On the Propagation of Round-Off Errors in the
Numerical Integration of the Heat Equation

By Amold N. Lowan

1. Preliminary Considerations. For the sake of convenience we begin with a
summary of facts pertaining to M-dimensional vectors. These facts will be needed
in the subsequent developments:

A set of M real quantities u,, w2, - - -, uy are said to represent an 3/-dimen-
sional vector, to be denoted by u. The u,’s will be referred to as the components of
the vector u.

For two M-dimensional vectors u and v, the scalar product (u, v) will be de-
fined by

1 1 &
(1) (u,v) =H(u101+uevz+ <o UsVar) =1T{—h§ U Ty .
If (u, v) = 0 the vectors u and v are said to be orthogonal. In particular
= 1< 2
(2) (u,u) = JT{;;I“"‘
The norm of the vector u to be denoted by || u | is defined by

12

3) lul ={A—1,glu:} .

If
(4) u= u,
it can be readily shown that
(5) lults 220w,

This is the Minkowski inequality.

Let now v = Au where 4 is a symmetric square matrix of order /. We shall
prove that if the eigenvalues of the matrix A are known to be numerically smaller
than unity, then

vl = {lull.

Indeed let

M
(6) u= 2 aw,

r=l
where the w,’s are the eigenvectors corresponding to the eigenvalues \,. From
©) Aw, = \w,

it is readily seen that

@) lul = VEW = 4/3 o
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provided that the w,’s are normalized so that
(9) (W, w,) =1
Clearly then

M M
v=Au = EarAwr = Z ar A\ W,
reul

re=]l
whence
M
“ v ” s 1/ a,2
rml
and therefore
(10) |Au|l = [|u]|

since the \,’s were assumed to be numerically smaller than unity.
The inequality (10) may be generalized in two important ways. Clearly

| A%l = || Au ||
and therefore
| A'u]l < [lu]l
and more generally
(11) A = [[ull
provided the eigenvalues of A are numerically smaller than unity. Consider now
V. = AnAn—-l b Aml“

where the 4,’s are symmetric matrices whose eigenvalues are numerically smaller
than unity. We have in succession

fvill =llAu| < [lul
fvel=lan] sjwnl =l

so that ultimately
(12) Apdasy oo A S Jlull

It should be pointed out that the inequalities (11) and (12) are equally valid
for nondefective matrices* whose eigenvalues are numerically smaller than unity.
Consider now the explicit difference analog

(13) Thwsr = (1 = 20)Thse + r(Tharke + Thsrr)

of the differential equation

aT ’T
* 3 E R——
(13%) PC 5t ar?

* A square matrix of order M is nondefective when it has )/ distinct eigenvectors.
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where Thx = T(hAz, kAt) and r = (K4&%)/(pc(Az)* where K, p and ¢ are assumed
constant. For the sake of concreteness assume that we are dealing with the problem
of heat conduction in a slab whose bounding planes 2 = 0 and z = a are kept at
0°C. Equation (13) may then be written in the compact form

(14) Tier = ATs
where T, and T4, are the 3 -dimensional vectors whose components are the tem-
peratures at times kAt and (k + 1)At at the mesh-points hAxr, h = 1,2, 3, --- , )

where (M + 1)Az = a and A is the tridiagonal M X M matrix whose elements on
the principal diagonal are = 1 — 2r and whose elements off the principal diagonal
are = .

Starting with the initial temperature vector T, equation (14) vields in suc-
cession

I T1 = ATO
II T, = AT,
(15) . .
Tn = ATn—l

If the computations involved in the successive steps of (15) could be carried
out to an infinite number of decimal places the vectors T« thus generated would be
the true solutions of the difference equation (14). In actual practice the computa-
tions are carried to some fixed number of decimal places and the question arises:
what is the error propagated as a result of rounding-off the values of the products
in (13) at the various steps in the process of computation?

For the sake of concreteness assume that the initial temperatures are exact
and that the computations are carried to p decimal places. Then, since formula
(13) involves two multiplications, each one of which involves a round-off error
ranging from —% X 107" to § X 107", it is clear that the first step in the sequence
of operations (15) does not yield the true vector T, = AT, but the approximate
vector T\* = ATy + & where 3, is the vector whose components represent the sum
of the round-off errors corresponding to the two multiplications in (13). In entirely
similar manner- it is seen that the second step in the sequence of operations (13)
yields the vector To* = AT\* + & = A(AT) + &) + & = A’To + A%, + 5.
Proceeding in this manner it is readily seen that when n successive steps of (15)
have been carried out, we have generated the vector

(16) T =A"To+ 4"% + A" "8 + -+ + 48, + 8,

where in general §, is the error vector whose components represent the sum of the
round-off errors in the arithmetical operations leading from the components of
T,—1 to those of T, .

