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SMOOTHING PROPERTIES OF BILINEAR OPERATORS
AND LEIBNIZ-TYPE RULES IN LEBESGUE
AND MIXED LEBESGUE SPACES

JAROD HART, RODOLFO H. TORRES, AND XINFENG WU

ABSTRACT. We prove that bilinear fractional integral operators and similar
multipliers are smoothing in the sense that they improve the regularity of
functions. We also treat bilinear singular multiplier operators which preserve
regularity and obtain several Leibniz-type rules in the context of Lebesgue and
mixed Lebesgue spaces.

1. INTRODUCTION

Let K, be an integral operator of order —v. That is, let K, be of the form
1) Kof@) = [ ke f)d,

where the kernel satisfies the estimate |k, (x,y)| < W
is easy to see that K, is smoothing, or rather improving, in the scale of Lebesgue
spaces, in the sense that it maps a Lebesgue space into another one with a larger

exponent. More precisely,

for some 0 < v < n. It

K, :LP — L1
provided 0 < 1/¢ = 1/p — v/n < 1. Under suitable additional regularity and
cancellation conditions (see, e.g., [56]), such K, is also smoothing in the Sobolev
scale. Namely,
K, : [P — W"?,

where W"P is the homogeneous Sobolev space of functions with their derivative of
order v in L (the precise definitions of all function spaces used in this article are
given in Section 2 below). This is a stronger smoothing property, since by Sobolev
embedding Wvr ¢ L4, when p and ¢ are related as above. Of course, the most
classical situation is that of the Riesz potential operators

i@ = [ e

where the constant ¢, is selected so that the Fourier transform of I, f is given by

~

LJ(©€) = eI F(©).

It is immediate that by defining D f(€) = [£]°f(£) we have for s < v,
(2) DI, =1,_,.
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Formally, the case v = 0 in () corresponds to Calderén—-Zygmund operators
which are no longer smoothing, but a slight modification of this simple calculus in
@) still holds for convolution operators. For example, for n > 1,

(3) I f = R;f,
where for j = 1,...,n, R; are the Riesz transforms in R" given by the multiplier

Ej\f(f) = —i§j|§|’1f\(§). As operators of order zero, the Riesz transforms R; are
not smoothing, but since they commute with derivatives,

(4) D*(R;f) = R;(D*f),

they preserve both Lebesgue and Sobolev spaces for 1 < p < oo.

Properly interpreted the calculus in ([2)—) extends not only to other multiplier
operators, but also beyond the convolution case to several classes of pseudodif-
ferential operators and even more general non-convolution operators of Calderén—
Zygmund-type (see, e.g., the book by Stein [53] for several results and references
to the vast literature on the subject).

In this article, we are interested in stating and proving analogous versions of
@)@ for bilinear multiplier operators, improving and extending numerous results
already in the literature on the subject, and uncovering several completely new
ones. The prototypes for our work for 0 < v < 2n will be bilinear fractional
integral operators, while for v = 0 they will be Coifman—Meyer multipliers. We
will obtain, however, results for more general operators under minimal regularity
assumptions on the multiplier which do not allow for pointwise smooth estimates
on their corresponding kernels.

The bilinear fractional integral operators are defined for 0 < v < 2n by

1
IL(f,9)(x)=C,
L)@ =C | Te—yP e —oP

)(2nﬂ,)/2 f(y)g(z) dydz.

The constant C, is chosen again so that, using the Fourier transform, we have the
representation

LUt = [ cermee a0 ddn

€17+ nl?)
More generally we can consider for 0 < v < 2n bilinear multipliers of the form
T, (f.0)@) = [ my (€ m)e " F(€)g(n) dedn,
R n
where
(5) 10F 0 mu (€ m)| S (18] + )=,

Note that we are allowing now v = 0, which corresponds to the case of the nowadays
classical Coifman-Meyer multipliers. We will actually treat multipliers where the
pointwise regularity estimates in (Bl are replaced by Hérmander-type ones using
only appropriate Sobolev space regularity.

Roughly speaking, if T, is a bilinear operator of order —v described above, we
will show that T, (f,g) has v more derivatives than f and g (hence it is smoothing
if ¥ > 0). Our main results could be interpreted by saying that

(6) DSTV(f; g) ~ TO(D57Vf, g) + TO(fv DS?Vg),

where Tj is an operator of order zero.
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In making these informal statements precise, we need to review some of the
existing literature alluded to before. Our recount is not intended to be exhaustive,
but we shall rather point out some of the results most closely related to ours. As it
will be clear from our narrative below, there is a high level of interest in the subject
and a very active community working on similar problems. Several overlapping
recent results have been obtained independently by different authors.

As already mentioned, for ¥ = 0 the operators in () are Coifman—Meyer multi-
pliers as studied by those authors in [22]-[25]. They are examples of operators
within the multilinear Calderén—Zygmund theory further developed by Christ—
Journé [19], Kenig—Stein [44], and Grafakos-Torres [40]. In particular, bilinear
Calderén—Zygmund operators are operators of the form

() K(f.g)(x) = / K(z,y,2) £ (9)g(z) dyd=

R2n
for « ¢ suppf N suppg, where the kernel satisfies the estimates

anp —2n—|a|—|8|—
(8) D2 DI DYk (z,y, 2)| < (| — y| + | — 2])~2n= el =181

for |+ B +~| <1, and such that they act as the product of functions on Lebesgue
spaces, 1.e.,
K: L x LP? — L9

L4 p% = 1 (appropriate end-point results hold, too). Other

for 1 < p1,p2 < o0, P P

examples of these operators are provided by bilinear pseudodifferential operators
of order zero. For m € R, a bilinear pseudodifferential operator of order m is given
by

~

Pu. (f0)(x) = / o (2, €, )= € F(€)G(n) dédy,

R2n
where

©) 1020207 (@, & m)| S (1+ [€] + )™ 181=11,

Bényi-Torres [1I] showed that for m = 0 these bilinear Calderén—Zygmund opera-
tors also satisfy for s > 0 and 1/p; +1/p2 = 1/q < 1 the estimate

1T° Pao (f, D) lza SN fllLes llgllLez + [ f o 1779l Loz,

where J? is the inhomogeneous derivative operator

(1)) = (L + €2 ().
Moreover, along the lines of (@), Bényi-Nahmod-Torres [I0] showed that for a
symbol of order m > 0,

(10) Pam(fag):Pbo(‘]mfvg)+P00(f’ng)

for some symbols of order zero by and ¢y, which gives then

1Pa,, (s )llLa S NI Fllelgliee + ([ fllLea [l T™ gl Lr2

for all 1 < py,p2 < oo and p% + p% = %. This idea goes back to the work of
Kato—Ponce [42]. Similar estimates for more general classes of symbols were given
by Bényi et al. [§] and [9 and Naibo [52]. Several classes of operators in the

Hormander classes BS)"s given by symbols satisfying the differential inequalities

(11) 102070 am (,€,m)| S (1 + [€] + [nl)mFell=2UAIFND
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for 0 < p,0 < 1 were considered in those works. In particular, it was shown in [52]
that the boundedness LP* x LPt — LP with 1/p; +1/ps = 1/p, 1 < p1,p2 < 00 of
an operator with symbol in a class BS]';, automatically implies its boundedness
on Besov spaces with positive smoothness and based on the same LP exponents.
It was also proved in [52] that the same result is true for any bilinear multiplier
operator mapping LP* x LP* — LP. A similar result for multipliers was obtained in
[10] in the scale of Sobolev spaces but with p > 1.

