We make the following

conjecture:

Conjecture 5.10. Every system of parameters for every local ring is a Q-sequence.
Hence, every Noetherian ring is robust as an algebra over itself.

The issue for Noetherian rings of Krull dimension at most d reduces to the case
of complete local domains of Krull dimension at most d, where it is equivalent to
asking whether every system of parameters is a Q-sequence. One may pass to the
normalization of the complete local domain. The results of Hochster and Huneke
[HHO9] show that this conjecture is true in equal characteristic ([HH09, Theorem
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4.1]) and in dimension at most 2 (the normalized complete local domain is Cohen-
Macaulay and one may apply [HH09, Proposition 1.2(c)]). Hence, by the results of
Hochster and Huneke we have:

Theorem 5.11. Let R be a Noetherian ring such that R,.q contains a field or such
that R is of Krull dimension at most 2. Then R is robust.

The difficult result on the vanishing of content in §4 enables us to show that
parasolid algebras are not, in general, robust. In the example given in the result
below, A — R is actually split as a map of A-modules.

Theorem 5.12. Let R = Cl[z,y,u,v]] and A = C[lzu,yv,zv + yu]]. Then R is a
parasolid A-algebra; in fact A — R splits as a map of A-modules, but R is not a
robust A-algebra.

Proof. Let B = Cl[[zu, xv, yu, yv]]. Then it is easy to see that B is Cohen-Macaulay
and zu, yv, xv + yu is a system of parameters of B. Therefore B is a free A-module
and hence the natural inclusion A < B splits (over A). On the other hand, B is
the invariant subring of R under the C*-action given by
1
cox = cuw, coy = cy, cou = —u, cov=-v
c c
for each ¢ € C*. Hence B < R splits (over B). Therefore A — R splits (over A),
and consequently R is a parasolid A-algebra by Remark 5.8
However, from §4] we know that R is not a robust A-algebra. (]

Definition 5.13. Let (R, m) be a complete local domain and let N C M be finitely
generated R-modules. Let N5 (or NP, if M is not clear from context) denote the
submodule of M generated by N and all elements v € M such that a generic forcing
S for the triple (M, N,u) is a robust R-algebra. (It is equivalent to saying that
there exists a forcing algebra for (M, N, u) that is robust.) We refer to NP as the
immediate robust closure of N in M. Let NU" be defined recursively by NO° = N
and NO'"" = (NO")O. The robust closure of N in M is defined to be U, NP,

denoted by N™or N™;. Note that since the sequence N&’ is clearly nondecreasing
as j increases and M is Noetherian, we have that N™ = NO’ for all j > 0.

In general, for any Noetherian ring R and finitely generated R-modules N C M,
we say an element u € M is in the robust closure of N in M if 1 ® u is contained
in Im(R'® N — D ®g M)®pg . for every complete local domain D of R.

Remark 5.14. In Definition BI3 if we use a generic forcing algebra T for (M, N, u)
for possibly different data, then whether the generic forcing algebra obtained is
robust is not affected. To see this, note that by Proposition [5.3] it suffices to prove
that a system of parameters for R forms a Q-sequence in a generic forcing algebra
S for (M, N,u) if and only if it forms a Q-sequence in the polynomial ring S[Y]
over S. This is clear because we have S-algebra homomorphisms S — S[Y] — S
whose composition is the identity, and these are also R-algebra homomorphisms.

Moreover, in defining NO (and, hence, in defining all the NO"), we may take S
to be any forcing algebra rather than a generic forcing algebra, for then we may
choose a generic forcing algebra Sy such that R — S factors R — Sy — 5, and the
fact that S is robust implies that Sy is robust.
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There are technical difficulties in working with robust closure. One is that we do
not know that Noetherian rings are robust as algebras over themselves, which was
discussed above. Here are two others. We do not know whether the tensor product
of two robust algebras over a complete local domain R is robust nor whether, if .S
is robust over R and R — R’ is a local homomorphism of complete local domains,
R' ®g S is robust over R’. But the notion is well-behaved in many other ways.

Let R be a complete local domain. We will see later that in positive characteristic
both robust closure and solid closure agree with tight closure.