Clearly T,* — 4"To = E, is the round-off error vector corresponding to the
nth time step. Thus

(17) E.= A% + A" %5 + -+ A8uy + 8.
In view of (5) and (11) the last equation yields
(18) NE{ =18l + 8+ -+ 08yl 4+ 5,

since the eigenvalues of A are known to be numerically smaller than unity.
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Let 5* denote an upper bound of the components of all vectors 8, . It is then
readily seen that

(19) sl = &

whence

(20) | Eall = né*
Since

/2

1.0 = {37 & Baf

it is clear that the maximum value of any of its components E, is obtained by
assuming that all but one of the components are equal to zero. Calling the maximum
value of the component E,.* the last inequality yields

(21) E.* < nv/Ms*.

The second member of (21) is an upper bound of the round-off errors in the
values of the temperatures generated by the explicit scheme (13). To illustrate,
assume that M = 49 and n = 100. Since (13) involves two multiplications so that
8 = 2.3 X 107" = 107" it follows that Efp < 1004/49 X 107° = 7 X 107772,
Thus on the basis of (21) the values of the temperatures for ¢ = 100A¢ computed
by the difference scheme (13) may be incorrect by not more than 7 units in the
(p — 2)th place.

For the explicit scheme under consideration, a somewhat lower upper bound
than that given by (21) may be obtained as follows:

If E, . denotes the absolute value of the error in T . and E;* denotes the largest
of the values of K, (for h = 1,2, 3, --- M) then, since r £ } and therefore

1 — 2r 2 0, the difference equation (13) yields:
Evin S (1 = 2nE* 4+ r(Ex* 4+ E*) +2-3 X 1077
= E* + 1077 = E* + &%
0, the last

(22)

Since we assumed that the initial temperatures are exact so that Eo*
inequality yields

(21*%) E.* < né*.

Thus the above elementary analysis has yielded a lower upper bound of the round-
off errors than the previous more elegant analysis: It should be pointed out, how-
ever, that the virtue of the analysis which culminated in (21) lies in the fact that
n+/Mé* is also the upper bound of the round-off errors in the implicit difference
scheme

Trhpnr = Thu + é (Tharanr = 2Th st + Trprir + Tacak — 2Thn + Thn
h = 1,2,3’ oo M

(23)

Indeed (23) may be written in the form
(23*) ATy = BT = 4 — A)T:
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whence
(24) Tiyn = A7'BTi = (447 = ID)T. = CT: (say)

where A is the M X M tridiagonal matrix whose elements on the principal diagonal
are = 2 + 2r and whose elements off the principal diagonal are = —r and where
is the M X M unit matrix. Since the determination of C involves the inversion of
the matrix A, it may be easily shown that the counterpart of (16) is

(16*) T*=C'To+C '8+ C" %+ -+ + C8u_y + 5.

where now &, is the error vector whose components represent the aggregate of the
errorsarising both from the replacementof C = 44~ — I by C* = 44™"* — I where
A™" is an inexact inverse of A and from the rounding-off of all products and quo-
tients involved, to the number of places carried in the computation. Since the
eigenvalues of C are numerically smaller than unity (see for instance, the writer’s
monograph on “The operator approach to stability and convergence”) the develop-
ments which previously led from (16) to (20) and (21) apply with the sole excep-
tion that now §* refers to the vectors in (16*). It should be clear of course that
in the present case the value of 6* depends on the particular scheme for solving
the system of equations (23) for the unknown temperatures T ., , or, what
amounts to the same thing, the particular scheme for inverting the matrix 4 in
(23*) To illustrate, we shall derive the expression for §* for the case where the
system (23) is solved by the method of iteration. We shall also quote the results
of an earlier RAD* report dealing with the analysis of errors for a different method
of solution of the system (23).

2. The Method of Iteration. If T5% denotes the gth approximation to the solu-
tion of (23), then the (¢ + 1)st approximation is given by

Tl(lqlt-ll) = Th k + S (Th—l g+l T 2Th¢k-:-ll) + I(l-ql-)l 41 + Th-—l.lc - 2Th.k + Th+l,k)
whence

(g+1) _
Trisi = AT + P (T2 k1 + TiD 1)

+ 57— (Thark + Tharx) +

2(1 + r) 1 +
As before let E* denote the largest of the absolute errors in the values of T, and
let «'” denote the largest of the absolute errors in the gth approximation to the
Th.c+1’s. Then the last equation yields

T,.k.

_r . T ogxyll=rl
sitn 2 togan Bt
where 36 = 3-3 X 1077 is the sum of the absolute values of the maximum round-
off errors corresponding to the three multiplications in (25).