The boundedness properties of the operators I,, in the scale of Lebesgue spaces

were studied by Kenig—Stein [44]. They showed that
(12) I, : L' x LP? — LA

for 1 < p1,p2 < 00,0 < p%"'p%_% = %, and 0 < v < 2n. Bernicot et al. [12] looked
at bilinear pseudodifferential operators P,  with m < 0 and also the homogeneous
version P, , where the estimates in (@) are modified by replacing (1 + €] + |n])
with (|¢] + |n]). In particular, the operators I, (or more generally T,, satisfying
[@)) are homogeneous bilinear pseudodifferential operators of order m = —v. The

authors in [I2] showed, using a calculus similar to (I0), that

(13) 1L (f, ) lla S NP fllees llgllzee + [ f Lo (1D gl o2

if 1 <pp,ps<oo,0< L2 —izé,and0<s<2nand1/§s. We will show

P1 11_2 n
that actually

(14) ID°L(f; e S ID*" fllzes llgllee + [ F o 1D gll ez,

if 1 < p1,p2 < 00, pil—l—i =1 0<v<2n, and s > maX(O,% —n). This
is now a smoothing property on the Sobolev scale and by Sobolev embedding an

improvement of (3] for some range of the exponents. In particular,

(15) I, : [P x [P2 — W¥P

for 1 < py,p2 <o00,0< p%—l— piz = %, and maX(O,% —n) < v < 2n, improving ([I2]).

We point out that other smoothing-type estimates have been proved for the
bilinear fractional integral operators before. For example, in [I], Aimar et al. proved
that the I,, maps from products of Lebesgue spaces with appropriate indices into
certain Campanato-BM O-type spaces when p% + p% < ~. Such spaces provide
the right setting when working on spaces of homogeneous-type. More recently,
Chaffee-Hart—Oliveira [I5] showed using different methods that

(16) I, : " x [P — I,(BMO)

for certain ranges of 1 < p1,p2 < 0o and 0 < s < v satisfying p% + p% = “—=. Note

that (I5) is also an improvement of (I6) whenever v—s < n since W*» C I,(BMO)

if % = =% < 1. The results in [I5], however, apply to a larger range of exponents

and also to more general operators that we cannot cover with our techniques.
The estimate ([I4)), and hence ([T, hold for the multipliers T,,, as well,

(17) 1D* T, (f;9)[Le S ND*" fllzoallgllizes + [ f e [D*" gl Le2,

and we can allow the Coifman—-Meyer case v = 0, too. We note that after our
work was completed we received an independent preprint from Brummer—Naibo [14]
dealing with homogeneous pseudodifferential operators of different orders. Their
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results can be applied to smooth multipliers, too, obtaining estimates similar to
(I@). The techniques employed by these authors, however, are very different from
ours. They rely on smooth molecular decompositions. To some extent, they are a
bilinear counterpart of the results by Torres [55] and Grafakos—Torres [39] in the
linear case. The results in [I4] apply also to z-dependent smooth symbols, which
cannot be treated by our methods, but the multipliers we study have a very limited
amount of regularity and, as far as we know, estimates involving smooth molecular
decompositions require pointwise smoothness on the symbols.
Taking mg = 1, (7)) leads to the already known Leibniz rule

(18) ID*(f)lle S ID° fllzesliglizes + 1 fl[Lesl[D°gll Lz

This estimate also has a long history starting with works of Kato—Ponce [42] and
Christ—Weinstein [20]. The validity of the rule for the optimal range of exponents
1/2<p<ool<p1,p2<oo% +—,ands>max(05—n)orsa
positive even integer, was finally settled by Muscalu—Schlag [51] and Grafakos—
Oh [37]. We refer to [37] for previous works, additional weak-type estimates, and
counterexamples for the limitations on s. The case p; = ps = p = 0o was then
further considered by Grafakos—Maldonado—Naibo [35] and completely resolved by
Bourgain-Li [I3].

Motivated by applications in time-dependent partial differential equations, there
has also been some interest in obtaining Leibniz rules in the mixed Lebesgue spaces
LYLI(R™1). The first such result involved commutator estimates with fractional
derivatives only in the space variable x and was obtained by Kenig—Ponce—Vega [43].
Torres-Ward [57] obtained then a result with the full derivatives in all variables.
Denoting by Dj , the fractional derivatives in R"*!, it was shown in [57] that

(19) D .(f@)lleere S fllzepa HDfIQHme + 1D fllzer Lar [|gl| ez Lo

for 1 < p,q,p1,q1,p2,q2 < 0, 5 = = + p—2, 5 = qil + q%? and s > 0. Notice that
this restricts the target indices p, ¢ to be larger than 1. In this article, we adapt

the arguments in [37] to mixed Lebesgue spaces and obtain

1Df o T, (f 9) | 2o
(20) S D" flleepallgllizeapoa + | fllzes o [ DF 27 gl oo o
for 0 <v< 2(77,—'—1)7 1 < Pi,qi < 9, i = 1a25 1/p: 1/p1+1/p25 1/q = 1/q1+1/q27
and s € 2N or s > max(0, "T'fl —(n+1), ”TH — (n+1)). In particular the case
v =0 in Z0) can be used to extend ([II) to the full range 1/2 < p,q < oo for the
appropriate values of s.
We mention that other authors have considered mixed derivative variations of

@), too. When n = 1, let D3 and D; be the fractional derivatives in the respective
one-dimensional variables z and ¢. Benea-Muscalu [2] showed first that in R1*1,

| D D2 (fg)llrra
(21) < ||fHLp1 a1 H DﬂDagHLszm + || DﬁfHLpl La1 HDagHLmLQQ
+ || DS fller Lon |DY gll o2 Lo + | DY DS fllpor on gl oo Lo

for o,8 > 0, 1 < pj,q; < 00,1 < p,g < o0, L - q%—l-q%, and%z p%—l—L.
The authors also stated that the result holds in higher dimensions. In the case of
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Lebesgue spaces the analog mixed derivative version of ([I8]) was previously studied
by Muscalu et al. [50].

Using different methods, Di Plinio and Ou [27] proved some multiplier results
which implicitly allow them to extend (ZI) to the case 1/2 < p < oo provided
a > max(0, zla — 1) and ¢ > 1. Finally, we recently became aware of a new version
[3] of the work of Benea—Muscalu [2], and another preprint [4] by the same authors
treating (2I) in the full quasi-Banach space case. The combined results of [3]
and [4] allow for 1/2 < p < oo and 1/2 < ¢ < oo under the condition o, >
max(0, % -1, % —1). Moreover, in an even more recent version [5] the same authors
reduced the condition on 8 to 8 > max(0, % —-1).

We point out that ([2I) does not imply ([[9) and vice versa. Our proof of (I9)
is carried out in all dimensions n and allows also 1/2 < p,q < 1. In the context
of mixed Lebesgue spaces, the version using full derivatives faces a new technical
difficulty that forces us to consider versions of Hardy spaces in the mixed-norm
setting. This does not seem to be the case in the mixed derivative situation, where
one can iterate some vector valued estimates in = and ¢ in some computations. We
believe our arguments could be modified to give the mixed derivatives version (2I])
of Benea—Muscalu for the full range of exponents, too, but we will not carry out
such computations here.

We are able to treat multipliers T, with limited amount of regularity by apply-
ing some of the tools introduced by Tomita [54], and further developed by Fujita—
Tomita [32], Grafakos—Si [38], Grafakos-Miyachi-Tomita [36], Miyachi-Tomita [49],
and Li-Sun [46] for v = 0, and Chaffee-Torres—Wu [16] for v > 0. The techniques
for the boundedness results of multipliers (or rather paraproducts) in [27], [3], and
[] are then substantially different from ours. Once the boundedness of certain mul-
tiplier operators is established, the Leibniz rules follow by what are now familiar
arguments, which also work on mixed Lebesgue spaces. As already mentioned, we
follow the proof of the Leibniz rules in [37], which also share some features with
the ones used in [51], [3], and [4], and the ones alluded to in [27]. One common
ingredient is the important log estimate for the translated square function. The
arguments given in [37] for such estimates immediately extend to the mixed-norm
situation.

After the definitions in Section 2, all of the results involving multiplier operators
in Lebesgue spaces are presented in Section 3. Our main result there is Theorem
B3l We then extend in Section 4 the smoothing and Leibniz rule estimates for
T,,, to mixed Lebesgue spaces, proving in Theorem [£.4] the analog of Theorem B.3]
in this context. The Appendix at the end of this article has a technical estimate
involving Hardy spaces in the context of mixed norms, which appears to be new.