For every n > 2 it is an open question in the non-Noetherian case whether regular
sequences of length n are Q-sequences, and if this is true then the same is true for
latent regular sequences. Assuming this, then according to [Hoc94, Theorem 12.5],
in characteristic 0, when dim(R) = 2, robust closure coincides with solid closure.
We do not know whether this is true.

In dimension 3 robust closure can be strictly smaller than solid closure in equal

characteristic 0. For example, in R = C[[z1, 72, x3]], one has that x3z32% €
(23,23, 23)*, using the result of [Rob94]. See also the second paragraph of Il

However, every ideal of R is its own robust closure by Theorem [5.24] below.

Proposition 5.15. If R is Noetherian and S is a robust R-algebra, then the con-
traction of IS to R is contained in I"™ for all ideals I of R.

Proof. Let u € R have image in IS. Let D be a complete local domain of R. Then
D ®g S is robust, and the image of u is in I(D ®pg S), which is the image of IS.
Hence, u is in I™ O

Proposition 5.16. If R is Noetherian and R,.q contains a field, then every module-
finite extension S of R is robust. Hence, ISNR C I™ for every ideal of R. Therefore,
if R is reduced and contains a field, IT C I™.

Proof. If m is maximal in R and R; denotes the completion of Ry, then S; = R1®S
is a module-finite extension of R;. Let P be a minimal prime of R; and let @ be a
prime of Sy lying over P;. Let D = R/P;. We need to show that D® Sy = S1/P5S1
is robust over D. But S;/PS; maps to S/Q, and R/P = D — S/Q is injective and
module-finite. Hence, any system of parameters for R/P is a system of parameters
for the equicharacteristic complete local domain S/@Q, and the result follows from
Theorem 511l The final statement is immediate from the fact that every integral
extension of R is a directed union of module-finite extensions. O

Remark 5.17. There are results for finitely generated modules corresponding to both
Proposition and Proposition If N C M and we have a homomorphism
R — S, we work with the inverse image in M of Im(S ®z N — S ®g M) under
the map M — S ®gr M (sending u — 1 ® u). That is, we think of the contracted
expansion of N as the set of u € M such that 1 ® u is in the image of S ®r N in
S®pr M.

Remark 5.18. Proposition holds for module-finite extensions of Noetherian
rings that are robust as algebras over themselves. Thus, if Conjecture is true,
Proposition will hold for all Noetherian rings. Coupled with Theorem
below, this gives a new proof of the direct summand conjecture.
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Proposition 5.19. Let R be a Noetherian ring, and let N C M and N' C M’ be
Noetherian R-modules. Then:
(a) N - N.M
(b) If u € M, then u € N"y iff u € O'M/N, where U denotes the image of
veM in M/N.
(¢) Ifue M, v € M, and there is an R-linear map M /N — M'/N’ such that
u s o, then if u € N"yr we have that w' € N'™yp. In particular, if N C
N/ Q M, then N.M g N/.]V[, and ZfN Q M Q M/, then N.]V[ g N.]V[I.

(d) (N*u)"v = N

(e) IfN/ C M, then (NﬂN/).M - N.M ON/.M

(£) (N+N)" C (N + N"™u)"y

(g) If N; € M; are Noetherian, 1 <i <n, N =, N;, and M = @, M;, then

N*®yr may be identified in the obvious way with @, N; s, -

Proof. (a). This is clear from the definition.

(b) The submodules N’/N of M/N are in a bijective correspondence with the
submodules N’ of M with N C N’, and by Remark for each element v € M, a
forcing algebra for (M, N’,v) is the same as a forcing algebra for (M /N, N'/N,7v).
Again by Remark [5.2] this remains true when we make a base change to a complete
local domain R’ of R, replacing M by R’ @ g M and N by the image of R' ®g N in
R'®gr M. We use the notation R, M, N for what we obtain after the base change.
It follows that 07" y;/n = (NP 5/)/N, and the result follows.