(26) E(T&Y) = E* + 35

* AVCO Advanced Research and Development Division
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Forr < 1, (26) yields

B(TS) S 12— +; i _Ei* + 36 = pa® + oEy* + 35 (say)
whence
(27) a(q+1) é Pa(q) + UEk* + 38

where o'**" is the largest of the absolute errors in the (¢ + 1)th approximation

to the Tx «41’s. Applying the last inequality top = 1,2,3, --- N — 1 we get
a® = pa® 4 cE* 4 38

a(3) é pa(z) + UE[;* + 36

o™ < pa™™ + oE* + 38

whence

s UFo+0+ -+ 0" (EX+38) + o7

1
o T gy B L AT pay B g 31+ 0
1—-»p 1—-»p 1 — T ] — T

147 147

In the last inequality N is the minimum number of iterations such that succes-

. 1 i e .
sive values of Ti5: and 7335 agree to within a preassigned tolerance. Clearly
o™ represents the maximum absolute round-off errors in the values of Th.x+1 . We

have thus reached the conelusion
(28) Et S E* + 3(1 + r)a.

From (28) it follows that for the method of iteration under consideration
& = 3(1 + r)s.

In the above analysis we assumed that r < 1. If r =2 1,0 = (2r — 1)/(1 + 1)
and the counterpart of (28) is

(28%) Efn £ (2r — DEX* + 3(1 + r)a.

Comparison between (28) and (28*) shows clearly that although the choice » > 1
seems to imply larger errors, the expression for 6* is formally the same as for the
caser < 1, namely, 3(1 + r)é.

We now turn to an alternative method for the solution of the system. The
method, of unknown origin, consists of the following algorithm: if (23*) is rewritten
in the form

(29) Ay =b
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then the components of y are given by the following sequence of operations
2

B =2+ 2r —— k=1,2,3--M;p=2+2r
Br
v = T
= ——
B
(30) 1 b
z = Ez(bg + rz1) A =31
Ye = 2k — Y21 Yu = 2x.

The analysis of the errors involved in the above algorithm is given in the writer’s
RAD report entitled “On the Propagation of the Errors in the Inversion of Certain
Tridiagonal Matrices.” The conclusion reached in this report is that if the compo-
nents of b are assumed exact, an upper bound of the errors in the values of the
components of y is given by the inequality

gl [ B o)
B E*y) S 5 g | Lt + V(14 gmp) +1

where B« = 1 4+ r 4+ 4/1 + 2r and B, Z and Y are the largest absolute values of
the bi’s, zi’s and yi’s and & = } X 107", A somewhat larger upper bound is obtained
if Z and Y are replaced by upperbounds of the |z |’s and | yi |’s which may be
easily obtained from the above algorithm. We are led to

. Bs { B« [1 BB« :I
S e Py e T )
B

e e

Either one of the second members of the above inequalities plays the role of the
quantity §* in (21). It will be noted that since b is the vector BT so that

e = (2 = 2r)Ths + r(Thork + Tria)

(31*)
+

it follows that
b* = (2 — 2r)T* + 2rT* = 2T forr 1
* < (27’ - 2)Tk* + 2rT* = (47‘ - 2)T1,* for r =1

where b.* and T'* are upper bounds of b« and T« for fixed k respectively. If b*
and T™ denote upper bounds of ba.x and T« for all values of k, then

(32) b* < 2T* forrs1
(32%) b* = (4r — 2)T* forr = 1.

Since the temperature was assumed to vanish for r = 0 and = a, it is clear that
T* is merely the maximum of the initial temperature function f(x).

The previous developments are based on the assumption that the temperature
vanishes on the boundaries of the slab. We shall now briefly discuss the modifica-
tions which must be made for other types of boundary conditions.
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Assume first that the boundary conditions are
T(0,t) = ¢o(t)
[T(a, t) = &:(0).
If in the difference equation (13) we put h = 1 and h = M, we get
(38) Tiswr =1Tou+ (1 — 27)Tosx + rTox = rdo(kAL) + (1 — 27) Tk + T2
Tauser = rTo1s + (1 = 27)Tas + rTasrx
= rTysi + (1 — 2r)Tax + réu(kAt).

In view of (34) and (35) it can be readily seen that the counterpart of the matrix-
vector equation (14) is

(33)

(35)

(36) Teyr = ATe + e
where
(37) ux = ro(kAL),
(38) Ui = rér(kAtL),
and all other components of u are zero.
If in (36) weputk = 0, 1,2, --- ,n — 1 we ultimately get
(39) T, = A"To + A" 'ap + A" "y + -+ AUlas + Unr.

The analysis of propagation of errors is entirely similar to the analysis which
led to equation (16). Its counterpart is

T™ = AT, + An—l“o + An_zux + - 4+ Aua: + Uy

(16*) n—1 n—2
+ Ao+ AV 4 o AB + B

whence, in view of (39)
(16) E.= A"+ A" % + -+ + Abuy + 5a.

Thus, the expression of the error vector E, is identical with that previously
derived for the case where the temperature vanishes on the boundaries of the slab.
We conclude that the upper bound of the round-off error is once more given by (21).
The same conclusion can obviously be drawn also for the implicit difference scheme
(23); the reasoning is identical with that given before. It should be pointed out,
however, that the quantity 7™ in equations (32) is the largest of the maxima of the

functions f(z), ¢o(t) and ¢i(t).
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