2. FUNCTION SPACES

Let Z(R™) denote the Schwartz class of smooth, rapidly decreasing functions,
with its standard topology, and let .#/(R™) be the topological dual of .#(R™). For a
function f € #(R™), we take for definition of the Fourier transform the expression
given by

f&) = | f@ean,
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and, as usual, extend this definition to /(R™) by duality. Let #(R™) be the
subspace of all f € ./(R™) such that

(22) f(z)x®dz =0
]Rn

for all o € Nj.

We have already defined in the introduction Ts?(f) = |§|’Sf(§) for 0 < s < m;
and Dsf F(€) = |€|5f(€) for any s > 0. These definitions certainly make sense
for any function in #’(R™). We can extend them fo all s € R in the same way,
Dsf f& =& f( ), but restricting f to #(R™) when s < —n. Note that since
in such a case f (5) vanishes to infinite order at the origin, D® now maps .#,(R™)
continuously into .#5(R™). Hence we can also extend the definition of D*® to the
dual of .7, (R™), which can be identified as the class of distributions .’ (R™) modulo
polynomials.

Fix a function ¢ € .#5(R™) whose Fourier transform is supported in 1/2 < |£| < 2
and (&) > ¢o for 3/5 < |¢] < 5/3, and for k € Z define the LittlewoodPaley
operator

Akf = ¢2_k * fa
where 1o-x(x) = 2F7)(2Fz). We will call such a function a Littlewood-Paley
function.

For 0 < p,qg < oo and s € R, we recall that the homogeneous Triebel-Lizorkin
space F;»? is the collection of all f € /(R") (modulo polynomials) such that

110 = (Z(zs’mkﬂz)w) < o0,

kEZ o

When this is taken modulo polynomials, it is a Banach space norm if 1 < p,q < oo
and a Banach quasi-norm if either p or ¢ is less than 1. Furthermore, we define
WP for s € R and 0 < p < oo to be the set of all f € .7/(R") such that D f € L?
with (quasi-)norm || D*f||r», and note that for 1 < p < oo and s € R, one has
WeP = F 52 with comparable norms. In particular, F 0.2 — [P for that range of p.

On the other hand for 0 < p < 1, FS 2 coincides Wlth the Hardy space HP. The

inhomogeneous versions of the Triebel-Lizorkin spaces are given by F;»7 = Fg’qﬂLP
for p > 1, while for 0 < p <1

Q=

1 mges = I Fllze + || Do ARf(2)])° ,

k>0
Lr

where ¢ is an appropriate Schwartz function whose Fourier transform is supported

around the origen; see for example [31].
The homogeneous Besov spaces are defined by the (quasi-)norms

£l e = (Z (2** ||Akf<x>||Lp)q> N

kEZ

while their inhomogeneous counterparts B,'? are defined via modifications analo-
gous to the ones mentioned for the Triebel-Lizorkin spaces.



8588 J. HART, R. H. TORRES, AND X. WU

For the purposes of this article, we will only consider the mixed Lebesgue spaces
LYLY(R x R™), or simply LYLI(R™*1), or LPLY(R"*!), for 0 < p,q < oo, which
for us will be defined by the (quasi-)norms

p/q p
1 fllzr s @nsry = (/ (/ |f(t,z)|? d:c) dt) .
R \JRn

We could obtain, of course, versions of our results in mixed Lebesgue spaces defined
by a different ordering of the variables, but we just consider the above one because
of the significance in applications in partial differential equations.

If ¢ has the same properties as before but in R"*! and 1 < p,q < oo, it also
holds (see [57]) that

(23) Hf||Lng(Rn+1) ~ (Z |Akf|2>

her LYLY(RrH1)

Finally, we will need a mixed-norm version of the Hardy spaces. For 0 < p,q <
o0, the mixed Hardy space HP4(R"*1) is defined to be the collection of all f €
' (R"1) (modulo polynomials) such that

I £l zrea (mt1y = (Z A1ch2> < .

keZ LY LA (Rn+1)

Clearly, by definition and @3)), HP4(R"*!) = LPLI(R™*1) whenever 1 < p,q < oo.
When either p or ¢ is less than or equal to one, there appears to be much less
known about other properties of these spaces. We do mention that a different
definition was given by Cleanthous—Georgiadis—Nielsen [2I] using non-tangential
maximal functions. They showed that their mixed Hardy spaces also coincide with
mixed Lebesgue spaces when both indices are larger than one. We do not know if
such mixed Hardy spaces coincide with the H?:4(R"*1) above for other values of p
and ¢, but it is likely. Also, a wavelet characterization of HP-? as defined above was
obtained by Georgiadis—Johnsen—Nielsen [33]. In any case, for our purposes, what
we need is the following estimate. If 0 < ¢,p < oo and f € HP¢(R"*1)N L2(R" 1),
then

(24) I fllzepa@nt1y < Cp gl fllapa@nsry.

Although the case p = ¢ is well known, we could not locate in the literature the
case p # q when either exponent is smaller than or equal to one. We find this case
to be rather non-trivial and we provide a proof in the Appendix.

=

3. BILINEAR MULTIPLIERS ON LEBESGUE SPACES

Our first result is concerned with the bilinear Fourier multipliers of the form

T (Fa)@) = [ | molon)e € Fle)gnds dn
for 0 <v < 2n, and f,g € . (R") where m, satisfies the size condition
(25) [ (&) S (€] + )~



SMOOTHING BILINEAR OPERATORS AND LEIBNIZ-TYPE RULES 8589

Note that the size condition (28] guarantees that the operators are well defined and
the integral is absolutely convergent. However, the multipliers T,,, are not a priori
bounded on Lebesgue spaces without regularity on m,,.

We will need the following auxiliary functions. Let M, (R™) be the collection of
all sequences of functions {®%},cz satisfying supp ®F C {|(¢,7)| ~ 2*} and

(26) |0 O3 23(€ )| < Cpr (€] + ) 1711,

for all (¢,7) # 0 and all multi-indices 8, € Njj, where C, s is a constant indepen-
dent of k. A typical example is {®%} := {(|¢|2 + |n]?)"/24(27F¢,27%n)}, where ¢ is
a Schwartz function supported on {|(&,7n)| ~ 1}.

The following result provides a sufficient condition for T,,, to be smoothing. In
the case v = 0 and my = 1 it is just the Leibniz rule (&) with the same range of
exponents in [37] and [51].

Theorem 3.1. Let m, be a multiplier satisfying 25) for some 0 < v < 2n, and
let 1 < p1,p2 < oo and p be such that 1/p; + 1/pa = 1/p. Suppose that

(i) for each ®, € C*°(R?*"\ {0}) satisfying 206), f € LP*, and g € LP?

1T, (9L S [ fllLe gl e,

and
(ii) for each {®k} € M, (R™), {fx} € LP*(¢2), and {gi} € LP?(¢?),

I{ T, ok (frr 9) YrezllLoery S I frtuezllLen o2y {gx rezl Loz e2)-

Then for s € 2N or s > max(0, 7 —n), and f,g € Z(R"),

(27) 1T, (Fs Dllvirsw S W llvirs—vn lgllzez + [l zox lgllyirs—vims -

The proof of Theorem Bl will actually show that to establish ([21]) we only need
to verify (i) and (ii) for finitely many particular choices of functions ®, satisfying
26) and {®*} € M, (R") and, hence, the implicit constant in (27) only depends
on those choices.

We will need the following version of the Littlewood—Paley estimate that we take
from [37].

Lemma 3.2 ([37]). Let m € Z"\{0} and ¥™(x) = (x + m) for some Schwartz
function ¥ whose Fourier transform is supported in the annulus 1/2 < |¢| < 2. Let

AR(f) = W5, « f. Then for 1 < p < oo there is a constant C = C(n,p) such that
1/2
(28) dolam(P < Cln(1 + [m))[[fllr ).
JEZ
Lp(R™)

We further note that the proof of this result in [37] is obtained, as in the classical
case, using the vector valued singular integral

Ty = [ K@ —u)f )y = { /

Rn

Uy (o — y)f(y)dy}

J

n
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as an operator from LP(R™, C) — LP(R™, ¢?) and showing that the associated ¢2-
valued kernel satisfies the Héormander integral condition

/ 1K@ —y) - K@)lleopde <3 / Wy (2 — ) — Wy (2)| da
[z|>2]y| jez |z|>2]y|

< Cln(l+ |m)).