(c) It suffices to prove the result when N = 0 and N’ = 0 (we may replace M, M’
by M/N, M'/N"). The result then says that a linear map M — M’ takes 0", into
0"y. It suffices to prove the result after base change to a complete local domain
of R, and so we may assume that R is a complete local domain. We then need only
show that the image 0%'/[] maps into O]DWJ, for all j. We use induction on j. Again, we
may replace M and M’ by quotients, M/0% 5, and M’ /05’ yp/, respectively. Thus,
we need only consider the case j = 1 to do the inductive step. But this follows from
the fact that by the third paragraph of Remark (2] a forcing algebra for (M, 0, u)
is a forcing algebra for (M’,0,u"). The corollary statements in the second sentence
are obvious.

(d) Let u € (N"y)"yr. We must show that u € Ny, It suffices to consider the
issue after base change to a complete local domain of R. After the base change, the
image of N™ is in the robust closure of the image of N. Therefore, using part (c), it
suffices to show that (N®™y;)"y = N™y in the case of a complete local domain R.
But then N™y; = NU'j; for i sufficiently large, and so (N™y)™y = (NB'3)7,, =
NO™ 1 = N"y, as required.

Parts (e) and (f) are immediate from the second statement in part (c) (note that
N+ N' CN"y+N™y).

(g) Since N;"y, € N"); is clear from part (c), it suffices to show that if u = u; &

- @ u, € Ny, then u; € N;®y, for each i. Identify M with [], M;. The needed
fact also follows from part (c), along with the fact that the product projection
M — M; takes u to u; and N onto IN;. O

Proposition 5.20. Let R be a Noetherian ring and let N C M be finitely generated
R-modules. Let S be a Noetherian R-algebra such that every mazimal ideal 9 of
S lies over a maxzmal ideal m of R mn such a way that the contraction of every
minimal prime q of ng under 6 : R — S’gm is a minimal prime p of Rm in such
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a way that ﬁm/p — §9n/q is an isomorphsim. If u € N®, then1@u e S® M
18 1 (Im(S Qr N — S®r M))'S®RM.

In particular, the conclusion holds when S is the localization of R at one or at
finitely many mazimal ideals, the completion of Ry for a mazimal ideal m of R, or
when S is the quotient of R by a minimal prime.

Proof. The hypothesis at once implies that every complete local domain of S is a
complete local domain of R, which can be checked instead for the map R, — Son
or for the induced map of completions. This immediately yields the first conclusion.

We next consider the statement of the second paragraph. In the case of local-
ization at a finite set of maximal ideals, each localization Sgy is isomorphic to the
corresponding Ry, from which the result is obvious. If we consider R — Em, the
induced map of completions is the identity on }Aﬁm. Therefore we need only consider
the case where S = R/P for a minimal prime P of R. Then 9t = m /P for a
maximal ideal of m of R, and we can reduce to studying the local case; i.e., we may
assume that (R, m) is local and S = R/P for P minimal. Then S & R/PR and it
suffices to observe that every minimal prime q of PR is a minimal prime of R by
the discussion in the paragraph following Proposition (.31 O

Proposition 5.21. Let R be a Noetherian ring, let M denote the radical of the
ideal (0) of R, i.e., the nilradical of R, let Ryeq = R/ N, and let N C M be finitely
generated R-modules.
(a) The robust closure of the ideal (0) is the nilradical \/(0) of R. The robust
closure 0%y; of 0 in M is contained in \/@M
(b) Let Ryeq = R/\/@ Then N™y; is the inverse image of the robust closure
of I(Ryeq ®r N — Ryeq @p M) in Ryeq @r M = M/+/(0)M.
(c) An element u € M is in N®yr if and only if for every minimal prime p of R,
the image of uw in M/p M is in the robust closure of In(N/p N — M/p M)
in M/p M, computed over R/ p.

Proof. (a) First note that 91 maps to 0 in every complete local domain of R, which
shows that 9 C (0)™ If r € R is not nilpotent choose a minimal prime p of R that
does not contain r and a maximal ideal m of R that contains p. Then r ¢ p Ry,
and so r is not nilpotent in R,. It follows that the image of r is not nilpotent
in the completion of Ry, and so it is not in a minimal prime of the completion.
It therefore suffices to show that (0) is solidly closed in a complete local domain
R. This is clear because every nonzero element x in a complete local domain is
a parameter or a unit: the generic forcing algebra for (R, (0),z) is a polynomial
ring over R/zR, and R/xR is obviously not a robust R-algebra. Parts (b) and (c)
are clear from Proposition and the fact that every map R — D, where D is a
complete local domain of R, factors Ryeq — D (respectively, R/ p — D) for some
minimal prime p of R in such a way that D is a complete local domain of R,eq
(respectively, of R/ p). O

Proposition 5.22. For all ideals I of a Noetherian ring R, I®C I* C 1.

