
122 D.   S.   STOLLER  AND   L.   C.   STOLLER

this calculation are shown in the following table. From these results it is seen that

the conjecture holds for all primes less than 792,722, which amounts to the first

63,419 primes.
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It is assumed that observations, x¡, have been made at the n + 1 points, j

0, 1, • • • , n, which are equally spaced. It is desired to find a linear predictor

(1) 2/„+i = aoXo + • • • + a„x„
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such that y„+i is an estimate of the "next" observation, xn+i, which has not yet

been made, under the assumptions*

(a)     cXa =   • ■ •  = aXn = a

(2) (b)    E(xj) is a kth degree polynomial inj

(c)    E(y„+i) = E(x„+i) for an arbitrary polynomial of degree k.

As an ancillary result, Karush and Wolfsohn [1] obtain expressions for the coeffi-

cients, a¡, which minimize oVn+l/o-. These expressions involve determinants of

order k. Contained herein is an expression for these coefficients which is more

convenient for computational purposes. Also a table of some of these a,- is deposited

in the unpublished mathematical tables repository. (See Reviews and Descriptions

of Tables and Books.) By assumption (b) in (2), one can write

(3) E(Xj)  = aoPo(i) + aiPi(j) + • • • + akPk(j);        j = 0, 1, • • • , n + 1

where the a, are constants and where the P,-(j) are polynomials in j of degree i

which are orthogonal over the set of points, (0, 1, • • • , n), i.e.,

(4) ¿ Ps(j)PtU) =0 s * t.
1=0

Taking expected values on both sides of equation ( 1 ), one can write

(5) E(xn+i) = aoE(xo) + • • • + anE(xn)

or, from (3),

aoPo(n + 1) + ••• + akPk(n + 1)

(6)
= ao[a0Po(0) + • • • + aAP*(0)] + • • • + a„[aoPo(ra) + • • • + akPk(n)\.

From (6) one obtains the following set of equations which the coefficients must

satisfy :

aoPo(O) + ■ ■ • + a„P0(n) = P0(n + 1)

(7)

aoPt(O) + • ■ • + anPk(n) = Pk(n + 1).

Since

(8) 4fi - «o* + • * • + a"2>

it is desired to minimize (8) under the constraints (7). Form the expression

F = (ao + • • ■ + a2) + Xo[aoPo(0) + • • • + anPo(n)\

(9)
+ ■ • • + X*[aoP*(0) + • • • + anPk(n)]

where the X¿ are Lagrange multipliers. Setting dF/da¡ = 0, one obtains

(10) 2ay + XoPo(i) + • • • + \kPk(j) =0 j = 0, 1, • • • , n.

* The symbol, <rzi, refers to the standard deviation of x,; a is a constant; and E(x¡) refers

to the expected value of x¡ .
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If these equations are all multiplied by Po(j) and then summed, and this process

is repeated but with Pi(j), ■ ■ ■ , Ph(j), one obtains the equations (by using (4)

and (7)):

n

2Pa(n+ 1) + XoEPo'O') = 0
,'=0

(11)

2Pk(n + 1) + \hT,Pk\j) = 0.
J=0

Therefore, by substituting for the X< in (10), one obtains

M9Ï „       PoU)Po(n + D   , ,  Ph(j)Ph(n + 1)
(12) a} = ---h • • • H---;       j = 0, 1, • • • , n.

EPo2(i) Ep*20')
j'-O j-0

Values for a¡ were obtained by using the following set of polynomials, which are

orthogonal over any set of points symmetric about the origin [2] :

Po(t)  =  1

¿MO = t

(13)

Pi+1(t) = tPi(t) - ßiPi-^t)

where

(14) ßi=ZPi!(tj)/±PU(tj).
)-0 /      j-0

By transforming the integer set 0, 1, • • • , n to the interval (—2, 2) we derive [3|

a simple expression for the ßi :

(15) ft-^-rT*'       i = i,2,...,k-i.

It may be noted that Ej"=o a, should be equal to one. For degrees one through

eight this check sum for the coefficients is verified with a minimum of six signifi-

cant figures. For degrees nine and ten the check sum is verified to a minimum of

five significant figures.
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