The same of course holds if we work in R™?*!. But then, by the results in
Benedek—Calderén—Panzone [6] (see also [57]), the boundedness

T:LP(R™,C) — LP(R™, /%)
for all 1 < p < o0, also gives
T: LYLY(R™,C) — LYLL(R™, ¢?)
for all 1 < p, g < oo, and hence the bound

1/2

(29) > IArRP SIn(1+ fm|)|[ fllze Lo e
jEz
LPLY(Rn+1)
for m € Z" 1.

Proof of Theorem Bl We follow very closely the arguments in [37, Theorem 1].
Select a function ¢ € .(R™) such that supp ¢ C B(0,2), ¢(§) =1 on |¢] < 1, and

let (&) = 6(&) — $(2€) so that
Z¢ gy =1 for £ #0.

JEZ

Let also 1/1(5) Z] ljl<2 ¢(2 £).

We use a familiar paraproduct decomposition to write D*T,(f, g) as

D*Ty,, (f,9)(x)
Z/ e, (¢, )l + | D(279€) FE) D2 E)g(m)de di

7,kEZ
=3 [ e e L Geie 503 ogtide an
ez R2n
# 3 [ e, e G Fleyd e D gl dr
=~ ul
w X[ e e Geg fode o Dt de dy
3 [n]
J

= TI(DS_Vf7 g)(ﬂ?) + TQ(f7 DS_Vg)(x) + T3(f7 DS_Vg)(‘T)v
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where T; for i = 1,2,3 are defined via the bilinear symbols

m(€,m) = my (&,n) rr Zw T2 ) = m, (€, M@V (£, m).
\£| =
ng77|S i+g) _ @)
ma(&,m) = e > 6273 (27 n) = my, (€,m) @R (€,m),
JEZ
ma(&,n) = m "f?;”y's S B@TIEDE ) = ma €, MBD (€ ).
JEZ

It will be enough then to show that for i = 1,2, 3,

(30) IT:(f, e S A1 F e llglzee -

For i = 1,2, the functions 3" satisfy (28] since |£ + 1] # 0 on their support.
Hence Ty and T satisfy ([B0) by hypothesis. The same is true for T5 if s is an even
integer as in such a case o still satisfies q).

Let p € Cé’j (R’Q be a function which has slightly larger compact support than QZ

and satisfies ¥ = ¥p. By looking carefully at the support of the functions involved
in the following integral and the properties of ¢, we may write

T3(f,g)($)
=3 [ e e gtz i e
kEZ
x 92" n) (n)e"€TD"dg dy
=22 [ Gu@ T et m)ma (b, )RR 2n)(6)Fl2ke)
kEZ

~

Y ok
X P_ (n)g(2Fn)e™ ETMTag dn,

where §_,(n) = [n]=*0(n), 3:(€) = (&), and
(BOF (¢, )} = {Inl" B2 F2 )} € M.

Since c;s (27%(+)) has compact support, there exists a constant cq so that it can be
expanded in a Fourier series on a cube centered at the origin of side length ¢y and
obtain

~
~ ~

(B) @ MBEOI ) = T CheEEI™I D (),

mezZn

where the Fourier coefficients satisfy

Co,=0((1+|m|)~°™™) as |m|— oo.
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Therefore,
T5(f,9)()|
< Z 22nk / Z C;mu(2k§7 an)q)’(/3)7k(2k§7 an)ei_%l(f'i‘n)m
kEZ R2n mezn

X D) F@)_, (T2 ) € g dn’

2mi m
I /2 my (28€, 26 DBV E (ke 9y Ha (€4

mezZm kEZ

< D(OFH)D_ (gt € e g dn]

= > 1G>

mezZn kEZ

—

/ (€MD&, ) AB(F) (AR (9) ()

x 2T e dn‘

Y ICEIY O IT, qos (AP AR (9)(@)],

mezmn keZ
where . L ~
AR()(€) = e ? ™27 f(€),
Am(g)(n) = 52 ™G (2 Fn)g(n).

Let p, = min(p,1). By the LP1(¢?) x LP? (82) — LP(¢") boundedness of T @k
and Lemma [3.2] we obtain

D
S ICRIDTIT, pon (AR, A (g)) ()]
mezZm™ kEZ Lp
1/2]||P+ 1/2]|P*
S D I <ZIA}Z‘(f)|2> <Z|A‘z§‘(g)2>
mezr keZ Lo || \KEZ Lpa
S D 1P (1 + mDP (| £1Z5, llglZr
mezZm

S Nglzes

since the series > ;. |C5|P*[In(1 + m)]*P+ converges under our assumption
p«(n + s) > n. This completes the proof of Theorem B11 O

As applications, we shall prove the smoothing property of bilinear fractional
Fourier multipliers with limited regularity (including the Coifman—Meyer bilinear
fractional multipliers with that type of regularity). Let ¥ € .#(IR?") be such that

(32)  supp W C{(&n) €R¥™:1/2< (&) <2}, Y W(E/28 n/2F) =1
kEZ

for all (&,n) € R?™\ {0}.
For a function m, v > 0, and k € Z, define

mg(&,m) = 25'm(27¢, 28 n) B (€, ).
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We will consider bilinear Fourier multipliers T, with symbols m satisfying the
Sobolev regularity studied in [36]:

(33) sup ||mZ||W(r,r),2(R2n) < 00.
kez

Here W(““)’Q(RQ”) denotes the product Sobolev space consisting of all functions
h in L?(R?") satisfying

~ 1/2
[ (/ / <1+|x|2>“<1+y|2>rz|h<x,y>|2dxdy) < .

We will apply Theorem [B.1] to show that the bilinear Fourier multipliers T;,, satis-
fying ([B3) satisfy Leibniz-type rules and in particular are smoothing when v > 0.

Theorem 3.3. Suppose that m satisfies B3) for some 0 < v < 2n and n/2 <
r<n. Let n/r <p; <oo,i=1,2, and 1/p = 1/p1 + 1/pa. Then for s € 2N or
s > max(0, % —n), the bilinear multiplier with symbol m satisfies

1T (£, 9w S 89D [l 2 (1 lrevmn llgllzes + 1 fll o N llire—rins)
J

for all f,g in L (R™).

We remark again that for v = 0 this is essentially the Leibniz result in [51]
and [37] (and the work of other authors for a smaller range of exponents) which
corresponds to the multiplier m = 1, except that we allow also for multipliers with
minimal smoothness.

Corollary 3.4 ([3751]). Let 1 < p1,p2 < o0, and 1/p=1/p1 + 1/pa. Then

1F - gl S W lirswn lgllzee + 111 Loallgllyirs oz
for s € 2N or s > max(0, 2 —n) and dll f,g € S (R").

In addition, it follows from the results in [52] that the multipliers of order zero
we are considering satisfy also

[Ty (f, DBy S I pzwrllgllzes + [1fllze (g

for 1 < p1,p2 < 00, 1/2 < p < 00, 1/p = 1/p1 + 1/p2, s > max(0, % — n), and
0 < g < o0, since they are bounded from LP* x LP2 into LP by the results in [49)].

The case v > 0 of Theorem B3] gives the smoothing of the bilinear fractional
integral operators.

$,P2
Bq

Corollary 3.5. Let 0 < v < 2n and let 1 < p1,p2 < o0 and 1/p = 1/p1 + 1/pa.
Then for f,g € L (R™),

1L (Fs Do S N lirs v lgllez + [ Fllzoal1gllvps-vpn
for s € 2N or s > max(0, T —n).

The proof of Theorem [3.3] needs the following lemma.