Proof. The fact that I* C I is [Hoc94, Theorem 5.10]. Thus, we only need to
show that if w € I™, then u € I'*, and it suffices to show this after base change to
a complete local domain of R, where the issue becomes showing that I5% C I*.
By induction on j this reduces to the case where j = 1, where it follows from the
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fact that a robust algebra over a complete local domain is solid; see the comment
following Definition (.91 O

Proposition 5.23. Let R be a Noetherian ring. If I is principal and every module-
finite extension of a complete local domain D of R is a robust D-algebra, then
I® = 1. In particular, if R,.q contains a field or R has dimension at most 2 and I
is principal, then I" =1.

Theorem 5.24. Let R be a reqular Noetherian ring. Then for any two finitely
generated R-modules N C M, N"; = N.

Proof. Suppose u € M is such that u € N®/\N. Localize at a maximal ideal m of
R such that u ¢ Ny, and complete. Thus, we may assume without loss of generality
that R is a complete regular local ring.

Choose N’ O N maximal in M with respect to not containing u. Then by
Proposition B.I9(d) we still have u € N’™y;. But then the image of u is in every
submodule of M/N’. We may replace M, N, and u by M/N’, 0, and the image
of w in M/N’'. Hence, we may assume that M has finite length, N = 0, and that

u generates the socle. Let z1, ..., x4 be a regular system of parameters for R.
Then the injective hull of R/ m over R is the directed union of modules of the form
R/I, where I = (2%, ..., z})R, and M is contained in R/I; for ¢ > 0. Moreover,

up to a unit factor, v must be the socle generator (x1---x4)'~! for R/I;. Tt will
therefore suffice to show that 0 = 0" /1., and for this it will suffice to show that
09 = 0. This will follow if we can show that there is no forcing algebra that is
robust for the triple (R/I;,0,v) where v is a nonzero element of R/I;. Note that
any such forcing algebra must also be a forcing algebra for (R/I;,0,u), since u is a
multiple of v in R/I;. It therefore suffices to show that the generic forcing algebra

S =R[Z, ..., Zg)/(a7 2l — Z?Zl Z;xt) is not robust over R. But this is
clear: S/(x},---, z!) will have a filtration using ideals generated by monomials in
the z; of length t — 1, and so 1, ..., 24 is not a Q-sequence in S. |

Proposition 5.25. Let R — S be a homomorphism of Noetherian rings. Suppose
that
(1) MaxSpec(S) — MaxSpec(R) is surjective and that for every mazimal ideal
m of R and every minimal prime ideal p of Ry, we have ht(m §m/p §m) >
ht(m/p).
Let N C M be finitely generated R-modules. If uw € M is such that 1 @ u is in the
robust closure of the image of S ®r N in S ®r M, then u € N"y. In particular,
for an ideal I C R, the contraction to R of (IS)" , calculated over S, is contained
in I™
The hypothesis (1) holds if S is faithfully flat over R, or if }/%; has a unique

minimal prime for every mazimal ideal m of R (i.e., if R is excellent normal) and

ht(mS) > ht(m).

Proof. We claim that for every complete local domain D = f{;/ p there is a com-
plete local domain D’ of S such that R — S — D’ factors R —+ D — D’ and that
ht(m D') = ht(m D), and we reason as follows. Note that S — S™ is flat, and that
the maximal ideals of 5™ are in bijective correspondence with the maximal ideals
of S containing m. Moreover, the completion of S at a maximal ideal containing
m is isomorphic with the completion of S™ at its corresponding maximal ideal.
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Since the expansion of the maximal ideal of D to gm /p S™ has height equal to the
dimension of D, this remains true when we localize at maximal ideal of S™ that
contains m S™ = mp S™ and complete: call the resulting complete local ring T'.
It suffices to observe that the height of a proper ideal J of T cannot drop modulo
every minimal prime of T, so that for some minimal prime q of T, D' =T/q is a
complete local domain of S with the required property.

The height condition implies that every system of parameters for D is part of a
system of parameters for D’ and, hence, that every robust D’-algebra is robust as
a D-algebra. It is then immediate that if the image of 1 ® u is in the robust closure
of the image of D' ® g N in D' ® g M, then this is also true for the image when
D replaces D': the sequence of robust D’-algebras needed to establish the required
instances of immediate robust closure over D’ consists of robust D-algebras, and
so proves the same result over D. O

6. COMPARISON WITH TIGHT CLOSURE IN POSITIVE CHARACTERISTIC

In this section, we compare robust closure with tight closure in positive charac-
teristic. In particular, we prove the following theorem.

Theorem 6.1. Let (R, m) be a d-dimensional complete local domain of character-
istic p > 0. Let I be an ideal of R, u an element of R, and S a generic forcing
algebra for (R,I,u). Then HL(S) # 0 if and only if the image of each system of
parameters for R in S forms a Q-sequence in S.

Proof. The sufficiency is clear.

Assume that HZ(S) # 0. From the local cohomology criterion for solid closure
([oc94]), we have that u € I*. And by [Hoc94, Theorem 8.6(b)] I* = I* under
our hypotheses, hence u is an element of I*; i.e., for ¢ > 0, we have cu? € 9 =
(g1,...,9%) where {g1,...,9n} is a set of generators of I. We need to prove that the
) . _ _R[Z1,..,Zn]
image of a system of parameters x1,...,xqin S = =S ZiaD)

=1
in S. Assume otherwise; then there would exist an integer gy = p® and a short

filtration of ﬁ with h < ¢ factors. This short filtration would be given by
T1 ey

S1,...,8, € S (8, = 1) satisfying

forms a Q-sequence

(z1,...,24)51 C (29°,...,29),
(ml,...,xd)iéi_,_l g (51,...,§i)—|—(J?lfo,...,xgo),l SZS h—1.

Pick and fix s; a lifting of §; in R[Zy,...,Z,]. Then there would be the following
equations:

(6.1.1)
i—1 d n
zisi =Y oujrsk+ > Bkt +%i;(w— Y Zig1), ik, Bijk,Yis € RIZ1, ..., Zn)
k=1 k=1 =1
1
where ajj; = 0. Since cu? € Il = (¢{,...,g2), we have ciu = Yo g in Ru
1

for some r; € R. After the substitution Z; = ¢ %rl; in each equation appearing in

(E1T), we set N to be the least integer such that ¢@ can clear all denominators

appearing in all equations in (GI1). Next we define ¢ : R[Z1,...,Z,] — R by
1

7 ciérla and r — r for all r € R. Set 0; = cp(si)c% € Rv for 1 < ¢ < h. Then
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we have the following equations:

d
(i—1)N N iN
(612) l’jJi =C q gp(aiﬂ)al B go(aij(i_l))di71 +ca Z (p(ﬂ”k)l'zol
k=1

Set

hN

cTale when ¢ odd and ¢ < 2h + 1,
Ti =140 when i even,

1 when i =2h +1,
and M; = R%Tl—|—'~'—|-R%Tj—1—(.’13({07...,1‘30)]%% for j =1,...,2h + 1. Then by

1
equations in (612 we have a filtration of (qu—qu)l.f as
Ty ey 4

1
M, o Mop41 B R4

%,x‘f‘), ...,z%) when j is even and it is killed by

in which = s killed by (c
(z1,...,24) when j is odd. Consequently, we have
1 1
Ri Ri Ri
90 g0\ pi < hA( R+ hn g0 g\ pt”’
(xl,...,l‘d)Rq (x1,...,24)Ra (qul""vxd)Rq

A

which is equivalent to

A

(... zdP)" — («f,...,zd)

and hence

Mamomy)  Mertan)

1 o

(qq0)? =h (qq0)?