Lemma 3.6 ([32,36]). Let R >0, r > n/2, and max{1,2} <1 < 2. Then there
exists a constant C > 0 such that

/R% 277527 (x — 1), 27 (& — y2)) f (¥1) 9 (y2)dys dy»

< Cllollywena (M| f]H)) (@) (M(1g])) M (@)
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for all j € Z,o0 € WO2(R2) with supp o C { /€2 +n]2 < R} and f,g €
(R,

Proof of Theorem B3l We need to show that m satisfies the assumptions of Theo-
rem 311

We first note that the size condition |m(&,n)| < (|€] + |n]) ™Y follows from our
hypothesis m} € W2 In fact, let

mO(ga 77) = m(f, 77)|(£7 77)|V

It suffices to verify that |mg(27¢, 29n)| is bounded uniformly in j for (£, n) satisfying
1/2 < |(&,n)] < 2. Let ¥ be a function satisfying ([B2]). Then for 1/2 < |(§,n)| < 2,

Imo(27€,27)] < Y |mo(27€,27n) W (2, 2')].

—1<i<1

We estimate the term for [ = 0 as the other ones can be treated in exactly the same
way. For 1/2 <|(&,n)] < 2,

[mo(27€,270)W(E, )| ~ 27V m(27€, 270) D (€, )|

< / (25 m(2, 29 ) 0) " (2, y) | drdy
R2n

= [ ARy

X (L |2 2)"2 (1 + [y[2) /2|27 m (2, 27 ) 0) Nz, y)|ddy

S sup [[millw .2 < 00,
keZ

Next, for a real number r, denote by |r| the greatest integer function of r. Since
W2 g a multiplication algebra, for any ®, satisfying 26) and ¥ in C§°(R?*™)
with ¥ = UV we have

1mD,) 2 = (25, 2°0), (25, 25 )W (E, 1) oy
= [Im(2%¢, 25n)@,, (27¢, 25 ) W(E, M)V (&, 1) w2
< [125m(28€, 25 ) U (€ 1) w2
X 27, (256, 20) B (€, )l
S gl 21275 @, (256, 250) 0 (€, 1) [yt oo o
S Imillw ez,

since it is easy to verify using (26) that

1275, (28, 260) W (&, m) [l s o2 S 1

It follows that T,,s, is a bilinear Fourier multiplier studied by Miyachi-Tomita
in [49], and hence the LP' x LP? — [P boundedness (with norm controlled by
supy, ||mY||wm.2). Finally, given {®%} € M, (R") set

my(€,m) = m(28¢, 26n) @k (2F¢, 2Fn)
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for k € Z. Then,
T,k (frs gr)

— /R% e EEMT (& m)®F (&) Fr ()i (n)dEdn
= /Rzn 61(§+77)ka(27k€’27k77)f’-;(£)g7€(77)d£d77

e 22kn F o mu (28 (@ — y1), 2 (2 — y2)) i (y1) g (y2) dyr dys.
R2n

Choose kg € Zy such that supp ®F C {2 %0 <[(¢,n)| < 2¥t7}. Using again
that W ()2 is a multiplication algebra and a function ¥ as before,

lmllw .2
ko+1
< 30 ImR)@ERE) TR ) e
Jj=—ko
ko+1
< Y 2RI (2B (25 )Wy 2
Jj=—ko
ko+1
S D R M@ )Wy 27 EFDRE (2 )|y 2
Jj=—ko
ko+1
Sitelgﬂmiﬂwwxz D 127D @E 2R )y g e
Jj=—ko

S sup [[mi [l 2.
kez

Applying Lemma [3.6] we obtain

34) | Ther(f9)(@)] sup [l llw .2 (M (1D () (M (g1 ()

for I € (n/r,min{2,p1,p2}). From this estimate, Cauchy—Schwarz inequality, and
the Fefferman—Stein [28] vector valued maximal estimate, we have

Z \Tmtblg(fk,gkﬂ
k

Lp
1/2 1/2
S Am (Z«Muml))”l) (Z((Mugw))?“)
k k P
1/2 L1/2
S A <Z<<M<|fk|l>>2“) <Z<<M<|gk|l>>2”>
k Lr1 k Lr2
12|11 12|V
< Am (Z«qul))?”) <Z<<M<|gk|l>>2”>
k Lpr1/l k Lr2/l

S Aml{fedlzr [{grH ez
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where A, = sup,cz [[m|[yn.2. The result follows now by applying Theorem [3.11
O

4. BILINEAR MULTIPLIER ON MIXED LEBESGUE SPACES

In this section, we show how to extend the result of the previous one to the con-
text of mixed Lebesgue spaces. We will use the following version of the Fefferman-
Stein inequality, which can be found in [29] and [45].

Lemma 4.1 ([29,45]). Let {f;} be a sequence of locally integrable functions in
R and let M be the Hardy-Littlewood mazimal operator also in R™"t'. Then for
1<p,q,r<oo,

1/r 1/r

oM SIS
J J
LrLa LrLa
The following is the version of Theorem [3.1lin LPL4(R"+1).
Theorem 4.2. Let m, be a multiplier satisfying @5) in R"*! for some 0 < v <

2(n+1), and let 1 < p1,p2,q1,q2 < 00 and p and q be such that 1/p; +1/p2 = 1/p
and 1/q1 + 1/q2 = 1/q. Suppose that

(i) for each ®, € C>(R?*"\ {0}) satisfying @8)), f € LP*LY, and g € LP2 L%
1T, @, (f; Plzrre SN ller Lo llgllLee Loz,
and
(i) for each {®F} € M,(R"), {®f} € M,(R"*'), {fi} € LPLN(£?), and
{gr} € LP2L% ()
LT, @5 (f&, 9k) brezll Lo naqery S I{feteezllien o @) {9k trezll Lro Loz e2)-
Then for s € 2N or s > max(0, ”T‘fl —(n+1), "TH —(n+1)), and f,g € S (R,

|D* T, (f, Ol LrLa@n+1y S ND* fller Loy @nt1) |9l o2 a2 @n1)
+ 121 Lar gn+2) [ D° 77 gl o2 Laz (mr+1)-
Again, as in Theorem [B.I], the implicit constant in the above estimate depends

on finitely many appropriately chosen functions {®*} € M, (R"*1).

Proof. Proceeding exactly as in Theorem Bl we can write

DTy, (f,9)(t,2)
=T (Ds_ufu g)(t> il?) + T2(f7 DS_Vg)(ta JI) + T&(fu DS_Vg) (t7 .’L')
The first two terms present no differences from before and are easily bounded. The
same is true for the third one if s is an even integer. Otherwise, we note that all

the pointwise estimates used in the proof of Theorem B.I] work in any dimension,
SO we can arrive at

IT(f )t < D (Ol DO IT, por (AR (), AP (9))(t o),

mezn+1 kEZ

where now {®{"*} € M, (R"+1);

— ~

AD(F)(€) = e 2 mpake) fle)
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and

= 2mio—k mf\ _ N
Ap(g)(m) = e P (27 n)g(n),
with ¢ and ¢ Littlewood—Paley functions in R”*!; and the coefficients C;, satisty
Cs=0((1+m)~ Y as |m|— occ.
We consider two cases. If ¢ > 1, let again p, = min(p, 1). By assumption (ii),
T, s is bounded from LP* L% (£%) x LP> [92(£?) to LP L9(£"), which together with
now ([Z9) in place of (28], yields

Px
D 1Ol YT, g+ (AP (). AL(9))
megczn+1 kEZ LrLa
P«
<| X 1| X T AF 0. A @),
mezn+1 kEZ P
Px
< Yl || I, ae s aR0. AR
mezZntt kEZ r
1/2]|P* 1/2||P
<Y e (zmw) (zmw)
mezn+1 kEZ Lp1La1 kEZ Lp2 Laz
S S0 (P (L 4 )2 (125 o 95
mezn+t
S ”f g;’lL‘ll ||g||1£22L‘12 )
since by the hypothesis on s, p.(n+1+s) > n+ 1.
If 0 < ¢ < 1, we have with (p/q)« = min(p/q,1)
a(f)«
> Gl 1T, a0 (AR (), AF(9))
meZn+1 kEZ LPLa
. 1)
<\ X ICR || Yo IT, e (AR, A9
mezn+1 kEZ LE
BTIER
4 m A m
< Y Ieal O || 1T, a0 AR AR
mezn+1 kez e
a(£)-
= > CLIT D ST, s (AR(F), AR (g))
mezn+1 kEZ LrLa
1/2 Q(%)* 1/2 Q(g)*
<Y (en (zmw) (zmmw)
meZzZn+1 kEZ Lp1La1 kEZ Lp2 Laz
s (). 2y, (). ().
< N 10T D (1 + )29 | £ T o gl E s
mgczn+1

q(2) q(2)x
5 ||fHLP(iL<11 ||g||LPq2L‘12 )
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again by the hypothesis on s because q(p/q)«(n + 1+ s) is either g(n + 1+ s) or
p(n+ 1+ s), which are both larger than n + 1. The result now follows. (]

We establish first the boundedness of bilinear multipliers of order zero with
limited smoothness in mixed Lebesgue spaces following the techniques of [54], [32],
and [36].