(6.1.3)

a contradiction since h < qg, where e, (R) denotes the multiplicity of R with respect

to the ideal (z1,...,z4) and the limit of the second summand in the right hand

side in (B13) is 0 because dim(—£—) < dim(R). This completes the proof. O
(¢ 7)

The following corollary follows immediately from Theorem

Corollary 6.2. Let R be a Noetherian ring of characteristic p > 0 and assume
that R has a completely stable test element c. Then for all ideals I of R one has
IY =1T1* for all j > 1, where I; is as in Definition 513 In particular,

II — I*
for all ideals I.
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Let uw be an element of R and I be an ideal of R with a set of generators

{91,-.-,9n}. Let S = % be the generic forcing algebra. If one par-
=1

ticular system of parameters for R forms a Q-sequence S, so does every system of

parameters for R.

7. Q-SEQUENCES, SUPERHEIGHT, AND LYUBEZNIK’S QUESTION

In this section, we investigate the connections between Q-sequences and super-
height. First we recall the definition of superheight.

Definition 7.1 (Superheight). Let R be a Noetherian commutative ring and I an
ideal of R. The superheight of I, denoted by supht([l), is defined as

sup{htg(I5)|for all Noetherian R-algebras S'}.

Remark 7.2. Tt follows immediately from [HH09, Theorem 4.7] that if R contains
a field and supht((x1,...,2,)) = n, then x1,..., 2, form a Q-sequence.

Given Remark [[L2] it is natural to ask:

Question 7.3. Assume that R contains a field and «1,...,z, is a Q-sequence. Is
it true that supht((z1,...,2,)) =n?

As we will see from the examples in this section, the answer to Question [.3]
is no. We will give two examples, one in positive characteristic and the other in
characteristic 0.

. Fa(t)[z,y,2] CAs
+xyz2+a3z+y3z+ta2y?)

shown in [BMI0, Remark 4.1], the element 23y is contained in the tight closure
of (x%,y*, 2%), but not in the plus closure of (z*,y%,2%). Since the sequence z,y
is a system of parameters in A, it follows immediately from Theorem [G.1] that the

sequence x,y forms a Q-sequence in the forcing algebra

Example 7.4 (Brenner-Monsky example). Let A = €

Fg(t)[ﬁi,y, z,u,v,w]

(et wy2? + 232+ Bz 4 ta2y?, 23y3 — uxt — vyt — wzt)’

However, since 3y is not in the plus closure of (z%,3*, 2*), we claim that the
superheight of (z,y) as an ideal in R is 1 and we reason as follows. Assume that
supht((x,y)) = 2. According to a result by Koh ([Koh87, Fact (1.4)]), since R is a
finite algebra over a field, the finite superheight of (z,y) is also 2; i.e., there exists
a module-finite R-algebra R’ such that ht((x,y)R’) = 2. After localizing R’ at a
height-2 minimal prime over (z,y)R’, we may assume that the dimension of R’ is 2
and x,y is a system of parameters in R’. Since z,y is also a system of parameters
in A, we see that R’ is a module-finite A-algebra. Since x%y® € (2% y*, 2%) in R
and R’ is an R-algebra, we have 23y3 € (2%, y%, 2%) in R’. This implies that 23y3 is
in the plus closure of (%, 3%, 2%) in A, a contradiction.

Proposition 7.5. Let R = Cl[z,y, z,u,v]]/ (23 + y> + 23, 22 — ux — vy). Then the
sequence x,y is a Q-sequence, but supht((z,y)) = 1.

Proof. Tt is clear that R is the forcing algebra of the ring A = %, the ideal
I = (z,y) in A, and the element 22 in A. Now z,y is a Q-sequence in R follows
from the fact that in A the element 22 belongs to the big equational tight closure
of I (¢f. [Hoc94, Example 12.7]).
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We assume that supht((z,y)) is 2 and we seek a contradiction. Let S be a
Noetherian R-algebra in which the height of (x,y)S is 2. After localizing and
completing S at a height-2 prime ideal containing (x,y)S, we may assume that
S is a 2-dimensional complete local ring. Let T = Cl[[z,y]] be the subring of S
generated by z,y over C. Since z,y is a system of parameters of S, we know that
T is a regular local ring. Still denote the image of z in S by z. Let T/ = T[z] C S.
Since z satisfies 23 + 93 + 2% = 0 in R, it still satisfies the equation in S. Hence
there is a surjection A — T". Since A is a 2-dimensional domain and the dimension
of T" is also 2, we must have A = T’. Since A is normal, so is T’. Since in R we
have z? = ux + vy, the same equation holds in S. This implies that the element
22 in T’ is in (z,9)S N T’. Since T” is normal, 22 must be contained in (z,y) in
T' = A. However, this is impossible since 22 ¢ (x,%) in A, a contradiction. a

It turns out that Proposition can be used to give a negative answer to part
(2) of the following question raised by Gennady Lyubeznik in [Lyu02].

Question 7.6 (Page 144 in [Lyu02]). Let (R, m) be a complete local domain with
a separably closed residue field.
(1) Find necessary and sufficient conditions on I such that Hj (M) = 0 for all
integers j > dim(R) — 1 and all R-modules M.
(2) Let I be a prime ideal. Is it true that Hf(M) = 0 for all integers j >
dim(R) — 1 and all R-modules M if and only if (P + I) is not primary to
the maximal ideal for any prime ideal P of height 17

Proposition 7.7. Let R = Cllz.y.2u.v]] ; and I = (x,y,2). Then

(z3+y3+23,22—uz—vy
(1) (P +1) is not primary to the mazimal ideal of R for any prime ideal P of
height 1 and

(2) H(R) £0.
In particular, the answer to Question [[8)2) is negative.
Proof. Since we have proved that the superheight of (z,y) in the ring

Cllz,y, z,u, v]]
(23 +y3 + 23,22 —ux — vy)

is 1, it is clear that (x,y, z) + P is not m-primary for any height-1 prime ideal P of
R (otherwise, in the ring R/ P, the height of (x,y) would be 2). However, we claim

that H(szyﬁz)(R) # 0. One can either see this from the fact that in A the element
2 1

z* is contained in the solid closure of (x,y) or verify directly that the class [z—y] is

g2
not 0 in HE,  \(R). O

Remark 7.8. Note that in the ring Ry, the ideal IR is 2-generated; hence R is not
normal by Serre’s criterion (I is a height-1 prime). Or, by the Jacobian criterion,
one can see that the singular locus is actually defined by I, and hence R is not
normal. To obtain a counterexample to Question [[6]2) that is a normal domain,
we consider the normalization R’ of R. ) ,

It is straightforward to check that the fraction w = UI—ZU = % satisfies the
equation l

w —zzu+2yzv + 2 —ud + 03 =0

and hence w is integral over R. Also one can check that R’ = R[w]; i.e., R =
Cl[z,y, z,u,v,w]]/ B, where P is the ideal of C[[z,y, z,u, v, w]] generated by the
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elements 22 — zu — yv, yw + z? + U, TW — y2 — 2, 2w? + rYz + yu2 + va, and
w? — zzu + 2yzv + 2 — u® + 03, By an argument similar to the one above, we see
that in R’ we have that I+ @ is not primary to the maximal ideal for each height-1
prime Q. We claim that HZ(R’) # 0 and we reason as follows. Since z is contained

in the radical of (z,y)R’, we know that H}(M) = H(tm ) (M) for all integers ¢ and

all R’-modules M. It is clear that xw and yw are in R. Thus, (a:,y)% = 0 since
R’ = R[w)]. This implies that R'/R is (z,y)-torsion; therefore H(tz o, (R /R) =0 for

all t > 1. In particular, H{, (R'/R) = H{, (R'/R) = 0. Now the short exact
sequence 0 -+ R — R’ — R’'/R — 0 induces an exact sequence of local cohomology

modules
<o Hl,  (R'/R) — HE,  (R) — HY, (R — HZ,  (R'/R) — -+ .
Therefore, H%(R/) - H(21,y) (R') = H(Qw,y) (R) = H? (R) #0.

In Proposition[77] R is a 3-dimensional complete intersection where embdim(R)—
mdim(R/I) =2 =d — 1 and H?(R) # 0. This indicates that, without further as-
sumptions on R and I, the bound embdim(R) — mdim(R/I) < d — 1 is sharp.

8. QUESTIONS, CONJECTURES, AND RELATED PROBLEMS

In this section we have collected some questions and conjectures related to the
behavior of quasilength and content.