Theorem 4.3. Let (n+1)/2<r <n+1. Let (n+1)/r < pi,q < o0, i=1,2,
1/p=1/p1 +1/pa, and 1/q = 1/q1 + 1/qo. Suppose that m satisfies [B3) in R 1
with v = 0. Then, for all f,g € ./ (R"1),

[T (fo9)llLrre S S_UIZ)Hmj”W(T«T)v?(R"“)”fHL”qul 19l Lr2 Loz
JE

Proof. Following the arguments in, for example, [32], (4.1)-(4.13)], we can decom-
pose m as the sum of three functions

m(§,m) =mi2(§,m) +ma1(§,m) +mae2(£,1).

The arguments referred to again work in any dimension and lead to three bilinear
multiplier operators satisfying the pointwise estimates

ITmzxﬁgKtxHiicﬁanuwwwa)

1/2 1/2
X(ZM(IAk)fl)(tx)M) (ZM(IAk)gll)(tw)Q”) ;

kEeZ kEZ

|Aij2,1(fu g)(t,l‘)‘
2

S (St;plmkIme) > MA@ @) M (gl (8 )

k=—2

and

|Aij1,2 (fv g)(t,x)|

2
S@WMMQZMWMWMWWMWH
k=—2

where A; is another Littlewood-Paley operator and max{1, ) <l <2,
Choosing now max{1, 2} < | < min(p, p2, q1,¢2,2) (which is possible by

T

hypothesis), using Holder’s inequality in mixed Lebesgue spaces, Lemma [L1] and
@3), we obtain

Tomss (f, 9l Lrra S Sup I\l em 2 || fllLer Lo [|g]| Lp2 Loz -

To estimate Ty,,, and T,,, ,, however, is where, if either p < 1 or ¢ < 1, we
need to use the new estimate ([24]), which is proved in the Appendix. It follows from
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such estimate that we can still control the L? LY norm by the HP-? one. Therefore,
1/2

”Tmz,l(f’g)”L"Lq S Z|Aij2,1(fvg)|2

(a0, )

< sup [|mullwom 2 || fllLes Lo || gl ez oo -
k

LrLa

1M (1g) Y e g
LriLa1

S sup [[m [y 2
k

Similarly, we can prove
[Ty o (s 9)llrre S sup mallw el fllzes o llgllLea Loz,
and the boundedness of T;,, follows. O
We now extend Theorem [B.3] to the case of LPLI(R" 1),

Theorem 4.4. Suppose that m satisfies B3) for 0 <v <2(n+1) and (n+1)/2 <
r<n+1. Letpi,q; € ("F+,00),i=1,2,1/p=1/p1+1/ps, and 1/q = 1/q1+1/g2.

r )

Then for s € 2N 0rs>max(0,"T+1—n—1,"—+1—n—1),

q
| D* T (f, 9)l| LrLa

S sup M5 w2 (I1D°7 flles Lo gl Loz Loz + ([ fllLer Lo [ D*7 gl| o2 £a2)
JE

for all f,g € .7 (R"H1).

Proof. There is really not much to prove. We can verify that m satisfies the hy-
pothesis of Theorem .2 repeating the arguments in the proof of Theorem 3.3l That
Tne, is bounded follows now from Theorem 3] giving condition (i) in Theorem
To verify condition (ii) in such theorem, we note that the pointwise estimate
([34) still holds in R™*! and now reads

Tyar(f,9)(t,2) S je [ w2 (M (I (8 2) (M (|g]) ' (2, 2)
J
for I € (n/r,min{2, p1,p2,q1,q2}). The simple observation that

1/1
1A zrze = WAL Lo

and the rest of the arguments used before, invoking again Lemma 1] instead of
the Fefferman-Stein inequality, gives the desired result. ]

The following corollaries are immediate now.

Corollary 4.5. Let 1 < p1,p2,q1,q2 < o0, 1/p=1/p1 +1/p2, and 1/q = 1/q1 +
1/q2. Then, for s € 2N or s > max(0, ";rl — (n+ 1), ”TH —(n+1)) and all
1D*(f - @llerra S D fllzes Lo llglloes Loz + [ fller Lo | D gl Lra oz
Corollary 4.6. Let 0 < v < 2(n+ 1) and let 1 < p1,p2,q1,q2 < 00, 1/p =
1/p1 +1/p2, and 1/q = 1/q1 + 1/q2. Then for s € 2N or s > max(0, ”;1 —(n+

1), "T“ —(n+1)) and all f,g € S (R"T1),

DL (f,9)lleera SID*7Y fllerparllgllzeze Loz + || fller Lo [[D* 7 gl Loz Loz
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Remark 4.7. We note that the improvement property of I,, in the mixed Lebesgue
scale (without derivatives) is trivial. In fact,

1L (f, )llLrrs S I flles o |9l Lr2 Loz

for all 1 < p1,p2,q1,q2 < oo satisfying 1/r = 1/p1 + 1/p2 —v/(n+ 1) > 0 and
1/s=1/¢1+1/q2 —v/(n+1) > 0. This simply follows from

Iu(f7 g) (t7 iL') < IV/2|f‘(t7 .’L')IV/2|g|(t, LL'),
Holder’s inequality in mixed Lebesgue spaces, and the fact that
IIJ/2 : LPOLqO - Lpl Lq1

if 1/po—1/p1 =1/q0 — 1/q1 = v/2(n + 1) (see for example Benedek—Panzone [7]
or Moen [4§]).

Remark 4.8. Both in the results in this section and the previous one, we could have
used conditions of the form supycy ||m¥ ||y 1.r.2 < 0o for appropriate ri # ro.
We decided to use just r; = ry to simplify the presentation. Likewise, we could
have used different exponents 1 < ps3,ps < oo with 1/p3+1/ps = 1/p (and similarly
with g) for the second terms on the right-hand side of the estimates in each theorem
proved.

Remark 4.9. Under the stronger pointwise smoothness assumption (f)), it is possible
also to obtain weak-type estimates in the results if p; = 1 or po = 1 in the Lebesgue
case and also in the outside norm in the mixed Lebesgue case (though still requiring
¢1,q2 > 1). We refer the interested reader to [37] to see how the arguments there
could be adapted to the ones presented here.

5. APPENDIX

The purpose of this Appendix is to provide a proof of the following result which
we have used in Section 4.

Theorem 5.1. Let 0 < ¢,p < oo. If f € HPYR") N L2(R"Y), then f €
LPLY(R™"1) and there is a constant C,, > 0 independent of the L*(R"*1) norm
of [ such that

(35) I fllrLantry < Cp gl fllmea@nsry-

Remark 5.2. In the applications in Section 4, the multipliers T,,(f,g) are known
to be in L? whenever f,g € .(R"*!), so Theorem 1l is always applicable for our
arguments in Section 4.