Conjecture 8.1. In a complete local domain R of mized characteristic, every sys-
tem of parameters is a Q-sequence (equivalently, R is robust as an R-algebra).

The conjecture above would give a new proof of the direct summand conjecture
at once (¢f. [HHO9, Remark 4.8]) but does not follow from it. So far as we know,
it does not follow even from the existence of big Cohen-Macaulay algebras.

Question 8.2. Let R be a complete local domain of mixed characteristic, and let
21, ..., q be a system of parameters. Is it true that (zq, ..., 2x)R g g1 C
((wl, ceey a?k)R) ®? That is, does robust closure have the colon-capturing property?

Question 8.3. If R — S is a local homomorphism of complete local domains and
r € I", where I C R, is the image of r in S in (I5)™ An affirmative answer gives
a form of persistence for robust closure.

Affirmative answers to these questions would imply the following conjecture,
whose statement does not refer to robust closure.

Conjecture 8.4. Let (R,m) be a d-dimensional complete local domain of mized
characteristic p. Assume that p,xo,...,xq is a system of parameters. Let R =
R/pR. Let J = (xq, ..., xz4)R, and let J, = (z2,...,2q) :r p" C R. Then for all
n>0, J,RC (JR)*.

The point is that J,, would be in J™ and this would persist when we map to
R/pR. But in R/pR, robust closure coincides with tight closure. We prove below
that Conjecture B4 suffices to give a new proof of the direct summand conjecture.
We also prove that it holds in dimension at most 3. This argument in dimension 3
needs very difficult results of Heitmann ([Hei05, Theorem 0.2]).

So far as we know, Conjecture R4 does not follow from the direct summand
conjecture.
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Theorem 8.5. Conjecture B4 implies the Monomial Conjecture (or equivalently
the Direct Summand Congecture).

Proof. Without loss of generality, we may assume that (R, m) is a complete local
domain of mixed characteristic. Assume the Monomial Conjecture does not hold in

R; i.e., there is a system of parameters p = z1, ..., x4 of R such that (xq---24)'"! €
(z%,...,2Y) for some integer ¢ > 2 (we may choose z; = p by [Hoc83, page 539]).
This will imply that there are elements rq,...,r4 such that

d
xﬁfl((:vg cen xd)t_l —rz) = anf
=2

Hence (Zg---Zq)'" € (z},...,24)* in R:= R/x1 R = R/pR, where Z; denotes the
image of z; in R, and hence, (Zy---Zq)'"' € (Z%,...,2%)* in R/y/pR. Then by the
colon-capture property of tight closure, we have 1 € (z4,...,z5)* : (To---Zq)""' C

(Za,...,Zq)" € m, a contradiction. |
Theorem 8.6. Conjecture B4l holds in dimension 3.

Proof. Let (R, m) be a 3-dimensional complete local domain of mixed characteristic.
Let p,z,y be a system of parameters of R and J, = (z,y) :g p". It suffices
to show that J,R C (JR)*, where R = R/p, for each minimal prime ideal p
of p. Assume that u € J, for some n, i.e., up™ € (x,y) for some n. Then by
[Hei05, Theorem 0.2], for any nonzero element ¢ € m and every ¢ = p® one has
¢y € (z,y)R*. This holds true after modding out p, and therefore we have in

R := R/p that ¢"/9a € (f,g)ﬁ-‘_. Then it follows from [HH9Il Theorem 3.1] that
w € (7,9)* = (JR)*. The finishes the proof. O

Question 8.7. Is it always true that Qi(R) = f);(R)? This is true in positive
characteristic as shown in [HH0Y, Theorem 3.9]. We do not even know whether the

weaker statement that if Qi (R) =0, then f)z(R) = 0 is true.

Question 8.8. Let R be regular of characteristic p > 0, and let I be a prime ideal
with x4, ..., ¥, a minimal set of generators. If h < n , is it true that b} (R) = 07

Question 8.9. Assume that
Sl:R[Y177}/7L]/(U_Z}/lgl) and SQ:R[Z17"'5Z7L]/(U_ZZZQZ)
=1 =1

satisfy h2(S1) = h%(Sz) = 1. Then do we have
ha(S1 @R S2) = 17
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