To prove Theorem [5.1] we need first to adapt some arguments from the works
by Frazier—Jawerth [30,81]. The techniques therein for Besov and Triebel-Lizorkin
spaces are very powerful and versatile, and they are adaptable to many other situ-
ations. In particular, in the works of Han—Lu [41], Ding et al. [26], and others, they
are adapted to multiparameter Hardy spaces. More recently, and relevant to our
needs, some of the same decomposition techniques have been extended to spaces
based on mixed norms. For LPL? spaces with p,q > 1, this was carried out in [57]
while for general Triebel-Lizorkin spaces based on LPLY it was done in the work
[33] already mentioned in Section 2. To avoid too much repetition with this already
existing literature and for the sake of brevity, we will only summarize here some
decomposition results in our context. The arguments to establish them, though
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lengthy, are to some extent routine, or at least expected for those familiar with
the Frazier—Jawerth machinery. In addition, most of them are explicitly performed
in the already cited works. In particular, [33] conducts a meticulous analysis re-
casting many of the needed tools. It is important to point out that the crux of
the so-called @-transform decompositions of Frazier—Jawerth is to rely on pointwise
estimates involving almost orthogonality properties, the Peetre maximal functions,
and the Hardy—-Littlewood maximal functions, which hold in any number of di-
mensions and hence for functions or distributions defined now in R”*!. They are
then put together through vector valued estimates involving the Fefferman-Stein
result. In the case of mixed Lebesgue space, Lemma 1] plays the corresponding
role. Given a particular discrete decomposition stated below we do provide a full
proof of Thereom [F.Il Though our arguments are borrowed in part from the ones
in [41] and [26], some of which can in turn be traced back in the multiparameter
setting to the works of Chang—Fefferman [I7|[18], we face some new technical issues
because of the mixed norms. We focus on addressing such issues in detail.
For a Littlewood—Paley function 1 chosen so that

D lp(277€)|* =1 for all € # 0 in R™*?

JEL
Frazier—Jawerth [30L81] showed through a version of the sampling theorem that
(36) Ftm) =" > Qv = f(tg,xq) s (t — tg,x — xq),

JEL 0(Q)=2-7
where for each dyadic cube @ in R"™! with side length ¢(Q) = 277,
(tQa xQ) = (2ijk07 27jkn)v

with kg € Z and k,, € Z", is its lower left corner. Also, using the notation

WQ(QCJ) = |Q|1/2¢2*J (t - tan - xQ)a

the reproducing formula (36) takes the more wavelet-looking form

(37) f(t,z) = Z (f, "/JQ> '(/}Q(t7x)7
Q

where the sum runs over all dyadic cubes in R**1. It is known that this wavelet-
type decomposition can be used to give discrete characterizations of all function
spaces admitting Littlewood—Paley decomposition. Since we have defined H?'? via
a Littlewood—Paley square function (quasi-)norm, it is natural that one also has

1/2

I laa@neny = |[| Do D o * f(te, 7o) *xo(t @)
JELU(Q)=2"7 P
as proved in [57] for p,q > 1 and for all exponents in [33]. Incidentally, as also
proved in [33], this characterization and related result can be used as in the case
of spaces based on LP to prove that the definition of HP>? does not depend on the
choice of function .

It is also possible (and sometimes convenient) to obtain a version of the discrete
Calder6n reproducing formula ([B6]) using two generating families of functions, one
of which actually has compact support (and an arbitrarily large, but finite, number
of vanishing moments), but of course we can no longer have the samples of the
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functions 1,5 x f as coefficients. Such a discrete formula is referred to as the
generalized p-transform. We state below the equivalent formulation for spaces
based on mixed norms. We skip the details of the proof, but once again we refer
the reader to [33|411[57] for the tools to apply the Frazier—Jawerth blueprints in the
mixed-norm context.

Let ¢ € .(R"*1) be supported on B(0,2) satisfying

o(t, 2)t* P dx dt =0
Rn+1
for o € Ny and g € Nfj with |a| + |8] < M, where M is a fixed positive integer.
(Such a function exists, and a construction is given in [30, p. 783].) Further assume
that ¢(¢) > ¢ > 0 for 2 < |¢| < 2, and define now

o9t x) = Q" 2Py iin (t — tQ,r — rq)

for each dyadic cube @ C R™*! of side length 277 and with lower left corner
(tg,zq), where N < 0 is some fixed integer. The work of Frazier—Jawerth [3I, The-
orem 4.2] can be modified to construct, for | N| large enough, a family of functions
7@, indexed by dyadic cubes @, such that

(38) f(t,:l;‘) = Z<fu TQ>0Q(t7x)u

Q

where again the sum in Q is over all dyadic cubes in R”*!. The convergence of the
formula in (BY)), like the one in ([B6), holds in a very general sense but certainly in
L?(R™*1). Moreover,

(39) £l erp.ansry = 1G()l oL,

where to simplify notation we define g( f) to be the discrete Littlewood—Paley square
function given by

1/2

g ta) = | DRI {f,79) )*xalt )
Q

For clarification purposes, we point out that the numbers M and |N| which are
needed to be taken sufficiently large based on p, ¢ and the dimension, will play no
role in our arguments. We also note that while the functions 0@ are the translations
and dilations of a single function with compact support, the functions 79 are not.
We will not need to know the functions 7% explicitly for our proof. See again [31]
for their properties.

One last technical detail that will be convenient to us (see the proof of Theorem
B below) is to assume that the function ¢ used in (B8] is of the form ¢ = ¢ x ¢
where ¢ is a real-valued, radial function ¢ € (R"*1), also satisfies the vanish-
ing moments conditions and is supported on B(0,1). This can be easily done by
following the construction in [30] mentioned earlier.

With these technical issues and preliminary facts about HP»4(R"*1), we can now
prove Theorem B.11

Proof. The case p > 1 and ¢ > 1 is known (cf. [57]). We then consider two cases
separately.
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Case 1. 0 <g<1land0<p< oo
Let f € L>(R"*1) N HP4(R™H1). For every i € Z, set

Q; = {(t,x) e R""' 1 g(f)(t,z) > 2}

and
B ={(j,Q):j €Z,Q € Q;,|QN | > (1/2)|QI, |Q N Q1| < (1/2)[Q]},
where Q; is the collection of all dyadic cubes with side length 277. For f €
L2(R™1) N HP4(R™ L)) we rewrite (B8] as
(40) f:Z Z |Q|1/2 <f,TQ>¢2,(j+N>(-—tQ,-—xQ).
JEZ QEQ;

Select p, ¢ > 2 such that

hsB ]
Q|

Let 1/r =1/q — 1/q and let s be the dual index of r if r > 1 and s = 2 otherwise
Note that s > 2 sinceif r >1,1/r=1/g—1/¢>1-1/2=1/2.
Define
a; = 2_i(1_%) Z ‘Q|1/2 <fa TQ> ¢2—(9‘+N)(' - tQ7 T l’Q)
(4,Q)€B;:

We note that for any i € Z, a; is supported in
Qi = {(t,z) : M(xq,)(t,z) > 2~ AH+DE=N)1
In fact, ¢o-+m (t — tg,x — xg) is supported in 23~V Q, and |Q N Q;| > |Q|/2 for

(4, Q) € B;. Hence for
(t,z) € supp(Po-G+m (- —tg,  —xg)) C 23-NQ,

29— (n+1)(3—N)
/ Xq,dt dx
Q

we have
9—(n+1)(3—N)
M(xa,)(t ) > 1] /2”@ xa,dt dz > —a
2—("+1)(3—N)Q%Qi| < 9~ (1+(n+1)(3=N))
Thus, by @0),
f= Z Qi(lfq/éﬁxﬁiai_

Since s > 2, it follows that

o) ()
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Therefore,

pe = || S 2iCt-a/d)y ’
”fHL L HEZ: Xg, @ LpLa(Rn+m)

(41) 1/r 1/2
(Z 2in§i) <Z ai|2>

<
LrLa
Also, since 1/q¢ = 1/r + 1/q, we have
1/q=p/(qp) +1/r
or
1/p=q/(rp) +1/p.
Hence, by Holder’s inequality,
1/p—1/p
1FG 10 < [ [(fer) ] |Gl

Applying this with F = (32, 2'%xg )"/ and G = (3, |a;|*)'/?, we obtain from (&)

P 1/p—1/p

1/2
1 llore < /(/nZT"xQ d:z:) dt H <Z|ai|2> |

=1xJ.

LPLa

Let us first estimate I. Pick u > max(%, 1). By the definition of Q; and Lemma 1]
it follows that

P 1/p

/(/HZQ‘“XQ (t,z)d >_dt

€L

([, o)

i€Z

1/p

N

gi/uy u/q
[{M (27 xa,) H| L5/9 L o)

u/q
LyP/a L (ev)

A

{27 xa,

D 1/p
[logy g f)(t @)]+1 a

/ / 2%y | dt

i=—00

</R (/n a(N, I)qu) 5 dt) 1/p

~ || fllErea,

IN

A

_z
and consequently I < Hf||jqp€,
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Next, we show that

1/2 i
(42) H (Z |> S 11

LPLa

For {¢;} € LPLT (£2) with I{CiHlpora o2y < 1, and denoting by (-, -)) the pairing
between LPLI(¢2) and L? LT (£2), we get

<< 2_7;(1_% Z |Q|1/2 <faTQ>¢2*(J'+N)('_tQ7'_xQ) a{Cz(a)}>>

(J,Q)EB;

:ZQ—i(l—% Z /R/H‘QFI/QU’T%

(4,Q)EB;

X o) * Ci(tg, zo)xo(t, ) dedt

1
2

IN

D27 QI e

(4,Q)€B; o
LALd

X Z Z |po—iieny * Gi(to, o) *xQ

i B €B;
(45,Q) 15 L

=

S22 X (eI e

(4,Q)€B; o
LALd

The last inequality above follows by the selection of ¢ = ¢ * ¢, the trivial estimate
“pQ*(jJrN) * F(tQ7 xQ)|XQ(x7 t) 5 M(F)(t7 .’L’)XQ(CL‘, t)v

Lemma [£1], and a Littlewood-Paley estimate for mixed Lebesgue spaces, as the
computations below show,

ST Ipe-oem *Giltg 1) Pxq

i (4,Q)€B; o,
Lo La
1
2
S Z Z |M(<P2f<j+w>*Ci)|2XQ
i (J,Q)EB; L,
Lo La
1
2
SIS D  IM(pa-s % G
i jezZ
L' LT
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1
2
AT e
i jJeZ =/ &l
L? Ld
1
2
< (zw)
1: Lﬁ/L{il
<1

The version of the vector valued Littlewood—Paley estimate applied above in the
second to last inequality can be found for Lebesgue spaces, for example, in the book
of Grafakos [34], Proposition 5.1.4]. Such a version also easily extends to the mixed
Lebesgue space setting by the results in [6].

By duality, we then have

1/2
i LALd

(43) S|z 3 @) e

(4,Q)€B; o
LFLd

For any i € Z and (j,Q) € B; and (¢,z) € Q, it also follows that @ C Q, and that

|Q\ Q| 1
M 5 t > = > —
(XQﬁQi\Qi+1)( ,.’13) - |Q‘ > 2

Applying again Lemma ] the definition of B;, and the above estimates in ([43),
we have

1P
2
D 2D N QIR 79) ) xe
i (5,Q)€B; 1L
1P
2
—2i(1—4 _
S22 30 QA7) DM (gnana,., )
i (4,Q)€B; 15l
1P
2
—2i(1—4 —
SIDo272% Y7 Q217 DX onana.,
i (4,Q)€B; LiL
—2i(1—-4
5/ / S0 H ()
R n ;
g z

<Y QIR DPxetx) | do |t
(4,Q)€B;
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q

3
5/ / <Z22i(1g)22ixﬁﬁ(t,x)> de | dt
R n - ‘

K3

QS

where we have used that

Y Q2T D xalt,2) S 3t ) S 2%

(4,Q)€B;

Selecting now max{1,q/p} < v < 0o, using the definition of Q;, Lemma 1] (noting
that p,q > 2), and p/q = p/q, we can continue the above estimate with

<[ (Lx

Qi

(M (22470, )(t, :l:))”)gdx) dt

1EZL
i r)
= M)},
L2 L2 (£v)
Sl o %,
~ i vp vg
L2 L (¢v)

[SI=H
I

[log, g(f)(t,@)|+1

g// 3 2| dx| at
e | Jan

i=—00

< [([ an.eya) i

~ I 5rv.a-

This gives ([d2) and hence Theorem (1] is verified if 0 < ¢ < 1.

Case 2. 0<p<1l<g< 0.
The proof for this case is simpler than Case 1 and closer to the Lebesgue space
case given in [4I]; we include the details for the reader’s convenience. We set now

O ={t e R: gt )lLg@n > 2}
and
Bi={(,Q):j €2,Q € Q;,|Q N > (1/2)|Q'], |Q N y1] < (1/2)|Q"]},
where Q = Q' x Q" C R x R™.

We want to show first that
p

(44) Z |Q|1/2 <f77'Q>¢2—(j+N>('—tQ"—fEQ) §2ip|9/¢|-
(4,Q)€B; LrLa
Let M7 denote the maximal function on R. We note that if (j,Q) € Bj, then
bo-Gi+m (t — tg,x — xg), as a function of ¢, is supported in
== {t : My(xq)(t) > 2747}
uniformly in « € R™. That is,

U Supp(¢2—(j+N) ( - tQ,l’ - 'IQ)) - ﬁgv
TER™
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and so

Z |Q|1/2 <f, TQ> Dg—Grv (t — tg, — Q)

(. QEB, Lo

is supported in (NZQ as a function of ¢.
By Hoélder’s inequality,

Z |Q‘1/2 <f7 TQ> Go-G+m (- —tg, - — Q)

(4,Q)€B; LpLa(Rn+1)

(45) N @;’|1/p71/q Z |Q|1/2 <f7 TQ> ¢2—(j+N>(' —tlg, — IQ)
(4,Q)EB; La(RA+1)

For ¢ € LY (R™1) with ||C[ .« < 1 and the usual duality pairing for L? spaces in
R™*1 we have

> 1QIM(£,72) by (- — L, — 70), )

(4,Q)EB;

= > / X QI (f,79) pg-om) * ([t mq)xq(t, v)dxdt
G.Qes; /B
1

2

< > 1QIT2F ) D xe
(j7Q)€B: LQ(]Rn-%—l)
1
2
X Z oG * ((tg ) *xa
G:Q)EB; La (Rm+1)
1
2
46) S| Do QI D xe

(4,Q)eB;
La

The last line here uses similar computations to the ones in Case 1, which are as
follows:

-

)

Z |pa-+m * ((tg, 7o) * X0

(4,Q)€B;

L' (Rn+1)
1
2
S Z (M(pa-G+m *€)* xa
G@eB; La’ (Rn+1)
1
2
SIS (- +0)?
JEZ Lo )
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< Z|902—j *C|2

JEZ
ra (Rﬂ,+1)

S S o sy -
For any (j, Q) € B} it follows that Q' C SNI’- and hence for (¢,z) € Q = Q’ x Q"

[(Q'\ Q1) x Q" |Q\Q |
M(X[QWQ/\Q/Jr ]XQ”)(t @)z |Q >J<F1Q//| - |Q’|Jrl 2 2

By the weak-type boundedness of the maximal operator, [ < [€2}]. So combining
the estimate above with @3 and {6) gives @) by the following argument:

14
2
> QI D xe
(4,Q)€B; e
) 3

/ / (1QI7 21 {f,79) |)? (M(X[Q,m§2\92+1]XQ,,)(t,I)) dxdt

JQ)EB’

%

// |Q|71/2‘<f77'Q>|)2X[leﬁ;\92+l]xQu(t7l‘) dxdt

(4,Q)EB;

q
2

- /R /" Z (|Q|71/2| <f’ TQ> DQXQ(t,J?) dx XQ \QL+1 (t) dt

(4,Q)€B;
< 215y
Finally,
p
Gz <D D QI (£79) da-iim (- —tg, — 2q)
i ||(5,Q)eB] Lope
Llogz Ig(HllLa ] +1
S Z 27| < / > 2w
i R 1=—00
3 ||Hg Wezle = 1F1ma)
and Theorem [B.1] follows in thls case, to0o. 0
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